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This paper deals with a special kind of problems that appear in solutions of Einstein’s field equations for
extended bodies: many structure-dependent terms appear in intermediate calculations that cancel exactly in
virtue of the local equations of motion or can be eliminated by appropriate gauge transformations. For a
single body at rest, these problems are well understood for both the post-Newtonian and the post-
Minkowskian cases. However, the situation is still unclear for approximations of higher orders. This paper
discusses this problem for a “body” of spherical symmetry to post-linear order. We explicitly demonstrate
how the usual Schwarzschild field can be derived directly from the field equations in the post-linear
approximation in the harmonic gauge and for an arbitrary spherically symmetric matter distribution. Both
external and internal solutions are considered. The case of static incompressible fluid is then compared to
the well-known results from the literature. The results of this paper can be applied to generalize the well-
known post-Newtonian and post-Minkowskian multipole expansions of the metric in the post-linear

approximation.
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I. INTRODUCTION

There might be several reasons for an interest in the post-
linear Schwarzschild problem. Our main interest for that
comes from the problem of high-accuracy astrometry in the
framework of general relativity. Recently, a series of igh-
accuracy astrometric space missions were proposed such as
Gaia [1], with accuracies of a few microarcseconds (uas) or
the Nearby Earth Astrometric Telescope (NEAT) proposed
to ESA [2], for which accuracies around 50 nanoarcseconds
(nas) are under discussion. For all of these missions, the
light propagation has to be calculated at a very high level of
accuracy that lies beyond the level of 1 uas in observed
directions. Already for a mission like Gaia, the influence of
the oblateness (quadrupole moment) of the bodies as well
as their barycentric motion cannot be neglected. Largest
post-post-Newtonian effects in the light propagation also
have to be taken into account [3]. Astrometric missions
with angular accuracies beyond 1 pas will certainly come
in the near future, and also the day will come when the
subtle effects of higher post-Newtonian level will be
required. For those reasons, it is of great importance to
have a metric tensor for a system of N gravitationally
interacting arbitrarily shaped and composed, deformable,
and rotating bodies to second post-Newtonian or second
post-Minkowskian order (keeping all terms in the velocities
but only linear and quadratic terms in the gravitational
constant). Such a metric will form the basis for the
modeling of light trajectories. Some first steps toward such
a metric have been done [4,5], but the problem is far from
being solved. Clearly, further work is needed.
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Tremendous work in general relativity has been done
with the harmonic gauge that was found to be a useful and
simplifying gauge for many kinds of applications. It is
logical to continue using the harmonic gauge for further
refinements of the theory needed for the high-accuracy
astrometry and celestial mechanics. The harmonic con-
dition is defined by the following equation [g = det(g,;) is
the determinant of the metric tensor g,z]:

0
5y (£9)'2g7) = 0. (M)
Several equivalent forms of the harmonic conditions can be
found, e.g., in Sec. 7.4 of Ref. [6].

For some “body” (which in principle can be composed
of a whole set of individual bodies) at rest, the external
metric in the harmonic gauge that is fully specified by two
families of multipole moments, mass, and spin moments
(M and S;) is known for both the post-Newtonian [7] and
the post-Minkowskian cases [8]. For a system of pointlike
masses, the whole post-Minkowskian problem, the metric
in harmonic coordinates, and the light-ray trajectories was
solved in Ref. [9]. This work was extended by including
the spin monopoles of the bodies by Kopeikin and
Mashhoon [10]. Kopeikin ez al. [11] found an analytical
post-Minkowskian solution for the light propagation in the
field of an extended body at rest; here, the full multipole
structure was taken into account.

Problems arise that are related with the internal structure
of the bodies. For a single body at rest, these problems are
well understood for both the post-Newtonian and the
post-Minkowskian cases [7,8], in which many structure-
dependent terms appear in intermediate calculations that
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cancel exactly in virtue of the local equations of motion
or can be eliminated by corresponding gauge transforma-
tions. However, for the post-linear case, the situation is still
unclear. In the course of our studies for the general problem
mentioned above, we found that, even for the spherically
symmetric case of a single body, the complete deriva-
tion of the external metric (the Schwarzschild metric) is
interesting.

We use fairly standard notations: G is the Newtonian
constant of gravitation, and c is the vacuum speed of light.
We use the signature (— -+ -++) throughout this paper.
Lowercase Latin indices i, j, ... take values 1, 2, 3.
Lowercase Greek indices u, v, ... take values 0, 1, 2, 3.
Repeated indices imply the Einstein’s summation irrespec-
tive of their positions (e.g., a’b’ = a'b' + a*b* + a*b* and
a’b® = a’b° + a'b' + a®b* + a*b*). We use two special
objects: 8/ = diag(1, 1,1) is the Kronecker delta, and &
is the fully antisymmetric Levi-Civitd symbol (g1,3 = +1).
The three-dimensional coordinate quantities (‘“3-vectors”)
referred to the spatial axes of the corresponding reference
system are set in boldface: a = a'. The scalar product of
any two 3-vectors a and b with respect to the Euclidean
metric §;; is denoted by a-b and can be computed as
a-b=6,a'b/ =a'b’. A comma before an index desig-
nates the partial derivative with respect to the correspond-
ing coordinates: A, = 0A(1,x)/0x*, A; = 0A(1,x)/0x".
For partial derivatives with respect to the coordinate times 7,
we use A, = 0A(t,x)/0t. A dot over any quantity desig-
nates the total derivative with respect to the coordinate time
of the corresponding reference system, e.g., A= dA/dt.
Parentheses surrounding a group of indices denote sym-
metrization, e.g., A(; =3(A; +A;;). Angle brackets
surrounding a group of indices or, alternatively, a caret
on top of a tensor symbol denote the symmetric trace-free
(STF) part of the corresponding object, e.g., 121,-]- =A;j) =
STF;;A;; = A(;j) — 56" Ay For sequences of spatial indi-
ces, we shall use multi-indices; a spatial multi-index
containing / indices is denoted by the same Latin character
in the upper case L (K for k indices, etc.), L = i;...i},
where each Cartesian index takes values 1, 2, 3. We use also
L—1=1i...i;_;, etc. A multisummation is understood
for repeated multi-indices: A, B, =), ;A; ;B
For a spatial vector v/, we denote v* = v1v™2.. 2", For
an L-order partial derivative, we denote 9, = 0, ...0;,. For
true tensorial quantities like the energy-momentum
tensor 7** or the metric tensor g,,, the position of each
index (spatial or not) is of great importance. For certain
other quantities, like, e.g., w', 6"/, or ¢'/ introduced below,
the position of indices (upper or lower) is irrelevant
(e.g., w; = wh).

In Sec. II, we deal with the most generic case of an
arbitrary spherically symmetric mass distribution. The
special case of a static spherically symmetric
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incompressible matter distribution will be treated in
Sec. III, and the results will be compared to those known
from the literature in Sec. IV. Conclusions are formulated
in Sec. V.

II. GENERAL SPHERICALLY SYMMETRIC CASE

In this section, we deal with the most general case. Our
goal is to derive the external metric in the post-linear
approximation for a general spherically symmetric compact
matter distribution. From Birkhoff’s theorem, it is clear
that this external metric will be the usual Schwarzschild
metric that is determined by a single parameter, the mass of
the central body. The central point of this paper is to
demonstrate how other terms related with the structure of
the body (e.g., its radius R) that appear in intermediate
calculations cancel exactly or can be removed by a suitable
gauge transformation. Other aspects of the problem related
with the usage of harmonic coordinates are also of general
interest.

A. Metric tensor and field equations

The post-linear metric tensor in harmonic coordinates
will be written in the form

2 2
oo = =1+ Zw—Zw +0(c™), @)
4 i =5
oi = = 3W +O(c™), (3)
2 2 4
gij—5i/<1+§w+ywz> + 34+ 0(c7). @)

Here, the metric potentials w, w', and g; ; obey the equations
(see, e.g., Ref. [5])

Aw — %w.n = —4nGo + O(c™), %)
Aw' = —4nGo' + O(c7?), (6)
Ag;j = —ww; —4nGo' + O(c™), (7)
where
T 4 T8 o T S
c=—— ' o= o'l = Tl — 5, T

c C

®)

and 7" are the components of the energy-momentum
tensor. The metric potentials w and w' in Egs. (2)—(4) are
needed to orders O(c?) and O(c?), respectively.
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B. Formal solution of the field equations

We consider an isolated compact matter distribution
and, as usual, require space-time to be asymptotically flat
and covered by one single global coordinate system
x* = (ct, x') with

‘xl‘lm G = N> €))
t=const

where 7, = diag(—1,+1, 41, 41) is the flat metric tensor
of Minkowski space-time. For this reason, the field
equations should be solved with the boundary conditions

lim wi(z,x) =0,
|x|—>00
ft=const

lim w(z,x) =0,
x| 00
t=const

lim ¢;;(7,x) =0.
[x| =00
t=const

(10)

The solution of Egs. (5)—(7) satisfying these boundary
conditions that will be used in the following reads

w(t,x) =G |X(t_);) d*x'
8 / t,x)|x = xX'|d*x + O(c™),
(1D
! = o'(t.x )d3 "+ 0O(c? 12
wi(t,x) =G Sy +O(c™), (12)
1 [ wi(t,x")w (1, x)
qu(t X) = 4”/ |X_XJ,| B

+G gd*%@( H. 13)

v [x=x|

Here, V is the support of the matter distribution.

C. Spherically symmetric compact matter distribution

In the following, we consider a matter distribution for
which 7% has compact support; that is, in our reference
system (7,X), there exists a quantity R > 0 so that for
r=|x| >R the energy-momentum tensor vanishes,
T#(t,x) = 0. In the following, the matter located within
the area |x| < R will be often called the body. Moreover, we
will consider a spherically symmetric matter distribution
for which at an arbitrary point one has

TOO T
6= (1.7 (14)
C
|
T% = B(t,r) B(t,r) ==T%n', (15)
C
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TV = A(t,r)al +89C(1r),  Alt,r) =ZTVA%,
1
C(t,r) = ngk, (16)
ol = A(t, )il — 251C(t, 7). (17)

This form of the energy-momentum tensor is in agreement
with the most general form of the spherically symmetric
metric tensor (see, e.g., Sec. 13.5 of Ref. [6]) and the
corresponding field equations. Thus, matter is fully char-
acterized by four independent scalar functions of time ¢ and
radial coordinate r = |x|: o(t,r), A(t,r), B(t,r), and
C(t,r). No further assumptions on these four functions
are made. The body might be nonstatic; it can oscillate or
collapse, etc. In the calculations below, the time ¢ plays a
role as an additional parameter, and we will often omit the
explicit dependence of these functions on time.

D. Computation of the gravitational potentials w and w'

The gravitational potentials w and w' in the required
approximation have been extensively discussed in the
literature. Here, we summarize the results needed for our
further work. We specialize Eqs. (11) and (12) for the case
of the spherically symmetric matter distribution from

Sec. IIC:
2r V.4
r? / dx / d@' sind’
0 0

5 /R/rdZ 2o(t,zr)
0 V1+72—2zn’-n

1 482 27 Y A
+ﬁGr W A d/1 A dQ sm9

R/r
X / dzz%o(t,.zr)V'1+22=2zn" -n+ O(c™),
0

(18)
2r 3 i
r? / dar / dé sin@'n"t
0

" R/r B(I Zr) ( _2)' (19)
0 \/1+z —2zn’ - n

The computations of these and similar integrals dis-
cussed below are straightforward and can be performed by
using

1 o Pu(x)z", 7| <1,
_[Emenwe E<t
V14272 —2zx Yoo Pu(x)z 2 > 1,

o0

(=1/2) n
°  Ch x)z", 7| <1,
/1+22—2Z)C: n=0 ( ) | | (21)

o C}(’l_l/Z) (x)z", |z > 1,
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where P,(x) are Legendre polynomials, C\"(x) are

Gegenbauer polynomials, and

2z z 4
/ dx / dH’sinG’ﬁ’LPs(n’-n):ﬁﬁ%”, 1>0,
(22)

2r T
/ dx / d0' sin@'C? ('’ - m)
0 0
o,
:47[ 50\+§5\ .

Equation (22) can be demonstrated in different ways, e.g.,
by using the representation of A in terms of spherical
functions and the STF basis tensors and noting that
P,(n’-n) can be represented as a sum of associated
Legendre polynomials depending on the spherical coor-
dinates of n and n’. The orthogonality of the associated
Legendre functions can then be used. Equation (23) fol-
lows, e.g., from the explicit formulas for the Gegenbauer
(=1/2)
(x).

s >0. (23)

polynomials Cj

1. Internal part

For an internal point (¢, x) with r = |x| < R, the formal
solution of Egs. (5) and (6) reads

4G [ R
w(t,x) :ﬂT/o dyyzo'(t,y)—l—4ﬂG/ dyyo(t,y)
272G O? r 1 [r
- dyy*o(t, — | dyy*o(t,
t— 3t2<VA yy*o( y)+3rA yyta(t,y)

R 1 R
+ / dyy‘*cf(t,y)Jrgr2 / dyya(t,y))

+0(c™), (24)
, 47G IR
wi(t, x) = % <r / dyy*B(t, y)+x’/ dyB(t,y))
+O(c7?). (25)

2. External part

For an external point (7, x) with » = |x| > R, the formal
solution of Egs. (5) and (6) can be simplified so that

472G (R
w(t,x):T/) dyy*o(t.y)

272G O? R 1 [R
+7W (r/O dyy?o(t,y) +§A dyy4a(t,y)>
+0(c™), (26)
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47G X'

wi(t,x) =——= [ dyy
™ Jo

3 B(1,y) +O(c™). 27

3. General multiple expansions for the external part

As is well known, the solution of Eqgs. (5) and (6) outside
an arbitrary compact matter distribution admits an expan-
sion in terms of multipole moments (e.g., Ref. [7]). Such an
expansion takes the form

= (—1)! 11 .
W:GZ( ‘> {MLaLr+2ML8Lr]

=y I 2c
4 —4
+ ?A,t + O(C ), (28)
@ (—1)! [ 1
wh=— G; ( N ) [MzL—laL—l - +l+—1€iijkL—lajL—l ;}
A+ (’)(c*Z), (29)
where
- L2141
A= GZ vmﬂa“' (30)

1:0

The Blanchet-Damour moments, M; and S;, are given by

M, = / ochd3x+¥1 a / oL x2dPx
L= 2(2143) 2 d*

4214 1) ld/ i
A Sl A iRl - > 1
D@y Ea), e 1200 6D
S, = / glilazl=Nigi P, 1>1. (32)
|4

The additional moments P; are defined by

PL :/O'l)?lLd:ix,
%

Here, V again denotes the support of the matter distribution.

Since we consider an isolated matter distribution of
compact support, it is well known that, according to the
local equations of motion, the lower multipole moments
satisfy the equations [12,13]

[>0. (33)

M=0(c™), M =0c*, §=0(c?). (34
It is also clear that M; can always be chosen to be
identically zero by the choice of the origin of the reference

system as the post-Newtonian center of mass.
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4. General skeletonized harmonic gauge

The terms containing A can be eliminated from Egs. (2)
and (3) by a transformation of the time coordinate

! =1t——A, x' =x. (35)

This coordinate transformation obviously retains the
harmonics gauge. This transformation changes the metric
tensor as

8
Joo = Yoo — ?A,r + O(c™), (36)
/ 4 -5
90i = 90i — ?A,i +O(c™), (37
g = 9i; + O(c™). (38)

This gauge is called a skeletonized harmonic gauge [12], in
which A terms do not appear in the post-Newtonian metric,
neither in Eq. (2) and (3) nor in the terms O(c~?) of Eq. (4).
In this approximation, the metric is “skeletonized” by the
Blanchet-Damour moments M; and S;. However, it is
important to understand that the transformation (35) does
not change g;; and therefore terms depending on A are still
present in the terms O(c™) in g;;.

5. Multipole moments for a spherically symmetric
matter distribution

For the spherically symmetric matter distribution
(14)—(17), one can easily show that

1 &2
M= [ 6d’x ———5N
/VU T2 ar
d2
2 dr?

R o R
= 471/ dyy*o(t,y) — / dyy*s(t,y), (39)
0 0

R
N = /ar2d3x :475/ dyy*s(t,y), (40)
v 0

P = / oixidx = lN +0O(c7?)
v 2

R
= 47[/ dyy*B(t,y) + O(c™?), 41)
0
M, =0, I>1, (42)
S, =0, I>1, 43)
P,=0, I>1. (44)

In this case, the Blanchet—-Damour mass M coincides with
the Tolman mass [13] and thus coincides with the mass

PHYSICAL REVIEW D 89, 104056 (2014)

parameter of the Schwarzschild metric as discussed,
e.g., in Ref. [6]. The relation P:%N—F(’)(c*z) holds
for an arbitrary matter distribution and follows from the
Newtonian equation of continuity [see Eq. (67) below] and
the Ostrogradsky—Gauss theorem.

It is easy to see that w and w' from Egs. (26) and (27)
admit multipole expansions (28)—(30) with multipole
moments given by Egs. (39)—(44).

In the following, we work only with the skeletonized
harmonic gauge and drop the primes over the coordinates.
Thus, the metric tensor in this gauge at the external point
(1,x) with |x| > R takes the form

——+0(cd), (45

goi = O(c™), (46)
2GM 2 G*M? 4 GN
=0\ttt a )t E\ s,
+ O(c™). 47)

E. Computation of g;

We now come to the computation of g;;, as a solution of
Eq. (7), which can be split according to

i = 4 + 45 (48)

where
Agyy=—ww;+O(c), (49)
Ag?, = —4nGoll + O(c ™). (50)

1. Computation of q;

The gravitational potential w in the Newtonian approxi-
mation is determined by Eq. (24), where the terms O(c~?)
are omitted. Since w = w(t, r), we get

GM, <R
4 — , r<
ow_xow ow_| 7 1)
oxt  ror’ or GM ’
——3 . Tr2R
p

where M, is the mass contained in a sphere of radius r,

M, =

Ix|<r

od’x =4rn /r o(t,y)y*dy, (52)
0

and M = Mj, is the total mass of the body. Note, that M, is
some unknown function of r, while M does not depend on
r. Therefore, one gets
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A = )Y 6y

where
f(r)=

so that f(0) = 0 and f(r) = 1 for r > R. The solution for
g;; can be written as

M,/M, (54)

where 1;; = I;;(t, x) is the potential with the source defined
by the gravitational potential w(z,r) inside the body
(for r < R),
1 XX 1
.. = — 204 3./
Y 47[ ‘X/|<Rf ( ) /6 |X — /|

/ dﬂ’/ do' sin@n'in’
4ﬂr

Rl f2(ar)

X dz

0 2V1+22 -2z -n’

and E;; = E;;(t,x) is the potential with the source defined
by the gravitational potential w(z,r) outside the body
(for r > R),

(56)

1 X1

E |x'|>R r’6 |X—X/|

/ d/l’/ do sin@'n''n"
47tr

X dz

R/r 2V1+72—2zn' -n
/ dx / do sin@'n''n’
471’ r

/ \/1+z —2m’-n’

— 3,/
ij —

(7

where ¥ = |X'|, r = |x|, n’ = x'/F, n = x/r. Both poten-
tials /;; and E;; are nonzero both inside and outside of the
matter distribution. For each of these two integrals, I;;(7, x)
and E;;(t,x), two cases should be considered: the external
case with x| = r > R (labeled by a superscript +) and the
internal case for |x| = r < R (labeled by a superscript —).
Straightforward calculations show that

- 511( f2 (3y>
+%ﬁ < /dyfz(y) /dyfy(sy>>’ (58)

PHYSICAL REVIEW D 89, 104056 (2014)

1. [ f(y) 1 .. [R
I+:—5‘1/ d —”f/ dyf?(y). (59
i~ 3 ) Yy 12 +5r3” A yfe(y) (59)

S U VPR B
Ej = =58 + 507 (60)
11 11 11 IR,
Ef =~— 8 ——— 80 +——p - al. (61
i 3R T Ty Tt O

Note, that the integrals in Eq. (59) do not depend on r.
Therefore, the dependence of [ j; on r is explicitly found.

2. Computation of q;

We now turn to the computation of gf; determined by
Eq. (50). Using Eq. (17), we have

6l (1.x!
q3; = G/ ( )d3x’
[x'|<R |X_X

—Gr/ dxl’/ do' sin @'’

B Z?A(zr)
z
V1+z2—2zn'-n

0
. 2r n
—2Gr25’1/ dxl’/ df' sin @
22C(zr)

R/r
x/ dz .
0 V1+z2—2zn'-n

Here, we do not specify explicitly that A and C may also
depend on time 7. Again, two cases r > R and r < R should
be considered using Egs. (20)—(22). For an internal point
with r < R, the integral expression for g7; reads

X

(62)

AzGpll [r 47G . [R A
q’ :Ln_3 dyy4A(y) +Lr2ﬁu/ dyﬁ
/ 5 r 0 r y
872G .. [r .. [R
=200 [T ayyc(s) —8aGoy [ ayyciy).
r 0 r

(63)

For an external point with r > R, the integral expression for
g7; can be simplified to

o AnGal [R 87G . [R
g =———= | dw*A(y) ———=38Y | dyy*C(y).
5 r ) r 0

(64)

Again, the integrals on the last line of Eq. (64) do not
depend on r, and the dependence of qf]f+ on r is explicitly
given by Eq. (64).

For the general spherically symmetric case considered
here, f = f(r), A(r) and C(r) are arbitrary functions, and
no further simplification of the internal potentials /;; and

ql ; can be done. Clearly, the internal potentials Il 7o E;,
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and qj-’]?_ are not needed for the derivation of the external

metric. They will be used below for comparisons in the
special case of a body composed of an incompressible
fluid.

F. External metric

Gathering all the partial results, we can now write the
following expression for the potential g;;(¢,x) at an
external point with |x| > R:

qal; = G*M*(I; + E}) + 7"
GZMZ . [R 2 GZMZ R
=—5”/ ayL (2y>+—3 ﬁ”/ dyf(y)
3 0 5r 0

r y
G*M? .. G*M? .. G*M?* .. G*M*R _.
+ 8 ———— 8 + ———hl — — il
3Rr 6r 4r 5r
A47G Al R 87G .. [R
+T_3/ dyy“A(y)——fS”/ dyy*C(y).
r 0 r 0
(65)

All integrals in Eq. (65) are constants characterizing the
matter distribution under consideration in addition to the
mass M. Such additional constants do not appear in usual
forms of the external Schwarzschild metric, and either can
be eliminated by some coordinate transformation or vanish
in virtue of the local equations of motion.

The dependence of ¢;; = ¢/;(#,x) on x in Eq. (65) is
fully explicit. There are terms of the following type:
i) 0" /r, ii) 6 /12, iii) 7Y /r?, and iv) 2”7 /r3. The additional
constants appear in terms of types i and iv. We demonstrate
first that the terms of type i cancel with the term in Eq. (47)
proportional to N and coming from A, in Eq. (28).
Collecting all terms of this type in Eq. (65), one gets

3G R
T 2
dijly)r = 3, <_247T/0 dyy*C(y)

R 2 GM2
+GM2/ dyfy(zy)—l- )
0

R

G (R ) 300 W)
=878 [" s (3200) + 200 o

5iG d [R
- — dyy’B(t,
i), DY (t.y)

5iG .
%Gy, (66)
3r

where we used the Newtonian local equations of motion:

0 a 5
O ot e = Oc) 67)
o . 0 . 0
i ij i -2 .
5° + o TV = oo +O(c™) (68)
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The second equation, in the case of spherical symmetry
(14)—(17), can be simplified to

20 24(t,r) O 9
gEA(t, r) + . +EB(I’ r) +5C(t’ r)
9 -2
= GEW(L r) 4+ O(c™2). (69)

The quantity N appearing in the final result in Eq. (66) is
just the moment of inertia of the body defined by Eq. (40).
Comparing Eq. (66) with the last term in Eq. (47), we
conclude that the 1/r terms of order O(c¢™*) in g;; cancel
exactly.

Finally, let us note that the terms of type iv in Eq. (65)
can be eliminated by a gauge transformation:

. |
=t X' =x'+—0:h. (70)
c

This transformation changes the metric tensor according to

oo = Joo + O(c™), (71)
oy = g + O(c™), (72)
2 -5
9ij = 9ij — gaijh +0(c™). (73)

One can see that the coordinate gauge remains harmonic if
the function h satisfies the condition dyh = O(c7!).
Taking

1G

R R
h=—— GMZ/ dyfz(y)—GM2R+47r/ dyy*A(y) |,
30r 0 0

(74)

one can eliminate the terms of type iv in Eq. (65) and in the
metric. The transformation (70) with A given by Eq. (74)
augments the definition of the skeletonized harmonic gauge
for a spherically symmetric matter distribution in the post-
linear approximation. Note that both A appearing in
Eq. (35) and 4 in Eq. (70) depend on the internal structure
of the body, while the resulting external metric does not.
Indeed, omitting the primes again, we can see that the
metric tensor at the external point (#, x) with |x| > R takes
the form

goo = —1 +C22(i{‘4—;Gi]2‘42+0(c5), (75)
goi = O(c™), (76)

2GM 1 G*M? 1 G*M? . .

9ij = 6ij (1 + pE + c4r2) a2 n'n/
+ O(c™). (77)
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This metric fully agrees with the well-known external
Schwarzschild metric in harmonic coordinates in the
corresponding approximation.

II1. CASE OF A STATIC INCOMPRESSIBLE FLUID

The case of a static body composed of an incompressible
fluid is often discussed in the literature when dealing with
the internal Schwarzschild solution [6]. It is well known
that for a static incompressible fluid the four functions
describing the matter distribution in Eqs. (14)—(17) are time
independent and read

o(r) = K(l +%(2w + 3p)> +O(c™)

PHYSICAL REVIEW D 89, 104056 (2014)

A(r) = O(c7?), (79)
B(r) = O(c™), (80)
C(r)y=p+0(c?) = %GTM (1= +0(c?), (81

where n=r/R, k = const is the invariant density (rest
mass plus internal energy density) and p = p(r) is the
isotropic pressure that can be computed from the condition
of hydrostatic equilibrium dp/dr = xdw/dr + O(c™?)
with the boundary condition p(R) = 0. The well-known
Newtonian formula for the internal potential, w =
1M (3 —n*) + O(c™?), was used here and in Eq. (78).

= K(l +L2G_M(9 — 5,12)) +O(c™), (78) The equations that define the gravitational potentials
2¢° R simplify for the static incompressible fluid case to
|
1GM 3 G*M? o i
B =)t om0 (1 =77)> +O(c™), r<R,
2 R 8* R
w(t,x) = (82)
GM
—+O0(c™), r>R,
,
wi(t,x) = O(c7?), (83)
1 31 y 1 y
o2 2 \pi 1— 2 1 4 Sl 1) —1’ <R,
) R (20 14”) 2R2< 1 +3"’> FOlT). r<
q"(t,x) = G*M? x (84)

where the mass M is defined by

R
M = 475/ dyy*s(t,y) + O(c™)
0

4 3GM B
:§HR3K(1 + CZR) + O(c™).

(85)

Here, we used the fact that for a static incompressible fluid
F(r) = 1P + O(c).

It is important to see that for a static incompressible fluid
P =0, and therefore A =0 [see Egs. (41) and (30)]. It
means that no additional time transformation (35) is needed
to bring the external metric in the usual form of the
Schwarzschild solution in harmonic coordinates. In the
gauge transformation of spatial coordinates (70)—(74), one

should take h = — Gzﬁs’lrzR. This eliminates the last term in

Eq. (84) for ¢"/ for an external point. In this way, the metric
outside of the body again coincides with Egs. (75)—(77) and
agrees with the well-known Schwarzschild solution.

2.\ 2
pii —Zg§i ) — =
<" 3 > 35

RO;; G) + O(c™), r>R,

I
For a point inside the body with r < R, Eqgs. (82)—(84)
together with the definitions (2)—(4) allow us to write

1 GM 1 G*M?

goo:—1+27(3—’72)—4—c47(15—6’72—’l4)
+(9(c75), (86)
goi = O(c™), 87)
1 GM
9ij = 5:’1(1 +t o B
1 G*M?

1 G°M? , o aii s

s gz PRI 10+ O().  (88)

As expected, we see that the internal metric depends on
the radius of the body R as it is the case also in the
Newtonian limit.
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IV. DERIVATION OF THE METRIC FROM THE
EXACT SOLUTION IN THE CASE OF A STATIC
INCOMPRESSIBLE FLUID

It is well known that both internal and external
Schwarzschild solutions for the case of the static incom-
pressible fluid can be written as exact solutions. In this
section, we will compare our results (82)—(88) for the static
incompressible fluid case with those that can be found in
the literature (e.g., Ref. [6] where standard Schwarzschild
coordinates are used).

A. Metric tensor in standard coordinates

For this Schwarzschild problem, the metric tensor in
standard coordinates (z,p, 9, 1) is of the form

ds* = —B(p)cdt* + A(p)dp® + p*(d9* + sin> 9dA?).
(89)
Let the radius of the body be at p = a. Then, the internal

metric for p < a is given by (e.g., see Secs. 8.2 and 11.9 of
Ref. [6])

2 2\ —1
A (p) = (1— = ) , (90)

a

1 2 1/2 2mp3\ 1/272
s0-p(-2)"-(-2) T o

and the external metric for p > a reads

At (p) = (1 —27’")], 92)
B (p) = 1 —27’". 93)

Here, m = GM/c?, and
“ 5 4 4
M =4dr kp~dp = ?Ka . (94)
0

Below, we will show that this expression for M is in
accordance with Eq. (85) above.

B. Transformation to harmonic coordinates

Our goal now is to transform this solution into harmonic
coordinates. It is well known that the transformation
between standard and harmonic coordinates only affects
the radial coordinate r = r(p). The transformation of the
radial coordinate brings the metric (89) into the form

Joo = —B, (95)

90 =0, (96)

PHYSICAL REVIEW D 89, 104056 (2014)
9ij = D&;; + Nn'n/, o7

where

2 -2 2
D=2 N:Kﬂ) A—p—z}. (98)
r dp r

2

The transformation from the standard radial coordinate p
to some harmonic coordinate r = r(p) is determined by the
second-order differential equation (e.g., Sec. 8.1 of
Ref. [6]):

d d
a p231/2A—1/2_r — 2 AR/ (99)
dp dp

Clearly, this gives two distinct differential equations for
p < aand p > a according to Egs. (90)-(93). We will now
determine the function r(p) satisfying these two equations
such that both r(p) and its derivative dr/dp are continuous
at the stellar surface at p = a or r(a) = R. According to
Eq. (99), this is needed to keep the metric in harmonic
coordinates continuous at r(a) = R. In the following, we
will consistently neglect all terms proportional to m* (or
equivalently ¢~).
For both internal and external solutions, we start with the
ansatz
r=p(1+mb(p) +m*c(p)) + O(m?), (100)
where b(p) and c¢(p) are unknown functions to be deter-
mined from the differential equation (99) and boundary
conditions.
For the external case, we substitute the external metric
(92)—(93) and the ansatz (100) into Eq. (99), expand in
powers of m, neglect terms O(m?), and get the general

solutions of the resulting second-order differential

equations for b(p) and c(p),
1 Cf
bt(p)=Cy ————%., 101
(,0) 2 p 3,03 ( )
c; cf act
tp)=CF——2-23 -1 102
¢ (p) 4 p 3p3 3p4 ( )

where C; are four arbitrary constants. A similar procedure
for the internal metric (90)—(91) gives

2 —
_ 14 _
b(p) =L+ — =L, 103
(ﬂ) 2a3+ 2 3/)3 ( )
15p* 3p° Cyp? i G
—_ . e C— -,
o T P e 33y 3p
(104)
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where C; are four arbitrary constants (generally speaking,
different from C;). Note that both C; and C; are not
dimensionless. Any values of C; and C; can be taken to
satisfy the differential equation (99). However, all these
constants can be fixed from four boundary conditions:
(1) r(p) is equal to p at spatial infinity: lim,_, ,,7(p) = p or,
equivalently lim,_, 6" (p) =0 and lim,_, ,c¢* (p) =0;
(2) r(p) is regular for p = 0: r(0) = 0 or, equivalently,
lim,_opb~(p) = 0 and lim,_opc™(p) = 0;
(3) r(p) is continuous at p=a: b (a)=b"(a)
and ¢~ (a) = c¢"(a);
(4) the derivative of r(p) is continuous at p = a:
%@” =40) delp)) —delp))
P 'p=a dp p=a dp p=a dp p=a
With these boundary conditions, we have

_ 3m 1 mp Im> 9 m?*p* 15m*p*
rm=p\l=5—+5 2270 4 9k 6
2a 2ad 4a 10 a 28 a
+O(m?), (105)

2
r+:p<1_ﬂ_iﬁm ) +Om).  (106)

This also determines the relation between a (the stellar
radius in p) and R (the stellar radius in r):

4 m?
R=a-m—_——

3
%5 + O(m?),

4 m
a—R+m+——+(’)(m)

107
35 R (107)

From this, we see that both definitions for the mass M,
(85) and (94) are in accordance with each other.
Note that the first derivative of A is not continuous at

p=a: % |p:a # % p—a Interestingly, this is compen-
sated by a discontinuity of the second derivative of r(p) at
p = a so that the resulting harmonic metric and its first
derivatives are continuous.

Here, we have only worked in an approximation neglect-
ing terms O(m?). Let us note that the differential
equation (99) outside the star has the solution (e.g.,

Ref. [14])

r=Ci(p—m)+ CF(p), Ci =const,  (108)
F(p) = [(p — m) In(1 —2m/p) + 2m]
— > 2 (109

~i(i+1)
Inside the star, Eq. (99) can be transformed into a

Heun equation for which the solutions are also known
(see also Ref. [15]).

PHYSICAL REVIEW D 89, 104056 (2014)

Using the coordinate transformations (105)—(106) and
the metric tensor (95)—(98), we can now derive the explicit
expressions for the metric tensor in harmonics coordinates.

C. Internal metric

With these results, the internal metric is given by

Joo = —B

2
:lz(IS 6n* —n*) + O(m?),
(110)

m
— 13—
+R( n)—

from which we derive Eq. (82) for r < R in virtue of
w/c? = —1In(—go) + O(m?). Here, again, n=r/R.
Furthermore,

13 27 19
D) =1+ 0=+ o (BT + 1)
+O(m?) (111)
N-() = 01— 10) + 0. (112)
R g ‘

These equations and Eq. (97) allows one to recover our
previous result (88).

D. External metric

The metric component gj, = —B" coincides with
Eq. (45) and
2m  m? &R
D r)=1+—+—5(14+-—2— 3 11
(r) +r+r2<+35>+(’)(m), (113)
2 24R
N+(r):%<l = )+O( . (114

These equations and Eq. (97) agree with our previous result
(77). Tt is easy to see that the metric in harmonics
coordinates, and its first derivative is continuous at r = R.

E. Computation of g;

It is interesting to check if we can also recover our
expression (84) for g;; for a static incompressible fluid.
From the definition of ¢;;, Eq. (4), one obtains

ct 2W 2w xix
Qij_Z[(D_l 2 ?)51'1'4‘/\[ }4'0( ?).

(115)

which immediately gives Eq. (84).

104056-10



POST-LINEAR SCHWARZSCHILD SOLUTION IN ...
V. CONCLUSIONS

We have treated the gravitational field of some spheri-
cally symmetric matter distribution in harmonic coordi-
nates to post-linear order. We started with the general
case in which the matter distribution might be time
dependent and left the form of the energy-momentum
tensor open. The metric tensor was derived explicitly for
both the interior and the exterior region. In the exterior
region, the metric tensor can be expanded in terms
of the Blanchet-Damour mass, and it is demonstrated
explicitly how the usual external Schwarzschild field can
be derived from the field equations. Terms depending
on the internal structure appear in several places in
intermediate calculations, and it was shown how they
can be removed with additional gauge transformations
or how such terms cancel exactly in virtue of the local
equations of motion.

PHYSICAL REVIEW D 89, 104056 (2014)

The results of this paper should be considered as an
intermediate step in the derivation of the post-linear metric
(2)—(4) for a body possessing a full multipole structure,
i.e., having arbitrary mass and spin moments, M; and S;.
This would be a generalization of the well-known post-
Newtonian multipole expansions of Blanchet and Damour
[7] (discussed also in Sec. I D 3) and the post-Minkowskian
ones derived by Damour and Iyer [8]. Such a metric is, e.g.,
required for relativistic modeling of future space astrometric
projects aiming at nanoarcsecond accuracies.
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