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Cosmological black holes from self-gravitating fields
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Both cosmological expansion and black holes are ubiquitous features of our observable Universe, yet
exact solutions connecting the two have remained elusive. To this end, we study self-gravitating classical
fields within dynamical spherically symmetric solutions that can describe black holes in an expanding
universe. After attempting a perturbative approach of a known black-hole solution with scalar hair, we
show by exact methods that the unique scalar field action with first-order derivatives that can source
shear-free expansion around a black hole requires noncanonical kinetic terms. The resulting action is an
incompressible limit of k-essence, otherwise known as the cuscuton theory, and the spacetime it describes is
the McVittie metric. We further show that this solution is an exact solution to the vacuum Hotava-Lifshitz

gravity with anisotropic Weyl symmetry.
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I. INTRODUCTION

Scalar fields, being the simplest tool in the hands of
model-building physicists, are often used in the context of
gravity and cosmology to build appropriate stress-energy
tensors supporting models and to parametrize effects which
could be more fundamental but allow for a scalar descrip-
tion in certain regimes. Besides being easy to use, scalars,
and in particular their appearance in fundamental theories,
have recently become more “natural” following the dis-
covery of the first observed scalar particle in nature, the
Higgs boson.

Self-gravitating scalar fields play an important role in the
formation of primordial black holes from inhomogeneities
in the early Universe [1] and also as effective descriptions
of fundamental fields in higher-dimensional black-hole
spacetimes [2]. Another important role played by scalars
in the framework of black-hole physics has been to
characterize the matter distribution outside the horizon
allowing for theoretical studies of the properties of black
holes. There exist conjectures and theorems (the no-hair
theorem in its many forms) forcing a scalar surrounding a
black hole to take very specific configurations; for instance,
a static black hole cannot have a nontrivial scalar hair on its
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horizon. On the other hand, hairy black-hole solutions were
found [3] in an asymptotically flat spacetime with the caveat
that the scalar had to diverge on the horizon. Moreover, such
solutions were later shown to be unstable [4].

In general, in order to remedy the pathologies introduced
by infinities, a regularization procedure has to be used to
make the scalar field finite on the horizon. Roughly
speaking, there are two ways to make the scalar field
regular on the horizon, and they both require the intro-
duction of a new scale in the problem. The first possibility
is to introduce a scale in the gravity sector of the theory
through a cosmological constant; then hairy black-hole
solutions were found in which all possible infinities of the
scalar field were hidden behind the horizon [5,6]. The other
way is to introduce a scale in the scalar sector of the
theory. This can be done by adding in the Einstein-Hilbert
Lagrangian a coupling between a scalar field and the
Einstein tensor. This derivative coupling acts as an effective
cosmological constant [7], and regular hairy black-hole
solutions were found in asymptotically flat spacetime [8,9].

Similarly, in cosmology scalar fields are also widely
used. It would suffice to think of the inflationary paradigm,
following which at early times a semiclassical scalar slowly
rolls down its potential dumping energy in the gravitational
sector of the theory, thus allowing spacetime to exponen-
tially inflate. But the usefulness of scalars does not reduce
to early-time physics; they are in fact the main ingredient of
many proposals to explain late-time acceleration, among
which we recall the quintessence models that employ a
canonical scalar field coupled minimally to gravity with a
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scalar potential [10—12] and the k-essence models in which
the explanation of late-time acceleration relies on the
nonlinear dynamics of a scalar field with noncanonical
kinetic terms [13].

Given that scalars seem to be ubiquitous in gravity and
cosmology, it is interesting to investigate what the effect
of a cosmological scalar field on a black-hole horizon is.
In this case, the cosmological scalar field can vary with time
over cosmological scales, and its behavior near the black-
hole horizon cannot be inferred from the no-hair theorems
which strictly apply only to stationary configurations.

Considering black holes surrounded by matter, the first
example to consider is the well known time-dependent
solution described by the Vaidya metric [14]. This is a
spherically symmetric solution of the Einstein equations in
the presence of a pure radiation field which propagates at
the speed of light. The Vaidya solution depends on a mass
function that characterizes the profile of radiation, and
therefore any scalar field interacting with the Vaidya black
hole should be massless [15].

More realistic solutions can be found for spherical
inhomogeneous dust, which are collectively known as
the Lemaitre-Tolman-Bondi (LTB) metric [16]. However,
the solutions generically fail upon shell crossing, which
leads to formation of caustic singularities. Some aspects
of black-hole dynamics in this context have also been
studied [17,18].

A more promising approach to the problem of finding
black holes embedded in a cosmological background
comes from looking for solutions representing black holes
in a Friedmann-Lemaitre-Robertson-Walker (FLRW) uni-
verse. There have been many previous attempts to obtain
such solutions, among which the Einstein-Straus model
represents perhaps the simplest one [19]. In this model the
universe is built by patching Schwarzschild black-hole
spheres with a FLRW metric filling the rest of the volume.
However, these black holes are time symmetric, and so they
fail to describe an overall dynamical black-hole configu-
ration in the Universe. Similarly, the “Swiss cheese”
models patch FLRW pressureless spacetime with spherical
holes containing compensated LTB solutions. These mod-
els have recently gained popularity as idealized toy models
for cosmological observations in an inhomogeneous uni-
verse (see, e.g., Ref. [20]).

Finally, one can consider the McVittie solution [21], a
spherically symmetric, time-dependent solution of the
Einstein equations that describes a black hole embedded
in a FLRW universe when the expansion asymptotes to de
Sitter. The solution approaches a FLRW metric at large
distances, while it looks like a black hole at short distances
(at a horizon scale), and, despite the criticisms raised in the
literature that the McVittie spacetime contains singularities
on the horizon [22], recently it was shown [23] that if a
positive cosmological constant is introduced, then the
metric is regular everywhere on and outside the black-hole
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horizon. Similarly, the structure of the McVittie solution
with a negative cosmological constant was discussed
in Ref. [24].

The usual approach followed to study the effect of a
cosmological scalar field on a black hole is to use a probe
approximation in which the scalar field does not backreact
onto the metric; i.e., the scalar is assumed to evolve in a
static background [25-27]. An improved probe “slow-roll-
like” approximation was used in Ref. [28] in which a
time-dependent scalar field evolves in a time-dependent
black-hole background.

In this work, however, we aim at addressing the fully
self-consistent dynamical problem. In Sec. II, we start by
considering a perturbative approach to a black-hole sol-
ution generated by a scalar field conformally coupled to
curvature; we show that for sufficiently smooth deviations
from such a solution the system of coupled Einstein and
scalar-field equations admits no solution. In Sec. III, we
then investigate compatibility of most general scalar field
actions with first-order derivatives (otherwise known as k-
essence) with the McVittie spacetime, which singles out an
incompressible limit of these theories, known as quadratic
cuscuton [29]. Finally, Sec. IV concludes the paper.

Throughout the paper, Greek indices run from O to 3 and
we use the (—,+,+,+) signature. We denote partial
derivatives with respect to ¢ by a dot and with respect to
r by a prime.

II. COSMOLOGICAL BLACK HOLES WITH
STANDARD FIELDS

Consider the McVittie spacetime [21] in isotropic
coordinates:

1 —m\2 4
ds? = —<T2f"1’> dr> + a* (1 + _2m ) (dr? + r2dQ?),
o ar
ey

2ar
with a = a(t) and m constant. This metric, presented many
decades ago, is a classical solution of the Einstein equations
which may describe a black hole (or a black-hole/white-
hole pair) in a shear-free cosmological background
[23,30-34]. The classical source that generates this geom-
etry is a comoving nonbarotropic perfect fluid with
homogeneous energy density but inhomogeneous pressure.
It is the unique perfect-fluid solution of the Einstein
equations which is spherically symmetric, shear-free, and
asymptotically FLRW with a singularity at the center [35].
In the limit r > 7%, the McVittie spacetime asymptotes to a
flat FLRW universe with scale factor a. If a is set to be
constant (say, a = 1), we recover the Schwarzschild space-
time with Arnowitt-Deser-Misner mass m written in iso-
tropic coordinates. After a lengthy discussion in the
literature, it has been proved that, at least in some cases
(that is, when the scale factor tends to that of de Sitter
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space), the line element (1) describes a black hole
immersed in a FLRW universe [23,30].

A classical general relativity solution is of course inter-
esting on its own, but it can lead to even more interesting
results when it can be shown to be the gravitational
counterpart of a field-theoretical model. This, as will be
extensively presented later, is the case for the McVittie
solution (1).

Inspired by its mathematical simplicity, one might ask
whether metric (1) or some generalization thereof is a
solution of the system composed of a scalar field coupled to
gravity. However, a minimally coupled comoving canoni-
cal scalar cannot be the answer, since it has homogeneous
density and pressure, contrary to what is needed to source
McVittie. Considering a richer action, say, by adding a
vector field, also does not help due to another characteristic
of metric (1), namely, spatial Ricci isotropy [32] which is
incompatible with a canonical vector field and scalar in
spherical symmetry.

To tackle the problem, one could try a reversed approach,
starting from a known scalar-tensor black-hole solution that
is close enough to the McVittie metric, or a generalization
of it, and perturb it to try to get at least in some limit (for
instance, at late times) a connection to metric (1). One such
example of a hairy black hole in a cosmological back-
ground is the so-called Martinez-Troncoso-Zanelli (MTZ)
solution [6,36], which we consider as a starting point for
our backward search.

To better understand the logic behind the perturbative
approach we develop later, we first retrace the steps towards
the MTZ solution and present a preliminary result. The
MTZ metric is sourced by a conformally coupled scalar and
a vector field, but for simplicity we begin by neglecting the
vector and considering the system described by the action

R-2A 1 1
= 4y /= —ZBd b e — R — ad®
1 /dx\/—g[ by R = o

2)

where a is a dimensionless constant. The corresponding
field equations are

G, + Mgy, = 82T, 3)

O¢ = équ; + dag?, “4)

where the energy-momentum tensor of the scalar field is

1
Ty = 0,0, ~ 5 99" 0uth Oy

1
+ 6 [g;wD - vyvu + Gﬂv]¢2 - ag;w¢4v (5)

and O = ¢V, V,.

PHYSICAL REVIEW D 89, 104018 (2014)

Since we look for spherically symmetric solutions with a
cosmological constant, a possible heuristic approach is to
write a line element of the form

2 d2
ds2:—<1—%> ar+— 4 a2 (6)

(1=2p
in isotropic coordinates, with r = p + m:
p 2 m\ 2
ds? = —<—> dr® + <1 + —) (dp? + p?dQ?). (7)
p+m 4

If we take (7) and replace p(r) by a function of the form
p = pa(t), we can see that Egs. (3) and (4) are satisfied for

2
dSz = - |:me:| dtz
taw
+a(1)? [l + L} 2(dp2 +p7dQ%),  (8a)
a(t)p

with

A m
#(t.p) = V_@W’ (8b)

and the scale factor is

a(t) = aoe\@‘. (8¢c)

The solution given by (8a) and (8b) does not correspond,
however, to a dynamical time-dependent black hole, since it
can be rewritten as a stationary black hole by a coordinate
transformation [37].

To go further we need to allow more freedom by adding
a vector field. Instead of trying to solve the resulting
equations from the action (2) with a time-dependent scalar
field and a generic spherically symmetric metric, we
modify the action and consider

R-2A 1
— 4 — v
1= [y T2t = S o0
L gt - L per )
12 167 e

An exact solution of the coupled Einstein-Maxwell-scalar
field equations resulting from variation of the action (9) is
the MTZ solution cited before, and it reads

2 A
ds? = —[(1 —ﬂ> ——rﬂdﬂ
r 3

2 -1
+K1—@> —%#] dr + 2dQ2,  (10a)

r
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m A
= - 10b
B =2 (100)
A=—24, (10¢)
r
with the extra condition

2rA
q2:m2(1+L). (11)

9a

This solution describes a hairy static black-hole solution
with a scalar field which is regular on the horizon and at
infinity.

With the above results in mind, one can try to look for a
generalization of the MTZ solution (10) which allows for
more general cosmological histories, while keeping the field
content of the theory unchanged, namely, assuming (9). To
introduce a general cosmological behavior we focus on
the class of metrics that are obtained by adding a time
dependence to what was the cosmological constant in (10a)
sending A — 3H(r), which corresponds to a generalization
of Reissner-Nordstrom—de Sitter with a time-dependent
Hubble factor. Even after making this specific choice for
the metric, solving the equations directly is quite challenging,
so to proceed we restrict our attention even further to the
subclass of spacetimes that reduce asymptotically in time to a
cosmological constant. This allows for a perturbative treat-
ment at large ¢ that strongly simplifies the equations. Of
course, the validity of the results will be limited to the class of
systems that tend “smoothly enough” to the MTZ solution we
have seen above, which was anyway our initial goal when we
asked the question of whether or not the McVittie solution or
some generalization thereof could be sourced by fields in an
analogous way to the MTZ solution.

Starting then from the action (9), we look for solutions of
the form

ds? = — [(1 —%)2 - H(t)rz] dr?

+ [(1 - —)2 - H(t)rz} Tt e, (12)

r

.. . t . .
requiring in turn that H () A /3 with some inverse power
of ¢, namely,

H
H(t) —>711+H0, Vn>1, (13)

where H, is some positive constant and Hy = A/3. On the
field side, the large-time corrections will be generally given by

d(t.r) = duarz + 09(t, 1), (14)

Atr) = AII;ATZ +06A,(t.r), (15)
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where the MTZ label refers to the solutions in Egs. (10) and
the corrections die off at time infinity.

With these assumptions one can expand both sides of the
Einstein equations and, comparing the field perturbations to
the decaying rate of the left-hand side defined by the form
of H(t) (13), find the large-time behavior of 6¢ and 6A,,.
This turns out to be

5(t.r) = ‘an’") , (16)
5A (1. 1) = “’tff) , (7
0,60, (0.r) = 47, (18)
SAy(t,r) = Ot 1), (19)
8A4(t,r) = O(r). (20)

Although these are the maximal perturbations allowed for
the scalar and the vector, it is easy to see that allowing any
of the above to be of higher order would eliminate from the
game either the scalar or the vector, reducing even further
the possibility to find solutions. In other words, 5¢(¢, r)
could be taken of O(+~"~!), but this would just make all the
scalar corrections drop from the equations at the order at
which Ht™" corrections appear. Similarly, due to the fact
that the corrections introduced in the metric respect
spherical symmetry, of the four components of the vector
field the angular ones must be negligible, and only the
combination 8E,(t, r) = 0,A,(t,r) — 0,A,(t, r) is physical.
Moreover, the latter is forced to decay as " for the same
reasons discussed in the scalar field case.

Finally, one can search perturbatively for solutions of
Einstein equations, only to find out that there is none. This
result has to be read as the impossibility of perturbatively
building a solution that smoothly tends to MTZ at large
times [where smoothly is properly defined by the large time
behavior 1™ of H(z), for all n > 1] starting with the
ingredients in the action (9): namely, a conformally coupled
scalar and a vector field, and the ansatz for the metric
in (12).

III. MCVITTIE SPACETIME AS A SOLUTION
TO A COSMOLOGICAL SCALAR FIELD

The results from Sec. II imply that canonical scalar or
vector fields cannot act as sources to the generalized MTZ
solution with an arbitrary cosmological history. If we
consider the McVittie spacetime as the target solution,
the restrictions become more severe, due to spatial Ricci
isotropy of the metric [32], which can be physically
interpreted as the fact that a comoving fluid must be devoid
of anisotropic stresses in this spacetime. In this case, a
canonical scalar (quintessence) field is automatically
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excluded as the sole source, since Ricci isotropy requires
the field to be homogeneous. As a consequence, there can
be no radial dependence on the potential, and therefore
the characteristic inhomogeneous pressure which arises in
McVittie cannot be obtained from the field. Similar
inconsistencies arise when one also considers vector fields
on the matter action.

A possible way out is to relax the assumptions on the
scalar field, for instance, by allowing noncanonical kinetic
terms in the action. In the following sections, we show that
one such k-essence field can provide a consistent solution
to the McVittie metric, both by direct inspection of the
equations and from general requirements over the action.

A. The k-essence field

We begin by reviewing a few details of the k-essence
field. Consider the scalar ¢ introduced [13,38] via the
action

%:/&wgaxm 1)
where

1
X=- Egﬂyqs;ygb;u (22)

is the canonical kinetic term of the field ¢. Variation of the
action (21) with respect to ¢ gives the k-essence equation of
motion

oS -
50 = (Lxg”? + L xx P o5+ 2XL xy — L 4 = 0,
(23)
so when the condition
Lx+2XLxx>0 (24)

holds, Eq. (23) is hyperbolic and ¢ describes a physical
degree of freedom [39].

Variation of the action (21) with respect to g,, gives the
energy-momentum tensor

T,=—2 2% _ + gL (25)
/w—\/_—gégm/_ .X¢;/4¢;u gﬂl/ .

Note that the null energy condition also imposes £ y > 0.
The form of the energy-momentum tensor defined by (25)
allows us to define an equivalent fluid velocity [39]

_vﬂ¢
H V2x’

so we can cast (25) in the form of a perfect fluid:

(26)

u
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T,, = puu, + phy,, 27)
where h,, =g,, + u,u, is the projection tensor in the

orthogonal direction to the flow, and the equivalent density
and pressure are defined as

p=2XLy— L, (28)

p=L. (29)

B. cuscuton field in spherical symmetry

An interesting particular case of the wide family of
k-essence systems is the cuscuton field [29]. This field is
defined by choosing the following form for the action (21):

Sy = / d*x\/=g [ﬂz\/m - V(¢)} (30)

where y is a constant. The equation of motion (23) then
specializes to

fw*)_lg_a an

1
\/__g < ’—g"ﬁ¢;a¢;ﬁ ’ ,Uz d¢

and the energy-momentum tensor (25) specializes to

Wb,

z;y:-————————+4hyp2w—g”¢y¢ﬁ—¥%¢ﬂ.(3@
\/ _gaﬁ¢;a¢;ﬂ

Assuming the most general spherically symmetric ansatz
for the metric

ds? = —e>("0di? + 2 0dr? + Y2 (r,1)dQ?,  (33)

and a homogeneous cuscuton field ¢ = ¢(t), the energy-
momentum tensor (32) reduces to

T, = V(p)uw'u, + [e“u*p — V(p)|h" .. (34)
Comparison with Eq. (27) and homogeneity of the field

allow us to associate the potential V(¢), which is now just a
function of time, with the energy density as

Vip) = p(1). (35)

=—=—. (36)
u
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and using Eq. (35) we can rewrite the right-hand side of
Eq. (36) as

1dv. p
e = (37
wdep e
Moreover, the expansion scalar ® = " ., in terms of the
comoving flow with respect to the line element (33) reads

0= (27Y + )1) e, (38)

so Eq. (36) really tells us that the expansion scalar is just a
function of time. Although we started with the most general
spherically symmetric metric, sourcing it with a homo-
geneous field with action given by (30) simplifies things,
and, in particular, one gets homogeneity in the density and
expansion. We then write, as is customary in the case of
homogeneous fluids, ® = 3H(r). Inserting this definition
for H(¢) into Eq. (36), we get

%

3H(t) = —5—. 39
=25, (9)

There are several equivalent ways to obtain the above
result, be it from the conservation of the energy-momentum
tensor (34), whose only nonidentically satisfied component
yields the same result as Eq. (36), or from the trace of the
extrinsic curvature. More specifically, since the mean
extrinsic curvature K”, has the exact same expression as
O from Eq. (38), Eq. (39) gives

1dv
¢ urde

a

3H(1); (40)

that is, the mean curvature K%, is constant along the
surfaces of constant ¢.

It has been proven [40] that a regular spherically
symmetric perfect fluid with homogeneous energy density
(in its comoving frame) can only drive uniform shear-free
expansion (or contraction). We have shown in this section
that the cuscuton action (30) satisfies all the conditions
necessary for this theorem to hold.

C. McVittie as a solution to the cuscuton

There are two facts which motivate us to consider
McVittie as a solution to a self-gravitating classical cuscuton.
The first is the fact that the equivalent fluid description of
McVittie metric possesses homogeneous density but inho-
mogeneous pressure, and, unlike a canonical scalar, a
homogeneous cuscuton allows for homogeneous density
without forcing a homogeneous pressure, as can be seen by
inserting (35) in the first term of Eq. (34). The second comes
from considering the extrinsic curvature in McVittie space-
time. By using the foliation defined by the comoving flow,
the mean extrinsic curvature of metric (1) is

PHYSICAL REVIEW D 89, 104018 (2014)
ke, =32, (41)

which is independent of the radial coordinate. Therefore, the
line element (1) admits a foliation with constant mean
curvature, which coincides with the comoving foliation used
to obtain Eq. (40).

Based on these similarities, we now assume the Mc Vittie
metric (1) as an ansatz for the system consisting of a self-
gravitating cuscuton, and incidentally by comparison with
Eq. (40) we make the familiar connection % = H. In this
metric, the Einstein equations for the cuscuton with the
energy-momentum tensor given by (34) read

3H? = 87V (¢p), 42)
.2 2
2HM+3H2 = 8ﬂ<v_mﬂ2¢>’ (43)
ar—m 2ar —m

and the equation of motion (39) reduces to

a 1dv

324 - o 44
PRy (44)

Substituting the potential from (42) into (43), we find
A4ty = —H. (45)

Using (42) to eliminate g from (44), we find

d 2
(—V> — 24tV =0, (46)
de

which may be solved for V, so
V(p) = 6mu* (9 + C)*, 47)

where C is an irrelevant integration constant.

Inserting (45) into (43) and (35) into (42), we recover the
familiar forms for the density and pressure in the McVittie
metric, and the system closes with the solution (47). We can
conclude therefore that, in fact, the McVittie metric is a
consistent exact solution to the complete system consisting
of a self-gravitating cuscuton minimally coupled to gravity.

D. McVittie for a general k-essence

Given the results of the previous section, we might now
ask what the most general k-essence field that satisfies
Einstein equations for McVittie spacetime (1) is. In other
words, we now address the question of whether or not a
homogeneous cuscuton obtained from the action (30) is
the unique k-essence field which is consistent with
McVittie. Starting from the action (21), we may now cast
the energy-momentum tensor (25) under metric (1) by
using the equivalent fluid description.
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So, in McVittie, the kinetic term X from (22) reads

1 (2ar + m)? ,

X = G P 3 ¥ @

Considering the equivalent four-velocity defined in (26), it
becomes clear that, to satisfy the Einstein equations for
McVittie, which requires a comoving perfect fluid, that is,
that the off-diagonal terms of the energy-momentum tensor
vanish, one must have either a constant field (that simulta-
neously leads to £ y = 0) or ¢ = ¢(¢). In other words, a
homogeneous k-essence field is a necessary condition for
McVittie to be a solution. A uniform field immediately
implies that the spatial Ricci-isotropy condition is satisfied,
another requirement of the McVittie solution [32], so the
remaining independent equations are the (¢, 7) and the (r, r)
components of Einstein’s equations and the equation of
motion for the k-essence field.

We have seen in Sec. III C that the special case in which
L(X,p) = u>*V/X = V(g) is a solution, so now we want to
constrain the functional form of possible L. In order to do
so we perform a simple check: considering the ¢ compo-
nent of Einstein’s equations

2\ 2
XLy L= = (9) , (49)
8z \a

we realize that the right-hand side does not contain
any radial coordinate dependence. We can then take its
derivative with respect to r, to obtain the constraint
equation

, (2ar + m)

dmagp® —=
nap (2ar —m)?

(ZXE’XX + ‘CX) - 0, (50)

which vanishes only if the last term vanishes. We can then
formally integrate it and find the solution

L(X.9) = Alp) + Blp)VX. (51)

This proves that the cuscuton is the only k-essence
model coming from action (21) that can support the
McVittie geometry, given that the integration constant
A in (51) can be reabsorbed in the potential V(¢) and that
B can be reabsorbed with a trivial field redefinition
®—¢=pu?[+/B(p)dp. Note that (51) violates the
inequality (24), which means that the field ¢ does
not carry a physical degree of freedom but rather “latches
on” the evolution of the gravitational part, itself fully
determined by the shape of the potential as per Eq. (42).
This is a signature of the parasitic nature of the cuscuton
field [29].
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E. Horava-Lifshitz gravity with anisotropic
Weyl symmetry

In this section, we make a surprising observation that
connects McVittie cosmological black holes to a proposal
for quantum gravity. Hotava-Lifshitz gravity is a proposal
for a power-counting renormalizable theory of quantum
gravity that trades Lorentz symmetry with z = 3 Lifshitz
symmetry (or anisotropic space and time scaling symmetry)
at high energies [41]. However, effective field theory
arguments suggest that relevant Lorentz-violating terms
can be generated from quantum corrections at low energies
and have been the subject of controversy and intense
scrutiny. This relevant deformation is parametrized by
the parameter A, which is equal to 1 for Einstein gravity,
but its value is not protected by any symmetry in the
Lorentz-violating theory.

It turns out that the cuscuton action (30) with a quadratic
potential, coupled to Einstein gravity, is equivalent to
the low-energy limit of the (nonprojectable) Hotava-
Lifshitz gravity [42]. For a general quadratic potential
V(¢) = M*¢?, the Lorentz-violating parameter A in
Hotava-Lifshitz gravity is given by

M

87 2 1
=l-—=1-Z=_, 52

127 3 3 (52)

where, in the second line, we used M? = 12zu* from
Eq. (47) for the cuscuton theory that satisfies the McVittie
geometry.

The significance of 4 = 1/3 was already pointed out by
Hoftava in his original paper [41]. While the z = 3 Lifshitz
global anisotropic scaling is the sufficient condition for
power-counting renormalizability of geometrodynamics,
one may impose the stricter constraint of local anisotropic
Weyl symmetry, which significantly limits the allowed
terms in the action' and fixes 4 = 1 /3. The other term that
is allowed by the Weyl symmetry is quadratic in the Cotton
tensor for spatial 3-metric and thus vanishes for McVittie
geometry which has a conformally flat (or shear-free)
spatial geometry.

Therefore, we conclude that McVittie black-hole space-
times are also exact solutions to the vacuum Horava-
Lifshitz gravity with anisotropic Weyl symmetry.

'Furthermore, one can establish a formal (but nonlocal)
equivalence between anisotropic Weyl 4 3d diffeomorphisms
and 4d diffeomorphisms, implying that the theory maintains
the same number of degrees of freedom as general relativity.
This forms the basis for the shape dynamics approach to
geometrodynamics [43].
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IV. CONCLUSIONS AND FUTURE PROSPECTS

In this work, we have looked at the problem of self-
gravitating classical fields, specifically searching for dynami-
cal spherically symmetric solutions which can describe black
holes in an expanding universe, by concentrating on the
particular cases of the MTZ and McVittie metrics. We have
shown that a generalization of the MTZ metric with an
arbitrary cosmological history cannot be obtained perturba-
tively through the use of canonical fields. In McVittie, the
situation is even more restrictive, since the symmetries of the
Einstein tensor prohibit canonical fields from being homo-
geneous (a required condition imposed by Ricci isotropy,
meaning that the equivalent fluid is free from anisotropic
stresses) while retaining the characteristic inhomogeneous
pressure present in the McVittie metric. However, by allowing
for a noncanonical kinetic term in the scalar action, we have
shown that it is possible to obtain a consistent solution: the
cuscuton theory is the unique form of scalar field action which
gives the McVittie metric when coupled to gravity.

Furthermore, using the equivalence between cuscuton
and low-energy Horava-Lifshitz gravity, we showed that
McVittie geometry is also an exact vacuum solution for the
full nonprojectable Hotava-Lifshitz gravity with aniso-
tropic Weyl symmetry.

This result opens the possibility of analyzing the proper-
ties of self-gravitating fields on richer backgrounds than
Minkowski or Schwarzschild. Moreover, despite the fact
that McVittie is unlikely to describe a realistic classical
fluid configuration, the fact that it is a solution to a scalar
field is a decisive step forward in studies of modified
gravity, since many modified gravity theories can be
restated in the Einstein frame as scalar degrees of freedom
coupled to general relativity.

Let us make some final observations that may form the
bases for directions of future inquiry.

(1) If we consider the Hotava-Lifshitz theory with Weyl

symmetry to be a viable UV completion of gravity,

PHYSICAL REVIEW D 89, 104018 (2014)

then McVittie will be an appropriate geometry for
primordial black holes that existed at the moment
of the big bang, prior to the Planck time. This
potentially opens an unprecedented window into the
inhomogeneous dynamics of the big bang.

(2) It is interesting that the most general known exact
solutions for cosmological black holes, LTB and
McVittie spacetimes, are exact opposites, i.e., have
fluids with zero and infinite speeds of sound,
respectively. While LTB can have an arbitrary
comoving density profile p(r), McVittie has an
arbitrary expansion history a(z). Could these two
spacetimes be connected via a (yet unknown) duality
that replaces space and time?

(3) Can McVittie black holes teach us something about
the physics of black holes that we may encounter
in nature? Furthermore, could McVittie provide a
potential description for the interaction of dark
energy with astrophysical black holes?

These are all questions with various degrees of specu-

lation and/or physical relevance that continue to extend the
legacy of McVittie into the 21st century.
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