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We investigate S3=Zn partition function of three-dimensionalN ¼ 2 supersymmetric field theories. In a
gauge theory the partition function is the sum of the contributions of sectors specified by holonomies, and
we should carefully choose the relative signs among the contributions. We argue that the factorization to
holomorphic blocks is a useful criterion to determine the signs and propose a formula for them. We show
that the orbifold partition function of a general nongauge theory is correctly factorized provided that we
take appropriate relative signs. We also present a few examples of gauge theories. We point out that the sign
factor for the orbifold partition function is closely related to a similar sign factor in the lens space index and
the three-dimensional index.
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I. INTRODUCTION

In this paper, we discuss a rather technical issue
concerning the sign of the partition function of three-
dimensional N ¼ 2 supersymmetric theories. It is defined
by the path integral

ZM ¼
Z

DΦe−S; (1)

where M is the background manifold and Φ collectively
represents all dynamical fields in the theory. The overall
factor is often ignored because it does not affect some
observables such as correlation functions. However, in
recent progress of supersymmetric field theories, the
partition function itself plays an important role. For
example, we can determine the superconformal R-charge
of a three-dimensional N ¼ 2 theory at infrared fixed
point by maximizing the real part of the free energy
F ¼ − logZS3 [1,2].
In order to compute the partition function including the

overall factor unambiguously through the path integral
(1) we need to fix the measure of the path integral
carefully. A convenient way to do this is to exploit the
fact that ZM is obtained from the supersymmetric index
of a three-dimensional N ¼ 1 theory as the small radius
limit. Let us consider the case of the S3 partition
function. To obtain the three-dimensional theory, we
start from a four-dimensional N ¼ 1 theory in the
background S3 × S1. We define S3 by

jz1j2 þ jz2j2 ¼ 1; z1; z2 ∈ C: (2)

If we regard the S1 direction as a time, the path integral
of the four-dimensional theory is interpreted as the index

Iðp1; p2; zaÞ ¼ tr½ð−1ÞFqD−R
2ðq−1p1ÞJ1þR

2ðq−1p2ÞJ2þR
2zFa

a �;
(3)

where F, R, D, and Fa are the fermion number, the
Uð1ÞR charge, the dilatation, and flavor charges, respec-
tively. J1 and J2 are the angular momenta rotating z1 and
z2, respectively. The exponent of q in (3),

D − J1 − J2 −
3

2
R ¼ fQ;Q†g; (4)

is exact with respect to a supercharge Q, and (3) is
independent of the variable q. Unlike the partition
function ZS3 , there is a natural normalization of I; in
the trace over the Hilbert space, every gauge-invariant
state contributes to the index by weight 1, and there is no
ambiguity of the normalization except for the signature.
The S3 partition function is obtained as the β → 0 limit
of the index. In nonsupersymmetric theories the small
radius limit may in general diverge. However, in the
reduction from a four-dimensional N ¼ 1 theory to a
three-dimensional N ¼ 2 theory that we consider here,
we can obtain a finite result due to the cancellation
between bosonic and fermionic contributions.1

Therefore, once we obtain the four-dimensional index,
we can unambiguously obtain the partition function by the
small radius limit [3–5].

ZS3ðb;μaÞ ¼ lim
β→0

Iðpi ¼ e−βωi ; za ¼ e−βμaÞ; b¼
ffiffiffiffiffiffi
ω1

ω2

r
:

(5)
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1For this cancellation we should carefully include the zero-
point contribution, which is often neglected.
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ωi and μa are interpreted in the three-dimensional theory as
squashing parameters and real mass parameters. The
partition function depends on ωi through the single
parameter b [5–11].
The ambiguity in the signature is due to the ambiguity in

the statistics of the vacuum state. The statistics of states in
the Hilbert space is fixed once that of the vacuum state is
specified. However, there is no general rule to fix it, and we
need an additional criterion to fix the overall sign.
For some use of ZM, like F maximization, we only need

the absolute value of ZM, and one may think that the sign
ambiguity is not important. However, if the theory has
multiple sectors, we should sum up their contributions, and
we need to fix the relative signs among them. This is the
case when we consider a gauge theory on a manifold with a
nontrivial fundamental group. In such a case there are
degenerate vacua labeled by holonomies associated with
nontrivial cycles. In this paper we focus on the orbifold
S3=Zn defined from S3 in (2) by the identification

ðz1; z2Þ ∼ ðωz1;ω−1z2Þ ω ¼ e
2πi
n : (6)

The fundamental group of this manifold isZn, and vacua are

labeled by Zn-valued holonomies hðdynÞa associated with
dynamical Uð1Þa gauge symmetries as well as continuous

moduli parameters μðdynÞa . It is also possible to introduce mass

parameters μðextÞa and nontrivial holonomies hðextÞa for global
Uð1Þa symmetries. (We label both gauge and global sym-
metries by a.) The partition function is obtained by summing

up the contribution from sectors with different hðdynÞa ,

ZS3=Zn
ðb; μðextÞa ; hðextÞa Þ

¼
X
hðdynÞa

fðhÞ
Z

dμðdynÞe
−Scl

S3=Zn Z1-loop
S3=Zn

ðb; μa; haÞ; (7)

where fðhÞ is the sign factor that wewould like to determine,
and the explicit form of the integrand will be given in the next
section.
A formula for the orbifold partition function has actually

already been given in [12]. They derive the formula in two
ways. One is the orbifold projection from the S3 partition
function, and the other is reduction from the lens space
index, which is obtained from the S3 × S1 index by the
orbifold projection. In both derivations, they do not take
account of the possible emergence of nontrivial sign
factors. The formula has been used for some applications,
and works well. However, in some cases, we need to
introduce extra sign factors. For example, it is demonstrated
in [13] for a few examples of dual pairs that the matching of
the orbifold partition function of dual theories requires
nontrivial sign factors.
A similar problem of relative weight also arises in the

instanton sum in the S4 partition function. It would be

instructive to understand how we can determine the relative
weights in that case before we explain our strategy for the
S3=Zn partition function.
Let us consider an N ¼ 2 supersymmetric gauge theory

on S4. By equivariant localization, we can localize the
dynamics of the theory at two poles of S4, and the partition
function is written as [14,15]

Z ¼
X∞

kN;kS¼0

fðkN; kSÞZNðkNÞZSðkSÞ; (8)

where kN and kS are, respectively, the instanton number at
the north pole and the anti-instanton number at the south
pole. (Precisely, we need to perform the integral over the
Coulomb branch parametrized by constant scalar fields.
Here, we focus only on the instanton sum, and consider the
contribution from a specific point in the Coulomb branch.)
We introduced the unknown phase factor fðkN; kSÞ. This
phase factor is strongly restricted by assuming the locality
of the theory [16]. If we assume the locality, the path
integral for the localized modes at the two poles should be
performed independently, and thus the partition function is
factorized into contributions from the poles;

Z ¼
X∞
kN¼0

gðkNÞZNðkNÞ
X∞
kS¼0

hðkSÞZSðkSÞ; (9)

where gðkNÞ and hðkSÞ are unknown phase factors. Now
we use the fact that disconnected components of the
configuration space of the theory are labeled only by the
total instanton number kN − kS. This means that two
configurations labeled by ðkð1ÞN ; kð1ÞS Þ and ðkð2ÞN ; kð2ÞS Þ are
in the same component of the configuration space if
kð1ÞN − kð1ÞS ¼ kð2ÞN − kð2ÞS . We can interpolate them by con-
tinuous deformation and the relative phase between the
contributions from them can, in principle, be determined
unambiguously by the continuity of the action functional.
Here, let us assume, for simplicity, that there are no relative
phases. Namely, gðkN þ nÞhðkS þ nÞ does not depend on
n. Then the relation

gðkN þ 1Þ
gðkNÞ

¼ hðkSÞ
hðkS þ 1Þ (10)

holds. The left-(right-)hand side of this equation is inde-
pendent of kS (kN), and (10) is a constant independent of
both kN and kS. Let c be the constant. We obtain

gðkNÞ ¼ gð0ÞckN ; hðkSÞ ¼ hð0Þc−kS ; (11)

and the total partition function is

Z ¼ fð0; 0Þ
X∞

kN;kS¼0

ckN−kSZNðkNÞZSðkSÞ: (12)
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Now we have determined the phase factor except the
overall phase fð0; 0Þ and the constant c. The factor
ckN−kS can be identified with the contribution of the
topological θ term.
In this way, the relative phases for instanton sectors of a

four-dimensional gauge theory can be fixed up to a few
parameters by the factorization of the partition function. We
take the same strategy to determine the relative signs
among holonomy sectors of the orbifold partition function.
Actually, it is known that the S3 and S2 × S1 partition
functions are factorized into factors so-called holomorphic
blocks [17–21], and a similar factorization is expected for
the orbifold. Each block is identified with the vortex
partition function on a solid torus [18,20]. In the following,
we determine the relative signs of holonomy sectors by
requiring the factorization of the orbifold partition function.

II. ORBIFOLD PARTITION FUNCTION

A. Naive projection

Let us first summarize how the formula for the orbifold
partition function ZS3=Zn

is obtained from the S3 partition
function by naive Zn orbifold projection [12].
We consider a theory with general gauge group G and

matter representation R. At a generic point in the Coulomb
branch, the gauge group G is broken into its Cartan
subgroup H. Let Va, Wα, and Φi denote the vector
multiplets for the Cartan part, W-bosons, and chiral
multiplets, respectively. For later convenience, we include
external vector multiplets for global Uð1Þa symmetries in
Va. For distinction, we denote dynamical and nondynam-
ical components by VðdynÞ

a and VðextÞ
a , respectively. The

scalar components μðdynÞa for the dynamical vector multip-
lets parametrize the Coulomb branch while those for
external vector multiplets, μðextÞa , are real mass parameters.
By localization, we can reduce the path integral of an

N ¼ 2 supersymmetric theory on S3 into a finite dimen-
sional matrix integral with the integrand consisting of the
classical and one-loop factors:

ZS3ðμðextÞÞ ¼
Z

dμðdynÞe−S
cl
S3
ðμÞZ1-loop

S3
ðμÞ: (13)

The integration measure is given by

Z
dμðdynÞ ≡ 1

jWj
Y
a

Z
∞

−∞
dμðdynÞa ; (14)

where a runs over the dynamical part of Va, and jWj is the
order of the Weyl group of the gauge group. The one-loop
factor is the product of the contributions of Wα and Φi

Z1-loop
S3

¼ 1Q
αsbðμα þ iQ

2
Þ

1Q
isbðμi − iQ

2
ð1 − ΔiÞÞ

; (15)

where Q ¼ bþ b−1. Δi is the Weyl weight of the scalar
component of a chiral multiplet Φi. μα and μi are the scalar
components of the vector multiplets coupling toWα andΦi;

μα ¼ qαaμa; μi ¼ qiaμa; (16)

where qαa and qia are theUð1Þa charge of W-bosonWα and
the chiral multiplet Φi, respectively. It is convenient to
include R-charge in the charge matrix. We define qα0 and
qi0 as the R-charges of the fermions in the multiplets Wα

and Φi,

qα0 ¼ 1; qi0 ¼ Δi − 1; (17)

and we set the corresponding scalar parameter by

μ0 ≡ μR ¼ iQ
2
: (18)

Including the contribution of the Uð1ÞR symmetry, we
define

μ̂α ¼ μα þ
iQ
2
; μ̂i ¼ μi −

iQ
2
ð1 − ΔiÞ: (19)

Then the one-loop factor (15) is simply rewritten as

Z1-loop
S3

¼ 1Q
Isbðμ̂IÞ

; (20)

where I runs over both W-bosons and chiral multiplets.
sbðzÞ is the double sine function, and can be expressed as
an infinite product corresponding to the spherical harmonic
expansion on S3. The contribution of a multiplet I is

1

sbðμ̂IÞ
¼

Y∞
p;q¼0

bðqþ 1
2
Þ þ b−1ðpþ 1

2
Þ þ iμ̂I

bðpþ 1
2
Þ þ b−1ðqþ 1

2
Þ − iμ̂I

: (21)

The denominator and the numerator come from the
bosonic and the fermionic modes with angular momenta
ðJ1; J2Þ ¼ ðp; qÞ, respectively.
The classical factor exists when the theory has

Chern-Simons terms. If the action contains the
Chern-Simons term

ikab
4π

Z
AadAb; (22)

the scalar field quadratic terms in the supersymmetric
completion of (22) give the classical factor

e−S
cl
S3
ðμÞ ¼ e−πikabμaμb : (23)

Let us move on to the orbifold partition function ZS3=Zn
.

The orbifold S3=Zn is defined from the S3 in (2) by the
identification (6). The vacua are parametrized by the scalar
field μa and holonomies
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ha ¼
n
2π

I
γ
Aa; (24)

where γ is a nontrivial loop in S3=Zn generating the
fundamental group. ha is quantized to be an integer, and
ha and ha þ n are identified because they are transformed
to each other by a large gauge transformation. We define
hI ¼ fhα; hig, holonomies coupling to Wα and Φi, in a
similar way to (16):

hI ¼
X
a

qIaha: (25)

We can turn on nontrivial holonomies for global sym-
metries as well as the dynamical gauge symmetries. Note
that we will not turn on the holonomy for the R-symmetry
because it breaks supersymmetry. (For a more general lens
space Lðp; qÞ, we need to turn on nontrivial Uð1ÞR
holonomy to preserve supersymmetry.)
After the orbifold projection, only modes compatible

with the identification (6) contribute to the one-loop factor.
The condition for Zn invariance for modes of multiplet I is

p − q ¼ hI mod n; (26)

and the one-loop factor is obtained by restricting the
product over p and q in (21) by the condition (26). We
define the function sb;hI to express the contribution of each
multiplet by

1

sb;hIðμ̂IÞ
¼

Y
ðp;qÞ∈Λ½hI �

bðqþ 1
2
Þ þ b−1ðpþ 1

2
Þ þ iμ̂I

bðpþ 1
2
Þ þ b−1ðqþ 1

2
Þ− iμ̂I

; (27)

where Λ½h� is the set consisting of ðp; qÞ satisfying the
condition (26):

Λ½h� ¼ fðp; qÞjp; q ≥ 0; p − q ¼ h mod ng: (28)

The one-loop factor (21) is replaced by

Z1-loop
S3=Zn

¼
Y
I

1

sb;hI ðμ̂IÞ
: (29)

For the classical part, the Zn orbifolding gives rise to the
extra 1=n factor in the action, and the Chern-Simons term
gives the holonomy dependent phase [22–24]2:

e
−Scl

S3=Zn
ðμ;hÞ ¼ e−

πi
nkabμaμbe−

πikab
n ðn−1Þhahb : (30)

The integration measure is

Z
dμðdynÞ ¼ 1

jWj
Y
a

Z
∞

−∞

dμðdynÞa

n
: (31)

This is normalized by using the relation to the lens space
index [12]. Combining these factors, we obtain the for-
mula (7).
Before ending this section, we would like to comment on

a subtlety lurking in the formula (7). For the gauge
invariance of the factor (30), the Chern-Simons levels
kab must be integers. This is, however, not always the
case. If the theory has parity anomaly, some components of
the bare Chern-Simons level should be half odd integers to
cancel the anomaly. In this case, the factor (30) itself is not
gauge invariant. Namely, it may change its sign under a
large gauge transformation that shifts ha by ha → ha þ nca
(ca ∈ Z). Of course, this is not an essential problem.
For the consistency, we only need the gauge invariance
of the whole integrand in (7) including the one-loop
contribution. In the following, we propose a general
formula for the sign factor fðhÞ, which will give the sign
of the partition function for each holonomy sector in a
gauge-invariant way.

B. Projection operator

As we mentioned in the introduction, we use the
factorization to holomorphic blocks to determine the sign
factor. For M ¼ S3 and S2 × S1, it is known that the
partition function is written in terms of holomorphic blocks
by [17–21]

ZM ¼
X
A

BAðxa; qÞBAð~xa; ~qÞ: (32)

In the case of S3, the variables xa, q, ~xa, and ~q are given by

q¼ e2πib
2

; xa ¼ e2πbμa ; ~q¼ e2πib
−2
; ~xa ¼ e2πb

−1μa :

(33)

This factorization is also expected for the orbifold partition
function with a different definition for the variables xa, q,
~xa, and ~q. This factorization is naturally interpreted in
Higgs branch localization, in which the index A labels
Higgs vacua and the blocks are identified with the vortex
partition functions [18,20].
In order to obtain a factorized form of the orbifold

partition function, it is convenient to rewrite sb;hI in (27) as

1

sb;hIðμ̂IÞ
¼ Pðμ̂I ;hIÞ

1

sbðμ̂IÞ
; (34)

2We find a slightly different formula e
πi
nkabhahb for the holonomy

dependent phase in the literature. This is, however, not gauge
invariant even for integer Chern-Simons levels. A simple deri-
vation of the holonomy dependent phase in (30) is given in
Appendix A 1.
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where Pðz;hÞ with z ∈ C and h ∈ Zn is the operator acting
on a function of z defined by

Pðz;hÞfðzÞ ¼
Y

ðk;lÞ∈Lh

fðzk;lÞ;

zk;l ≡ zþ ibðk − n−1
2
Þ þ ib−1ðl − n−1

2
Þ

n
; (35)

where

Lh ¼ fðk; lÞj0 ≤ k; l < n; k − l ¼ h mod ng: (36)

An advantage of rewriting (27) with this operator is that
the operator preserves the factorized form of the
function. Namely, if a function fðzÞ is the product of
two functions gðzÞ and hðzÞ, the relation Pðz;hÞfðzÞ ¼
ðPðz;hÞgðzÞÞðPðz;hÞhðzÞÞ holds. Therefore, if the S3 partition
function ZS3ðμ̂Þ of a theory is factorized into holomorphic
blocks as in (32), and if the orbifold partition function is
obtained from ZS3ðμ̂Þ by applying the operator Pðμ̂;hÞ, we
can immediately obtain the factorized form of the orbifold
partition function by applying Pðμ̂;hÞ to the holomorphic
blocks for S3.
The operator Pðz;hÞ is defined to simplify the expression

of the Zn projection of the one-loop factor, and it is a priori
not guaranteed that it correctly reproduces the classical
factor e

−Scl
S3=Zn in the orbifold partition function.

Interestingly, up to the sign factor which we have not
fixed yet, it reproduces the classical factor (30) in the
orbifold partition function from (23) for S3. Let us consider
a Chern-Simons term with factorized Chern-Simons level
kab ¼ κcacb:

iκcacb
4π

Z
AadAb: (37)

For S3, this gives the classical factor

e−S
cl
S3 ¼ e−κπiμ̂

2

; μ̂ ¼ caμa: (38)

Applying the operator Pðμ̂;hÞ on this function, we obtain

Pðμ̂;hÞe−κπiμ̂
2 ¼ e

πiκ
n
ðbþb−1Þ2

12
ðn2−1Þ

× exp

�
−
πiκ
n

ðμ̂2 þ ½h�ðn − ½h�ÞÞ
�
; (39)

where h ¼ caha and ½h� denotes the smallest non-negative
integer in hþ nZ. (We have not yet assumed that κ is an
integer.) We rewrite this as

Pðμ̂;hÞe−κπiμ̂
2 ¼ ðb-dependent factorÞρðhÞ2κ

× exp

�
−
πiκ
n

ðμ̂2 þ ðn − 1Þh2Þ
�
: (40)

In this paper, the factorization is used simply as a criterion
for the correct choice of sign factors, and we are not
interested in the prefactor depending only on b. The
exponential factor is nothing but the classical factor in
(30), and ρðhÞ is

ρðhÞ ¼ e
πi
2n½h�ðn−½h�Þe−πi

2nðn−1Þh2 : (41)

This function always takes þ1 or −1 depending on h. As
we will show shortly, we can compose the sign factor fðhÞ
by using ρðhÞ.

C. Factorization and sign factor

Let us consider a general nongauge theory on S3. As is
pointed out in [20], it is convenient to decompose the
Chern-Simons level into the part canceling the parity
anomaly and the remaining part:

kab ¼
X
α

καcαacαb −
1

2

X
I

qIaqIb: (42)

κα and cαa in the first term are integers, and the second term
is the fractional contribution that cancels the parity
anomaly. With this decomposition, we rewrite the partition
function as

ZS3ðμÞ ¼ e−πikabμaμb
1Q

Isbðμ̂IÞ
¼

Y
α

ðe−πiμ2αÞκα
Y
I

ZΔðμ̂IÞ;

(43)

where ZΔðμ̂Þ is the partition function of the “tetrahedron
theory,”[25] and is given by

ZΔðμ̂Þ ¼
e
πi
2
μ̂2

sbðμ̂Þ
: (44)

The two kinds of factors in the product (43) are known to be
factorized into holomorphic blocks [20]:

ZΔðμÞ ¼ e−πi
b2þb−2

24 BΔðx; qÞBΔð~x; ~qÞ; (45)

e−πiμ
2 ¼ eπi

b2þb−2
12 BCSðx; qÞBCSð~x; ~qÞ: (46)

The blocks are given by

BΔðx; qÞ ¼ ðqx−1; qÞ;

BCSðx; qÞ ¼
1

ð−q1
2x; qÞð−q1

2x−1; qÞ ; (47)

where ðx; qÞ is the q-Pochhammer symbol
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ðx; qÞ ¼
Y∞
k¼0

ð1 − xqkÞ: (48)

An important feature of the factorization is that the
information of the background manifold is encoded in the
definition of the arguments of holomorphic blocks. For S3

they are given by (33), and the blocks for the orbifold
should be given by the same functions with different
arguments. We can confirm this by computing the hol-
omorphic blocks for the orbifold by applying the operator
Pðz;hÞ to the holomorphic blocks for S3. Indeed, we can
easily show

Pðμ;hÞBΔðx; qÞ ¼ BΔðx0; q0Þ;
Pðμ;hÞBΔð~x; ~qÞ ¼ BΔð~x0; ~q0Þ;
Pðμ;hÞBCSðx; qÞ ¼ BCSðx0; q0Þ;
Pðμ;hÞBCSð~x; ~qÞ ¼ BCSð~x0; ~q0Þ; (49)

where the variables for the orbifold are

q0 ¼ ωq
1
n; x0 ¼ ωhx

1
n; ~q0 ¼ ω ~q

1
n; ~x0 ¼ ω−h ~x

1
n:

(50)

The arguments above guarantee that we obtain
the orbifold partition function that is correctly factorized
into the holomorphic blocks by simply applying
the projection operator to the factors in the S3 partition
function (43):

ZS3=Zn
ðμ; hÞ ∝

Y
α

ðPðμα;hαÞe
−πiμ2αÞκα

Y
I

Pðμ̂I ;hIÞZΔðμ̂IÞ

∝
Y
α

e
πi
nκαðμ̂2αþðn−1Þh2αÞ

Y
I

ρðhIÞeπi
2nðμ̂2Iþðn−1Þh2I Þ

sb;hIðμ̂IÞ

¼ e
−Scl

S3=Zn
ðμ;hÞY

I

ρðhIÞ
sb;hIðμ̂IÞ

: (51)

“∝” means the ignorance of prefactors depending only on
b. By comparing this to (7), we obtain

fðhÞ ¼
Y
I

ρðhIÞ: (52)

(We cannot fix the overall sign factor independent of h,
which we are not interested in.) We can absorb the sign
factor by the redefinition of the orbifold double sine
function

simp
b;h ðzÞ ¼ ρðhÞsb;hðzÞ; (53)

and then we can present the orbifold partition function in
the same form with the original one.

ZS3=Zn
ðμ; hÞ ¼ e

−Scl
S3=Zn

ðμ;hÞ 1Q
Is

imp
b;hI

ðμ̂IÞ
: (54)

In [13], a similar improvement of the orbifold double
sine function ŝb;hðzÞ ¼ σhsb;hðzÞ is proposed for odd
n ¼ 2mþ 1. The extra sign factor σh is related to ρðhÞ
through

σh ¼ ð−ÞmhρðhÞ: (55)

In [13], only theories without parity anomaly are consid-
ered. This means that the charge assignment qIa for every
Uð1Þ gauge symmetry satisfies

P
IqIa ∈ 2Z. In such a

case, the difference of σh and ρðhÞ does not affect the
partition function. In the case of even n, [13] did not
succeed in finding such an improvement. The reason is that
in [13] the sign factor σh is assumed to be a periodic
function of h with period n. The function ρðhÞ does not
satisfy this condition. It may change its sign under the shift
h → hþ n.

ρðhþ nÞ
ρðhÞ ¼ ð−1Þðn−1Þhþnðn−1Þ

2 : (56)

This means that the improved function simp
b;h may change its

sign in the large gauge transformation h → hþ n. This,
however, does not cause any problem. If the parity anomaly
arising in the one-loop part is correctly canceled by the bare
Chern-Simons term, the partition function (54) is invariant
under the shift h → hþ n.

D. Gauge theories

In the previous subsection we gave a prescription to fix
the relative signs among holonomy sectors. It is imple-
mented by the redefinition of the orbifold double sine
function (53). The orbifold partition function of an arbitrary
nongauge theory with this improvement is correctly
factorized into holomorphic blocks.
We expect that this improvement works for gauge

theories, too. Namely, the orbifold partition function,

ZS3=Zn
ðμðextÞ; hðextÞÞ

¼
X
hðdynÞ

Z
dμðdynÞe

−Scl
S3=Zn

ðμ;hÞ 1Q
Is

imp
b;h ðμ̂IÞ

; (57)

for a gauge theory is correctly factorized into holomorphic
blocks as in (32). Unfortunately, we have not succeeded in
proving this for an arbitrary gauge theory. Here, we
consider two examples of gauge theories, supersymmetric
quantum electrodynamics (SQED) with Nf ¼ 1, and an
suð2Þ Chern-Simons theory with an adjoint chiral
multiplet.
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1. SQED

As the first example, let us consider SQED with one
flavor ðq; ~qÞ. This theory has four Uð1Þ symmetries. One is
a gauge symmetry Uð1ÞG, and the others are global
symmetries. See Table I for charge assignments. Uð1ÞR
is an R-symmetry. Uð1ÞA is a flavor symmetry acting on q
and ~q with charge þ1. Uð1ÞV is the topological symmetry,
and the corresponding external gauge field AV couples to
the Uð1ÞG flux dAG through the Chern-Simons term

1

2π

Z
AVdAG: (58)

The partition function is

ZS3=Zn
SQED ¼

Xn−1
hG¼0

Z
e
2πi
n μVμGe

2πi
n hVhG

simp
b;hq

ðμ̂qÞsimp
b;h ~q

ðμ̂ ~qÞ
dμG
n

; (59)

where μ̂I and hI are defined by

μ̂q ¼ ðΔ − 1Þ iQ
2

þ μA þ μG;

μ̂ ~q ¼ ðΔ − 1Þ iQ
2

þ μA − μG: (60)

hq ¼ hA þ hG; h ~q ¼ hA − hG: (61)

Let us confirm that this orbifold partition function is
factorized into holomorphic blocks. Although it would not
be difficult to directly prove the factorization by performing
the integral by using the residue theorem, we take another
way. In [13], it is confirmed that the orbifold partition
function of the SQED with an appropriate choice of the
sign factor coincides with that of the XYZ model, the
system consisting of three chiral multiplets X, Y, and Z
interacting through the superpotential W ¼ XYZ. Because
the XYZ model is a nongauge theory and we have already
proved the factorization of nongauge theories, this duality
relation guarantees the factorization of the partition func-
tion of the SQED.
The charge assignments for the XYZ model is also

shown in Table I, and the partition function is given by

ZS3=Zn
XYZ ¼ 1

simp
b;hX

ðμ̂XÞsimp
b;hY

ðμ̂YÞsimp
b;hZ

ðμ̂ZÞ
; (62)

with the parameters

μ̂X ¼ −Δ
iQ
2

− μA þ μV; μ̂Y ¼ −Δ
iQ
2

− μA − μV;

μ̂Z ¼ ð2Δ − 1Þ iQ
2

þ 2μA;

(63)

and

hX ¼ −hA þ hV; hY ¼ −hA − hV; hZ ¼ 2hA:

(64)

It is easy to numerically check the coincidence of (59) and
(62). If we use the result of [13], what we have to do to
confirm the relation ZXYZ ¼ ZSQED is to show the sign
factor determined in [13] by requiring ZXYZ ¼ ZSQED to be
the same as the extra sign factor introduced by replacing
sb;h by simp

b;h . Indeed, the product of the five sign factors
corresponding to the five double sine functions in ZSQED
and ZXYZ coincides with the factor given in [13].

σðhG; hV; hAÞ ¼ ρðhqÞρðh ~qÞρðhXÞρðhYÞρðhZÞ: (65)

2. suð2Þ gauge theory

Next, as a simple example of non-Abelian gauge theory,
we consider an suð2Þ1 gauge theory coupled to an adjoint
chiral multiplet Φ. (We use suð2Þ instead of SUð2Þ to
emphasize that we do not specify the global structure of the
gauge group.) Jafferis and Yin [26] proposed that this
theory is dual to the theory consisting of a single chiral
multiplet X ∼ trΦ2. If we can show the matching of the
partition functions for the dual pair, the factorization of the
suð2Þ theory is guaranteed as the previous example.
In general, we cannot completely specify a gauge theory

only by local information. There may be different theories
distinguished by global structure of the gauge group. In
[27] importance of such distinction in four-dimensional
supersymmetric gauge theories is pointed out, and it is
investigated how such theories are related to each other
by Seiberg duality. The duality is checked in [28] by
matching the lens space index, which is sensitive to the
global structure of the gauge group. Similar aspects in
three-dimensional gauge theories are studied in [29].
The suð2Þ theory we discuss here is also an example of

such a theory. It has only an adjoint chiral multiplet as a
matter field, and no elementary fields are transformed by
the center of SUð2Þ. Therefore, precisely speaking, there
are two choices of the gauge group, SUð2Þ and SOð3Þ.
Although it is an important problem to clarify how the
different choices of the gauge group affect the duality and
the factorization, we will not do any detailed analysis here.

TABLE I. The charge assignments in the SQED and XYZ
model, a model consisting of chiral multiplets X, Y, and Z, which
is dual to the SQED. For Uð1ÞR symmetry the charges of the
fermion components are shown.

q ~q X Y Z

Uð1ÞR Δ − 1 Δ − 1 −Δ −Δ 2Δ − 1
Uð1ÞG 1 −1 � � � � � � � � �
Uð1ÞV 0 0 1 −1 0
Uð1ÞA 1 1 −1 −1 2
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We only present the result of a preliminary analysis based
on the numerical computation of the partition function.
The symmetries and the charge assignments for the dual

theories are shown in Table II. In the suð2Þ theory, the
action contains the Chern-Simons term

i
4π

Z
trfund

�
AGdAG −

2i
3
A3
G

�
(66)

for the dynamical gauge field, and

ð−3=2Þi
4π

Z
ððΔ − 1ÞAR þ AAÞdððΔ − 1ÞAR þ AAÞ

þ i
4π

Z
ARdAR (67)

for the externalUð1ÞR andUð1ÞA gauge fields. On the other
hand, the chiral free theory contains the Chern-Simons term

ð−1=2Þi
4π

Z
ðð2Δ − 1ÞAR þ 2AAÞdðð2Δ − 1ÞAR þ 2AAÞ

(68)

for the external gauge fields.
We define the holonomy parameter h for the dynamical

suð2Þ gauge group by

U ¼ exp

�
i
I
γ
A

�
¼

�
e
πih
n 0
0 e−

πih
n

�
: (69)

If the gauge group is SUð2Þ, Un must be the unit matrix,
and the holonomy is quantized by h ∈ 2Z, while for the
SOð3Þ gauge group h can be an arbitrary integer. The
periodicity of h also depends on the global structure of
the gauge group and the background manifold, and there
are two possibilities, h ∼ hþ 2n or h ∼ hþ n. Here, we
will not argue which of these possibilities should be
adopted. We simply compute the partition functions for
all the holonomy sectors labeled by h ¼ 0; 1;…; 2n − 1
and infer from the duality which sectors should be
summed up.
The orbifold partition function of each holonomy sector

of the suð2Þ theory is

ZS3=Zn
suð2Þ ðh; hAÞ ¼

Z
dμG
2n

e−
πi
2nμ

2
Ge−

πi
2nðn−1Þh2eπi

n ½32fðΔ−1ÞiQ2þμAg2þQ2

4
�e

3πi
2nðn−1Þh2A

×
1

simp
b;hϕþ

ðμ̂ϕþÞsimp
b;hϕ0

ðμ̂ϕ0
Þsimp

b;hϕ−
ðμ̂ϕ−

Þsimp
b;hWþ ðμ̂WþÞsimp

b;hW− ðμ̂W−Þ ; (70)

where the parameters are given by

μ̂ϕþ ¼ ðΔ − 1Þ iQ
2

þ μA þ μG;

μ̂ϕ0
¼ ðΔ − 1Þ iQ

2
þ μA;

μ̂ϕ−
¼ ðΔ − 1Þ iQ

2
þ μA − μG;

μ̂Wþ ¼ iQ
2

þ μG; μ̂W− ¼ iQ
2

− μG; (71)

hϕþ ¼ hA þ h; hϕ0
¼ hA; hϕ−

¼ hA − h;

hWþ ¼ h; hW− ¼ −h: (72)

The orbifold partition function of the chiral free theory is

ZS3=Zn
X ðhAÞ ¼ e

πi
2nfð2Δ−1ÞiQ2þ2μAg2e

2πi
n ðn−1Þh2A 1

simp
b;hX

ðμ̂XÞ
; (73)

where the parameters are given by

μ̂X ¼ ð2Δ − 1Þ iQ
2

þ 2μA; hX ¼ 2hA: (74)

Numerical results are divided to four cases:
(i) In the case of n ∈ 4Z, only the even sector coincides

up to a constant factor.

X
h¼0;2;…;2n−2

ZS3=Zn
suð2Þ ðh; hAÞ ¼ 2ZS3=Zn

X ðhAÞ: (75)

(ii) In the case of n ∈ 4Zþ 1, both even and odd sectors
coincide up to a constant factor.

X
h¼0;2;…;2n−2

ZS3=Zn
suð2Þ ðh; hAÞ ¼

X
h¼1;3;…;2n−1

ZS3=Zn
suð2Þ ðh; hAÞ

¼
ffiffiffi
2

p
e
πi
4ZS3=Zn

X ðhAÞ: (76)

TABLE II. The symmetries and the charge assignments in
Jafferis-Yin duality. The Uð1ÞR charges in the table are those for
fermion component of the multiplets.

Φ X

SUð2ÞG adj � � �
Uð1ÞR Δ − 1 2Δ − 1
Uð1ÞA 1 2
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(iii) In the case of n ∈ 4Zþ 2, only the odd sector
coincides up to a constant factor.

X
h¼1;3;…;2n−1

ZS3=Zn
suð2Þ ðh; hAÞ ¼ −2iZS3=Zn

X ðhAÞ: (77)

(iv) In the case of n ∈ 4Zþ 3, both even and odd sectors
coincide with a different constant factor.

P
h¼0;2;…;2n−2

ZS3=Zn
suð2Þ ðh; hAÞ ¼

ffiffiffi
2

p
e
πi
4ZS3=Zn

X ðhAÞ;

(78)

X
h¼1;3;…;2n−1

ZS3=Zn
suð2Þ ðh; hAÞ ¼ −

ffiffiffi
2

p
e
πi
4ZS3=Zn

X ðhAÞ:

(79)

In all cases, we do not need additional sign factor if we use
the improved function simp

b;h . These results strongly suggest
that we should take the following holonomy sectors to
sum up:

(i) n ∈ 4Z: h ¼ 0; 2;…; 2n − 2.
(ii) n∈4Zþ1: h¼0;2;…;2n−2 or h¼1;3;…;2n−1.
(iii) n ∈ 4Zþ 2: h ¼ 1; 3;…; 2n − 1.
(iv) n∈4Zþ3: h¼0;2;…;2n−2 or h¼1;3;…;2n−1.

Unfortunately, we have no clear explanation for these
nontrivial choices of the holonomy sectors. We hope we
can return to this problem in future work.

III. THE SIGN FACTOR TO THE LENS SPACE
INDEX AND THE THREE-DIMENSIONAL INDEX

In this section we discuss the effect of the sign factor
fðhÞ derived in Sec. II B to the four-dimensional lens
space index [12] and three-dimensional superconformal
index [30–32]. Since the orbifold partition function is
related to the lens space index as well as the three-
dimensional superconformal index through dimensional
reductions, the same or similar sign factor should appear
in those indices. Let us first summarize the lens space
index and its reductions and then discuss the sign
factors.
The lens space index can be obtained by the orbifold

projection of the four-dimensional index on S3 × S1. The
projection is performed along the Hopf fiber direction of
the S3 of the S3 × S1, and it is realized by leaving the modes
compatible with the identification (6). Since the rotation
along the Hopf fiber direction is characterized by (J1 − J2),
the projection is realized by inserting the operator

1

n

Xn−1
m¼0

e2πi
m
nðJ1−J2Þ (80)

to the index (3). Namely, the lens space index In is

Inðp1; p2; zaÞ ¼
1

n

Xn−1
m¼0

Iðe2πi
n mp1; e−

2πi
n mp2; e−

2πi
n hazaÞ; (81)

where we introduced the holonomies for global
symmetries ha.
Let us focus on a theory consisting of a single chiral

multiplet Φ whose charge for a Uð1Þ global symmetry is 1.
The four-dimensional index on S3 × S1 defined by (3) for
the theory can be rewritten as follows [33]:

IΦðp1; p2; zÞ ¼ Pexp0½IspΦ � (82)

IspΦ ðp1; p2; zÞ ¼
X∞
i;j¼0

ðzpi
1p

j
2 − z−1pjþ1

1 piþ1
2 Þ (83)

¼ z
1 − p1p2

�
1

1 − p1

þ p2

1 − p2

�

−
p1p2z−1

1 − p1p2

�
p1

1 − p1

þ 1

1 − p2

�
; (84)

where z is a fugacity for the global symmetry, and
the prime of the plethystic exponential denotes that
it includes the zero-point contributions; Pexp0½x� ¼
ex=2Pexp½x�. In this form the insertion of the operator
(80) is equivalent to leaving the modes invariant under
the condition

i − j ¼ h mod n (85)

in (83). Then the lens space index for this theory can be
written as follows:

In;Φðz; hÞ ¼ Pexp0½Ispn;Φðz; hÞ� (86)

Ispn;Φðz; hÞ ¼
z

1 − p1p2

�
p½h�
1

1 − pn
1

þ pn−½h�
2

1 − pn
2

�

−
p1p2z−1

1 − p1p2

�
pn−½h�
1

1 − pn
1

þ p½h�
2

1 − pn
2

�
: (87)

Let us now consider the effect of the sign factor (41). The
orbifold partition function is derived in the small radius
limit (5) of the lens space index. Since the sign factor is
independent of the radius β, it can be uplifted to the lens
space index, and we define the improved index as

Iimp
n ðz; hÞ ¼

�Y
I

ρðhIÞ
�
Inðz; hÞ: (88)

For the theory considered above, the improved lens space
index is written as

Iimp
n;Φðz; hÞ ¼ e−

iπ
2
hð1−hÞPexp0½Iimp;sp

n;Φ ðz; hÞ� (89)
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Iimp;sp
n;Φ ðz; hÞ ¼ z

1 − p1p2

�
ph
1

1 − pn
1

þ pn−h
2

1 − pn
2

�

−
p1p2z−1

1 − p1p2

�
pn−h
1

1 − pn
1

þ ph
2

1 − pn
2

�
: (90)

Note that ½h� in In;Φ is now replaced by h. Although both
In;Φ and ρðhÞ include ½h� the combination of them (88) is
analytic in terms of h.
In order to illustrate the effect of the phase factor to

the three-dimensional index, we first describe the three-
dimensional index for the tetrahedron theory, which is
written as follows:

I3dΔ ¼ ð−1Þ−1
2
jhjðð−q1

2Þjhj−h2 z−
jhj−h
2 ÞPexp

�
q

jhj
2 z

1 − q
−
q1þ

jhj
2 z−1

1 − q

�
:

(91)

It is noticed in [19] that the three-dimensional index can
be written in an analytic form by adding a simple phase
factor:

I3d;imp
Δ ¼ ijhjI3dΔ ¼ Pexp

�
q

h
2z

1 − q
−
q1þh

2z−1

1 − q

�
: (92)

The phase factor is needed for the three-dimensional index
to be factorized. As is pointed out in [12], the three-
dimensional index is obtained from the four-dimensional
lens space index by taking the n → ∞ limit. When we take
this limit, h is kept finite and is identified with the magnetic
flux in S2 × S1. In this limit the sign factor (41) can be
rewritten as

ρðhÞ ¼ e
πi
2
ðjhj−h2Þ: (93)

The contribution of the classical factor in (30) in the large n
limit becomes

e−πikabhahb : (94)

As the tetrahedron theory has a Chern-Simons term with
level −1=2, its contribution combined with the extra sign
factor (93) is

e
πi
2
h2 × e

πi
2
ðjhj−h2Þ ¼ ijhj: (95)

This is precisely the factor introduced in (91) to improve
the three-dimensional index. Note that the improved
three-dimensional index is analytic in terms of h, which
is inherited from the analytic structure of the improved
four-dimensional index.

IV. CONCLUSIONS

We focused on the sign of the orbifold partition function.
We proposed a formula that systematically determines the

relative signs among holonomy sectors. We use the fac-
torization to the holomorphic blocks as a criterion to
determine correct signs. For nongauge theories we proved
that the partition function with signs determined by the
formula is correctly factorized into the holomorphic blocks.
In the case of gauge theories, as a simple example, we
considered two theories: SQED with Nf ¼ 1 and suð2Þ
gauge theory with an adjoint flavor. For the former we
confirmed the factorization of the orbifold partition func-
tion. In the case of the suð2Þ theory, we have not fully
understood the summation over the holonomy sectors. We
guessed which holonomy sector contributes to the partition
function with the help of the duality to a nongauge theory,
which is known as Jafferis-Yin duality. We found that we
have to choose an appropriate subset of the holonomy
sectors to obtain the partition function consistent to the
duality. The formula for the sign factor gives the correct
relative phases for the contributing sectors. Therefore, up to
the subtlety for the choice of the holonomy sector, which is
probably related to the global aspects of the gauge bundle on
the orbifold, the formula seems to give appropriate signs.
We also discussed the sign factors in the lens space index of

the four-dimensional theories and the index for three-dimen-
sional theories. The formulas for these indices have been
known and contain nontrivial sign factors, which are often
implicit in the literature. We showed that they are closely
related to the sign factor for the orbifold partition function.
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APPENDIX

1. Classical contribution of Chern-Simons terms

Let us compute the Chern-Simons term

SCS ¼
ik
4π

Z
M

AdA ¼ ik
4π

Z
X
F∧F (A1)
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for a flatUð1Þ connection. X is a manifold whose boundary
is M ¼ S3=Zn. To compute e−SCS unambiguously for an
arbitrary integer k, X should be a spin manifold [34].
We represent M ¼ S3=Zn as the Hopf fibration over

B ¼ S2. Let us represent B as the boundary of the solid
cylinder C: r ≤ 1, 0 ≤ z ≤ nþ 1, where ðr;ϕ; zÞ is the
cylindrical coordinate system in three-dimensional space.
We divide M into nþ 1 regions: M0;M1;…;Mn. The lth
regionMl is defined by l ≤ z ≤ lþ 1. Let 0 ≤ ψl < 2π be
the fiber coordinate in the region Ml. On the boundary
between adjacent regions, the fiber coordinates are related by

ψljz¼l ¼ ðψlþ1 þ ϕÞjz¼l: (A2)

We want to realize a flat connection with the holonomy

h ¼ n
2π

I
γ
A; (A3)

where γ is a cycle along an S1 fiber. Let us consider the
following gauge potential in Ml:

AljMl
¼ h

n
dψl þ cldϕ: (A4)

For the gauge field on the top (z ¼ nþ 1) and the bottom
(z ¼ 0) of the cylinder to be smooth and flat, we need to set

c0 ¼ cn ¼ 0: (A5)

The gauge field jumps on the boundaries by

Al − Al−1jz¼l ¼
�
cl − cl−1 −

h
n

�
dϕ: (A6)

For this to be a gauge symmetry, the coefficients cl should
satisfy

cl − cl−1 −
h
n
∈ Z: (A7)

To compute the Chern-Simons action for this gauge
potential, we need to define the manifold X and to extend
the gauge potential into X. We adopt an X that is a
topologically n-centered Taub-NUT. We represent X as
an S1 fibration over C with n centers placed on the axis at
z ¼ 1; 2;…; n. X is also divided into nþ 1 regions
X0; X1;…; Xn at z ¼ 1; 2;…; n. We take the following
ansatz for the extension of the gauge field in the lth region:

Al ¼
�
h
n
− BðzÞð1 − fðrÞÞ

�
dψl þ clfðrÞdϕ; (A8)

where BðzÞ and fðrÞ are continuous functions satisfying

Bð0Þ ¼ Bðnþ 1Þ ¼ 0; fð0Þ ¼ 0; fð1Þ ¼ 1: (A9)

These conditions guarantee that (A8) coincides to (A4)
on M.

Let us think about the smoothness of the gauge field at
the center at z ¼ l. The center is located on the boundary
between Ml and Ml−1. In each region the gauge field near
the center is given by

Al ¼ bldψl; Al−1 ¼ bldψl−1; bl ¼ h
n
− BðlÞ:

(A10)

If we assume

bl ∈ Z; (A11)

these gauge field can be eliminated by the gauge trans-
formation

Al → A0
l ¼ Al − bldψl;

Al → A0
l−1 ¼ Al−1 − bldψl−1;

(A12)

and then the gauge field is smooth at the center. For the
gauge potential after the gauge transformation (A12), the
jump of the gauge field on the boundary is

A0
l − A0

l−1jz¼l ¼ ðcl − cl−1 − BðlÞÞfðrÞdϕ; (A13)

and A0
l and A0

l−1 are smoothly connected if

cl − cl−1 ¼ BðlÞ ð1 ≤ l ≤ nÞ: (A14)

Note that the condition (A11) follows from this and (A7).
By using relations we obtained above, we can easily

compute the integral of the instanton density over Xl.

Z
Xl

Fl∧Fl ¼ 8π2cl½BðzÞ�lþ1
l

�
fðrÞ − 1

2
fðrÞ2

�
1

0

¼ 4π2clðclþ1 − 2cl − cl−1Þ: (A15)

This depends on the constants cl that satisfy the conditions
(A5) and (A7). Although there are infinitely many solutions
to these conditions and the integral (A15) depends on the
choice of a solution, the classical action is uniquely
determined up to the unphysical shift by 2πiZ.

S ¼ ik
4π

Z
X
F∧F ¼ πik

Xn−1
l¼1

clðclþ1 − 2cl þ cl−1Þ

¼ πik
1 − n
n

h2 mod 2πi: (A16)

We can easily extend this result to a general Chern-Simons
term for multiple Abelian gauge fields,

S ¼ ikab
4π

Z
S3=Zn

AadAb ¼ πi
1 − n
n

kabhahb mod 2πi:

(A17)
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