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We provide a simple and explicit construction of local bulk operators that describe the interior of a black
hole in the AdS/CFT correspondence. The existence of these operators is predicated on the assumption that
the mapping of CFT operators to local bulk operators depends on the state of the CFT. We show that our
construction leads to an exactly local effective field theory in the bulk. Barring the fact that their charge and
energy can be measured at infinity, we show that the commutator of local operators inside and outside the
black hole vanishes exactly, when evaluated within correlation functions of the CFT. Our construction leads
to a natural resolution of the strong subadditivity paradox of Mathur and Almheiri et al. Furthermore, we
show how, using these operators, it is possible to reconcile small corrections to effective field theory
correlators with the unitarity of black hole evaporation. We address and resolve all other arguments,
advanced in A. Almbheiri et al. J. High Energy Phys. 09 (2013) 018 and D. Marolf and J. Polchinski, Phys.
Rev. Lett. 111, 171301 (2013), in favor of structure at the black hole horizon. We extend our construction to
states that are near equilibrium, and thereby also address the “frozen vacuum” objections of R. Bousso,
Phys. Rev. Lett. 112, 041102 (2014). Finally, we explore an intriguing link between our construction of

interior operators and Tomita-Takesaki theory.
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I. INTRODUCTION

In a previous paper [1], we proposed a holographic
description of the interior of black holes in anti-de Sitter
space (AdS). In this paper we expand on several aspects of
our proposal and address the information paradox for black
holes in AdS in the light of the extensive recent discussion
on the firewall proposal [2-9].

The central point that we wish to make in this paper is that
the assumption that gravity can be described in a unitary
quantum mechanical framework is consistent with the exist-
ence of operators ¢crr(x) labeled by a point x that can be
interpreted as a spacetime point, and low-point correlation
functions (¥|pcpr(x1)...¢crr(x,)|¥), in the black hole state
|¥) that can be understood as coming from effective field
theory. These low-point correlators are the natural observables
for a low-energy observer. However, if we take the number of
points 7 to scale with the central charge of the boundary CFT,
N, ortake two points to be very close (comparable to /), then
this effective spacetime description may break down.
Nevertheless, this breakdown is not consequential for a
low-energy observer, and does not imply the existence of
firewalls or fuzzballs, or require any other construction that
radically violates semiclassical intuition.

A key feature of our description of local operators in
this paper is that mapping between CFT operators to the
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bulk-local operator ¢cpr(x) depends on the state of the
CFT. This is not a violation of quantum mechanics: the
operator ¢cpr(x) is an ordinary operator that maps states to
states in the Hilbert space. However, it has a useful physical
interpretation as a local operator only in a given state. Said
another way, the analysis in this paper relies on the
assumption that to obtain a convenient description of the
physics, in terms of a local spacetime, we need to use
different operators in different states. This issue is related to
the issue of whether it is possible to have “background
independent” local operators in quantum gravity. If one
gives up the idea of “background independence,” one is
naturally led to the “state-dependent” constructions that we
discuss here.

Nevertheless, granting this assumption, we show that our
construction resolves all the arguments that have been
advanced to suggest that the black hole horizon has
structure, or that AdS/CFT does not describe the interior
of the black hole.

In our previous paper [1], we had proposed a construc-
tion of interior operators by positing a decomposition of the
CFT Hilbert space into “coarse” and “fine” parts. In this
paper, we present a refinement of our proposal that does not
rely on any such explicit decomposition, although it
reduces to our previous proposal in simple cases. The
feature of state dependence of the interior operators carries
over from [1]. But our refined construction removes some
of the ambiguity inherently present in our previous pro-
posal, and allows us to write down an explicit formula for
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interior operators in the CFT, without necessarily under-
standing the detailed structure of its Hilbert space at strong
coupling.

The thrust of our paper is rather simple to summarize.
First, we point out that the issue of whether there is
structure at the horizon of the black hole, and the related
issue of whether the black hole interior is visible in the
CFT, can be translated to a simple question about CFT
operators. It is well known that local operators outside the
black hole horizon can approximately be mapped to modes
of single-trace operators on the boundary, which we call
(92,” .m» Where i labels the conformal primary and w,,, m are
its modes in frequency space and the angular momentum on
the spatial sphere. To describe a smooth interior, we need to
effectively_“double” these modes and find another set of
operators Oﬁumm, which not only commute with the original
operators but are also entangled with them in the state of the
CFT. So, within low-point correlators, where the number of
insertions of single-trace operators does not scale with the
central charge N [N o« N? in N’ = 4, SU(N) theory], we
require
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Several authors have pointed out that the CFT does not
seem to have enough “space” for the existence of the O
operators. However, our punch line is as follows. In a given
state |¥), the equations above must hold provided we do
not have too many operator insertions and K < N. The set
of all possible such insertions is finite, and loosely speak-
ing, scales like N/ K. So, demanding that O has the correct
behavior within low-point correlators computed in a given
state simply leads to a set of linear equations for the O
operators, which can be solved in the large Hilbert space of
the CFT, which has a size that scales like ¢ for energies
below V. Moreover, as we discuss in detail, these equations
are consistent precisely when |¥) is close to being a
thermal state.'

This analysis leads to our conclusion that it is possible to
find state-dependent local operators in the bulk that com-
mute with the local observables outside the horizon. We then
proceed to show that this construction resolves all the recent
paradoxes associated with black hole information.

First, we describe how our construction of interior
operators resolves the strong subadditivity paradox. The
resolution is simply that the operators inside and outside the
black hole are secretly acting on the same degrees of
freedom. One of the objections to this idea of black hole
complementarity has been that, naively, measurements
outside the black hole would not commute with those

'In this paper, by “thermal state” we mean a typical pure state
in the high-temperature phase of the gauge theory.
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inside. As we describe in great detail, our construction is
tailored to ensure that the commutator of local operators
outside and inside the black hole—and all of its powers—
vanish exactly when inserted within low-point correlators.

We turn our attention to some of the more recent
arguments of [7,9], which suggest that the black hole
interior cannot be described within the CFT. The authors of
[7] pointed out that the O operators behind the horizon
appear to satisfy the usual algebra of creation and annihi-
lation operators, except that “creation” operator maps states
in the CFT to those of a lower energy. If this were really the
case, it would lead to a contradiction since the creation
operator of a simple harmonic algebra always has a left-
inverse, and the number of states of the CFT decrease at
lower energy.

Our construction resolves this issue, because the oper-
ators behind the horizon behave like ordinary creation and
annihilation operators, only when inserted within low-point
correlators. Since they satisfy the algebra only in this
effective sense, and not as an exact operator algebra, there
is no contradiction with the “creation” operator having null
vectors.

We also address the argument of [9], which we call the
N, # 0 argument. The authors of this paper pointed out,
that assuming that the interior operators were some fixed
operators in the CFT, the eigenstates of the number operator
for a given mode outside the horizon would not necessarily
be correlated with the eigenstates of the number operator
for the corresponding mode inside the horizon and so the
infalling observer would encounter energetic particles at
the horizon. However, this conclusion fails for state-
dependent operators. Our interior operators are precisely
designed so that, for a generic state in the CFT and its
descendants that are relevant for low-point correlators they
ensure that the infalling observer sees the vacuum as he
passes through the horizon. We describe this in more detail
in Sec. IV D.

After having addressed these issues, we then turn to the
“theorem” of [10] that small corrections cannot unitarize
Hawking radiation. We point out that our construction
evades the theorem because of two features: the interior of
the black hole is composed of the same degrees of freedom
as the exterior, and the operators inside that are correlated
with those outside depend on the state of the theory.

This brings us to a final objection that has been
articulated against this state-dependent construction: the
“frozen vacuum” [8,11]. Although our construction sug-
gests that the infalling observer encounters the vacuum for
a generic state, it is true that there are excited states in the
CFT, in which we can arrange for the infalling observer to
encounter energetic particles. Our equilibrium construction
already allows us to analyze such time-dependent processes.
For example, we can consider a time-dependent correlation
function in an equilibrium state, and our prescription
provides an unambiguous answer. However, in Sec. V, we
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discuss how to adapt our construction to build the mirror
operators directly on nonequilibrium states. This extension
takes advantage of the fact that it is always possible to detect
deviations from thermal equilibrium by measuring low-
point correlators of single-trace operators. To perform our
construction on a state that is away from thermal equilib-
rium, we “strip off” the excitations on top of the thermal
state, and then perform our construction in this base state.
Low-point correlators in the excited state are now simply
equated with slightly higher point correlators in the base
state. We describe this construction in Sec. V.

In Sec. VI we discuss a beautiful and intriguing con-
nection of our construction with the Tomita-Takesaki theory
of modular isomorphisms of von Neumann algebras. We
start this section by reviewing our construction, but from a
slightly different physical emphasis. We then show how our
construction can be compactly phrased in the language of
Tomita-Takesaki theory. In this section, we also clearly show
how our construction of the interior in this paper reduces to
our previous construction [ 1] in simplified settings. We hope
to revisit this interesting topic again in future work.

This paper is organized as follows. In Sec. I, we show that
the issue of whether AdS/CFT describes the interior in an
autonomous manner reduces to the issue of finding oper-
ators, which we call the “mirror” operators, with certain
properties in the CFT. After outlining these constraints, we
then explicitly construct operators in III that satisty them,
when inserted within low-point correlators. This central
section also contains multiple examples of our construction.
We show how our construction works in a general theory, in
the CFT, in a toy model of decoupled harmonic oscillators,
and also in the spin chain. In Sec. IV, we then apply this
construction to the recent discussions of the information
paradox, and find that it successfully addresses each of the
recent arguments that have been raised in favor of structure
at the horizon. In Sec. V, we show how to extend our
construction to nonequilibrium scenarios, and thereby also
resolve the issue of the “frozen vacuum.” In Sec. VI, we
explore the link between our construction and Tomita-
Takesaki theory. Section VII contains a summary, and some
open questions. The appendixes contain several other
details, including a discussion of one of the first “measure-
ment” arguments for firewalls articulated in [2].

Appendix E may be particularly interesting to the reader,
who wishes to quickly get a hands-on feel for the properties
of the mirror operators that we describe. This documents a
computer program that numerically constructs these mirror
operators in the spin-chain toy model. The essential ideas of
this paper are summarized in [12], and the reader may wish
to consult that paper first, and then turn here for details.

II. BULK LOCALITY: NEED FOR THE
MIRROR OPERATORS

In [1], we discussed how to construct local operators
outside and inside the black hole, by using an

PHYSICAL REVIEW D 89, 086010 (2014)

integral transform of CFT correlators. We review this
construction briefly, and explain the need for the mirror
operators.

Consider a generalized free-field operator O'(#, Q) in the
conformal field theory at a point ¢ in time and Q on the
sphere S9~!. By definition this is a conformal primary
operator of dimension A, whose correlators factorize at
leading order in the % expansion,

(0|0 (11, )...

ZIHZ(O\O’(”I, Q, )0 (1,,,9,,)]0)...

O (12, €2,)(0)

. 1
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where 7 runs over the set of permutations.

In this paper, we will be interested in fields with a
dimension that is much smaller than A/. We remind the
reader that, as in our last paper [1], by A/, we are referring
to the central charge of the CFT, and if the reader wishes to
think about supersymmetric SU(N) theory, then she may
take N o N2.

Now, we take the CFT to be in a state |¥) that is in
equilibrium and has an energy (V|Hcprp|¥) = O(N). We
write O(N) here, but to be precise, we need to take the
energy to be much larger than the central charge so that the
theory is unambiguously in the phase corresponding to a
big black hole in AdS.

The same generalized free field now factorizes about this
energetic state as well. Moreover, at leading order in ﬁ, we
expect that correlators in this state | ) will be the same as
thermal correlators

(PO (1. Qy)...0(1,,Q,) ¥

)
:Z/;ITr(e‘ﬁH(’)’l(t 1.0 (1,,Q,)), (2.1)
where Zj; is the partition function of the CFT at the
temperature 5.

As we showed in [1] we can use the modes of this
operator to construct another CFT operator that behaves
like the local field outside the black hole. The formulas of
[1] were written for the case of the black brane in AdS, but
here we can write down the analogous formulas for the CFT
on the sphere to avoid some infrared issues in discussing
the information paradox,

¢CFTZ‘§2Z Z/>02 O;umf{um(tgz)—"_HC]
2.2)

Here O,,,, are the modes of the boundary operators in
frequency space and on the sphere respectively, while the
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sum over m goes over the spherical harmonics.” What this
means is that if we consider the CFT correlators

(Ul ier(tr. Q0. 20) el (10, 22| T). (23)
then these CFT correlators behave like those of a pertur-
bative field propagating in the AdS-Schwarzschild geom-
etry. Here, we are assuming that we are in a regime of
parameter space where the CFT admits a gravity dual.
The analogue of (2.2) in empty AdS had previously been
discussed extensively in the literature [13—16]. However, in
writing (2.2), we pointed out that, in momentum space, it
was possible to extend this construction in pure states close
to the thermal state. This relies on the fact that thermal CFT
correlators have specific properties at large spacelike
momenta, and this observation allowed us to sidestep some
of the complications that were encountered in [14].3
Turning now to the region behind the horizon, effective
field theory tells us that in the analogue of (2.2), the CFT
operator describing the interior must have the form

¢CFT t, Q Z Z/ 0 O;umgwm(t Q Z)
>

+ Ow mga)m(tv Q, Z) + HC] (24)

Here g,(,,ll,, are the analytic continuations of the left-moving

modes from outside to inside the black hole, while gg Z,, are

right-moving modes inside the black hole.

These right-moving modes can be understood in several
ways. In Hawking’s original calculation [18], these modes
were the very energetic modes in the initial data that can be

propagated through the infalling matter using geometric

optics. In terms of solving wave equations, the gﬁ l,, modes

can also be obtained by analytically continuing the modes
from the “other side” (region III) of the eternal black hole,
as we discussed in [1].

However, we should caution the reader that while these
physical interpretations are useful as mnemonics, they are

*These need to be suitably regulated in frequency space, and
we discuss this carefully in Sec. III B, although this issue is
unimportant here.

It is somewhat delicate to write down the position space
version of (2.2). This is because the position space “transfer
function” must account for the fact that it can only be integrated
against valid CFT correlators. So, the transfer function must be
understood as a distribution that acts as a linear functional on the
restricted domain of multipoint CFT correlators. This leads to
subtleties in writing it as a simple integral transform. This
observation has led to recent claims that the transfer function
does “not exist” in the black hole background or, indeed, in any
background with a trapped null geodesic [17]. This statement—
which simply refers to the fact explained above—does not have
any significant physical implication; the mapping between
degrees of freedom between the bulk and the boundary continues
to exist.

PHYSICAL REVIEW D 89, 086010 (2014)

FIG. 1 (color online). A black hole is created in AdS by
injecting matter from the boundary. We are interested in the red-
colored patch P, behind the horizon, which is far away from both
the infalling matter and the singularity.

both fraught with ultra-Planckian problems. This is clear in
Hawking’s original interpretation, but we also note that
while the analytic continuation from region III is easily
performed in the free-field theory, mapping the modes at
late times in the black hole, ‘back to region III requires us to
go through the ultraviolet regime.

We emphasize that neither of these ultra-Planckian
problems are relevant to our discussion. Here, our statement
is simply about effective field theory in the patch P that is
shown in Fig. 1. In this patch, we can locally expand the
field in modes, and we find that to get a local perturbative
field, we need both left- and right-moving modes. What is
important here, though, is the appearance of the modes
C’)Q,mm. First, we need these operators to effectively com-
mute not only with the ordinary operators of the same
species O, ,,, but with other “species” of operators O,
that enter the fields outside the horizon as well

[Oh, > Oty ) =0 (2.5)
The = in (2.5) indicates that this equation must hold when
this commutator (or a power of this commutator) is inserted
within a low-point CFT correlator like (2.3), as we discuss
in more detail below. As we have mentioned, and will
discuss again below, if we consider a correlator with N
insertions, then we should not expect a semiclassical
spacetime, or an equation like (2.5) that expresses locality
in such a spacetime to hold.

For the horizon of the black hole to be smooth we require
that within a low-point correlator evaluated in a pure state
that is close to a thermal state

(WO (11.9)...0" (1,90)... O (11, €) ... 0" (1.2, )
=25 Trle P10 (11,Q)...O% (1, Q) OM1y+16/2.) ..
x O (1 +i8/2.99)]. 26

where Zj is the partition function of the CFT at temperature

. The reader should note that the analytically continued
operators, which appear with the index j, and primed
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coordinates, have been moved to the right of all the
ordinary operators, and moreover their relative ordering
has been reversed.

In momentum space, Eq. (2.6) can be translated to

i1 % i in
([0l .. Ol Ol Ol

w)

Br 1 / i / :
— MO ZATH PO . O (O ...

[A

(2.7)

In Fourier transforming from (2.6) to (2.7), we should keep
in mind that while the modes of (' are defined by
Obm = [O(1,Q)eY,,(Q)d'Qdt, where Y,, is the
spherical harmonic on the sphere, the modes of O’ are
defined by O, = [O'(t,Q)e ™'Y}, (Q)d*"'Qdr. This
convention simply tells us that the modes bﬁum have the
opposite energy and angular momentum to the modes O, ,,.

To emphasize again, we require operators that when
inserted within a state automatically achieve the ordering
within the thermal trace that we have shown here: both in
terms of moving to the right of ordinary operators, and in
terms of reversing their relative positions.

The reader may wish to consult Sec. 5 of our previous
paper [1], where we showed how the condition (2.6) leads
to smooth correlators across the horizon.* This is clear,
because in this case, the calculation of correlators across the
horizon reduces to the calculation in the eternal black hole
geometry, which is clearly smooth. In fact, assuming
the validity of the ansatz (2.4) which we discuss next,
the converse also holds: correlators are smooth across the
horizon if (2.6) holds, at least at leading order in ﬁ

Validity of the ansatz for bulk operators.—We briefly
discuss the validity of the ansatz for interior operators (2.4),
which underpins the reasoning above. Provided that oper-
ators that satisfy (2.6) can be found, we conjecture the
ansatz (2.4) gives a consistent spacetime description of the
interior and exterior of a black hole when the CFT is placed
in a state that is expected to be dual to a black hole in
the bulk.

This conjecture is a claim about the uniqueness of the
functions g(") and g® that appear in (2.4). While we do not
have a proof of this claim, we believe that the AdS/CFT
conjecture makes it very plausible.

For example, let us say that it was possible to replace the
functions ¢! and ¢® with some other functions ¢! and
¢, which solve the wave equation in some other back-
ground, but continue to preserve the approximate locality
of bulk correlators. This would imply that thermal corre-
lation functions on the boundary can be smoothly extended

“In Sec. VII of our previous paper [1], we also showed that this
computation was stable under ﬁ corrections. More precisely, ﬁ
corrections on the boundary do not “blow up” at the horizon.
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into local bulk correlation functions on a spacetime that is
distinct from the AdS-Schwarzschild geometry. In turn, this
would imply that a perturbative theory on the AdS-
Schwarzschild geometry is dual to a perturbative theory
on another spacetime. While such cases can be found at
tree-level in the % expansion, as for example in the
conformal gravity analysis of [19], we believe that it is
highly unlikely that such a duality would continue to hold
at higher orders in the 4, expansion.

However, the reader should note that the existence of the
mirror operators, by itself, is not sufficient to guarantee the
presence of a horizon in the bulk. This is not surprising if
one thinks of the example of the thermofield doubled state
of [20], but at a temperature lower than the Hawking-Page
transition temperature. In this case, the dual geometry is not
an eternal black hole but two disconnected AdS geometries
that are not connected by a macroscopic wormhole. Thus
the mere existence of entanglement between the two copies
of the CFT is not sufficient to guarantee the presence of a
horizon. The mirror operators that we will describe below,
are, in a certain sense, like the operators in the second
CFT.(However, we will also point out some important
differences below.) Therefore while their existence is
crucial for the existence of a horizon, it is not sufficient.
We expect a horizon to appear only when the CFT is in a
state dual to a black hole.

% corrections.—We should point out that the status of the
condition (2.7) [or equivalently (2.6)] is quite different
from that of (2.5) with respect to ﬁ corrections. When these
are included, we would like (2.5) to continue to hold at all
orders in the ﬁ expansion and its violations, if any, should
be suppressed exponentially in A/. On the other hand (2.6)
can receive corrections at the first subleading order in ﬁ
We can see that such corrections will come about, purely
because of differences between correlators in the state |¥)
and the thermal state. Another source of ﬁ corrections
comes from interactions in the CFT which, in the bulk,
corresponds to the backreaction of the Hawking radiation
on the background geometry.

Charged states.—In writing (2.6) we have tacitly
assumed that the state | V) does not have any charge. In
fact, the CFT contains several conserved charges, which we
will generically call Q. Just as we can associate a temper-
ature #~!' with the state |¥) using correlation functions (or
the growth in entropy with energy), we can also associate a
chemical potential y with a charged state.

In such a state, we need to modify (2.1) to

<\II|Oi1 (tvaq)"'Oi” (tnv Qn)|\II>
= ZE’LTr(e‘/}H‘”QOi' (t;,9))...0"(1,,Q,)),
with the same modification in subsequent equations.

In this paper to lighten the notation, we will not write the
charge Q explicitly. But the reader should note that our
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entire analysis below goes through with the replacement
of pH—pBH + uQ.

A. Comparison with flat-space black holes

We briefly mention why these mirror operators are also
important in the context of flat-space black holes. The
modes in the background of a flat-space black hole have a
slightly different structure. Roughly speaking, we can
divide the modes into those that are “ingoing” and “out-
going” near the horizon of the black hole, and those that are
ingoing and outgoing at infinity.

For the familiar case of a scalar field ¢ propagating in the
4-dimensional Schwarzschild black hole of mass M, we
can make this precise by introducing tortoise coordinates

=r+2MIn ’2[2”’” outside the horizon, and by introduc-
mg a second Schwarzschild patch just behind the horizon.
Effective field theory tells us that, in the free-field limit,
near the horizon, and at infinity, we can write

r*’ t / (1) 1 'nelw(r*_t) + ba) 1 me_lw(r*Jrl))
27r\/_ o "

Lm

X Ylm(g ¢) + H.C.,

r*,t Z/zﬂ\/_ oy 1m® l(})(i’* )+au) I m€ l(x)(r,;‘rt))

x Y .(0.¢)+H.c.,

r t 2/2 TCI‘\/_ C(ulmelw (r=1) =+ dw.l.me_iw(r+t>)

X Y[,m(e, ¢) + H.C.,

justoutside
justinside

at r — oo,

where “just inside” and “just outside” refers to just inside or
outside the horizon. We have taken the field to be massless,
which allows both ingoing and outgoing modes to exist at
infinity for all frequencies. Note the presence of the
potential barrier between r = co and r = 2M implies that
the oscillators d and a commute whereas the pairs a, b, and
¢, d have nontrivial commutators. Starting with the
Schwarzschild vacuum, which is defined by

ay|S) = dy|S) = ay|S) =0,

the Unruh vacuum is defined by allowing the ingoing
modes at infinity to remain in their ground state and by
entangling the outgoing modes at the horizon with their
corresponding tilde partners in a thermofield doubled state

_bo ¥~
|U> _ efe 2 amal,da)|S>’ (28)
which leads to (Ula, a,|U) = _—ﬂ_”;,wé(a) - o).
It is in the Unruh vacuum, that the horizon is smooth.
Any significant deviations from this vacuum will generi-
cally lead to a firewall. It is clear from (2.8) that
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a,|U) = e 7al|U);  ah|U) = e7a,|U).  (2.9)
instead of starting with the definition (2.8) and deriving
(2.9), one could also reverse the logic. One can show [21]
by a consideration of the expectation value of the stress
tensor that the state corresponding to a smooth horizon
satisfies (2.9). From here, one can derive (2.8).

Now, we do not have a precise understanding of the
Hilbert space of quantum gravity in flat space. However, we
believe that it should have a large number of microstates, all
of which have the same macroscopic properties as the
Unruh vacuum. In particular, this implies that in a micro-
state corresponding to the black hole we should be able to
find operators that meet (2.9). Hence, we see that we
require operators that satisfy the properties (2.5) and (2.7)
for flat-space black holes as well to obtain a smooth
horizon.

B. Summary

In this section, we have tried to argue that the issue of
whether the horizon of the black hole is smooth or not has
to do with the issue of whether we can find operators in the
CFT that satisfy (2.5) and (2.7). All the recent discussions
of the information paradox can, essentially, be phrased as
questions about whether such operators exist. We will make
this more clear when we discuss these arguments below. In
the next section, we describe how to find operators that
satisfy these properties.

We should mention that, in the argument above, we have
pointed out the necessity of the mirror operators for
generalized free fields in the CFT that enter the modes
of perturbative bulk fields. However, we will actually
succeed in finding mirror operators, for observables in a
large class of statistical-mechanics systems. In the case of
the CFT, we will succeed in “doubling” not only the
generalized free fields but a much larger class of operators.

We should point out that there are powerful (although, in
our opinion, not conclusive) arguments that suggest that
one cannot find fixed (i.e. state-independent) operators that
have the correct behavior specified by (2.5) or (2.6) [or
(2.7)] for an arbitrary given state |¥). However, if we allow
the mapping between CFT operators and local bulk
operators to depend on the state itself, then one can indeed
find such operators as we show explicitly below.

Moreover, these operators then resolve all the recent
paradoxes that have been formulated to suggest the
presence of a structure at the horizon.

III. CONSTRUCTING THE OPERATORS
BEHIND THE HORIZON

In this section, we will explicitly construct operators
behind the horizon. We will perform this construction in
three steps so as to make this section maximally peda-
gogical. We start with a description of our idea in a general
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setting. It is well known that given a limited set of
observables, almost any pure state drawn from a large
Hilbert space looks “thermal” or equivalently looks as if it
is entangled with some environment. In the first part of this
section, we show how, in this single Hilbert space, it is
possible to construct operators that behave as if they were
acting on the environmental degrees of freedom.

In fact, the operators behind the horizon that we have
described above are precisely of this form. So, in the second
and central part of this section, we go on to describe our
construction of these operators in the CFT. This case comes
with a few quirks, including the fact that the CFT has
conserved charges, and so some properties such as the
charge and energy of the mirror operators is still visible
outside the horizon.

Finally, we descend from this complicated situation and
discuss two toy models in detail. The first is a toy model of
decoupled harmonic oscillators. This captures our ideas in a
concrete setting, and has many of the essential features of
the CFT, without some of the technical complications. The
second is a simple spin chain, which is a popular model—
and probably the simplest available one—for considering
the information paradox. We describe how the mirror
operators can be constructed in this setting as well.

The reader may choose to read this section in any order,
or even jump directly to the toy models.

A. Defining mirror operators for a general theory

Let us say that we have some system, which is prepared
in a pure state |¥) drawn from a large, but finite-dimen-
sional, Hilbert space H. We are able to probe the system
with a restricted set of operators. Let us call the

setof observables: A = span{A,,...Ap }. 3.1

As we have written explicitly above, A is a linear space and
we can always take arbitrary linear combinations of
operators in A. However, it is important that A may not
quite be an algebra. It may be possible to multiply two
elements of A to obtain another operator that also belongs
to A. In fact, we will often discuss such products of
operators below. However, we may not be allowed to take
arbitrary products of operators in this set. In particular, if
we try and take a product of A/ operators, it may take us out
of the set A.

We wish to consider states | ) that satisfy the following
very important propertyS:
(3.2)

ALY £0, VA, €A

5Later, in the discussion on the CFT, we will consider
situations where |¥) may be an eigenstate of a conserved charge,
in which case (3.2) does not hold for certain operators but, for the
current discussion, this is an unimportant technicality.
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Note that this statement holds for all elements of A, or
equivalently for all possible linear combinations of the basis
of observables written in (3.1). An immediate corollary of
this statement is that the dimension of A be smaller than the
dimension of the Hilbert space of the theory:

Dy < dim(H) = Dy,.

Equation (3.2) also means that if |¥) is a state of finite
energy, then the energy of our probe operators in the algebra
is also limited.

We wish to emphasize that these conditions on the
observables we can measure and the state under consid-
eration are physically very well motivated. For example, if
the reader likes to think of a spin-chain system, then .4 could
consist of all local operators—the Pauli spins on each site—
bilocal operators—which comprise products of local oper-
ators at two sites—all the way up to K-local operators, as
long as K < N —the length of the spin chain. Generic states
in the Hilbert space of the spin chain now satisfy (3.2). We
work this spin chain example out explicitly in Sec. III D

However, more generally, as the reader can easily
persuade herself, if we place a large system in a state that
appears to be thermal, and consider some finite set of
“macroscopic observables” (for example, those that obey
the so-called “‘eigenstate thermalization hypothesis™), then
the condition (3.2) is easily satisfied. In fact, we can
consider a larger class of states, which are excitations of
thermal states that are out of equilibrium.

Now, it is very well known that, given such a set of
observables A, and a pure state |¥), we can construct
several density matrices p, corresponding to mixed states,
which are indistinguishable from | W), in the sense that we
can arrange for

Tr(pA,) = (Y|A,|¥), VA, €A

Such a density matrix is not unique but the correct way to
pick it, assuming that the expectation values of (A ) are all
the information we have, is to pick the density matrix that
maximizes the entropy: Sy, = max (—=Tr(plnp)) [22]. In
fact, this maximum entropy Sy, is what should correspond
to the thermodynamic entropy of the system. For a generic
state |¥), we expect to find

pr—ePH, (3.3)

up to /%/ corrections, where Z is the partition function.®

®In an equilibrium state, in any case, we expect off-diagonal
terms in the energy eigenbasis in the density matrix to be strongly
suppressed, although the eigenvalues may be corrected from the
canonical ones. For the significance of such corrections, see
Appendix A, and for nonequilibrium states, see Sec. V.
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It is also well known that the statements above imply that
even though the system is in a pure state, it appears as if the
system is entangled with some other heat bath. This pure
state in the fictitious larger system is called the “purifica-
tion” of p. This purification is not unique, even given p but
given a generic state in which the density matrix is thermal
as in (3.3), we will pick it to be the thermofield doubled
state [23]’

i f
W) gg = \/—Z;e‘%lEﬁlEi% (3.4)

where the sum runs over all energy eigenvalues of the
system. Note that the subscript tfd emphasizes that this state
is distinct from the pure state | '), and lives in a (fictitious)
larger Hilbert space.

The new point that we want to make here is as follows. In
the pure state |U), we can also effectively construct the
operators that act on the “other” side of the purification. So,
for all practical purposes the thermofield doubled state and
the doubled operators may be realized in the same
Hilbert space.

More precisely, we want the following. For every
operator acting on the Hilbert space of the system

A E) = (A,),|E)). (3.5)
we have an analogous operator that acts on the fictitious
environment

AWIE;) = (A,)5E)).

The complex conjugation is necessary to ensure that this
map remains invariant if we, for example, decide to rephase
the energy eigenstates of the system by /¥ and those of the
environment by e~ under which the state (3.4) is
obviously invariant.

The operator A‘,fd has two other important properties.
First, it clearly commutes with the operators A,,, since these
act on different spaces

(A% AL W) =0,V p.m. (3.6)
Second, with some simple algebra (see Appendix A) we
can see that

SH pH

AR) ¢ = e TALET W) gy (3.7)

We now desire the existence of operator A p» that acts in
the single Hilbert space H and mimics the action of (3.7)
and (3.6) while acting on the state |¥). Naively, this may

"In Appendix A, we discuss other choices of the purification
which are, in fact, required at ﬁ and this issue of the lack of
uniqueness.
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seem impossible. For example, if we consider a spin chain
and the set A comprises the set of Pauli-matrices acting on
each site, then there is no operator in the Hilbert space that
commutes with all the A, € A.

However, as we describe here, given a state | ), there is
an elegant and almost unbelievably simple definition of
these operators. First, we need to expand the set of

observables A a little so that for each A, € A, we adjoin
~ pH pH .
to A the element A, = e‘TA;e/T. Next, as we mentioned

above, while A may not be closed under the multiplication
of arbitrary pairs, if the product A, A, € A, we may also

want to include the products A Ay, and A, IA p,- We will
call this expanded set of observables AP. If Dy < N,
then the elements of this expanded set also satisfy (3.2).

We want to emphasize that the reader should not get lost
in the technicalities of this “expanded” set. In fact, in the
interesting case of the CFT below, we will see that 4P
coincides with A. This is because in the situation where the
A, have some definite energy ), these factors simply

po, »

invert the energy, and insert a factor of e™ 2.
Now, we simply define the mirror operators by the
following set of linear equations

PH & pH

A,0) = e H Al |w),

ApAu| W) = A,A,|D), (3.8)
where A, A, € A®*P_In a given state |¥), these two lines
together just correspond to dim(.A®P) equations. Note, that
we can write these two lines as the single compact equation

A A, |0) = A, e TALT|D), (3.9)
but we have written them separately because, as will
become clear below, the two lines of (3.8) have different

physical interpretations.

Note that A ,» are linear operators in a Hilbert space of
dimension D, that we are interested in. Equation (3.9)
makes it clear that we are specifying the action of these
operators on a linear subspace, H, = A*P|¥), produced
by acting with all elements of the set AP on the set | V).
Equivalently, we are specifying the action of A pon DHW =
dim(7,,) basis vectors. It is always possible to specify the
action of an operator on a set of linearly independent
vectors that is smaller in size than Dy,.

So, the only constraint we have to check is that the
vectors A,|¥) produced by acting on |¥) are linearly
independent i.e. that we cannot find some coefficients
> %A, |¥) = 0. However, (3.2) tells us that there is no
such linear combination.

So, we conclude that, provided (3.2) is met, we can
always find an operator A, that satisfies (3.8). In fact, it is
easy to write down an explicit formula for this operator.
Consider the set of vectors
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P M

|Um> :Amllp>; |um> :Ame%APe2 |\Il>

where m = 1... dim(A®*P) and the operators run over any
basis of the set A®*P. Now, define the “metric”

gmn = <Um|7jn>’

and its inverse g"" satisfying g""g,, = &}. This inverse
necessarily exists, because the |v,,) are linearly indepen-
dent by the conditions above. Now, an operator A p» that
satisfies the condition (3.8) above is given by

Ay = " ty) (], (3.10)

where the repeated indices are summed, as usual. Of
course, the operator A, + A°™", where A°™ is any operator
that satisfies A(’nh|vm> =0, Vm also satisfies (3.8). In
(3.10), we have simply taken A°™ =
is physically irrelevant.
Furthermore, note that the rules (3.8) also allow us to
build up the action of products of the mirror operators
recursively. For example, notice that these rules lead to

0, but this ambiguity

_pH PH

A W) =4, e TALeT|W) = e TALeTA, |W)

_ AT

=e 2 ApzApl |\Il>
Here in the first equality, we use the first rule of (3.8). In the
next equality we use the second rule to commute A, to the
right, and then we use the first rule again to obtain our final
expression. Notice in particular that

Ap, W) = (A, A,)|T).

Next, note that the rules III A lead to the result that acting
on the state |¥), the mirror operators commute with the
ordinary operators. For example, consider the commutator
of an ordinary and mirror operator within some product of
ordinary and mirror operators acting on | W)

PlApz [ Pm> AI’m+1] APnflAI’n|\Il>

:APA ( oo _Apn,+1Ap,n) A A, o)

=A, Ay A, A, A, A, [U)—
XA, A, ..A, A, A, A, [T)=0 (3.1

Here, the key point is that the second line of (3.8) allows us
tomove A, throughA,  andany other occurrences of A,
operators till the first occurrence of another A, operator. In
writing these equations, we have tacitly assumed that we
can take the product of the operators A, , while remaining
within the set A. This is justified as long as n < D 4.
Now, we make a few remarks about correlation
functions. First, note that by construction we have
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wa(PIA, W) g = (PIA, W), VA, € AP, Within mixed
correlators involving both A, and A »» We see that we have
the following properties:

(DA, ..A, A

Pm” "Pm+1°

tfd tfd
tfd<\I]|A APmAPerl

Ay |9)
p,, |\Il>tfd'

To show this involves only a small amount of additional
work. First, we see that

(VA ..A, A, . .A,|D)

= (V|A, ..A, ]A,,mﬂ LA, ETAL ST, (3.12)
where we have used the second line of (3.8) to move the
A »,, to the right, and then used the first line to substitute its
action on | ). Now, given the right-hand side of (3.12), we
can use the same procedure to move A »,_, to the extreme
right and then substitute for its action. Continuing this, we

see that finally
(W |A A

— (U]A

pmAanA o Pn \I}>

_PH T
Pm+1" A e Apm Apl |\Il>

Now, as we discussed above, correlators of ordinary
operators in the set A" in the state |¥) are the same as

those in the thermofield doubled state. So, we find that

(WA, Ay Ay A D)
_pH pH
:tfd<\Il|Apm+1"A A;m Ap1€2|‘1’>tfd
= tfd<\I’|APm+1 -“AmAtlfd Atfd |\I/>tfd’

where the reader can easily use the property (3.7) to verify
the second equality.

The = notation.—This feature, where the properties of
the A, operators hold only within correlation functions
evaluated on a particular state is important enough that we
will introduce some special notation for it, which we have
already used above, and will use extensively later. We will
write

Ay, Ay, )20,
to indicate that (3.11) holds, but the operators A p,, and
A, . may not commute as operators. It is just that this
commutator annihilates |¥) and its descendants produced
by acting with elements of the algebra A,.

The space Hg.— Before we conclude this subsection, let
us make a comment about solving the linear equations (3.8).
We have carefully argued above that it is possible to find a
set of solutions to these equations. In constructing such
solutions, we do not even actually need to consider the full
vector space H. In fact, it is convenient to consider a
slightly smaller vector space
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H, = AP|T),

which is just the space formed by the action of the set A*P
on the state |¥). In all cases of interest that we will study
below, AP coincides with A, and in these cases we can
also write Hy = A|¥). We see (3.8) is a statement about
the action of the operators A, on the domain Hy and the
action of these operators outside this space is unspecified.
In fact, we could even choose A p o annihilate states in the
space of vectors orthogonal to Hy without affecting low-
point correlators. Note that the definition (3.8), and the fact
that A may not be closed under arbitrary pairwise multi-
plication, implies that the range of A, may differ slightly
from Hy, even in this case. These “edge effects” are usually
unimportant, and the physically relevant subspace is Hy.
Our construction, as we have presented it here, applies to
any statistical-mechanics system. We now specialize to the
CFT which, as we will see, has a few new ingredients.

B. Mirror operators in the CFT

We now discuss the construction of the tilde operators in
an interacting CFT. Our construction follows the general
method that we outlined above, but this section is written so
as to be self-contained. We will find two new features in the
CFT. One is technical and, in our view, not so important: we
have to regularize the modes of the CFT to obtain a finite
set of observables A. The second is also somewhat
technical, but a little more interesting. The operators that
we are constructing are not gauge invariant with respect to
bulk diffeomorphisms and conserved charges. So, while
they commute exactly with almost all operators, within
correlation functions, they do not commute with the global
charges or the Hamiltonian.

To be concrete, we will consider a CFT on S9! x R. The
black hole is dual to a state |¥) in the CFT, with an energy
that is much larger than, but of the same order as, AV In this
section, we will show how to construct the tildes on this
state |U).

1. Regularizing the space of operators

First, let us discuss the operators that we can use to probe
the black hole geometry—this is the set .4 above. We have
some number of light operators in the CFT that correspond
to the supergravity fields. In addition, we could probe
the black hole geometry with excitations corresponding to
stringy states, and perhaps even with brane probes. In the
CFT, all of these can be represented by conformal primary
operators with a dimension that is much smaller than N .
We remind the reader that N is the central charge. So, in
maximally supersymmetric SU(N) theory, N « N? and
even a giant graviton operator has dimension A = N < N

It will be convenient for us to discuss the modes of these
operators, which are defined by
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Ol =/Oi(t,Q)ei“”Ym(Q)dd‘lgdt,

where Y, is the spherical harmonic indexed by the d — 1
integers in the array m.

Now, the relevant spacing of the energy levels around
energies of order AV is actually e=5 ~ e~V So, the spectrum
of modes of low-dimensional conformal primaries is almost
continuous even when the CFT is on a sphere.

Now, consider two energy levels |E) and |E + §,). We
can consider the precise mode Oy, ,,, that causes transitions
between these levels. However, if the differences between
energies are nondegenerate, as we expect on general
grounds for a “chaotic” system, then this mode will have
a zero matrix element between any other states.

So, we need to “coarse grain” these modes a little to
come up with a useful set of operators. We will do this, by
introducing a lowest infrared frequency ;, and bin
together the modes of O in bins of this width. More
precisely, we define

1 (n+1)wmin .

( min

O (3.13)

Dmin

These regularized modes (0%, ,, have a smooth behavior in
the Hilbert space, and we might reasonably expect them to
obey the eigenstate thermalization hypothesis (ETH), as we
show in more detail in Sec. V. We will often use

W, = Ny,

and correspondingly also write O, .
We can take w,;, to go to zero faster than any power of

N, but it must be much larger than eV So, for example,

we could take w,;, = VN, So, the reader may wish to
think of the SU(N) theory, with an infrared cutoff that
scales like e=V. This is certainly adequate for all purposes
of constructing perturbative fields in the interior.

We have now regulated both the maximum dimension of
allowed probe operators, and their modes in the manner
above. Let us call these various operators (0% ,, where i
refers to the conformal primary, and n, m specify the mode.
We now consider the set formed by taking the span of
arbitrary products of up to K numbers of these operators

B ; i i i i i
A = span{ O, Ol m, Oty -+ Oy, Oty - Oif e -

The set A is limited by the constraint that each product
occurring in A satisfies @, >.X, n; < N which limits
the total energy that can appear in this set.

Note, that as we emphasized in [12], taking the linear
span of the products of operators above is exactly the same
as thinking of A as the set of all polynomials in the modes
of the operators '
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A, = Za(N)(O;’m)N(i,n.m)7
N

with the constraint that

> N(i.nm)wyinh < Epgy < N. (3.14)
We also require that the set cannot be too large:
D, = dim(A) < eV, (3.15)

The second constraint is automatically satisfied if we also
limit the number of insertions in the polynomials

ZN(17 n, m) < Kma)w

i,n,m

and do not take E,,, to be too large. In fact, there is an
interplay between the value of K .y, Eax, and @, SO that
(3.15) can be preserved. For example, if we take
Omin = e‘m, then we must take K, < VN in order
to preserve (3.15). If we take w,;, to scale just as an inverse
power of A/, we can take K, to be larger.

Note that these polynomials, are polynomials in non-
commutative variables, since the operators do not commute
with one another. However, there may be operator relations
within the CFT, and as a result it may happen that some
particular set of polynomials vanish because of these
relations. In taking the set of polynomials above, we must
mod out by these relations. For example if for the three
operators that appear above, Oy m, Ot m, = Oy, m,, then,
the polynomial (O}, m, )20}, m, must clearly be identified
with the polynomial O}, s, O, m, -

This set A consists of all possible probes that we are
allowed to make in the black hole geometry. We emphasize
that the set of operators in A is essentially the largest set of
operators, for which one might hope to make sense of a
semiclassical geometry. For example, if we start including
products of up to A of the conformal primary modes, then
there is no reason at all that expectation values of such
operators should be reproducible by calculations in a
semiclassical geometry.

In this concrete setting, the reader can also see another
feature that we discussed in the section above. The set A is
not quite an algebra because of the cutoff (3.14) that has
been imposed on the energy of the operators that can
appear. On the other hand, it is often possible to multiply
elements of 4 together to obtain another member of A.

Before we proceed to the definition of the mirror
operators, we must impose a final technical constraint on
the set 4. We do not take the Hamiltonian itself, or any
conserved charge (by which we mean any operator, which
commutes with the Hamiltonian) to be part of this set. This
is equivalent to excluding the zero modes of conserved
currents. These zero modes to not correspond to
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propagating degrees of freedom in the bulk and, in any
case, we will deal with them separately below.

2. Defining the mirror operators

We now describe how to define the mirror operators. The
CFT in a generic thermal state has the following property:
Al¥)#0, VA, €A (3.16)
This is simply the statement that the insertion of a small
number of light operators cannot annihilate the generic
thermal state. We will work with states that satisfy (3.16).
States that do not satisfy this condition are a measure-0
subset of the set of all states, and as we discuss below, they
may not have a smooth horizon.
We will now define the tilde operators, by specializing
the rules that we gave above. The mirror operators are
defined by two very simple rules:

Ol W) = e3(0},)7|0), (3.17)

OumApl¥) =A,0,,|V), VA, eA (3.18)
As advertised, we do not need to expand the set of allowed
observables A to AP in the CFT to define the mirror
operators.

Note that (3.17) and (3.18) together give us D 4 linear
equations for the O. However, O can operate in a space that
is ¢V dimensional. These equations are all internally
consistent because of the condition (3.16). So, there are
many possible solutions to these constraints. One explicit
solution is shown in (3.10).

All these solutions are equivalent for our purposes, since
they do not show any difference at all, except when inserted
in very high-point correlators. As we pointed out above,
there is also an, in principle, difference between (3.17) and
(3.18). While (3.17) needs to be corrected order by order in
4 (3.18) is already correct at all orders in the 1 for the
correlators that we are interested in.

3. Choice of gauge: Hamiltonian and Abelian charges

We now turn to the issue of a choice of gauge. We are
willing to consider cases, where | V) is an energy eigenstate,
and certainly it may be possible to put |¥) in an eigenstate
of some other conserved charge. We first discuss the
inclusion of the Hamiltonian, which corresponds to zero
modes of the stress tensor, and other Abelian charges, then
turn to other kinds of conserved charges including non-
Abelian charges in the next subsection.

If |U) is an energy eigenstate, or the eigenstate of some
other charge, we still expect it to appear thermal. However,
in such cases, we see that we might have

(0-0)v) =0.
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where Q is the charge operator and Q is the corresponding
eigenvalue. This is the reason that we cannot include Q in
the set A. If, with this inclusion, we were to also demand
(3.18), we would get an inconsistency. o

However, this is quite simple to fix. We set O, ,,, to have
a nonzero commutator with the zero mode of the corre-
sponding conserved current. In fact, this zero mode is not of
any interest, except for the fact that it includes the charge
itself. So, we append the charge to the set A and add an
additional rule to the set of rules above.

First, since the position space operator O'(t,Q) is
Hermitian, we need to reorganize its modes O}, into
operators that transform simply under the charger under
consideration. If this charge is just the Hamiltonian or the
angular momentum on S%°!', then the modes already
transform in a simple manner. But, in any case, we can
construct linear combinations ;;%,, which have a well-
defined charge so that [Q, O;%,] = ¢O}%,. The action of the
mirror operators on the original linear combinations can be
constructed by using the antilinearity of the mirror map. We
now add the following rule to the set of rules above

Ol AL 0A|T) = A, QA O, | W) + gA, A, OL4, | D).
(3.19)

In Appendix B, we discuss this issue further. We show how
a choice of gauge results in these commutation relations,
and how they may be interpreted in terms of Wilson lines.
We also explore the fact that these relations already seem to
lead to some interesting physical implications. We note that
by virtue of this rule we see that O does not really
correspond to a local field on the boundary, since such a
field would have nonzero commutators for other modes of
the current as well. Here, this is not a difficulty, since the
bulk fields constructed from O' cannot ever be taken close
to the boundary to obtain any kind of contradiction. But this
also provides a criterion for when the O fields can enter
bulk operators, and it explains why they cannot be used in
bulk fields below the Hawking Page transition.

_ Second, notice that since the charge and energy of the
O, m can be measured by the CFT Hamiltonian, this tells us
that there is not really any “other side” of the collapsing
geometry. We return to this at greater length in Appendix B.

4. Non-Abelian charges

We now describe how the mirror operators act on
descendants of the state |¥) produced by acting with
various non-Abelian charges. The main difference with
the analysis for the Hamiltonian and Abelian charges above
1s that in this case, we can have other kinds of null vectors.
The analysis of the subsection above is subsumed in the
more general analysis of this subsection.

For example, we might want to consider a Schwarzschild
black hole, and consider a corresponding ensemble in the
CFT, where the states transform in a small representation of
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some non-Abelian charge, but are yet not charge eigen-
states. Now, we may have JX|U) = 0, for some “raising

operator” J .. We wish to ensure that our definition of the O
operators is correct in this case. Below, we will denote any
polynomial in the charges by Q,. The space of physical
states is produced by acting with all such polynomials on
the base state |¥), and then modding out by the null

vectors. The action of @Zm must be correct on this quotient
space, in that it must annihilate all null vectors.

The set of null vectors.—First, the condition that the
action by an observable does not annihilate the state must
be refined in the presence of such charges. We will impose
the following condition. Consider a set of charge poly-
nomials QO,l ...Qam. Now, we demand

zKiQa,-|\II>7EO’ VK = ZA/”,'QH;‘\II> #0, VA/}I"
i=1 =1

1

(3.20)

Translated into words, this means that we get various
“descendants” by acting on the base state with the charges.
If these descendants are linearly independent, then by
acting on them with our observables, we cannot “make”
them linearly dependent. This is a very natural generation
of (3.16) above, and more formally speaking the states that
do not satisfy (3.20) form a measure-0 space in the Hilbert
space. Of course, we can also phrase (3.20) as

D 450Q,|¥) =0= 3 €C.st.
i=1

EW’:K,-QQJ\IO =0.
i=1

Now, we want to consider the structure of the quotient
space that we can get by acting both with the Q,
polynomials and with the A, polynomials. First note that
by using the commutation relations of the operators inside
A, with Q,, we can always move the 9, to the right. So,
we start by considering the module produced by acting
freely, first with O, and then with A,.

Dy
V= {ZA,LQ%I\IO},
i=1

where the set is formed by considering all possible
combinations of A/ji and Qa,»' Some vectors in )V are null,
because the leading charge polynomials in the expression
have annihilated the base state. Say that a basis of
polynomials, which annihilate the state, is given by
Qp,--- Dy, all of which satisfy

Q,|¥)=0, i=1..P.
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For example, we might have null vectors because |¥) is an
eigenvector of some charge (O — ¢)|¥) = 0, as we dis-
cussed in the previous subsection. Or, as we mentioned
earlier, we might have null vectors because |¥) is only
finitely separated from the highest-weight state: JX |¥) = 0,
for K greater than some number. All of these types are
included in the set above.

Then the set of all null vectors in ) is given by the set of
all vectors that are obtained by acting with an element of
the A on the null vectors listed above. More precisely, the
null set in V is

P
— {ZAﬁiQnim)}, (3.21)
i=1
where the set is formed by considering all possible Ag,
Let us prove the equivalence of (3.20) and (3.21), which
is not immediately obvious. Consider some arbitrary null
vector

K
= 45Q,¥). (3.22)
i=1

We will now prove that (3.20) implies that this can always
be written in the form (3.21). We note that (3.20) implies
that the set of vectors {Q, |V),...Q, |¥)} is not linearly
independent. For the sake of generality, we will assume that
there are multiple linear dependences in this set, and that
some m vector, Q, |¥)...Q, |V¥) are linearly independent.
However,

n)) = Qu,|¥)

ZKQ(,|\IJ y)=0, m+1<j<K,
(3.23)

which simply states that Q,  |V)...Q,,
on the first m vectors. Consequently,

m K
) =" (Aﬂi + ) K;‘.A,;j) Q, ).

i=1 j=m+1

|W) are dependent

From (3.20), we see that for this to hold, each term in the
sum over i must vanish individually, and so

K
Ap == KAy, 1<i<m,
Jj=m+1

as an identity. This means that we can write (3.22) as

In) = EK: Aﬁj(ga —g;K;Qai)I‘I’)

Jj=m+1
From (3.23), we see that we can write this precisely as
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K
= Z Aﬁ/|nf>’

Jj=m+1

which is of the form (3.21). This proves what we require.
The action of the mirror operators.—The physical space
H,, is given by the quotient

H, = V/N.

Our task is to define the action of (7);,,1 on this space in a
natural manner, and also ensure that O, , annihilates all
elements of N.

First, we define the action of (’)n .m on the space V. Our
intuition is just that, (9,, .n Should transform the same way as
the adjoint of the ordinary operator (O ,,)". For the
ordinary operator, we have some commutation relations
that are imposed by how the operator transforms under the
algebra. In particular, denoting by Q' a single charge (not a
polynomial) we have

[(Ohm)". Q'] = 17(Ohm)" (3.24)
where ¢/ is some matrix that describes the transformation
of the operator. Note that, in general, O}, will not
transform in an irreducible representation, because we
have chosen conventions where the position space operator
O'(t,Q) is Hermitian. As we pointed out above, this does
not involve any loss of generality, and the mirror of any
operator can be obtained by means of linear combinations,
and the use of the antilinearity of the mirror map.

Now, we define the action of O, ,, on an element of V as
follows:

Oi,,mAa] QIAOC2 Qa3 .. .Aan \I/)
=174y O} g, Dy, ... A
+ A, 0' Ok Ay, Qo A

oY)

L0 (325)
Q! is the same charge that appears in (3.24), and Qq, -~ are
arbitrary polynomials in the charges. We have specified
how O,,,, commutes through a single charge, but clearly
we can use this definition recursively to move through the
rest of the operators acting on |¥) above, as well, and hence
define the action of O, ,, on any element of V.

To ensure that this action is consistent on H,,, we simply
notice the following simple fact. The definition (3.25)
implies

OhmAsQu | ¥) = Age ¥ (Oh) Q[ W), (3.26)
In fact, we can use the commutation relations of the charges
with the ordinary operators, to always move all the charges
immediately next to |¥), so (3.26) can be used as an

alternate definition of O,,,, on V, as was done in [12].
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However, what (3.26) tells us immediately is that acting
on an element of N, O, , returns another element of \.
Hence, this linear operator O, ,, consistently reduces to a
linear operator on the quotient space H,, and transforms in
the representation conjugate to O ,,.

C. Decoupled harmonic oscillators

Now, having discussed the construction of mirror oper-
ators in a general theory, and in the CFT, we will move to a
simple and concrete example: a set of decoupled harmonic
oscillators. As we will discuss below, we can even use these
decoupled harmonic oscillators as a model of the s-waves
emitted from the black hole. As a result, this model
provides us with significant insight into several recent
discussions of the information paradox, some of which
[7,9] are basically phrased in this context. We should
caution the reader that while this model is very simple and
explicit, the flip side is that we will need to use states with a
small spread in energy, rather than energy eigenstates, to
“mock up” some of the features of the interacting theory
and define the mirror operators.

Consider a collection of harmonic oscillators of different
frequencies. If we think of this as a model for the s-waves
emitted by the black hole, the lowest frequency s-wave is
inversely proportional to the Page time. We will write

2 M\ 3
wIRZSMpl AR

where the coefficient of % has been chosen by hand, for
reasons that will be apparent below. The “gas” of oscillators
consists of frequencies pwpr for positive integers p.

As introduced above, M is just a parameter that controls
this lowest frequency, but we will take it to be the average
total energy in the harmonic oscillators. For consistency
with the notation above, in this section, we will use

Now, notice that there is another physical interpretation
of this gas of decoupled harmonic oscillators. Let us say
that we quantize a massless field outside the black hole with
one boundary condition at the Page length Rp,. and
another boundary condition on the field that can be placed
a few Schwarzschild radii away from the horizon of the
black hole. The exact position of the inner cutoff is not
important, and it can be placed far enough from the black
hole, that most of the radiation is in outgoing s-waves. We
have shown our setup schematically in Fig. 2. This would
automatically lead to the set of frequencies that we
have above.

Now, consider a configuration of these oscillators with
total energy that in a small band [M — A, M + A] where, in
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FIG. 2 (color online). A toy model of a black hole (small black
circle in the center) emitting Hawking radiation. We are quantiz-
ing a massless field between the two solid circles, one of which is
a Page distance away. The emission is mostly in s-waves if the
inner cutoff is far enough from the horizon.

this analysis, we will have to take A o N, for a reason that
we explain below.

We see that the number of such configurations is given
by the number of sets {n,} that satisfy the integer equation

M—A<anpa)lR<M+A.
P

Since A < M, to leading order, we are just counting the
numl)er of solutions to the Diophantine equation
Z’;le pn, =N?. The log of the leading term in the
number of solutions, N, is given by Cardy’s formula

/N2 M2
log(Nsol) =2r ?:ﬂM—glES

So, this gas of s-waves has the right entropy up to a
numerical factor that we have inserted by hand in choosing
the lowest IR frequency.

Now, let us consider the field outside the black hole.
Again, neglecting the higher angular momenta, this has an
expansion in terms of outgoing s-waves and can be written
as

|: a, e—ia)p(t—r) bp e—iwp(H»r) CHel.

+ 2n\/p r
(3.27)

where, N is defined above. The modes a, correspond to
the outgoing modes, and b, correspond to the
“ingoing” modes.

We want to consider an excitation of this field, that
comprises purely outgoing modes. So, we consider a pure
state in our gas of decoupled harmonic oscillators made out
of the states in the energy band that we discussed above,
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= Za(np) n

n,

M—A<anpa)IR<M—|—A,

n,) =

where the a(n,) are some randomly chosen coefficients,”
and the sum runs over all states that live in this energy
band. We can associate a “temperature” to the state |U),

take f§ = £ = 3

We want to find the mirror operators a, and a,, We
could simply take an appropriate state from the ensemble
discussed above and follow the general rules for defining
the mirror operators. However, this model is so simple that
it is useful to derive them from scratch.

We would like operators that act in this theory but which
“mimic” the thermofield state

L nyw, | ~
V) = Z5'S 2 i), ),
{n,}

where the sum is taken over all functions n,,, and Z; is the
partition function, which normalizes the state.

The operators that act on the “other side” of this
entangled state are

_ s -
AW gy = Z51S €L Sy = Sy )
o
_pem_p n’w ~
= 7513 e PEBL Sl STy + )
{m'}

—pom

=e 2 ajn|‘1’>ttd

In the second line above, we changed the sum from 7, to
n' =1, 5pm, which allowed us to notice that the action
of @t on this state was simply related to the action of aJ,.
We can easily derive the same result by following the
prescription of (A3).

Using a very similar calculation, we find that

/iwm

fd
amt [U)iga = €2 @y | V) -

For each pair of operators a,,, aL, we now define the
operators

_bom

a,|¥) =e > aL|\II>,

- i t _
Ay, -Gy, iy -,y V) = a,, ceely, e

X am am\\IJ> (3.28)

8The band defines a finite Hilbert space, and we can choose the
a(n,) by using the Haar measure on this space.
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We define &jn in a similar manner,

W) = ¢ a,,|0),
.

Moy 1+ Gom,)

— T
V) = ap, Ay, A, -

~ 7
Ay, - Ay, @

X ay, | V). (3.29)
In the formulas above, the product of operators in the
second line of both (3.29) and (3.28) is, as usual, limited to
cases where n, < .

We see, once again, that these equations are consistent
provided that the set of products that we consider must have
the property that no linear combination of these products
must annihilate the state |¥). Otherwise, we run into the
difficulties mentioned above, and the linear equations
defining @,,, @), may fail to have a solution.

We now see the importance of the band A. It serves to
ensure that the operator

(Z My, — N2> | W) 0.

In fact to annihilate |¥), we need to take a product of N
such operators, which is the width of the energy band. In
the CFT, we required no such restriction because even an
energy eigenstate in the CFT has a spread of occupation
numbers of single-trace operators.

With these restrictions, the tilde operators can be used to
construct a mirror “field”

1 elw,,(t r)

Z 271\/;_7 r

— + H.c.

(3.30)

Note that we cannot reconstruct the sz, for very high p «
N? very well, because acting even a few times with the
corresponding a, can annihilate the state. However, these
operators are negligible within correlation functions.

The field (3.30) commutes with the ordinary field in
(3.27), within low-point correlators evaluated on |¥) and
has the same correlators as one expects from the thermo-
field doubled state up to corrections that are expected in
changing ensembles. Note, as usual, that the wave function
multiplying a, has been conjugated.

D. Mirror operators in the spin chain

To aid the reader, we finally describe our construction
in a second simple example: a simple spin-chain model.
In Appendix E, we present a numerical computation of
the mirror operators in this model. The reader may
choose to directly consult that appendix and the included
computer program to see how the various features of the
mirror operators work out in an absolutely concrete
setting.

We considered this toy model first in [1]. Consider a spin
chain consisting of N spin 1/2 particles labeled by
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i=1,...,N. Bach spin i has a set of associated spin
observables, s,,, which satisfy

A
58] = 5 i

The simultaneous eigenstates of the s operators in this
theory can be specified in terms of a single number
from 0 to 2V-! using the eigenvalues of the operator
B=Y%, (st +1)2"7". In this basis of B eigenstates,
satisfying B|n)z = n|n)y, consider a state

0) =D ayln)p

where the a, can be picked randomly using the Haar
measure on CP%" 1.

One commonly considered model of Hawking evapora-
tion has been to imagine these spins “breaking off” from the
spin chain one by one to constitute the outgoing Hawking
radiation. This model should not be taken too seriously, but
we will use it to illustrate our ideas.

The key issue in Hawking radiation is that bits are
emitted in “pairs.” After p bits have evaporated, the
“outside observer” can make measurements involving
the s)...s! operators. For each such measurement that
the outside observer can make, there is a commuting
measurement B that the “inside” observer can make, and
moreover the results of the two experiments are exactly
correlated.

Here, we are interested in identifying the mirrored
measurements. This means that we would like to find
operators §/,, which also satisfy

(3.31)

s 1. .
[s;,s{]]zizea’”é’-’sz,

where, as we have mentioned above, the = indicates that

this algebra will be satisfied in the state of the theory, and
not as an operator algebra. Moreover, we would like

8%, 57]=0, (3.32)

and that, in the state under consideration (and its descend-

ants obtained by acting with these Pauli-spin matrices),

these measurements to be perfectly correlated,

(W[8is)| W) = =576, (3.33)

These conditions together imply that for measurements

of low-point correlators of s, and §}, a given state |¥), on

which they are defined, looks like the thermofield doubled
state

W) = Y _|B)2Y =1 - B), (3.34)
B
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in the notation above. This thermofield doubled state is just
a direct product of \-entangled Einstein-Podolsky-Rosen
pairs: |¥),y = (|01) +|10))", where the exponentiation
by N means we need to take the direct product of this state
with itself N times.

We now show how the operators §/, can be obtained very
simply in a given state. As usual, we define these operators
by specifying their action on a set of vectors. First, we
describe how §/, acts on |¥),”

§L|W) = —si|W). (3.35)
Next, we describe how it acts on states that differ from the
action of |¥) by an action of up to K-ordinary §', operators.
For any product of operators, where p below satisfies
p < K, we demand

Lo . P . '
s, Hs;’, L858 |0) = (Hsgl_..s;;)g;pm. (3.36)
J=1 j=1

Note that §% can be a 2 x 2V matrix, and to describe the
operator, we need to specify its action on 2V linearly
independent vectors. The rules (3.35) and (3.36) together
specify the action of §%, on

DA:f:(/JV)sf

=0

basis vectors. Provided that we do not take K to scale with
N, we have ng < 2N In fact, the precise condition we
need in order to be able to construct the mirror operators is
just D4 < 2V So, there is a (2V — D 4)?-parameter family
of choices of operators §/, that satisfy (3.35) and (3.36). If
we like, we can restrict this ambiguity by increasing K, but
the action of all of these operators coincides exactly within
low-point correlation functions.

This prescription guarantees the correct behavior of §/,
within low-point correlators, with up to K insertions, as
specified by (3.32) and (3.33). For example, (3.36) tells us
that within a low-point correlator 8!, commutes exactly with
sp, Ya,b,i,j.

Note that the fact that our operators are state dependent is
quite important here. For example, it is easy to prove that
there is no operator §} in the theory, except for the identity
operator, with commutes exactly with all the s, matrices.
Our point is that, within low-point correlators, we can

The careful reader may have noticed that we have switched
conventions a little from the setting of Sec. III A, by inserting the
additional minus sign in (3.35). This is because the thermofield
doubled state, which we are mimicking here, has anticorrelated
eigenvalues. It also allows us to ensure that the mirror operators
obey the same, rather than the conjugated algebra. In the spin-
chain setting, the convention we use here is more natural, and we
hope that this will not confuse the reader.
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produce operators that look like they achieve this zero
commutator.

IV. RESOLVING VARIOUS PARADOXES

We now explain how our construction of the previous
section resolves all the recent paradoxes that have been
brought up in the recent literature on the information
paradox. In particular, we resolve the following issues
in order.
(1) The strong subadditivity paradox in Sec. IV A.
(2) The apparent issue of nonvanishing commutators
between the early radiation and measurements inside
the black hole in Sec. IV B.

(3) The apparent problem with the lack of a left-inverse
for “creation” operators inside the black hole in
Sec. IV C.

(4) The apparent argument that the infalling observer
measures a nonzero particle number in Sec. IV D.

(5) The apparent “theorem” that small corrections can-
not unitarize Hawking radiation in Sec. IV E.

A. Resolution to the strong subadditivity puzzle

We now describe how our operators resolve the strong
subadditivity puzzle of Mathur [10] and Almheiri et al
(AMPS) [2]. This puzzle was proposed, while tacitly
keeping in mind the picture of the spin chain, where
Hawking evaporation is understood to be simply the
detachment of individual spins from the chain. So, we
first resolve the puzzle in this context.

We then try and formulate the strong subadditivity
paradox, as carefully as we can, in terms of CFT corre-
lators—something that, to our knowledge, has not been
done so far. We then resolve it in this more precise context.

Summary of resolution.—Before we proceed to our
detailed resolution, let us summarize the naive formulation
of the strong subadditivity puzzle. We think of three
subsystems: (1) the early radiation E, and a Hawking pair
that is just being emitted, which consists of (2) B—the
particle just outside the horizon and (3) its B—the particle
just inside the horizon. For an old enough black hole, B
must be entangled wit~h E, and for the horizon to be smooth
B is entangled with B. _

Our resolution to this paradox is simple: the system B is
not independent of E. However, this overlap is cleverly
designed so that commutators of operators on the early
radiation E and the bit B vanish [E, B]=0, when inserted
within a low-point correlation function evaluated on the
state of the system | ).

We have already discussed this resolution in our previous
paper [1]. The key new point is to ensure that such a
resolution does not lead to a situation, where the observer
outside can transmit messages to the observer inside, within
the regime where effective field theory should be reliable.

Our construction, where the B operators are cleverly
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constructed to have exactly vanishing commutator with
the operators in E, within all low-point correlators,
ensures this.

We now discuss the resolution of the strong subadditivity
puzzle in the spin chain, where the puzzle can be formu-
lated most clearly. We then discuss some of the subtleties of
formulating the puzzle in the CFT, attempt to formulate it as
precisely as possible, and then resolve it in that context.

1. Resolution to the strong subadditivity puzzle
in the spin chain

Let us first describe how the “‘strong subadditivity” of the
entropy puzzle of [2,10] is resolved in the spin chain. Given
the state |¥) in (3.31), if we consider the reduced density
matrix of the first n qubits then for most choices of the
coefficients a;, we expect that [24]

Sn = _Tr(pn lnpn)

[off-o) oromo-2)

+0(27%)In2.

This curve is shown in Fig. 3.

The well-known interpretation of this equation is as
follows. Consider the case where k—1 > %/ bits have
evaporated and we are considering the evaporation of
the kth qubit. Then it is possible to find a set of
operators—which we will call §¢—that obey the usual
SU(2) algebra and satisfy

$6lV) = —sg| D).

Hence, these §¥ operators effectively realize the algebra of
the kth spin, without acting on that spin at all. This is the
statement that these operators are “entangled” with the
kth spin.

The choice of §% as operators on the first (k — 1) bits is
not unique: we can take it to act on any selection of %/ qubits
in these (k — 1) qubits. Nevertheless, the strong subaddi-
tivity condition, in this context, can be stated by saying that
any such operator that we find cannot commute with the
spin operators on the first (k — 1) bits:

S ﬁ N/2

| -

FIG. 3 (color online).
with n.

Behavior of the entanglement entropy S,
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[$k,sm] #0, forsomemwithl <m <k—1.

How is this consistent with our explicitly constructed
operator §f, which appears to commute with all the
ordinary spins? The point is that, as an operator, it is
indeed true that [5;‘, s"] # 0, for some m € 1...k — 1. But,
nevertheless, this commutator annihilates the state |¥), and
its descendants produced by acting with the insertion of up
to K-ordinary and mirror operators,

~ m, ..

sk s7sa...8q, |0) =0, V{m.j.i.a...a

i P

4.1)

The equation continues to be true if we replace either
some or all of the ordinary sZ"p’ matrices with the tilde
counterparts.

Thus, within this model, our construction provides a
precise realization of black hole complementarity. After the
Page time, the operators in the interior of the black hole
secretly act on the early radiation as well. Nevertheless, this
action is exactly “local” within K-point correlators because
of the vanishing of the commutator, as displayed in (4.1).
The physical interpretation is that locality can be preserved
exactly unless we try and consider correlators with O(N)
insertions.

2. Resolving the strong subadditivity puzzle in the CFT

We now resolve the strong subadditivity puzzle within
the CFT. First, we need to formulate the puzzle precisely,
and even this exercise suffers from some subtleties as we
describe here. One possible precise formulation is to use the
“plasma-ball” construction of [25], and this is what we use.
After formulating the paradox in terms of plasma-ball
evaporation in the boundary CFT, we then describe a
resolution that is identical in spirit to the resolution for
the spin chain demonstrated above.

Subtlety in formulating the strong subadditivity paradox
in quantum gravity.—Making the strong-subadditivity
paradox precise within quantum gravity is actually some-
what subtle. We summarize this difficulty and then attempt
to reformulate the strong subadditivity paradox in terms of
the CFT in an independent manner, and resolve it in that
context.

The naive formulation of strong subadditivity relies on
the idea that Sg rises, and then falls to zero. Within local
quantum field theory, Sg could be defined as the entangle-
ment entropy between the region “outside” and “inside” an
imaginary barrier that is placed at a fixed distance from the
black hole.

The subtlety is that the entanglement entropy of these
regions even in the vacuum is infinite. This may not be the
case in a fully theory of quantum gravity, but we do not
understand how quantum gravity effects automatically
resolve this divergence, in any detail. One could try and

ml,...m[,}.
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define a “renormalized” entanglement entropy, by consid-
ering the “excess” entanglement entropy in the state |¥)
over the vacuum

sen = SY - 52,

However, now we run into the following difficulty: the
definition above is very sensitive to the precise definition of
the region E, since both terms on the right-hand side are
divergent. Since the metric is changing as the black hole
evaporates, it does not make sense to define E to be the
region inside a given coordinate distance. Depending on
how precisely we define the region, we can make S%¥"
increase, decrease, or stay constant, even as we cross the
Page time.

It may be possible to avoid this subtlety by defining the
entanglement entropy on Z*, but below we explore an
alternate formulation, which avoids our having to go to
asymptotic infinity.

Formulation of the strong subadditivity paradox in terms
of plasma-ball evaporation.—So, we now describe an
alternate formulation that helps us sidestep this issue of
the backreaction of Hawking radiation on the metric. Let us
imagine a plasma ball in the conformal field theory, which
is a lump of a deconfined phase that is localized in the
boundary directions as depicted in Fig. 4. Gravity solutions
corresponding to such a configuration were found in [25].
To consider these solutions, we switch back to the picture
of the CFT living on R*.

The picture of Hawking radiation is shown in the figure
below. On the boundary, we expect that the quark-gluon
plasma will decay via the emission of glueballs. These
glueballs propagate away freely from the original
plasma ball.

An intuitive way to think of this process, which is valid
atlarge N, is to imagine a “plasma-ball operator” P,, which
creates a plasma ball of energy M, but no glueballs. We
can now consider operators that create wave packets of
glueballs,

3 region E

7\

R ©

FIG. 4. Modeling Hawking radiation in a “localized black
hole.” Hawking quanta R emitted towards the boundary reflect
and fall back, but quanta emitted in the noncompact directions
escape to infinity.
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o' (f) =/0i(x)f(x)ddx, 4.2)

where f(x) is some function that controls the profile of the
wave packet on the boundary. At large N, we can imagine
that the evaporation of the plasma ball can be thought of as
the Schrodinger evolution of the state from a pure plasma-
ball state to a plasma ball of lower energy M’ and some
glueball wave packets,

Pul@—> apy()(O'(f,)NEPy).  (43)

v}

where the sum runs over all functions N(i,n). The
functions f, are some suitably regularized basis of glueball
wave-packet profiles, and the @ are some coefficients. We
caution the reader again that the equation above is valid
only at large N, where we can clearly differentiate the
plasma nall from the glueballs, and we provide it only for
intuition.

The advantage of formulating this puzzle in the field
theory is that we can make a much more precise statement.
Consider the entanglement entropy of the region E on the
boundary. We can regulate this entanglement entropy in
some time-independent way, without having to worry about
gravitational backreaction. Then we can consider the
behavior of the entanglement entropy of region Sy with
time, and we expect that this has the form expected from
Page’s general analysis, which is shown in Fig. 3.

Now, we can rephrase the strong subadditivity paradox
as follows in this setting. First, we allow the plasma ball to
form, and then allow it to evaporate for a while according to
the process (4.3) until the emitted glueball spreads out over
some region. In the bulk, we expect the geometry settles
down and we reach a state of approximate thermal
equilibrium. The evaporation time scale of the plasma ball
scales with V, and so if we are interested in processes that
occur over a parametrically smaller time scale we can also
consistently associate a temperature to the system.

We also need to be a little careful about the fact that the
concept of temperature is local in space as well, and
restricted to the neighborhood of the plasma ball.
However, if we start with a plasma ball with an energy
that scales with A\, allow it to evaporate, and then consider
processes that have a spatial extent that is parameterically
smaller, then again there does not seem to be a problem in
associating a temperatue to the region of interest.

If we further consider observables in this region of
approximate thermal equilibrium, and include them in our
set A, then the plasma ball also satisfies (3.16). Note that
far away from the plasma ball where the CFT state looks
locally like the vacuum, we can write down localized
operators that annihilate the state, but this is not the case in
the region near the plasma ball which is populated by
thermal radiation.
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The alert reader will have noticed that we have intro-
duced some imprecision into our discussion because of this
need to delineate scales in both space and time, so as to get
a notion of approximate thermal equilibrium, and also to
restrict the observables that we are interested in. We do not
see any insuperable obstacle to making this precise. But we
emphasize that our primary purpose in introducing this
plasma ball is to phrase the strong subadditivity paradox in
a setting where the entanglement entropy of the early
radiation, the late radiation, and the black hole can be
defined unambiguously—something that cannot be done
directly in a theory of quantum gravity—and it is clear that
this system meets that objective.

With this caveat, we can, as usual, map the boundary
fields to bulk fields, and construct the mirror operators
inside the black hole, and use them to construct the bulk
fields. Now, we can consider some “wave packet” of the
bulk operator

¢EFT(9) —/Q%FT(Z’-’C)Q(Z,X')dde,

where g is a function in d 4+ 1 dimensions with support in
some region entirely inside the bulk black hole, behind the
horizon. We might expect that this corresponds to some
localized excitation entirely inside the Plasma-ball.
However, let i/ run over the set of glueball primaries that
correspond to the supergravity modes. Then, strong sub-
additivity implies that

3i’, h(x) such that [0 (h), pier(g)] # 0,

where O (h) is defined by (4.2), and the function / on the
boundary has the property that it vanishes everywhere
inside the (past) light cone of the domain of g.

_ We can also phrase this as a property of the function
O'(x). Consider a “wave packet” of this mirror operator on
the boundary, O'(gpouna) defined by (4.2), where gyoung has
support on a region after the “Page time” of the plasma ball.
Then we find that strong subadditivity implies that

4.4)

3i’, ', suchthat [O7 (1), O (guouna)] # O.

where /' is localized on some region that is spacelike
separated from the domain of gygnq- S0, O'(x) cannot be a
local operator on the boundary.

In other words, this is telling us that the operators inside
the black hole after the Page time O, ,, must act on the
glueball modes in the region E. Since these glueball modes
also constitute the Hawking particles outside the horizon,
we see that we have a precise version of the statement that
the interior of the black hole has support on the degrees of
freedom outside.

As we have seen several times above, however, the
statement (4.4) is an operator statement. What we really
want is that within low-point correlators built on the
state |U),
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[Oi’(h), (péZFT(g)]iOv

and there is absolutely no contradiction between this
statement and (4.4).

Distilling the entangled bit?—It is worthwhile to briefly
comment on another version of the strong subadditivity
paradox. Could the observer outside “distill” the part of the
outgoing radiation that is entangled with the near-horizon
mode, and then jump into the black hole to obtain a
contradiction.

It is simple to see, as we now show, that to “distill” the
entangled bit, the infalling observer has to measure a
correlator where the energy of the insertions scales with
N First note that to “distill” the entangled bit is the same
as finding an operator that is a polynomial in the ordinary
operators Of”n,' but one that does not commute with
the operators O, ,. More precisely, calling this extraordi-
nary operator £, we need

E=PO; ), [E, (bi{’o,mOH\Il} #0, forsome iy, ng, mg,
4.5)

where P is some polynomial.

_ Now, in (3.2), we have already ensured that the operators
O, m, commute with all elements of A, while acting on the
state |W). In particular, this includes all polynomials in
which the the energy of every monomial does not scale with
N. So, we see that the polynomial P in (4.5) must include a
term that violates (3.14) to have a nontrivial commutator
with Oy ,, when acting on the state |¥).

This could happen, if for example, we consider a
measurement that has O(N') insertions of supergravity
fields. Or else, we could run into this difficulty if we take
O(V/N) insertions of fields with an energy O(v/N) each.
Translated to the supersymmetric SU(N) theory, these
measurements correspond to correlators with N2 insertions
of supergravity fields, or N insertions of giant graviton
operators.

Our point is that these correlators do not have an
interpretation in terms of fields propagating on a pertur-
bative spacetime, and so it is not surprising that our
intuitive concepts of spacetime—such as the idea that
the interior and exterior of the black hole are distinct
and well separated regions—break down for such
correlators.

We would like to make a few more comments on this
issue. One way of getting around the difficulty above has
been to “couple” the CFT to another large system, and then
perform the measurement in that large system. This does
not affect our conclusions here at all. To the extent that the
CFT coupled to the large system has a spacetime inter-
pretation, this interpretation breaks down for measurements
in this extended system that correspond to inserting N>
supergravity fields.

We emphasize that our argument here is entirely inde-
pendent of the bounds from quantum computing that have
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been discussed in this context [S]. This argument has been
criticized in the later versions of [2], and we refer the reader
to that paper. But, in any case we do not feel that these
bounds are crucial to the discussion on the information
paradox.

Finally, it is amusing to note that, in any case, “distilling”
the entangled bit requires a state-dependent measurement
(see Appendix C). Hence, if state-dependent measurements
are disallowed even in principle then an observer who is
part of the bulk spacetime in the first place, and then
evolves autonomously with this spacetime, cannot make
the required measurement.

B. The [E.B] # 0 paradox

An immediate objection to the picture of “complemen-
tarity” that we have outlined above is that the commutator of
measurements on the radiation outside, and on measure-
ments inside will not vanish. This is based on the observation
that generically the commutator of two qubits is O(1).

Let us briefly explain this objection, although it obvi-
ously does not apply to our construction. The point is that if
we take the operator Ofwo.mu and “scramble” it using some
generic €5 x e unitary matrix U, then it is generically
true that

[Uscramoizo,mo U:cram, Ozo»mo} ~ O(l),

in the sense that the generic size of the eigenvalue of the
matrix on the left is O(1). This nonzero commutator can be
detected within low-point correlators.

We emphasize that our construction of the mirror
operators is not of this sort, and so the argument above
fails completely. As we have emphasized many times
above, our entire construction is designed to ensure that
the commutator C = [0}, . Oh, m,] is undetectable within
low-point correlators. More precisely, we have CA,|V) =
0 and hence any low-point correlator involving C or even
C'C vanishes.

So, our version of complementarity cannot be used to
send messages across spacelike distances, at least within
the approximation that the spacetime geometry makes
sense at all.

The fact that this commutator vanishes, in this effective
sense, is an extremely important consistency check for our
construction. It is also the key element that is required to
make the “complementarity resolution” of the strong
subadditivity paradox viable. We also wish to point out
that, in our construction, this lack of independence between
the degrees of freedom outside and inside the black hole is
not restricted to evaporating black holes. In fact, even for a
big black hole in AdS, if we probe the exterior finely
enough, we can see that the interior degrees of freedom are
not independent.
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C. The lack of a left-inverse paradox

Now, let us turn to some of the other arguments of [7].
One of these arguments goes as follows. Consider some
conformal primary corresponding to a supergravity field,
and consider the action of O, ,, on the pure state |¥),
where n is any positive integer. This operator acts like a
“creation” operator for the field behind the horizon. For this
subsection, we adopt the following shorthand notation:

Gy(n.m) = (V|[0} . (O)"]|¥),
1 . 1

b= Oy b = e (Oh)"
b Ol B = (@)

nm» T = @
VGp(n,m) /Gp(n,m)

However by the relation (3.19), we have [Hcpr,b'] =
—w, b" so the action of this operator lowers the energy in
the CFT and maps a state of average energy E to a state of
average energy E — w,. (Recall that w, was defined to be
nor in Sec. III B.) Nevertheless, some simple algebra
shows us that this operator satisfies the following relation to
leading order in the ﬁ expansion:

(Uo|(bb" — b'D)[Wo) = (Wy|(be' 7))
= (Uo|(bbT — b7b)| W)

~1+0(y):

This allows us to write
bb'=1+b'b. (4.6)

We have been careful to put a = above, once again
indicating that this relation holds within low-point corre-
lation functions.

The “lack of a left-inverse” is simply the claim that had
we had a true operator equality in (4.6) then smce the right-
hand side is a manifestly positive operator, b" should have a
left-inverse paradox. But this appears to be impossible,
since there are fewer states in the smaller energy range.

Of course, we do not have any contradiction with our
state-dependent construction, where (4.6) is not satisfied as
an operator equation but as a relation that holds within low-
point correlators constructed on | V).

In fact, we can choose the b operators to be rather sparse
on the full Hilbert space. This is because the linear
equations of (3.17) and (3.18) are not in contradiction
with multiple null vectors for b'. For example, as we
pointed out in Sec. III A, we could choose b,, so that it
obeys Egs. (3.17) and (3.18) within the space Hy, but
annihilates all vectors that are orthogonal to this subspace.
By construction, this would not create any contradiction
with low-point correlators.
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FIG. 5 (color online). b is a sparse operator, and it maps the
intersection of Hy with the space of states of average energy E to
the intersection of Hy with the states of average energy E — w,,.
The precise domain and range depend on the base state |U).

FIG. 6 (color online). Extending the domain of b by taking the
union of the maps corresponding to different base states leads to a
many-to-one function.

What the argument of [7] tells us is whatever action we
choose for 5" outside the space Hy this operator must have
null vectors. However, within low-point correlators, these
null vectors are completely unobservable and it appears that
these operators obey the algebra (4.6).

Pictorially, we can depict the action of b’ by Fig. 5.

Union of all constructions?—The paper [7] contained a
further argument to try and account for the situation
described in Fig. 5. The argument was that, if we consider
the “union of all constructions,” we could get a contra-
diction with the expectation of (4.6).

This argument was not spelled out in detail, but by this
we understand the following: the operator b, provides a
map between states of higher and lower energy, as shown in
Fig. 5. This map depends on the state. Perhaps, the authors
of [7] meant to suggest that by considering different states,
and by considering the union of all these maps, we could
obtain operators that satisfied (4.6) as an operator equation,
rather than just on the states under consideration.

Here, we wish to point out that the ‘“union of all
constructions” does not help in this. If one tries to take
the maps corresponding to different base states |¥), so as to
completely cover the space with energies in a band about E,
then we invariably end up overcovering the space with
energies in a band about E — w,,. This is shown in Fig. 6.

D. The “N, # 0” paradox

We now turn to an argument made in [9], leading to the
apparent conclusion that AdS/CFT cannot describe the
interior of the black hole. First, we summarize the argument
and then show why it fails in our construction.
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Summary of the Marolf-Polchinski argument.—We start
by defining two “number operators”

Nb — bTb,

1 —poy —poy

Ny =——[(bT = D) (b - "D
1 — e Pon

—Pon 7 —Pon

+(b" — & b) (b — b)),

4.7)

We see that N, measures the number of particles at
frequency @, as seen by the Schwarzschild observer
outside. The operator N, is the standard number operator
as seen by the infalling observer and the factors of e #®»
come from the standard Bogoliubov transformations
between these two frames [26].

Note that (4.7) is also relevant in Rindler space, where
Ny, could be the number operator measured by a Rindler
observer and N, the number operator measured by the
Minkowski observer. However, now we come to a crucial
difference between the Rindler and the AdS/CFT case. We
see that

[HCFT’ Nb] =0+ O(wmin)'

On the other hand, the commutator between the Minkowski
Hamiltonian and the Rindler number operator clearly does
not vanish. So, the CFT Hamiltonian behaves like the
Rindler Hamiltonian.

As a consequence of the fact above, we can consider a set
of eigenstates of N,, which we will denote by |E,n,),,
which have the property that

The two conditions above, which specify the energy up to
an accuracy o, and the N, eigenvalue still leave an
enormous degeneracy, and the index i is meant to denote
the different states that can satisfy this property. Now,
consider the span of all such states that have mean energy in
some range

S: Span{|E, nb>i:E0 - A < E < EO +A}

It seems clear that no element of the basis of S, that we used
above, has a smooth horizon. If we reconstruct the bulk,
for such a state, using the bulk-boundary map, and evaluate
the stress tensor as we approach what would have been the
horizon, it will diverge. This is entirely consistent with the
fact that the states in this basis do not satisfy (3.2), and so
we cannot construct the mirror operators on them.
However, we can consider the following harder question:

“Consider a typical state in S, picked with the Haar
measure on this space. Does such a state have a smooth
horizon, or not?”’
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The authors of [9] claim that for A ~ O(B7"), the set S
covers almost the entire microcanonical ensemble with
width B! centered on E,. We do not entirely understand
the basis for this estimate of the width, or the subtleties in
determining whether S really contains almost all states in
the microcanonical ensemble. Neither of these details are
provided in the paper [9]. As a consequence, the reader
should note that there may be a subtle difference between
the question above, and the question of whether a typical
state in the microcanonical ensemble has a smooth horizon
or not.

The authors of [9] argued that the answer to the question
above is negative. We will now review their argument, and
then show that it fails for state-dependent operators, and
that typical states in the span of & do have a smooth
horizon.

Let us say that some state-independent operator in the
CFT could tell us the particle number as measured by the
infalling observer. We will call such an operator N,
Then, we could compute

— 1 T (Nuniv)
~dim(S) SV
1

:7E univ E: 1).
d1m(S)’< 7Nb|Na |Nb’ >z O()

(V)

The last equality follows because NV is a positive
operator. Moreover since the state with NV =0 has a
thermal distribution of N, the expectation value of N in
any N, eigenstate is O(1).

This is consistent with the fact that typical states with a
definite Rindler energy are not regular as we cross the
Rindler horizon.

Failure of the argument for state-dependent operators.—
First, we point out the following simple fact. Consider a
typical state |¥) € S. With respect to the usual set of
observables A defined in Sec. III B, we would expect such
a state to satisfy (3.16), and so we can define the mirror
operators. Now, it is immediately clear from (3.17) and
(3.18) and the definitions (4.7) that

N,|¥) =0,
which follows from the simple observation that both

Pon

(b— D) W) =0, and (b—e5b")|W) = 0.

The reason that the argument above fails is that our operator
N, is state dependent, and in fact, it is partly designed to
ensure that N, =0 in a typical state |¥). For such an
operator, the change of basis in the trace clearly fails.
Consider another simple example of this sort. Let us
say that p,, = |W) (V| is the density operator corresponding
to the state |W). Clearly, we have (p, —1)|¥) =0, and
this is true for any state |¥). On the other hand
Trs(p, — 1) = 1 —dim(S) # 0. These two statements are
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not in any contradiction, because p,, is a state-dependent
operator precisely like our N,."

E. Unitarizing Hawking radiation
with small corrections

We now address the claim that ‘“small corrections”
cannot unitarize Hawking radiation [10]. Before, we
address this claim, it is extremely important to specify
what, precisely, is meant by “small corrections.” From our
perspective, the size of corrections is estimated by the size
of corrections to low-point correlation functions of light
local operators compared to the results that we would get
from ordinary effective field theory in the black hole
background.

Thus, for example, if there is structure behind the
horizon then we might expect large corrections to corre-
lators involving insertions on either side of the horizon.
Similarly, if the process of Hawking radiation is modified
significantly, then we might expect large corrections even
to correlators outside the black hole, because the state will
not be well approximated by the Unruh vacuum.

We stress that it is important to adopt the definition
above, rather than one that looks at, say, whether the full
wave function at the end of Hawking evaporation is close to
that predicted by the Hawking calculation. We can see the
error in this kind of approach even if we consider the set of
states that are dual to a large black hole in AdS. The wave
functions of these states differ widely, but from a geometric
perspective, or equivalently from the perspective of expect-
ation values of elements in the set A, these states are almost
impossible to distinguish.

With this prelude, we now consider two cases, and show
how the Hawking evaporation process is consistent with

(1) small corrections outside the horizon, and

(2) small corrections across the horizon.

We will phrase our arguments in this subsection in terms of
the spin-chain toy model of III D, since this is the context in
which the claim of [10] was formulated.

1. Small corrections outside the horizon

As we showed in our previous paper [1], it is perfectly
consistent with unitarity for correlators of local fields
outside the black hole to be very close to their semiclassical
values, as calculated in the Unruh vacuum. In the spin-
chain model that we have described, this is the following
simple statement. For a correlator made up of products of
spin operators, where the number of insertions does not
scale with K, we have

1%One difference, of course, is that whereas Py is defined for all
states |¥), including those that are eigenstates of N,, our
construction of mirror operators works for typical states that
satisfy (3.16). As we mentioned above, for eigenstates of N, the
construction fails, and this is consistent with the physical
understanding that such states have no “interior.”
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(\If|sl“]‘s§1’j ) = Tr(pilmipsz‘...s?p”)
1 ) -
= 27 Tr(lszzpszl S?p’ ) + 0(2 2 ),
where Piy..i, is the reduced density matrix for the spins

ij...i, in the state |¥).

The ordinary s{ operators correspond to measurements
made outside the horizon. So, the interpretation of this
equation is as follows: for the purposes of computing
correlation functions with a small number of insertions
outside the black hole, it is always possible to use the
thermal density matrix—which, in our toy model, is just the
identity matrix.

In our previous paper, we discussed this issue in a
slightly different language by pointing out that a seemingly
thermal density matrix could be unitarized by a correction
matrix, that was exponentially suppressed.

This means that it is possible to have a situation where
the exact density matrix pg,,.,» Which comes from unitary
evolution, differs from the Hawking density matrix, which
is just the identity here, by a correction matrix p.., whose
elements, in some basis, are very small,

Pexact = Phawk + 2_Npcorr‘

This is consistent with the relation above. Correlators
computed in the two density matrices vary by a factor of
27, since the typical contribution of the second term is 27,

In this context, we should mention that when O(N)
particles have been emitted, it may look like the correction
matrix is comparable to the original Hawking matrix. This
is just an indication of the fact that the Hawking compu-
tation cannot reliably predict the amplitude for any given
configuration of O(N') emitted particles, since this ampli-
tude is exponentially suppressed. When we focus on
correlators with a small number of insertions, then we
invariably end up focusing on a reduced density matrix
with a much smaller dimension, and the difference between
the unitary and thermal density matrix vanishes.

So, to conclude this subsection, small corrections to
correlators of an O(1) number of fields outside the black
hole are completely consistent with unitarity.

2. Small corrections to correlators across the horizon

The proof of [10] focused not just on the density matrix
outside the horizon, but also on the evolution of the wave
function of the theory during Hawking evaporation.

The assumption is that the full wave function evolves as

1
(V)1 = \72|U‘I’>t ® ([0)p1)5 + [1)pl0)5.  (4.8)

Here |U) encodes the state of the black hole and the
radiation at a given time. Equation (4.8) should be under-
stood as the statement that the wave function evolves by the
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addition of two entangled particles: of which one falls into
the black hole and the other falls out, while the extant black
hole and radiation evolve autonomously through the
unitary matrix U.

Now (4.8) clearly cannot be taken literally in a theory of
quantum gravity, especially if we are to take the lessons
from AdS/CFT seriously. For example, as we explored
above, a clear setting in which Hawking radiation can be
observed is given by the localized plasma ball in AdS/CFT
[25]. As shown in Fig. 4, the plasma ball is a localized lump
of quark-gluon plasma that gradually evaporates via the
emission of glueballs. What this teaches us is that Hawking
radiation should be modeled as a process in which the black
hole loses some of its energy to the emission of an external
particle, while the remaining degrees of freedom reorganize
themselves so that it appears that a particle has been
created within the black hole.

Hence, what we must demand is that, while the under-
lying dynamics may be quite complicated, the wave
function effectively evolves as in (4.8). What does this
mean in terms of correlators? In our spin-chain model of
Hawking evaporation, after k spins have evaporated and we
can measure measure operators s8¢ on the emitted Hawking
particle and there is an additional operator which effec-
tively commutes with the spin operators for the emitted
Hawking quanta that is exactly correlated with measure-
ments of s{.

The punch line is that after A steps for the purposes of
low-point correlators involving the operators §¢ and s, the
state effectively looks like a collection of A/-Bell pairs, as
shown below Eq. (3.34). But, in reality, it is only an
entangled state involving N, and not 2, spins.

We should emphasize two important factors in our
construction, which were not accounted for in the con-
struction of [10]. One of them is that, loosely speaking, the
interior particle may be constructed partly out of the
previously emitted radiation. The precise version of this
statement is, of course, given by our operators s{ above,
which for k > /\7/, must necessarily act on some of the first %/
particles as well.

The second point has to do with the state dependence of
our construction. The papers [10,27] described models of
“burning paper.” In these models, the qubit B was identified
with some specific qubit constructed in the remaining spin
chain. It is clear that after %/ bits have evaporated, there is no
state-independent operator that can be perfectly correlated
with the emitted spin. Even, for the first %[ bits, the
correlation between the qubit-B and the qubit B can be
maintained only by fine-tuning the state.

Let us say this more precisely. Consider some fixed state-
independent operators s, and try and make this play the role
of the mirror to the first spin. Then in some given state of
the spin chain, we require s,|¥) = —s!|¥). Clearly, for
some fixed operator s, this condition will not be met for a
generic state |¥). So, for a generic state |¥), the correlator
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(U]s,sL|¥) ~ 0, whereas we would like it to have the value
—1. This is what leads to the suggestion that in models of
burning paper there are large corrections to correlators
between operators “inside” and “outside” the black hole.

These conclusions do not hold for our state-dependent
operators §.,. We clearly have §.|U)= —s}|¥), Vi.
Moreover, we see that for a generic state, we have
(U|Sis) | @) = —85,,, precisely as we need. So, with
state-dependent operators, we can arrange to have small
corrections across the horizon as well, while remaining
within a unitary framework.

Before, we conclude this section we would like to point
out that the argument of [9] can, in some sense, be
understood to be a rephrasing of the argument that small
corrections cannot unitarize the black hole. In that dis-
cussion, the argument was that if we selected the operators
corresponding to b,, and b}, to be some fixed operators in
the CFT Hilbert space, then it is clear that their action on
the state will generically not be correlated with the action of
b, and bfn. This argument fails for state-dependent
operators as we showed above.

The conclusion is that, provided local fields in the
interior of the black hole are constructed in a state-
dependent manner, we can consistently reconcile unitary
evolution with small corrections to correlation functions in
effective field theory.

Numerically large nonlocality.—At this point, we also
briefly address another criticism made in [6]. The “non-
localities” that we mentioned do indeed spread out over the
Page sphere of the black hole. For a solar-sized black hole,
the Page sphere is huge: 1077 km. Nevertheless, we wish to
emphasize that the nonlocality is incredibly difficult to
measure.

In the construction that we have described, we have to
measure a correlation function involving of order exp [1077]
points, before we can detect this nonlocality. So, to the
extent that actual numbers are relevant to these conceptual
issues, it is clear that we do not have any contradiction with
either any observed or possible-to-observe physics.

V. NONEQUILIBRIUM SCENARIOS

So far, in this paper, we have discussed how to define the
mirror operators in an equilibrium state. In this section, we
briefly discuss the nonequilibrium scenario, leaving a more
detailed study to further work.

Let us phrase the question that we are interested in more
precisely. Our construction of the previous section already
gives us interesting time-dependent correlators of fields
(U|pler(t1, Q). pler(tm, Q)| ¥). However, when any
of these operators is behind the horizon, we need to use the
mirror operators to define it, and these mirror operators are
defined in an equilibrium state. Now, let us say that
someone gives us an out-of-equilibrium state |¥’), perhaps
produced by exciting an equilibrium state with some
sources. What, then is the correct way to define the mirror
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operators so as to get the results expected from semi-
classical field theory?

Stated briefly, our proposal is that to deal with a
nonequilibrium state that is produced by turning on sources
dual to a small number of local operators on an equilibrium
state, we “strip off” the excitations that create this non-
equilibrium state from a thermal state. We now define the
mirror operators on this thermal state, and then use these
unchanged operators in the nonequilibrium state. We
describe this more precisely below.

Our construction automatically addresses a technical
objection that has been made to state-dependent proposals,
which is sometimes called the “frozen vacuum.” This is
simply the claim that defining the mirror operators using
the rules for equilibrium states always leads to a featureless
horizon, even though one could manually excite the
horizon by injecting some matter before the infalling
observer falls in. Our proposal below for nonequilibrium
states does not lead to any such issue.

It is true that one can, by hand, ensure that the infalling
observer perishes at the horizon, by aiming a focused laser
beam which intersects the observer just as he crosses it. In
this section we show how to describe correlators outside
and inside the horizon in such a scenario. However, our
construction makes another unambiguous connection. Just
as one would expect from semiclassical field theory, any
such excitation soon shares the fate of the observer and falls
into the singularity in a short amount of time leaving behind
a featureless horizon once again.

A. Detecting nonequilibrium states

First, we discuss how to differentiate equilibrium
states from nonequilibrium states. Let us say we are given
some state |P’). Can we detect, by measuring expectation
values in this state, whether the state is in equilibrium or out
of it?

The first point to note is that this, itself, is a manifestly
time-dependent question. Consider a state that consists of
superpositions of different energy eigenstates.

V) = Zci|Ei>'

1

Now, consider an element A, of A. Tt is very natural that, in
an interacting CFT like supersymmetric Yang-Mills theory,
the elements of A, will obey the eigenstate thermalization
hypothesis

+Ej

Ej
(Ei|A,|E;) = A(E;)d;; + e 503

)R 5.1)

ije
E+E; . .

Here S(=5—) is the density of states at the mean energy,

and below we will write just S for this quantity to lighten

the notation. Note that S o N for the systems that we have

considered above. A is a ‘“smooth” function of their

arguments, but R;; is a matrix comprising erratically
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varying phases but a smoothly varying magnitude. (In
the papers in [28], sometimes another function is intro-
duced to capture this magnitude, but we have no need for
it here.)

We will need a further technical assumption on the
matrix R;;. Note that because Tr(R'R) = O(#1)[¢*5] and R
has 5 eigenvalues ry,...r,s, we expect that the typical
magnitude of each eigenvalue will be |r;| = O(e?). We also
need to assume that no eigenvalue of R is much greater than
this |r;]e? = O(1), V i. On the other hand, the phase of r;
will generically be arbitrary.

This form is very natural and follows from the following
simple assumption. The eigenvectors of the operator O' are
not correlated with the exact energy eigenstates. This is
quite common in interacting field theories. If the two sets of
eigenvectors are related by some “random” unitary trans-
formation, then (5.1) follows.

For example, consider our “regularized frequency
modes” (’)n,m“ which include a band of modes of width
®min> and are defined in (3.13). We see that between two
energy eigenstates, the following statements hold:

<Ei|0w,m|Ej> = (Ei|0m(0>|Ej>5<Ei - Ej - w)
1
(Ei|Oyml|E;) = (o (Ei|Ow(0)|E;)O(E; - E;

- (Vl - 1)wmin)9(Ej + N0y — Ei),

where O,,(0) = [ 0(0,Q)Y;,(2)d*"'Q, which is a natural
notation. The normalization factor of /@, ensures that
the diagonal elements of the operator

E i TN Wmin

(EOumOhmlE) = >

E;=E+(n—1)wmn

= 0O(1),

|<Ei|0n.m|Ej> ‘2

since the sum runs over eSw,,, states, and each term is of
order e 5w} , assuming the ETH for the operator O,,(0).
So, we see that O,,, also obeys the ETH up to the
additional normalization of (@)%, which is O(1) in
the accounting of (5.1) and will not be important in the
discussion below.

This analysis leads to
/Yp(t) — <\IJ/|ethApe_th|‘Il/>

= Z |Ci|2(A(Ei) + e_%Rii) + chci e_gei(E"_E-/'),Rij.
i

The second term is manifestly time dependent. Now note,
that by the assumption on the maximum size of the
eigenvalues of R above, we see that at most we can get

[
l

"'Sometimes we omit the superscript “i”” of the operators ¢lpr

and O}, in order to lighten the notation.
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an y,(t) —x,(0) <O(1) time dependence. However,
in the generic situation where the coefficients ¢; and time
t are not carefully selected, the time-dependent term is
2p(t) = x,(0) = O(e™2)—exponentially suppressed in A

We can use this as a diagnostic of whether the state is in
equilibrium or not. As we mentioned above, this is a time-
dependent question, and in the CFT, we are interested in the
issue of whether the state is in equilibrium from some
starting time 7 = 0 to some other long time 7 = w,} . Recall
that we introduced ,,;, to regulate the frequency modes of
the CFT, and we can even take wp,;, = e VN if we are
interested in a big black hole that has a much longer
lifetime.

So, to precisely evaluate whether a state is in equilibrium
or not, we consider the following quantity:

Vp = Wmin Aw;dn |()(p(t) —){p(()))|dl

We will declare that a state is in equilibrium if

v, = O(e), V¥ p.
i.e. this property holds for all observables in .A. Otherwise
we will classify it as a nonequilibrium state.

We emphasize that this is a much finer distinction than
we require in practice. In fact, when we consider small
black holes in AdS, they have a lifetime that is only
polynomial in A/, This is also true of the plasma balls that
we considered previously. (See Page 3 of [25].) In such
cases, it may be useful to consider a slightly modified
definition of an equilibrium state, where the time scale of
evolution scales with N are effectively in equilibrium,
while those that change over a much shorter time are not.
For simplicity here, however, we restrict ourselves to large
black holes in AdS.

B. Near equilibrium states

We now discuss a class of states that we will call “near
equilibrium states.” These are states that are produced by
acting on an equilibrium state |¥), with a unitary matrix
produced by exponentiating a Hermitian element of A,

|¥") = U|D), U= e, (5.2)
where |¥) is in equilibrium and A » is Hermitian. Recall that
although we have written the basis of the algebra A in terms
of Fourier modes, we are allowed to take arbitrary linear
combinations. So, the set above includes states that are
produced by coupling a source to the boundary field for a
limited amount of time. For example, we could take

f S o We can also consider sources that
couple to stringy modes or brane probes.

Although our construction can be generalized to several

other statistical-mechanics systems, our presentation in this
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section will focus on the CFT. In the CFT, it is true that if
| W) is in “equilibrium” then any state |¥’) of the form (5.2)
is out of equilibrium. The logic behind this claim is as
follows. Consider turning on a source for some local
operator in the CFT by adding [J(z,Q)O(t,Q) to the
Hamiltonian (the logic easily generalized to bilocal and
k-local operators). It is possible to find another operator
I1(z, Q) so that

(V|[O(,

Now, we see that

Q).TI(7, Q)]|U) = k(1 — 1, Q,Q) #0.

<\I//|€’H’H(O, Q)e‘iH’|\IJ’>

= (U|TI(r, Q)| T) + /J(t/,Q’)k(t— 7.Q.Q)drdQ .

The second term above tells us that we have turned on the
source, and can be detected.

If we turn on sources for operators in momentum space,
this is still possible, although it may be a little confusing.
This follows from an examination of (3.13), which tells us
that our momentum-space operators are effectively defined
over a time range of length w_! in the CFT, and so turning
on sources for these operators is just like turning on a slow-
acting source for a position space operator.

For example, consider a state

|0') = e Onnt(Onm)) | W), (5.3)
for some particular conformal primary, and some particular
modes n and m, where A is a constant. In fact, such a state is
out of thermal equilibrium since we can see that

(W|(Oh )T = Ol )W)
= (U] KOt O ) (O,
= (U]((Oh )T = Ol ) + 24| W) +o<ﬁ>

=21+0(ed).

(anm) O+ (Ohm) |\p>

Here we used the Baker-Campbell-Hausdorff lemma in
going from the second to the third line together with the fact
that [0}, (O0},,,)"] = 14 O(;). However, now if we
evaluate y(), we can already see that by evolving for a
time 7, ~ ni” that y(ty) = —2A. However, the long term

value of y(z) is 0. Over time scales larger than o} , we see
that the approximate commutation relations between O, ,,
and (O, ,,,)" break down because the different oscillators in
(3.13) that comprise these operators decohere.

It is very hard to detect that the state (5.3) is out of
equilibrium partly because of the nature of the source that
we turned on. In terms of local operators, this corresponds
to a slow-acting source that acts over a time scale of @] .
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We can consider a harder example: |¥') = ¢/4Cnn(On)' | W)
Infact, even here itis possible to detect the action of this source
as a subleading order in ﬁ We need to find an operator IT so
that (¥[[O;, (O, )", ]| ¥) # 0.Inan interacting CFT such
an operator should exist on general grounds, although we
cannot write down its explicit form here without knowing the
operator product expansion coefficients in detail. Given such
an operator, we can again use the logic above to detect this
slow-acting source, and also the fact that the state is slightly
out of equilibrium.

To summarize, this discussion implies that if a non-
equilibrium state can be written in the form (5.2), then U is
essentially uniquely fixed. Any other U’ would only take
the state out of equilibrium again. In some more detail:
suppose that there are two different equilibrium states
|W,),|¥;) such that we can write the near-equilibrium
state |U') as |¥') = e1|¥,) and also |U') = 2| W,).
From these two we find |¥,) = e~2¢™1|¥,). But we
argued above that it is not possible for both |U;) and |¥,)
to be equilibrium states, unless A; = A,.

C. Mirror operators for near-equilibrium states

We now describe how to construct mirror operators for
nonequilibrium states. Given a nonequilibrium state |¥'),
we have described above how we can detect that it is not in
equilibrium and also find how it is related to the equilib-
rium state |¥) by

V) = U[v).

We now define the action of the mirror operators by the
following modified recursive rules in the CFT:

Ohm|V') = Ue™5(O},) UT| W), (5.4)

OhmA, V) = 4,0, V), VA, €A

Pon

As usual, the factor of e= 2 in (5.5) must be corrected at
subleading orders in , but the fact that the mirror operators
commute through the ordinary operators should hold at all
orders in perturbation theory. ~

Keeping this in mind, we can define the action of O, ,,
on the state |¥’) and its descendants in a single compact
equation as

(5.5)

bon

O mA | V) = A, Ue™ 3O, UT|W).

D. The frozen vacuum

We now address the “frozen vacuum” objection to state-
dependent proposals that was articulated by Bousso [11].
The argument of [11] was made in the context of the
proposals of [4], which also use state-dependent operators.
We do not understand some of the details in [11], but we
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translate what we think is the relevant part of the argument,
albeit in somewhat more prosaic language.

The point is simply that we cannot use the rules (3.17)
and (3.18) in a nonequilibrium state like |¥’) in (5.2) and
expect to get the right semiclassical correlators. For
example, as we saw above in Sec. IV D, the rules (3.17)
tell us that the particle number observed by the infalling
observer is zero, if there are no additional excitations
ie., (U|N,|T) =0.

We do not expect this in nonequilibrium states. For a
nontrivial U, notice, for example, that generically we have

Pon <

((’;);m - eTOl—n,m)|‘I,/> ;é 0’

and so with the operation of the mirror operators defined in
(5.4) and (5.5), we generically obtain (U'|N,|¥’) # 0. The
precise expectation value depends on the kind of perturba-
tion that we have made to the state.

We wish to emphasize that even in the equilibrium
construction of the previous sections, or of our previous
paper [1], it was perfectly possible to excite the horizon of
the black hole. What we have done here is simply to explain
how to construct the operators O,,,, when the base state that
we are given is out of equilibrium. It is clear that our
procedure of “stripping off” the U, and then restoring it,
gives us exactly the same answers as one would get from
effective field theory in the bulk.

Acting with a unitary behind the horizon?—We should
also mention a second issue raised by van Raamsdonk [8].
In Ref. [8], van Raamsdonk considers a case where an
autonomous unitary transformation is made on the second
sided CFT. In fact, in the eternal black hole, a small
perturbation made early enough in the second CFT can lead
to a highly boosted shock wave just behind the horizon that
separates regions I and II [29].

van Raamsdonk’s argument is not directly relevant to our
construction since we do not really have a second side in
the collapsing geometry. These states do not really have an
existence as states that are autonomously created by
collapsing matter. In a collapsing geometry such a state
can only be created indirectly, by pumping in an excitation
from the outside. In such a situation we can detect the
excitation outside the black hole, and use the more precise
rules for the definition of the mirror operators given above.

Nevertheless, we point out that our discussion of near-
equilibrium states does not exhaust the set of all states in
the CFT, and so we would like to revisit this issue in
future work.

E. An example: A beam from the boundary

Let us now consider an example in some detail, where
we turn on a source at the boundary dual to some operator
as depicted in Fig. 7. We wish to check the following
qualitative conclusions. First, the correlators across the
horizon should not be affected before the beam has time to
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FIG. 7 (color online). A nonequilibrium state: a laser beam sent
from the boundary point S intersects the patch of interest at P

reach P. Then, the correlators should be affected for some
time, in a way that is determined by effective field theory.
Finally, once we wait for a scrambling time, the correlations
should go back to their previous values. We wish to
consider

Ciy = (V|pcrr(ty, Q1. 21)Porr(tr, 0. 22) V'),
|‘11/> — eif](l,Q)O(I,Q)|\I]>’

where J(t, Q) is a source that is sharply peaked around the

origin of boundary coordinates (t = 0,Q = 0), the point

(t,,Q,z;) is in front of the horizon, and (#,,Q,,z,) is

behind the horizon, and |¥) is an equilibrium state.
Using the expansion (2.4), we see that

X (Ow,mg((nl,ln(tz, 927 Zz) + HC)U|\IJ>
+ <\II| UT¢CFT(t1’ le Zl)U(@w,mg((uz,Zn(tz, Qz, Zz)
+ H.c.)|D)],

where we used that [U, (7)0,,,,,] = 0 for the tildes defined
with respect to the equilibrium state |V).

Now, we see that the properties of Ci, we inferred
above follow directly from the properties of ordinary
local fields under conjugation by U. We know that
[0(0,0), pcpr(t,21,21)] =0, when the bulk point
(1,91, 2) is spacelike separated from the origin of the
boundary coordinates, and this commutator also becomes
small when the point is in the far future of the origin.
However this commutator is appreciably nonzero, when the
bulk point is near the light cone that extends from the origin
of the boundary. The same result holds for the commutator

w 1
S S0 22[0(0,0), Oy mgim (1. Q. 2) + Hee].  These
properties follow from an analysis of Green functions
for perturbative fields in the bulk.
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Just to clarify this point, we remind the reader that in 4-
dimensional flat space the commutator for a scalar field y
of mass m is [30]

i
@)y )] = 5-s(" = ")8(4)
7
im 0 .0
pity M OLC G
where 1= (x —y)?, and s is the sign function in this
equation. This commutator always vanishes at spacelike
separation. For a massless field, the commutator is nonzero
only on the light cone, but even for a massive field, this
commutator vanishes for large timelike separation as well.
The explicit expressions in the AdS-Schwarzschild geom-
etry are much more difficult to write down, but the same
qualitative properties hold. Note that this involves an
interplay between the CFT commutators O,,,, and the
transfer function.

So, in the case where the bulk points are in the far future,
or spacelike separated from the source at the boundary, we
can just commute the U through the ordinary operators to
annihilate the U and so C,, reduces to the correlator in the
state |¥). However, when either of the bulk points are near
the light cone from the origin of the boundary, we expect
that this correlator will receive appreciable corrections.
This is exactly what we had inferred.

VI. LINKS WITH TOMITA-TAKESAKI THEORY

In this section we provide an additional (though math-
ematically equivalent) perspective to the construction of the
mirror operators. We also discuss the relation of the current
proposal to that of [1], which was based on a coarse/fine
decomposition of the Hilbert space. Finally we present
some intriguing mathematical connections of our construc-
tion with the Tomita-Takesaki theory of operator algebras.

Many of the ideas described in this section have already
been discussed in Sec. III. We summarize them again for
the convenience of the reader and slightly modify the
presentation in order to connect with the Tomita-Takesaki
theory.

A. Another intuitive explanation of our construction

In Sec. III we emphasized that the operators can be found
by solving equations (3.8). We argued that since the
number of equations is much smaller than the size of
the Hilbert space, we can always find solutions, and we
explicitly wrote down a solution in (3.10). Here we expand
on a slightly different perspective, which was already
mentioned at the end of Sec. IIl A. This perspective leads
to a “constructive” definition of the mirror operators and is
more suitable to make contact with the mathematical
discussion of the next subsection.
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The intuition is very simple. As mentioned several times
in the previous sections of the paper, we imagine that we
have a complicated quantum system with Hilbert space H,
which is in a particular pure state | V). Also, we imagine
that we can only probe the system by using a small set of
observables A. Since we will be computing correlation
functions of these observables on the state |¥), it is very
natural to define the span of states of the form

A),  AAT), AA ALY, etc.
where A; € A. We introduced the linear span of states of
this form at the end of Sec. IIl A and we called it
Hy = {span of A|¥), A e A}
The space Hy is a subspace of the full Hilbert space H,
which obviously depends on the choice of the initial state
|W). This is schematically depicted in Fig. 8.

The main shift in perspective from the discussion in
Sec. Il is the following: in that section we constructed the
operators A ,, element by element, for each operators A, in
A. Now, we will describe a more formal “one shot”
construction of the mirror operators.

We will see that we can define the mirror operators in a
very natural way by concentrating on how they act on the
subspace Hy. Their action on this subspace is extremely
natural. Their action on the “orthogonal subspace” Hy is
not completely specified—this is related to the fact that the
equations in (3.8) have more than one solution—but this
ambiguity has no effect on the computation of low-point
correlation functions. We stress again, that this is equivalent
to Eq. (3.8); the new perspective offered here provides
some additional intuition and demonstrates a canonical
solution of these equations.

As before, the starting point for the existence of the
mirror operators is that, if the size of .4 is small relative to
the size of the Hilbert space, then on general grounds we
expect that a typical state |U) cannot be annihilated by

Hy

Aulw)
— %

A,)¥)

H

FIG. 8 (color online). A quantum system with Hilbert space H
placed in the pure state |¥) is probed by a set of observables
A; € A. We define the subspace Hy = {spanof A|¥) , Ae A
which is relevant for computing correlation functions of observ-
ables in A on the state |¥) and the construction of the mirror
operators.
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nonvanishing elements of the set A or, in equations, for
A € A we have

AlP) =0 A=0. (6.1)
In the case of the big black hole in AdS/CFT, the idea is that
A is the set of products of a small number of single-trace
operators, while | ¥) is a typical quark-gluon-plasma (QGP)
microstate. It is clear that such a typical QGP microstate
cannot be annihilated by a small number of single-trace
operators.

Equation (6.1) expresses the point that the state |¥) looks
entangled from the point of view of the algebra A. Usually
we define entanglement in situations where the Hilbert
space of the system has a bipartite structure, but here we
generalize the concept of entanglement, by discussing how
the state appears to be entangled in terms of certain
observables. This is expressed by Eq. (6.1). We will argue
that whenever we have such a situation, in which a quantum
state looks (sufficiently) entangled when probed by a set of
observables A, then the set of observables A is “doubled.”
This doubling explains the origin of the dual modes behind
the horizon.

We now start with these assumptions, i.e. that we have a
big quantum system probed by a small number of observ-
ables A, such that (6.1) is satisfied and we show how we
define the mirror operators.

The starting point is that there is a natural way to define
the action of a second copy of the observables A acting on
the subspace Hy. This can be achieved by defining,
effectively, an action of observables in .A “from the right.”
This can be compactly described by introducing an anti-
linear map S: Hy — Hy defined by

SA|U) = AT|D), (6.2)

which obviously satisfies S*> = 1 and also
S|U) = | D).

Notice that condition (6.1) is crucial in order for (6.2) to be
well defined.
Then it is easy to check that the operators defined by

A = SAS (6.3)
satisfy the following two properties:
(i) Their algebra is isomorphic to that of operators in A,
since §% = 1.
(i1) The hatted operators commute with operators in A
when acting on elements of Hy.
To see this, notice that any vector in Hy, can be written as
C|¥) for some C € A and we have
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ABC|U) = SASBC|¥) = SACTB!|U) = BCAT|W)
= BAC|V).

Hence
[A, B]C|¥) = 0,

for all A, B, C € A.

Notice the following important point: the subspace Hy
was defined as the span of states of the form A|W). While
the operators A commute with those in A, they are still
acting on the same space Hy,.

The operators A can be extended in the full Hilbert space

H = Hy@®Hg. One naive possibility would be by defining
them to be “zero” on the orthogonal subspace 3, but there
are many other possibilities. This issue was already dis-
cussed at the end of Sec. IIT A.
_ In the previous steps we have identified a “second copy”
A of the observables acting on the space H. This already
captures the essence of the “doubling.” However, to finalize
the construction of the mirror operators and make contact
with the conventional “thermofield doubling,” it is con-
venient to perform a small redefinition of the operators .A.
The issue is that the mapping § is—in general—not (anti-)
unitary. Hence the “normalization” of the operators A is not
the same as those of the 4. In order to fix this we can
rescale the magnitude of the antilinear operator S by
defining

S=JA2,

where J is anti-uitary with J> =1 and A positive and
Hermitian. The precise definition of A will be discussed
later. Then we can define the conventionally normalized
mirror operators by

A= JAJ.

While it is obvious that the hatted operators (6.3) commute
with elements of A, it is less obvious that the A’s commute
with operators in A, due to the factors of Al/2.
Nevertheless, it is a fact that they do commute and this
will be explained in more detail later.

Finally let us notice that in most situations—and
certainly in the case of the large N gauge theory—the
“set of observables” A is not a closed algebra in the strict
mathematical sense. For instance, if we attempt to define A
as the set of “small number of insertions of single-trace
operators,” then this set is not strictly closed under operator
multiplication.

This point is at the heart of black hole complementarity:
while A4 is not an exact algebra, it behaves approximately
like an algebra for certain low-point correlators. Hence the
construction of the commuting mirror operators, as outlined
above, approximately works for such low-point correlators.
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The existence of the mirror operators for low-point func-
tions is sufficient in order to reconstruct the experience of
the infalling observer.

On the other hand, if we act with too many of them, we
will either “get out of A,” or we will have to allow the set A
of “accessible observables” to be large enough so that it
becomes an algebra and it contains all possible products. In
this case the state | ) is depleted of any entanglement with
respect to A and condition (6.1) is not satisfied any more.
Then the dual-operator construction does not work and the
black hole interior ceases to make sense.

This is all in agreement with the idea of complementarity
and the validity of effective field theory in the bulk.

So far these ideas were motivated by physical consid-
erations. Intriguingly, the mathematical language in which
the dual-operator construction was phrased above appears
in surprisingly similar form in the theory of operator
algebras as we explain in the next subsection.

B. Relation to the Tomita-Takesaki modular theory

We now describe an extremely interesting link between
our construction of the mirror operators behind the horizon,
and an area in the study of von Neumann algebras that goes
by the name of Tomita-Takesaki theory. The existing
reviews of this subject in the literature are somewhat
formal, so we will summarize the main ideas here. The
reader interested in a more sophisticated mathematical
discussion can refer to [31-33].

Exactly like in our physically motivated construction
mentioned above, the Tomita-Takesaki construction
involves building the commutant of an algebra A, and
uses an appropriate state vector to do so. For example,
given the set of operators on a finite interval, one could use
the construction to generate the operators outside the light
cone of this interval that, in a local quantum field theory,
should commute with the original algebra. Here, we will
use it to construct operators “behind” the horizon, given the
operators in front of it.

The Tomita-Takesaki construction starts with an algebra
A acting on a Hilbert space H and a state vector |¥) that is
cyclic and separating. For a state to be cyclic means that the
space H,, = A|¥) is dense in the Hilbert space H. The
statement that the state is separating is simply the condition
(6.1): A|¥) #0, V A € A

The reader can satisfy herself that these conditions are
easily met, for example, in relativistic QFT, if one takes A
to be the algebra of operators on an open ball of space time
and |¥) to be the vacuum state. Part of this statement is the
so-called Reeh-Schlieder theorem, that we also discuss in
Appendix C.

Here, we are interested in a different situation. For us |¥)
is a typical pure state that looks like it is close to thermality,
whereas A is the ser (not, necessarily, an algebra) of low-
point correlation functions. Consequently, H,, is not dense
in the larger Hilbert space H, but this will not be an obstacle
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either, as we will now see. For the remainder of this section,
and in order to state the Tomita-Takesaki theorem in simple
form, we will just assume that 4 is an algebra and we will
think of Hy as the entire Hilbert space, so that the
assumptions that | W) is cyclic and separating are satisfied.
In other words, in the following part we will imagine that
‘Hy plays the role of the entire Hilbert space H and will
simply call it H. We will discuss the important modifica-
tions necessary for the case of the large N gauge theory
later. We also assume that A is closed under the Hermitian
conjugation operation.

This means that we have a von Neumann algebra .4
acting on a Hilbert space H, which has a cyclic and
separating vector |¥). The Tomita-Takesaki theorem states
that in this case the “commutant” A’ of the algebra A can
be constructed by an antilinear conjugation, which can be
identified with the “tilde” mapping used in thermofield
theory.

Like in the discussion of the previous section, the
Tomita-Takesaki construction starts by constructing the
antilinear map S that appeared above,

SA|U) = AT| ).
We consider the polar decomposition of S as
S =JA?,
where J is anti-uitary, and A is Hermitian and positive. This

can also be understood as follows. For an antilinear map S
we define the Hermitian conjugate as

(14), S|B)) = (1B), S|A)), (6.4)
where (,) denotes the inner product. Then we have
A=S'S. (6.5)

It is not too difficult to prove the useful relations

JAY2 = A-V/2) J2=1,

and
S|U) = J|¥) = A|T) = | D).

Finally, under the previous conditions, the Tomita-Takesaki
theorem states that

JAI = A, (6.6)

and

ASAATS = A, s €R. (6.7)
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Equation (6.6) implies that the commutant A’ can be
recovered by conjugating the operators in A with the
antilinear map J.

To interpret Eq. (6.7), let us first write A = ¢~X where K
is a Hermitian operator. Then Eq. (6.7) means that the set A
is “closed under time evolution” with respect to the
“modular Hamiltonian” K. As we will see later in the case
of the large N gauge theory, and in the large N limit, the
analogue of the operator K behaves like f(Hcpr — Eyp),
where Ey = (V|Hcpr|¥). Hence by identifying s =t/ we
see that this equation expresses the closure of the algebra A
under time evolution.

In order to provide some additional intuition, let us
consider the usual thermofield-double construction. We
start with a quantum system with spectrum H|E;) = E;|E;).
We consider the tensor product H; ® H, of two identical
copies of this system and place it in a special entangled
state

1
W) = \/—ZZE_ﬂE"/2|Ei, E;),
i

where Z = >".e7PEi. We call H,, H, the two Hamiltonians.
We also introduce the “thermofield Hamiltonian” defined
as

Hyg=H, — Hj,
which satisfies
Htfd|‘1’>tfd =0.

It should be an easy exercise for the reader to verify the
following. If we take as our algebra of ‘“accessible
observables” A to be the operators acting on system 1,
then the conditions of the Tomita-Takesaki theorem are
satisfied, i.e. the state |U),, is cyclic and separating for the
algebra A in the Hilbert space H; ® H,. We can thus
define the operators S, J, A as described above. A few lines
of algebra show that J turns out to be the antilinear map
that takes

Ji |ELEj) > |E; E)),
and

A = exp(—p(H, — H,)) = exp(—fiH ).

Hence, for any operator A € A, i.e. for any operator acting
on the first copy of the system, the “mirror operator” JAJ
given by the Tomita-Takesaki construction is an operator
acting on the second system and precisely coincides with
what we would have defined as the dial via the usual
thermofield doubling. The relation between the Tomita-
Takesaki construction and the thermofield doubling has
been noted before in the literature; for instance see [34].
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Let us now consider the conformal field theory and
consider the case where the elements of A are just modes of
a generalized free field. The last result that we wish t(ﬁ)wshow
here is that A really does reproduce the factors of e~ 2 that
we introduced above, at least for typical pure states. First
consider the state |U') = &', ,,|¥), where |¥) is a typical
equilibrium pure state. Using expression (6.5) we have

(W[A|W) = (U|(O;, m) AOy, m|P)
= <\II| (Oén,m)TSTSOQ)n,mN’)
= (U[(O%,m) ST (O, m) ).

Using the definition of the adjoint ST of an antilinear
operator given in (6.4) we find

(WIAJY) = (|0, (O, m)"¥).

Now we remind the reader that typical equilibrium states in
a large N CFT satisfy the Kubo-Martin-Schwinger (KMS)
condition, which for the modes of generalized free fields
reads

i i —beon i i
<\IJ|O(1)”,m(O(n”,m)T|\Il> =e 2 <\Ij|(O(nn.m)TOm”,m|\Ij>'

This was extensively reviewed in [1] where the reader can
find more details. So all in all we find

_/fwn

(W A[T) = ™5 (0| ).

Moreover if we have two different states of the form |¥) =
Oy, 1 ¥), [W5) = O, 1, |[¥) with 1 #2 (in hopefully
obvious notation) we have (¥,’|A|W¥,’) = 0. The reader
can easily verify that, using the KMS condition and the
large N factorization of the CFT, then for any two states of
the form

|\I,l/> = Oil)lvml”'oil)’:n'anqj)’
and

05') = Oy O |9,

w/'m " w, m,

12
we have

m 1
(U |A[W,) = eI O (0|0, + (ﬁ corrections).

(6.8)

“Notice that Eq. (6.8) is consistent, even though it seems to
break the symmetry between the number of insertions m, n in the
two states |¥, ,'). The point is that in the large N limit, both sides
of the equation are zero, unless m = n and the frequencies/
momenta of state 1 are a permutation of those of 2.
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If we are concerned with the action of A only in Hy, then
this set of matrix elements completely specifies the oper-
ator. However, we see that the statement above is precisely
the KMS condition for the state | ). So we see that in a state
| W), in which the correlators are close to being thermal, the
operator A behaves precisely as e #(Hcrr=Fo)  where
Ey = (V|Hcpr|P), and this produces the e~ factors that
we required above.

We should caution the reader that in a real state in the
CFT, which might correspond to a black hole, the condition
(6.8) might receive corrections at subleading order in %
These corrections might have an effect on the eigenvalues
of A in the case where the set A itself has a size that scales
with N. We leave an investigation of these % effects to
further work.

C. Finite-dimensional algebras

In this subsection we specialize to the case where A is a
finite-dimensional closed subalgebra, which is acting on a
system with Hilbert space H. This Hilbert space may be
infinite dimensional. We assume that the algebra A is
closed under Hermitian conjugation. We will find that the
Tomita-Takesaki construction reduces to the construction
of the mirror operators defined in [1]. We do not assume
that the system has necessarily a bipartite structure.

The system is taken to be in a pure state | V). We consider
the span Hy of states of the form .A|¥). If the dimension-
ality of the algebra A is n, then Hy, is an n-dimensional
subspace of the full Hilbert space.

The interesting part of everything that follows will take
place in this finite-dimensional space. While the algebra A
is acting on Hy it is clear that there are many other
operators which can act on the space Hy. In fact, the
dimensionality of the algebra 4 is n while the dimension-
ality of the algebra B(Hy ) of all operators acting on Hy is
n*. We will argue that this is precisely related to the fact that
on the same space Hy, we can naturally define the action of
a second, commuting copy of the algebra A; let us call it A’
such that

B(H\p) - .A ® A/.

The construction proceeds exactly as before. In this case, all
operators that we encounter are finite dimensional, so it is
very easy to check all steps in our argument explicitly; see
Appendix D for technical details.

Again, we assume that the state |¥) appears sufficiently
entangled with respect to the algebra A, which means that

AlU) =0 A =0.

This allows us to define the antilinear map S:Hy — Hy
defined by

SA|U) = AT|D).
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We also introduce its adjoint S*, which—due to the fact that
S is antilinear—is defined by

(14). S|B)) = (IB). S|A)).

Using these two operators we consider the linear operator
A: Hy — Hy defined by

A =S'S.

It is easy to show that A is a positive, Hermitian operator. It
is related to what we would get from the polar decom-
position of S as

S=JAs,

with J anti-uitary. Equivalently we can just define the
antilinear operator

J = SA7.
As explained in Appendix D we can check that J satisfies
J2=1
We also have the important relations
S|W) = J|¥) = A|T) = | ).

Now we define the mirror operators as operators acting on
the Hilbert space Hy by the relation

A, = JAJ.

Using the fact that J?> = 1 we find that the antilinear “tilde”
mapping
TA-A

is an algebra *-isomorphism, i.e. the mirror operators satisfy
the same commutation relations as the original operators up
to a conjugation of the structure constants, so if

A, Aj] = fiiAw

then

A A}l = ( i‘(j)*Alv

Moreover, as we demonstrate in Appendix D, the operators
in A commute with the mirror operators

Hence JAJ € A’. We can also prove that any operator in

A’ € A’ can be written in the form A’ € JAJ for some
A € A. Hence we have that JAJ = A'.
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Let us now consider correlation functions. First, using
J? =1 and J|¥) = |¥), we find that the dual-dual corre-
lators are related to the original correlators by

(U|A,...A,|T) = (U|A,...A,|T)*,
and the mixed correlators obey
(U|AB|W) = (U|AA:BT|W).

The summary is that we can have on the subspace Hy the
action of the original algebra A together with the action of a
second *-isometric copy A = J.AJ, which commutes with
A. As discussed earlier, the mirror operators can be
extended in the full Hilbert space H in more than one
way (for instance by taking them to be “zero” on Hg.) The
details of this extension do not affect correlation functions
of A’s and A’s evaluated on the state |¥).

1. Bipartite system

We now demonstrate that, in the case where the system is
bipartite, the S, J, A construction above is equivalent to the
more direct construction of the mirror operators described [1].

Suppose we have a system which is bipartite
H=H, ® Hp, with dimH, <dimHz. We take the
algebra A to be the algebra of operators acting on H,.
We take the system in a pure state | V), which is generally
entangled. As before we assume that the entanglement is
sufficiently large so that

AlT) =04 A=0.

As will become clear below, this condition is equivalent to
the condition that the reduced density matrix

pa = Trp(|®)(¥])

is of maximal rank.

Definition of mirror operators according to [1].—The
pure state of the entire system can be expanded in a general
orthonormal basis as

W) = ZCUWA ® |j)p-

We consider a (state-dependent) change of basis to bring
the state in the Schmidt form

0) = dilD} ® |i),
i=1

where we can take d; to be real and > 0. Here
n, = dim H,. We have explicitly written the ¥ superscript
in |i)},]i)p to denote that these states depend on the choice
of the pure state |¥).
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The reduced density matrix for system A is

& 0

0 d%
Pa =

2
dy,

We assumed that the entanglement of the original state | V)
is sufficiently large, so that the matrix p,4 has maximal rank.
Hence d; > 0.

In this case we defined the mirror operators as follows.
For any operator acting on system A of the form

A= Ayliiiil ® T,
we defined the mirror operator acting on B as

A=ALT, ®|i)pE{jl.

(6.9)

Notice that this operator has nonvanishing matrix elements
only along a (dim H 4 )-dimensional subspace of the Hilbert
space Hpg—i.e. it is a sparse operator. In the language of the
previous subsections, this corresponds to the choice of
taking the mirror operators to be zero on the subspace
orthogonal to Hy.

The mirror operators according to the S,J, A Tomita-
Takesaki construction.—Let us now see how the S,J, A
construction leads to the same result. First we start with the
state |¥) and consider the linear space

This is an n%-dimensional subspace of the full Hilbert space
H, ® Hp. Everything which will follow will be defined on
this space. First we define the antilinear map

SA|U) = AT|D), (6.10)

and we also introduce A = S'S. We then define the
antilinear J = SA~'/? and the mirror operators as

A =JAJ.
We will show that this definition coincides with the
one above.
This construction is manifestly basis independent. We

can thus apply it on a convenient basis. We select the
Schmidt basis

0) =) dili)} ® |-
i=1

Any operator A acting on H, acts as

PHYSICAL REVIEW D 89, 086010 (2014)

ny

AlD) =" diAlk)} @ [i)h,
ik=1

while the Hermitian conjugate acts as
na
ATT) = diAplR)} ® i)
ik=1

We find that the antilinear operator S which implements the
modular conjugation (6.10) is

: : d; . :
SIYA ® /)5 = 173 ® li).

J

and we see that

STy ® 1)y =L1ix ® i)y

Y

Hence we find

AlDY ® 1i)s =5 10)X ® Li)s-

Sl

Hence we notice that the states |i), ® |j)p in the Schmidt
basis are eigenstates of A. We can easily see that we can
express

A =ps®pp',
and we have that J is the antilinear map which is defined by
I3 ® li)g) =115 ® i)y
Hence the mirror operators are defined by
A =JAJ.

So again we find

A = Ayli){ 3 (| ® Zs.
We defined the mirror operator acting on B as

A=ATA @ |D)E5 .
This coincides with the definition (6.9) according to [1].

2. Construction in terms of projection operators

We also present one final (equivalent) way to look at this
construction. Consider the algebra A with which we are
probing the system. We would like to select a Cartan
subalgebra 4,, which we will use to “label” states by the
collective eigenvalues a. Of course there are many possible
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ways to select the Cartan subalgebra. The point is that the
way in which a state | V) is aligned relative to the algebra A
selects a particular preferred choice for the Cartan sub-
algebra, in which the “entanglement is diagonalized.”

Hence, for any given system and algebra A, the preferred
choice of the Cartan subalgebra depends on the state |¥).
This in turn depends on what we call a “typical state” i.e.
what is the ensemble that we are considering. In particular,
if we want to consider a microcanonical ensemble then it is
the Hamiltonian which determines the ensemble and which
finally selects the preferred orientation of the Cartan
subalgebra. Hence the choice of this Cartan subalgebra
is a dynamical question. As we will see later, in the case of
the large N gauge theory, and if we think of A as the
algebra of single-trace operators, the dynamics of the CFT
implies that the entanglement of a typical microstate selects
as the preferred orientation of the Cartan subalgebra the one
generated by the “occupation number operators”™ N, ; of
the various modes. After these generalities, let us now see
in more detail how the mirror operator construction works
in this language. Suppose we select a particular Cartan
subalgebra for 4. Consider projection operators P, on the
eigenspaces of the Cartan subalgebra. The original state can
be written as

[U) =D Pul¥) =Y dala)s,

3
where!

P,|¥)

@)y =5 v da = |[Pa] )]
YR

With this normalization, and since states of different
eigenvalue a are orthogonal, we have

\I!<a|a/>\ll = 5aa"

It is clear that by acting with elements of the algebra A,
we can map a state of eigenvalues a to a state with
eigenvalues b. This can be achieved by acting on the
original state with an appropriate combination of operators
from A. We call this combination of operators 7',. Since
we have assumed that A|¥) = 0 implies A = 0, we can see
that for any possible transition ¢ — b, there is a unique
choice of T, (up to overall multiplicative constant). We
then define the following set of states:

|b,a)y = Thala)y.

We select the normalization of T, so that all these states
have unit norm. However, they are not necessarily orthogo-
nal. In general we have (b,alb’,d')y = 6y fuw. The
point now is that by a particular choice of the Cartan

BThe fact that all d, > 0 follows from the assumption that
A|U) # 0 for A # 0.
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FIG. 9 (color online). A typical pure state |¥) expanded in
eigenstates of a Cartan subalgebra A, of A, selected so that the
entanglement appears “diagonal.” Here a denotes the collective
eigenvalues of A,,.

algebra, we can achieve that the the entanglement is
“diagonalized” in the sense that f,, = J,,. Of course this
problem is closely related to the Schmidt diagonalization.
From now on we assume that we have aligned our Cartan
algebra so that

\11<b7 alb',d")y = Sppdaq-

In this case, the original pure state can be written as
Ty = d,
a

and schematically we see this in Fig. 9. One can check that
operators from the algebra A act on this state as

a,a)y,

A= ZAaa’,h|a? b>‘~I/\IJ<a/’ b|

a,a b

We define the corresponding mirror operator as

A=) A, lb.a)gy(b.d|.
a,a b
We see a graphical representation of this in Fig. 10. We
hope it is clear to the reader that this definition of the mirror
operators is completely equivalent to the previous
definitions.

D. “Truncated algebras” and complementarity

In the previous subsections we described the doubling
in the case where the set of “accessible observables”
A forms a closed algebra under multiplication. In that
case the construction of the mirror operators was rather
straightforward.

In this subsection we come to the more interesting case
where the set of observables has a dual role: if it is truncated
to a small subset, then we are naturally lead to the
“doubling” and the introduction of mirror operators for
this subset. If it is not truncated, then the doubling is
impossible and we can see that, what used to be the mirror
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| < :

FIG. 10 (color online).
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Left: while we started with n states, we can construct n” states by acting with operators in A. Right: the mirror

operators can be defined as causing transitions between these n? states.

operators before, can in reality be expressed as complicated
combinations of the observables. Of course this is the
operator-language version of the idea of black hole
complementarity.

To be more precise, the case which is more relevant for
us is when we have a set of “basic observables” {A,...A, }
with which we can probe the system. Since we want to
compute correlation functions of these observables, it
means that we also have to consider products of them.
By considering an unrestricted number of products, we do
get a closed algebra generated by A,

But suppose that we do not want to consider this entire
full algebra, but rather that we want to consider the case
where we probe the system only with a “few insertions” of
the basic observables. Hence we want to include in our
observables products of the A;’s as long as the number of
factors does not get “too large.” This requires some sort of
regularization. A crude regulator would be to impose a hard
cutoff k in the number of insertions of the basic observ-
ables. For any choice of this regularization, the set A of
allowed combinations of the basic observables is not a
proper algebra, since it is not closed under multiplication in
a strict mathematical sense.

In alarge N gauge theory, the large N scaling provides us
with a natural intuitive definition of these ideas: the “basic
observables” are the single-trace operators, and the allowed
set of observables are products of O(1) numbers of these
operators. For any choice of the regulated set A we can
define the mirror operators by following a slight modifi-
cation of the procedure mentioned in the previous section.
This leads to a definition of mirror operators which depends
on the size of the regulated set A, or relatedly, on the value
of the cutoff k.

We need to be careful about the regime of validity of this
construction. We want to take the cutoff k to be large, but
not too large—otherwise we “run out of space” in the
Hilbert space and we completely deplete the entanglement.
Whether this construction is sensible/useful depends on the
actual physical system under consideration. What we need
to establish is that the mirror operators are “robust” under a
change of the cutoff, when the cutoff is large but not
too large.

To summarize, the realization of black hole complemen-
tarity in operator language is the statement that we have a

set of “basic observables” {A,...A,}, which have the
property that

(1) when we are considering low-point correlations of
these observables, we can define the dual operators
via the aforementioned construction;

(2) when we are considering arbitrarily high-order
correlations, then we cannot—this is due to the fact
that the full algebra generated by arbitrary products
of A; is so large, that with respect to this large
algebra the state |U) does not look entangled any
more, and there is no space/no need to define the
dual operators.

In that sense the dual operators can be understood as very

complicated combinations of the basic observables A;. This
is in line with the paradigm of black hole complementarity.

E. Large N gauge theories

In the case of the large N gauge theory, we have |¥), a
typical black hole microstate [i.e. a state of the CFT with
energy of order O(N?)]. The set A is the vector space
spanned by light operators. For example, as we mentioned
above and in [12], we could take the set to be spanned by
the set of polynomials in the modes of O}, ,, with an upper
bound on the energy, excluding the zero modes of con-
served currents, which we return to below.

Alternately, we can also consider polynomials in just
single-trace operators, and in an interacting theory, this
should produce an equivalent set. As we have mentioned, in
the SU(N) theory, we can even consider a product of up to
N-single-trace operators.

The set A is not a proper algebra, because we have
imposed the restriction that the number of insertions of
single-trace operators should not be too large. Let us call k
the effective cutoff in how many operators we allow. This
defines the Hilbert space H% = {span: A|¥)} we have
included the superscript k and the subscript ¥ to indicate
explicitly that this Hilbert space depends on the microstate
| W) and the cutoff k. It is a small subspace of the full Hilbert
space Hcpr.

We call P* the projection operator on H%,. By acting with
these projection operators on the operators of A (i.e.
replacing A — PKAP*) we get a deformation of the set
A into an algebra. Using this algebra we can define the
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S, J, A operators. It is clear that the matrix elements of S, A
between states which do not carry too many excitations
relative to |¥) are robust under scaling the cutoff k, and we
will discuss this further in upcoming work. In the large N
limit the modular operator A coincides with e=#(Hcrr=Fo)
where Ej = (U|Hcpp|P). Hence the correlators that we
will get by following the Tomita-Takesaki construction are
to leading order in large N, the same as the thermofield
correlators.

F. Conserved charges

Now, we describe how S acts on conserved charges,
including insertions involving polynomials of charges, Q,,.
As usual, by a conserved charge, we mean any operator that
commutes exactly with the Hamiltonian, but we consider
non-Abelian symmetries as well here.

As we noted in Sec. III B 4, we can always move the
charges so that they act directly on the state |¥). On such
states, we define

SA,Qp|T) = ALSQy|T). (6.11)
We emphasize that (6.11) is valid only when the charges are
immediately next to the state. We have not yet defined the
action of S on the space of states produced by acting with
the charge-polynomials on the base state |¥), which we
discuss below. However, since S2 = 1, we see that even
without specifying the action of S on the charge poly-
nomial, we immediately obtain equivalence with (3.26).

First, let us check this fact: (6.11) reproduces (3.26). We
have

JO W JA, Q4| V) = SAT0}, , ATSA, Q| D)
= SA0),,,AALSQy| V)
= AN (0} ) TATQ W),

Using the fact shown above that A ~ e~#(Hcrr=Fo) at large
N, we see that we precisely reproduce (3.26).

Now, we return to the definition of S on the space
produced by acting with charge polynomials on |¥). We
denote this space by Vg = span{Qy |¥)}. We need to
perform three checks on the action of the map S: Vg — Vg.

(1) On eigenstates, where QW)= Qy|¥), we have

SQIT) = 0j/).

(2) On null states, where Q,|¥) =0, we have
$Q, ) = 0.

(3) S2Q[V) = Q)| ¥).

In fact, these three conditions do not uniquely fix the action
of S on V4. For example, one possible definition of S on Vg
is as follows. Let the vectors

{v),

form a basis for Vg so that

Q, [9)...Q, W), Qp, |9)...Qp, W) ]
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M
b,
018 = ) + (Z Qn,.|w>) n (ZK,, Qb,.|w>).
=1

Then, we can define

SQ,IW) = (kb)) + (Zw?)*@h,.lm).

i=1

This meets all three criterion above, but clearly we can
redefine the S map, by changing the basis. Such a redefi-
nition does not affect the definition of the mirror operators.

Abelian conserved charges and eigenstates.—We now
specialize to Hermitian U(1) charges, and to the situation
where the state |U) is an eigenstate of such a charge. We
include the Hamiltonian H gy in this discussion, and so the
discussion here is also applicable to energy eigenstates. As
we see below, the action of S simplifies in this situation.

We start by considering a situation where the state |¥)
satisfies

Hepr|V) = Eo| V).

Now, we find that
SHeprA V) = S([Hepr, A + A1Herr) | 9).
Without even assuming that A; has a well-defined energy,

we can write [A|, Hcpr] = AY, which, we assume, is in the
set A. So

SHeprA | ¥) = (—(A)T +AIE0)|‘I’>-

We see that this follows automatically if we use

SHcprA,|V)
JHcprA, V)

= (2E) — Hcpr)SA, |V);

This has an interesting consequence. As we show in
Appendix D, we have the relation

JA = A7

Using the relation between A and the CFT Hamiltonian that
we described above A = e #Herr=Eo) we see that this is
precisely consistent with (6.12).

We have the same relation between the map § and any
other U(1) conserved charge Q, when the state is in a
charge eigenstate.

SOA, W) = (20, - 0)S4,| ),
where Q|¥) = Qy|¥). So, we see that our choice of gauge
follows naturally in the Tomita-Takesaki construction.
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Now, let us show directly that this is equivalent to (3.19).
Moving to the operators that transform simply under the
charge, which were defined near (3.19), we first note that

044,404, |T) = JO4,JA, 0A, | 1)
= JOJI ([A. O] + OA)) A, | D)
= JOJ(AY + QA))A,| D)
= JOS AN AYAD) + (2Q) — 0)AIA]) D),

where A7 = [A,, Q). the fact that
[OQ%A%,Q] = —q(’)ﬁ;f{,,A%, which is precisely how we
defined ¢ in (3.19), and we have additionally used that

A commutes with Q
Substituting this relation above, we see that

O54,A1 QA T) = JOG AN AT (A])T +200A5A] )W)

—JQO, A ATAT | W)

= JOS A (AJ(AD)' + (200 — q)AA])| )
—JQO, AATAT | W)

= JOS A (AJ(A])" - qATA])| )
+ IO, AATAT| D)

= ((A])A; — gA]AD) A3(O44,)T| W)
+ QA A A (O3%,) | W)

= A41(0 - 9)AA5(0;%,) | D),

Now, we use

which agrees precisely with (3.19). Note, in particular, that
the terms involving Q, have canceled, and are not of
significance for the definition of the mirror operators,
which always come with two J’s.

Link with the Hartle-Hawking description of the state.—
Before we close this section, let us take this opportunity
to make a link to the usual Hartle-Hawking state for the
bulk modes. The Hartle-Hawking state is sometimes
written as an entangled state of free-field “modes”
outside and inside the horizon, and we would like to
make this precise here.

First, note that given the single-trace operators (0%, ,, in
the set A, we can form the number operators: N, ,, =
G;' (n,m)(’),t,m(’)n,m, precisely as we did in Sec. IV C and
IV D, where G has the same meaning as there.

These operators effectively commute with the
Hamiltonian, [N, ,,. H] ~ O(), and also with each other
[Nym-Nww]~O(3). In a sense, these operators are
describing the excitation of “particles” above the black
hole state.

The eigenvalues of these operators N, ,,, are integral, and
for each such eigenvalue p, we can construct the projector
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P}, which projects onto a state with a definite eigen-
value'* of Nym

| m> P57m|\Ij>
pvns == .
Y PR

These states |p,n,m) do not satisfy (3.2) or (6.1). We
cannot construct the mirror operators on these states, and
these are precisely the firewall states.

States of different eigenvalues p are approximately
orthogonal. The original pure state can be written as

) =Y Pha0)=> d,

It is important that this superposition of states has an
interpretation as a smooth geometry although the individual
states in the sum above do not.

It is also useful to estimate the spread of p. At large N,

we expect that with Z = pe_ﬁ 2279 the coefficients d,
satisfy

p.n.m)y.

1
|dp‘2 = Ze_ﬂwnp'

Now, if we take p to be very large, say p = N, then the
formula for d,, is not really valid, but this formula suggests
that while we expect d,, to be exponentially suppressed it
should still be nonzero.

Put another way, we expect that the original state |¥)
contains a spread of “number eigenvalues” that is rather
large. This has an immediate implication for (3.2). For
example, if we try and annihilate the state |U) by acting

with a polynomial in the number operator, éijf (Npm = J)s
then we find that we must take j,,, to scale with N o« N?
before the polynomial annihilates the state.

Let us also briefly mention the link to the usual
Hartle-Hawking state, which is often written as an
entangled state of free-field modes. As we mentioned in
footnote ", we can still approximately diagonalize some
O(1) set of modes centered around frequencies @, ...®,.

As above, we construct mirror operators for
bn.,ml---bn,,.mp and for bl,,ml ...b,tp,mp. Then, for these
modes (ignoring their interaction outside this set), the state
of the CFT appears to be in the Hartle-Hawking state

B = %Z;e-ﬂwvz|{pi}>|{fa,»}>.

We have been careful to restrict the set of modes to an
O(1) set, to avoid complications that occur with the

“We cannot simultaneously project all the N,,, onto their
eigenstates. There are O(w; ! ) different regularized frequencies,
and a simultaneous projection requires us to multiply this many
projectors, where ﬁ effects become very important.
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interaction of these modes within themselves. However, as
we mentioned in Sec. III C, for the Hawking gas produced
by an evaporating black hole there is a description in terms
of a Fock space of an O(N) set of modes. It is clear, in that
case, that the Hilbert space is not large enough to literally
allow for the existence of a mirror operator for each mode.
But, as we have discussed many times above, these mirror
operators exist in a state-dependent sense and have pre-
cisely the correct properties unless we look at correlators
with too many insertions.

VII. CONCLUSIONS AND DISCUSSION

In this paper, we have shown that if we allow the
mapping between boundary operators and local bulk
operators to depend on the state of the theory, then all
the recently articulated arguments in favor of structure at
the horizon are effectively resolved.

We described in Sec. II that the issue of whether the
black hole interior is smooth or not could be reduced to an
issue of whether the light degrees of freedom of a single
CFT could be effectively doubled in a thermal state. We
showed explicitly how this could be done.

Our construction relies on the simple philosophy that
only low-point correlators of light operators (where the
number of insertions does not scale with A) could be
interpreted in terms of correlators of local perturbative
fields. So, the “doubled” operators that we need also need
to have the correct behavior only within such correlators.

We showed in Sec. III that this imposes a set of linear
constraints on the operators, that is much smaller than the
dimension of the Hilbert space that we are working within.
These constraints lead to a set of consistent linear equations
in a state that is close to a thermal state, since such a state
cannot be annihilated by the action of a small number of
single-trace operators. We wrote down an explicit solution
to these equations in (3.10). Hence, it is possible to
effectively double the number of degrees of freedom.

As we showed in Sec. IV, this completely resolves all
issues that might suggest the presence of structure at the
horizon. We showed how to resolve the strong subadditivity
paradox, while making the commutators of operators inside
and outside the horizon vanish exactly within low-point
correlators. We also explained why the “creation” operators
did not need to have a left-inverse inside the horizon, by
pointing out that their commutation relations with the
corresponding “annihilation” operators had to be obeyed
within correlation functions, and not necessarily as operator
relations. We also showed that our construction allowed an
explicit computation of the expectation value of N,—the
particle number, as observed by the infalling observer—
with the result that N, = 0. The argument of [9] breaks
down for state-dependent operators.

We can already study time-dependent correlators
about equilibrium states with our construction, including
those where the horizon of a black hole is excited.
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However, we also showed how to extend our construction
to cases where the mirror operators are built directly on top
of nonequilibrium states and showed that this gave us
results that were completely consistent with semiclassical
intuition.

We also pointed out that our construction, modulo some
technical features having to do with the presence of
conserved charges in the CFT, was the same as the well-
known Tomita-Takesaki construction that has played an
important role in the mathematical quantum field theory
literature.

We are left with the issue of whether state dependence
must be allowed, even in principle. Although various other
authors have explored subtleties in these arguments, which
may eventually invalidate them, the arguments of [9]
strongly suggest that it is not possible to find state-
independent operators behind the horizon,

In this paper, we have investigated how these arguments
break down, if we allow a state-dependent mapping
between the bulk and boundary operators. As we men-
tioned the state dependence of our operators is somewhat
similar to the state dependence of the density matrix in a
given state: p = |¥)(U|. The density matrix can be treated
as an ordinary operator, and given the density matrix for
some state |U), nothing prevents us from considering its
action on another state |U’), or evaluating (U’|p|¥’). In this
sense the density matrix is a usual operator in the Hilbert
space. However, it has a useful physical interpretation in a
given state |¥).

The situation in our case is certainly a little unusual, in
that the local quantum field in the bulk ¢cpr(x) itself seems
to depend on the state |¥). We should point out, as we
pointed out in Sec. II, that if we consider the bulk-boundary
mapping outside the horizon then this is also naively state
dependent, since the “transfer function” is different in the
vacuum, and the thermal state. At the least, it is clear that
the % expansion of the mapping depends on the state. The
authors of [9] have suggested [35] that it may be possible to
write down a state-independent operator that has the correct
behavior in a given state, presumably along the lines of the
gauge-invariant relational observables of [36]. However, it
would be nice to see a precise formulation of this statement,
including an analysis that we can make such a construction
stable with respect to quantum corrections.

We leave a deeper analysis of state dependence to further
work. However, in this paper, we have tried to analyze this
state dependence as carefully as possible, and we have
found that it does not contradict any expectations from
quantum mechanics.

We should mention that state-dependent operators have
also appeared, in parallel with our work, in [4]. The reader
should consult those papers for an alternate perspective.

Another important direction for future work has to do with
the “uniqueness” of our construction. This issue also exists
outside the horizon, where it is possible to write down a
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mapping between boundary and bulk operators. It has been
suggested [37] that bulk locality uniquely fixes this mapping,
but it would be nice to put this on a firmer footing. We
explore this question, to some extent, in Appendix A, but this
issue of uniqueness is even more acute for operators behind
the horizon and deserves further investigation.

We would also like to address some philosophical issues
regarding the relation of our approach to previous perspec-
tives on this problem. Our perspective in this paper has been
that low-point correlators in the conformal field theory can
be reinterpreted in terms of correlators on a semiclassical
spacetime. If we make the number of insertions too large,
scaling with the central charge of the theory, then the picture
of semiclassical spacetime breaks down. This is the funda-
mental limitation that must be respected according to us.

This delineates our perspective from some previous
approaches to this problem. Earlier perspectives on black
hole complementarity posited a picture of “observer com-
plementarity,” where the infalling observer and the observer
outside the horizon saw different “realities,” except that
they could never communicate to obtain a contradiction.
Some recent modifications of this approach have attempted
to suggest that each different light cone might admit its own
“reality.” In our opinion, these perspectives are not entirely
tenable, and we have not used them at all in this paper.

Our perspective is that there is a global picture of reality,
which can be accessed by a super-observer in the CFT. As we
have shown, this picture is consistent with correlation func-
tions, where the number of insertions does not scale with /. If
we exceed this bound it is approximate locality that breaks
down. This perspective on black hole complementarity—
where we do not attempt to find semiclassical bulk interpre-
tations for \/-point correlators—resolves much of the con-
fusion surrounding the information paradox in AdS/CFT.
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APPENDIX A: ﬁ CORRECTIONS, ALTERNATE
PURIFICATIONS, AND UNIQUENESS

There are two parts to our construction of the mirror
operators behind the horizon. One of them is (3.18), which
tells us that the mirror operators commute with the ordinary
operators. The second is (3.17), which tells us their
correlations with ordinary operators. As we have men-
tioned many times above, we expect (3.18) to hold
unchanged when ﬁ corrections are included, but (3.17)
should receive corrections at first nontrivial order in ﬁ

To compute these corrections is a formidable task, even
for simple Witten diagrams outside the black hole particu-
larly in a state with energy that scales with O(N'). Unlike
vacuum Witten diagrams, where ﬁ corrections correspond
to bulk loops, here, we also have to be careful about the
ensemble (canonical vs microcanonical) in which we are
working. Nevertheless, in the first part of this section, we
discuss how we would modify our prescription if someone
were to give us the right answer. This brings up the issue of
the uniqueness of our construction that we discuss next.

1. Accounting for -\, corrections

. . 1 .
In principle one could compute 3, corrections to the

Bogoliubov coefficients that translate between quantization
on the Schwarzschild slices and the nice slices. To our
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knowledge, no such computation has actually been per-
formed in anti-de Sitter space. However, let us say that such
a computation of Bogoliubov coefficients in the bulk tells
us that we should use not the thermofield doubled state, but
the state

|\I/>doub = Zcij‘Ei>0ut|Ej>in’ (Al)

ij

to do bulk computations. This indicates that the state |E;),
in the Hilbert space of the field theory of the outside
Schwarzschild observer is entangled with the state |E;);, in
the field theory of the inside observer.

Here C;; is a matrix that tells us the entanglement between

the two sides. Obviously, if we take C;; ﬁ ¢35, we get

lj’
the thermofield doubled state. We are 1nterested in matrices
C;; that are close to this form, and differ from it by 4
corrections. However, below, we will not assume anything
about C;; except that it is invertible.

Note, however, that given a pure state in the theory | V),
and a set of observables A, we cannot mimic the state
| W) goup for any arbitrary matrix C;;. We have the very
important consistency condition, that for correlators of
ordinary operators in A

doub (IAL W) gour = (YA, |P), VA, €A, (A2)
where these elements of A can, of course, be products of
smaller elements. We see why the thermofield doubled state
is generically a good choice to leading order in ﬁ In this
state

1
UIA, W) = Te(e1A4,) = (UIA | T) + o(—),

N

for almost any equilibrium state |¥). However the O(4;)
corrections above also tell us that in general, at subleading
orders in N, this consistency condition requires us to use a
more general state of the form (A1). We show how to now
correct (3.17) for a state of the form (Al).

Just as in (3.7) and (3.5), as usual, for each operator,
Ap|E;) = (A,);|E;), we have the mirror operator, which
acts on the other side: AdW®IE) = (A p);i|E ). This is the
operator, that in a physical sense acts in the same way on
the other side, because the |E;) form a privileged energy
eigenbasis. For example, we could go to the Schmidt basis,
in which the entanglement is diagonal and then ask for the
operators that act on the other side of the Schmidt basis in
the same way, as we did in Eq. (6.9). The reader should note
that we are asking a slightly different question here.

Now, note that, in the state |¥) 4, We can convert the
action of A%"®, which acts only on the tilde states, to an
action of operators that act only on the ordinary states

PHYSICAL REVIEW D 89, 086010 (2014)
AR 1) o = Cij (A1 ED | E)
= Cij(Ap)Zj<C_1)k1C11n|Ei>|Em>

v

= (CT'ALC)yCrnl ENNE) = AL W) o,
where all repeated indices are summed
A, =C'A)C,

and Cﬁ]Clm = 5im‘

Now, to mimic the action of the mirror operators in a
state |U) 4oun» We expand the set of observables A to include
the observables A » and then we simply define our tilde
operators to satisfy

A,|T) = A,|T). (A3)

Once we can define the tildes to have an action on the state
of some product of ordinary operators, simply by commut-
ing them to the right

A, Ay, A,

T) = A ),

P P2 pm pl

and use this, by induction, to define the action of a product
of tildes as well.

We can again check that this definition works correctly to
reproduce correlators of products of simple operators. We
see, from an application of the rules above, that

Ap,| ) = A22

I’? Pl

On the other hand, we can also check that

ARPASL|D) = (A, )ik (Ap, )i Cil ) ED)
:Cij(Apl)lk( pz)kj ﬁlctmlEi>|Em>
- CA;2A;|C_1|\Il>doub'

So

‘I’IA%?“bA%Z“bI‘I’>doub-

P1 P2

= doub <

By an extension of this to higher products we can check
that, just as desired,

<\P|A pmApm+] pn|lll>

W|Adowd, Adouby A

Pn \I]>doub'

= doub< Pms1""

2. Uniqueness

This discussion brings up another point. If we are given a
state, and bulk correlators, how do we fix the matrix C. For
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an equilibrium state, it is reasonable to choose C to be
diagonal in the energy eigenbasis.

Geometrically, this is the following statement. Consider
a black hole that has reached thermal equilibrium. If the
black hole was formed from the collapse of a state with a
narrow band of energies, it may not be well represented by
the thermofield doubled state. However, it should still be
well represented by the state

Ydoub = Zcii|Ei>|Ei>'

For example, if the original black hole is well represented
by the microcanonical ensemble, then we could take C;;
above to be constant for a given range of energies, and zero
outside. Geometrically this also corresponds to an “eternal
black hole,” but where the entanglement corresponds to the
microcanonical ensemble. This geometry differs at O(%)
from the canonical eternal black hole geometry.

Both these geometries share the property that they are
invariant if we evolve forward in time on the right, and
backward in time on the left. In the bulk, this is an isometry
which rotates a spacelike slice passing through the bifur-
cation point.

If we do make the assumption that C is diagonal in the
energy eigenbasis, then our tilde operators are essentially
fixed. This is because the eigenvalues C;; can be set by
measuring expectation values of ordinary operator A, in the
state |¥) and demanding (A2).

However, a note of caution is in order here. Even if |U) is
in equilibrium, as defined in V, and (A2) holds, it is not
necessary for C to be diagonal. This is because we see

aoun (T €A e ) o, = CijC;kAikei(Ei_Ek)l-
Now, it is easy to see that even for a generic matrix C, that
satisfies Tr(C'C) = 1, the time dependence above is
extremely small.

Note that this question could also be raised about the
correspondence between the eternal black hole and the
thermofield doubled state. What sets the precise form of
the entanglement there to be diagonal in the energy
eigenbasis? One answer would be that the bulk theory
has the isometry above, where we can rotate a spacelike
slice about the bifurcation point. However, this isometry
exists to excellent precision even if we change the structure
of the entanglement. This issue is related to the issue of the
uniqueness of our construction. We leave a more detailed
study to further work.

APPENDIX B: CHOICE OF GAUGE

We now briefly discuss our choice of gauge in (3.19).
The construction of local operators corresponding to
charged fields was also discussed in recent papers
[16,37,38].
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First, we briefly remind the reader of the nonlocal
commutators that result from working in a fixed gauge.
We take the example of scalar QED in curved space,
although non-Abelian gauge theories lead to similar results,
and we believe that our qualitative conclusions should also
hold for gravity.

Let us put the metric in the standard ADM d + 1 form:

ds? = —=N2di* + hij(dxi + Nidt)(dxj + det)'

With this split, we have

v=9=VhN,
and the components of the inverse metric are
00 __ 1 NZ. ij hij Nle NZ. 0i Ni
9" =-1/N* gV =h"- /NS g =17
B1)

The Lagrangian density for scalar QED is given by
1 v
L= _ZF’“’FM — J A" + Loatters

where J# is composed of the matter fields, but we are not
interested in the matter Lagrangian here, except for the
Poisson brackets it will induce with the matter field.

We see that we can write

1 1 . oo
1 F,F" = 2 FoiFo;(9%g7 — g% ¢"")
1 . . 1
+ 5 FoiFu(g™g" — " g*) + 1 FonFug™q",

(B2)

where all Latin indices run only over the spatial direction.
This can be simplified by using the form of the inverse
metric given above

1 hil Nk
ZF/“’FMD — _WFOJ'FOI' +Wthk1F0i

1
+ 1 FF g g™

Now, we go over to the Hamiltonian formalism to make
contact with quantum mechanics. We use i for the spatial
directions only. We find that

i _ aL _ 0i
W) = 5500~ 7

Note that we have
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FOi — OygpiFMp — (googji _ nggOi)FOj + gOkgliFkl
hii Nk
— i
= _NZFOJ' —I—Nzh Fu,

which is entirely consistent with the expansion of the
Lagrangian above in (B2).

Just from the structure of the Lagrangian, we have the
“primary”’ constraint

¢ =T =0. (B3)

Following Dirac [39], we will use the notation ¢, to denote
the various constraints that will arise.

We proceed to work out the Hamiltonian. As usual, the

sign of the term quadratic in Fy; is reversed and the the term
linear in F,; drops out. We see that

'9,A 1F F =TI(F 0:A 1F Fr
o i+Z Wb =TI (Fo; + iO)+Z v

1 hV 1 Kl in
:EWFOjFOi‘FZFkIang g
+1119,A,

1 . Nk
= Ehl] (Hl +mhllel>

N
X <HJ + Wh"]an>

1 .
+ 1 FiF g™ " + IIO,A,.

Using the form of the inverse metric given in (B1), we find
1 1
gkmglnanFkl — (hkmhln _ m hkleNn _ m hlnNkNm
+ NIN"N’”N”) F,.Fu
2 km a7l
=F,,F" ——F,, W"N'N"F,,
N2

where as usual, the spatial indices have been raised using 4.
We see that the second term above precisely cancels with
the term that appears when the whole square involving the
momentum in the Hamiltonian is expanded out. So, we find
that finally

. 1 1 1
TUOA; + 3 Fu P = STLIV + IONFy + 1 F,, ™"

+I1'0,A,.

This leads to the Hamiltonian density
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HO = [HiaoAi - E + U]HO]d3X

1 1 .
= STUIT - TUNYFyy o 2 F, P TUO,Ag + YA,

Of course, the Hamiltonian is given by Hy = [ \/=gH,.

We have called this Hamiltonian density H,, since we
will have to modify it systematically to get consistency with
the constraints as laid down in Dirac’s procedure. To start
with, we also need to include a term U,II° for the
constraint, as specified by Dirac. Here U; can be an
arbitrary function of the A; and the conjugate momenta
IT'. After adding this term, we have the modified
Hamiltonian H; = Hy + U, ¢;.

Now, to preserve the constraint we require

{HO,HI} :O

Recall that when we compute the Poisson brackets, by
definition, we have

{Ap(x). T(¥)} = %:wa )
(%), T (&' :L’:dx—x’
(A0 V() = ol =),

where we have suppressed the time coordinate, which is
always equal in the quantities in Poisson bracket. The
additional factor of /=g appears because of the way we
defined our Lagrangian, without the ,/=g.

So, we see that the Poisson bracket above immediately
leads to the Gauss law

I
Nai

So, we have obtained ¢, as a secondary constraint. We see
that (B4) does not lead to any further constraints because

{0;v/=g()IT'(x), Fin (v) }
= 0u/=g(x) [5;@

¢ = (B4)

9;y/=gI] +J° = 0.

1
=9(y)

8 (x =)

. 1
- 5;8},m —_géd(x - y):| = O, (BS)
since we can convert the (—g)2(y) to a (—g)~2(x), using the
delta function, pull it out of the derivative, and then cancel it
with the (—g)2(x) that accompanies the momentum.

As a result, we see that we have

{#2.H\} = (0;v/=9)" +{\/=9Jo.H,}) =0,

where we have not displayed terms that vanish because of
(B5). We are implicitly assuming that when we write down
the matter Lagrangian, it gives rise to
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{V_gJO’Hl} +ai\/—g‘]i = Ov

as an identity.
We now write a second Hamiltonian as

H, = / V=9(Hy + Us¢,),

where U,, for now, is another arbitrary parameter.

However, we see that we cannot fix the Hamiltonian
uniquely, and that U and U, are left undetermined. This is
because (B3) and (B4) have zero Poisson bracket with each
other, so they are first class constraints.

At this point, in principle, we could restrict ourselves to
only gauge invariant operators. In this language, the analogue
of local fields would be fields with Wilson lines attached to
them. Here, we will take a slightly cruder approach of simply
fixing the gauge, since that is more convenient from the point
of view of constructing local bulk observables.

PHYSICAL REVIEW D 89, 086010 (2014)
1. Gauge fixing

To convert these first class constraints into second class
constraints, we will consider a set of “algebraic gauges”
which are fixed by imposing

k

N
3 =A,=0; (154:1'[“—1—ka“—8qu:0.

(B6)

The second constraint is meant to impose F,q + 0,Ag = 0.
For example, in flat space, we could take a = 3 to get the
axial gauge. The reader should keep in mind that a is not a
dummy index in this section but is fixed to be the index of
some particular spatial coordinate.

Note that we now have the following matrix of Poisson
brackets between the constraints

0 0 0 = (x—y)
0 0 — a0l (x =) 0
Cmn<x’ y) = {¢m(x)’ ¢n(y)} = 0 1 _a 6d 0 haa 5d
J=9(x) By (x—=y) Ne (x=v)
Fnyaadl(x =) 0 T25'(x—y) 0
|
We write down a third Hamiltonian: {,(x), Fu(y)} = oy (x){T1°(x), Fiu(y)}
1 0
= h,(x sb — & (x - y
h( ) 1 \/_—g(x) ay ( )
Hy = H, + / V=9(Uss + Usgpy)d’x. (B7) + o 1 il(;d(x —y)
V=9(x) 0y
= h“l<)(c)> Dyl (x —y)
\/—glx
For consistency, we need to ensure that (B3), (B4), (B6) g
are all consistent with the Hamiltonian (B7), hai(x) d(y _
+ 6y15 (x y).
V=9(x)
{¢pn.H3} =0, form=1,2,34. Consequently,
m =I03Py b = —g far)
where all the equations have to hold in a weak sense. a(x), IWEuF () = V=9(x)
The main thing to calculate is
X Or/=gF" (x),
{Ha(x)/\/_gNkankldY} == hat(x) Ov/—9
V=9(x)

{¢47H3}'

We note that

x (NFIT! = TI'NK).

Putting all this together, we see that
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{¢47H3} = %){3{) 8k\/__ngl(X)
_% k\{\,—jg(NkHl _HlNk) _Ja
+ x—;{ <6k <Ha + %FW + aaA())

NP
-0, <Hk + 7 Fot akA())) —0,U, - Us.

We also see see that

{¢3’H3} = ¢4 - aaUZ - haaU4’
{¢. H3} = 05Us.

{¢1.H3} = 03Uy,

We can solve the equations above as follows:

U2:0, U3:0, U4:0,

U, = / (al0), H e,

In the last line, we have explicitly displayed the dependence
of the quantities on the spacetime coordinates. These
solutions are not unique. For example, in the first line
above, we set U, = 0, although, technically we could still
set U, to be a function of only the x, y coordinates; this is a
symptom of the residual gauge invariance after our gauge
fixing.

So, finally we end up with a nonlocal Hamiltonian,
which is just H; with the solutions for U;...U,
substituted,

| Nk 1 .
H, = / NVh [Eninl +1r v F g Fn P+ TU0;A

+JFA, +TI0 / (44(0), Ho}dc:] dix.

a. Quantization

Finally, we turn to the nonlocal commutators we get by
quantizing this theory. To do this we have to use Dirac’s
prescription. First, we need to find the inverse of the matrix
C,..- Note that this is defined by

/Dmn(x - y)Cnp(y - Z)dy = ampéd(x - Z)'

We need solutions to the following differential equations:
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g (A ) = 0-)

V=9
0 1 h
——B(x,y) = 2 A(x, v).
FR= (x.¥) N (x,)
We see that

Dmn(x_y) :5d('xl _yl)éd(-XZ_yZ)

0 Blxy 0 Ay
—B(x,y) 0 A(x,y) 0

0 —A(x,y) 0 0
A(x,y) 0 0 0

A solution to these differential equations is given by
Ax,y) = /=g(0(x* = y*) + A(%.9))

1

B(x,y) = /- dx‘h,, —— A(x, B(%,9) ).

() = v [ o= Aw) + 825 )
where the dependence on X and § means that A and B do not
depend on x“. So, we see that we have two arbitrary
functions A and B. This is because our gauge-fixing
condition does not completely fix the gauge. We will
ignore these functions for now.

Now, the Dirac prescription is to consider Dirac brackets
given by

[.7:, g]D.B. = {‘7:’ g} - {f» ¢m}Dm"{¢mg}-

We are finally in a position to compute commutators
between the electric field and the scalar field. When we
write down the matter Lagrangian, we get a current that
should satisty

1
{1(x). @)} = ——=8"(x — y)®(x).
Vant’)
So, the interesting commutator that we want to investigate
is

(). $ (3o, = — / dz,d2y {T(x). s (21))

X D32(Zl, 22){¢2<Z2)7 (I)(y>}
= 0(x* — y%) + A(%, 9).

This is a simple and universal result. However, notice that
the choice of the function A(%, ) gives us some freedom in
choosing the exact commutator, as we point out below.
Now, we apply all this to the case of the AdS black brane.
In the region outside the brane, we choose the gauge
A, =0. Recall that this is the gauge that must be
chosen close to the boundary in any case to get the
usual relationship between bulk and boundary correlators.
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We choose the function A = —1, and this leads to the
commutators

[=(2, x1), p(1, %2)|pp. = —0(21 — 22)8%" (x1 — x2).

The physical interpretation of this commutator in terms of
Wilson lines is simple. We think of the field ¢ as being
attached to a Wilson line that goes all the way to the
boundary at z =0, along a path of constant spatial
coordinates. So, if the electric field operator is placed at
a smaller value of z (closer to the boundary), it intersects
the Wilson line, leading to the nonzero commutator above.

Now consider the region behind the horizon. In this
region, z becomes a timelike coordinate and ¢ becomes a
spatial coordinate. We now choose the gauge A, = 0. Now,
we find the commutator

[T (z,x1), p(2, %) Ipp. = =0(1) = )57 (x) = x3),

where the last 8! excludes the § function in z, of course,
which is now playing the role of a time coordinate.

This formula suggests an amusing interpretation in terms
of Wilson lines. The operators behind the horizon have
Wilson lines that extend deeper into the black hole, and
eventually reemerge near the boundary through a worm-
hole. So, their charge can be measured at infinity, but not
their position.

2. Mirror operators below the Hawking-Page
temperature?

We now discuss another issue that has sometimes been
raised. We expect the tilde operators to exist in any thermal
state, including one where the temperature is low enough
that the dual state is represented by a gas of gravitons,
rather than a black hole. What is the significance of mirror
operators below the Hawking-Page temperature?

In fact, the issue of gauge invariance helps us here. The
mirror operators cannot be used in any region that is
connected to the boundary. First, note that the form of the
equal-time commutator between a conserved current and a
charged local operator is fixed by locality. We must have

[/°(1.9). O(1. @)] = qO(1. Q)57 (Q - Q),

where the delta function is understood to be correctly
normalized on the sphere. Clearly, the commutation rela-
tions that we have imposed in (3.19) are not of this form.
So, the O operators cannot be understood to be local
operators on the boundary.

Now, this also implies that they cannot appear in fields,
in a region that is not causally separated from the boundary.
We could, otherwise, take a limit as these operators tend to
the boundary, and the commutator would have the wrong
form for a local field. This fact, by itself, implies that the
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mirror operators O do not appear in expressions for local
bulk fields below the Hawking-Page temperature.

To conclude, the existence of the (O operators is
necessary to construct fields behind the boundary.
However, just because they can be defined in a state in
the CFT does not mean that they appear in the expressions
for bulk fields.

3. Constructing the other side?

For the same reason, it is clear that the mirror operators
do not really represent a region III of the black hole. Note
that, in the eternal black hole geometry if Q is the charge
that we are measuring near the boundary of the first CFT,
and O'(7,Q) are operators in the second CFT, then we
would have [Q O'(1,)] = 0. The commutation relations
(3.19), which allow us to measure the charge of the O
operators from the boundary, tell us that boundary of the
CFT always covers the region in which the O operators live.
This seems to suggest that we cannot really reconstruct
region III from our construction.

APPENDIX C: THE “MEASUREMENT”
ARGUMENT

The first AMPS paper contained the statement “We can
therefore construct operators acting on the early radiation,
whose action [2] is equal to that of a projection operator
onto any given subspace of the late radiation.”

This statement by itself does not lead to any paradox.
The apparent paradox appears when we also consider the
radiation behind the horizon and this leads to a seeming
violation of the strong subadditivity of entropy. We have
already discussed this issue in Sec. IVA. There, we also
discussed in detail how it was not possible, while remaining
within a framework that is described by semiclassical
spacetime, for the observer to distill the part that is
entangled with the late radiation.

However, even if the authors of [2] did not intend this,
the statement above has led to a misunderstanding that the
existence of these operators acting on the early radiation,
that can project the late radiation onto a given state,
ipso facto, implies that the horizon may have a firewall.

In this appendix, we clarify some of these basic issues.

“Acting” with operators.—The basic fact to realize is
that even operators that are localized to a region “acting” on
a state can produce unusual effects far away from the
region. In fact, the Reeh-Schlieder theorem tells us the
following. Consider a local quantum field theory, and
the set of local operators acting on some open set M,
which we denote by ®(M), and any state of finite energy
|Q2), which may even be the vacuum. Then, the set
®(M)|Q) is dense in the full Hilbert space H.

For details and references about this theorem see [31].
This theorem has to do with the fact that even the vacuum
state has long-range entanglement. So, by delicately
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t

FIG. 11 (color online). Implication of the Reeh-Schlieder
theorem. A spacetime diagram shows how operators in the
bounded region M can create the sun S at large spacelike
separation.

manipulating even a localized region of this state, we can
create whatever we want even in the causal complement of
the region. The physical implication of this theorem in
shown in Fig 11.

This theorem does not imply any violation of locality. In
fact, from a physical perspective, we can modify the
Hamiltonian and cause the state to undergo unitary evo-
lution, but we cannot “act” with some arbitrary operators on
a state.

Complicated measurements.—Now, it is also well known
that very complicated “measurements” do fall into the class
of actions that can be obtained through unitary evolution.
We could turn on a Hamiltonian that would entangle a local
quantum field theory with another much larger system and
permit us to measure some quantity with great accuracy.
The next simple point we want to make is that if we actually
perform such a measurement, it can disturb the system and
again lead to funny effects.

As we have already explained in Sec. IVA, if we try to
measure the early radiation to distill the part that is
entangled with the late radiation, there is no reason to
expect that this operation will have a simple semiclassical
interpretation because it will involve insertions of operators
with energies that scale with .

However, even some measurements that may have
spacetime interpretations can disturb the system enough
to create a firewall. This is particularly true of measure-
ments that are extremely sharp i.e. measurements where the
associated projection operators project onto an extremely
low-dimensional subspace of the Hilbert space.

Here, we point out how this phenomenon can be seen
even in the flat space Minkowski vacuum. We will show
how, by a very special measurement in the Minkowski
vacuum, we can create a firewall at the Rindler horizon.
Consider quantizing a massless scalar field (¢ = 0, in
d + 1-dimensional spacetime, with metric

ds? = —di* + dz? + dx?,

where x is a (d — 1)-dimensional vector. In region I
(as shown in Fig. 12), we transform to the coordinates
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t = osinhr, z =ocoshr,
so that the metric becomes
ds? = —62d7?* + do? + dx?.

We can quantize the field in region I (as shown in the
figure) using the expansion

1
X |——=ay re
[\/260 *

For region IIl, we use the coordinate transformation
t = —osinhz, z = —o cosh 7 and expand the field as

dod® 'k
(27)4

2K, (ko) ]

—iwt+ikx Lo

—— 4+ H.c.
M (iw)|

dwd" 'k
7,0,X) = _—
$(z.0.%) / S
1 . 2K, (ko) ]
X |—=a,, elorike 1O "7 + Hee.|.
[m o (i)

Now, it is well known, that in this expansion, even the
Minkowski vacuum appears as an entangled state,

| nink = Z‘f_”E|E>I ® |E) i,

E

where the sum over E runs over the entire Fock space and E
is the energy of the state in this Fock space.

Now, consider an observer who lives in region I for a
long time and makes an accurate measurement of the
Rindler energy. At the end of this process, the observer is
entangled with a superposition of states in the Fock space
that have the specific energy corresponding to the result of
his measurement. However, the stress-tensor in a state with
a specific energy diverges at the Rindler horizon [40].
Hence, for the observer O shown in Fig. 12, this creates a
firewall as he crosses the Rindler horizon. Obviously this

FIG. 12 (color online). An observer who measures the Rindler
energy, and then tries to cross the Rindler horizon, encounters a
“firewall.”
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does not mean that the Minkowski vacuum has such a
firewall, but merely that a very sharp measurement,'” which
effectively involves entangling the system with an
extremely large measurement ‘“‘apparatus,” can disturb
the system enough to create unusual objects.

State dependence of the AMPS projection.—Finally, we
would like to mention that the projection that AMPS
consider [2] is state dependent. We are merely pointing
out this fact, and do not attach any special significance to
this issue, since we feel that state-dependent operators like
the density matrix or the mirror operators that we have been
considering are useful.

Note that AMPS would like to consider a measurement
(in their notation) where the state of the black hole after the
Page time is

) =Sl @ i)

where E indexes the early radiation and L indexes the late
radiation, since dim Hg > dim’H;. AMPS point out that
for any state |i), of the late radiation and the corresponding
projection operator P’ = |i), (i|, we can define another
projection operator P! written in terms of the early radiation
such that

PiIW) % PI|U) = |y} ® |i),. (C1)

We can write

Pr= 1) (Y], @1,

However, since the precise state [¥;) that is correlated with
|i),; depends on the state |¥), this projector P' must be
correlated with the state |¥) to perform the action (C1).

APPENDIX D: TECHNICAL DETAILS OF THE
TOMITA-TAKESAKI CONSTRUCTION

In this appendix we present some proofs of statements
made in Sec. VI. For illustrative purposes we concentrate
on the case of a finite-dimensional algebra acting on a
finite-dimensional space Hy, because then the proofs are
easy and we do not need to worry about issues of
convergence. Of course, in the finite-dimensional case
the quickest way to prove these statements is by working
in an appropriate Schmidt basis, as was done in Sec. VIC.
Here we provide an alternative presentation which may
help the reader in following the more elaborate proofs for
the infinite-dimensional case, which can be found in the
mathematical literature [32].

Remember that we have the finite-dimensional algebra A
acting on the Hilbert space Hy. We assume that if A € A

BIn this case, unlike the AMPS scenario, the measurement
merely has to be sharp and not even fine-tuned.
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then AT € A. Clearly A is a von Neumann algebra. We also
assume that states of the form A|¥), A € A span the entire
Hilbert space Hy, which means that the vector |¥) is cyclic
for the algebra A and also that A|¥) = 0 implies A = 0,
which means |WU) is separating. Below we present the
proofs of various technical statements that enter in the
construction of the mirror operators in the language of
the Tomita-Takesaki framework.

First we define the commutant A’ (the set of operators
acting on Hg which commute with all elements of A),
which is also a von Neumann algebra. The von Neumann
bicommutant theorem guarantees that

(A) = A

For a proof of this classic theorem we refer the reader
to [32].

Then we show that if |¥) is cyclic and separating for A
then it is also cyclic and separating for A'.

Proof: (i) First we will prove that the vector |¥) is
separating for the algebra .A’. Suppose we have an operator
A’ € A such that

A'|T) = 0.

We will show that implies that A" =0 as an operator.
Consider any other vector |A) in Hy. Since (by assumption)
|W) is cyclic for the algebra A, it means that we can find an
element A € A such that |[A) = A|¥). We have

A'|A) = A'A[D) = AA/|T) = 0,

where we used that [A,A’] =0 and the assumption that
A’|¥) = 0. From this equation we find that A’ actually
annihilates every vector in Hy, hence we find the operator
equation

A'=0.
(ii) Then, we will prove that the vector |¥) is cyclic for the

algebra A’, which means that for every vector |[¥') € Hy,
there is A’ € A’ such that |U’) = A’| V). Define the space

v =AY,
The space H, is a subspace of Hy. What we need to prove is
thatactually H, = Hy. Define as P the projection operator on
Hy'. Itis clear that P commutes with all elements of A’, hence

P € (A") = A. This means that we have

(Z-P)¥) =0,

and since (Z — P) € A and since, by assumption, |¥) is
separating for .4 we find that P = Z, or H}, = Hy, which
shows that |¥) is cyclic for the algebra A.
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Under the previous assumptions (i.e. that A4 is a
von Neumann algebra acting on Hy and that |U) is
cyclic and separating) we define the antilinear operator

SA|U) = AT| ).
It is clear that
§?=1,
and also
§|®) = |0).

Since S is antilinear, the Hermitian conjugate operator is
defined by

(14). S|B)) = (IB). S|A)).
We will now prove that for all A’ € A’ we have
STAW) = (A1), (D1)
Proof: Consider any state |B) € Hy and multiply both

sides of (D1) with (B|. Since |¥) is cyclic we can write
|B) = B|V) for B € A and we have

(BISTA'|W) = (B| D). STA'|¥)) = (A'|¥), SB|W))
= (V|(A)TBT|¥) = (¥|B"(A)"|¥)
= (B|(A)"|¥),

which is indeed true.
From the previous item it follows that

STW) = | ).
We define the linear operator A: Hy — Hy by
A=S'S.
From the previous results it is obvious that
AlT) = D).

We show that A is Hermitian and positive (all eigenvalues
strictly > 0).

Proof: Consider any two states |A), |B) of Hy which can
be written as |[A) = A|W), |B) = B|V), with A, B € A. We
have

(A|A|B) = (A|¥). S'SB|¥)) = (A|¥). S'BT|))
= (B'|¥). SA|¥)) = (BY|W)AT| D)),

or to summarize
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(AJA|B) = (V|BAT| D).

Similarly

(B|AJA) = (U|ABT| V).

From which we see that A is Hermitian. To prove that A is
strictly positive we notice that any state in Hy can be
written as |A) = A|U) for some A # 0. We have

(AJAJA) = (U|AAT|T) = [|AT[W)[]> > 0,

since by assumption that |¥) is separating, AT|¥) # 0.
Since A is Hermitian and strictly positive, it means we
can define the inverse A~! and all other powers A%, z € C.
Now we show that for any A € A and any A’ € A’ we
have

SAS e A, (D2)

STA'ST € A (D3)
Proof: Since | V) is cyclic for A, any vector |B) in Hy can
be written as |B) = B|¥) with B € A. Consider any
operator C € A. We have

(SAS)C|B) = SABTCT|\II) = CBAT|\II>,
and also
C(SAS)|B) = CSABT|\I!> = CBAT|\I/).

Hence
[SAS,C] =0,

as an operator, for all C € A, or SAS € A'. Similarly we
prove STA’ST € A.

We consider the polar decomposition of S as

S =JAY2, (D4)

Here we define A'/? to have positive eigenvalues. We will
now prove that
JAVZ2 = AT1/2) (D5)

Proof: Since we defined J = SA~!/2 this can also be
written as
A28 = SA71/2, (D6)

Multiplying both sides from the left by S* and using S*S =
A we find that we have to prove equivalently

STAV2S = AV/2,

We argued before that the right-hand side of this equation
is a positive operator. We briefly show that the left-hand
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side is also positive. For any nonvanishing state |A) = A|¥)
we notice that S|A) = A|W) is also nonvanishing. Hence

(1A). STAI2S|4)) = (A|D), STAV2AT|W))
= (A2AT|W), SA|¥)) = (V|AA2AT|W) > 0,

since A!'/? is a strictly positive operator. This demonstrates
that both sides of Eq. (D6) are strictly positive. Hence to
prove that equation, we can just check that the square of the
equation is true. The square of the left-hand side is

STAI2SSTA2S = STAIZA-TALZS — §TS = A,

which is the square of the right-hand side, as we wanted
to prove.
Now we prove that for any A € A we have

AAA' € A
Proof: We have
AAA~! = STSASST = ST(SAS)ST.

From the relation (D2) we find that SAS = A’ for some
A’ € A'. But then from (D3) STA’ST € A, as we wanted
to prove.

By induction we can prove that

A"AAT"e A, m=0,1,2,...

Actually we will now prove that

A*AATe A, zeC.

Proof: To do this, we will show that for any z € C the
operator AAA™% commutes with all elements of A" and
hence it belongs to (A’) = A. Consider any elements
A’ e A'. We will prove that the commutator [A°AA™%, A']
vanishes. Notice, we have already proved that it vanishes
when z = positive integer. Consider the matrix elements of
this commutator on any two states |V,), |¥,). We define
the function

1
= W (U |[ATAATE AT]|D,).

f(2)
Here we defined the norm ||A|[| of the operator. Since A is a
finite-dimensional (positive) matrix, the function f(z) is a
holomorphic function of z. It is zero at z =0, 1,2, ... and
does not grow too fast at infinity. Then by Carlson’s
theorem it is identically equal to zero. Hence for any z
and any A’ € A" we have [A’AA™%,A’] =0 and hence
A*AAT* € (A) = A, as we wanted to prove.
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This shows in particular that

AZAAT2 e A (D7)
If we remember equations (D4), (D5), we can write
J = AY25 = SA~'/2, Hence

JAJ = AV2SASATV? € A.
by combining (D2) and (D7)
JAJ e A
and similarly
JA'J € A

So if we define the mirror operators as
A =JAJ,

then we see that they commute with the original operators.
Moreover we can easily show that any element in A" can
be written as JAJ for some A € A hence the previous
inclusions are actually equalities
JAI = A, JAJ=A.
Let us also summarize the other important result we derived
above

ANAATT=A, NAAZT=A.

The latter equations can be interpreted as follows. If we
write A = ¢~ X these equations show that
eiKtAe—iKt =A eiKzA/e—iKt = A
so the two algebras A, A’ are closed under “time evolution”
using the modular Hamiltonian K.

APPENDIX E: NUMERICALLY COMPUTING
THE MIRROR OPERATORS IN
THE SPIN CHAIN

In the main text, we have proved that the mirror operators
exist under the appropriate conditions. Nevertheless, it is
still fun to see this in an explicit numerical computation.
The spin chain provides us with a nice toy model, in which
we numerically compute the mirror operators and examine
their matrix elements.

We include a MATHEMATICA program ‘“‘spinchaintil-
des.nb” with the Supplemental Material available with this
paper that performs this computation [41]. Here, we
provide a few comments to help the reader understand
this program.
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The numbers involved.—In the text, we have proved that
these mirror operators exist in the spin chain provided that
we take the number of insertions K, so that we have

K
DA:Z<'/>/>3/§2N.

j=0

(ED

Note, that, in the text, we have always taken the
dimension of the set A to be much smaller than that of
the Hilbert space, D4 <« Dy, to avoid issues with edge
effects. However, as we see here, we actually need a much
weaker condition, and in the case of the spin chain the
precise condition is specified in (E1).

It is interesting to examine the numbers that are involved
here. Even for K = 2, the first value of N for which D 4 <
2Vis N'=9. For N' =9 and K = 2, we have D4 = 277
compared to 2° = 512.

If we want to take K = 3, we see that we must take
N > 14. With N = 14, we have D 4 = 10690 compared to
2!4 = 16384. Since the algorithm below involves the
inversion of a D4 x D4 matrix, we see that it rapidly
becomes expensive to find the tildes for higher values of K.

Algorithm.—Now, we briefly describe the algorithm
used to do the numerical computation.

First, we compute the set of all possible products of §/,
operators, up to K operators. These products are put
together in an array, that we can call 7, here. It is clear
that the index a ranges from 1...D 4.

Now, we take a state

0) = S ayB).

where the ap are chosen to be arbitrary complex coef-
ficients, satisfying |ag|> = 1.
Then, we generate the set of vectors

|Ua> = fa|\11>
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Now, we have two choices. We can either compute the
antilinear map S, and then generate the mirror operators, or
else just solve Egs. (3.35) and (3.36). Computing S might
seem a little more efficient, because we need to compute
this antilinear map only once, and then evaluate (6.3). (For
the spin chain, A =1, and so S = J.) However, since we
need to consider SsiS¢Z;, we see that we need to compute
the action of S on a product of K + 1 spin operators. As we
pointed out above, increasing K is expensive, so in this
program we simply compute the mirror operators for each
a, i separately.

Consider some particular i, ay. So, we need to solve the
equations

5200711' = —fisi?o\‘m = |u;).

Now, precisely as in (3.8) we consider the “metric” defined
by

9ij = <Ui|7fj>,

and “invert” this metric to get ¢/* satisfying

gjkgki = 5{

This is the numerically expensive step because this matrix
is D, dimensional. In terms of this metric, precisely as in
(3.10), now we have simply

55100 = gjk|“j><vk|-

The reader can experiment with this program. These
explicit numerical computations show, for example, that the
commutator of the mirror operators with the ordinary
operators can be a rather complicated matrix, but precisely
annihilates the state and its descendants produced by acting
with some number of ordinary operators.
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