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Resonantly enhanced and diminished strong-field gravitational-wave fluxes
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The inspiral of a stellar mass (1 — 100M ) compact body into a massive (10° — 10’ M) black hole has
been a focus of much effort, both for the promise of such systems as astrophysical sources of gravitational
waves, and because they are a clean limit of the general relativistic two-body problem. Our understanding
of this problem has advanced significantly in recent years, with much progress in modeling the “self-force”
arising from the small body’s interaction with its own spacetime deformation. Recent work has shown that
this self-interaction is especially interesting when the frequencies associated with the orbit’s € and r
motions are in an integer ratio: Qy/Q, = fy/p,, with ffy and S, both integers. In this paper, we show that
key aspects of the self-interaction for such “resonant” orbits can be understood with a relatively simple
Teukolsky-equation-based calculation of gravitational-wave fluxes. We show that fluxes from resonant
orbits depend on the relative phase of radial and angular motions. The purpose of this paper is to illustrate in
simple terms how this phase dependence arises using tools that are good for strong-field orbits, and to
present a first study of how strongly the fluxes vary as a function of this phase and other orbital parameters.
Future work will use the full dissipative self-force to examine resonant and near resonant strong-field
effects in greater depth, which will be needed to characterize how a binary evolves through orbital

resonances.

DOI: 10.1103/PhysRevD.89.084028

I. INTRODUCTION

A. The self-force driven evolution of binaries:
A very brief synopsis

Our understanding of the two-body problem in general
relativity has advanced substantially in the past decade.
Besides the celebrated breakthroughs in numerical rela-
tivity [1-3] which have opened the field of binary phe-
nomenology in general relativity, there has been great
progress in understanding the extreme mass-ratio limit of
this problem, when one member of the binary is much
smaller than the other. This limit is of great interest in
describing astrophysical extreme mass-ratio binaries (a
particularly interesting source for space-based gravita-
tional-wave measurements) [4], and as a limiting form
of the more generic two-body problem [5,6].

Most efforts to model extreme mass-ratio binaries have
focused on the computation of self-forces (see Ref. [7] for a
recent comprehensive review). Consider a small body
orbiting a black hole. At zeroth order in the small body’s
mass, its motion is described as a geodesic of the black hole
spacetime. At first order in this mass, the black hole’s
spacetime is slightly deformed. This deformation changes
the trajectory that the small body follows, pushing it away
from the background spacetime’s geodesic. It is useful to
regard the change to the trajectory as arising from a self-
force which modifies the geodesic equations typically used
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to describe black hole orbits. Conceptually, it is useful to
split the self-force into two pieces: a time-symmetric
conservative piece and a time-asymmetric dissipative
piece. On average, the impact of the conservative contri-
bution is to shift orbital frequencies away from their
geodesic values. The dissipative self-force is equivalent,
on average, to a slow evolution of the otherwise conserved
constants (e.g., the orbital energy and angular momentum)
which characterize geodesic orbits. It makes the largest
contribution to an orbit’s phase evolution. The conservative
piece makes a smaller (though still significant) contribution
which accumulates secularly over many orbits [8,9].
Recent work by Flanagan and Hinderer [10] (hereafter
FH) using a post-Newtonian (pN) approximation to the
self-force together with fully relativistic orbital dynamics
has shown that a small body’s self-interaction becomes
particularly important near resonances. The background
geodesic motion can be characterized by three orbital
frequencies with respect to Boyer-Lindquist time: a radial
frequency Q,, a polar frequency €, and an axial frequency
Q. In the weak-field (large separation) limit, these three
frequencies asymptote to the Newtonian Kepler frequency.
In the strong field, these frequencies can differ signifi-
cantly, with Q, always the smallest frequency (the relative
magnitude of Q, and |Q,| depends on the sign of the
orbit’s axial angular momentum). Resonant orbits are
ones for which the radial and angular motions become
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commensurate: Q,/Q,. = fy/f,, where ffy and f3, are small
integers with no common factors. On such orbits, compo-
nents of the self-interaction which normally “average
away” when examined over a full orbital period instead
combine coherently, substantially changing their impact on
the system’s evolution.

For the purpose of our background discussion, it is useful
to include more details from FH’s analysis of how resonant
effects arise. Consider a body of mass y moving on a bound
trajectory near a Kerr black hole of mass M, with y < M.
FH note that one can describe the motion of this body using
action-angle variables and correctly accounting for how
the integrals which parametrize geodesic orbits evolve due
to the self-force. Writing the angle variables ¢, =
(9+-4r-99.94) (Which describe motions in the ¢, r, 6,
and ¢ directions of Boyer-Lindquist coordinates), and
writing the integrals associated with geodesic motion J; =
(E,L,,Q) (with E the energy, L, the axial angular
momentum, and Q the Carter constant), the equations of
motion describing the system are [12]

dq,
dr

= w0,(J) + g (¢r.q0.3) + O(&), (L1
dl;

—1=¢G"(q,.9.9) + 0(c?). (1.2)

The time parameter 7z is proper time along the orbit; the
parameter € = u/M is the system’s mass ratio. The w, g 4
are fundamental frequencies with respect to proper time
associated with bound Kerr geodesic orbits. The forcing
functions gfxl) and Ggl) arise from the first-order self-force.
FH also include discussion of second-order forcing func-
tions, which we do not need for this synopsis; see Ref. [10]
for further discussion.

At order €°, Egs. (1.1) and (1.2) simply describe geo-
desics of Kerr black holes: The integrals of the motion are
constant, and each angle variable evolves according to its
associated frequency. The leading adiabatic dissipative
correction to this motion can be found by dropping the

forcing term g,(,l) and replacing Gl(.l) by <G§1)>, the average
of this forcing term over the 2-torus parametrized by ¢, and
q, [12]. To compute this torus-averaged self-force, it is
sufficient to use the radiative approximation [9,11,12],
which includes only the radiative contributions to the self-
interaction and neglects conservative contributions. For
generic (nonresonant) orbits, this torus average coincides

with an infinite time average, and the averaged quantities

<G51)> are just the time-averaged fluxes of energy, angular
momentum, and Carter constant. In recent years such time-
averaged fluxes have been computed numerically using the
frequency domain Teukolsky equation [23-25]. These
fluxes can be used to compute leading-order, adiabatic
inspirals. The conservative contributions influence the
motion only beyond the leading adiabatic order [11,12].
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B. Resonant effects

Now consider going beyond the leading adiabatic order.
Important post-adiabatic effects can be found by continuing

to neglect gg), but now integrating Eq. (1.2) using GSI)

rather than its averaged variant. FH show that for “most”
orbits, G\ is given by (Gg”) plus a rapidly oscillating

1
contribution. Over the time scales associated with inspiral,
this rapidly oscillating piece averages away and has little

(1)

effect. The effect of the forcing term G; ' is dominated by

<Gl(.l>> for all nonresonant orbits.

For resonant orbits, this averaging fails: contributions
beyond (Gl(.l)> are not rapidly oscillating and can signifi-
cantly modify how the integrals of motion evolve during an
inspiral. A given binary is very likely to evolve through
several low-order resonances en route to the final merger of
the smaller body with the large black hole [13]. A complete
quantitative understanding of these resonant effects will
thus be quite important for making accurate inspiral
models. Prior to FH’s analysis, several other papers argued
that such resonances may play an important role in the
radiative evolution of binary systems [14,15] (albeit with-
out quantifying the detailed impact they can have), or else
because of other effects which resonances have on the
evolution of a dynamical system [16].

Orbits in which Q,/Q, take on a small-integer ratio have
been studied in great detail by Grossman, Levin, and Perez-
Giz [17], who called them “periodic” orbits and provided a
fairly simple scheme for classifying their features.
Following Ref. [10] (as well as more recent work by
Grossman, Levin, and Perez-Giz [18]), we will call them
“resonant” orbits, reflecting the fact that our main interest is
in understanding how their periodic structure impacts the
self-interaction. Grossman, Levin, and Perez-Giz have
more recently argued for the utility of using resonant orbits
as sample points in numerical computations of leading
order, adiabatic inspirals: evaluating fluxes at resonant
orbits may enable a speedup of flux computations [18],
more efficiently covering the parameter space of generic
orbits. Although their goals are rather different from ours
here, many of their techniques and results substantially
overlap with ours (modulo minor differences in notation).
We highlight the overlap at appropriate points in this paper.

As a binary evolves through a resonance, its self-
interaction and thus its evolution are modified compared
to what we would expect if the resonance were not taken
into account. The details of how the self-interaction is
modified depend on the relative phase of the radial and
angular motions as the orbit passes through resonance.
Because of this, resonances enhance the dependence of a
binary’s orbital evolution on initial conditions. Let the
phase variable y, define the value of the orbit’s 8 angle at
the moment it reaches periapsis (see Sec. Il A for more
details). On resonance, two orbits which have the same
energy E, the same axial angular momentum L, and the
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same Carter constant Q will evolve differently if they have
different values of y,.

FH estimate [10] that the shift to the orbital phase induced
by these resonances can be several tens to ~10> rad for mass
ratios ~107° (as compared to an analysis which neglects the
resonances). That there is such a large shift, and that this shift
may depend on initial conditions, is potentially worrisome.
Resonances could significantly complicate our ability to
construct models for measuring the waves from extreme
mass-ratio inspirals. On the other hand, the detailed behavior
of a system as it evolves through resonances may offer an
opportunity to study an interesting aspect of strong-field
gravity, providing a new handle for strong-gravity phenom-
enology. Analytic studies of the effect of the passage through
resonance can be found in Refs. [19,20].

C. Our analysis

The “several tens to ~10? rad” estimate by FH is based
on applying pN self-force estimates to strong-field orbits, a
regime where pN approximations are generally inaccurate.
It is thus of great interest to estimate the impact of orbital
resonances using strong-field methods. The purpose of this
paper is to take a first step in this direction.

Our goal is to generalize our computational techniques in
order to treat resonances correctly. A key point is that the
flux-balancing technique which can be used to approximate
inspiral (as described in the final paragraph of Sec. [ A) is
based on the adiabatic approximation. This approximation
temporarily breaks down during a resonance. Therefore, to
treat resonances, one must use the orbital equations of
motion (1.1-1.2) to track the evolution of all the orbital
degrees of freedom on short time scales. Flux balancing
instead just tracks the evolution of the conserved quantities
E, L, and Q on long time scales. In addition one must use
the full, oscillatory self-force driving term Ggl), and not just
its averaged version.

As is well known, computation of the full self-force is
extremely difficult, largely because it requires regulariza-
tion of the self-field [7]. Fortunately, only the dissipative
piece of the self-force should contribute to leading order
resonance effects. As argued in FH, there is some evidence
suggesting that geodesic motion perturbed by the
conservative piece of the self-force is an integrable
dynamical system, and resonances do not occur in such
systems. Thus, if the integrability conjecture of FH is true,
only the dissipative self-force needs to be computed. This
constitutes a great simplification, since the well-known
difficulties of self-force computations apply only to the
conservative piece; the dissipative piece is relatively
straightforward to compute. Techniques for doing so with
scalar fields were presented in Ref. [21], and generalizing
to the gravitational dissipative self-force is not terribly
difficult [14,15]. While these references focused on the
averaged self-force, it is straightforward to generalize the
analysis to obtain the full dissipative self-force.
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It is thus feasible to perform numerical compututations
of orbital evolutions through resonances using the full
dissipative self-force, without any orbit averaging. Our
eventual goal is to extend our black hole perturbation
theory codes to do just this, and to evaluate how the
dissipative self-force behaves as a system evolves through
resonance. Work in this vein is in progress and will be
presented in future work [39].

In this paper, we take a first step in this direction. We focus
here on computation of time-averaged fluxes of the integrals
of the motion, and in particular on how these quantities differ
between resonant and nonresonant orbits. These quantities
correspond to the fluxes that one would measure at infinity
(and at the black hole horizon) if one turned off radiation
reaction effects; upon averaging over long times, they are
equal to the rate at which the dissipative self-force evolves
these constants. We emphasize that these quantities are not
sufficient to allow computation of orbital evolutions.
However, they provide insight into the characteristic features
of the radiation emitted by resonant orbits.

We find that fluxes from resonant orbits generically differ
from those from nearby, nonresonant orbits,1 and in addition
vary depending on the relative phase of the radial and
angular motions. The magnitude of this variation is closely
related to the “kick” that is imparted to the orbit’s constants
as it evolves through a resonance (cf. Fig. 1 of FH). As such,
characterizing on-resonance fluxes is a useful and natural
first step in the process of modifying existing flux-based
codes to compute the full dissipative self-force. We explore
numerically the magnitude of the difference between the
resonant and nonresonant cases, and the dependence on the
orbital phase. For specific modes, the fluxes can vary by
large factors (although variations of order unity are more
typical). For the net fluxes obtained by summing over all
modes, variations are typically of order a percent or less.

D. Outline of this paper

We begin this paper by briefly reviewing the behavior of
Kerr geodesic orbits in Sec. II. Much of this material has
been presented elsewhere, so we leave out most details,
pointing the reader to appropriate references. Our main
focus is to describe how to find and characterize resonant
orbits. We then describe how to compute radiation from
Kerr orbits in Sec. III. We first briefly review the
Teukolsky-equation-based formalism we use (Secs. 111 A—
[II B), and then describe how key details are modified by

'"Thus the fluxes change discontinuously as one varies the
orbital parameters. This is certainly unphysical, but arises
because we compute infinite time averages of fluxes from
geodesic orbits. If one considers the fluxes from the true
inspiraling motion, and averages over a time scale intermediate
between the orbital time scale and the radiation reaction time
scale, the time-averaged fluxes would vary smoothly with time,
with order unity changes in the vicinity of resonances. This point
is discussed further in Appendix B.
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Left: Lissajous figures describing motion in the (r, ) plane on a 3:1 orbital resonance (a = 0.9M,

p =3.2758M,e = 0.7,6,, = 70°). The blue trace has 8 = @,, at periapsis; red has § = x/2 at periapsis. The inset image zooms in on the
region 1.9M < r < 2.3M, clarifying the angular oscillation at very small radius. Approximately nine radial cycles are used to generate
these traces. Right: Ergodic motion of a “normal” orbit. The orbit’s geometry is identical to that in the left-hand panel, but we have
changed the black hole’s spin to a = 0.95M; this changes the ratio of frequencies to Q,/Q, = 2.0311.... Again, roughly nine radial
cycles are shown here. Given enough time, this trace would pass arbitrarily close to all points in 70° <0 < 110°, 2M < r < 12M.

orbital resonances in Secs. III C and III D. We describe two
complementary approaches to computing fluxes on reso-
nance. Although formally equivalent (as we prove in
Appendix A), their implementation is quite different.
Having both methods at hand proved useful to us in our
numerical study. One aspect of the on-resonance compu-
tation (the evolution of Carter’s constant Q) is sufficiently
complicated that all details of this calculation are given in
Appendix B. Our analytic results for fluxes of energy and
angular momentum on resonance agree with those obtained
by Grossman, Levin, and Perez-Giz (compare especially &
Secs. Il D-E and Appendices B5, B6, and C in Ref. [18]
with our discussion here, and with our Appendix A). Our
result for the resonant rate of change of the Carter constant
appears to be new.

Our numerical results are given in Sec. IV. We begin by
examining how fluxes from individual modes (i.e., har-
monics of the orbital frequencies) behave as a function of
the offset phase of the radial and angular motions, which
we denote y,. We show that the amplitude of a given mode,
and hence the rates of change of conserved quantities
associated with that mode, can vary significantly with y.
For example, the flux of energy from an orbit can vary by
factors of order unity as y, varies from 0 to 2z. The rate of
change of the orbit’s Carter constant can even change sign
as yo varies. The total flux from a given orbit is given,
however, by adding fluxes from many modes. When many
modes are combined, much of the variation washes away;
we find variations of a fraction of a percent in most
quantities after summation. The amount of this residual
variation seems to depend most strongly upon the geometry

of the orbit’s (r,#) motion on resonance, in particular, the
topology of the trace in the (r,6) plane. Orbits whose
motion in (r, 8) have a simple topology with few trajectory
crossings in the plane (e.g., the Q,/Q, = 3/2 resonance)
tend to have a relatively large variation in the integrals of
motion; orbits whose motion has a more complicated
topology with many trajectory crossings show much less
variation (e.g., the Q,/Q, = 4/3 resonance). We argue that
this can be explained in terms of how the orbital motion
tends (or fails) to average away variations in the source
term to the Teukolsky equation.

As emphasized in Sec. I C, understanding these fluxes
exactly on resonance is only the first step in building a
complete strong-field understanding of how resonances
impact inspirals. In particular, these results do not provide
enough information to specify how a system will evolve
through a resonance. To go further, it will be necessary to
examine how dissipation behaves as the system evolves
toward and through an orbital resonance. As mentioned
above, this analysis is now beginning; we briefly outline the
approach we are pursuing in Sec. V.

Throughout this paper, we use “relativist’s units,”
setting G =1 = c.

II. KERR GEODESICS AND ORBITAL
RESONANCES

A. Brief summary of general characteristics

We begin by reviewing geodesic orbits of Kerr black
holes, with a focus on aspects of this motion particularly
relevant to our analysis. In most textbooks [for example,
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Ref. [27], Egs. (33.32a)—(33.32d)], Kerr geodesics for a
massive body are described using equations of motion in
the Boyer-Lindquist coordinates ¢, r, 6, and ¢:

x2 (%)2 = [E(r* + a*) — aL,]?

— Al + (L, — aE)* + Q]

= R(r), 2.1)
2 (d0)? 2072 — 2e0c2 2
)y ) = O — cot*0L? — a*cos*0(1 — E?)
T
= 0(0), 2.2)
dp\ r+a? a’L.
Z(E) = csc GLZ—I—aE( A 1 A
= &(r,0), (2.3)
dt (rr+a)? ., r*+ad?
2<%>—E|:T—Cl Sin 9:|+CILZ(1— A )
=T(r,0). 2.4)

In these equations, 7 is proper time along the geodesic,
Y = r> + a*cos?d, and A = r> — 2Mr + a?. The quantities
E and L, are the orbital energy and axial angular momen-
tum, normalized to the mass y of the orbiting body, and Q is
the orbit’s Carter constant, normalized to y>. These three
quantities are conserved on any geodesic.

Along with the coordinate time ¢ and proper time 7, it is
often very useful to work using a time parameter A, defined
by dA = dr/%. The geodesic equations parametrized in this
way are

() =&, (%) =e,

de dt
i O(r,0), = T(r,0). (2.5)
By using 4 as our orbital parameter, the r and € coordinate
motions are completely separated from one another. Proper
time 7 couples r and @ by the factor Z; the coupling with
coordinate time ¢ is even more complicated. The parameter
A 1s often called “Mino time,” following Mino’s use of it to
untangle these coordinate motions [11].

We have found it useful for many of our studies to
introduce the following reparametrization of r and 6:

pM

T Tecosy 080 =cosOncosly +0). (26)

r

These transformations replace the variables r and € with
secularly accumulating angles y and y. As y and y evolve
from 0 to 2z, » and € move through their full ranges of
motion. We define y =y =0 at A =0.

PHYSICAL REVIEW D 89, 084028 (2014)

Notice that we include an offset phase y, for the angular
motion. We could also include an offset phase y for the
radial motion, as well as initial conditions ¢, and ¢, for the
¢ and ¢ coordinates. We choose our time origin such that
t =0 when A=0, which means #, =0. We likewise
choose ¢y = 0. Changing ¢, is equivalent to rotating
around the black hole’s spin axis, and can have no effect
on the flux of energy and angular momentum from the
system (although it introduces a phase offset to the system’s
gravitational waves).

Finally, we choose y, = 0, which amounts to setting
A =0 at a moment that the orbit passes through periapsis,
r = Ipeii = pM/(1 +e). The offset phase y, thus sets
the value of 6 at periapsis. Previous work (e.g., [23])
has typically used y, =0 as well. The parameter set
(wo»x0s Po» o) is equivalent to the set (A, A, Py, ) used
in Ref. [21]. Following this reference, y, = 0 will label the
“fiducial geodesic.” We will use it as a reference geodesic
for some of the calculations in Sec. IIL

In their original form, Eqgs. (2.1)-(2.4), Kerr orbits are
parametrized (up to initial conditions) by the three con-
served constants E, L, and Q. The reparametrization (2.6)
maps those constants to parameters that describes an
orbit’s coordinate geometry: semilatus rectum p, eccen-
tricity e, and minimum angle 6,,. These quantities are
likewise conserved along a geodesic. Schmidt [28] pro-
vides closed-form expressions for converting between
(E,L,,Q) and (p,e,0,,). Either the set (E,L.,Q) or
(p,e,0,,), plus the relative phase y,, completely specifies
a geodesic for our purposes here.

B. Orbital frequencies and resonances
Each orbit has a set’ of frequencies describing its
motions with respect to r, 0, and ¢. The frequencies
Qrﬂ,(/) = 2”/Tr.6$¢ (27)
are conjugate to the periods3 expressed in coordinate time ¢;
the frequencies
Tr.(),zf) = 27T/Ar,(g‘¢ (28)
are conjugate to these periods in Mino time A. These two
frequencies are related by a factor I' which describes the
average increase in ¢ per unit A:

Qr,g_[ﬁ = T,‘g’d)/r. (29)

2Interesting,gly, this set is not unique: There exists in the strong
field geometrically distinct orbits (i.e., with different parameters
p, e, 0,,) that have identical frequencies. See Ref. [29] for a
detailed discussion.

3Describing the periods using Boyer-Lindquist time ¢ is a bit
complicated; T,y , really describes an averaged notion of the
periods. See Refs. [28,30] for more detailed discussions.
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Details of how to compute these frequencies given
(E,L.,Q) or (p,e,0,,) are given in Refs. [30,31]. One
could also define frequencies conjugate to proper time
(see, e.g., Ref. [28] and discussion in Sec. I), but the Q and
T frequencies are sufficient for our purposes.

We next review how the qualitative features of the
resonant orbits differ from those of generic orbits, as
background to Sec. III below. A more detailed discussion
can be found in Sec. II of Ref. [18]. As an example, we
compare a typical orbit, for which the ratio Q,/Q, is
some irrational number, to a resonant orbit, for which
Qy/Q, = PBy/P,, where 5, and f, are small integers with no
common factors. Figure 1 shows the motion of three orbits,
projected into the (r, ) plane. In all cases, we have chosen
p =3.2758, e = 0.7, 6,, = 70°; the motion is thus bound
to the range 1.93M <r <10.9M, 70° <6 < 110°. (See
also Fig. 1 of Ref. [18], which is very similar, although it
does not illustrate the impact of the offset phase between
the r and @ motions.)

In the right-hand panel, we have set the spin parameter
a = 0.95M. For these orbital parameters, this orbit has
Qy/Q, = 2.0311.... This is not a resonant orbit; notice that
the roughly nine radial periods shown here do not close.
The orbital trace in this case ergodically fills the (r, 0)
plane. In the left-hand panel, we have set a = 0.9M, which
yields Q,/Q, = 3—these orbits are in a 3:1 resonance. The
two traces shown in this panel correspond to different
choices of y,. The blue trace has yo = 0 (so that 0 = 6,, =
70° at periapsis), and the red trace has y, = 7/2 (so that
60 =90° at periapsis). Both traces show roughly nine
complete radial periods. By their periodic nature, their
motions trace out Lissajous figures: No matter how long we
follow these orbits, they trace out a one-dimensional
trajectory in the (r, 6) plane.

Note that the geometry of the traces in the left-hand panel
varies significantly as y is varied. The topology of these
traces remains fixed, however: In all cases the trace
oscillates three times in the angular direction as it com-
pletes a single radial oscillation. As emphasized by
Grossman et al. [17], the topology of resonant orbits is
uniquely determined by their orbital parameters, by virtue
of the integers 3y and g, that determine their periodicity. We
show some evidence in Sec. IV that the topology of
resonant orbits directly affects the strength of their reso-
nance. Simple orbits, which do not cross themselves often
and do not cover much of the allowed (r, #) plane, show
large variations in their radiated fluxes as the phase y is
varied; more complicated orbits, which cross themselves
many times and come close to much of the allowed (7, 0)
plane, do not show such large variations.

ITII. GRAVITATIONAL RADIATION
FROM KERR ORBITS

Here we describe in detail how we compute radiation from
strong-field orbits, with an emphasis on how resonances
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modify the “usual” behavior. We begin in Sec. Il A by
briefly reviewing the Teukolsky equation and its solutions.
This material has been presented at length in several other
papers, so we only give a summary. Our goal is to provide
just enough detail to understand how the situation changes
on resonance. Section III B describes how to compute fluxes
of energy E and angular momentum L, from Teukolsky
equation solutions, highlighting how this calculation must be
modified for resonant orbits. The analogous calculation for
the Carter constant calculation is sufficiently complicated
that we present its details in Appendix B. Finally, Secs. III C
and III D present two different ways to compute on-resonant
fluxes. These methods are equivalent to one another,
although their computational implementations are quite
different. As mentioned in the Introduction, our analytic
results for fluxes of E and L, agree with those obtained in
Ref. [18], while our results for the Carter constant are new.

A. The frequency-domain Teukolsky equation
and its solutions

Our computation of the small body’s self-interaction
uses the Teukolsky equation [22]. This equation governs
the radiative components to a Kerr black hole’s spacetime
curvature, y and y,, which arise due to some perturbing
source or field. In the relevant limits, identities make it
possible to obtain all information about the field y from
W4, and vice versa, so we need only focus on one. The field
w4 is particularly convenient for describing radiation at
infinity.

Teukolsky showed [22] that, imposing the Fourier and
multipolar decomposition,

V4 = /’4 / dszlmw(r)Slznw(g)ei(m¢_wt), (31)
- Im
where p = —1/(r — iacos ), a master partial differential

equation governing y, separates. The function S,,,,,(0) is a
spin-weighted spheroidal harmonic; Ref. [32] presents
techniques for computing it to high accuracy. The radial
function is governed by

d (1dRy,,
A? <Kd—lr> - V(r)lew = _Tlmw(rv)(o)‘ (32)

dr

Equation (3.2) is the Teukolsky equation (although that name
is also used for the partial differential equation that governs
w4 before separating variables). Setting the right-hand side of
(3.2) to zero, we construct a pair of homogeneous solutions,
Rﬁnw (which is regular on the event horizon) and R§y,  (which
is regular at infinity). See Ref. [23] (hereafter DH06) for a
detailed discussion of how we construct these solutions, as
well as for the potential V(r) appearing in Eq. (3.2). From
these solutions, it is straightforward to build a Green’s
function which can then be integrated over the source
T 1me 1O construct a particular solution.
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The source 7, is sufficiently complicated that we will
not write it out explicitly; see DHO6 for details. It is built
from projections of the stress-energy tensor for a small
body orbiting the black hole,

_ MMy o _ _
Taﬂ—zsinedt/dr5[r ro(1)1810 = 0,(1, x0)18(p — ¢, ()],
(3.3)

where p is the mass of the small body, and u, are the
components of its orbital 4-velocity. The subscript “0” on
the coordinates in the delta functions stands for “orbit,”
labeling the orbit’s coordinates (as opposed to a general
field point, which we leave without a subscript).

Note that 7, is a frequency-domain quantity. Because
it arises from Kerr orbital motion, it only has support at
frequencies ,,, = m&2; + k€ + nQ,, and is nonzero
only for r, <7 L Foaxs 0p <0 < —0,, [Where r;, =
p/(1+e), and rp, = p/(1 —e); see Eq. (2.6)]. Once
fully constructed, 7 ;,,,, has terms in §[r — r,(¢)] and its first
two radial derivatives; see Sec. III of DHO6.

To understand fluxes from this system, our interest is in
Rjno(r) in the limits r - co and r — r, (the event
horizon). These limits will allow us to deduce how the
orbit evolves due to radiation to infinity, and due to
radiation absorbed by the hole. As r — oo, the homo-
geneous solution RS, (r) approaches (modulo a power-law
scaling) an outgoing plane wave. Likewise, as r — r_, the
solution R (r) is limited to an ingoing plane wave. The
particular solution we construct by integrating the Green’s
function over the source then takes the form

ZH  (yo)RS, (r) r— oo,
Ripo(r) = wlm A 0) R olm 34
: ( ) { a)lm()(())Rw[m(r) r—rg, ( )
where
°° Tmm /9
Z;mw()(O) = C*/ dar lm(u( i(l) ( )(0) y (35)

and where x can stand for co or H. The symbol C* is
shorthand for a collection of constants whose value is not
needed here; see Sec. III of DHO6 for further discussion.

Next insert 7, into Eq. (3.5) and perform the r
integral. The result is a Fourier transform:

(t.x0)]

Zt o) = C* / " drelo=0g; I, (1).0,

—c / ® AT (1 (2).0,(A o).
(3.6)

The function 7}, introduced on the first line of Eq. (3.6) is
built from 7,,; see Egs. (3.30)-(3.33) in DHO6 and

associated text for a detailed discussion. On the second line,
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we have changed the integration variable from coordinate
time ¢ to Mino time A, and defined

(70 0,) =17, (r0,0,)T(r,.0,)

X el[wAt( 079(1)_mA(/)(r0~ 0)]‘ (3'7)

[In any place that we indicate a dependence on (r,, 6,),
please note that this is shorthand for [r,(4), 6, (4, yo)].] The
function Jj, (r,.0,) is just I}, (r,.0,) reweighted by
T(r,,0,) [the right-hand side of the geodesic equa-
tion (2.4)], and with the factor e/(®A=m2¢) jncluded. The
functions At(r,,0,) and A¢(r,,6,) are oscillatory con-
tributions to the ¢ and ¢ pieces of the orbit:

t,(A) = TA+ At[r,(4).0

o(4.20)]. (3.8)

¢0( ) T(/)i + A¢[ o( ) ()(’1 ZO)] (39)
Both At and A¢ oscillate at harmonics of Yy and T,; see
Ref. [30] for a detailed discussion.

The function J7},,, (r,.60,) gathers all the pieces of the
integrand for Zj ' that can be described as harmonics of Ty
and T,. As such, it is useful to decompose it into these

harmonics:

J*

lmw ()’ ()

Z‘]wlmkn ()(O —i(kTg+nY, )/1 (3.10)

where

a)lmkn 0(0)

T T 27/, 27/ Y,
—r 0 / 40 / dir
(27)% Jo 0

eI KT i) e 11 (37 0,2 x0))-
3.11)

We have here taken advantage of the fact that Mino time
completely decouples the r and ¢ motions from one
another. We imagine that these two coordinates depend
separately on two different Mino-time variables, A" and 1%,
and integrate over a full period of each time. See Ref. [30]
for detailed discussion of this trick.

Next, combine Egs. (3.6), (3.7), (3.10), and (3.11) to find

w - a)mkn)

27
Zlma) ()(0 Z‘]wlmkn
- Zzlmkn

(@ — Dpien)- (3.12)

On the last line, we have taken advantage of the fact that the
delta functions mean that the right-hand side only has
support at ® = @,,;,,, and we have defined
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2
Zmlmkn ()(0) = ? lemkn ()(0)

Y, Y, [27/T 21/,
=" ax’ dir 3.13
2xl" A /0 ( )
ei(kTelHJrnTyl’)J;mm [r() (lr) , 90 (/19,%0)] (3 1 4)
and
Z;m]m ()(0) - Z;()m,mlmkn &0) (315)

Throughout this synopsis, we have explicitly shown the
dependence on the relative phase y,. To account for its
influence on the amplitudes, let us first define

Zintn = Zipin Uto = 0)- (3.16)
In other words, amplitudes with a check mark - are
computed using the fiducial geodesic. As shown in
Sec. 8.4 of Ref. [21], the effect of y, is to introduce a phase,

Z?mkn(ZO) = elfm”()m)zv;mknv (317)
where
gmkn(XO) = th‘)/lg + mA&{rmin’ 9(_’18)]
- a)mknA,i[rmim 9(_/18)] , (318)

where A(}ﬁ is A¢ for the fiducial geodesic (and likewise for
A7), and where 29 = A9(y) is the value of A% at which
0 = 0,,. Itis given explicitly by Eq. (3.75) of Ref. [21]. On
the fiducial geodesic, /18 =0, and &,,;, = 0, as it should.

B. The nonresonant rates of change of the orbital
parameters E, L, and Q

As stated previously, our eventual goal is to compute the
motion of a body which spirals through resonances under a
rigorously computed self-force, or at least the dissipative
piece of the self-force. The three components of the self-
force can be regarded as the rates of change of the orbital
constants £, L, Q. We will present results showing these
rates of change for the dissipative self-force in a later paper.
Here, we focus just on appropriately averaged rates of
change of E, L, and Q.

In this section, we will show how to extract the rates at
which gravitational radiation carries £ and L, to infinity
and down the event horizon. This calculation has appeared
many times in other papers; we present it in perhaps more
detail than is necessary in order to highlight aspects of the
calculation that change when we move from nonresonant to
resonant orbits. One cannot extract the rate of change of O
from the radiation, but must instead compute it using the
dissipative self-force. This is was done by Sago et al. [25]
(hereafter S06). We go through the Sago et al. calculation in
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some detail in Appendix B in order to understand how to
modify their result on an orbital resonance. In Appendix C,
we likewise compute the rates of change of E and L, using
the dissipative self-force. The result we find there (for both
resonant and nonresonant orbits) duplicates the rates of
change we compute from gravitational-wave fluxes. This is
not terribly surprising: Quinn and Wald [26] showed that
this equality must hold given an appropriate averaging for
these two ways of computing the evolution of E and L,.
Strictly speaking, Quinn and Wald’s work does not apply to
the situation we are studying—they do not consider black
hole spacetimes (although they describe how to go beyond
their calculation to include this limit) and require that the
particle’s trajectory begin and end far away from the
gravitating source. Nonetheless, it demonstrates that this
balance is to be expected in a wide range of situations, so
the equality we find is sensible.

Using Eq. (3.1) and the definitions which follow, we find
that as r — oo,

1 . . .
Wy = Zé’l&”‘" 00 Zip S e (0) €1~ min)

r Imkn

= % ZW4,lmkn~

Imkn

(3.19)

Here, Sj,,(0) is the spheroidal harmonic S, (0) for
® = Oppp. As 7> 00, Wy = (1/2)(hy — ihy), so

. 2 Y4 imkn
h, —ih, = —— —
+ Ly }"Z CO2

Imkn mkn

(3.20)

A useful tool for understanding the energy carried by
gravitational waves is the Isaacson stress-energy tensor
[33], whose r — oo limit is given by

Trad —

= (0uh g+ Dy Oyh).

(3.21)

The angle brackets in this expression mean that the quantity
is averaged over several wavelengths. See Ref. [33] and
references therein for detailed discussion of the averaging
procedure.

The energy flux, our focus here, is given by

dE®
G = lm e [ Tta
= lim / Td4Q, (3.22)

where n* is a radially outward pointing normal vector, and
the index k is restricted to spatial directions.
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Combining Egs. (3.20)—(3.22)(3.22), we find

dE°0> < / Yy, lmknl;”4 I'm'k'n’ >
= Re | -2 270 4Q
< dt [m;’l l’l’;ﬂ’ 4ﬂwmkn(1)m/k/ ’
(3.23)

W4 1s the complex conjugate of y4. The sum over / is taken
from 2 to oo; the sum over m from —/ to [; the sums over k
and n are both taken from —oo to oo; and likewise for the
primed indices. The angle brackets on the left-hand side
mean that this rate of change is to be understood as one
which is averaged over appropriate orbital time scales.

Consider now averaging the right-hand side over
several wavelengths. Assuming that each frequency w,,,
is distinct (an assumption that is only true when we are
not on a resonance), then this averaging forces m = m’,
k =k, n=n'. Using the fact that

/Slrnkn (Q)Sl’mkn (Q)dg = 511’7 (324)
we find
|Zv%1kn : ;
= Epin- (3.25)
< > 1;%;" 47[wmkn 1,%;

A similar calculation focusing on Trad gives us the flux of
axial angular momentum:

dLz Z it
<d;>:2nz‘_ (j)k ZLzlmkn

Imkn mkn Imkn

(3.26)

Notice that the phase &,,,, does not appear in Egs. (3.25)
and (3.26). Appendix C derives these results using the local
self-force, following S06.

The calculation of fluxes down the horizon is more
complicated. Since the Isaacson tensor is not defined in a
black hole’s strong field, we use the fact that the curvature
perturbation from the orbiting body exerts a shear on the
generators of the horizon, which increases the black hole’s
surface area. By the first law of black hole dynamics, this in
turn changes its mass and angular momentum; see
Refs. [34,35] for detailed discussions. Assuming flux
balance, we can then read out the down-horizon fluxes:

dE" 7
() - S Bl S gy, o
Imkn mkn Imkn
dL; m|Zi
< d[z > = Z(lekn drw lmI” ZL, Imkn+ (328)
Imkn mkn Imkn

We refer the reader to Eq. (3.60) of DHO6 for the down-
horizon factor ay,,,-
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Unlike the energy and axial angular momentum, there is
no simple formula describing the “flux” of the Carter
constant carried by radiation. However, one can formulate
how Q changes due to radiative backreaction. Taking into
account only the dissipative piece of the self-force and
averaging over very long times, Sago et al. [25] showed

that
ono mkrz + kTH)
71 7, 3.29
< > % k] P (3.29)
do" min + KT
< > Zalmkn |Zlmkn| M s (330)
Imkn mkn
where
L pin = m{cot?0) L, — a> w1, (c0s*O)E (3.31)

It is interesting that the rate of change of Q can be factored
1nto quanntles that are encoded in the distant radiation
(Z min @nd Z5v ) and quantities that are local to the orbital
worldline (L1, ®@min» and Yy). Using Egs. (3.25) and
(3.27), these results can be written

() -

Imkn
where « is either co or H. We go through the Sago et al.
calculation of (dQ/dt) in some detail in Appendix B in
order to understand how to modify this result on an orbital
resonance.

Note that the rates of change (dE*/dt), (dL?/dt), and
(dQ*/dt) are equivalent for nonresonant orbits to the three
components of the torus-averaged forcing term (GE”)
introduced in the Introduction, albeit using coordinate time
t rather than proper time 7 to parametrize the rate of change.
This equivalence breaks down for resonant orbits, as
pointed out in Ref. [18].

mkn + kTﬁ)/wmkn’ (332)

C. Radiation from resonant orbits I:
Merging of amplitudes on resonance

On resonance, Qy/fy=Q,/p,=Q, and so
kQg + nQ, = NQ, where N = kfy+ np,. An infinite
number of pairs (k, n) are consistent with a given N.
For a given value of m, all pairs (k, n) satisfying
kfy+np, =N will have mode frequency w,,=
@,y = mLy + NQ.

Revisiting Eq. (3.19), this means that only three indices
are needed to describe the radiation on resonance, rather
than four:

Y = ZZI,WO)SM Jeilmd=omn) - (3.33)

lmN
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where

Zhalro) = Y el Z) ., (3.34)

and where (k,n), denotes all pairs (k, n) which satisfy
kfy+ np, = N. In Eq. (3.33), the sums over [/ and m are
exactly as before, and N is summed from —oco to oo.
Equation (C16) of Ref. [18] gives a relationship, in their
notation, that is equivalent to our Eq. (3.34).

Equations (3.33) and (3.34) tell us that, as we enter a
resonance, modes of y, which were distinct combine with
one another: “lines” in the gravitational-wave spectrum
merge. Each mode’s contribution to the combined ampli-
tude (3.34) is weighted by its phase &,,;, (1o)- Revisiting the
calculation of the fluxes using Eq. (3.33) rather than (3.19),

we find
<dE‘oCJ > Z|ZlmN(){0

4ﬂa)m N

= ZEsz(Zo ,

ImN
ImN 0) |2

dEH
< > %a "N dnaly 4 me
= ZElmN 0

ImN

m|Zz 2
0)> _ Z |ZlmN3(ZO)|

p drnw;, N

= ZszmN(Zo)v

ImN

H m|Z® 2
<d§t2 ()(0)> - ZalmN |ZIMN3(ZO)|

— drnw;,

= ZLglmNOKO)'

ImN

(3.35)

(3.36)

dLg
dt

(3.37)

(3.38)

(The factor a;,y appearing here is the same as oy,
introduced earlier, but with w,,;,, replaced by w,,y.) Thanks
to the dependence of Z7, ,, on the relative phase y, the on-
resonance fluxes hkew1se depend on this phase. These
equations reproduce Eq. (C15) of Ref. [18]. We derive them
using the local self-force in Appendix C.

In Appendix B, we show how the calculation of dQ/dt is
changed due to an orbital resonance. The result is

<dQ°° 0> Z|Zlm1v()(0 -
dt e 2mw, g

THZ Re ZlmN 0 ylmN(){O)] , (339)

2ﬂa)m N

ImN

PHYSICAL REVIEW D 89, 084028 (2014)

<@ O)> _ gm0l

3
dt ~ 2rw;,

11,3 G R o) Vi ()]

—~ 27ta)m N

(3.40)

The factor L,y is the same as L,,;,, with w,,;,, replaced by
,,n- We have introduced the modified amplitude

— Z kei'}:mkn ()(O)Zv;‘nkn .
(k.n)y

Vimy o) (3.41)

Notice that Yj, y(ro) is similar to Z}, . (xo) [compare
Eq. (3.34)], but with each term in the sum weighted by
k. Equations (3.39) and (3.40) are used in the following
section to study how the Carter constant’s evolution is
affected by an orbital resonance.

D. Radiation from resonant orbits II: The constrained
source integral of a resonant orbit

The method described in Sec. I1I C builds the on-resonance
amplitudes Z7, \(xo) from the amplitudes Z}ren Which are
normally computed with frequency-domain Teukolsky equa-
tion solvers, such as that described in DHO6. The only
modification is the need to compute the phase &, (vo)-

One can also compute the on-resonant amplitudes by
modifying the integral for the amplitudes Z},,,. Doing so,
we compute Z7 \(yo) directly, without reference to the
amplitudes 7 in. We begin this calculation by carrying
over without modification the computation of Sec. IIl A up
to Eq. (3.6),

lmw = / d/ld wr_mn))l‘]lmw[ (’1)7 90 (’17)(0)]'

As before, we decompose J7,,, into Ty and T, harmonics.
However, we now take into account how these frequencies
are related on a resonance:

lm(u § :lemkn

_ Z I3, e kot )02

— *
= ijlmNe
N

On the second line, we have used the resonance relation
Yo/Po="7",/p,=7T. We then use N = kfy + np,, and
change notation slightly to distinguish the source amplitude
J ¥ imka from its on-resonance variant 77, .

The result, Eq. (3.42), depends on only one fundamental
frequency, Y. As such, our integral for 77, . is taken over

only a single time variable A:

i(kYp+nT,)A

—iNT2 (3.42)

084028-10



RESONANTLY ENHANCED AND DIMINISHED STRONG- ...

lmw[rﬂ (l>7 60 (l’)(())]eiNTl.

(3.43)

T 27T
j:)lmN 0) = ZA

Finally, by combining Egs. (3.6), (3.7), (3.42), and (3.43),
we define

2
2w (o) = ?J;mszN()(o) (3.44)
T 27/ NTA
=5 | i, r2). 00N (345)

Equation (B33) of Ref. [18] is equivalent to Eq. (3.45) here.

In combining the previous relations to derive Eq. (3.45),
we find a proportionality to §(@ — ®,,y), which forces the
right-hand side to have support only at ® = w,,y. Although
it may not be obvious, Egs. (3.34) and (3.45) are equivalent.
We show this analytically in Appendix A, and will
demonstrate it numerically in the following section. A
conceptually attractive feature of Eq. (3.45) is that the
integrand is only evaluated at the coordinates (r, #) which
the on-resonance orbit passes through. Changing y,
changes the points (7, ) at which the integrand has support.
This is how the dependence on y, enters Zj . in this
calculation.

However, Eq. (3.45) can only be used for orbits that
are exactly on resonance. Indeed, in any other case, the

3-index amplitude Zj, . is not meaningful since the

a =009M, p = 8.7744M, e = 0.7, 6, = 20°
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FIG. 2 (color online).
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on-resonance condition kfBy+ nf, =N is not met. A
suitable generalization of Eq. (3.34) for slightly off-
resonance orbits can be used to understand the behavior
of y, as one approaches and moves through a resonance.
As such, the sum of phase-weighted amplitudes, Eq. (3.34),
is likely to be more useful for understanding the resonant
self interaction in full inspiral studies. In any case, we have
found having two techniques for computing Z7, \ (ro) to be
very useful. The codes which implement these two for-
mulas are quite different, so it is reassuring that their results
are in agreement. As discussed at the end of Appendix B, it
appears that the modified amplitude Y,y (xo) can also be
computed with a one-dimensional integral by propagating
the operator (d6/d)d, under the integral in Eq. (3.45). We
have not yet tested this, though it would be a worthwhile
exercise to do so.

IV. RESULTS: HOW RESONANCES IMPACT
RADIATION

A. Variation of modes with y, and comparison
of two computational techniques

We now discuss examples illustrating how wave ampli-
tudes and fluxes are affected by orbital resonances. All of
our results are computed using a version of the code
described in DHO6, modified to handle resonances.

Begin with Fig. 2, which illustrates how Z/ . and
Zp v behave as functions of y,. For this example, we
have put a = 0.9M, p = 8.7744M, ¢ = 0.7, 0,, = 20’ (for

a=09M, p = 8.7744M, e = 0.7, 6, = 20°

2x10-5 F

10-5

4,3,7
TTTT
’ 3
-

Re Z
T
9

—1x10-°

—2x10-%

bl b aa bl ld

2x10-8

10-°

4,37

Im Z

—1x10-%

—2x1078

Comparison of two methods to compute the on-resonance amplitudes Z7, . All panels correspond to radiation

from an orbit with parameters p = 8.7744M, e = 0.7, 6,, = 20°, about a black hole with spin a = 0.9M. For this orbit, Qy/Q, = 3/2.
We have chosen [ = 4, m = 3, N = 7. Left panels show Z/%., right panels show Z,; top panels show the real part, bottom panels the
imaginary part. Blue curves show the amplitude computed by the on-resonance merging of amplitudes discussed in Sec. III C; red dots
show the amplitude computed using the constrained source integral presented in Sec. III D. The two methods agree to numerical

accuracy (roughly 6 digits in this case).
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a = 09M, p = 3.2758M, e = 0.7, 6, = 70°

1.56x10-5

2x10-8

1.5x10-5

10-°

Xo

On-resonance variation of the rates of change of orbital energy (left panels) and Carter constant (right panels) in the [ = 2,

m = 2, N = —5 mode for an orbit with p = 3.2758M, e = 0.7, 0,, = 70°, a = 0.9M (for which Q,/Q, = 3). Top panels give the flux to
infinity, bottom ones give flux down the horizon. The dashed line in all panels shows the value that would be obtained if the resonance

were neglected (i.e., simply adding in quadrature the various 4-index amplitudes Z

*
Imkn

that contribute to the 3-index amplitude Z; ). In

all cases, the flux varies considerably with the phase y,. The variation in Q% is especially interesting in this case, changing sign at
o =0.28 and y, = 3.01. We do not show L} (y,) for this mode, since it is identical to E*(y,) modulo a factor of m/w,,y.

which Q,/Q, = 3/2), and we have chosen [ =4, m = 3,
N = 7. In all panels, the green curves show Zj, ,, computed
using Eq. (3.34); the red dots show the same quantity
computed using Eq. (3.45). The two methods agree to
numerical accuracy (roughly 6 digits4). All examples that
we have examined show that Eqs. (3.34) and (3.45) agree
perfectly (as we would expect from the calculation pre-
sented in Appendix A). Having both methods at hand was
quite useful for debugging the on-resonance version of
our code.

Besides showing the excellent agreement between
our methods of computing Z; ., Fig. 2 also illustrates
how Z7 , varies with y,. For this example, we find that
|ZH | varies by about 25% from minimum to maximum,
and |Z9 | varies by about 40%. The associated energy
fluxes, which are proportional to the amplitude’s modulus
squared, varies by about 55% and by a factor of 2,
respectively.

Figures 3 and 4 give two examples of the on-resonance
rate of change of orbital constants. We show El*m n and Q,*m N
for two orbits about a black hole with a = 0.9. Figure 3
shows the [ =2, m =2, N = —5 mode computed for an
orbit with p = 3.2758M, ¢ = 0.7, 6,, = 70° in this case,
Qy/Q, = 3. Figure 4 shows the [ =5, m = -2, N =11
mode for an orbit with p = 4.5322M, ¢ = 0.3, 0,, = 45°,
for which Q,/Q, = 2.

“It is not difficult to do the calculations more accurately than
this [36-38], but 6 digits of accuracy is good enough for this first
strong-field examination of this effect.

In both cases, the flux of energy to infinity varies by a
factor of about 3.1. This agreement is a coincidence. The
down-horizon flux shows more variety, varying by a factor
of about 6.8 for the 3:1 resonance, and by a factor of nearly
103 for the 2:1 case. (This large variation is because the flux
comes close to zero at y, = 4.7.) The variation in Qg?z,—s is
especially interesting for the 3:1 resonance: It is negative
over nearly half the span of y, but is positive elsewhere.
This behavior is unique to the on-resonance form of O,y
and arises from the fact that it contains a term proportional
to Re[Z,,,vYimy]. Because the amplitudes 2,y and Y,y
can have different phases, the behavior of Ql*mN can be
more complicated than the behavior of the energy or
angular momentum fluxes. Those fluxes are both propor-
tional to |Z} \|?, and hence are positive or negative
definite.

The horizontal dashed lines in these figures gives the rate
of change that would be found if the resonance were
neglected. In other words, it shows the rate of change one
would find by simply combining in quadrature all of the
4-index amplitudes Zj,,, which contribute to the relevant
3-index amplitude Z7,\ (xo). Its value is the average with
respect to 4§ of the resonant flux:

. T 27/ Yy .
*no-res __ +0 * 0
ElmN By 0 ElmNdAO

2
Y, [27. dag

= E; — dyo. 4.1
27 o Imn (X0) 0 X0 4.1)

084028-12



RESONANTLY ENHANCED AND DIMINISHED STRONG- ...

a = 09M, p = 4.5322M, e = 0.3, 6, = 45°

T T T T T T T T T T T T T

1.56x10-11

5,-2,11

& 10-u

6x10-1

4x10 1

['H
ES.AZ 11

2x10-1

Q

PHYSICAL REVIEW D 89, 084028 (2014)

a = 0.9M, p = 4.5322M, e = 0.3, 8, = 45°
S . — T T LU L— T

2x107¢

1.5x10-¢

5,-2,11

10~ |-

Bl el aald

5x10-10

5%10-9
4x10-9

= 3x10-°
& 2x10-®
10-9

Lo b b b b

AN RN RR R RARRN]

Xo

FIG. 4. On-resonance variation of the rates of change of orbital energy (left panels) and Carter constant (right panels) in the [ = 5,
m = —2, N = 11 mode for an orbit with p = 4.5322M, ¢ = 0.3, 6,, = 45°, a = 0.9M (for which Q,/Q, = 2). Top panels give the flux
to infinity, bottom ones give flux down the horizon. The dashed line gives the value found when the resonance is neglected. As in Fig. 3,
we see that £ Tay and Q7. n vary quite a bit as y, sweeps from 0 to 2z, with minima near zero in this case for the down-horizon quantities.

Recall that the parameter /18, introduced in Eq. (3.18), sets
the value of A% at which 6 = 6,,. An explicit expression
for the Jacobian dA? o/ dxo is given in Eq. (3.76) of Ref. [21]
It is not difficult to show that this result must hold’:
combining Egs. (3.34) and (3.35), we have

1
- 47m)fn N (Z

+ Z Zv%knzvzlnk,n,ei['fmkn()(o)—imk/n/ ()(0)]) . 42

Efn (o)

The first sum in this expression is, as usual, taken over all
pairs (k,n) n- as defined earlier. The second sum is taken
over the pair of pairs (k,n)y and (k',n’)y, with k # K/,
n # n'. The first sum is exactly ES0h™. Using Eq. (3.18),
we see that on resonance,
Smkn = Emien = (k - k’)Tg/lg 4.3)
Hence this term averages to zero, demonstrating the validity
of Eq. (4.1). Similar results hold for all of the other rates of
change we compute in this paper. An alternative demon-
stration of the identity (4.1) in a more general context can
be found in Appendix C2 of Ref. [18].
These examples show that the flux carried in each mode
can vary significantly as a function of y,. This shows that in
principle resonances can have a strong impact on

At one point in our analysis, preliminary results indicated that
averages did not respect Eq. (4.1). Gabriel Perez-Giz insisted to
one of us (S. A.H.) that this must be an error. Indeed, these
preliminary results were wrong.

gravitational-wave fluxes. Notice, though, that the detailed
dependence of each mode on y varies quite a bit from
mode to mode. It would not be surprising if much of the
variation cancels out after summing over many modes. We
examine this in the next section, checking to see how much
flux variation remains when many modes are added.

B. Sum over many modes: Variation of total flux

We now examine the variation in total flux on resonant
orbits, computing the sums (3.35) and (3.36). Those sums
are taken over an infinite number of modes, which we
cannot do in a numerical calculation. We instead truncate
the sum over index [ at [,,, = 6; for orbits with e = 0.3, we
truncate the sum over N at N, = 50, and truncate at
Npax = 100 for e = 0.7:

Nmax

lmax

E* (x0) = Z i

=2 m

E;mN(){())'

Nmax

(4.4)

We have not performed a careful convergence analysis, but
we have found that increasing /,,,,, and N, only changes
our numerical results by an unimportant fraction for the
orbits we have examined so far. We do not claim our
accuracy to be good enough for “production” purposes, but
we do claim it is good enough to illustrate the physics that
we present here.

Figure 5 shows one example of how, after summing over
many modes, E* varies as a function of y,. We put
a=0.9M, and choose an orbit with p = 5.48622M,
e=0.7, and 6, =70° for which Q,/Q, =3/2. The
fractional variation in E* we find is much smaller than

084028-13



FLANAGAN, HUGHES, AND RUANGSRI
a = 09M, p = 5.48622M, e = 0.7, 6, = 70°

0.001192

| I

= 0.001191

P R

0.00119

1

—-1.7x10-5 —
& ]
—-1.75x10-5 —

FIG. 5. Variation of total energy flux, both to infinity (top) and

down the horizon (bottom) for an orbit with p = 5.48622M,
e=0.7,80,=70°% a=09M (for which Q,/Q, = 3/2). After
summing over many modes, the variation is significantly reduced:
the flux to infinity only varies by about 0.127%, and that down
the horizon varies by roughly 1.6%. The variations in L2 (y0) and
0”(xo) are qualitatively similar, so we do not show them. See
Table II for more details.

the variation we saw in individual modes: the summed flux
to infinity varies by about 0.2%, and the down-horizon flux
varies by about 6.7%. The down-horizon flux is much
smaller than the flux to infinity, so the variations are
dominated by the behavior of E®. The behaviors of
L:(y,) and Q*(y) are qualitatively similar to E*(y),
so we do not show plots for those quantities.

Tables I-IV present the fractional variation in E*, I;;,
and Q* for several orbits about a black hole with spin
a = 0.9M. Within each table, we fix e and 6,,. We look at
large and small eccentricity (e = 0.7 and ¢ = 0.3), and
large and small orbital inclination® @,, =20° and
6,, = 70°). We then vary p to study radiation emission
from four different resonances, 3:1, 2:1, 3:2, and 4:3. The
fractional variation in a quantity X is defined as

|Xmax‘ B |Xmin|

AX = )
(|Xmax| + |Xm1n‘)/2

4.5)

where X,y / min 1 the maximum or minimum value X takes
as y, varies from 0 to 2z.

The peak-to-trough variation (4.5) in the fluxes is an
important quantity that determines several properties of the
resonances. First, the “kicks” in E, L_, and Q that occur as a

®Note that smaller 6,, implies a more highly inclined orbit;
0,, = 90° is an equatorial orbit.
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system spirals through a resonance are directly proportional
to the variation (4.5) [39]. As such, these quantities give
some idea of how much impact resonances will have as a
system evolves through orbit, even though we have not yet
developed the tools needed to compute these evolutions in
detail. Second, there are two qualitatively different types of
resonances that can occur in systems of this kind: a simple
linear resonance in which the kicks depend sinusoidally on
the phase parameter y (cf. the final equation of FH) and a
nonlinear variant in which the dynamics is rather more
complicated. For the nonlinear scenario, it is possible to
have a ““sustained resonance” in which the system becomes
trapped near the resonance for an extended period of time
[40,41]. Our numerical results show that AX < 1 at least
over all of the parameter space we have surveyed so far,
which indicates that the resonances are always of the
simple, linear kind. This agrees with post-Newtonian
analyses [39], as well as recent work by van de Meent [42].

Some interesting trends are apparent from these tables.
First, notice that in all cases the down-horizon variation is
quite a bit larger than than the variation in the quantities to
infinity. However, in all cases, the magnitude of the down-
horizon fluxes is substantially smaller than the magnitude
to infinity. The total variations are thus dominated by the
fluxes to infinity, consistent with the results shown
in Fig. 5.

Second, notice that the largest variations are seen in
either the 2:1 or 3:2 resonances (always the 3:2 resonance
for orbits with e = 0.3, but either 3:2 or 2:1 depending on
which quantity we examine for the orbits with e = 0.7).
The variations are consistently smallest for the 4:3 reso-
nance. This behavior correlates with the shape that a
resonant orbit traces in the (r, @) plane. Figure 6 shows
these orbital tracks for the four orbits presented in Table I.
For simplicity, we only show tracks for yy = z/2.

The contrasting shapes of the 2:1 and 3:2 orbits on one
hand, and of the 4:3 orbit on the other, are particularly
noteworthy. The 4:3 resonant orbit (bottom right) traces a
rather complicated Lissajous figure which comes “close to”
many of the (r, #) points which are accessible given
(p,e,0,,). This complicated trajectory samples much of
the accessible domain in r and 6. Appealing to the con-
strained integral method of computing Z7, \ (cf. Sec. III D),
we can say that the motion effectively averages out the
variations in the integrand by passing close to so many
accessible points.

By contrast, the trajectory for the 2:1 and 3:2 resonances
(top right and bottom left) are much simpler. These
trajectories do not come as close to so many points in
their allowed domain, and so do not average the variations
in their integrands as effectively. The trajectory for the 3:1
(top left) resonance is similar to that for the 2:1 case, but
with an additional angular oscillation at small radius. This
extra oscillation enhances the averaging as the orbit moves
through a particularly strong-field part of its domain. Not
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TABLE 1. Variation in flux for orbits with ¢ = 0.7 and 8,, = 20° about a black hole with spin a = 0.9M. We vary p to examine a
sequence of orbital resonances from Q,/Q, = 3 to Q,/Q, = 4/3. Columns 3-5 show the fractional variation in energy flux, axial
angular momentum flux, and Carter constant rate of change arising from the down-hole fields; the fractional variation is defined
precisely in the text. Columns 68 repeat this information for these fields at infinity, and columns 9-11 give the fractional variation for
the totals (infinity plus horizon). The variations are largest for the 3:2 resonance and 2:1 resonances (depending on which quantity we
examine), and smallest for the 4:3 resonance.

e 0, p Q,/Q,  AE" ALY AQY AE® ALE AQO® AE™ AL® AQ™

0.7 20° 5.38952M 3 925%  0363%  0.543% 0.087% 0.069% 0.105% 0.125% 0.027% 0.126%
0.7 20° 6.31541M 2 30.7% 2.89% 1.82%  0.634% 0.483% 0.467% 0.662% 0.270%  0.494%
0.7 20° 8.77436M 3/2 106%  21.9% 10.4% 1.17%  0.172% 0.219% 1.03%  0.489% 0.261%
0.7 20° 11.4219M 4/3 1.41%  0.117%  0.979% 0.048% 0.058% 0.003% 0.047% 0.060% 0.002%
TABLE II. Variation in flux for orbits with e = 0.7 and 6,, = 70° about a black hole with spin a = 0.9M. As when e = 0.7 and

6,, = 70°, the variations are largest for the 3:2 resonance and 2:1 resonances (depending on which quantity we examine), and smallest
for the 4:3 resonance.

e 0, p Q,/Q,  AE" ALH AQT  AE® AL AQ® AE™ AL® AQ™
0.7 70° 3.27580M 3 1.14% 1.89% 2.60% 0.010% 0.067% 0.421% 0.026% 0.009% 0.035%
0.7 70° 3.78947M 2 1.60% 2.68% 6.01% 0.204% 0.153% 0.109% 0.167% 0.067%  0.357%
0.7 70° 5.48622M 3/2 6.66% 5.77% 263% 0222% 0.034% 0.216% 0.127% 0.078%  0.210%
0.7 70° 7.53814M 4/3 0.042% 0.008% 4.04% 0.001% 0.002% 0.023% 0.001% 0.002% 0.023%
TABLE III.  Variation in flux for orbits with e = 0.3 and 6,, = 20° about a black hole with spin a = 0.9M. In this case, the 3:2

resonance shows larger variations than all other cases; the 2:1 resonance is surprisingly weak, given its strength in other examples we
have seen. As usual, however, the 4:3 resonance shows the least amount of variation among all the resonances that we consider.

e 0, p Q,/Q,  AE! ALY AQH AE® ALZ AQ% AE® ALY AQ™

0.3 20° 5.04884M 3 443%  0.659% 1.15% 0.027% 0.068% 0.054% 0.008% 0.024%  0.033%
0.3 20° 6.12789M 2 424%  142%  1.94% 0.012% 0.025% 0.013% 0.004% 0.080%  0.002%
0.3 20° 8.65334M  3/2  334%  2.62%  8.82% 0.308% 0.158% 0.114% 0.303% 0.123%  0.123%
03 20° 113158M  4/3  0.104% 0.165% 1.09% 0.003% 0.005% 0.002% 0.003% 0.004%  0.002%

TABLE IV. Variation in flux for orbits with e = 0.3 and 8,, = 70° about a black hole with spin a = 0.9M. The case is qualitatively
similar to most of the others, with the 3:2 and 2:1 showing the largest degree of variation (depending on the quantity being examined),
and the 4:3 case showing the least.

e 0, p Q,/Q,  AE" ALY AQH AE® ALZ AQ® AE™ AL® AQ™

03 70° 291117M 3 1.13%  1.17%  0.544% 0.023% 0.026% 0.367% 0.059% 0.070% 0.310%
03 70° 3.55601M 2 1.10%  128%  3.67%  0.103% 0.142% 0.039% 0.131% 0.179%  0.046%
03 70° 5.34138M  3/2  0481% 0336% 4.86%  0.106% 0.063% 0.227% 0.102% 0.067% 0.208%
03 70° 7.41979M  4/3  0.007% 0.021% 0.229% 0.001% 0.001% 0.006% 0.001% 0.001% 0.006%

too surprisingly, the flux variation in this case is generally
intermediate to the others.

Beyond the fact that orbits with simple shapes in the
(r, 0) plane tend to show stronger resonances than orbits
with more complicated shapes, we do not as yet see strong
evidence of any trend which would allow us to predict
which resonances will tend to be “strong” (i.e., exhibit large

variation in orbital parameter evolution) and which will
tend to be “weak.” Consider for example the rate of change
of orbital energy, AE'. As we go from high inclination to
shallow and from high eccentricity to low, we see that AE™
goes from large to small: It takes the value 1.03% for high
eccentricity, high inclination (Table I); 0.167% and 0.303%
for the mixed cases (Tables II and III); and the value
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FIG. 6. Trajectories in the (r, 8) plane for the orbits discussed in
Table 1. We put yq = x/2 for these plots. The 4:3 resonance
shows the smallest flux variation of those considered here, and
has the most complicated trajectory. This orbit comes “close to”
enough points in the (7, #) plane that it averages over much of its
accessible domain. By contrast, the 3:2 and 2:1 orbits have simple
trajectories and do not effectively average over their domain.
Fluxes from these orbits tend to show the largest variation with
xo- The 3:1 orbit is similar to the 2:1 orbit, but with an additional
angular oscillation at small radius which enhances orbital
averaging. This orbit generally shows intermediate flux variation
compared with the other cases.

0.131% for the case of small eccentricity, shallow inclina-
tion (Table IV). This appears to suggest, at least roughly,
that the strength of the resonance is correlated with the
degree of radial and angular motion.

However, no such pattern is seen when we examine
ALY and AQ™. For L, the high eccentricity, high
inclination case again produces the largest variation
(0.489%, in the 3:2 resonance of Table I). However, the
low eccentricity, low inclination case produces the second
largest variation (0.123%, in the 3:2 resonance of Table I'V).
These values of e and 6,, likewise produce the largest and
second-largest variations in the Carter constant (albeit in
different resonances).

We do not yet have a compelling way to explain these
trends (or lack of trends) in the resonances’ strength, so we
leave this mystery to future work.

V. CONCLUDING DISCUSSION
AND FUTURE WORK

In this analysis, using a Teukolsky-equation-based
formalism good for exploring radiation produced by
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strong-field orbits, we have confirmed the picture that
on resonance the gravitational-wave driven evolution of a
binary can depend strongly on the relative phase of radial
and angular motions. A binary in which this relative
phase has the value z/2 as the system enters resonance
may evolve quite differently from an otherwise identical
system in which this phase is 37/2 entering resonance. A
typical extreme mass-ratio binary can be expected to pass
through several orbital resonances en route to its final
coalescence. That their evolution through each resonance
depends strongly on an ‘““accidental” phase parameter has
the potential to complicate schemes for measuring gravi-
tational waves from these binaries.

We find that the degree of variation depends strongly
upon the topology of the orbital trajectory in the (r, )
plane.7 Of the cases we have studied in detail, the orbital
plane trajectory of resonances like Q,/Q, = 3/2 have a
simple topology. This trajectory does not cross itself very
often, and does not come close to many points in the plane.
Such resonances do not effectively average out the behavior
of the source to the wave equation. As such, if the source
varies significantly over an orbit, there can be a strong
residue of this variation in the associated radiation. By
contrast, the trajectory of resonances like Q,/€, = 4/3 has
a more complicated topology, crossing itself many times,
and more completely “covering” the plane. In these cases,
the orbit comes “close to” many of the allowed points in the
(r, ) plane, which quite effectively averages out the
source’s behavior.

Although instructive and a nice validation of our ability
to examine resonances, these results are not enough to truly
assess the importance that resonances have in a strong field
analysis. We must be able to analyze a system as it evolves
through a resonance, and thereby integrate the full “kicks”
in the integrals of motion E, L,, and Q imparted to the
system as it passes through resonance. A first step in this
direction has been taken by van de Meent [42], who
examines the likelihood that resonances can “trap” an
orbit, leading to long-lived resonant waves. Part of van
de Meent’s analysis is a description of the system’s
evolution as motion through a one-dimensional effective
potential. This approach is likely to be useful for more
general analysis of resonant evolution.

For our planned work, we have begun expanding our
Teukolsky code to compute, in the frequency domain, the
instantaneous components of the dissipative or radiative
piece of the self-force. Our formulation is based in part on
the discussion of Refs. [14,15,21], but generalized to
compute the full dissipative self-force rather than its torus

"Strictly speaking, it is a trajectory’s geometry that matters,
particularly how close the orbit comes to all accessible points in
the (r, 0) plane. However, its geometry is strongly correlated to its
topology, which is an invariant property of a resonant orbit’s
frequencies [17]. As such, the topology is a valuable way to
characterize this aspect of its resonant behavior.
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average.8 This will allow us to study how a real inspiral is
affected as we evolve through each resonance using results
that are good deep in the strong field. The results shown in
this paper are a first step toward this, demonstrating that our
strong-field toolkit can be used to study resonant effects.
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APPENDIX A: PROOF: EQUIVALENCE
OF METHODS FOR COMPUTING
ON-RESONANT AMPLITUDES

In this appendix, we prove that Eq. (3.45), the 1-D
integral for the on-resonance 3-index amplitude Z7,\ (xo),
is equivalent to Eq. (3.34), the on-resonance amplitude
expressed as a sum of 4-index amplitudes Z}, . (xo), each
of which is computed using the 2-D integral (3.14). Similar
discussion, demonstrating the equivalence of these forms of
the amplitudes, can be found in Appendix B of Ref. [18].

We begin with Eq. (3.6), which we repeat here:

Zino o) = C* / " e TR r,(2).6,(4 o))

—00
(AD)
Recall that the “0” subscript on r and 6 means that those are
quantities along the orbit and, as such, vary at harmonics of
the frequencies Y, and T,. We can thus expand J}, , in a
Fourier series:

¥One might be concerned about gauge ambiguities associated
with the gravitational self-force. As shown by Mino [11], these
ambiguities disappear when one averages the self-force’s effects over
an infinite time. In a two-time scale expansion [ 12], such ambiguities
remain, but are suppressed by the ratio of the time scales.
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J?m(u = Z‘](Zlmkn<Zo>e_i(k'r0+nrr>l7 (A2)
kn

= Toumn0)e™ T (A3)
N

Equation (A2) holds for arbitrary orbits. Equation (A3)
only holds on resonance, when Yy = f, T, T, =, T.

Because Eq. (A2) remains valid for resonant orbits, in
the resonant case

Zj:)lmN ()(0) e_iNTi = Z‘];)lmkn (XO) e—i(kTg-‘rnT,)/l . (A4)
N

kn

(The notation “=" means that this equation is true only on
resonance.) Multiply both sides by ¢4 and integrate
from 0 to 2z/Y. On the left-hand side, we have

27/Y o 2
/ ZJ wimy o) €N TN = TZJ oimn (X0) NN
0 N N

2
= Tow (10). (AS)

To do this operation on the right-hand side, first note that by
the resonance condition we must have

kTH + }’LT, = (kﬁH + nﬂr)T' (A6)

Using this, the integral for the right-hand side becomes

2z/Y -
/; Z‘I(:lmkn O(O)el[N —(kﬁngnﬂ,)]T/ldl

kn

2w N
T ZJ otk (X0)O(kpysnp,) N
kn

2r
= T Z ‘I:)lmkn ()(0) (A7)

(k.n)Nr

The notation (k, n), means that the sum is over all pairs
(k,n) which satisfy kS, + nf, = N'.

Next, use Egs. (3.13), (3.15), and (3.44), invoke
Eq. (3.34), drop the primes on the index N, and equate
(A5) and (A7). The result is

Z?mN()(O)i Z eigmkn(x())zv;mkm
(k.n)y

(A8)

which proves that the 1-D integral and the sum of 2-D
integrals are equivalent for resonant orbits.

APPENDIX B: EVOLUTION OF THE CARTER
CONSTANT

The third conserved quantity associated with orbits of
Kerr black holes is the Carter constant, Q. Rearranging
Eq. (2.2), we write
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2
Q = cot?0L2 + cos’0(1 — E?) + <%> ) (B1)
Reference [25] (S06) first demonstrated how to compute
the long-time-averaged evolution of Q, at least for non-
resonant orbits. In this appendix, we revisit their calculation
in some detail in order to see clearly how it will have to be
modified for resonant orbits (modifying some details to be
in accord with our notation). We then examine how the
calculation changes when we are on an orbital resonance.

1. A comment regarding averaging

In this and the following appendix, we average several
quantities, defining

(B2)

for various functions f = f[r(4),0(4)]. For nonresonant
orbits (i.e, those in which Q,/Q, is an irrational number),
the average (B2) is equivalent to the torus average:

() non-res = T”Tﬁ / i / o flr(ar), 0(29)]dardic.
(271') 0 0
(B3)

If the orbit’s frequencies are commensurate (i.e., if it is a
resonant orbit), (B2) is equivalent to the average over the
1-D trajectory that the orbit traces on the (A", A%) torus:

T

D=3z | ArD 0G0 @)

Notice that in the resonant case, the average depends on
the offset phase y,. As such, if we imagine evolving from a
nonresonant to a resonant orbit, (f) will not change
smoothly. Instead, it will jump discontinuously as we
move from the orbit in which (f) does not depend on
o to the one where it does so depend, and, the amount of
jump will depend on the specific value of y, we have
chosen.

This discontinuous jumping behavior is an artifact of the
infinite time average, a limit which is of course irrelevant
for a real astrophysical inspiral. A real system will spend
some finite time near any given orbit; if one wants to study
averaged quantities, these quantities should be averaged
over something like that finite time.

As such, it should be understood that the infinite time
averages that we discuss in this paper are not intended to
serve as tools to be used for evolving extreme mass-ratio
binaries through resonances. For that purpose, we instead
advocate direct integration of the equations of motion
including self-force—without any averaging. The infinite
time averaged rates of change we compute here are
intended solely as diagnostics of how a system’s evolution
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is changed by resonant physics, and how that change
depends on the phase y,.

2. Setup

We begin with the first line of Eq. (3.18) of S06. It relates
the averaged rate of change of the Carter constant, per unit
Mino time, to the Kerr metric’s Killing tensor K% and to a
radiative field W 4 which is constructed from the pertur-
bation to the Kerr spacetime metric:

dK 1 (L dK
N = lim — -
< d/1> ST

. 1 L aB \Ilrad
= hmi dA |:22K ﬁuaaﬂ< > ):|

L—oo _L

. (BS)
x—z(2)

We refer the reader to S06 for a detailed derivation of
Eq. (B5), and defer discussion of the radiative field ¥ ,4(x)
to Secs. B 4 and B 5. The coordinate x represents a general
spacetime field point; x — z(4) means to take this general
point to the orbit’s worldline z(4).

The other quantities appearing in Eq. (BS) are as follows:
First, K is a variant of the Carter constant, given by

K=Q+(L,-aE)>. (B6)
It is related to the Kerr metric’s Killing tensor by
K= K“ﬁuauﬁ, (B7)
where
K% = 25m@mh) — aPcos?0g*. (B8)

The tensor g* is the Kerr metric, and m® are components of
the Newman-Penrose tetrad leg,

iasin@

m=— m" =0,
V2(r + iacos )
0 1 4 icscl
m=— mh=———\
V2(r + iacos @) V2(r + iacos )
(B9)

The overbar denotes a complex conjugate. The quantity i,
is the 4-velocity promoted to a spacetime field:

(ity, iy, g, ity) = (—E, £+/R(r)/ A, £/0(0), L,),
(B10)

where R(r) is defined in Eq. (2.1), and ©(6) in Eq. (2.2).
Notice that our #, differs from that used in S06. This is due
to a difference in the definition of the potential ® (it
describes motion in @ here, but motion in cos @ in S06). The
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field u, reduces exactly to the 4-velocity u, when we take
the limit of the field point x to the worldline z(4).

3. General simplification
We now take the first steps in simplifying Eq. (BS).
These steps are the same for both resonant and nonresonant

cases; we specialize to those cases in Secs. B4 and B 5.
We begin by focusing on the integrand of Eq. (BS):

\
{22[(“/’&(,8#( “‘dﬂ
2z
x—=2z(4)
_ \I,rad
- [422m<am/”>u(,a,,< 5 )

\Ijrad
- 22a2c032612“6,1< S )]

Use the fact that #% = u® in the limit x — z(4), and that
Tu® = dx*/d). Expanding m@m”), we find

(B11)

x—=2z(4)

v
ZZK"ﬁﬁa8ﬁ< ;d) =2% [(Lz — asin’*0E)(csc?00,, + ad,)

\I,rdd
T 89]( by )
d \I,rad
—2a*cos’0— :
a“cos p7 ( >

[For brevity, we omit x — z(4) in Egs. (B12) and (B13),
though it should be understood that this limit is taken.] The
right-hand side of Eq. (B12) can be simplified significantly
by combining the term in df/dA with the final term:

4o \I,rad d \I,rad
2X— -2 2
d}L@g( Z) a’cos Qd/1< )

(B12)

de yrad gg
=220, U, = 22— 0y
da 6 * rad S di 6‘
d \I,rad \I]rad d
—2a*— 7 (00526’?> +2a? S E(COSZQ). (B13)

The third term on the right-hand side of Eq. (B13) is a total
derivative in d/dA. Thanks to the periodic nature of all the
relevant terms, it will not contribute to an averaging integral
of the form (B5), and may be discarded. Using

d do
— 0826 = — 0yc0s%6),

Y = 2 2
Oy a=0ycos-0, 7 7

(B14)

we see that the second and fourth terms on the right-hand
side of (B13) cancel; only the term in 9yW,,q remains. The
integrand simplifies to
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e ()]

= {2 [(LZ — asin?0E)(csc*09,, + ad,)

do
+ 7 59} ‘I’md}

The radiative field W4 can be broken into an “out” and a
“down” component:

x—=2z(4)

(B15)

x—z(4)

down
\Ilrad .

\Ilrad \Ilollt

rad

(B16)

These two fields are in turn computed from mode functions
D, (discussed in more detail momentarily) as follows:

() = [ oY o i [ v )

+ c.c., (B17)

(B18)

1
w = [ oy
Im m
+ c.c.

In Eq. (B18), p,, = @ — mQy, where Qy = a/2Mr is the
angular velocity associated with the event horizon. The
abbreviation “c.c.” means complex conjugate. See S06 for
further discussion and derivation of these forms of the
fields WU and Wdorn We will largely focus on the “out”
field, which is related to radiation at Z*. Extension to the
“down” field, related to radiation on the event horizon, is
straightforward.

To proceed, we use two equivalent forms for ®9 (x)
evaluated in the limit x — z(4); both are described in more
detail in SO6. The first is up to a constant factor the complex

conjugate of the integrand in the expression (3.6) for Z -

a3, ()] = 71

Imew < Imw (’1) —li(Fw—de)) .

(B19)
Here I' is the factor introduced in Sec. II B that converts the
mean accumulation of Mino time to the mean accumulation
of coordinate time. Equation (B19) is Eq. (3.11) of S06,
translated into our notation ; the scalar-case version of this
equation is Eq. (9.20) of Ref. [21]. Using the Fourier series
expansion (3.10) of J¥ ' integrating with respect to 4, and
combining with the definitions (3.13) and (3.15) gives

Note that there are two errors in Eq. (3.11) of S06: the sign of
the exponential is flipped, and the coefficients Z are of the usual
type (3.15) rather than the required more general type (3.14) with
@ F# 0. See Eq. (B33) below.
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[ L) = S 200 = ).

nk

(B20)

and so

ZH 5(w — @ppn
W (x) = /dw [Z ke Eliaﬁ k )<I>§’,L,‘fw(x) +c.c.
Imkn

(B21)

A similar simplification describes W9 (x). Combining
this with Eqgs. (B5) and (B15), we obtain

dK® Z;)]nkn 2
<W> = <Z%{ |:(CSC QLZ —aE)3¢

Imkn
2 do t
+a(L,—aEsin 9)8,—#589 oot v +c.c. ),
(B22)
where @)% = @77 . (The superscript “oo
we focus on the “out” field.)

We next manipulate the term in Jy in Eq. (B22), by

invoking the second form for @™ (x), which is

” 18 because

(I)out ( )

ik (¥) = f e (1, O) €™ €= 0mint - (B23)
The value of f,,,(r, 0) is not important for our purposes;
see S06 [Eq. (3.20) and nearby text] for further details. We
have changed notation from S06 slightly to highlight the
fact that this function depends on [/, m, k, and n; this is
important for generalizing to resonant orbits. We now
evaluate on the worldline x — z(1), and use the following

explicit representations of the motions in ¢ and ¢:
H(A) = TA+ At,(2) + Aty (4),
$(A) = Ty + Ad,(4) + Ady(2).

cf. Egs. (3.8) and (3.9) above and Sec. 3 of Ref. [21]. Here
the function At, is periodic with period A, and Aty is
periodic with period Ay, etc. This gives

(B24)

)in(A) = Fimkalr(4). O(2)] exp{—id(kTy + nT,)
- iwmkn {Atr(l) + AIG( )]
+im[Ag,(2) + Agy(2)]}. (B25)

We next define a mode function of two variables (4", 1%) by

Do (A7, 2%) = fimin[r(27), 0(A7)] exp{ =ik p2? — in Y, 2"
— Wiy [Atr(ir) + Al‘g(/le)]
+im[Ag, (A7) + Agy(A7)]}. (B26)
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This function is determined uniquely by the following three
properties: First, it reduces to the expression (B25) when
evaluated at /" = A¢ = A; second, it is biperiodic, with a
period of A" in 1", and of A? in A%; and third, it is a
continuous function of the geodesic’s parameters. The first
two properties are sufficient to guarantee uniqueness for
nonresonant orbits, but not for resonant orbits since the
different periodicities become degenerate. Adding the third
property is sufficient to restore uniqueness for all orbits,
since resonant orbits form a set of measure zero in the phase
space. See Refs. [21,30] for more details on the mapping
between functions of 4 and functions of (4", 4%).

Next, differentiating the explicit expression (B26) with
respect to A, we obtain the following identity relating the
differential operator d/dA? and the partial derivative oper-
ators Jy, 0,, and J,, acting on PPL. -

do d

0= v

dmg
=00, -
di

dAgy

+ lkTg d,le

95 (B27)

We now use the identity (B27) to substitute for the
(dB/dA)0y term in Eq. (B22). This yields

K™ 7 dAd,
<—d/1 > - <Z—21(IU kk { [(csczﬁLZ —aE - T )8¢

Imkn

dAt
L. - d’Esin’0 —— )0,
+< a”Esin d/1‘9>

d
+ kYo + dﬂe} @?;‘,m} + c.c.>. (B28)

Using Eqgs. (3.43) and (3.58) of Ref. [21] it is not difficult to
show that

dA
csc?L, — aE — dﬂfﬁ = (csc?0L, — aE)
= (csc?0)L, — aE, (B29)
dAt,
al. — a’Esin*0 — W: {(aL. — a®Esin’6)
=aL, - a’E(sin’§).  (B30)

Combining this with Eq. (B28) and using the replacements
0y — im, 0, = —iw,y, gives

) = (e {
Y, ) = T lekn + lkTB
() = (e

Imkn
d
+ W:| (I)([);tkn} + C.C.>,

where we have defined

(B31)
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Mpin = m((csc?0)L, — aE) — aw i, (L, — aE(sin%9)).
(B32)

Next, from Egs. (B19), (3.10), (3.13), and (3.15) we obtain

an expression for ®9% (). Extending this to a function of

A7, 2% as above gives

dK*® r
<7> = <E D> [Motn +KTg + AKYy)

Imkn Ak,An

Here it is understood that the averaging procedure is to first
evaluate at A" = A = 1 and then average over A. In Sec. B 4,
we evaluate this average for nonresonant orbits, and
reproduce the results of S06. In Sec. B 5, we do so for a
resonant orbit and find an appropriately modified variant of
their formula.

4. Nonresonant result

We evaluate the expression (B34) at ” = A% =1 and
then evaluate the average over 4 defined by Eq. (BS). The
term labeled by An, Ak is proportional to

.1 [L . .
lim — dﬂezAkTHlezAnTri
L—co 2L _L

= lim Si[(AKTy + AnT,)L]. (B35)

where Si(x) = sin(x)/x. Since the frequencies Y, and
T, are incommensurate for nonresonant orbits, the combi-
nation AkYTy,+ AnY, will be nonvanishing for
(Ak,An) # (0,0), and the right-hand side will vanish.
Thus the only nonvanishing term will be the term with
An = Ak = 0. Another way to think about this is that we
are averaging over a curve which is ergodically filling up
the torus parametrized by A" and 1%, and so the curve
average can be replaced by an average over the torus,

1 L Y, Y 27/ 27/
lim—/ cdh > 2 2’/ ”/ i,
L—oo 2L -L (27[) 0 0

(B36)

Applying this torus average to the expression (B34) again
forces An = Ak = (0. Now using the definition (3.15) we
obtain the final result

2

dKoo varlnkn
———  N=T Zomknl
S N

Imkn mkn

[Mypin + kY] +c.c.  (B37)

Because all the terms on the right-hand side of (B37) are
real, the complex conjugate simplifies to an overall factor
of 2. We take the long-time average, so
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T _ ) )
out r o0\ _ H iAKY 20 LiAnY, A"
P (A7, A7) = o E Z ikt akaian€ e
An,Ak

(B33)

Combining this with Eq. (B31) yields the final result

ZH _ . . ’
lgnkn gmk”lmk+Ak,n+AnelAkTMHelAnTM + C.C.>- (B34)
mkn
[
dK dK
—N=r({—). B
() () o
Further, by Eq. (B6),
dK  dQ dE  dL
dt dt+ (a Z)<aa't dt> (B39)

Combining Egs. (3.25), (3.26), (3.31), (B32) together with
Eqgs. (B37), (B38), and (B39), we finally obtain

2
|

ono _ Z |Z;Lr]'1kn
dt 27w’

Imkn mkn
X (m(cot?O)L, — a1, (coS*OVE + kYy)
Eoo
=2) (L + KYy). (B40)
Imkn WDpkn

The quantity L, is defined in Eq. (3.31). A similar
calculation focusing on the “down” modes yields

500 2
dof _ Z Xnten| Zimien|
dt 27w’

Imkn mkn
X (m{cot?0)L, — a> @1, (COS*OVE + k)
Ef
— 2N Bl k). (B41)
;/;, Dk ¢ ¢

The factor ;,,,;, is introduced in Sec. III B; on the second
line, we have used Egs. (3.27) and (3.31). Equations (B40)
and (B41) are the same (modulo minor changes in notation)
as Eq. (3.26) of S06.

5. Resonant Q

We now return to the general formula (B34) evaluated at
A" = 2% = ] and compute the average over A for the case of
resonant orbits. Before evaluating this average we first
simplify the sums over Ak and An by rewriting them in
terms of kX' =k + Ak, n' =n -+ An. We also make the
replacements
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IILSIPIED N IPI

Kn' /k!l/

(B42)

where the indicated sums are taken over k,n satisfying
kpy + nf, = N and over k', n’ satisfying k' + n', =
We note that the quantities M,,;,, and w,,;, depend on k
and n only through N, and write these as M,y and @,,y.
Finally using the definition (3.34) of the amplitudes Z}, .
the expression (B34) reduces to

S PRLRIPIL

ImN N (K.n')

mN T k/TG']

zH i
% l3mN Zg - ’ezAkTgﬂetAnT,/l +c.c. ).
10} mkn L1
mN

(B43)
Next we note that the argument of the exponential is

iA(AKYy + AnY,) = iAT(AkB, + Ang,)

= iAY(N' = N). (B44)

Evaluating the average over A enforces N = N’, and the
result is

dK®\ T ,
<d/1> :E; Z Moy + K'Y

N (K1)
ZH
ImN 7H
a)3 Wypn MK 1’ +c.c (B45)
mN

H
Now since w,,,, = a)mN = w,,y, the factor of Z i

can be simplified to Z k- The expression (B45) can then
be simplified further by defining the new amplitude

= Z szr]nkn()m) = Z keiél"kn()m)Z;Inkn-

(k.n)y (k.n)y

Yinn (20)
(B46)

Compare this with Eq. (3.34): Vi \(ro) is similar to
Zav(x0), but with each Z# — weighted by k. In terms
of this new amplitude the result simplifies to

dK® r
<7> = MZN A (Mun | 278 (o)1

@DiuN

+ Yo ZH (o) Vi N (o)) + e (B4AT)

Applying Egs. (B38) and (B39), we at last find the rate of
change of Q for a resonant orbit:
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do=\ 1 . ,
< dt > B lmZNZJra)?nN {Low|Z i U0

+YTgRe[Z1\ (vo) Vit (o)}, (B48)

where L,y is the same as L,;,, but with @,,;,, = ®,,y.
Repeating this exercise for the “down” modes yields

do" N
(8) =X o (Ll 20

ImN Wy, N

+ ToRe[Z5 y (o) Vion (o)1}

(B49)

It is interesting to compare our final result for the on-
resonance evolution of Q, Egs. (B48) and (B49), with the
equivalent results for the nonresonant case, Eqs. (B40) and
(B41). The first two terms in both expressions for (dQ/dt)
are essentially the same; going from the nonresonant case
to the resonant case is simply a matter of promoting the
4-index nonresonant amplitude Z;j, . to the 3-index reso-
nant amplitude Zj, .

The final term in the two cases is quite different,
however. In the nonresonant case, the final term is propor-
tional to kY,. In the resonant case, the index k cannot
appear in the final result, which can only depend on the
indices [, m, and N. This is accounted for in the definition
of the amplitude Yy \, Eq. (B46). In both the nonresonant
and the resonant cases, this final term arises from the action
of the operator (d0/dA)0, on the radiative field U 4
[see Eq. (B15)].

As Appendix A made clear, the 3-index amplitude Z;,
can be computed directly as a 1-D integral, Eq. (3.45), or
can be computed as a sum of 4-index integrals, Eq. (3.34),
each of which is computed from the 2-D integral (3.14).
Our definition (B46) of )}, is clearly analogous to
Eq. (3.34), writing this 3-index amplitude as a sum over
4-index amplitudes.

Might it be possible to compute the 3-index amplitude
directly, in a manner analogous to Eq. (3.45)7 We believe
the answer is yes; we simply need to propagate the operator
(d6/dA)0y under the integral sign in Eq. (3.45). In other
words, we speculate that

89]1111@[ ( >’6(’1’)(0)]61NTA'
(B50)

9 Y [2x/Y
Vimbro g [ d
0

We have not yet tested this.

APPENDIX C: RATE OF CHANGE OF E AND L,
BY DISSIPATIVE SELF-FORCE

With (dQ/dt) due to the dissipative self-force now
understood, it is a relatively simple matter to likewise
compute (dE/dt) and (dL,/dt). Our calculation again
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closely follows S06; the only important changes are
updates to the notation that we use, and a careful analysis
of resonances. The results we find are identical to the fluxes
of energy and angular momentum carried by gravitational
waves, exactly as Ref. [26] leads us to expect.

1. Setup

Our starting point is Eq. (3.7) of S06, which in our
notation becomes

dE 1 dE
N = lim — -
< d/1> =y ‘M di

1 L
= —lim —/ dl[atq}rad} (Cl)
-L

x—=2z(4)

This equation is derived by averaging over long times the
dissipative self-force contracted with the time Killing
vector. Terms corresponding to total derivatives are dis-
carded thanks to the periodic nature of the underlying
functions. If we replace —0, with 0,4, we obtain (dL./dJ).

As in Appendix B, we will focus on the “out” fields;
extension to “down” is straightforward. Using Eq. (B21),

dE°°> < Zh
— ) =- 0,000 - c.c. ).

mkn

(C2)

The harmonic behavior of the mode functions means that

9 (I)?rlrlltkn - _iwi’nknq)?rlrlttkn:
dE*® za
<—d/1 > — <Z4 Ik ot + c.c.>. (C3)
tmten “@Pmkn

Using Eq. (B33), this becomes

-epn

Imkn Ak,An Dinken

7H iAKY 20 iAnY, A"
szmknlmIH-Ak,n—&-Anel ettt +C'C'>’ (C4)

lm(I)Oll[

Toins W€ have

Likewise, using 9,P91,, =

CIR DN

Imkn Ak,An mkn

H iAKY gAY LiAnY, A"
XZwmknlmk+Ak,n+Ane e +C‘C‘>' (C5)

As in Appendix B, the averaging procedure we use is to
evaluate at A" = 1% = J, and then to average over .. We do
this first for nonresonant and then for resonant orbits.
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2. Nonresonant results
As in Appendix B 4, we use the fact that
lim L/L d/leiAkTg/leiAnTrﬁ
-L

= lim Si[(AKY + An,)L], (Co)

where Si(x) = sin(x)/x. For nonresonant orbits, the
incommensurability of T, and Y, means that the

only nonvanishing term is An =Ak =0, and we
deduce that
dE®
< > Z Imkn (C7)
Imkn 4ﬂa)mkn
Le M Z il
= o C8
< dt > [mzk;, 4'77:wmkn ( )

We have used the fact that the factor I" converts, on a
long-time average basis, derivatives in A to derivatives
in t. Repeating this calculation for the “down” modes,
we find

dE" |Zioial”

— mkKkn , C9
< dt > Mzk:nalmkn 47m)2mkn (©9)
dL}zq m|Z . |2
—= ) = —men | C10

< dt > Mzk;lalmk" 4z’ (C10)

The factor a,,,;, is discussed in Sec. III B. Equations (C7)—
(C10) are identical to Egs. (3.25)—(3.28).

3. Resonant results
As in Appendix B5, we first modify the sums by
rewriting them in terms of k' = k+ Ak, n' = n + An,
and make the replacements

>-Yy. T-TY

K'n' N (K.n)y

(C11)

where the sums are taken over pairs satisfying kfy + nf, =
N and k'By + n'f3, = N'. We use the fact that w,,;,, depends
on k and n only through N to replace it with w,,y, and use
the definition (3.34) of Zj, , to write (C4) as

dE®\ /T Ziun

X 7H
Dpkn

iy € K T0R AT A c.c.>. (C12)
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A similar expression describes (dL/dt). Using the same
logic as follows Eq. (B43), we see that averaging over A
enforces N = N’, and we obtain

PHYSICAL REVIEW D 89, 084028 (2014)

The same analysis for the “down” modes yields

dEH Z°
dLH Z
ImN

These formulas reproduce the flux-derived results given in
Sec. HIC.

dE°° zZH 12
47ra)mN
dL® ZH 2
<_Z > - ZL " (C14)
dt = 4w,
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