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Statistics, holography, and black hole entropy in loop quantum gravity
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In loop quantum gravity the quantum states of a black hole horizon consist of pointlike discrete
quantum geometry excitations (or punctures) labeled by spin j. The excitations possibly carry other
internal degrees of freedom, and the associated quantum states are eigenstates of the area A operator.
The appropriately scaled area operator A/(8z¢) can also be interpreted as the physical Hamiltonian
associated with the quasilocal stationary observers located at a small distance ¢ from the horizon. Thus,
the local energy is entirely accounted for by the geometric operator A. Assuming that: Close to the
horizon the quantum state has a regular energy momentum tensor and hence the local temperature
measured by stationary observers is the Unruh temperature. Degeneracy of matter states is exponential
with the area exp (lA/f%), which is supported by the well-established results of QFT in curved
spacetimes, which do not determine A but assert an exponential behavior. The geometric excitations of
the horizon (punctures) are indistinguishable. And finally that the semiclassical limit the area of the
black hole horizon is large in Planck units. It follows that: Up to quantum corrections, matter degrees of
freedom saturate the holographic bound, viz., 4 must be equal to }T' Up to quantum corrections, the
statistical black hole entropy coincides with Bekenstein-Hawking entropy S = A/(4¢ f,) The number of

horizon punctures goes like N « (/A/#2; i.e., the number of punctures N remains large in the

semiclassical limit. Fluctuations of the horizon area are small AA/A « (£5, /A)'/4, while fluctuations of
the area of an individual puncture are large (large spins dominate). A precise notion of local conformal
invariance of the thermal state is recovered in the A — oo limit where the near horizon geometry
becomes Rindler. We also show how the present model (constructed from loop quantum gravity)
provides a regularization of (and gives a concrete meaning to) the formal Gibbons-Hawking Euclidean
path-integral treatment of the black hole system. These results offer a new scenario for semiclassical
consistency of loop quantum gravity in the context of black hole physics, and suggest a concrete
dynamical mechanism for large spin domination leading simultaneously to semiclassicality and
continuity.

DOI: 10.1103/PhysRevD.89.084069

I. INTRODUCTION

Recent developments in loop quantum gravity (LQG)
have brought the problem of black hole physics back to
the central stage. Several pieces of evidence seem to
indicate that a clear understanding of these emblematic
systems of quantum gravity is perhaps within the reach of
LQG. One important input for such new perspective is the
quasilocal description of black hole mechanics in terms of
stationary observers at proper distance ¢ from the black
hole horizon [1]. Such a treatment leads to an effective
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notion of horizon energy (suitable for statistical mechani-
cal considerations) in the form

A

= St S

This has opened up the possibility of treating the statistical
mechanics of quantum isolated horizons [2] from the more
natural perspectives of the canonical and the grand
canonical ensembles [3]. Another important insight came
from the application of spin foam tools combined with
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ideas of standard quantum field theory that has provided
the means of computing local temperature of quantum
horizons [4].

A central input in the present work is the validity of a
weak form of holography for ‘matter’ fields' close to the
horizon which is encoded in the assumption that the
degeneracy D(A) of matter states for a given horizon area
A behaves as

D o exp(AA/£3). (2)

where /4 is an unspecified dimensionless constant, £, the
Planck length. The proportionality constant (or eventually
corrections, as those considered in Appendix A) in (2)
is unfixed and for simplicity we assume that D =
exp(1A/ f%) in the paper. Several calculations in support
of such an assumption are available from studies of
quantum field theory in curved spacetimes, where the
statistical properties of matter degrees of freedom in a
suitable vacuum state close to an event horizon are used in
the context of local stationary observers.” The earliest
model is the brick-wall paradigm [5,6]. It is followed by
many subsequent analysis attempting to explain the origin
of black hole entropy from entanglement of matter states
across the horizon [7]. It is important to point out that,
while these treatments are all physically well motivated,
they only provide some qualitative answers because the
results are infected by UV divergences and other uncer-
tainties (such as number of fields or species) are also
present (may be these are also related to the UV incom-
pleteness of the treatments). The parameter A is not fixed
by semiclassical QFT considerations (see however, [8]).
We will use this semiclassical result with an uncertain
coefficient 4 and our analysis will show how these
ambiguities disappear when quantum gravity effects are
taken into account.

There are also some recent studies suggesting a relation-
ship between self-dual variables and holography [9,10]. In
these work it is argued by means of an analytic continuation
that the dimension of the Chern-Simons Hilbert space—used

'In this paper, by matter we mean all degrees of freedom that
do not explicitly contribute to the area spectrum of the black hole
(BH) horizon.

’On a Schwarzschild background a simple calculation leading
to (2) goes as follows: for massless fields the energy density at
thermal equilibrium is u = 72£,°T*/15 (Stefan-Boltzmann law
in geometric units and & = 1) while matter entropy density is
Sp=u/T = 7125;6T3 (as photons have zero chemical potential).
Using the Unruh temperature 7 = Ty = ¢3/(27x) where x is the
proper distance of stationary observers from the horizon, we get

7[2

1575

- 3 _ A 2 /2
D—exp[ /T dV} = exp {240711,”?,(1_'—0({"/5 DIB
3)

where dV = r?sin(0)d0d¢pdx for x € [£p, ).
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in modeling quantum isolated horizons [11,12]—grows
exponentially with A/(4¢%) for large spin representations.
A link between self-duality and thermal behavior at
Hawking temperature is also suggested by [13]. Even if
these claims are quite striking in view of their potential
relevance in the context of the present analysis, their validity
needs to be tested further as they rely on the existence of a
quantum theory that is not completely under control at
present, which is quantum gravity with complex variables.

We will show that holography along with the assumption
that geometric excitations of the horizon are indistinguish-
able particles leads by itself to a remarkable agreement
between the ‘fundamental’ loop quantum gravity descrip-
tion and the low energy semiclassical treatments: in view of
our analysis, holography becomes a necessary condition for
semiclassical physics.

In this paper we explore the statistical mechanical
properties of a certain type of noninteractive system that
naturally arises in the description of quantum black hole
horizons in loop quantum gravity. The basic inputs come
from the generic results of quantum gravity and quantum
field theories in curved spacetimes. The results show a
remarkable consistency of the semiclassical black hole
physics with the naive continuum limit of loop quantum
gravity. The lessons of this exercise may be far reaching.
We hope it could provide new insights into the (elusive)
way low energy and semiclassical limit of loop quantum
gravity are obtained.

The paper is organized as follows. The next section is
devoted to the computations of the black hole partition
function in both the canonical and the grand canonical
ensembles. We assume the indistinguishability of the
punctures introducing first a Gibbs factor before consid-
ering the exact quantum statistics. This allows us to
establish an equation of state for the black hole, to recover
the A/4f§, behavior for the black entropy in the semi-
classical regime, and to compute other thermodynamical
quantities as area or energy fluctuations or heat capacity.
Furthermore, we show that, when combined with the
holographic principle, indistinguishability is essential to
recover the expected classical behavior of the black hole. In
Sec. III, we show how the expression of partition functions
we found provide a regularization and gives a concrete
meaning to the Gibbons-Hawking Euclidean path integral.
We conclude in the last section by a discussion and some
perspectives.

II. IMPLICATIONS OF INDISTINGUISHABILITY

Perhaps one of the most fundamental lessons of quantum
statistics is the indistinguishable nature of particles. This
nature is intrinsic to all elementary particles and several
nonelementary composites such as atoms, molecules, etc.
However, the situation in quantum gravity, especially in the
context of LQG, remains uncertain so far. In the context of
black holes, it was argued that their effective fundamental
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excitations are described by punctures located at the
horizon. Although these punctures are quantum mechanical
excitations of geometry and their locations are uncertain,
they are often treated as distinguishable in their statistical
analysis. In this section, we are trying to investigate the
possibility of regarding these punctures as indistinguish-
able quantum excitations of gravity. The case of distin-
guishable punctures is briefly discussed in Appendix B
where we show how it is inconsistent with semiclassicallity.

A. Modeling indistinguishability with the Gibbs factor

There has been some discussions in the past about the
issue of statistics of the punctures that define the quantum
black hole states [14—16]. In this section, we explore the
consequences of assuming that punctures are indistinguish-
able excitations of the quantum geometry of the horizon. In
our analysis, we also consider as an additional assumption,
the validity of a weak form of holography principle, which
we will precisely define below. Before specifying a con-
crete statistics for these excitations we will model indis-
tinguishability of punctures by introducing the well-known
Gibbs factor. In Sec. II B, we will do a more concrete
analysis by committing to fermionic and/or bosonic
statistics. The results remain qualitatively the same for
both statistics. Similar results are expected for anyonic
statistics as well.

1. Canonical partition function

We are going to study the statistical mechanical proper-
ties of quantum isolated horizons (IHs). From the frame-
work of LQG, it turns out that the statistical properties of a
quantum IH are very well described as a gas of its
topological defects, henceforth called “punctures.” Using
(1), we take the appropriately scaled IH area spectrum [17]
to be the energy spectrum of the gas

<y ”Z\/Jp Jp+ )lJI,Jz )

where y is the Immirzi parameter, j, € N/2 is the spin
associated with the pth puncture. A quantum IH contains a
finite number N of punctures because each puncture carries
a minimal area associated with the lowest value for spin
j = 1/2. In this paper we are going to restrict ourselves to a
large number of punctures for which a statistical descrip-
tion is well suited.

We are going to treat these punctures as indistinguishable
quantum particles. The appropriate way to implement this
is to make a choice of statistics for these punctures which is
what we will do in the following section. For simplicity, we
first implement their indistinguishability by simply intro-
ducing the Gibbs factor N! in the partition function of
a system of distinguishable particles obeying Maxwell-
Boltzmann statistics. When compared with the Bose or

H|J1,J2
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Fermi statistics, this reproduces the correct behavior in
the high temperature limit. Then, the canonical partition
function with the Gibbs correction factor is given by

1 N!
- , —BsjE;
OIN.f| = %m{s,}l oLl o

J

where, following Eq. (4), E; =y£3+/j(j +1)/¢ is the
energy of the jth puncture, s; is the number of punctures
carrying spin value j and D[{s;}] is the number of states
associated with the additional (matter or nongeometric
[18]) degrees of freedom for a given configuration {s;}.
The degeneracy factor D[{s;}] is an essential ingredient for
successfully implementing the quantum statistics for punc-
tures. Before arguing why such a degeneracy factor is
necessarily present in LQG, we first show its effects in the
statistical mechanical properties of the system.

For that purpose, we are going to assume (this is the only
assumption we will make) that the degeneracy D[{s;}] is
maximal in the holographic sense, namely it grows expo-
nentially with A/£2. As already mentioned in the intro-
duction, both the brick-wall paradigm [5,6] and all other
entanglement entropy calculations [7] imply that qualita-
tively this must be the case. However, due to regularization
ambiguities associated with UV divergencies one cannot
fix the proportionality coefficient in front of A/#? in these
approaches. Consequently, we shall leave this coefficient
arbitrary and prove a posteriory that it is equal to 1/4 up to
quantum corrections (this is one of the predictions of our
analysis). Accordingly, we write the degeneracy as

—8,)a;s
4f2> He 422 o

(©)

where 8, is a free parameter and a; = 87y¢%+/j(j + 1) is
the area eigenvalue associated with a single spin j (see
Appendix A for the case where there are power law
corrections to (6). As we shall see, (6) implies that the
system is dominated by large spins. Essentially this means
that the area spectrum linearizes,

Dlfs,)) = exp((1-5

1
GG 1) = j+5+00/). ™

and O(1/j) terms can be neglected for our purposes.
Moreover, none of the results obtained in this paper would
depend on the details of the area spectrum. In fact, as we
will see later, even in models where the area spectrum is
continuous (such as in [19]), the conclusions of this paper
will remain valid. Using (6), Eq. (5) becomes

Vi ZN'H_e (B=Bu+oubu)siE ®)

{s;} J
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where f, = 2xt/ ff, is the inverse Unruh temperature,
which represents the local temperature measured by sta-
tionary observers at proper distance £ from the horizon. So
the partition function takes the standard old form (except
for the additional Gibbs factor) without the degeneracy but
with a new effective inverse temperature f — Sy + 6,6y

In [3] we have studied the statistical mechanical proper-
ties of the Boltzmann gas at the Unruh temperature. From
these studies we already know that at the semiclassical
limit, f is close to f; so we can introduce a new small
dimensionless parameter 55 such that = By (1 + dp)
where §; must vanish in the limit £, — 0 ’ As a result,
the effective inverse temperature becomes

B = (85 + 6n)Pu- ©)

It will be convenient to use the notation 6 = o + &,. We
will see below that, with the new ingredient of holography
and for macroscopic black holes (A/ f%, > 1), the gas of
indistinguishable punctures attains an equilibrium close to
the Unruh temperature if and only if 6 = 65 + 6, < 1; i.e,,
o is a small quantum correction.

Since ff = §f; and d becomes a multiplicative factor in
the area spectrum in (8), as we take 6 — 0 we must have
Jj — oo so that the combination §;j remains finite. This
justifies why the area spectrum becomes effectively linear
for large black holes.

With these inputs the partition function becomes simply

N
_1
Q=7 (10)
with ¢ the partition function for a single puncture
qg= exp(—2nydj) = ————, (11
j=21;2 exp(nys) — 1

which blows up as  — 0, showing that there is no smooth
limit when 6 approaches 0. This divergence will be crucial
in what follows.

2. The grand canonical partition function

In the regime we consider here, we do not expect the
number of punctures to be strictly conserved. Hence, it is
best to use the grand canonical ensemble. This will also
become obvious when we introduce suitable statistics for
the punctures in the next section.

It is clear that in the limit of large j, when the LQG area
spectrum becomes linear, a single puncture can split into
two punctures without changing the area. This means that,
in the large area limit, an arbitrary number of punctures can

*Such quantum corrections to Unruh temperature have been
suggested in [13].
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be created or destroyed for a given area. Since the number
of punctures cannot be conserved, the chemical potential
must vanish. The situation is very much analogous to a
system of photons where the photon number is not
conserved (in that case a system with a given energy
can contain an arbitrary number of soft photons). This
statement is strictly true in the regime of linear spectrum
and this is precisely the case we should consider when the
temperature is close to the Unruh temperature. For that
reason we set the fugacity z = 1 in what follows.

Thus the grand canonical partition function is given by

qN
20 =3 = exela). (12)

The mean energy U at the inverse temperature f = f;(1 +
5g) is
p

A
=2 — 9,102
U=gez = ~0ploe(2)

exp (zyd)

[exp(ard) — 1 (1)

- ﬂ'yTU

where § = 65 + J;. This gives an equation of state relating
the area (equivalently the energy) with the parameter J,

422 [exp(ayd) — 1>

The equation of state gives a one-to-one relation between
the area and 6, which shows that for large black holes
A/ ff, > 1 we must consider § < 1. In fact, for a given
large area the equation of state can be solved for 8, giving

1 % nyt? (mwyt?
S=—In[1+2zy-L 424/ =L (=L +1 15
m/n( +2my o \/ 1 < YR ) . (15)

which simplifies when A > #2 according to

6=05+6, = 4f%+@ ff’ (16)
TR A A)

Although the above equation shows that only the combi-
nation 6 = J;, + &4 is small in the large area limit and also
in the classical limit 72 — 0, we can also infer that in these
limits 6, < 1 because we already know that J; is a small
quantum correction which also vanishes in these limits. In
other words, up to corrections that vanish when 7 » =0,
nongeometric degrees of freedom responsible for the
degeneracy of the LQG area spectrum saturate the holo-
graphic bound in the sense of (6). This is a nontrivial
prediction of LQG because the standard QFT calculations
are always infected by ultraviolet divergences and also by
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the growing number of matter species which together raise
doubts about the holographic bound. However, in LQG a
detailed balance between the matter sector and geometry
seems to play an important role so that neither the ultra-
violet divergences nor the species problem appear to
threaten the holographic principle. Notice that we did
not impose the parameter J; to be small to begin with—
that it turned out to be so is a definite LQG prediction.
Now we can compute the entropy S = pU +logZ

which becomes®
7> 2
146, +24/—2+0(-2)]|. @8
+ 85+ ﬂyA+ (Aﬂ (18)

One can also compute the area or energy fluctuations,
(AU)* = —9,U, which gives

A
SclA] = a7
)4

AU AA wyd
T =~ 2 — 112
U= A Xp( > )[eXp( myd) — 1]

= +/2ny6 + O(6). (19)

Therefore, these fluctuations are small for large black holes,
more precisely 24 = o(£2 /A)'/* where a is a numerical
multiplicative factor. We can also calculate the specific
heat. From (14),

2
_ 32 _
C=-p2o,U = s (1+0(5)). (20)

which is positive and large. Note that we have always kept
¢ fixed, be it while deriving the formula (1) in [1] or in all
our subsequent calculations. Therefore, in contrast to other
treatments the quasilocal formulation of black hole thermo-
dynamics is thermally stable. This can be compared with
other stability conditions, like putting a box around the
horizon. We think that a fixed # is serving a similar purpose
in our case, while the specific heat C = AE/AT — o
because AT — 0 for fixed 7.

Another important thing to note is that the physical
quantities other than the quasilocal energy (1), such as
entropy, energy fluctuations, and specific heat do not
depend on the length scale £ of the local observers. This
shows that # plays only a fiducial role in our treatment. In
the expression of the energy, £ plays a somewhat similar

*If one puts a nonvanishing fugacity in (12) then log Z = zq =
z0,log Z = N. The entropy formula in the grand canonical
ensemble S = pU — Nlog z + log Z becomes

S=pU+ (1 -logz)N. 17
The choice of fugacity z = e then kills the ,/A/ f%, corrections in

(18) which entirely comes from the term proportional to N. The
physical relevance of this observation will be studied elsewhere.
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role to that of a volume V for standard systems—¢ appears
in the energy spectrum just like V does. However, in
contrast to standard thermodynamic systems, the scale ¢
does not appear in the expression of the entropy, specific
heat, and area fluctuations—we believe that this is a
reflection of the underlying background independence of
gravity.

In the next section we will treat the system of
indistinguishable punctures by introducing some suitable
statistics. However, the expressions for the entropy and
temperature obtained here are not expected to change
substantially as far as the leading order terms are con-
cerned. Usually, for nongravitational systems different
statistics give similar results in the limit of small g
(high-temperature regime) because different energy levels
become equally likely and the precise forms of distributions
become somewhat irrelevant. However, in the present case,
and as far as the statistics is concerned, the role of inverse
temperature is played by p = p — py + 6fy. Therefore,
high temperature behavior is achieved in the limit of small
f (which close to f; is equivalent to small §). Thus, all
energy levels become equally likely when the physical
temperature is close to the Unruh temperature. This occurs
because of holography: the exponential growth of degen-
eracy is compensated by the exponential decay of the
Boltzmann factor close to the Unruh temperature.
Therefore, a naive analogy with nongravitational systems
(as far as the leading order terms in physical quantities are
concerned) shows that the gas is as if at an infinite
temperature. This is why the use of exact quantum statistics
is not expected to affect the leading order terms and, as we
shall see, it will not modify the qualitative behavior of the
subleading corrections either.

B. Quantum statistics

In the previous section we used the Gibbs factor to
correct the Boltzmann distribution in order to deal with the
gas of indistinguishable punctures. This is an inexpensive
short-cut-method for dealing with the problem. A precise
treatment should instead use the actual quantum statistics,
which is either bosonic or fermionic. From the framework
of LQG, as it is not quite obvious what the actual statistics
of these punctures would be, we allow for both possibilities
and investigate the cases when the punctures are bosonic
and fermionic. In fact more complex possibilities may arise
because the punctures lie on a two-dimensional surface. We
would also like to discuss some of these other possibilities
in this section.

1. Bosonic/fermionic punctures

We assume that all punctures are either bosons or
fermions. Another natural choice is that punctures carrying
half-integer spins are fermions while punctures carrying
integer spins are bosons. But this case can be worked
out from the formulas given here. The generic formulas

084069-5



AMIT GHOSH, KARIM NOUI, AND ALEJANDRO PEREZ

obtained in the case of either purely bosons or purely
fermions are also valid for the latter case.
The canonical partition function takes the form

Oy =Y e 2, @1)
{Sj}

where ﬁ:ﬁ—ﬁy +8,fy and ) s; =N, as in the
Boltzmann case. The grand canonical partition function
at f = Py(1 +5p) is

zZ= ZQN—H +exp(=2my3))[*,  (22)

where 6 = §, + 64 and the + signs describe fermions and
bosons respectively. Again, contributions from the linear-
ized spectrum dominates in the limit § — 0. Equivalently,
for fermions and bosons respectively

log Z =4 Y log(l & e=2m%), (23)
j=1/2

The mean energies for fermions and bosons are

A
U=-"=-0logZ
8nz ~ Orloe

I N B
14 jzl/zexp(ZnMj)il
_1ON n

=52 (24)

< exp(zyon) + 1

where, in the last sum, the sum runs over integers and not
half-integers. In the limit of small 6 (or equivalently in the
limit of large area A) the sum can be interpreted as a
Riemann sum and therefore, it can be approximated by an
integral according to

i 2‘”: vt /00 xdx
21,”52 exp 77.']/5}’1 Y1 268% )y e 1T

n=1
(25)

Changing the integration variable x+> x/(z8) in the
previous integral, one sees immediately that all the relevant
parameters can be scaled out and the area reduces to the
following simple expression:

AL [© xdx  eint)
- =55 26)
ayds Jo e* =1 3yé

where ¢, = 1,2 for fermions and bosons respectively.
Thus, for a fixed large area A we get the equation of state

0 = Cp\/mey[3YA.
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To compute the entropy, one can proceed in a very
similar way. One starts by approximating (23) with an
integral,

1 )
log Z=+— [ log(l+e™)dx = ="

—_ 27
wyd Jo 12y6 @7

Thus, the entropy S = pU + log Z is given by

2 v
ﬂ; L+ O(f)] . ©8)

where again d; in the previous formula appears due to the
fact that the equation of state only determines the value the
combination & = 4 + Jj,.

It is also possible that punctures labeled by half-integer
spins behave like fermions and punctures labeled by integer
spins behave like bosons. A simple adjustment of equations
in the previous calculations would lead to a new value of
0 and entropy in that case. However, as expected the result
is qualitatively the same and no special feature occurs.
So from the entropy it seems unlikely that one can settle the
issue of statistics.

For the case z = 1, although there is no thermodynam-
ical meaning to the average number of punctures, it is
meaningful to calculate the average number of punctures
carrying spin-j, that is (s;). It has the standard form,

SIA] = =5 [1+ 685+

472

(s;) = [exp(2mysj) £1]7", (29)

for Fermi and Bose cases, respectively. We can also view
(s;) as a probability of occurring the spin value j in the
sense that the larger the value of (s;) is, the more abundant
the corresponding spin value j is. Thus we can introduce
the probability distribution,

p; = (s;)
I

where we omitted the index + in the notation pf for
purposes of simplicity. Using the previous definition one
can compute the mean value of the spin contributing to the
surface states (j), = j .jp; in the two different statistics.
The mean value is a priori a complicated function but its
behavior for small § can be expressed easily using the
following results,

(30)

- 1 1 [ dx
zj:<s1> Z:exp(ﬂyén) +1 7yd [pys et £1 GD

n=1

1og(§) (for Bose statistics)
7y

~ : (32)

105(;3 (for Fermi statistics)
Z

Nad?
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where here the symbol &~ means that we consider only the
leading order term when 6 is small. Furthermore, it is
straightforward to compute the behavior of (jp;) for small
0 and to show that it is given by the formula,

N -

As a consequence, the mean value (j), for Bose and Fermi
statistics behaves as follows when ¢ is small:

er 1 \/ A/f% (34)

~24y10g(6) 6 ~ log(A/23)

N e 1 / >

A similar calculation allows us to compute the fluctuations

{)-

Aj. =+/(j*). - (j)3 and to obtain their behavior for
small & which are given by

Aj_~D,\/A/E3,

where D are constants.

Basically, as the area grows the distribution (30)
becomes flatter more slowly in the bosonic case than in
the case of fermions. That is the why the growth of (j) with
area in the bosonic case is slower than in the case of
fermions. We also see that although the distribution (30) tell
us that individually small spins are more likely, the mean
value of the spin is large for large area. This is consistent
with the viewpoint that the true classical limit is to be taken
for (j) — oo, not some individual spin eigenvalue j — oo.
In other words, although the distribution (30) peaks at
smaller spin values, larger spin values contribute in a
dominant way—this fact is reflected in the large fluctua-
tions Aj, around the mean value for large areas.

Aj.~D_\/A/3, (36)

2. Anyonic statistics

An interesting question that often appears in the descrip-
tion of quantum isolated horizons is whether the correct
statistics for punctures should be anyonic. This comes from
the fact that the horizon degrees of freedom in 2+ 1
dimensions are described by a Chern-Simons theory in
which the braiding of sources occurs.” As a result a new
form of statistics appears, called anyonic statistics. Such
nontrivial statistics can be heuristically thought of as a
result of a (nonlocal) quantum interaction. Thus, it is hard
to make analytic computations with anyons. Nevertheless,
standard cluster expansion techniques (for standard short

>See [20] for an argument leading to a nontrivial statistics of
punctures within the LQG framework.
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range interactions these are excellent approximations in the
high temperature and low density regime) have been
applied to compute up to the second virial coefficients.
These computations show explicitly that such coefficients
interpolate between those for Bosons and Fermions
depending on the value of a suitable deformation parameter.
For black hole models such deformation parameter is the
level of the Chern-Simons theory which grows with the
horizon area in Planck units. For macroscopic black holes
one is really in the large level regime where anyons should
be well approximated by standard statistics. These points
suggest that the qualitative structure of the results presented
here should be preserved even in the case of anyonic
statistics.

Notice, however, that it is not clear if anyons are
physically relevant for black hole physics in the context
of loop quantum gravity. The reason is that in LQG the
effective 2 4 1- dimensional quantum description of the
horizon should really be rooted in a 3 + 1 description.
Therefore, it is by no means clear why braiding of
punctures should play a fundamental role when in LQG
when the notion of braiding is trivial from a four-
dimensional perspective.

III. SEMICLASSICAL CONSISTENCY: GENERAL
RELATIVITY EMERGING FROM LQG

Our expression for the grand canonical partition function
in quantum statistics,

Z[f) = Z Z o~ 2 B=Put3Bu)s E;

N {s;}

~ Z Z e_(ﬂ_ﬂy)zjsjﬁéf’ 7

N {s;}

where in the last line we have neglected the quantum
correction ¢ in (9). In such regime of small § (or
equivalently to large horizon area) we may expect the
partition function (37) to arise from some semiclassical
considerations also. In the following we will see that this is
exactly what happens.

To explicitly see this, we first view the expression (37)
as a regularized version of some Euclidean functional
integral where the partition function is obtained by
integrating over Euclidean metrics ¢*) with some appro-
priate weights that depend on the metric ¢*). Since in (37)
we are summing over all punctures and spin configura-
tions associated with a two-surface (the horizon), it is
natural to interpret the sum as a discretization of the
continuum integral over the Euclidean metrics of the
two-surface ¢(® with the weight factor Y sja;=A as
area A[g\¥] of the two-surface associated with the
metric ¢(?
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Alg@)]
8l

2lp] = [ Do exp [—(ﬁ ~2¢)

Alg?)]
8ﬂf%f )

2
P

~exp [—(ﬁ —2a2) (38)

In fact, (37) provides a LQG definition for (38). Now it
is well known that the expression (38) can be obtained from
a functional integral over a Euclidean four-metric ¢*) in
the leading semiclassical approximation (for a fixed back-
ground metric 904 )—this was explicitly shown in [21]
for the case where one gives boundary conditions at infinity.
In all generality the expression of the partition function is

1
Z|p _—/D ) ex [_ /R (4)
] 9p p 1677:0”% "y [g ]

1
o [ - m] , (39)

where the index f in g/(f) reminds us that in the semiclassical

Euclidean prescription one considers metrics with a conical
deficit angle 27 — /¢ at the horizon, R denotes the Ricci
scalar, K is the extrinsic curvature at the boundary OM and
K, is a standard counter-term that is to be subtracted for
consistency.

The expression (38) follows from (39) when one
evaluates the functional integral to a spacetime region
contained between a stationary black hole horizon and the
world-sheet of stationary observers at proper distance ¢
used in [1]. Then K is the extrinsic curvature of the
boundary OM and the counter term K, = #~' so that the
result is trivial in the A — oo limit where the spacetime
region is isomorphic to (Euclidean) Rindler spacetime (see
Figure 1; in fact K, is the value of the extrinsic curvature on
the boundary of that region in the Euclidean continuation).
Under such conditions the boundary integral in (39) falls
off like #3/(v/A) and can be neglected. Therefore, (38)

A—o0

FIG. 1.
the local formulation. The path integral is defined in the portion
of spacetime between the horizon and the world sheet of
stationary observers at distance 7.

In the infinite area limit, one recovers flat spacetime in
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entirely comes from the curvature term and the conical
singularity at the horizon. For more details of the deriva-
tion, see [22].

Note that (39) does not depend on the detailed definition
of the path integral. It rather follows from the semiclassical
approximation. Since (as argued before) in our case large
spins dominate (analogue of the semiclassical approxima-
tion), we expect that the semiclassical approximation of the
spin foam transition amplitudes [23,24] would provide a
rigorous implementation of this last formal step. This is
related to the ideas put forward in [4] when exploring the
dynamics of a single plaquette (puncture).

Nevertheless, this analysis shows that the holographic
behavior (6) along with the large area approximation is
necessary for the emergence of general relativity from LQG
in the context of black holes. A similar point was also
discussed in [10]. It provides a semiclassical consistency of
LQG at least in this restricted context. Also note that since
the statistical physics of a black hole (as described by a gas
of punctures) is (in the A/#% — oo limit) the same as
statistical physics in flat spacetime as seen by Rindler
observers, the arguments presented here apply to more
general cases than just black holes and thus provides new
hints as to how to recover standard QFTs in flat space
physics in the LQG formalism. Our study shows the
relevance of (6) in LQG and its close connection to the
semiclassical consistency of LQG.

IV. DISCUSSION

We have shown that the naive introduction of holo-
graphic degeneracy of matter states associated with a
quantum horizon leads to a whole body of interesting
phenomenology. This strongly suggests this degeneracy is
a necessary ingredient for the continuum and semiclassical
limit of LQG. There are several independent quantum field
theoretic scenarios from which such holographic degener-
acies (6) can be inferred. However, various issues attached
to this holography indicate that a complete and satisfactory
analysis of degeneracy can only be made in a full quantum
theory of gravity. One famous example is the brick-wall
model of 't Hooft [5]. The computations of black hole
entropy based on matter entanglement are closely related to
this example and produce results that are qualitatively same
[7]. One limitation of these analysis is that the computa-
tions are semiclassical (QFT on a classical background
spacetime) and thus the regularization ambiguities preclude
the precise calculation of the proportionality constant in
front of A/ ff, in (6). Moreover, the answer are typically
proportional to the number of matter fields considered; this
is referred to as the “species problem.” The holographic
degeneracy (6) in all these cases is associated with matter or
nongeometric degrees of freedom close to the horizon.
Another example (which from a physical viewpoint remains
unclear at the moment) is the holographic degeneracy [10]
found by analytic continuation from real to complex
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Ashtekar variables. The validity of such an analytic con-
tinuation depends on the possibility of defining the quantum
theory in terms of complex self-dual variables which at this
stage remains an open issue.

Our analysis shows that thermal equilibrium at Hawking
temperature (Unruh temperature in our local analysis)
implies that as soon as quantum geometry effects are
brought in (such as the area spectrum), degeneracy of
the area spectrum due to nongeometric degrees of freedom
(that for simplicity are here referred to as matter and include
any other excitation that does not affect the horizon
area eigenvalues) grows exponentially saturating the holo-
graphic bound up to quantum gravity corrections. Our
treatment removes the two central problems mentioned
above—one, the UV divergences of QFTs (because of the
underlying discreteness of LQG) and two, the ambiguities
of the proportionality factor, also known as the species
problem. These results are obtained here in an indirect way
through the inputs (2). However, the key ingredient that
produces the UV regularization is the area gap, and the fact
that quanta of the area operator are pointlike (hence,
discrete) excitations. For instance, our conclusions also
apply for an area spectrum as the one obtained in [10]

(where the factor \/j(j+ 1) in the area spectrum is

replaced by /s + 1/4 where s € R is a continuous label).
Notice that according to our results Unruh temperature
for the local observers (Hawking temperature for stationary
observers at infinity) is analogous to a Hagedorn temper-
ature in quantum gravity [25]. We hope that a detailed
analysis of the nongeometric degrees of freedom in the
framework of LQG would reproduce this result. We expect
this to arise from the dynamical restrictions on nongeo-
metric degrees of freedom imposed by the Hamiltonian
constraint in combination with the requirement that the
suitable quantum gravity physical state describing the BH
system approximates the near horizon geometry of a
stationary black hole in the semiclassical regime.

A. Indistinguishability or not?

In this work we have strongly used indistinguishability
of LQG excitations of the horizon geometry, i.e., punctures.
We strongly believe that this is the correct way to treat
punctures at the horizon. We base our assumption on one of
deepest implications of quantum mechanics about the
nature of particles. In a relativistic quantum field theory,
particles are excitations of an underlying field (like waves
on the surface of a lake). Such excitations by their very
nature are indistinguishable. Then consistency (in the
standard quantum field theoretic context) requires that
these excitations are either fermionic of bosonic (or more
exotic possibility like anyonic in lower dimensions). But
indistinguishability is a more fundamental issue. From the
analysis of the present paper we see that semiclassical
consistency in the context of black hole physics implies the
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necessity of indistinguishability in a strong way (see also
Appendix B).

This seems to contradict some results of the past where
punctures were taken to be distinguishable [26]. We believe
that even though the statements made in [26] are correct
in their context, their validity is only a peculiarity of the
effective models where such results were derived.
Moreover, in such models where no holographic feature
(6) is present among other things because matter degrees of
freedom are completely ignored, BH entropy will not grow
linearly with A/ z,”%, if punctures are taken to be indistin-
guishable [15,16]. It is only when one includes the effect of
matter through (6) that indistinguishability leads to the
correct leading-order entropy and the correct leading order
temperature.

B. Matter vs geometry

For quite some time there has been a tension in the field as
to what could be the correct source for the huge number of
degrees of freedom that lead to black hole entropy for
nonextremal black holes. Some argue that it is of a purely
geometric origin, while others argue that it entirely comes
from matter entanglement close to the horizon. Examples of
the first are either the heuristic derivations based on the
Euclidean path integral approaches or the more precise but
older entropy calculations in LQG that completely neglect
matter fields. Examples of the second type are the brick wall
models and entanglement entropy calculations. In the
scenario presented here, both sources contribute. The geo-
metric component coming from the quantization of the area
in LQG and the nongeometric component that produces the
degeneracy (6) of the area spectrum. In this paper the two
aspects are seamlessly combined which produces results that
are compatible with the semiclassical regime.

C. Continuum and semiclassical limit of LQG

From a broader perspective the results presented here
might also clarify the difficult issue of how one is expected
to recover the continuum and/or semiclassical limit of LQG
from a fundamentally combinatorial structure of the theory.
In this respect also there have been different views. On one
hand, there is an idea that the continuum limit of LQG is to
be obtained through physical states constructed out of the
very fine grained structures, i.e., spin network graphs with
many edges and nodes per unit volume. According to this
view the geometric quantum numbers (the spin labels)
coloring spin networks seem to be small. On the other hand,
investigations in the context of spin foams [27] indicate that
the basic building blocks of quantum geometry admit a
classical geometric interpretation when colored by large
spins. Moreover, it is in the large spin limit where spin foam
amplitudes can be related to general relativity (via a Regge
regularization) in the semiclassical regime [23,24]. From
the present analysis of Sec. II B 1—Eqs. (34) and (35)—we
find
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\JA/EE (40)

for Bose and Fermi statistics, respectively. These numbers
as well as (34) and (35) are all large in the macroscopic
regime and thus, the tension evoked above disappears.
Thus, the system is dynamically driven to the configura-
tions one would expect from naive semiclassical and
continuum limit considerations. Notice that the thermal
state of the system respects the hierarchy of scales,

(N)_ < \/A/2log(A/2), (N),

0 <a=103(j) <A, (41)

that is found to correspond to the semiclassical and low
energy limit in [28] and coincides with the analog criterion
found in the context of spin foams [23]. Perhaps not
surprisingly, this is complemented by the clear-cut link
with the semiclassical Euclidean semiclassical formulation
as described in Sec. IIL

D. IR vs UV Newtonian constants

For simplicity of presentations here we have not explic-
itly considered the possibility that the value of Newton’s
constant G appearing in the fundamental (or UV) area
spectrum in units of #, could be different from its low
energy or large scale value. As in any quantum field theory,
G is expected to flow with a suitably defined phenomeno-
logical scale. Even though the explicit way such a flow
would occur cannot be addressed in the framework of the
present calculation, one can explore the possible modifi-
cation of our results in the case where we assume that
Gyy # G, where Gy and G are the fundamental high-
energy and low-energy values of the gravitational con-
stants, respectively. This would translate into two different
values of the Planck lengths #%Y # ¢,. In particular,
¢4V = \/hGyy will appear in the fundamental area spec-
trum while G will appear in the form of the effective
Hamiltonian. Explicitly, Eq. (4) becomes

ny G
( UVZ\/JP Jp+ >|J19J2

Hlji.ja-
42)

Notice that the change with respect to (4) can be hidden by
the shifting the Immirzi parameter y — yG/Gyy. By just
looking at the dependence of our results on the Immirzi
parameter one concludes that the flow of Newtons constant
does not affect the leading order result of our calculations.
In particular, the low energy Newton’s constant G appears
in the leading term of the black hole entropy and one
genuinely recovers the approapriate form of Bekentein-
Hawking entropy formula suggested by the classical
first law.
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E. Conformal invariance at Unruh temperature

Notice that in the limiting case A/ ff, — 00, 6 —» 0 and
the spacetime close to the horizon becomes flat (this is the
Rindler limit, the limit of zero curvature). The probability
distribution (30) becomes independent of the value of ;.
This is like a local scale invariance, local because the above
statement holds at each puncture independently and scale
independent because the spacetime close to the horizon
possesses no intrinsic scale. Is this the origin of an
underlying conformal invariance advocated in some
approaches [29,30]? At first sight this seems to be different
because the conformal invariance that emerges in such
treatments is associated with the r — ¢ plane, while here the
scale invariance appearing in our context is on the two-
surface of the horizon. Nevertheless, the mechanism that
makes the results of these treatments generic might be also
relevant here for similar geometric reasons. This is an
important issue that is to be clarified by further analysis.
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APPENDIX A: LOGARITHMIC CORRECTIONS

In (6) we have assumed only the leading asymptotic
growth of the density of matter states. The leading term is
often accompanied by a power law suppression leading to
an expression for the degeneracy of the form

D[{s;}] ~ (A/£}) exp((1 - 5)A/(4L”2))

(Za,sj> Hexp 4f2 S LYY

where «a is in general an arbitrary real number (usually
negative). For simplicity let us choose a = k where k is a
positive integer. In such case the partition function becomes
higher derivative of (12),

Z[f) = w(=)) exp(q) = 0(Ty)*(=05) exp(q).  (A2)
where in the following discussion the exact form of the
prefactor @ will not be needed. From (12) and considering
small § or equivalently large g, (—0;s)e? ~ (ny)g>eq.
Therefore, to the leading order,

log Z[8] = q + 2klogq + o(1/q)

1
~— —2klog( 5).
por 0g(6) +0(9)

(A3)
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From the above formula, itis easy to see that the mean energy
is not affected up to the orders we are considering now,

A
f%’
=———]1 0)|. A4
27t2f}/52[ + o )] (A4)

Therefore, the relation (16) between 6 and the area is
not modified to leading orders. However, the entropy
S = pU + log Z receives a logarithmic correction,

fz
146 4
topt ﬂyA

A
+ klog(f—2> +o(1).
P

A

(A5)

Thus, the logarithmic corrections to the entropy are
associated to the power-law suppression of the
exponential growth of states (6). The entropy formula
(AS5) can be extended to some negative real number
a by analytic extensions. This shows that the mechanism
leading to the logarithmic corrections by loop corrections
investigated in [31] will also lead to the very same
contributions in our analysis. This is due to the fact that
such logarithmic corrections would modify (6) according
to (Al).
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APPENDIX B: DISTINGUISHABLE PUNCTURES

It is easy to see that the distinguishable nature
of the punctures is not consistent with holography
(in the precise sense we have implemented holography
in this paper). Close to the Unruh temperature the
grand canonical partition function is given by Zyg =
> ngY. Its convergence requires g < 1, which means
6 > log2/(ny); hence, a deviation from the holographic
bound is expected.

One could try to ignore this and analytically continue the
series from its value for |¢| < 1 and write

ZMBiZq %

(B1)
xp(79)

| =

However, the above partition function becomes negative for
small 6 and cannot be used to construct a real thermody-
namical potential log Zyg.

Distinguishability of punctures seems to be incompatible
also with holography in the sense of having a factor close to
1/4 in (6). But it would be compatible with a prefactor
close to (zy —log(2))/(4zy) in this case. However, a
simple calculation shows that if that were the case, the
entropy would not be close to Hawking entropy and the
correspondence between the statistical mechanical partition
function and the Euclidean path integral semiclassical
partition function would be lost.
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