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We carry out a systematic study of the renormalization properties of the integral equation that determines
the momentum evolution of the effective gluon mass in pure Yang–Mills theory, without quark effects taken
into account. A detailed, all-order analysis of the complete kernel appearing in this particular equation,
derived in the Landau gauge, reveals that the renormalization procedure may be accomplished through the
sole use of ingredients known from the standard perturbative treatment of the theory, with no additional
assumptions. However, the subtle interplay of terms operating at the level of the exact equation gets
distorted by the approximations usually employed when evaluating the aforementioned kernel. This fact is
reflected in the form of the obtained solutions, for which the deviations from the correct behavior are best
quantified by resorting to appropriately defined renormalization-group invariant quantities. This analysis,
in turn, provides a solid guiding principle for improving the form of the kernel, and furnishes a well-defined
criterion for discriminating between various possibilities. Certain renormalization-group inspired Ansätze
for the kernel are then proposed, and their numerical implications are explored in detail. One of the
solutions obtained fulfills the theoretical expectations to a high degree of accuracy, yielding a gluon mass
that is positive definite throughout the entire range of physical momenta, and displays in the ultraviolet the
so-called “power-law” running, in agreement with standard arguments based on the operator product
expansion. Some of the technical difficulties thwarting a more rigorous determination of the kernel are
discussed, and possible future directions are briefly mentioned.
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I. INTRODUCTION

A recent development in the ongoing study of the basic
QCD Green’s functions within the nonperturbative frame-
work of the Schwinger–Dyson equations (SDEs) [1–18] is
the derivation of the particular integral equation that
governs the momentum evolution of the effective gluon
mass [19–22]. As has been argued in a series of works
[23–26], the generation of such a mass offers a natural and
self-consistent explanation for the infrared finiteness of the
(Landau gauge) gluon propagator and ghost dressing
function [11,19,20,27,28], established in large-volume
(quenched) lattice simulations, both in SUð2Þ [29] and
in SUð3Þ [30,31], as well as in full QCD simulations
[32,33] on moderate-size lattices.
The systematic scrutiny of this equation could eventually

place the gluon mass generation on an equal conceptual
footing as the more familiar phenomenon of constituent
quark mass generation [1,34–38]. To reach an equivalent
level of understanding, however, several theoretical tasks
need be carried out. In particular, one of the main
unresolved issues in this context is the proper renormaliza-
tion of this homogeneous integral equation. The renorm-
alization procedure, in turn, may impose crucial restrictions
on the form of its kernel, which, even though it is formally

known, for all practical purposes must undergo approx-
imations and modelling [21].
In the present work, we study in detail the general

renormalization procedure and, most importantly, the
properties of the mass equation, and its corresponding
solutions, under the renormalization group (RG). This is a
rather technical endeavor, for which the main field-
theoretic points may be summarized as follows.
To begin with, it is important to recognize that the

renormalization of the mass equation, as well as the gluon
mass itself, is accomplished entirely by means of the same
renormalization constants familiar from the perturbative
treatment of Yang–Mills theories, namely, those associated
with the gluon and ghost propagators, and the various
interaction vertices [39]. The deeper field-theoretic reasons
for this fact may be traced back to the intricate dynamical
mechanism that generates this effective mass; specifically,
the formation of nonperturbative massless bound states
[40–44], which act as would-be Goldstone bosons, trigger
the well-known Schwinger mechanism [45,46], without
ever modifying the original Lagrangian. In addition, a
crucial identity enforces the total annihilation of any
potential quadratic divergence, related to seagull-type
integrals [47]. As a result, no bare gluon mass needs be
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introduced at any stage; this is absolutely essential, since a
term of the type m2

0A
2
μ is forbidden by the local gauge

invariance of the Yang–Mills Lagrangian [10,19].
Furthermore, it is clear that the correct implementation of

the aforementioned renormalization procedure relies
crucially on the precise properties of the kernel of the
mass equation under the RG. If the kernel is treated at the
formal level, these properties are automatically enforced, as
a direct consequence of the corresponding RG properties of
the basic ingredients that build it up. However, the kernel is
expressed in terms of a complicated diagrammatic expan-
sion, which, for all practical purposes, must be truncated,
and further simplified or approximated [21]. As a result, the
exact RG properties of the kernel may be compromised;
this flaw, in turn, will make its way into the solutions
obtained from the corresponding mass equation. Thus,
depending on the quality of the approximations employed
for the kernel, the corresponding gluon masses will encode
their formal RG properties with variable degrees of
accuracy.
The quantitative study of the situation described above

may be best accomplished by using RG-invariant (RGI)
quantities, which, by construction, maintain the same form
before and after renormalization, and are independent of the
value of the renormalization point μ, used to implement the
various subtractions [19,27]. In particular, a RGI gluon
mass may be defined, and then subsequently constructed
from the solutions of the mass equation, for any given
Ansatz for the kernel, and for several different values of μ.
Then, the amount by which the resulting quantity departs
from the perfect μ independence can serve as a discriminant
of the various possible Ansätze for the kernel.
Let us finally emphasize for completeness that our entire

analysis is carried out within the pure SUð3Þ Yang–Mills
theory, with no quark effects included, and that throughout
the present work we employ the standard Landau gauge.
The article is organized as follows. In Sec. II we

introduce the relevant notation, define the basic renormal-
ization constants, and discuss in detail the particularities of
the gluon mass and its renormalization. In Sec. III we carry
out the full renormalization of the gluon mass equation and
explore its properties under the RG. Then, in Sec. IV we
study the tensorial structure of the main unknown ingre-
dient that composes the kernel and determine how its
various form factors affect the infrared behavior of the mass
equation. In Sec. V we outline the procedure for estimating
the discrepancies from the correct RG behavior induced by
the various approximations to the kernel. This procedure is
then applied to the original version of the mass equation,
and considerable deviations are found. In Sec. VI we
present two RG-inspired improvements of the kernel,
which, a priori, seem to capture more faithfully its formal
RG properties, and determine the corresponding departures
of the new solutions from the ideal μ independence. This
study reveals a significant improvement, in accordancewith

the initial expectation. The asymptotic behavior of one of
these “improved”solutions is further analyzed, suggesting a
possible connection with general arguments originating
from the operator product expansion (OPE) [48–50].
Finally, in Sec. VII we present our discussion and
conclusions.

II. RENORMALIZATION AND THE GLUON MASS

In this section we set up the notation and introduce the
field theoretic relations and concepts necessary for carrying
out the renormalization of the gluon mass equation and for
exploring its properties under the RG.

A. General renormalization relations

In the Landau gauge, the full gluon propagator
(quenched or unquenched) assumes the general form

iΔμνðqÞ ¼ −iΔðq2ÞPμνðqÞ; PμνðqÞ ¼ gμν − qμqν=q2:

(2.1)

At any finite order in perturbation theory, the scalar
cofactor Δðq2Þ is conveniently parametrized in terms of
the inverse gluon dressing function, Jðq2Þ,

Δ−1ðq2Þ ¼ q2Jðq2Þ: (2.2)

In addition, the full ghost propagator, Dðq2Þ, is usually
parametrized in terms of the corresponding ghost dressing
function, Fðq2Þ, according to

Dðq2Þ ¼ Fðq2Þ
q2

: (2.3)

We will now consider the combination of the pinch
technique (PT) [19,51–55] with the background field
method (BFM) [56], known as the PT-BFM scheme
[10,57,58]. Within the PT-BFM formalism, the natural
separation of the gluonic field into a “quantum” (Q) and
a “background” (B) part gives rise to an increase in the type
of possible Green’s functions that one may consider [56]. In
particular, three types of gluon propagators make their
appearance: (i) the conventional gluon propagator (two
quantum gluons entering, QQ), denoted (as above) by
Δðq2Þ; (ii) the background gluon propagator (two back-
ground gluons entering, BB), indicated by Δ̂ðq2Þ; and
(iii) the mixed background-quantum gluon propagator (one
background and one quantum gluons entering, BQ),
denoted by ~Δðq2Þ.
The conversion between quantum and background

two-point functions is achieved through the so-called
background-quantum identities (BQIs) [59,60]. For in-
stance, Δ̂ and Δ, as well as their corresponding compo-
nents, are related by
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Ôðq2Þ ¼ ½1þ Gðq2Þ�2Oðq2Þ; O ¼ Δ−1; J; m2;

~Oðq2Þ ¼ ½1þ Gðq2Þ�Oðq2Þ: (2.4)

The function Gðq2Þ represents the gμν component of a
special Green’s function, ΛμνðqÞ, typical of the PT-BFM
framework [53], i.e., ΛμνðqÞ ¼ Gðq2Þgμν þ Lðq2Þqμqν=q2;
for various field-theoretic properties of the above functions,
see Ref. [61] and references therein. Here it should suffice
to mention that, for practical purposes, one often uses the
approximate (but rather accurate) relation

1þ Gðq2Þ ≈ F−1ðq2Þ; (2.5)

which becomes exact in the deep IR [27,61–63].
At any finite order in perturbation theory, the renorm-

alization of the pure Yang–Mills theory proceeds through
the standard redefinition of the bare fundamental fields,
gluon Aaμ

0 ðxÞ, ghost ca0ðxÞ, and the bare gauge coupling, g0;
specifically, the corresponding renormalized quantities,
Aaμ
R ðxÞ, caRðxÞ, and gR, are given by

Aaμ
R ðxÞ ¼ Z−1=2

A Aaμ
0 ðxÞ; caRðxÞ ¼ Z−1=2

c ca0ðxÞ;
gR ¼ Z−1

g g0: (2.6)

Then the associated two-point functions are renor-
malized as

ΔRðq2Þ ¼ Z−1
A Δ0ðq2Þ; DRðq2Þ ¼ Z−1

c D0ðq2Þ; (2.7)

or, equivalently,

JRðq2Þ ¼ ZAJ0ðq2Þ; FRðq2Þ ¼ Z−1
c F0ðq2Þ: (2.8)

Similarly, the renormalization constants of the three fun-
damental Yang–Mills vertices (gluon-ghost, three-gluon,
and four-gluon vertices) are defined as [64]

Γμ
R ¼ Z1Γ

μ
0; Γμαβ

R ¼ Z3Γ
μαβ
0 ; Γμαβν

R ¼ Z4Γ
μαβν
0 :

(2.9)

The standard Slavnov–Taylor identities (STIs) of the theory
enforce a set of important relations on the various renorm-
alization constants [64], namely,

Zg ¼ Z1Z
−1=2
A Z−1

c ¼ Z3Z
−3=2
A ¼ Z1=2

4 Z−1
A ; (2.10)

which will be used extensively in Sec. III.
In the BFM one introduces, in addition, the wave-

function renormalization constant ẐA, associated with
the background gluon B. Then, Δ̂ðq2Þ renormalizes
according to

Δ̂Rðq2Þ ¼ Ẑ−1
A Δ̂0ðq2Þ: (2.11)

Because of the Abelian Ward identities (WIs) of the
BFM, Zg and ẐA are related by the fundamental QED-
like relation [56]

Zg ¼ Ẑ−1=2
A : (2.12)

Finally, the renormalization relation for Gðq2Þ reads [61]

1þ GRðq2Þ ¼ ZG½1þG0ðq2Þ�; (2.13)

where, due to Eqs. (2.4) and (2.12), ZG ¼ Ẑ1=2
A Z−1=2

A ¼
Z−1
g Z−1=2

A .

B. Gluon mass renormalization

Nonperturbatively, the dynamical generation of an
effective gluon mass accounts for the infrared finiteness
of the (Landau gauge) gluon propagator, observed in a
variety of large-volume lattice simulations [29–32]. To
describe this behavior, the parametrization in Eq. (2.2) is
modified according to (Minkowski space) [20]

Δ−1ðq2Þ ¼ q2Jðq2Þ −m2ðq2Þ; (2.14)

with m2ð0Þ ≠ 0. In addition, the generation of the afore-
mentioned mass explains also, in a natural way, the
corresponding saturation of the ghost dressing function,
Fðq2Þ [4,11]. Moreover, both Δ̂ðq2Þ and ~Δðq2Þ are also
infrared finite and must be parametrized in a way exactly
analogous to that ofΔðq2Þ in Eq. (2.14), namely, in terms of
Ĵðq2Þ, m̂2ðq2Þ and ~Jðq2Þ, ~m2ðq2Þ, respectively [21].
It is important to emphasize that the generation of a

gluon mass does not interfere, in any way, with the
renormalization of the theory, which proceeds exactly as
before. In particular, the following main points must be
stressed:

(i) The Lagrangian of the Yang–Mills theory (or that of
QCD) is never altered; the generation of the gluon
mass takes place dynamically, without violating any
of the underlying symmetries. In particular, no bare
gluon mass is introduced, since a term of the type
m2

0A
2
μ is forbidden by the local gauge invariance.

However, although no such term is ab initio intro-
duced, the possible appearance of the so-called
“seagull” divergences at later stages of the analysis
could force its emergence. Such divergences are
produced by integrals of the type

R
k ΔðkÞ or varia-

tions thereof [47]; in dimensional regularization they
give rise to terms of the type m2

0ð1=ϵÞ, while, in the
case of a hard cutoff Λ, they correspond to terms
proportional to Λ2 (quadratic divergences). Evi-
dently, their disposal would require the introduction
in the original Lagrangian of a counterterm of the
form m2

0A
2
μ, which would be violating the basic

assumptions stated above. Nonetheless, it turns out
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that, due to a set of subtle relations, particular to the
PT-BFM framework, all such divergences are com-
pletely canceled [47].

(ii) Even though there is no “bare gluon mass,” in the
sense explained above, the momentum-dependent
m2ðq2Þ undergoes renormalization, which, however,
is not associated with a new renormalization con-
stant but is implemented by the (already existing)
wave-function renormalization constant of the
gluon, namely, ZA. Specifically, from Eq. (2.14),
and given that Δ−1ð0Þ ¼ m2ð0Þ, we have that the
gluon masses before and after renormalization are
related by

m2
Rðq2Þ ¼ ZAm2

0ðq2Þ: (2.15)

(iii) The above renormalization condition is fully con-
sistent with (and may be independently derived
from) the general procedure that implements the
gauge-invariant (i.e., STI-preserving) generation of a
gluon mass. Specifically, within the PT-BFM frame-
work, the fully dressed vertex BQ2, before mass
generation, satisfies the WI [55]

qα ~Γαμνðq; r; pÞ ¼ p2Jðp2ÞPμνðpÞ − r2Jðr2ÞPμνðrÞ;
(2.16)

and, given the first relation in Eq. (2.8), the cor-
responding vertex renormalization constant, ~Z3,
must obey

~Z3 ¼ ZA: (2.17)

Then, for gauge invariance to be preserved, one must
modify this vertex according to [20]

~Γ0
αμνðq; r; pÞ ¼ ½ ~Γðq; r; pÞ þ ~Vðq; r; pÞ�αμν; (2.18)

where the special vertex ~Vðq; r; pÞ is completely
longitudinal, i.e.,

Pα0αðqÞPμ0μðrÞPν0νðpÞ ~Vαμνðq; r; pÞ ¼ 0; (2.19)

and contains massless poles of purely nonperturbative
origin [40–44], which will be ultimately responsible
for triggering the well-known Schwinger mechanism
[45,46]. Now, ~Γ and ~Γ0

αμν must be renormalized by ~Z3,
and so

~Vαμν
R ðq; r; pÞ ¼ ZA

~Vαμν
0 ðq; r; pÞ: (2.20)

Since, in order for the WIs to remain intact, ~Vαμν must
satisfy

qα ~Vαμνðq; r; pÞ ¼ m2ðr2ÞPμνðrÞ −m2ðp2ÞPμνðpÞ;
(2.21)

one finally concludes that Eq. (2.15) must be fulfilled.
(iv) We emphasize that the “mass renormalization”

introduced above is not associated with a counter-
term of the type δm2 ¼ m2

R −m2
0, as is typical in the

case of hard boson masses, such as in scalar theories,
or the electroweak sector of the Standard Model.
Instead, it is akin to the renormalization that higher-
order Green’s functions must undergo, in order to be
made finite, even though no individual counterterm
is assigned to them.

Consider, for instance, a scalar ϕ4 theory (in d ¼ 4), and
the (one-particle irreducible) n-point functions, GðnÞðpiÞ
with n ≥ 5. It is well known that any such function ought to
be made finite by means of the renormalization constants
already defined for n ≤ 5, since no counterterms of the
form ϕn (with n ≥ 5) are allowed [64]. Indeed,GðnÞðpiÞ can
be made finite by expressing the bare mass and coupling
constant (μ0, λ0) in terms of their renormalized counterparts
(μR, λR) and then multiplying by Z1=2

ϕ for each external leg,

i.e., GðnÞ
R ðpi; μR; λRÞ ¼ Zn=2

ϕ GðnÞ
0 ðpi; μ0; λ0Þ.

A similar situation arises when considering the gluon
mass within the so-called “massless bound-state formal-
ism” [65,66], where one focuses on the details of the
nonperturbative formation of the pole vertex mentioned in
(iii). Specifically, the relevant vertex part, denoted by Uαμν

(see Fig. 1), has the form

Uαμνðq; r; pÞ ¼ IαðqÞ
�

i
q2

�
Bμνðq; r; pÞ; (2.22)

where IαðqÞ represents the transition amplitude that mixes a
quantum gluon with the massless excitation, i=q2 corre-
sponds to the propagator of the massless excitation, and B
is an effective vertex describing the interaction between the
massless excitation and gluons. Obviously, Lorentz invari-
ance dictates that IαðqÞ ¼ qαIðq2Þ. In addition [66],

FIG. 1. The vertex Uαμν is composed of three main ingredients:
the transition amplitude, IαðqÞ, which mixes the gluon with a
massless excitation; the propagator of the massless excitation
i=q2; and the massless excitation gluon vertex Bμν. The omitted
terms are not relevant for this analysis; they can be found in
Refs. [65,66].
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IαðqÞ ¼
Z
k
ΓαμνΔμσðkþ qÞΔνρðkÞBρσ þ � � � ; (2.23)

where the ellipses indicate the graphs omitted in Fig. 1 (see
Ref. [65] for the complete version); the inclusion of these
diagrams does not modify the basic argument, but it simply
makes it lengthier. In the equations above, we have
introduced the dimensional regularization measureR
k ¼ μϵ

R
ddk=ð2πÞd, where d ¼ 4 − ϵ is the space-time

dimension and μ the ’t Hooft mass.
We now renormalize the effective vertex B by introduc-

ing the renormalization constant ZB,

Bρσ
R ¼ Z−1

B Bρσ
0 ; (2.24)

and combine Eqs. (2.22) and (2.23). Since U forms part of
the three-gluon vertex (of the type Q3), it renormalizes as
Uμαβ
R ¼ Z3U

μαβ
0 , and with the help of Eqs. (2.7) and (2.9),

one concludes that (note that the dependence of U on B is
effectively quadratic)

ZB ¼ Z−1
A : (2.25)

With these ingredients at hand, we now turn to the basic
formula relating the gluon mass with the transition ampli-
tude [65,66], namely,

mðq2Þ ¼ gIðq2Þ: (2.26)

Let us consider Eq. (2.26) written in terms of unrenormal-
ized quantities and substitute in its rhs the corresponding
renormalized ones, by introducing the appropriate renorm-
alization constants. Suppressing Lorentz indices and using
Zg ¼ Z3Z

−3=2
A [see Eq. (2.10)], one finds

m0ðq2Þ ¼ Z−1=2
A gR

Z
k
ΓRΔRðkþ qÞΔRðkÞBR; (2.27)

which clearly requires the renormalization dictated by
Eq. (2.15) in order to be converted into the manifestly
renormalized form

mRðq2Þ ¼ gRIRðq2Þ: (2.28)

C. Basic RGI quantities

Let us finally consider certain RGI combinations of
Green’s functions, which will be useful in the ensuing
analysis. We recall that, by definition, a RGI combination
maintains exactly the same form when written in terms of
unrenormalized or renormalized quantities.
To begin with, as is well known and easy to verify

directly using Eq. (2.12), the combination [27,63]

dðq2Þ ¼ g2Δ̂ðq2Þ ¼ g2Δðq2Þ
½1þ Gðq2Þ�2 (2.29)

is an RGI quantity [note that in the second equality the BQI
of Eq. (2.4) was employed]. It is then natural to define a
RGI gluon mass, to be denoted by m̄ðq2Þ [21], as

m̄2ðq2Þ ¼ g−2m̂2ðq2Þ ¼ g−2½1þ Gðq2Þ�2m2ðq2Þ: (2.30)

We emphasize that the m̄2ðq2Þ defined above is a conven-
ient quantity to introduce because, as will become apparent
in the rest of this work, it helps us quantify the faithfulness
of certain approximations with respect to the RG. Note,
however, that no special physical meaning is ascribed to
m̄ðq2Þ at this stage; in particular, despite its RGI nature, we
explicitly refrain from promoting it to a physical observ-
able, for the simple reason that, at least within our present
understanding, it is a quantity that depends on the gauge-
fixing parameter. Specifically, all recent work related to the
gluon mass equation has been performed in the Landau
gauge, mainly because the corresponding lattice simula-
tions have been carried out in this privileged gauge. In fact,
the question whether the gluon propagator continues to
saturate in the infrared when computed away from the
Landau gauge is practically unexplored, both on the lattice
as well as within the SDE framework.
We finally point out that the definition of the RGI gluon

mass introduced here differs from the alternative proposed
in Ref. [67], namely, m̄2ðq2Þ ¼ m2ðq2ÞJ−1ðq2Þ. The prob-
lem with this latter definition is that, while formally RGI, it
gives rise to an ill-defined expression, due to the singular
behavior of the quantity Jðq2Þ. Specifically, the contribu-
tion of the massless ghost loop forces Jðq2Þ to reverse its
sign and finally diverge logarithmically in the deep infrared
[68]; of course, the combination q2Jðq2Þ, appearing in the
definition of Δ−1ðq2Þ [see Eq. (2.14)], is perfectly finite.
Let us next introduce three additional RGI quantities, to

be generically denoted by Ri, formed out of special
combinations of propagators, vertices, and the gauge
coupling constant. In particular, we define

Rμαβ
1 ðq; r; pÞ ¼ gΔ1=2ðqÞΔ1=2ðrÞΔ1=2ðpÞΓμαβðq; r; pÞ;
Rμ

2ðq; r; pÞ ¼ gΔ1=2ðqÞ1=2ðrÞD1=2ðpÞΓμðq; r; pÞ;
Rμαβν

3 ðq; r; p; sÞ ¼ g2Δ1=2ðqÞΔ1=2ðrÞΔ1=2ðpÞΔ1=2ðsÞ
× Γμαβνðq; r; p; sÞ: (2.31)

The RGI nature of the above quantities may be verified
directly, by employing the relations listed in Eq. (2.10).

III. RG PROPERTIES OF THE FULL GLUON
MASS EQUATION

In this section we study the RG structure of the integral
equation that controls the momentum evolution of the
gluon mass. The main result of this analysis is that the
complete kernel of this equation acquires a form that allows
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both of its sides to be written in terms of the RGI quantities
introduced in the previous section.
As was demonstrated in Ref. [21], the complete gluon

mass equation is given by (see Fig. 2)

m2ðq2Þ ¼ 1

2

ig2CA

1þ Gðq2Þ
qμqν
q2

Z
k
½ða0Þ þ 2ða5Þ�μαβΔαρðkÞ

× Δβσðkþ qÞ ~Vνρσðq; k;−k − qÞ; (3.1)

where CA is the Casimir eigenvalue in the adjoint repre-
sentation [CA ¼ N for SUðNÞ]; ~V is the pole vertex
introduced in the previous section; ða0Þ is simply the
tree-level three-gluon vertex,

ða0Þμαβ ¼ Γð0Þ
μαβðq; k;−k − qÞ; (3.2)

with

Γð0Þ
μαβðq; r; pÞ ¼ ðq − rÞβgαμ þ ðr − pÞμgαβ þ ðp − qÞαgμβ;

(3.3)

and ða5Þ denotes the vertex subgraph nested in the
“two-loop” self-energy graph (see also Fig. 3).
Using the fact that ~V satisfies the WI of Eq. (2.21), i.e.,

qν ~Vνρσðq; k;−k − qÞ ¼ m2ðkÞPρσðkÞ
−m2ðkþ qÞPρσðkþ qÞ; (3.4)

and after appropriate shifts of the integration variable,
we arrive at [21]

m2ðq2Þ ¼ ig2CA

1þGðq2Þ
qμ
q2

Z
k
½ða0Þ þ ða4Þ

þ ða5Þ�μαβΔαρðkÞΔρ
βðkþ qÞm2ðk2Þ; (3.5)

where ða4Þμαβðq; r; pÞ ¼ −ða5Þμβαðq; p; rÞ (see also the
first row of Fig. 3).

FIG. 2 (color online). Diagrammatic representation of the gluon mass equation.

FIG. 3. The SDE for the three gluon vertex, in the conventional (first row) and Bethe–Salpeter version (second row). Note that
the Bose symmetry of Γabc

μαβðq; r; pÞ implies that ða4Þabcμαβðq; r; pÞ ¼ ða5Þacbμβαðq; p; rÞ; when the color has been factored out, as in Eq. (3.5),
we have instead ða4Þμαβðq; r; pÞ ¼ −ða5Þμβαðq; p; rÞ.
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Let us now turn to the SDE satisfied by the conventional
(Q3) three-gluon vertex Γabc

μαβðq; r; pÞ, shown diagrammati-
cally in Fig. 3, and derive a relation necessary for the
treatment of Eq. (3.5). On the first line of Fig. 3, the vertex
SDE is expressed in terms of the standard multiparticle
kernels,Ki, while on the second the Bethe–Salpeter version
of the same equation is presented. Note that in this latter
version the vertices with the external momentum q are fully
dressed; consequently, the corresponding Bethe–Salpeter
kernels, K̄i, differ from the Ki, since certain diagrams,
allotted to dress the vertices, must be excluded from them,
in order to avoid overcounting (K̄i and Ki are related
through a nonlinear integral equation—see, e.g., Refs. [1]
and [39]).
If we express the various diagrams ðaiÞ in terms of

renormalized quantities, denoting by ðaRi Þ the resulting
expressions, it is relatively straightforward to demon-
strate that

ðā1Þ ¼ Z−1
3 ðāR1 Þ; ðā2Þ ¼ Z−1

3 ðāR2 Þ; ðā3Þ ¼ Z−1
3 ðāR3 Þ;

ða4Þ ¼ Z2
gZ2

AZ
−1
3 ðaR4 Þ; ða5Þ ¼ Z2

gZ2
AZ

−1
3 ðaR5 Þ: (3.6)

Thus, for the original, unrenormalized vertex SDE,
we have (suppressing all indices)

Γ ¼ ða0Þ þ ða4Þ þ ða5Þ þ ðā1Þ þ ðā2Þ þ ðā3Þ
¼ ða0Þ þ Z2

gZ2
AZ

−1
3 ½ðaR4 Þ þ ðaR5 Þ�

þ Z−1
3 ½ðāR1 Þ þ ðāR2 Þ þ ðāR3 Þ�; (3.7)

and so, after introducing the renormalized vertex ΓR ¼ Z3Γ
[see Eq. (2.9)], we arrive at

Z3ða0Þ þ Z2
gZ2

A½ðaR4 Þ þ ðaR5 Þ� ¼ ΓR − ½ðāR1 Þ þ ðāR2 Þ þ ðāR3 Þ�.
(3.8)

Returning to Eq. (3.5), and rewriting it in terms of
renormalized quantities, we have

m2
Rðq2Þ ¼

iCAg2R
1þGRðq2Þ

qμ
q2

Z
k
fZ3ða0Þ þ Z2

gZ2
A½ðaR4 Þ

þ ðaR5 Þ�gμαβΔR
αρðkÞΔRρ

β ðkþ qÞm2
Rðk2Þ; (3.9)

which, in view of Eq. (3.8), may be written exclusively in
terms of renormalized quantities (i.e., with no reference to
the cutoff-dependent Zi), as

m2
Rðq2Þ ¼

iCAg2R
1þGRðq2Þ

qμ
q2

Z
k
GμαβΔR

αρðkÞΔRρ
β ðkþ qÞm2

Rðk2Þ;

(3.10)

where

Gμαβ ≡
�
ΓR −

X3
i¼1

ðāRi Þ
�
μαβ

; (3.11)

namely, the rhs of Eq. (3.8).
We next study the properties of Eq. (3.10) under RG

transformations. To that end, it is convenient to recast both
sides of this equation in terms of appropriately chosen RGI
quantities. Clearly, by virtue of Eq. (2.30), a simple
multiplication by g−2½1þ Gðq2Þ�2 converts the lhs of
Eq. (3.10) into the RGI mass m̄2ðq2Þ introduced in
Eq. (2.30). On the other hand, the demonstration that,
after the aforementioned multiplication, the rhs is also RGI
is slightly more involved.
To prove this statement, we will employ the three RGI

quantities, Ri, introduced in Eq. (2.31). In particular, it is
relatively straightforward to establish that when the terms
ðāRi Þ are multiplied by the factor gRΔ

1=2
R ðqÞΔ1=2

R ðrÞΔ1=2
R ðpÞ

they become functions of the Ri; so, we have (see Fig. 4)

gRΔ
1=2
R ðqÞΔ1=2

R ðrÞΔ1=2
R ðpÞðāRi Þ ¼ F iðR1;R2;R3Þ:

(3.12)

As a consequence,

FIG. 4 (color online). Schematic representation of the conversion of a typical diagram into its RGI equivalent.
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gRΔ
1=2
R ðqÞΔ1=2

R ðrÞΔ1=2
R ðpÞGðq; r; pÞ ¼ R1 −

X3
i¼1

F i ≡R:

(3.13)

Note finally that the ratio fðp1Þ=fðp2Þ of any two-point
function fðpÞ is also a RGI quantity.
Armed with these results, we may now reexpress

Eq. (3.10) in terms of manifestly RGI quantities.
Specifically, after the aforementioned multiplication by
g−2½1þ Gðq2Þ�2, and some appropriate manipulations, we
arrive at [with p ¼ −ðkþ qÞ]

m̄2ðq2Þ ¼ iCAqμ
q2d1=2ðq2Þ

Z
k
RμαβPαρðkÞPρ

βðpÞd1=2ðk2Þd1=2ðp2Þ

×

�
1þ Gðp2Þ
1þ Gðk2Þ

�
m̄2ðk2Þ; (3.14)

which is a manifestly RGI integral equation.

IV. GENERAL STRUCTURE OF THE
THREE-GLUON KERNEL

In the previous section, we demonstrated that the mass
equation, as captured in Eq. (3.10), has built in it the exact
RG properties that one expects on general theoretical
grounds. Evidently, in order to proceed further, and deduce
from Eq. (3.10) the momentum dependence of the gluon
mass, further information on Gμαβ, or directly on its
divergence, qμGμαβ, is needed.
It is clear that the diagrammatic decomposition of Gμαβ

involves the three Bethe–Salpeter kernels K̄1, K̄2, and K̄3,
for which the complicated skeleton expansion renders their
full determination impossible. It is therefore necessary, for
practical purposes, to introduce approximations or Ansätze
for the quantity Gμαβ, which ought to encode, as well as
possible, some of its salient field-theoretic properties.
To that end, it is essential to consider the tensorial

decomposition of Gμαβ and exploit its Bose-symmetric
nature, together with the fact that, when inserted into
Eq. (3.10), it is contracted by two transverse projectors.
Specifically, in a straightforward basis composed by the
momenta r and p, one has1

Gμαβðq; r; pÞ ¼
X14
i¼1

Ciðq; r; pÞbμαβi ; (4.1)

with

bμαβ1 ¼ rμgαβ; bμαβ2 ¼ pμgαβ; bμαβ3 ¼ pαgμβ;

bμαβ4 ¼ rβgμα; bμαβ5 ¼ pμpαrβ; bμαβ6 ¼ rμpαrβ (4.2)

and

bμαβ7 ¼ pβgμα; bμαβ8 ¼ rαgμβ; bμαβ9 ¼ rμrαrβ;

bμαβ10 ¼ pμpαpβ; bμαβ11 ¼ pμrαpβ; bμαβ12 ¼ pμrαrβ;

bμαβ13 ¼ rμpαpβ; bμαβ14 ¼ rμpαpβ: (4.3)

The form factors Ciðq; r; pÞ are in general related among
each other by conditions imposed by Bose symmetry.
Particularly important to our purposes are the relations

C2ðq; r; pÞ ¼ −C1ðq; p; rÞ;
C4ðq; r; pÞ ¼ −C3ðq; p; rÞ: (4.4)

The tree-level values of the form factors Ci are determined
by setting G ¼ Γð0Þ; as one can check by substituting q ¼
−ðrþ pÞ into Eq. (3.2), and using the above basis to

express the result, one has Cð0Þ
1 ¼ 1, Cð0Þ

2 ¼ −1, Cð0Þ
3 ¼ 2,

Cð0Þ
4 ¼ −2, Cð0Þ

7 ¼ −1, Cð0Þ
8 ¼ 1, with all the remaining Cs

vanishing.
Now, when contracted with PαρðrÞPρ

βðpÞ, the second set
of tensors, ðb7Þ − ðb14Þ, vanishes identically, while for the
first set, one can effectively use the replacements

bμαβ3 → −qαgμβ; bμαβ4 → −qβgμα;

bμαβ5 → pμqαqβ; bμαβ6 → rμqαqβ: (4.5)

It is then relatively straightforward to establish that

qμGμαβPαρðrÞPρ
βðpÞ ¼ f½ðp2 − r2ÞSþ q2A�gαβ þ Bqαqβg

× PαρðrÞPρ
βðpÞ; (4.6)

where

Sðq; r; pÞ ¼ 1

2
½C1ðq; r; pÞ þ C1ðq; p; rÞ�;

Aðq; r; pÞ ¼ 1

2
½C1ðq; p; rÞ − C1ðq; r; pÞ�;

Bðq; r; pÞ ¼ ðq · pÞC5ðq; r; pÞ þ ðq · rÞC6ðq; r; pÞ
þ ½C3ðq; p; rÞ − C3ðq; r; pÞ�: (4.7)

The terms A and B emerge when writing the total
contribution from b1 and b2 as the sum of a symmetric
piece and an antisymmetric piece under r↔p, namely,

½C1ðq; r; pÞrμ þ C2ðq; r; pÞpμ�gαβ
¼ ½Sðq; r; pÞðr − pÞμ þ Aðq; r; pÞqμ�gαβ: (4.8)

In addition, note that we have used Eq. (4.4) to eliminateC2

and C4 in favor of C1 and C3, respectively.
Let us now comment on the way that the terms of

Eq. (4.7) contribute to the mass equation in the limit q → 0.
1Alternatively, one may use the standard Ball and Chiu

decomposition [69], arriving at exactly the same conclusions.
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It is easy to verify that the terms associated with Aðq; r; pÞ
and Bðq; r; pÞ are subleading in this limit. Indeed, first of
all, the q2 that multiplies the Aðq; r; pÞ and the qαqβ that
multiplies Bðq; r; pÞ compensate the ð1=q2Þ in front of the
mass equation. Then, since Aðq; r; pÞ is antisymmetric
under r↔p, we have that Að0;−p; pÞ ¼ 0, and therefore,
when q → 0, Aðq; r; pÞ → OðqÞ. Similarly, the terms in B
proportional to C5 and C6 are multiplied by an additional
power of q and are manifestly subleading, while the
remaining term is antisymmetric under r↔p, and therefore
this, too, is of order OðqÞ. Thus, the only term that
contributes to the mass equation in the IR limit is the
one associated with S. Note finally that out of the three
terms defined in Eq. (4.7), only S has a tree-level value,
namely, Sð0Þ ¼ 1.
After these considerations, we can write down the final

form taken by the mass equation. Setting r ¼ k,
p ¼ −ðkþ qÞ, and passing to Euclidean space following
standard rules [21] (and suppressing the index “E” through-
out), we have

m2ðq2Þ ¼ −
g2CA

1þGðq2Þ
1

q2

Z
k
m2ðk2ÞΔαρðkÞΔρ

βðkþ qÞ

×Kαβðq; k;−k − qÞ; (4.9)

where, according to the above discussion, the total kernel
Kαβ may be naturally decomposed into a contribution that
is leading in the IR, to be denoted by Kαβ

L , and one that is
subleading, to be denoted by Kαβ

SL, namely,

Kαβ ¼ Kαβ
L þKαβ

SL; (4.10)

with

Kαβ
L ¼ ½ðkþ qÞ2 − k2�Sgαβ;

Kαβ
SL ¼ q2Agαβ þ Bqαqβ; (4.11)

where the common argument ðq; k;−q − kÞ in all above
quantities has been suppressed.

V. RG PROPERTIES OF THE ORIGINAL
MASS EQUATION

Let us now compare Eq. (4.9) with the one derived
originally in Ref. [21]. There, the mass equation considered
had the form of Eq. (3.9); in other words, one dealt directly
with the term ½Z3ða0Þ þ Z2

gZ2
A½ðaR4 Þ þ ðaR5 Þ�, without pass-

ing to the rhs of Eq. (3.8). The way to handle the
renormalization constants was to set them directly equal
to unity and assume that the remaining terms had been
rendered UV finite. This procedure finally amounted to the
effective replacement

qμfZ3ða0ÞþZ2
gZ2

A½ðaR4 ÞþðaR5 Þ�gμαβ →Kαβðk;qÞ; (5.1)

with

Kαβðk;qÞ¼ ½ðkþqÞ2−k2�f1− ½YRðkþqÞþYRðkÞ�ggαβ
þ½YRðkþqÞ−YRðkÞ�ðq2gαβ−2qαqβÞ; (5.2)

where

Yðk2Þ ¼ g2CA

4k2
kα

Z
l
ΔαρðlÞΔβσðlþ kÞΓσρβð−l − k;l; kÞ:

(5.3)

The renormalized version of Y is simply

YRðkÞ ¼ YðkÞ − YðμÞ; (5.4)

namely, the form corresponding to the momentum-
subtraction (MOM) scheme.
A direct comparison of Eq. (5.2) with the generic form

given in Eq. (4.11) establishes that, in this case,

S ¼ 1 − ½YRðkþ qÞ þ YRðkÞ�;
A ¼ YRðkþ qÞ − YRðkÞ; B ¼ −2A: (5.5)

Note that S is symmetric under the interchange k↔ðkþ qÞ,
as expected from its general property given in Eq. (4.7);
similarly, the A of Eq. (5.5) is antisymmetric under the
same interchange, exactly as the A of Eq. (4.7). Finally,
Sð0Þ ¼ 1, as it should.
In Ref. [21] an approximate form for YðkÞ was obtained

by substituting tree-level expressions for all quantities
appearing inside the integral in Eq. (5.3). The result is
given by

YRðk2Þ ¼ −
15

16
tðkÞ; (5.6)

where

tðkÞ≡
�
αsCA

4π

�
log

�
k2

μ2

�
; (5.7)

and αs ¼ g2=4π is the value of the Yang–Mills charge at the
subtraction point μ chosen.
In the analysis of the gluon mass equation presented in

Ref. [21], the rhs of Eq. (5.6) was multiplied by a constant
C, with C > 1. As has been explained in detail there, the
main reason for this is the need to counteract the (desta-
bilizing) effect of the negative sign in front of the integral
on the rhs of Eq. (4.9) and obtain positive-definite solutions
for the gluon mass, at least within a reasonable range of
physical momenta. In particular, for αs ¼ 0.22, which is the
“canonical” MOM value for μ ¼ 4.3 GeV, and C ¼ 9.2,
the function m2ðq2Þ is positive in the range of momenta
between 0 to 5.5 GeV; past that point it turns negative (but
its magnitude is extremely small, around 10−5GeV2, as

RENORMALIZATION GROUP ANALYSIS OF THE GLUON … PHYSICAL REVIEW D 89, 085032 (2014)

085032-9



shown in the inset of Fig. 10) [70]. As we will see in the
next section, this unwanted feature may be eventually
rectified by modifying appropriately the form of S.

A. Quantifying the kernel quality: Basic procedure

To quantitatively determine to what extent a given
approximation for S respects the RG properties of the full
mass equation, it is necessary to establish a reference
situation and then compute possible deviations from it. To
that end, we will employ a general procedure that consists
of the following main steps:

(i) We consider the RGI quantity

dðq2Þ ¼ g2F2ðq2ÞΔðq2Þ; (5.8)

namely, that of Eq. (2.29) with the approximation
Eq. (2.5) implemented and compute its shape using
Fðq2Þ and Δðq2Þ from the lattice, for different values
of the renormalization point μ. To that end, we use the
standard formulas [27]

Δðq2; μ2Þ ¼ Δðq2; ν2Þ
μ2Δðμ2; ν2Þ ; Fðq2; μ2Þ ¼ Fðq2; ν2Þ

Fðμ2; ν2Þ ;

(5.9)

which allow one to connect a set of lattice data
renormalized at μ with the corresponding set renor-
malized at ν. It is clear that, since these changes amount
to the multiplication of the product F2ðq2ÞΔðq2Þ by an
overall constant, we can adjust the value of g2 (or αs)
for each μ, such that the curves of dðq2Þ so produced lie
exactly on top of each other. Thus, this procedure fixes
the values of αsðμÞ, such that the (formally RGI) dðq2Þ
is indeed RGI. As we will see, the resulting values for
αsðμÞ are rather compatible with those predicted by
standard MOM calculations.

(ii) We next solve the gluon mass equation for the same
set of μ’s used in the previous step. Specifically, for
the ingredients entering in the rhs of Eq. (4.9), such
as g2, F, and Δ, we use the corresponding quantities
found in (i), for any given μ; note that YR is also μ
dependent and is accordingly modified. This pro-
cedure furnishes a set of μ-dependent solutions,
m2ðq2; μ2Þ; note that the value of the constant C
that multiplies YR also varies (rather mildly) with μ.

(iii) The various masses, m2ðq2; μ2Þ, found in (ii) are
now used to construct the RGI mass defined in
Eq. (2.30) [using again Eq. (2.5)], namely,

m̄2ðq2Þ ¼ m2ðq2Þ
g2F2ðq2Þ : (5.10)

Now, ideally speaking, when the various m2ðq2; μ2Þ
are inserted into Eq. (5.10), together with the

corresponding (μ-dependent) g2F2ðq2Þ, one ought to
obtain the same identical curve for each value of μ.

In practice, of course, deviations between the various
curves are expected, precisely because our knowledge of S
is imperfect. Therefore, a theoretically motivated way to
discriminate between possible approximation for S is to
choose the one that produces the best coincidence (in the
sense of minimizing the relative error) for the vari-
ous m̄2ðq2Þ.

B. Numerical analysis

Throughout the numerical study presented here, as well
as in the next section, we will evaluate the relevant field-
theoretic quantities at three different values of the renorm-
alization point μi; in particular, we will use μ1 ¼ 4.3 GeV,
μ2 ¼ 3.0 GeV, and μ3 ¼ 2.5 GeV. In the various plots,
the curves of a quantity Aðq2; μ2i Þ produced for these three
different values of μi will be depicted as follows: Aðq2; μ21Þ
with squares or solid (black) curve, Aðq2; μ22Þ with circles
or dotted (red) curve, and Aðq2; μ23Þ with triangles or
dashed (blue) curve.
The first step in this analysis is to consider the lattice data

for Δðq2Þ and Fðq2Þ given in Ref. [30]; these data are fitted
using the functional forms reported in various recent
articles [20,37,71]. Then, repeated use of Eq. (5.9) allows
us to generate the three curves for Δðq2Þ and Fðq2Þ
renormalized at μi (with i ¼ 1, 2, 3), which are shown
in Fig. 5. It is clear that, due to multiplicative renormaliz-
ability, expressed by Eq. (5.9), each curve may be obtained
from the other by a simple rescaling. Specifically, the
curvesΔðq2; μ22Þ andΔðq2; μ23Þ are obtained fromΔðq2; μ21Þ
through multiplication by the factors of 1.20 and 1.33,
respectively; in the case of Fðq2Þ, the corresponding
rescaling factors are 1.09 and 1.15.
Next, we form the RGI combination dðq2Þ given in

Eq. (5.8). Concretely, for each specific value of μi, we com-
bine the corresponding ingredients entering into the def-
inition of dðq2Þ. As mentioned before in step (i), the value
of g2 (or αs) for each μi is fixed by requiring that the
three curves of dðq2Þ so produced lie exactly on top of each
other; so, the corresponding αsðμiÞ must be rescaled by an
amount that will exactly compensate the corresponding
rescalings introduced to the product Δðq2; μ2i ÞF2ðq2; μ2i Þ.
Specifically, starting with αsðμ21Þ ¼ 0.220, which is the
value that best fits the lattice data in the recent SDE analysis
presented in Ref. [72], we obtain the values αsðμ22Þ ¼ 0.320
and αsðμ23Þ ¼ 0.392.
On the left panel of Fig. 6, we plot the three curves for

the dimensionful quantity dðq2Þ=4π. As expected, by
construction, we can see that the three curves are indeed
on top of each other, thus making manifest that, for the
particular set of values of αsðμiÞ quoted above, dðq2Þ is μ
independent.
It is important at this point to check whether the

values for αsðμiÞ obtained from the above procedure are
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compatible with the MOM expectations. This is done in the
right panel of the same figure, where the gray continuous
line represents the αMOMðq2Þ obtained from the nonper-
turbative analysis of Ref. [73], for ΛQCD ¼ 350 MeV and
Nf ¼ 0; the aforementioned three values used for αsðμiÞ
are denoted by the corresponding symbols. As we can see,
the values of αsðμiÞ that implement the μ independence of
dðq2Þ are indeed in good agreement with the MOM
predictions.
We now turn to the gluon mass equation; evidently, since

its kernel is composed of μ-dependent quantities, for
each value of μi, we will obtain a different solution,
m2ðq2; μ2i Þ. On the left panel of Fig. 7, we show the
corresponding solutions for the three renormalization
points chosen. The corresponding infrared saturation points,
m2ð0; μ2i Þ ¼ Δ−1ð0; μ2i Þ, are given by mð0;μ21Þ¼375MeV,

mð0; μ22Þ ¼ 412 MeV, and mð0; μ23Þ ¼ 434 MeV. In addi-
tion, as anticipated, also the values of the arbitrary constantC
display a mild μ dependence: Cðμ1Þ ¼ 9.2, Cðμ2Þ ¼ 8.5,
and Cðμ3Þ ¼ 8.4.
Now we are in the position to determine the behavior

of the RGI mass m̄2ðq2Þ. To that end, we substitute into
Eq. (5.10) the μ-dependent results for m2ðq2; μ2i Þ,
Fðq2; μ2i Þ, and αsðμiÞ obtained above. This is shown on
the right panel of Fig. 7, where we plot the quantity
4πm̄2ðq2Þ for the three values of μi. As we can see, we have
a nice agreement between the three curves in the range from
0 to 0.05 GeV2. However, for higher values of q2, they
separate from the other, reaching the biggest discrepancy at
q2 ¼ 7.5 GeV2, where the percentage error between the
(black) continuous and the (blue) dashed curves is
around 64%.

FIG. 6 (color online). Left panel: The RGI combination dðq2Þ=4π obtained using Eq. (2.29) for the three renormalization points μi
chosen. Right panel: The running coupling in the MOM scheme, αMOMðqÞ [73] for ΛQCD ¼ 350 GeV and Nf ¼ 0. Each point
represents the values used for αsðμiÞ in our calculations.

FIG. 5 (color online). The quenched lattice data and the corresponding fits for the SUð3Þ gluon propagator (left panel) and ghost
dressing function (right panel) renormalized at three different scales μi. Lattice data are taken from Ref. [30].
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Evidently, the considerable deviations from the exact
RG invariance displayed in Fig. 7 indicate that the form
of the function S employed in the mass equation needs to
be improved. As we will see in the next section with
some specific examples, such an improvement is indeed
possible and can be obtained by resorting to basic RGI
arguments.

VI. RG IMPROVED VERSIONS OF THE KERNEL

As has been established in Eq. (3.13), the quantity G must
be such that, when multiplied by gΔ1=2ðqÞΔ1=2ðrÞΔ1=2ðpÞ,
it ought to give rise to an RGI combination. This information
may be used to obtain some well-motivated Ansätze for S,
which, in turn, may lead to solutions for m2ðq2Þ that are
more well behaved under the RG. In this section we will
explore the explicit realization of this possibility. The study
presented here is by no means exhaustive; it is simply
indicative of how RG-improved versions of the gluon mass
equation may be obtained in principle.

A. Two simple models

Specifically, let us set

Sðq; k; kþ qÞ ¼ FðqÞWðk; kþ qÞ; (6.1)

where, in accordance with the general properties of S, the
W is symmetric under the exchange k↔kþ q. In addition,
at tree level we must have Wð0Þ ¼ 1, so that, since
Fð0ÞðqÞ ¼ 1, we get Sð0Þ ¼ 1, as required.
If we now use the S of Eq. (6.1) to construct the lhs of

Eq. (3.13), we have

gΔ1=2ðqÞΔ1=2ðkÞΔ1=2ðkþ qÞS
¼ ½gFðqÞΔ1=2ðqÞ�fΔ1=2ðkÞΔ1=2ðkþ qÞWðk; kþ qÞg
¼ d1=2ðq2ÞfΔ1=2ðkÞΔ1=2ðkþ qÞWðk; kþ qÞg: (6.2)

It is clear now that the presence of FðqÞ facilitates the
realization of the RGI combination, by providing the missing
ingredient for the formation of d1=2ðq2Þ; it is, therefore, an
advantageous starting point. The remaining structure must
obviously come from W, which must convert the combina-
tion inside the curly bracket into another RGI quantity.
In order to devise an approximate expression for the

(dimensionless) W, let us first consider the one-loop
expression of Δ−1ðkÞ ¼ k2JðkÞ, in the MOM scheme.
For the (dimensionless) Jðk2Þ, we have

JðkÞ ¼ 1þ 13

6
tðkÞ; (6.3)

and so

J1=2ðkÞJ1=2ðkþ qÞ ¼ 1þ 13

12
½tðkÞ þ tðkþ qÞ� þOðα2sÞ:

(6.4)

Thus, at orderOðαsÞ theminimal necessary structure forW is

Wð1Þ ¼ 1þ 13

12
½tðkÞ þ tðkþ qÞ�: (6.5)

Of course, this minimal form may be multiplied by a μ-
independent function, which, at the given order, will provide
the (unknown) rhs ofEq. (3.13). Evidently, use of theminimal
Wð1Þ gives rise to a lhs equal to unity.
These observations motivate the study of two simple

extensions of Eq. (6.5), where some additional structure has
been added in order to model higher-order effects or purely
nonperturbative contributions.
The cases we will consider are

W1 ¼ 1þ 13

12
½tðkÞ þ tðkþ qÞ� þ c1½t2ðkÞ þ t2ðkþ qÞ�

þ c2tðkÞtðkþ qÞ (6.6)

FIG. 7 (color online). Left panel: The numerical solution for the dynamical gluon mass, m2ðq2; μ2Þ, for the three values of μi. Right
panel: The corresponding RGI mass 4πm̄2ðq2Þ obtained from Eq. (2.30) for the three values of μi.
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and

W2 ¼ 1þ 13

12
½tðkÞ þ tðkþ qÞ� þ c: (6.7)

We next study the numerical implications of the above two
possibilities.

B. Numerical analysis

On the left panel of Fig. 8, we show the numerical
solution for m2ðq2; μ2i Þ using the model presented in
Eq. (6.6). In particular, we choose, for the three different
μi, the parameters c1ðμ1Þ ¼ −3.62 and c2ðμ1Þ ¼ −33.97;
c1ðμ2Þ ¼ −7.36 and c2ðμ2Þ ¼ −17.13; and c1ðμ3Þ ¼
−7.42 and c2ðμ3Þ ¼ −13.81.
Although the general qualitative behavior of m2ðq2Þ

appears rather similar to that shown in Fig. 7, the RGI
masses obtained from them show a definite improvement
with respect to those of Fig. 7. Indeed, as one can clearly
see on the right panel of Fig. 8, the three curves coincide
within a wider range of momenta than in the previous case.

More specifically, the less favorable region of momenta is
around q2 ≈ 3.5 GeV2, where the relative error between the
curves is smaller than 12%. However, the downside of the
form W1 is that the appearance of a negative UV tail for
m2ðq2Þ (past q2 ≈ 3.5 GeV2) persists.
It is important to mention that the mass equation admits

solutions for a variety of additional choices for c1ðμiÞ and
c2ðμiÞ; however, the particular values quoted above are
singled out because they yield m̄2ðq2Þ that are as close to
being perfectly RGI as possible. In that sense, our scanning
through the possible values of c1ðμiÞ and c2ðμiÞ is by no
means exhaustive, but only indicative of certain general
trends in the type of solutions obtained.
We next analyze the second model, where Eq. (6.7) is

used in the kernel of the gluon mass equation. The results
for this particular case are presented in Fig. 9. On the left
panel, we plot m2ðq2; μ2i Þ for the three values of μi chosen.
The right panel shows the RGI quantity 4πm̄2ðq2Þ; evi-
dently, the results for the three μi practically collapse on a

FIG. 8 (color online). The gluon dynamical mass m2ðq2; μ2Þ (left panel) and the corresponding RGI mass 4πm̄2ðq2Þ (right panel)
obtained using the model of Eq. (6.6) for the three values of μi.

FIG. 9 (color online). The numerical solution for m2ðq2; μ2Þ (left panel) using the model of Eq. (6.7) for the three renormalization
scales μi; the corresponding RGI mass 4πm̄2ðq2Þ given by Eq. (2.30) is shown on the right panel.
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unique curve. In fact, the less favorable point is located at
q2 ≈ 25 GeV2, where the relative error is around 10%. In
addition, the solutions obtained with W2 remain positive
and monotonically decreasing through the entire range of
physical momenta. For the curves presented in Eq. (6.7),
we have chosen c ¼ −1.50 for μ1, c ¼ −1.62 for μ2, and
c ¼ −1.72 for μ3.
In Fig. 10 we compare the numerical solutions for

m2ðq2; μ21Þ obtained from the three different models. The
solution of the original version of the gluon mass equation
is represented by the (black) continuous curve, while the
solutions using Eq. (6.6) and Eq. (6.7) are indicated by
(blue) dashed and (red) dotted curves, respectively. When
the gluon propagator is renormalized at the point μ1, its
saturation value in the deep IR is given by

Δ−1ð0Þ ¼ 0.14 GeV2 ¼ m2ð0Þ≡m2
0: (6.8)

Therefore, the three masses coincide at the origin, i.e.,
m0 ¼ 375 MeV. However, in the intermediate region, we
clearly see differences in their momentum dependence.
Notice that, in this particular region, the original equation
produces a m2ðq2Þ that falls off slower than the improved
versions. On the other hand, the m2ðq2Þ obtained with the
W1 decreases considerably faster than the other two cases.
The UV tails of these solutions are shown separately in the
insert; as already mentioned, only the one originating from
Eq. (6.7) stays strictly positive for all momenta.

C. Physically motivated fit

It turns out that the three different masses in Fig. 10 may
be fitted very accurately by a single, particularly simple
function, namely,

m2ðq2Þ ¼ m2
0

1þ ðq2=M2Þ1þp : (6.9)

The corresponding sets of optimal values, ðM; pÞ, for the
mass scale M and the exponent p are as follows:
(i) (557 MeV, 0.08) for the black continuous curve,
(ii) (381 MeV, 0.26) for the blue dashed curve, and
(iii) (436 MeV, 0.15) for the red dotted curve. All fits
have a reduced χ2 ≈ 0.99. Note that M is just a dimen-
sionful fitting parameter, not to be confused with the
characteristic QCD mass scale, Λ; in fact, within the
MOM scheme that we use, and for αs ¼ 0.22, we have
that ΛMOM ¼ 280 MeV [73].
To appreciate the quality of the above fit, in Fig. 11 we

superimpose the numerical solution for the RG-improved
AnsatzW2 when αðμ1Þ ¼ 0.22 (black circles) and the fit of
Eq. (6.9) (black continuous curve). Clearly, the coincidence
between the two curves is striking.
Let us now take a closer look at the asymptotic form of

m2ðq2Þ for large q2, to be denoted by m2
UVðq2Þ. From

Eq. (6.9) it is clear that, for sufficiently large values of q2,
the 1 may be depreciated in the denominator of Eq. (6.9),
yielding

m2
UVðq2Þ ¼

m2
0Λ

2

q2
ðq2=M2Þ−p: (6.10)

As is shown in Fig. 11, the onset of the asymptotic form
(6.10) is clear already at momenta of the order of a
few GeV.
The particular asymptotic behavior described in

Eq. (6.10) corresponds precisely to the so-called “power-
law” running of the effective gluon mass, first conjectured
in Ref. [74] and subsequently studied in Refs. [75,76]. Its

FIG. 10 (color online). Comparison of the numerical results
obtained for m2ðq2; μ21Þ using the original gluon mass equation
(black continuous); the improved versions with W1 of Eq. (6.6)
(blue dashed) and W2 of Eq. (6.7) (red dotted). The inset shows
a zoom in the UV tail of the same quantities.

FIG. 11 (color online). The numerical solution for m2ðq2Þ
obtained using the RG-improved Ansatz W2 of Eq. (6.7) (black
circles). The (black) continuous curve represents the fit of
Eq. (6.9) while the (blue) dashed curve is the asymptotic fit
for the ultraviolet tail given by Eq. (6.10).
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main physical implication is that the condensates of
dimension 2 do not contribute to the OPE expansion of
m2

UVðq2Þ because otherwise the corresponding running
would be logarithmic. Then, in the absence of quarks,
the lowest-order condensates appearing in the OPE of the
mass are those of dimension 4, namely, the (gauge-
invariant) h0j∶Ga

μνG
μν
a ∶ j0i, and possibly the ghost con-

densate h0j∶ c̄a□ca∶ j0i [77,78]. Since, on dimensional
grounds, these condensates must be divided by q2, one
obtains (up to logarithms) the aforementioned power-law
running for the mass.
It remains to be seen if Eq. (6.10) is a fortuitous

coincidence related to a particular Ansatz for the kernel
(namely, W2) or if it really reflects an intrinsic feature of
the gluon mass.

D. Comparison with related studies

Since the advent of the the concept of a dynamical gluon
mass [19], a multitude of field-theoretic and phenomeno-
logical studies has placed bounds or provided estimates for
this particular quantity. However, in general, a direct
comparison of all such results ought to be carried out with
particular care, especially since, in addition to the vast
methodological differences underlying several of these
works, the very definition and meaning of the term “gluon
mass” has not yet reached a global consensus. Nonetheless,
it is a useful exercise to go over some representative
examples, if only for the purpose of checking whether
the values obtained in each case are reasonably compatible
with each other.
To begin with, one should notice that, even within the

PT-BFM formalism that we employ, the issue of the gauge
dependence is expected to cause deviations to the final
results. For example, the original work of Ref. [19], which
in modern language would correspond to the Feynman
gauge of the BFM, yielded m ∼ 500� 200 MeV; instead,
in the present work, the Landau gauge is used, producing
the range of masses 375 − 434 MeV. These latter values lie
within the range proposed in Ref. [19], albeit toward the
low range of the interval.
A different approach was presented in Ref. [86], where

an estimate of the effective gluon mass was obtained
through a detailed study of the low-momentum behavior
of the (Landau gauge) ghost dressing function and its
subsequent comparison with data originating from big
lattice simulations. The main idea may be summarized
as follows. A massive gluon propagator of the form ðq2 þ
m2

0Þ−1 has been inserted into the SDE that controls the
momentum evolution of Fðq2Þ; evidently, the presence of
the gluon mass mass saturates Fðq2Þ in the IR, in
accordance with the general qualitative lattice observations.
The Fðq2Þ so obtained is then fitted to various sets of
SUð3Þ lattice data, including those of Ref. [30] that we have
used here. The final result of m0 ∼ 500 MeV appears to be
in rather good agreement with those obtained here,

especially in view of the variety of (not necessarily
equivalent) approximations employed in both works, and
the differences in some of the lattice data employed.
In Ref. [87] the gluon and ghost SDEs were integrated in

the full complex momentum plane, which allowed the
construction of the gluon spectral function. The location of
the positive peak of the latter function served as a definition
of an effective gluon mass mg, with mg ∈ ½600; 700� MeV.
Many other methods have been used to provide estimates

of this quantity, including hadron phenomenology [80–82]
and, obviously, the lattice [24,79,83–85]. For the conven-
ience of the reader, we report in Table I the estimates
obtained in these papers. Even though, as already men-
tioned, the meaningful interpretation of these numbers is
rather subtle, they do seem to convey a sense of underlying
consistency.

E. Massive gluons and glueball masses

In the absence of quarks, the physical spectrum of Yang–
Mills theories consists of color-less composite states made
out of gluon fields, known as glueballs [88] (for a recent
review, see Ref. [89]). Therefore, even though the gluon
masses reported here depend on the gauge choice (Landau
gauge) and the renormalization point, one would expect a
systematic way of relating them to the physical glueball
masses. However, to date, such a fundamental relation
eludes us. In this subsection we present a brief account of
the general field-theoretic procedures used for computing
the glueball masses and comment on some of the technical
difficulties and theoretical uncertainties involved.
It would certainly seem a natural starting point to treat

glueballs as nonrelativistic bound states, consisting of
either two or three gluons, in a direct analogy to mesons
and baryons, respectively. Within such a framework, the
relative lightness of the gluon masses found here (of about
400 MeV) would appear difficult to reconcile with
quenched lattice studies [90], which place the mass of
the lowest 0þþ glueball state in the range of 1.7 GeV. This
difficulty became apparent already in the classic work by
Cornwall and Soni [91], where a screened potential [92]

TABLE I. An indicative collection of gluon mass scale esti-
mates available in the literature.

Gluon mass scale [MeV] Method Reference

300 ÷ 700 SDEs [19]
600 Lattice [79]
500 ÷ 800 Phenomenology [80–82]
570 ÷ 750 Lattice [83]
370 Lattice [24]
400 ÷ 600 Lattice [84]
650 ÷ 700 Lattice [85]
500 SDEs þ lattice [86]
600 ÷ 700 SDEs [87]
375 ÷ 434 SDEs þ lattice This work
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was used as input into the corresponding Schrödinger
equation, yielding a lowest (scalar) glueball mass around
1.3 GeV, for an effective gluon mass of about 500 MeV.
However, as explicitly cautioned in the aforementioned
work, a nonrelativistic treatment may be marginally com-
patible with such a (light) gluon mass, and a more
sophisticated relativistic approach may be instead required.
The prime candidate for such a fundamental approach is

provided by the Bethe–Salpeter equations (BSEs), which
form a system of nonperturbative integral equations for the
bound states of the theory, derived through formal manip-
ulations of the generating functional of the theory. In fact,
these equations bear a strong theoretical kinship to the
SDEs that control the dynamics of the off-shell Green’s
functions [1] and constitute the natural way for relating the
gluon mass (derived from the SDE) with the glueball
masses (obtained from the BSE). Actually, there exists a
strong interplay between both types of equations: since the
kernel of the BSE is in general composed by off-shell
Green’s functions, the nonperturbative information
obtained from the SDEs for the latter represents a crucial
ingredient for the former [93–95].
A typical BSE describing a glueball is a homogeneous

integral equation of the Fredholm type, which is diagram-
matically depicted in Fig. 12. From such an equation, one
may obtain, at least in principle, the so-called Bethe–
Salpeter (BS) wave functions and the position of the bound
states masses. Specifically, the determination of the masses
is basically reduced to solving a functional eigenvalue
problem.
To see in some detail how this works, one must first

decompose the BS amplitude, χμν, in the most general
scalar, pseudoscalar, or tensorial basis, depending on the
total spin of the glueball under consideration. Then, the
relevant form factors, which respect the parity constraints
of the bound-state under study, can be selected using
appropriate projectors. The resulting equation corresponds
to an eigenvalue problem (in Euclidean space) of the type

F ðP2; q2; P · qÞ ¼ λðP2Þ
Z
k
K1ðP2; q2; k2; P · q; P · kÞ

· F ðP2; q2; P · kÞ; (6.11)

where P is the total momentum of the glueball, q is the
relative momentum, and k is the loop momentum. Note that
a multiplicative free parameter, λðP2Þ, has been introduced
on the rhs of Eq. (6.11); the original BSE will be recovered

only when λðP2Þ ¼ 1. In addition, it is easy to appreciate
that the eigenvectors and eigenvalues, obtained as solutions
of Eq. (6.11), depend on the glueball momentum P2.
Then, computing Eq. (6.11) for different values of P2,

one can find that, for a particular value of P2, the eigenvalue
will become λðP2 ¼ −M2

gbÞ ¼ 1. This special value, M2
gb,

is identified with the mass of the glueball bound state. It is
important to stress that, due to the presence of the scalar
products P · q and P · k in the kernel of the BSE, the above
integration probes parts of the complex momentum plane.
Therefore, in general, it is necessary to know the structure
of some of the relevant Green’s function also in the
Minkowski region.
It must be clear from the above discussion, and the

intrinsic complexity of the equations involved in this
formalism, that the IR value of the gluon mass and the
corresponding M2

gb are very difficult to correlate. In fact, it
is rather likely that the relevant integration region, namely,
the one that provides the largest support to the BSE, is not
the deep IR but rather the intermediate momentum scales of
order 0.3 ÷ 1 GeV. In such a case, the determining factor is
the support of the gluon propagator in the aforementioned
momentum region rather than its value at q2 ¼ 0. For
instance, the gluon propagator obtained on the lattice and a
simple “massive” propagator of the form ðq2 þm2

0Þ−1
[recall Eq. (6.8)] may coincide at q2 ¼ 0 (i.e., have the
same IR gluon “mass”), but the former is significantly more
enhanced for intermediate momenta, as shown in Fig. 13.
This enhancement, in turn, is known to have important
quantitative implications in the context of nonlinear integral
equations [1,6,37].
Recently, a first attempt to compute glueball masses

within the BSE formalism was presented in Ref. [96].
Using a series of approximations for all Green’s functions

FIG. 12. Schematic representation of a gluonic BSE.

FIG. 13 (color online). Comparison of the lattice data for the
gluon propagator for μ1 ¼ 4.3 GeV (black continuous) with the
simple massive gluon propagator with m2

0 ¼ 0.14 GeV2 (red
dashed). Lattice data are taken from Ref. [30].
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entering into the BSE kernel, a reasonably good spectrum
was obtained, with the mass for the scalar glueball, 0þþ,
around 1.75 GeV and that of the pseudoscalar state, 0−þ,
around 2.75 GeV. Despite this positive outcome, as the
authors of Ref. [96] pointed out, the spectrum appears to be
particularly sensitive to the approximations employed for
the BSE kernel. Therefore, further systematic work is
required in order to place the entire picture on a firm
theoretical basis.

VII. DISCUSSION AND CONCLUSIONS

In this work we have presented a detailed study of the RG
structure of the integral equation that controls the dynamical
evolution of the gluon mass. Specifically, we have shown
that the renormalization of this equation can be carried out
entirely by means of the renormalization constants employed
in the standard perturbative treatment, namely, those asso-
ciated with the gluon and ghost wave functions and the
fundamental vertices of the theory. In addition, by making
explicit use of the diagrammatic equivalence between the
skeleton expansion of the three gluon vertex in the SDE and
BS formalisms, the kernel of the gluon mass equation can be
written exclusively in terms of the renormalized Green’s
functions, with no reference to any cutoff-dependent renorm-
alization constants [see Eq. (3.10)].
The RG properties of the full mass equation are

inevitably distorted when approximate expressions are
used for its kernel. The departure of the solutions from
the correct RG behavior is quantitatively described in terms
of the RGI gluon mass, m̄2ðq2Þ, and can serve as a
discriminant for the various Ansätze employed for the
kernel. Using this criterion, we have established that the
m̄2ðq2Þ, constructed using as input the solution m2ðq2Þ
obtained from the original version of the mass equation
[21], deviates considerably from the optimal RGI behavior
(see Fig. 7).
Then, motivated by the RG properties that the kernel

must satisfy, two new versions of the gluon mass equation
were put forth [see Eqs. (6.6) and (6.7)], which are expected
to display an improved RG behavior. Indeed, our numerical
analysis reveals that the m̄2ðq2Þ obtained from both RG-
improved Ansätze capture more faithfully the RG proper-
ties of the exact equation. Specifically, the deviations
between the m̄2ðq2Þ obtained for different μ’s displays,
in the less favorable regions, relative errors around 12% and
10%, respectively. In addition, and contrary to the other two
cases, the Ansatz of Eq. (6.7) presents a well-defined
positive UV tail in all range of momenta. We therefore
conclude that, overall, the best available functional form for
the kernel is given by Eq. (6.7).
Interestingly enough, W2 has a simpler structure than

W1, in the sense that it contains a single adjustable

parameter instead of two, and yet it produces results that
are in better compliance with the basic theoretical princi-
ples that we have considered. The reason for that may be
related to the overall sign of the gluon mass equations, and
the degree at which each Ansatz succeeds to effectively
reverse it. Specifically, as already mentioned after Eq. (5.7),
the negative sign on the rhs of Eq. (4.9) must be
compensated by negative contributions coming from the
kernel. In the case ofW2, this is accomplished directly, and
in a rather elementary way, because the parameter c is
simply chosen such that 1þ c becomes sufficiently neg-
ative. Instead,W1 performs the same task in a less efficient
way, which may be reflected in the slightly enhanced
departure of the resulting mass from the perfect RG
invariance and the change of its sign in the deep UV.
It is clear that a more rigorous determination of the

kernel is required in order to further substantiate our
analysis. It is worth pointing out that, in this effort, one
may want to keep open the possibility of working with the
lhs of Eq. (3.8), rather than its rhs. Indeed, whereas for the
formal demonstration presented in Sec. III the rhs of
Eq. (3.8) seems to be advantageous, because it is free of
the renormalization constants Z, for the actual computation
of Gμαβ, the lhs may turn out to be easier to handle. Of
course, in order to make progress with the lhs, in addition to
obtaining a better approximation for the quantity YðkÞ, one
ought to provide appropriate expressions for the renorm-
alization constants Z. These tasks are technically particu-
larly subtle and laborious because they require, among
other things, a tight control on the structure of the various
fully dressed vertices of the theory. In fact, the multipli-
cative renormalizability and the correct cancellation of
overlapping divergences depends crucially on the detailed
knowledge of the transverse (automatically conserved) part
of the corresponding vertex (in our case of the three-gluon
vertex), which forces one to go beyond the usual gauge-
technique-inspired Ansätze for the vertex in question [3].
These difficulties have been exemplified, and only partially
circumvented, in the studies of the gap equation that
controls the chiral symmetry breaking and the dynamical
generation of a constituent quark mass [1–3,37]. We hope
to make progress on some of these issues in future works.
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