PHYSICAL REVIEW D 89, 085002 (2014)

Finite temperature fermionic condensate and currents
in topologically nontrivial spaces

S. Bellucci,"” E.R. Bezerra de Mello,”" and A. A. Saharian™*
'INFN, Laboratori Nazionali di Frascati,Via Enrico Fermi 40, 00044 Frascati, Italy
*Departamento de Fisica, Universidade Federal da Paraiba 58.059-970,
Caixa Postal 5.008, Jodo Pessoa, Paraiba, Brazil

3Deparlment of Physics, Yerevan State University, 1 Alex Manoogian Street, 0025 Yerevan, Armenia
(Received 11 December 2013; published 1 April 2014)

We investigate the finite temperature fermionic condensate and the expectation values of the charge
and current densities for a massive fermion field in a spacetime background with an arbitrary number of
toroidally compactified spatial dimensions in the presence of a nonvanishing chemical potential.
Periodicity conditions along compact dimensions are taken with arbitrary phases and the presence of a
constant gauge field is assumed. The latter gives rise to Aharonov-Bohm-like effects on the expectation
values. They are periodic functions of magnetic fluxes enclosed by compact dimensions with the period
equal to the flux quantum. The current density has nonzero components along compact dimensions only.
Both low- and high-temperature asymptotics of the expectation values are studied. In particular, it has been
shown that at high temperatures the current density is exponentially suppressed. This behavior is in sharp
contrast with the corresponding asymptotic in the case of a scalar field, where the current density linearly
grows with the temperature. The features for the models in odd-dimensional spacetimes are discussed.
Applications are given to cylindrical and toroidal nanotubes described within the framework of effective

Dirac theory for the electronic subsystem.
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I. INTRODUCTION

There exists a variety of different models in which the
physical problem is formulated in spacetime backgrounds
having compact spatial dimensions. In high-energy phys-
ics, the well-known examples are Kaluza-Klein type
models, supergravity and superstring theories. The models
with a compact universe may play an important role in
providing proper initial conditions for inflation [1] (for
physical motivations of considering compact universes
see also Ref. [2]). An interesting application of the field
theoretical models having compact dimensions recently
appeared in condensed matter physics. The long-wavelength
description of the electronic states in graphene can be
formulated in terms of an effective Dirac theory in a
two-dimensional space with the Fermi velocity playing
the role of the speed of light (for a review, see Ref. [3]).
Carbon nanotubes are generated by rolling up a graphene
sheet to form a cylinder, and the background space for the
corresponding Dirac-like theory has the topology R! x S'.
The compactification along the nanotube axis gives rise
to another class of graphene-made structures called toroidal
carbon nanotubes having the topology of a two-torus.

In field-theoretical models formulated on a spacetime
background with compact dimensions, the periodicity
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conditions imposed on fields separate configurations with
suitable wavelengths. This leads to the shift in the expect-
ation values of various physical observables in quantum
field theory. In particular, many authors have investigated
the vacuum energy and stresses induced by the presence
of compact dimensions (for reviews, see Refs. [4,5]).
This effect, known as the topological Casimir effect, is a
physical example of the connection between global proper-
ties of spacetime and quantum phenomena. In higher-
dimensional field theories with compact extra dimensions,
the Casimir energy induces an effective potential providing
a stabilization mechanism for moduli fields and thereby
fixing the effective gauge couplings. The Casimir effect
has also been considered as an origin for the dark energy in
Kaluza-Klein-type models and in braneworlds [6].

The effects of the toroidal compactification of spatial
dimensions on the properties of quantum vacuum for
various spin fields have been discussed by several authors
(see, for instance, Refs. [4—8], and references therein). One-
loop quantum effects in de Sitter spacetime with toroidally
compact dimensions are studied in Refs. [9] and [10] for
scalar and fermionic fields, respectively. The main part of
the papers, devoted to the influence of the nontrivial
topology on the properties of the quantum vacuum, con-
siders the vacuum energy and stresses. These quantities are
chosen because of their close connection with the structure
of spacetime through the general theory of gravity. Another
important characteristic for charged fields is the expectation
value of the current density. In Ref. [11], we have
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investigated the vacuum expectation value of the current
density for a fermionic field in spaces with an arbitrary
number of toroidally compactified dimensions. Application
of the general results were given to the electrons of a
graphene sheet rolled into cylindrical and toroidal shapes.
Combined effects of compact spatial dimensions and
boundaries on the vacuum expectation values of the fer-
mionic current have been discussed recently in Ref. [12].
The geometry of boundaries is given by two parallel plates
on which the fermion field obeys bag boundary conditions.
Vacuum expectation values of the current densities for
charged scalar and Dirac spinor fields in de Sitter spacetime
with toroidally compact spatial dimensions are investigated
in Ref. [13]. The effects of nontrivial topology around a
conical defect on the current induced by a magnetic flux
were discussed in Ref. [14] for scalar and fermion fields
(for the vacuum polarization induced by conical defects see,
for example, Ref. [15]).

The finite temperature effects are of key importance in
both types of models with compact dimensions used in the
cosmology of the early Universe and in condensed matter
physics. In Ref. [16], we have investigated the finite
temperature expectation values of the charge and current
densities for a complex scalar field with nonzero chemical
potential in the background of a flat spacetime with spatial
topology R” x (S')9. In the latter, the separate contribu-
tions to the charge and current densities coming from the
Bose-Einstein condensate and from excited states were
studied. Continuing in this line of investigations, in the
present paper we consider the effects of toroidal compac-
tification of spatial dimensions on the finite temperature
fermionic condensate, charge and current densities for a
massive field in the presence of a nonvanishing chemical
potential. The thermal Casimir effect in cosmological
models with nontrivial topology has been discussed in
Refs. [17]. A general discussion of the finite temperature
effects for a scalar field in higher-dimensional product
manifolds with compact subspaces is given in Ref. [18].
Specific calculations are presented for the cases with the
internal space being a torus or a sphere. In Ref. [19],
the corresponding results are extended to the case with a
nonzero chemical potential. In the previous discussions
about the effects from nontrivial topology and finite
temperature, the authors mainly consider periodicity and
antiperiodicity conditions imposed on the fields along
compact dimensions. The latter correspond to untwisted
and twisted configurations of fields respectively. In this
case the current density corresponding to a conserved
charge associated with an internal symmetry vanishes.
As it will be seen below, the presence of a constant gauge
field, interacting with a charged quantum field, will induce
a nontrivial phase in the periodicity conditions along
compact dimensions. As a consequence of this, nonzero
components of the current density appear along compact
dimensions. This is a sort of Aharonov-Bohm-like
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effect related to the nontrivial topology of the background
space.

In what follows we consider the fermionic condensate
and the expectation values of the charge and current
densities in (D + 1)-dimensional spacetime with spatial
topology R? x (S')7 (with p + ¢ = D). The corresponding
results can be used in three types of models. For the first
one we have p =3, ¢ > 1, and it corresponds to the
universe with Kaluza-Klein-type extra dimensions. In these
models, the currents along compact dimensions are sources
of cosmological magnetic fields. In the second class of
models D = 3, and the results given below describe how
the properties of the universe are changed by one-loop
quantum effects induced by the compactness of spatial
dimensions. Another possible range for the applications of
the results obtained in the present paper could be graphene-
made structures like cylindrical and toroidal carbon nano-
tubes described within the framework of Dirac-like theory.

The paper is organized as follows. In the next section we
describe the geometry of the problem under consideration
and present a complete set of mode functions needed in
the evaluation of expectation values. Then, the fermionic
condensate is investigated for a complex fermionic field in
thermal equilibrium. In Secs. III and IV, the expectation
values of the charge and current densities are considered.
Several representations are provided and the asymptotic
behaviors are investigated in various limiting cases, includ-
ing low- and high-temperature limits. The features of the
model in odd spacetime dimensions are discussed in Sec. V.
Applications of general results to a (2 + 1)-dimensional
model describing the long-wavelength excitations of the
electronic subsystem in a graphene sheet are given in
Sec. VI. The main results are summarized in Sec. VIL
Throughout the paper, except in Sec. VI, we use the
units A =c = 1.

II. FERMIONIC CONDENSATE
A. General setting

Let us consider a fermionic field y on a background of
(D + 1)-dimensional flat spacetime having the spatial
topology R? x (§')4, p + g = D. We shall denote by z =
(z,.2,) the Cartesian coordinates, where z, = (7!, ....,27)
and z, = (z#*',...,zP) correspond to uncompactified
and compactified dimensions, respectively. One has —oco <
< ooforl=1,...,p,and0 < ! < L,forl=p +1,...,D,
with L; being the length of the /th compact dimension. In
the presence of an external gauge field A, the evolution of
the field is described by the Dirac equation

iy*Dyy — my =0, D, =0, +ieA,. 2.1)

For the irreducible representation of the Clifford algebra
the Dirac matrices y# are N x N matrices with N =
2[P+D/2 (the square brackets mean the integer part of
the enclosed expression). We take these matrices in the
Dirac representation,
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From the anticommutation relations for the Dirac matrices
we get 0,0, + 0,0, =28,,. In the case D =2 one has
N =2 and the Dlrac matrices can be taken in the form
yH = (0p3, i6py, —iop; ), with op,, being the usual 2 x 2 Pauli
matrices." In what follows we assume that A, = (Ag,—A)is
a constant vector potential. Although the corresponding
magnetic field strength vanishes, the nontrivial topology
of the background spacetime induces Aharonov-Bohm-like
effects for expectation values of physical observables. As it
will be seen below, the fermionic condensate (FC) and the
current density are periodic functions of the components of
the gauge field along compact dimensions.

One of the characteristic features of field theory on
backgrounds with nontrivial topology is the appearance
of topologically inequivalent field configurations and, in
addition to the field equation (2.1), we need to specify the
periodicity conditions obeyed by the field operator along
compact dimensions. Here we consider the generic quasi-
periodicity boundary conditions,

2ma,w<t’ va Zq)

l//(t, Z,,7, +Llel) (23)

with constant phases @; and with e; being the unit vector
along the direction of the coordinate 1= p+1,....D.
Twisted and untwisted periodicity conditions, most often
discussed in the literature, correspond to special cases a; =
1/2 and a; = 0, respectively. As it will be discussed below,
for a Dirac field describing the long-wavelength properties
of graphene, the cases @; = 0, =1/3 are realized in carbon
nanotubes. In particular, nontrivial phases in the periodicity
conditions are generated in the presence of a magnetic flux
enclosed by the compact dimensions [see discussion below
in the paragraph after formula (2.19)]. In this case, the
parameter q; is determined by the ratio of the flux enclosed
by the /th compact dimension to the flux quantum.

Here, we are interested in the effects of nontrivial
topology and the magnetic fluxes enclosed by compact
dimensions on the FC and the expectation values of the
charge and current densities assuming that the field is in
thermal equilibrium at finite temperature 7. First, we
consider the FC defined as

(py) = tw[pypyl, (2.4)

'Some special features of the model in odd-dimensional
spacetimes will be discussed in Sec. V.
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where r = " is the Dirac conjugated spinor, p is the
density matrix and (---) means the ensemble average.
For the thermodynamical equilibrium distribution at tem-
perature 7, the density matrix has the standard form
p=2ZlePHKO g 1T, (2.5)
where H is the Hamilton operator, Q' denotes a conserved
charge and 4’ is the related chemical potential. The grand-
canonical partition function Z is defined as
Z = trle PH-10)], (2.6)
For the evaluation of the expectation value in Eq. (2.4)
we shall employ the direct mode summation technique.

Let {l//((j), 1//,(,_)} be a complete set of normalized positive-
and negative-energy solutions of Eq. (2.1) obeying the
quasiperiodicity conditions (2.3). The corresponding ener-
gies will be denoted by eg ) Here o stands for a set of
quantum numbers specifying the solutions. For the evalu-
ation of the FC we expand the field operator as

=" laye” +bjws) @.7)
and use the relations
O
tr[ﬁa;;&a’] = (H‘ﬂf s
eﬁ(go _/4) + 1
A O
tr[pbyby] = >, 2.8)

with i = ey’. In Eq. (2.8), 8, corresponds to the Kronecker
delta for the discrete components of the collective index o
and to the Dirac delta function for the continuous ones.
The expressions for tr[pa, a}] and tr[ph, b are obtained
from (2.8) by using the anticommutation relations for the
creation and annihilation operators.

Substituting the expansion (2.7) into Eq. (2.4) and using
the relations (2.8), for the FC we get the following
expression,

(/)

= e+ Y P )
/36 —Ji)
6 j=+,—
where
vy _(_) (_> 2 10
(Py)o =D e wo (2.10)

is the vacuum expectation value of the FC. The latter
was investigated in Ref. [8] and here we will be mainly
concerned with the finite temperature effects provided by
the second term in the right-hand side of Eq. (2.9).
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B. Summation over the modes

For the evaluation of the FC we need to specify the
mode-functions. In accordance with the symmetry of the
problem, we take these functions in the form of plane
waves,

g
+ +) ik-z—iel”
1//5; ) :AE, eikric ’( (k—eA)-6" w<+)>’

eff)—erer X
_ _leed)e ()
w) = A pikeatigl [ el eAvtm > 2.11)
w)((_)
where 6 = (64, 0,, ...,0p) and
e = = Ledg+\/(k—eA2+m2. (212

In Eq. (2.11), w,gi),;( =1,...,N/2, are one-column matri-
ces having N/2 rows with the elements wﬂi =0y
For the components of the momentum k along uncom-
pactified dimensions one has —co < k; < 00, [ =1, ..., p.
The components along compact dimensions are quantized
by the quasiperiodicity conditions (2.3) and the corre-
sponding eigenvalues are given by
kl:27r(nl+a1)/Ll,nl:O,:I:I,:I:2,..., (213)
with [ = p + 1, ..., D. The coefficients A((,i) in Eq. (2.11)
are determined by the orthonormalization condition

[ dPxy y) = 6,6, with 2,4 = +, —. This gives
A2 _ Ef):Fer +m
2027)7V, (e FeAo)

(2.14)

where V, =L, ---Lp is the volume of the compact sub-
space. Now the set of quantum numbers is specified to
o= (kp,nq,)(), where k, = (ky, ...,kp) n, = (an,
nD), and

N/2
Z / dk, 2.15)

n, eZ‘i )(_

Substituting the mode functions (2.11) into Eq. (2.9)
and shifting the integration variable k, — k, + ¢A ,, we
find the following expression,

(py) = (Gwo+ > (0w, (2.16)

j:+._

where
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1 / €
7 dk
(pw). = 202n) ,,v / Z )

is the part in the FC coming from particles (upper sign)
and antiparticles (lower sign). In Eq. (2.17), u = i — €Ay,

(2.17)

e(k) = /k3 + e €n, = , (2.18)
and we have introduced the notations
I;l = 271'(”1 + &1)/141, &l = 0o — €L1Al/2ﬂ'. (219)

As is seen, the FC does not depend on the components of
the vector potential along noncompact dimensions.

The dependence on the phases «; and on the components
of the vector potential along compact dimensions enters in
the form of the combination @; in Eq. (2.19). We could
see this directly by the gauge transformation A, = A+
9, A (x), w(x) = ' (x)e ), with A(x) = A,z". The new
function w'(x) obeys the Dlrac equation with Aj =0
and the periodicity condition v'(t,z,,z, + Lle,) =
e iy (1,2 »+Z,). The expectation values are not changed
under the gauge transformation and, in the new gauge, the
parameter a; appears, instead of a; and A;. Note that we
can write eL;A;/2x = ¢;/ ¢y, where ¢; is the magnetic
flux enclosed by the /th compact dimensions and ¢, =
27/ e is the flux quantum. Hence, the presence of a constant
gauge field is equivalent to the shift of the phases in the
periodicity conditions along compact dimensions. In par-
ticular, a nontrivial phase is induced for the special cases
of twisted and untwisted fermionic fields. As it will be
discussed below, this leads to the appearance of the nonzero
current density along compact dimensions. Another inter-
esting physical effect of a constant gauge field is the
topological generation of a gauge field mass by the toroidal
spacetime (see Ref. [20] and references therein).

If we present the phases @, in the form a; = &Ef )+ 555”,

with &gi) being an integer and |€r§f )| < 1/2, then, as it is
seen from Eq. (2.17), the FC depends on the fractional part
&Ef ) only. We will denote by ¢, the smallest value of the

energy £(k),

€ = (2.20)

D
S @aa /L) + m?,

I=p+1

which corresponds to n; = —5:51). Note that, while the
bosonic chemical potential is restricted by |u| < &, the
fermionic chemical potential can have any value with
respect to &.

Firstly, we consider the case |u| < &.
assumption, by making use of the expansion

With this
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(& + 1) == (=1)me™, 2.21)
n=1
after the integration over k ,, from (2.17) we get
Nm - .
- - _ _1\n,Enpu
<1//l//>i (271')(17+1)/2V Z( 1) e
X Y &b fpmnp(npea, ). (2.22)
n,eZ?
In (2.22) and in what follows we use the notation
fu(x) = K, (x)/x", (2.23)

with K,(x) being the Macdonald function. Combining
Egs. (2.16) and (2.22), for the total FC one finds

_ _ 2Nm - ;
(wy) = (wy)o _W;(_l) cosh(nfiu)
X Y eb ! fipenp(npen, ). (2.24)
n,€ZI

As is seen from the above equation, the FC is a periodic
function of @; with the period equal to unity. In particular,
FC is a periodic function of the flux enclosed by a compact
dimension with the period equal to the flux quantum.
Let us consider the behavior of the FC, given by
Eq. (2.24), in the asymptotic regions of the parameters. If
the lengths of the compact dimensions are large, L; > 3, m,
the dominant contribution comes from large values of |n,],
and we can replace the summation by the integration,

Yonjeze = Vy(22)77 [dk, with &, = \/ K2 + m?*. The

integral is evaluated by using the formula

/drx(x2 +a?) f,(bVx* + a?)

= (2n)"2a®*"f, ., jp(ab), (2.25)

and, to the leading order, we obtain the FC in topologically
trivial Minkowski spacetime:

(cs]

<l/_/l//>M 27[ (D+1)/ Z

)" cosh(nfpu) f (p-1)/2(mnp).

(2.26)

Here we have renormalized the zero temperature FC in
Minkowski spacetime to zero. More precisely, if for a part of
compact dimensions (with the index r) the lengths are large,
by replacing the corresponding series by the integrations and
using (2.25), it is seen from Eq. (2.24) that the result obtained
is equivalent to that for the topology RP*" x (§')4~".

In the opposite limit, when the length of the /th compact
dimension is small compared with the other length scales
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and L; < f, under the assumption |&;| < 1/2, the dominant
contribution to the series over n; in Eq. (2.24) comes from

the term n; = 0. It can be seen that for a; = 0, in the leading
order, L;(jry) coincides with N (@), ,—1)/Np-1, where
(W) (pq4-1) is the condensate in (D — 1) dlmenswnal space

of topology R” x (§')9~! with the lengths of the compact
dimensions L, 1, ..., L;_, Ly, ..., Lp (Np_; is the cor-
responding number of spinor components). For a; # 0 and
for small values of L,;, the argument of the Macdonald
function in Eq. (2.24) is large and the FC is suppressed by
the factor e=27IlA/L1,

In the low-temperature limit, the parameter /3 is large and
the dominant contribution to the FC comes from the term
n = 1 in the series over n, and from the term in the series over
n, with the smallest value of &n,-In the leading order we find

ngg/z_l e_ﬁ<80_‘/4‘)
2 2
2(2x)P/ Vqﬁl’/

(pw) = (pw)o +

, (2.27)

with g, given by Eq. (2.20).

C. Zeta function approach

An alternative expression for the FC can be obtained by
employing the zeta function technique [21]. We write the
expression (2.16) in the form

_ Nm
(py) = _W/dkp >

q
n,eZ

®_, —npe(k)
X ; (=1)" cosh(nfu) eg(k) .

n

(2.28)

where the prime on the sign of the sum means that the term
n = 0 should be taken with the coefficient 1/2. This term
corresponds to the vacuum expectation value of the FC,

Wy ). Next, we use the integral representation
o- N he integral rep i

—’lﬁé‘ &2 sz—n2ﬁ2/4\

oK) \/» dse (2.29)
and the formula

S (1) cosh(npu)e 14

n=0

\/_ Z —s*[2x(n+1/2) /ﬁ+z/4]2 (2.30)

n——00

The above result can be proved by making use of the
Poisson summation formula. As a result, after the integra-
tion over s, the FC is presented as

(py) = —NmZ(1), 231)
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where we have defined the zeta function as shown below,

dk

equ

D+1 —S
X {kﬁ + Z 27z(n; + a)/L))* + mz} ., (2.32)

I=p+1

with an - (nqs nD+]),

l

Lp. =p. Apy1 = 3 +%. (2.33)

The renormalized value for the FC is obtained by the
analytical continuation of the zeta function at s =1.
An exponentially convergent expression for the analytic
continuation is obtained by integrating over k, and then
applying the generalized Chowla-Selberg formula [22].
In this way we get

mD+1—2s F(S _ (D + 1)/2) 2l—me+1—2s

¢(s) =

(47)P+D/2 I'(s) (27) P21 (s)
!/
X Z cos(2zm, g -0, )
m, €ZsH!
X f(p+1)/2-s(mg(Lgi1,mg 1)), (2.34)
with Ly = (Lpi1s-oosLpy)s Qg1 = (@pirs-eesOpia),

and the prime on the summation sign means that the term
m,; = 0 should be excluded from the sum. In Eq. (2.34)
we have introduced the notation

D+1
g(Lgyr.myyy) (Z Lim 2)

i=p+1

(2.35)

The contribution of the first term in the right-hand side of
Eq. (2.34) gives the zero temperature FC in the topologi-
cally trivial Minkowski spacetime. This part is subtracted
in the renormalization procedure. The remaining part of the
zeta function is finite, at the physical point s = 1 and for
the renormalized FC one finds

NmP !
—W Z COS(2Jqu+1 . aq+1)

1
m,  €Z*

(pw) =

(2.36)
|

X f(D—l)/Z(mg(Lqul? mq+1))-

+o0

Mpy ==

+o0
X Z [@a(n +ap)/B) +m* 72 f (a\/(ZE(” +ap1)/B)? + m?

n=—0o
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In this formula, the term mp,; = 0 corresponds to the
vacuum expectation value of the FC,

NmP

Ww)y=——+—"7 cos(2zm,, - o)
"G X, ‘7

Xf(D—l)/Z(mg<Lq’mq))v (237)
where, again, the prime means that the term with m, =0
should be excluded.

Extracting the vacuum expectation value, the renormal-
ized FC can also be written in the form

B ~ 2NmP & .

() = (ww)o —m;(—l) cosh(nfu)

X Z cos(2zm,, - o)

m,eZ?

X foyn (my/P(Lgmy) +242), 238)

with the notation
D 1/2
g(Lgm,) = (Z L%m%) (2.39)
i=p+1

The equivalence of two representations, given by

Egs. (2.24) and (2.38), is seen by using the formula
(see, for instance, Ref. [8])

Z cos(2zm,, (xq)f,,< \/g +n2ﬁ2)
m,€ZI
2m)4/? _
_ (V”;zy > en oy (nPey ). (2.40)

q n, €74

In order to investigate the high-temperature asymptotic of
the FC, it is convenient to transform the expression (2.36).
In this expression, the term with m, = 0 corresponds to the
FC in the topologically trivial Minkowski spacetime [see
Eq. (2.26)]. Separating this part from the right-hand side of
Eq. (2.36), in the remaining part instead of cos(2zm, -
o, ) we write cos(2zm,, - ) cos(2zmp . 1@p. ). Next, to
the series over mp,; we apply the formula

(27)'/?

Z cos(2zmp1ap1)f, <m\/ﬂ2m%)+l + az) =

), (2.41)
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which is a special case of Eq. (2.40). This leads to the
representation

NmT

/
— W cos(2zm, - o)

q
m EZ

(Wy) = (Wy)m

x Zoo [(z(2n + )T + iu)* + m?P/>!

n=—00

% Fop1(9(Lygmy)y/ (220 + DT + i) + m?).

(2.42)

At high temperatures, the dominant contribution comes
from the terms with n = 0 and n = —1 and from the terms
in the sum over m, with the smallest value of g(L,,m,).
If Ly, =min(L,,....Lp), then, to the leading order,
one finds

sze ﬂmeT

<wW>z<wW%w—9d2ﬂme)D1/2§:cos2na» (2.43)

where the summation goes over the compact dimensions
with L; = L,;,- From Eq. (2.43) we conclude that at high
temperatures the topological part in the FC is exponentially
suppressed. At high temperatures, for the Minkowskian
part, to the leading order, we have

1 _ 22—D

D—-1

(Wy)m D —1)/2){r(D

(2.44)

where (g (x) is the Riemann zeta function. For D = 2 one
gets (py)y ~ (27)"'NmT In2.

An alternative representation for the FC, containing
more detailed information, can be found from Eq. (2.28)
by applying to the sum over n;, for p+1 <1< D, the
Abel-Plana summation formula in the form [8,23]

23" stiasth) = [ o) 01500

i [T anlf(io) - p(-i)

g(idx)
x Z xL[JrZ/lm(z, _ 1 (245)
where l~<, is defined by Eq. (2.19). Taking
—nf x2+kf,+sf‘l
e a1
9X) =1 f(x) = (246)
[x= + Ky, + &
n,,
with nq 1= ( IH‘I’ e M1, Ry, ...,I’ZD), and
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_ 2 72
Enl = \/&n — ki,
gq-1 q

it can be seen that the part in the FC corresponding to the
first term in the right-hand side of (2.45) corresponds to the
condensate for a D-dimensional space of topology RP*! x
(197! with the lengths of the compact dimensions
LyiisooosLizy,Lyyy, ..., Lp. The latter will be denoted
by (@), 1 ,-1- In the part of the FC corresponding to
the second term in the right-hand side of Eq. (2.45), we use
the expansion

1
Z e*Li+2mia; _ | -

A==%1

(2.47)

2 emrlicos(2ardy).  (2.48)
r=I1

After the integrations over x and k, with the help of the

formula
/°° du? (= P f, (cu)

= 2/"1a2/”+2”F(ﬁ)fy+ﬂ(ac), (2.49)
we get (the prime means that the term n = 0 should be
halved)

4Nle -

mz{) "(=1)" cosh(nfu)

X E cos(2zray) E e,

ql
nf] ez

X fp/2 (8112_] \/ r2Ll2 + n2ﬁ2> ’

where the second term in the right-hand side of Eq. (2.50) is
induced by the compactification of the /th dimension. In the
special case of a single compact dimension one has [ = D
Enl | =M, and from Eq. (2.50) we obtain

W) = (W) 141 —

(2.50)

)" cosh(npu)

() = 2” A NDI/2 Z

X Z cos(2zrap)f (p-1)2 (m\ [rPL% + n2ﬂ2>.
r=1

(2.51)

This result coincides with the corresponding one obtained
from Eq. (2.38).
In the discussion above we have assumed that |u| < &.

Now we consider the case |u| > &. Let us denote by ¢ )
‘l

the largest energy for which [u| > ¢ © . From Egs. (2.16)

and (2.17), after the integration over the angular part of k ,,
we get
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4r)=r/ sz

(47) / Ir
F(p/2 4 j= + n,€Z9 Y &y
(2 =€l )p/2 1

Pl /M) 1

(o) = Ww)o + 75—

(2.52)

The contribution of the states with the energies &, > |u] to
the FC is treated in a way similar to that described above.
The FC is an even function of the chemical potential and for
definiteness we assume that g > 0. In this case the finite
temperature part in the FC coming from the antiparticles
remains the same, whereas in the part coming from the
particles the spectral ranges &n, < £,0 and En, > €40

should be treated separately. In this way we find the
(47)~P/>Nm

following representation,
4+ / ” dx
F(p/Q,) V‘I €n, <e €n,

0 q
“EI )

)C2 — &n p/2-1 N 0
( <x-ﬂ>) <p+nll>/2 D (=1)re
T ! (2ﬂ) Vq n=1
X Y &b fipmnp(nben,). (2.53)
an>£n20)
where (y)_ is given by Eq. (2.22). In the limit 7 — 0
we get
- - (47)"?2Nm / 2-1
)=y +-——— dx(x &2 p/2-1
< Wi tE (P/2)Vy . % )

“E,“) ng
(2.54)

The second contribution in the right-hand side comes from
the particles that occupy the states with €n, <H. At high
temperatures, the leading term coincides with that in the
topologically trivial Minkowski spacetime and is given
by Eq. (2.44).

III. CHARGE DENSITY

In this and in the following sections we shall investigate
the expectation value of the fermionic current density,
assuming that the field is in a thermal equilibrium at finite
temperature 7. This quantity is given by

() = ewlpy(x)ry(x)].

Substituting the expansion (2.7) and using the relations
(2.8), similar to Eq. (2.9), the following mode-sum formula
is obtained,

(J") +eZZ

o j=4+,—

(3.1)

J‘l’o )

3.2
A ) +1 (5-2)

PHYSICAL REVIEW D 89, 085002 (2014)
with

(3.3)

“do = eZ‘/’/f

7‘/’/} (x)

being the corresponding vacuum expectation value. Details
of the calculations here are similar to those for the FC, and
we will describe the main steps only.

First, we consider the charge density corresponding to
the component v = (. As has been shown in Ref. [11], the
renormalized vacuum expectation value for the charge
density vanishes: (j°);., =0. By taking into account
Eq. (2.11), for the finite temperature part of the charge
density we get

(%) = (1) + (°)- (3.4)
where
47)P2eN o x(x2 — g2 /21
<j0>j: — :l:( ﬂ) e / dx ( nq)

an

(3.5)

are the contributions to the charge density from the particles
(upper sign) and antiparticles (lower sign). Note that for
the number densities of particles and antiparticles one has
(N), = £(j), /e. As it is seen, the signs of (;j°) and p
coincide, so (j%)u > 0.

In the case |u| < &g, by using the expansion (2.21), the
integration over k, is explicitly done and one finds

0 eNp - 1\ tnp
<J >i - :F(Zn)<P+1)/2V Z( 1) ne "

xgen

n,eZ?

(p+1)/2 nﬁgn ) (3.6)

For the total charge density we get

2eNp =

(j°) = —WZ(—U”" sinh(nfu)

xgen

n,eZ4

(p+1)2(Pen,)- (3.7)

The charge density is an even periodic function of the
phases @; with the period equal to the unity. Also, it is an
odd function of the chemical potential . If the lengths of
the compact dimensions are large, the contribution of
large |n;| dominates in Eq. (3.7) and, to the leading order,
we replace the summation over n, by the integration. By
using Eq. (2.25), we see that the leading term coincides
with the charge density in the topologically trivial
Minkowski spacetime:
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2eNmPHp & ,
m Z(—l)nl’l smh(nﬁ,u)
”) n=1

X f(ps1)2(npm).

) o = -
(3.8)

For small values of the length of the /th compact
dimension, L;, the behavior of the charge density crucially
depends on the value of the phase ;. For integer values of
a; the dominant contribution to the sum over n; in Eq. (3.7)
comes from the term n; = —a; and, in the leading order, we
obtain (j°) & N(j°), ,_1/(Np_1L;), where (;°), , is the
charge density in (D — 1)-dimensional space with the
spatial topology R” x (§')9=! and with the lengths of
compact dimensions (L., ...,L;_1,Lyq,...,Lp). If
is not an integer, the dominant contribution to the sum over
n; comes from the term for which |n; 4+ a;| is the smallest.
In this case, the argument of the function f(,,)/»(x) in
Eq. (3.7) is large and we can use the asymptotic expression
for the Macdonald function for large values of the argu-
ment. In this way we can see that the charge is suppressed
by the factor e=#%/Li1 where &, = min |n; + &,|. Finally, at
low temperatures, the dominant contribution in Eq. (3.7)
comes from the term with » = 1 and from the term in the
sum over n, for which €n, is the smallest, €n, = €0- To the
leading order we get

eNsgn(u)el”

— o VR0 p—pleo—lul)
2(2x)P/? Vqﬁp/Z

(/%) = (3.9)

and the charge is exponentially suppressed.

An equivalent expression for the charge density is
obtained by using the zeta function approach. In order
to do that, first let us write the expression (3.5) in the form

. eN dkp > n o} —nfe
o)== / Gl 2o D (1) sinh ()Y

nqu‘l n=1
(3.10)
Then it can be transformed as
0y _ﬂ _ K dud / dkl’
—n[is(k)
x Y Z n cosh(nfu) < (3.11)
n, eZ‘f n= ( )

Now, by making use of Eq. (2.30), with the transformations
similar to those we have described for the case of the FC,
the charge is presented as

(j°) = —eN <,, - A ' duaﬂﬁ)m),

with the zeta function defined by Eq. (2.32). Substituting
the expression (2.34) for the zeta function, we see that the

(3.12)

PHYSICAL REVIEW D 89, 085002 (2014)

contribution of the first term in the right-hand side of
Eq. (2.34) vanishes. The contribution of the second term is
finite at the physical point and for the charge density we
directly get

2¢N D+1 o )
(;ﬂ):nTl)g Z(—l )'n sinh(nfu)

n=1

() ==

X Z cos(2zm,, - o)
m,eZ?

X f (D41 /2( \/g

Here, the term with m, =0 corresponds to the charge
density in topologically trivial Minkowski spacetime given
by Eq. (3.8). The equivalence of the representations (3.7)
and (3.13), can be seen by using Eq. (2.40).

An alternative representation, convenient for the inves-
tigation of the high-temperature asymptotic of the charge
density, is obtained from Eq. (3.13) with the help of
formula (2.41). First, we separate from the right-hand side
of Eq. (3.13) the part corresponding to (j°),;. Then, by
using nf sinh(npu) = 0, cosh(npu), we apply, for the sum
over n, the formula (2.41). This yields

)+ n2ﬁ2) (3.13)

o0 70 eNT
() = —W H
x Z z(2n+ )T + iu)?> + m?*|P/2
n=—0o
X Z/ cos(2zm,, - o)
m €Z4

% Fo2(0(Lgem )\ (x(2n + DT + i) + m).
(3.14)

In the limit of high temperatures the contributions of the
terms with n =0 and n = —1 dominate, and the part in
the charge density induced by nontrivial topology is
suppressed by the factor e mn” and (jO) ~ (jO)y.
The high-temperature asymptotic of the Minkowskian part
is given by

1 —22D

O~z TP + 1)/2)r(D = 1eNuT P

(3.15)
For D = 2 one has (j)y ~ (27)~'eNuT In2.
Another representation for the charge density is obtained

by applying to the sum over n; in Eq. (3.10) the summation
formula (2.45) with the functions g(x) =1 and f(x) =

exp(—np, /x* + K3 +8, ). After the transformations
z[ 1

similar to those for the FC, we get
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\ : 4eNPL; & :
0\ _ (10
(77) = U”) pr1.g-1 —WZ(—UM sinh(nfu)
X Zcos 2rray) Z 8p+2
n!_ ezs!
‘1
X fpr2ei (€l [PPL? + n?f?), (3.16)
where (j°) ., is the charge density in the space with

topology RP*! x (S')97! and with the lengths of the
compact dimensions Lp+1’ wooLi_1,L; g, ..., Lp. The sec-
ond term in the right-hand side of Eq. (3.16) is induced by
the compactification of the coordinate z'.

In the left panel of Fig. 1, for the D = 3 model with a
single compact dimension (p = 2, ¢ = 1), we have plotted
the charge density as a function of a; = a for the values of
the parameters p/m = 0.5 and mL; = 0.5. The numbers
near the curves correspond to the values of T/m. The
dashed lines present the charge density in Minkowski
spacetime with trivial topology.

For the case |u| > &, in a way similar to that we have
used for the FC, assuming that ¢ > 0, the charge density is
presented as

(4m)~r/2eN /°° dxx(xz — e,
L(p/2)V, 20 e, Ao 1
g

(%) = (- +

Nep =
- (=1)"ne"H
(2z) P2y, 2

xgen

€y >€ (0)
g

Fp+1)2(nBen,). (3.17)

< j7> f(em®)

-0.2

-04

FIG. 1 (color online).
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where the part coming from the antiparticles, (j°)_, is given
by the same expression (3.6) as before. In the limit 7 — 0
we get

(4r)~P/2eN
pL(p/2)V,

p/2

(J°) = (3.18)

Z(H

q e, <e

Note that the number of states per unit volume with the
energies smaller than u is equal to

N

2(2”)”/‘1 EnqSZS(O) AI’S\/ w=en,
g

N = dk (3.19)

P

Now the charge density at zero temperatures can be written
as (j°)7_og = eN'o,. At high temperatures, the leading term
in the expansion of the charge density, as before, is given
by Eq. (3.15).

In the discussion above we have considered the charge
density as a function of the temperature, chemical potential,
and the lengths of compact dimensions. From the physical
point of view it is also of interest to consider the behavior
of the system for a fixed value of the charge QO = V,(;°).
In this case the expressions derived in this section give the
chemical potential as a function of the charge, temperature
and of the volume of the compact subspace. For example,
we can use the formula which follows from Egs. (3.4)
and (3.5):

_ 2 /2-1
(47)~P/2eN (¥* —eq )p
Q - F( /2) Z dxxzj Blx— _]ﬂ) 41 .
p n,€Z9 V ny Jj=* e
(3.20)
3t "‘s\ ]
\
\
2r \} ]
\
\
\Y
o It ]
£
S
N0
S 3
vV _1F \ ]
\‘ 2
i N\ ]
3, 1
\
_3 = \\__f 4
-0.4 -0.2 0.0 0.2 04
a

Charge (left panel) and current (right panel) densities as functions of @ in D = 3 model with a single compact

dimension for the values of the parameters pz/m = 0.5, mLz; = 0.5. The curves are labelled with the value of 7//m. On the left panel, the
dashed lines correspond to the charge density in Minkowski spacetime with trivial topology. The dashed curve on the right panel

presents the VEV of the current density.
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nN—————r————7 77T

u/m

FIG. 2 (color online).
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P

-0.4

P U S S RS S R

-0.2 0.0 0.2 0.4
a

The chemical potential as a function of the temperature (left panel) and of the phase & (right panel) in the D = 3

model with a single compact dimension. The graphs are plotted for a fixed value of the charge corresponding to Q/(em?) = 2. For the
left panel mL; = 0.25 and the numbers near the curves are the corresponding values of the phase a. The dashed curve presents
the chemical potential in the Minkowski spacetime with trivial topology. For the right panel 7/m = 1, and the curves are labelled with

the value of mL;.

From here it directly follows that the sign of u coincides
with the sign of Q, consequently #Q > 0, and that the
chemical potential is an odd function of Q. For fixed
temperature and lengths of compact dimensions, the
function |¢| monotonically increases with increasing |Q].
At high temperatures, by taking into account that
Q~V,( 7%)um» up to exponentially small terms, and using
Eq. (3.15), in the leading order we get

(1 _ 22—D)—1 ﬂ(D+l)/2Q
“ET(D + 1)/2)(D = 1) eNV, TP

(3.21)

With decreasing the temperature, the chemical potential
increases and its value at the zero temperature is determined
from Eq. (3.18).

On the left panel of Fig. 2, for the D = 3 model with a
single compact dimension of the length L5 (p =2, g = 1),
we plotted the chemical potential as a function of the
temperature for a fixed value of the charge corresponding to
Q/(em?) = 2 and for mL; = 0.25. The numbers near the
curves correspond to the values of the phase a; = a. The
dashed curve presents the chemical potential in D =3
Minkowski spacetime with trivial topology R* and with the
same charge density corresponding to {j°)y,L3/(em?) = 2.
The right panel displays the chemical potential as a
function of & for the same value of the charge Q/(em?) =
2 and for T/m = 1. The numbers near the curves corre-
spond to the values of mLs.

IV. CURRENT DENSITY

Now let us consider the spatial components of the
expectation value (j¥). Substituting the mode functions
(2.11) into Eq. (3.2), we get

()= ("o + > () @.1)

-

where the contributions from the particles (j = +) and

antiparticles (j = —) are given by the expression below,
. eN k,/e(k)
N =———1]dk _ 4.2
() 2(27)PV, / ”n;q Feww 5+

forv =1,...,D.Inthecase of v = 1, ..., p, the integrand is
an odd function of k, and the integral is zero. Hence, the
current density along uncompactified dimensions vanishes:
G =0,v=1,...,p.

Under the condition |u| < &, by using Eq. (2.21), and
after the integration over k ,, we find

eN -
(_] )neinﬂu
(27,7)(17+1)/2V[1 ;

<Y ke ey (nBen,).

n, €74

<jy>:t =

(4.3)

for the current densities coming from particles or anti-
particles, and

2eN %
WZ(—I)” cosh(npu)

q n=1

x Y kb f ey (nen,).

q
n,€Z

() =" -

4.4)

for the total current density. From Eq. (4.4) it follows that
the current density along the vth compact dimension is an
even function of the phases @;, [ # v, and an odd function of
the phase @, . In particular, (j*) = 0 for @, = 0. The latter is
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the case for twisted and untwisted fields in the absence of
magnetic fluxes. At low temperatures regime, the dominant
contribution to the finite temperature part comes from the
mode with the lowest energy and, to the leading order,
one has

e Nayggﬂ—le—ﬁ(so—w

e LT 4.5)

()= {" +

In this limit, the finite temperature part is exponentially
suppressed.

Another form for the current density is obtained on the
base of the zeta function approach. With this aim, we write
Eq. (4.2) as

() =

eN k
— dk v
(2ﬂ)1’Vq P Z e(k)

n, €79

x Y (=1)" cosh(npu)e™<k).  (4.6)
n=0

By using Egs. (2.29) and (2.30), this expression is
presented in the form

+o00

chy

Dny

4.7)

where the partial zeta function is defined as

o =g [ S (g4 Y )
PV, (2”)pn;ezq I=p+1

4.8)

with n; = (np—H’ e My 1, Ny, ...,nD+1). Here, INCD_H =

27[(I’ID+1 + &D+1)/LD+| with LD+1 and &D+1 being giVen
by Eq. (2.33).

After the integration over k, and the application of the
generalized Chowla-Selberg formula [22], the following
representation is obtained,

£(s) mP=2 T(s—=D/2)  21=5mbP=2s
S) =
’ (4m)P/2 - T(s) (2)P12L(s)
/
x> cos(2mn - o)) f p o (m,g(LY.mb)). (4.9)
LAS/A
VVNhCre Lq = (Lerl’ ""Ll/—l’Ll./Jrl’ "'LD’:B)’ (x’é =
(@pi1s s @yt Qyyys s Gpyy) and
m, = \/ k> + m?. (4.10)

The contribution of the second term in the right-hand side
of Eq. (4.9) to the current density is finite at the physical

PHYSICAL REVIEW D 89, 085002 (2014)

point s = 1. The analytical continuation of the first term is
obtained by applying the summation formula (2.45) to the
series over n,. In this way, we get

B 2L (Zm)(D+1—2s)/2+l
2s—D (4ﬂ)(D+1)/2F(S)

I(s—D/2) <& &,
(471)D/2F(s) Z m;

n,=—oo

X Z sin(2zna,)
n=1

K (pyi-25)/241(nL,m)
(nLU)(D+l—2s)/2

@.11)

Combining Eqgs. (4.9) and (4.11), for the current density
along the vth compact dimension, we find

2eNL;'
v v —_— —1)"cosh(n
() = Pl = o D (1" coshionp
+oo »
X Z k,mP=2 Z cos(2zmy_, - o)
n,=—co n_ ez

g-1

/
><fD/2—1< < Z L2n2+n2ﬂ2>12), 4.12)
i=p+1.#v

where the term n =0, n’;_l =0 1is excluded,
14 — v —_ (X =,
N, =Myt sy 1My 1ol )s Oy = (@it eees Gy
aDH,...aD), and
2eNmP*L,

lem 27la,) f (p41)2(IL,m)

(4.13)

()11 = W

is the zero-temperature current density for the topology
RP=! x S! with the compact dimension of the length L,.
A more compact form is obtained by making use of the
relation

z Izvmz?_szﬁ—l (mvy)

n,=——0oo

2
\/7L2 D*'Zn sin(2zn,a,)

n,=1
X fp+1y2(my/y* + npL3).

This leads to the final result:

(4.14)
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4eNmPHL, &
WZ '(=1)" cosh(nfpu)

n=0

X Z”” sin(2zn,a,) Z cos(2zn}_, - oy ;)

n,=1 n_ ez

g1
X fp41)2( m\/g

(= -

)+ n2p2). (4.15)

The n = 0 term in this formula corresponds to the VEV of
the current density:

2¢N D+1L
ezﬂmDH 72 Zn sin(2zn,a,)

<JW>0:
X Z cos(2nn’;_1-a;_1)

v g-1
n_ €Z

Xf(D+1)/2(mg<Lq’nq))' (4.16)

In order to see the asymptotic behavior of the current
density at high temperatures, we apply to the series over n
in Eq. (4.15) the formula (2.41). This leads to the
expression

_2eNL, T
2 D/2 an,sm (2zn,a,)
)

SN

n=—0o0

X Z cos(27m’;l_1 ‘“5,—1)

n’_ €Z4!
gq-1

% o2 (9(Lymy/ (x2n+ DT + i) +m2).

<j1/ —

n,=1

7(2n+1)T +ip)? +m?)P/?

(4.17)

At high temperatures the dominant contribution comes
from the terms n = —1, 0 in the series over n and from the
term with n; = §;,. To the leading order, we get

o\ 2eN sin(Zm}y)T(DH)/Z
<J > ~ = (2Ll/)<D_l)/zeﬂLDT )

(4.18)

and the current density is exponentially suppressed. This is
in sharp contrast with the high-temperature behavior of the
current density in the case of a scalar field. At high
temperatures, the current density for a scalar field linearly
grows with the temperature [16]. This difference of the
asymptotics for scalar and fermionic current densities is a
direct consequence of different periodicity conditions
imposed on the fields along imaginary time (periodic
and antiperiodic conditions for scalar and fermion fields,
respectively).

An alternative representation for the current density is
obtained by applying the summation formula (2.45) to the
series over n, in Eq. (4.6) by taking g(x) = x and the
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function f(x) from Eq. (2.46). With this choice, the first
term in the right-hand side of Eq. (2.45) vanishes, and for
the current density one gets

4eNL: N,
——— oY, (=1)" cosh(npu)
(2”)p/2+lvq ;

Z 8p+2

x Y Isin(2zld,)
=1 1=y /A 1

X Lo (B \JPLE + 12).

The n = 0 term in this expression corresponds to the VEV
of the current density:

() ==

(4.19)

2eNL? &
WTI‘/ Z [ sin 277:[(11/)

X Z gn’:{i]fp/2+1<lLv8n;_l)‘

v q—1
n, €z

(7)o =

(4.20)

In the model with a single compact dimension, Eq. (4.19) is
reduced to Eq. (4.13).

Let us consider the limit of Eq. (4.19) when the length of
the rth dimension is much smaller than L,, L, < L,. The
current density is a periodic function of a, with the period
equal to unity and, without loss of generality, we can
assume that |a@,| < 1/2. If &, = 0, the dominant contribu-
tion comes from the term n, = 0 and, to the leading order,
we have ()~ N(7) g1/ (Np_1L,). where (), o is
the current density in (D — 1)-dimensional space of top-
ology R? x (S')77! with the lengths of the compact
dimensions L, y,...,L,_j,L,;y,...,Lp. The corrections
to this leading term are of the order e=>"%+/Lr For &, # 0,
once again, the dominant contribution comes from the term
with 7, = 0, and the argument of the function f, . (x) in
Eq. (4.19) is large. By using the corresponding asymptotic
for the Macdonald function, we see that the current density
is suppressed by the factor e=27l%[Lu/L:,

The right panel of Fig. 1 displays the current density in
the D =3 model with a single compact dimension, as a
function of a; =a for u/m = 0.5 and mL; = 0.5. The
numbers near the curves are the correspond values of 7/m.
The dashed curve presents the current density at zero
temperature.

Now we turn to the case |u| > g,. After the integration in
Eq. (4.2), the general formula (4.1) is given in the form

o (4z)~P/2eN ~ /00
<-] > <-] >0 + F(p/z)vq n;qu n, dx

(% — &2 )p/21
x>

j=t-

e (4.21)
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The current density for a fixed value of the charge as a function of the temperature (left panel) and of the phase a

(right panel) in D = 3 model with a single compact dimension. On the left panel the graphs are plotted for Q/(em?) = 2, mL; = 0.25
and the curves are labelled with the value of a. For the right panel 7/m = 0.5, mL; = 0.5, and the numbers near the curves correspond

to the values of Q/(em?).

For definiteness, assuming that y > 0, the transformations
for the part with j = — and for the part j = + in the range
€n, > p are the same as those described above. For the
current density along the vth compact dimension, one finds

(4r)~P/2eN i
F(P/z) Vq anSSn(O)

w (=gl )2l
2ok )’
. (—ﬂ)_|_1

g
n n/fﬂ E k gn
q

Eng>E

() = U)o+ )=+

eN
(27 b2y,

X

[Se]

D (-1

n=1

Fp-1)2(nPen,).

(4.22)
In the limit 7 — 0 we get

(47)~P/%eN
Vqr(p/Z)

X Z k/ dx(x* — €2 )”/21 (4.23)

(7)== (") +

The second term on the right is the current density induced
by the particles filling the states with the energies &, < u. At
zero temperature the states with the energies En, > p are
empty. At high temperatures, similar to the case | /4| < g, the
current density is exponentially suppressed [see Eq. (4.18)].

For a fixed value of the charge, Eq. (3.20) determines the
chemical potential as a function of temperature. Examples
of this function are plotted in Fig. 2. Substituting the
chemical potential into Eq. (4.21) or Eq. (4.22), we find the
current density as a function of the temperature for a fixed
value of the charge. On the left panel of Fig. 3 we have
plotted this function in the D =3 model with a single

compact dimension of the length L5, for the fixed value of
the charge corresponding to Q/(em?) = 2. The graphs are
plotted for mL; = 0.25 and the numbers near the curves
correspond to the values of a3 = a. The right panel presents
the current density versus the phase a for different values
of Q/(em?*) (numbers near the curves) and for T/m =
0.5, mL; = 0.5.

V. EXPECTATION VALUES IN TIME-REVERSAL
SYMMETRIC ODD-DIMENSIONAL MODELS

In the discussion above we have considered a fermionic
field realizing the irreducible representation of the Clifford
algebra. With this representation, in odd-dimensional
spacetimes (D is an even number), the mass term in the
Lagrangian breaks C invariance in D = 4n, P invariance in
D =4n,4n+2, and T invariance in D = 4n + 2 (for a
general discussion, see Ref. [24]). In order to restore these
symmetries, we note that in odd dimensions the y” matrix
can be represented by other gamma matrices in the

following way,
L
IR =2

where y = %! - - yP~1. Hence, the Clifford algebra in odd
dimensions has two inequivalent representations corre-
sponding to the upper and lower signs in Eq. (5.1).
Now, two N-component Dirac fields, y, and y_, can be
introduced with the equations

D = 4n,

D _ ., D
* D =4n+2,

P =y (5.1)

(ir'Dy —m)y. =0, (5.2)
where ¥, = (y%, 7!, - yP~1,y?). Defining the charge con-
jugation as w§ = CyL (for C, P, and T transformations,
see, for instance, Ref. [24]), we see that the total
Lagrangian £ =3, . y;(iyD, —m)y; is invariant
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under the charge conjugation. In a similar way, by suitable
transformations of the fields, it can be seen that the
combined Lagrangian is invariant under P and T trans-
formations, as well (in the absence of magnetic fields).
Note that by defining new fields v/, =y, w_ = yy_, the
Lagrangian is transformed to the form

L= Wiy, — jm)y.
=

(5.3)

Thus, the field y’ satisfies the same equation as y’, with
the opposite sign for the mass term. The N-component
Dirac spinors ', and y’ can be combined in a
2N-component spinor: ¥ = (y/,, ). Introducing 2N x
2N Dirac matrices y* = I, ® y* and n = op3 ® I, where
Iy is the N x N unit matrix and op; = diag(1,—1) the
Pauli matrix, the Lagrangian is written in the form
L =V(iy"D, —mn)¥. An alternative representation is
obtained by using the 2N x 2N reducible representation
of gamma matrices 7’(21\/) = op3 @ y* with the Lagrangian

L= \i'(iy’zzN)

D, —m)W¥. (5.4)

The FC, the charge and current densities for the model
described by the Lagrangian (5.3) can be obtained from the
formulas given above. In deriving the expectation values of
these quantities, we have assumed that the parameter m is
non-negative. However, the results are easily generalized
for a negative m as well. It can be seen that (yy)/m and
(j*) are even functions of m. Consequently, the current
densities corresponding to the fields y/, and y’ are given
by expressions presented in Secs. III and IV, whereas the
FC for the fields y/, and y’ differ by the sign. Hence,
assuming that in Eq. (5.3) m > 0, for the total expectation
values one finds

(OO = (py)y — (pw), .

(1) =" + Gy (5.5)
where the parts with the indices 1 and | are the contri-
butions coming from the upper (y’,) and lower (y’)
components of the 2N-component spinor W. The separate
terms in (5.5), (Yy);, and (j*),;  are given by the
expressions presented in Secs. III and IV. If the phases
in the quasiperiodicity conditions for the upper and lower
components of the 2N-spinor ¥ are the same, then the
resulting FC vanishes, whereas the expressions for the
charge and current densities are obtained from the expres-
sions given above with an additional coefficient 2.
However, the phases in the quasiperiodicity conditions
for the upper and lower components, in general, can be
different. As we will see below, this is the case for the Dirac
model in a class of carbon nanotubes.

PHYSICAL REVIEW D 89, 085002 (2014)
VI. APPLICATIONS TO CARBON NANOTUBES

In this section we apply the general results given above
for the investigation of the FC and current density in carbon
nanotubes (for a review see Ref. [25]). A single-wall
cylindrical nanotube is obtained from a graphene sheet
by rolling it into a cylindrical shape. In graphene, the low-
energy excitations of the electronic subsystem, for a given
value of spin s = *1, are described by an effective Dirac
theory of four-component spinors Wi = (y a5, ¥ ps.
W_.as.W_ps), Where the components y ;,, with J =A
and J = B, give the amplitude of the wave function on the
A and B triangular sublattices of the graphene hexagonal
lattice and the indices + and — correspond to inequivalent
points (K ,K_) at the corners of the two-dimensional
Brillouin zone (see Ref. [3]). The quasiparticles are con-
fined to a graphene sheet and, hence, for the spatial
dimension of the corresponding Dirac-like theory one
has D = 2. The corresponding Lagrangian has the form
(we restore the standard units)

L= W (iny°d, + ihvpy'D; — AT,
s==+1

6.1)

where D; = (V —ieA/hc),, | = 1,2, with e = —|e| for
electrons, and vy =~ 7.9 x 107 cm/s is the Fermi velocity
that plays the role of the speed of light. (For other planar
condensed-matter systems with the low-energy sector
described by Eq. (6.1), see for instance, Ref. [26].) For
the Fermi velocity one has v, = v/3ay,/(2h), where a is
the lattice constant and yy ~ 2.9 eV is the transfer integral
between first-neighbor z orbitals. We have included in the
Lagrangian the energy gap A. It is expressed in terms of the
corresponding Dirac mass m;, as A = mpv%. The gap in
the energy spectrum is essential in many physical appli-
cations and can be generated by a number of mechanisms
(see, for example, Ref. [3] and references therein). Some
mechanisms give rise to mass terms with the matrix
structure different from that we consider here. In depend-
ence of the physical mechanism for the generation, the
energy gap may vary in the range 1 meV S A <1 eV.
In the discussion of the graphene properties within the
framework of the model described by Lagrangian (6.1), the
Dirac matrices are usually taken in the form y* = op3 ®
(op3, iopy, —iop;). Now comparing with Eq. (5.4), we see
that Eq. (6.1) is a special case with D =2, N = 2.

In the case of the cylindrical nanotube, the spatial
topology for the effective Dirac theory is R' x S' with
the compactified dimension of the length L. The carbon
nanotube is characterized by its chiral vector
C, = n.a; + m_.a,, where a; and a, are the basis vectors
of the hexagonal lattice of graphene and n,., m,. are integers.
The length of the compact dimension is given by

L =|C,| = aN,, with N, = \/n2 + m? +n.m_. and a =

|a;| = |ay| = 2.46A being the lattice constant. The special
cases C;, = (n.,0) and C;, = (n,, n.) correspond to zigzag
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and armchair nanotubes respectively. All other cases
correspond to chiral nanotubes. In the case n. —m, =
3l,, I, € Z, the nanotube will be metallic and in the case
n, —m. # 31, the nanotube will be a semiconductor with
an energy gap inversely proportional to the diameter. In
particular, the armchair nanotube is metallic, and the (n,., 0)
zigzag nanotube is metallic if and only if 7, is an integer
multiple of 3.

Periodicity conditions along the compact dimension for
the bispinor U, in (6.1) are obtained from the periodicity of
the electron wave function (see Refs. [25,27]). For metallic
nanotubes one has periodic boundary conditions [o; = 0
in Eq. (2.3)] and for semiconducting nanotubes, depending
on the chiral vector, we have two classes of inequivalent
boundary conditions corresponding to «; = £1/3 (n.—
m. = 31, = 1). The phases have opposite signs for the
upper and lower components of the four-spinor ¥, in (6.1),
corresponding to the points K, and K_.

For a given value of the spin s, the expressions of the FC
and of the expectation values of the current densities for
separate contributions from the points K, and K_ are
obtained from the expressions given in previous sections by
the replacements
p—alulyp, (62)

m—a'Ayp, B ayep,

where yp = hvp/a = \/3y,/2 ~2.51 eV determines the
characteristic energy scale of the model. In addition, in
expressions for the current density along compact dimen-
sions a factor vy should be added, because now the operator
of the spatial components of the current density is defined
as j¥ = evpp(x)y*w(x). For a given spin s, the separate
contributions are combined in a way given by Eq. (5.5),
where 1 and | correspond to the points K, and K_,
respectively. In the model under consideration, the spin
s = +1 and s = —1 give the same contributions to the total
expectation values. For cylindrical carbon nanotubes, the
spatial topology for the effective theory corresponds to
R' x S! and, hence, in the formulas above p=1qg=1

The compactification of the direction along the cylinder
axis gives another class of graphene made structures called
toroidal carbon nanotubes [28] with the background top-
ology (') (p = 0, g = 2). The nanotorus is classified by
its chiral vector C;, and translational vector T = p.a; +
g.a, with the coordinates along these directions z' and z?
and with the lengths L, and L,. Usually one has L; < L.
From the asymptotic analysis given above [see the para-
graph after Eq. (4.20)], it follows that for a; = 0 the current
density along z2, in the leading order, coincides with the
corresponding quantity in the model with D = 1 and with
the length of the compact dimension L,. The corresponding
corrections are of the order e=>"22/1_ In the absence of the
magnetic flux, this case corresponds to nanotubes for which
a; = 0 and, hence, n, —m, =3I, l. € Z, (type I and 1I
toroidal carbon nanotubes). For a; # 0, the current density

PHYSICAL REVIEW D 89, 085002 (2014)

along the z?> direction is suppressed by the factor
e~2#lmlL2/Li Tn the absence of the magnetic flux, this case
corresponds to n, —m. # 3l., I. € Z, with || =1/3
(type III toroidal carbon nanotubes).

In discussing the FC and current density in cylindrical
and toroidal nanotubes we work within the zone-folding
approximation in which the effect of confinement is to
induce the selection on allowed values of the momentum
projection along the compact dimension. This approxima-
tion ignores the curvature effects which may cause the
mixing of ¢ and z orbitals of the carbon atoms. These
effects are small for nanotubes with a sufficiently large
diameter.

A. One-dimensional rings

Here, we start with the simplest case D = 1 having a
compact dimension of the length L = aN, and with the
phase in the periodicity condition @; = a. As we have
noted, this case can be considered as a model of a toroidal
nanotube in the limit when the length of one of the compact
dimensions is small compared to the other (for the inves-
tigation of persistent currents in toroidal carbon nanotubes
within the framework of the tight-binding approximation,
see Refs. [29]).” For simplicity we consider the case of
zero chemical potential when the charge density vanishes.
The zero value for the chemical potential is predicted by
simple tight-binding calculations for the hexagonal lattice
of a single graphene sheet (see, for example, [25]). By
using the formulas given in previous sections, the gener-
alization for the case of a nonzero chemical potential is
straightforward (for mechanisms of generation of a nonzero
chemical potential see Ref. [26]).

By summing the contributions coming from two sub-
lattices with opposite signs of a and adding an additional
factor 2 which takes into account the contributions from
two spins s = +1, for the FC we find

() = = s sin 2 o Ko )
o
r=—co j=t1€” Y +1
with the notations
Xe =NAJyp.ye =7vr/(NT), (6.4)

and

2of course, the FC and current density in toroidal nanotubes
can also be considered for general values of the lengths L and
L,, by using the formulas given above for the model D = 2 and
p=0.
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k) = 2n(r + ja— ¢/ gho).
(6.5)

The first term in the right-hand side of Eq. (6.3) gives the
FC at zero temperature. As is seen, the quantity yp/N,
determines the characteristic energy scale of the model.
For toroidal nanotubes one has N, ~ 103 and this energy
scale is of the order of the meV. The corresponding
characteristic temperature is 7. = yr/(N_.kg) ~ 30 K.

An alternative expression is obtained by making use of
Eq. (2.36),

0
/ —_—

)sin(2zrep/ o)

n=0 r=1
x Ky (xcy [r? + nzy%),

where the zero-temperature part is given by the term n = 0.
From the asymptotic analysis in Sec. II we see that at
high temperatures, 7 > y./N,, the FC is exponentially
suppressed:

(6.6)

sin(2zp/pg)e e, (6.7)

B 16x, sin(2za
(py) ~ — 16x, sin(2ra)
L

An exponential suppression takes place also for large
values of the energy gap: x.> 1. In Fig. 4 we have
plotted the FC, given by Eq. (6.3), as a function of the
magnetic flux for @ = 1/3 and x, = 0.5. The numbers near
the curves correspond to the value of TN,/yp.

Now we turn to the current density. By summing the
contributions coming from two valleys with opposite signs
of a, from Eq. (4.4), with the replacements (6.2), we get

L<yy >

FIG. 4 (color online). FC as a function of the magnetic flux for
a=1/3 and x, = 0.5. The numbers near the curves correspond
to the value of TN, /yp.
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(' = % i: cos(2zna) sin(2zng/po) K (nx.)
(6.8)

where the first term represents the zero-temperature part
and has been already given in Ref. [11]. Alternatively, from
Eq. (4.15) one obtains an equivalent representation

. 16evpx2 &
(Jh=—>" (-

L g

X fl(xc V r2 + n2y%)

At high temperatures, we have the asymptotic expression

)" i rcos(2zra) sin(2zrg/ ¢o)
r=1

(6.9)

16evy
Ly,

('~ cos(2za) sin(2zgp/po)e ¥, (6.10)

with the exponential suppression.
For a zero gap energy, the expressions for the current
density are reduced to

4e1} K‘r/K‘r
FZZ il

r=—co j==41 e‘K' [ve +1

. 16ev
= (") - Z
- cos(2zra)
x;rsm 2ﬂr¢/¢0)m, (611)
where for the zero-temperature part one has
. 2€’U
(Mreo ==Y T(d/ o + j). (6.12)
j==*1
In Eq. (6.12), we have defined the function
2 CNsin(2 1-2{x x>0
)=-) TR 7nx) { . (6.13)
i 2{x} -1, x<0

with {x} being the fractional part of x. In Fig. 5 we have
plotted the current density, in units of evy/L, as a function
of the magnetic flux for a« = 0 (left panel) and a = 1/3
(right panel) with a fixed value of the gap corresponding to
x. = 0.5. The numbers near the curves are the values of
TN./yr. The persistent currents in normal metal rings with
the radius ~10° nm have been recently experimentally
observed [30]. Measurements agree well with calculations
based on a model of noninteracting electrons.
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Current density as a function of the magnetic flux for @ = 0 (left panel) and a = 1/3 (right panel). The graphs

are plotted for x, = 0.5 and the curves are labelled with the value of TN_./yp.

B. FC and the current in cylindrical nanotubes

The contributions from separate valleys to the FC and the
current density along the compact dimension for a cylindrical
nanotube are obtained specifying in the formulas above
p=¢q =1 and N =2. Combining these contributions in
accordance with Eq. (5.5) and adding a factor 2 correspond-
ing to the spin states s = £1, by taking into account
Eq. (6.2), for the FC we get the following representations:

() = sin(27zn/ o)

(=1) Z > Ko (nb¥y, ] (6.14)

r=—co0 j=+1

with the same notations as in Eq. (6.3), and

Z n i sin(2zra) sin(2zrg/ ¢g)

< ﬂLZ r=1
e—xc\/ r +n y{,.
X ——— (6.15)

At high temperatures one has the asymptotic behavior

16x, sin(27a) .
_;Lil—n\/;Tﬂca) in(2zgp/pg)e

For single-walled cylindrical nanotubes N, ~ 10 and for
the characteristic energy scale, one has yp/N,~ 0.2 eV.
The corresponding characteristic temperature 7. = yp/
(N kg) ~ 3 x 10° K. For T < kgT,, the finite temperature
corrections are small and the contribution of the vacuum
expectation value dominates. In Fig. 6 we have plotted the
FC, given by Eq. (6.14), as a function of the magnetic flux

_”/yc

(6.16)

for « = 1/3 and x, = 0.5. The numbers near the curves
correspond to the value of TN_/yp.

Now let us consider the current density. By summing
the contributions coming from two separate valleys with
opposite signs of @, again, we find two representations,

5 dev Lt n,
() ﬂL; Z [cos (2zna) sin(2ang/Ppy) ——— 2ot
Z Z Kr nbr yc):| ’ (6]7)
r=—o0 j==+1
and
8ew o
HL; Z ) Zl rsin(2zrg/ dg)
2 2,,2
Xcos(ana)(l +x.\/Tnyc)' (6.18)

()"2 +I’l y2 )3/2 XA/ P 4n?y?

04 T
02}
A
3
S 00
R |
0.5
—02} ]
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\
—04} N ]
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d/do

FIG. 6 (color online). FC in a carbon nanotube as a function of
the magnetic flux for a = 1/3 and x,. = 0.5. The numbers near
the curves correspond to the values of TN, /yp.

085002-18



FINITE TEMPERATURE FERMIONIC CONDENSATE AND ..

7T T T

L0}

S
[9Y
————
.

LP< ?>/(evr)
& o
9. S

|
~
(=)
——
=}
)
W
L

o e 1

0.0 0.2 0.4 0.6 0.8 1.0

¢/

FIG. 7 (color online).

PHYSICAL REVIEW D 89, 085002 (2014)

e e e L e e e e e e R e e |
-

0.6 1

T
1

0.4}

T
1

0.2}

0.0}

|
S
(S}

L?< j?>/(evp)

|
S
BN

|
S
SN

¢ /by

Current density along the compact dimension of a cylindrical nanotube as a function of the magnetic flux for
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In the absence of a gap energy one has x. =0, and in
Eq. (6.17) we take b = |K£J)|. At high temperatures the
current density is exponentially suppressed:

()~ 16¢ cos(2za)
! V2L2y!?

In Fig. 7 we displayed the current density, in units of
evp/L, as a function of the magnetic flux for o = 0 (left
panel) and @ = 1/3 (right panel) with fixed value of the gap
corresponding to x. = 0.5. The numbers near the curves
correspond to the values of TN_./yp.

sin(2zgp/ by ) e e (6.19)

VII. CONCLUSION

In this paper we have considered the combined effects of
finite temperature and nontrivial topology on the FC and on
the expectation values of charge and current densities for a
massive fermionic field. Along compact dimensions, qua-
siperiodicity conditions (2.3) are imposed with arbitrary
phases ;. Twisted and untwisted periodicity conditions,
most often discussed in the literature, are special cases. In
addition, we have assumed the presence of a constant gauge
field which gives rise to Aharonov-Bohm-like effects on
the expectation values. The effects of nontrivial phases in
the boundary conditions and of the gauge field appear in the
form of the combination @;, given by Eq. (2.19).

Under the condition |u| < &, with g, being the lowest
energy in the energy spectrum of a fermionic particle [see
Eq. (2.20)], the FC is given by Eq. (2.24), where (py), is
the FC at zero temperatures and the second term on the
right presents the finite temperature contribution. The FC is
an even periodic function of @; with the period equal to
unity. In particular, it is a periodic function of the fluxes
enclosed by compact dimensions with the period equal to
the flux quantum. As a limiting case, from the general result

we have derived the expression for the FC in the topo-
logically trivial Minkowski spacetime, Eq. (2.26). If the
length of one of the compact dimensions, say the Ith
dimension, is much smaller than the other length scales, the
behavior of the FC crucially depends on the value of the
parameter ;. Assuming that |a;| < 1/2, for a; # 0 and for
small values of L;, the FC is suppressed by the factor
e~27l@lf/Li Tn the case &@; = 0, to the leading order the FC
coincides with N(py) ,, ,_1)/ (Np_1L;), where gy, ,1)
is the FC in the (D — 1)-dimensional space of topology
RP x (81971, At low temperatures, the thermal corrections
are suppressed by the factor e~ (20~ K)/T [see Eq. (2.27)].
An alternative expression for the FC, Eq. (2.38), is
obtained by using the analytic continuation of the gener-
alized zeta function (2.32) provided by the Chowla-Selberg
formula. A representation of the FC, Eq. (2.42), convenient
in the investigation of the high temperature limit is obtained
from Eq. (2.38) with the help of formula (2.41). At high
temperatures, the dominant contribution comes from the
terms with n = 0 and n = —1 and the effects induced by
the nontrivial topology are suppressed by the factor
e "TLmin with L, being the smallest length of the compact
dimensions. In the high-temperature expansion of the FC,
the leading terms coincides with that for the FC in the
topologically trivial Minkowski spacetime with the asymp-
totic behavior given by Eq. (2.44). The representation of the
FC, Eq. (2.50), containing more detailed explicit informa-
tion, is obtained by applying a variant of the Abel-Plana
summation formula (2.45). The second term in the right-
hand side of Eq. (2.50) presents the part in the FC induced
by the compactification of the /-th dimension. This infor-
mation is not explicit in the previous two representations.
In the case |u| > ¢, assuming that p > 0, the expres-
sion for the finite temperature part in the FC coming from
the antiparticles remains the same, whereas in the part
coming from the particles the spectral ranges &n, < €30
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and En, > €,0 should be treated separately and the
expression for the FC takes the form (2.53). Now, at zero
temperature one has Eq. (2.54), where the second contri-
bution in the right-hand side comes from the particles
which occupy the states with En, < J. At high temper-
atures, the leading term in the asymptotic expression for
the FC remains the same, and it coincides with that in the
topologically trivial Minkowski spacetime.

The expectation value of the charge density is investigated
in Sec. IIL. In the case |u| < &, the zero temperature charge
density vanishes, and the effects induced by the finite
temperature are given by Eq. (3.7). The charge density is
an even periodic function of the phases @; with the period
equal to unity. Besides, it is an odd function of the chemical
potential u. For large values of the lengths of compact
dimensions, in the leading order we recover the result for
the topologically trivial Minkowski bulk, Eq. (3.8). At low
temperatures the induced charge is exponentially small [see
Eq. (3.9)]. An equivalent representation for the charge
density, Eq. (3.13), is obtained by making use of the related
zeta function analytic continuation. At high temperatures the
part in the charge density coming from the nontrivial
topology is exponentially suppressed, and the leading term
in the asymptotic expansion is given by the Minkowskian
part, Eq. (3.15). Besides, another representation for the
charge density, Eq. (3.16), is obtained by using the Abel-
Plana formula. This representation separates the part due to
the compactification of the /th compact dimension.

For |u| > ¢ and assuming that 2 > 0, the contribution to
the charge density coming from antiparticles remain the
same, and the total charge density is given by Eq. (3.17) [or
equivalently by Eq. (3.20)]. In this case the charge density
at zero temperature is presented as Eq. (3.18). The latter is
related to the number of states with the energies smaller
than || by a simple formula (j°);_, = e . For a fixed
value of the charge, the formulas for the charge density
determine the chemical potential as a function of the
charge, the temperature and the volume of the compact
subspace. At high temperatures this function decays with
the leading term (3.21). Decreasing the temperature, the
chemical potential increases and its value at the zero
temperature is determined by Eq. (3.18).

An interesting effect induced by the nontrivial topology
is the appearance of the nonzero current density along
compact dimensions. The current density along the vth
compact dimension, given by Eq. (4.4) for |u| < &, is an
even periodic function of the phases a;, [ # v, with the
period equal to unity, and an odd periodic function of the
phase a,. In particular, the current density vanishes for
twisted and untwisted fields in the absence of the gauge
field. The current density is an even function of the
chemical potential. At low temperatures it coincides with
the corresponding result al zero temperature, given by
Eq. (4.16), for |u| < &y, up to exponentially small terms.
At high temperatures, the thermal corrections to the current
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density along the vth compact dimension are suppressed
by the factor e*%+. This behavior is in sharp contrast with
the high-temperature asymptotic of the current density in
the case of a scalar field. For the latter, the current density
linearly grows with the temperature. For p > g, the
contribution of the particles to the current density with
the energies €n, <H should be considered separately and
the corresponding expression takes the form (4.22).
Now the current density at zero temperature receives the
contributions from both virtual and real particles. The latter
is given by the second term in the right-hand side of
Eq. (4.23). The asymptotic behavior at high temperatures
remains the same. We have also investigated the current
density along compact dimensions for a fixed value of the
charge. A numerical example for a D = 3 model with a
single compact dimension is presented in Fig. 3.

For odd spacetime dimensions, with an irreducible
representation of the Clifford algebra, the mass term breaks
C-invariance in D = 4n, P-invariance in D = 4n,4n + 2,
and T-invariance in D = 4n + 2. In the absence of magnetic
fields, these symmetries are restored in the model with two
fermionic fields realizing two inequivalent representations of
the Clifford algebra. These two fields can be combined in a
single 2N-component spinor with the Lagrangian density
(5.4). The respective FC and the current densities are
obtained by combining the corresponding results for the
upper and lower components of this spinor in the form of
Eq. (5.5). As an application of the general results we have
considered the D =2 model used for the effective field
theoretical description of low-energy degrees of freedom of
the electrons in a graphene sheet. For carbon nanotubes the
corresponding topology is R! x S'. Depending on the chiral
vector of the nanotube, for the phases in the quasiperiodicity
conditions one has «; = 0,+1/3, and the phases have
opposite signs for the upper and lower components of the
four-spinor. Compactifying the direction along the nanotube
axis, one gets toroidal carbon nanotubes with the topology
of a two-torus for the effective Dirac theory. As a simple
model of a toroidal nanotube, we have considered a one-
dimensional ring. For simplicity, in both cases of cylindrical
and toroidal topologies we have assumed the zero chemical
potential. In this case the charge density vanishes. On the
base of the formulas for general D, the generalization of
the corresponding expressions of the FC and current density
in nanotubes for the case of a nonzero chemical potential is
straightforward.
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