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We prove that there are energetically stable bimetric theories. These theories satisfy a positive energy

theorem. We construct a model example.
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I. INTRODUCTION

Bimetic theories are gravity theories with two second-
rank tensor dynamical fields. These tensors may be used to
construct affine connections. The free action for each tensor
is the Einstein-Hilbert action. Some of these theories have
been proposed as a modification of general relativity
designed to predict cosmological and astrophysical
phenomena.

It has been proven that a large set of multiple-metric
theories that can be approximated by the Pauli-Fierz action
suffer from Boulware-Deser ghost instabilities [1]. A subset
of these theories that avoid the ghost problem has been
constructed [2], where the structure of the interaction yields
a constraint that removes the ghost. However, recent
developments [3] cast doubt on the relevance of these
theories, because the same constraint gives rise to super-
luminal shock waves. It has also been proved [4] that in this
specific interaction the null energy condition is violated.
The null energy condition is necessary for the dominant
energy condition, which has a significant role in the energy
stability of the theory, as we demonstrate in the following.

We want to construct a model for which (1) the total
canonical energy for all the solutions with asymptotic
boundary conditions is non-negative and (2) the total
energy is zero only in the vacuum state, i.e., for which
both metrics are Minkowskian and other fields have zero
amplitude. First we review results from a previous paper [5]
about the positive energy theorem for multimetric theories.

The general action for a bimetric theory can be written in
the form

I = /,Cd4)€:/<a£G +ﬂzc +£1)d4x, (1)

where the scalar densities in the parentheses are the

Einstein-Hilbert  scalar density for the metric
Gu-Lc = — 15 R\/g. a scalar density for the twin metric
Gus Lo =—12R /G (9. § are the negatives of the

determinants of the metric and twin metric, respectively)
and an interaction term that depends on both metric
and other fields and their derivatives, 1i.e.,

L,[g,,b;g,w,p;gﬂy;gﬂy,p;y/; l;/yp], where y symbolizes any
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other fields with any tensorial properties. The coefficients
a and f are any constants. We notice that the derivatives of
the metric (and other fields) are not tensors, but they can be
arranged to construct a tensor, e.g., the difference between
the Christoffel connections of the two metrics, and to
construct a scalar density £;." The canonical energy is the
space integration of the time-time component of the
canonical energy momentum pseudotensor ©j, which is

the conserved current we get from invariance of the action
with respect to coordinate translations,

OL oL oL
0% = —Lo% + glm,(l -+ glm,a A + Y a . (2)
b s 591m,/} aglm,/} ' al//,/f

It has been shown [5] that with an appropriate asymptotic
condition on the fields and derivative of the Lagrangian
with respect to field derivatives, the total energy is the sum
of canonical energy expressions for each metric separately.
Also, assuming asymptotic boundary conditions for the
interaction energy momentum tensors,

T, =0(r ™)

T, = o(r™),

and for the metric fields,

I :”uu+0(r_l)’ g/w :ﬂyu+0(r_l)’

then the total energy momentum vector is a sum of two
Arnowitt-Deser-Misner (ADM [6]) expressions, surface
integrals of metric derivatives,

P PY + P, (3)

total —

where
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'The specific interaction we present in the next section as an
example does not include metric derivatives; however, the general
considerations that we state also apply in this more general
model.
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and
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The total energy momentum vector P* is Lorentz covariant,
i.e., a vector under Lorentz transformations of the coor-
dinate system. It is also invariant under any coordinate
transformation that tends to the identity at infinity and
preserves the boundary conditions. Based on these results,
Witten’s proof [7,8] of the positive energy theorem for
general relativity has been generalized for bimetric systems
[5] and it has been shown that if the coefficients a, f are
positive and the energy momentum tensors 7, Tm, obey
the dominant energy condition, then the total canonical
energy is not negative and has zero value only for a ground
state. A ground state is obtained when all metrics are
Minkowskian and all energy momentum tensors are zero.

II. CONSTRUCTION OF A POSITIVE ENERGY
BIMETRIC LAGRANGIAN

In order to construct a model that maintains the bimetric
positive energy theorem conditions, we demand that the
energy momentum tensor for each metric separately obeys
the dominant energy condition. In the proof of the positive
energy theorem for general relativity it is assumed that the
energy momentum tensor obeys the dominant energy
condition, which is a correct assumption for standard
matter fields. In the bimetric model the energy momentum
tensor for each metric is (also) derived from a coupling with
the other metric, and in general one can not assume that the
dominant energy condition is maintained, because the
energy momentum tensor depends on the configuration
of the specific metrics. Here we give an example of an
interaction for which the derived energy momentum tensors
obey the dominant energy condition by their own structure,
regardless of the specific state. That special demand can be
achieved if the energy momentum tensors are in the form

T/u/ = _F[gmn .@Mw Guvp» gﬂb,p’ v, W,p]g/w
T;w = _F[gﬂlz7 gyw Guvp» .@ﬂp,pv v, W,p]gpu' (6)

The scalars F, F' are functionals of the various fields. We
demand that these scalars are not negative for every field
configuration:

F>0, F2xo0. )
In this way the dominant energy condition is automatically
maintained for both energy momentum tensors. This is

because by definition the dominant energy condition is
maintained when 7', u#v* > 0, T, ##?* > O for all timelike
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future-pointing vectors u#, v* and ##, ¥, and when T*u,,
T# 11, are timelike vectors for every pair of timelike vectors
u,, i,. One should keep in mind that the definition of a
vector as timelike, is, as for any causal character, with
respect to the corresponding metric, so if u,, i1, are timelike
with respect to the metrics g, J,,, respectively, then
T"u, = (=F)g"u,, T"i, = (—F)y" i, are timelike vec-
tors. In addition, two timelike vectors u*, v* belong to the
same equivalence class of future-pointing or past-pointing
it g,uv” <0 (and, respectively, for #*,9") when
9 ' ?” <0, so that

T, u"v" = -Fg,u'v" >0
T, = —Fg,,a"t" > 0. ®)

A last condition is that for the energy momentum tensors to
be consistent with the boundary conditions, we have to
assume on the metrics, in order to define the total canonical
energy, the condition

Tltjr—mo == jler—»oo == 0(7‘_4)’ (9)
so that
Froe=F,n=007"). (10)

This condition can be achieved, for example, by construct-
ing a scalar from the metrics and requiring that

F(g™ - n". 9" > ") = 0((g—1)*)

and the same for £, or by a coupling to another field which
has zero amplitude on the boundary. In the following, we
choose the second option.

For simplicity, we choose to construct an interaction
without explicit dependence on metric derivatives:

2688, 2 0L
SRV L (an
L2680, 2 0L
SRV TN R

Since the energy momentum tensors are derived from the
same interaction, we demand that the sum of variations

- @ T,,69" — @ Tﬂyég"” is an exact differential and can be
integrated,

0T _

8@”’ i

oWl )
g

(12)

A variation of a determinant with respect to the matrix
yields the determinant multiplied by the matrix. Therefore
the metric determinants are convenient candidates for the
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role of the independent variables of the scalars F, F , but
they can not be the only ones. The only way to compose a
scalar from the determinants which are scalar densities of
equal weight is by their ratio. Therefore the most general
scalars that depend only on the determinants are F(S), F(S)
where § = % Placing 69 = —99,,69", 69 = —§9,,69"In
Eq. (12) one obtains

\/ggﬂDF/(S)gﬂ’l/ = _\/ggﬂvﬁl(s)gﬂ’v’.

Both metrics describe a Lorentzian space-time so that
g, 9 > 0; therefore, the above condition is maintained if
F'(S) and F'(S) have different signs for every possible
metric configuration. On the other hand, the boundary
conditions (10) satisfy the demand that F = F =0 when
9w = G = M- 1.€., when § = 1, and with the demand for
non-negativity of F, F, the conclusion is that § =1 is a
minimum point of the two functions F, F. An existence of a
common minimum point is in contradiction to the different
signs of the derivatives: If S = 1 is a minimum point of F,
then F’ is negative in the left vicinity of S = 1 and positive
in the right vicinity. The sign of £” is opposite to those of F’
in these vicinities, so S = 1 can not be a minimum point of
F. The statement that the determinants can not be the only
variables for the scalar functions F, F is therefore proven.

One way to overcome the problem is to try dependence
on other invariants of the two metrics as variables other
than the metrics, e.g., the trace. We choose another way,
which is to put the determinants in the same role and to
couple to other fields in order to create a scalar,

T = —(v/3+ /3) " det (Azp)* 3,

T = ~(Va+ VB et (A0 (13)

H"

where k is an integer number, and A, is some tensor field
that does not involve the metrics (no index raising). Its
determinant is a scalar density with the same weight as g, §.
We take, for example, a tensor A3 = ¢ ,¢ 3, where ¢ is a
scalar field.

The energy-momentum tensors in (13) maintain the
condition (12) for an exact differential, and we integrate
to obtain the corresponding interaction,

Sy

:(det(4ku¢/3) f—i—f Akt (14)

The same result is obtained when the twin energy momen-
tum tensor density \/§Tﬂ/yr is integrated. One can add a
mass term for the scalar field,
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e 2k
(d t(¢,a¢,ﬁ)) (\/§+ \/§)¢2

£y =B (g D
(15)

We notice that the second addend also contributes energy
momentum tensors that obey the dominant energy con-
dition. The interaction may also contain standard couplings
of matter to the metric g,,. For these matter fields we
assume that their energy momentum tensors obey the
dominant energy condition. The total energy momentum
tensors for both metrics are then addends of tensors that
obey the dominant energy condition and, therefore, obey
dominant energy condition themselves.

The expression in (15) is a source of energy momentum
tensors that satisfies the dominant energy condition (8) and
the appropriate boundary conditions (9). Based on the
positive energy theorem for (multi)bimetric theories [5],
the lowest energy is obtained when all metrics are
Minkowskian and all energy momentum tensors are zero.
In the case of the interaction described in (15), zero energy
momentum tensors are obtained only for ¢» = 0, because of
the mass term. The interaction (15) is therefore a nontrivial
bimetric interaction that constitutes, along with the
Einstein-Hilbert Lagrangians with positive coefficients in
(1) (with and without standard matter interaction), a
bimetric model with a stable ground state.

III. SUMMARY AND DISCUSSION

In this paper we have shown explicitly the existence of
bimetric theories for which the total canonical energy is
non-negative and is zero only for the unique vacuum state.
We have used a result about the total energy of multimetric
theories, and a bimetric positive energy theorem. We have
given general conditions for a stable bimetric theory, and
constructed a specific model that obey these conditions,
i.e., dominant energy conditions and consistent boundary
limits. The model we present in this paper is a simple
example of a solution to the energy stability conditions, and
whether it survives other standard tests is a matter for
further research. In any case, a modified model that satisfies
the main conditions presented in the paper may be
constructed.

Bimetric theories that can be linearized usually suffer
from the Boulware-Deser ghost, unless they have a
specific interaction structure that sets extra constraints.
The theories presented in this paper can be linearized, and
although not directly proven as immune to such ghosts,
they obey the dominant energy condition by definition
and thus have a stable vacuum state. The numeric value
of the Hamiltonian on the constraint surface is always
non-negative and bounded from below by the value
zero that is obtained in the unique double-Minkowski
vacuum.

The method of proving stability presented in this paper
may be applied for theories that can not be linearized near
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the double Minkowski metric, such as Milgrom’s
BiMOND [9]. These theories are not threatened for now
by the ghost instabilities that have been proven [1] for
interacting bimetric theories that can be described in the
free limit as a sum of Pauli-Fierz actions. If in the future
these inconsistency theorems are extended to apply to
theories that can be linearized near other background
metrics, then one can use definitions for energy for general
relativity with non-Minkowskian boundary conditions [10],
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and a positivity theorem for such systems [11], and attempt
to generalize it for bimetric models.
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