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We consider the semiclassical Einstein equations (SEE) in the presence of a quantum scalar field with
self-interaction A¢*. Working in the Hartree truncation of the two-particle irreducible effective action, we
compute the vacuum expectation value of the energy-momentum tensor of the scalar field, which acts as a
source of the SEE. We obtain the renormalized SEE by implementing a consistent renormalization
procedure. We apply our results to find self-consistent de Sitter solutions to the SEE in situations with or
without spontaneous breaking of the Z,-symmetry.
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I. INTRODUCTION

Quantum field theory in curved spacetimes [1-4] is the
natural framework for the study of quantum phenomena in
situations where the gravitation itself can be treated classi-
cally. Of special interest is quantum field theory in de Sitter
spacetime. In fact, de Sitter spacetime plays a central role in
most of inflationary models of the early Universe [5-7],
where the energy density and pressure of the inflaton field act
approximately as a cosmological constant. Moreover, the
amplification of quantum fluctuation during an inflationary
period with an approximately de Sitter background metric,
gives a natural mechanism for generating nearly scale-
invariant spectrum of primordial inhomogeneities, which
can successfully explain the observed cosmic microwave
background anisotropies [8,9]. De Sitter spacetime is also
potentially important for understanding the final fate of the
Universe if the current accelerated expansion is due to a small
cosmological constant, which nowadays is a possibility that
is compatible with observations [9—12]. On the other hand,
previous studies of interacting quantum scalar fields in de
Sitter spacetime have revealed that the standard perturbative
expansion gives rise to corrections that secularly grow with
time and/or infrared divergences [13-20], signaling a pos-
sible deficiency of the perturbative approach. This has
motivated several authors to consider alternative techniques
(see for instance [18-27]) and in particular, to use non-
perturbative resummation schemes [28-34].

In the above situations, it is important to study not only
test fields evolving on a fixed background, but also to take
into account the backreaction of the quantum fields on the
dynamics of the spacetime geometry. The backreaction
problem has been explored by a number of authors in the
context of semiclassical gravity (see for instance [35-39]),
where the dynamics of the classical metric is governed by
the so-called semiclasical Einstein equations (SEE).
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The SEE are a generalization of the Einstein equations
that contain as a source the expectation value of the
energy-momentum tensor of the quantum matter fields,
(T,,) [1-4]. Self-consistent de Sitter solutions have been
found for the case of free quantum fields [40-44]. The
influence of the initial state of the quantum field on the
semiclassical solutions has been studied in Refs. [45,46].
Since (T, ) is formally a divergent quantity, in order to
address the backreaction problem it is necessary to analyze
the renormalization process. For free and interacting
quantum fields in the one-loop approximation, there are
well-known covariant renormalization methods [1-4]. Our
main goal in this work is to improve the current under-
standing of these methods in the case in which the quantum
effects are taken into account nonperturbatively. For this,
we consider a quantum self-interacting scalar field in the
Hartree approximation, which corresponds to the simplest
nonperturbative truncation to the two-particle irreducible
effective action (2PI EA), introduced by Cornwall et al.
[47]. The Hartree (or Gaussian) approximation involves the
resummation of a particular type of Feynman diagrams
which are called superdaisy (see for instance [48]) to an
infinite perturbative order. This approximation can also be
introduced by means of a variational principle [49,50].
However, the use of the 2PI EA is advantageous for at least
two reasons. First, it provides a framework for resumming
classes of diagrams that can be systematically improved.
Second, for any truncation of the EA, it implies certain
consistency relations between different counterterms that
allow a renormalization procedure that is consistent with
the standard perturbative (loop-by-loop) renormalization
of the bare coupling constants [51]. The latter is crucial
for the consistent renormalization procedure developed in
Ref. [51] for Minkowski spacetime, which in [34] (from
now on paper 1), using the same model considered here, we
have extended to general curved background metrics.

© 2014 American Physical Society
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The renormalization problem of the SEE in the Hartree
approximation has been considered previously in [32,52].
However, it has not been analyzed using the consistent
renormalization procedure [51] that we extended to curved
spacetimes in paper I in order to renormalize the field and
gap equations. Our focus in this paper is to prove that the
same set of renormalized parameters leads to SEE that can
be made finite, and independent on the arbitrary scale
introduced by the regularization scheme (which for the
field and gap equations was explicitly shown in paper I), by
suitable renormalizations of the bare gravitational
constants.

We would like to stress that in this article (and in paper I)
we consider the Hartree approximation, despite its limi-
tations, with the main purpose of pushing forward a
rigorous and critical analysis of the resummation pro-
cedure, but having in mind the necessity of an improvement
of the approximation. Indeed, the Hartree approximation
has its drawbacks. For instance, it is unclear whether there
are other diagrams beyond the resummed superdaisy ones
that give comparable contributions. This is so even in
Minkowski spacetime, where it is known that for a scalar
field at finite temperature the Hartree approximation
predicts a first-order phase transition, while the inclusion
of additional diagrams changes this prediction, leading
to a transition of second order (see for instance [53]).
Analogously, as it has been emphasized in paper I, in de
Sitter space it is unknown whether the inclusion of other
diagrams can change the results about the existence of a
broken phase solution for the model we are considering.
More relevantly, even though the regularization procedure
has to do with the UV region, in paper I we have shown that
the results for the effective potential crucially depend on the
renormalization process, a point that has been overlooked
in the previous literature. In summary, paper I and the
present paper contain a detailed analysis of the consistent
renormalization procedure in curved spacetimes. The
particular applications to de Sitter spacetime should be
further scrutinized in order to check whether they are
artifacts of the Hartree approximation or not.

The paper is organized as follows. In Sec. II we introduce
the 2PI EA in curved spacetimes. In Sec. III we present our
model and summarize the main relevant results of paper I for
the renormalization of the mass and coupling constant of the
field. The reader acquainted with paper I may skip this
section. In Sec. IV we show that the same counterterms that
make finite the field and gap equations can also be used to
absorb the nongeometric divergences in the SEE, extending
the consistent renormalization procedure to the gravitational
sector. The geometric divergences can be absorbed into the
usual gravitational counterterms. In Sec. V we analyze the
field, gap and SEE in de Sitter spacetimes. The high
symmetry of these spacetimes allows us to compute
explicitly the two point function and the energy-momentum
tensor, to end with a set of algebraic equations that
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determine self-consistently the mean value of the field
and the de Sitter curvature. We will present some numerical
solutions to these equations. In Sec. VI we include our
conclusions. Throughout the paper we set c =7 = 1 and
adopt the mostly plus sign convention.

II. THE 2PI EFFECTIVE ACTION

A detailed description to the 2PI EA formalism can be
found in several papers and textbooks, such as [47,54,55].
In this section, in order to make this work as self-contained
as possible and to set the notation, we briefly summarize
the main relevant aspects of the formalism applied to a self-
interacting scalar field ¢ in a general curved spacetime.

The 2PI generating functional can be written as [51]

i
F2PI[¢0’ G, g/,w] = SO [¢07 gyz/] + ETr ll’l(G_l)
i
+5Tr(G5'G) + Tl G. 9], (D)

where S is the quadratic part of the classical action S
without any counterterms,

| L &Silgog” 1
Gab (x. x') — 0190 , 2
)= s g
and
o y 1 5251111
Cin[¢0, G, 9] = Sim[¢0, 9] + ETr {50505(150 G]
+ s, G, g, )

where the functional I'; is —i times the sum of all two-
particle-irreducible vacuum-to-vacuum diagrams with lines
given by G and vertices obtained from the shifted action
SF ., which comes from expanding S, [¢ + ¢] and collect-
ing all terms higher than quadratic in the fluctuating field ¢.
Here a, b are time branch indices (with index set {+, —} in
the usual notation) corresponding to the ordering on the
contour in the “closed-time-path”(CTP) or Schwinger-
Keldysh [54] formalism.

The equations of motion for the field and propagator are
obtained by

5T
2PI —0. (4a)
6h0 |p, —p_=gsg =g =g
. =0 (4b)
G |p. =4~ =g =g

To arrive at the SEE we extremize the combination
Sy19"] + Tapi[po, G, ¢**] with respect to the metric,
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6(S,[g"] + Taptldbo. G. ¢])
og"”

pr=d_=bd=d"=g"

where S, is the gravitational action. As it is well known
[1-3], this equation is formally divergent, with the diver-
gences contained in the vacuum expectation value of the
energy-momentum tensor (7,,), defined by

1.y -~ 2 nln.G.g"]
4 x/:%j 59””
It is also well known [1-3] that the renormalization

procedure requires the inclusion of terms quadratic in
the curvature in the gravitational action, so that

(6)

bo=p_=:f =g~ =g"

1
Sy = 5/ d*x\/=g{x3' (R = 2Ap) — a1 5R*

—apR,, R" — a3pR,,,,R"7}, @)

HUpC
where R,,, is the curvature tensor, R, = Rﬁp,,, and
Kp = SﬂGﬁ, Ag, a;g (i=1, 2, 3) are bare parameters
|
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which are to be appropriately chosen to cancel the
divergences in (T,,).

IIL. A¢* THEORY IN THE HARTREE
APPROXIMATION: RENORMALIZATION
OF THE FIELD AND GAP EQUATIONS

We consider a nonminimally coupled scalar field with
quartic self-coupling in a curved background with metric
9w~ The corresponding classical action reads

1
Sl = = [ =g 500+ )

1
+ 4!13454} ) (8)

where [0 = \/%_gﬁﬂ(, /—g9"9,), g=det(g,,). In the
Hartree approximation, which corresponds to the inclusion
of only the double-bubble diagram shown in Fig. 1, the 2PI

effective action is given by

1 1 i
Dopi[bo. G, 9] = — / d*x\/=g [54"0(—':‘ + mj, + EpaR) o + 5/134453] +5Trin(G™)

2

1 1 A
— 5/ d4x4 /—g |:—D + m%o + fBoR + 5132¢(2):| G(x,x) - %0/ d4x\/—gG2<x,X), (9)

where, for the sake of simplicity, we drop the time branch
indices, since for the Hartree approximation it is known that
the CTP formalism gives the same equations of motion than
the usual in-out formalism [55].

Taking the variation with respect to ¢ and G we obtain
equations of motion for the mean field and the propagator:

(‘D + mp, + EpR + /1%4453 + /1%2 [G}>¢o(x) =0, (10)

A A
(—D + miy + EpoR + 255+ [G]) G(x,x)

——=—=", (11

with [G] the coincidence limit of the propagator G(x, x’).

It is important to note that here we are taking into
account the possibility of having different counterterms for
a given parameter of the classical action Eq. (8). These are
denoted using different subscripts in the bare parameters
that refer to the power of ¢ in the corresponding term of
the action. In the Hartree approximation, this point turns
out to be crucial for the implementation of the consistent
renormalization procedure described in [51] . Indeed, as

|
shown in [51] (see also Appendix A of paper I), there are
various possible n-point functions that can be obtained
from functionally differentiating Typi[phg, G, ¢**] with
respect to ¢, and G,,, which in the exact theory must
satisfy certain consistency conditions. On the other hand,
for any truncation of the 2PI EA, the validity of such
consistency conditions is not guaranteed. However, one can
find a relation between the different counterterms by
imposing the consistency conditions at a given renormal-
ization point. Doing this, any possible deviation of the
consistency conditions is finite and under perturbative
control. In other words, had we not allowed for different
counterterms, the diagrams contributing to the consistency
conditions could contain perturbative divergent contribu-
tions which could not be absorbed anywhere.

In our case, the consistency conditions for the two- and
four-point functions, evaluated at ¢, = 0, are given by

FIG. 1. 2PI “double-bubble” diagram.
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21 T
5 nt — 2 5 nt , (12)
o6, $=0 0G 1y $=0
and
54F1PI{¢0] _ |: 62Fint —|—perms(2 3 4):|
0¢p16¢26¢36¢h4] 4,0 0G126G34|G p,—0 o
_l 64ril’lt (13)
26¢,6¢26¢36¢4) G g0
where
Cipilo. ] = Tapilho. G o). ¢*]. (14)

In what follows we consider two different parametriza-
tions of the bare couplings:

mi, = m*+m> =mk +6m> (i=0,2), (15a)
Epi = E+ 06 =Ex + 05 (i=0.2),  (I5b)
Api = A+ 6 =Ag+64, (i=0,2,4). (15¢)

The first separation corresponds to the minimal subtraction
(MS) scheme (i.e., the counterterms om?, 8; and 04
(i=0,2, j=0, 2, 4) contain only divergences and no
finite part), while in the second separation m%, &; and Ag
are chosen to be the renormalized parameters as defined
from the effective potential (see below).

By imposing the conditions (12) and (13), one can
obtain the following relation between the different counter-
terms [34]:

5m(2) = 5m% = 6m?, (16a)
68y = 66, = &6, (16b)
Oy = 04y, (16¢)
Sy — 360y = 2(A = Ag), (16d)
with
oL inildol = —Ar612613014, (17)

6¢16¢26¢36¢h41 4,0

where we used ¢; = ¢y(x;) as a notational shorthand.
Recalling that the effective potential is proportional to
the effective action at a constant value of ¢, the renor-
malized self-interaction coupling A, can be also written as
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1 - d*V i
© g

(18)

0

With the use of these relations, one can recast Egs. (10)
and (11) as

1
(_D + mﬁh +&rR — §/1R¢(2)) do(x) =0,  (19)

(-O+ mf)h + ERR)G(x,x') =0, (20)

where m?, is identified with the physical mass of the

fluctuations and satisfies a self-consistent equation (i.e., the
gap equation) that reads

my, + ErR = m* + 6m® + (& + 6E)R

+ = (A + 84y 3 +%(ﬁ +61)[G]. @21

N =

A point that is worth emphasizing here is that these
relations cannot be imposed in an arbitrary spacetime
metric, since the renormalized parameters must be constant,
while the fourth derivative of 1PI EA in Eq. (17) might not.
However, in order to define the renormalized parameters,
one can choose a particular fixed background metric with
constant curvature invariants as the renormalization point at
which the consistency conditions are imposed. In paper I
we considered both Minkowski and de Sitter spacetimes.
Here, for the sake of generality, we will also consider both
renormalization points. Therefore, we define the renormal-
ized parameters as those derived from the effective poten-
tial and evaluated for a fixed de Sitter spacetime with
R — Ro,

d*v,
Mi == al = M2, (¢y = 0.R =Ry). (22a)
P $o=0,R=R,,
Ep = dSVeff _ dMﬁh (22b)
R — - )
de¢<2) $o=0.R=R, dR $0=0,R=R,
a*v > M2
=" off — T;’h — 2, (220)
¢0 $o=0,R=R, ¢0 $o=0,R=R,

where we are using the notation M2% = m% + R. In
particular, the limit Ry — O could be taken to recover the
usual renormalized parameters defined in Minkowski
spacetime.

In order to obtain the renormalized gap equation it is
useful to consider the adiabatic expansion of the propagator
at the coincidence limit:
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o1 =5 (3F) i r(1-1-3)

I 1
=g o ()4
+ 2TF(m12)h7 §R7 R7 ﬁ)’ (23)

where e =n—4, I'(x) is the Gamma function, and
the Schwinger-DeWitt coefficients [Q;] are scalars of
adiabatic order 2; built from the metric and its derivatives
and satisfy certain recurrence relations. In the second line,
we have used the explicit expressions for the coefficients
[Qo] = 1 and [Q;] = —(&g — 1/6)R, given in [56], we have
expanded for ¢ — 0 and we have redefined ¢ — ji to absorb
some constant terms, defining

2 ~ ! 2 ! mr%h
Tp(mey, Er, R 1) = @{ |:mph + (fR - E)R} In <7>

1
+ (e =g )R- 2r0m3 1) .
(24)
where the function F (mgh,{R}) contains the adiabatic

orders higher than two, is independent of ¢ and y, and
satisfies the following properties:

F(mpy,, {R}) Rype=0 = 0 (25a)
dml:z)h R/Ab/m':o ’
AR o
dR RMM:O,UO:O

Taking into account the relations in Eq. (16) between the
counterterms, the gap equation can be made finite with the
use of the following MS counterterms:

2
P S (262)
1677 1+ 4
A(E-Y
5 = , 26b
¢ 1622 el—l—162 (260)
A )
5hy = . 26
2 1671'€1—&—162 (26c)

Once made finite and written in terms of the MS
parameters, it reads
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A
3272

(e o)

+ <5R - é)R — 2F(m2,, {R})}. 27)

1
ml + EgR = m? +5R+§x¢g +

Here, the explicit dependence on the renormalization scale
i should be compensated with an implicit ji-dependence on
the finite MS parameters m?(jt), £(fi) and A(i). Indeed, the
invariance of this equation under changes of i becomes
manifest when we express it in terms of the renormalized
quantities m%, &5 and 1. The latter are related to the former
ones by

2 m? + 13;:2 [RO‘ZF_RdS |m2 Ry, ~ F4s(m%, Ry)]
mp = P . (28a)
[1 - 5=In(zH)]
1 5_1 _ A _dFg 2
(5R —8) = ( 6)/1 16”1 < lm[;RO, (28b)
-5z 520G R)]
1 A
R = 5 _
R ¢
1 -%e—5%= Zln(_z) i (g Rmi) ZdFds |mR k)]
(28¢)

Two useful g-independent combinations follow immedi-
ately from these relations:

2 2 2 _1
@:m_:mer(gR 62) 0 (29)
Ama A AR 32
and
(=3 _ (=)
Ap A
(&Y
AR
(Er—3) 1\ Ry _dFgs
|2 _ b
o 327° K 6) m% dmf)h 2 R
1 dFgs (ér—3) )
T 2 1 =7 J R ) Bl )
16772 R myRo /1R * ( 0k gR)
(30)
where Ay is defined by
1 1 1
—=—+-—. 31
A g + 3272 G

Using these parameters, the self-consistent equation for mgh
can be written as
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Ax A%
Mgy = My + =7 ¢0

dR |, .

2 [Fds<m%, Ro) +

R m2, + (& —1 In gh + (m%, — m3%) ZdFds
2L \F 6 m oh R dm,

(R —Ry) — F(m3,.R
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(6r — %)Ro

2
mpg

m

(32)

)

Finally, as will be needed for the renormalization of the energy-momentum tensor in the next section, we write the results
for the counterterms associated to the non-MS renormalized parameters defined in Eq. (15):

2 2
=2 _ 2 2 Imp mz 2 mpg dF s
om? =my —my = ~ 3002 (e TR {E-Hn(N—z) —de2 e (33)
G+ 5 ) # phimp-Ro
SE=E5—¢ G-k + 1+ ()] + 2908 e 0} (34)
TB R 3272 (ae ? ’
B+
~ ) m? (r— DR dF
SA= gy —Ap = — 3322”’* L+1+1 < >+ Rm; °—2dmjs . (35)
I R phlm?.R,

Note that the well-known one-loop results can be
recovered from these expressions, making the replace-
ments my — m%, & = Ex, Ay — Az, and Ry — 0 on

the right-hand sides.

IV. RENORMALIZATION OF THE
SEMICLASSICAL EINSTEIN EQUATIONS

So far we have dealt with Egs. (19) and (20), that give the
dynamics of ¢, and G for a given choice of metric g,,.
However these equations do not take into account the effect
of the quantum field on the background geometry. In order
to assess whether this backreaction is important or not, we
must deal with the SEE, obtained from the stationarity
condition given in Eq. (5) with the gravitational action
Eq. (7) and the definition of the vacuum expectation value
of the energy-momentum tensor given in Eq. (6). The
resulting equations are

Kl_?lG/ll/ + ABK[_}]g/,w + alB(l)H/ll/ + aZB(z)Hﬂy

+ a3Bpr = <T;w>v (36)
where k3 = 87Gp. An explicit expression for the tensors
(12)H,, and H,, can be found for instance in [56].

The renormalization procedure then involves the calcu-
lation of (7',,) and the regularization of its divergences. The
divergences can be of either one of two types, independent
of the field ¢, and therefore only geometrical, or otherwise
¢o-dependent either explicitly or implicitly through
mZ,(¢o). The SEE are renormalizable if, with the same
choice of counterterms as for the field and gap equations,

|
the nongeometrical divergences can be completely dealt
with. In order to absorb the geometrical divergences in the
renormalization of the parameters of the gravitational part
of the action, K,}l, A and a;3, these divergences must be
proportional to the tensors that appear on the left-hand side
of Eq. (36) (note that in four spacetime dimensions the
tensors ('’ H ,, and H,, are not all independent).

We will follow the usual procedure and define the
renormalized energy-momentum tensor as

(T

;w>ren =

<pr> - <T;w>ad4’ (37)

where the fourth adiabatic order is understood as the
expansion containing up to four derivatives of the metric
and up to two derivatives of the mean field [56]. Our goal in
this section is to show that with the choice of the counter-
terms for the field and gap equations, (7T, ),q4 only contains
geometric divergences that can be absorbed into the bare
gravitational constants.

The expectation value (7,) can be formally
computed from the definition Eq. (6). One can show
that [55]

Ago
+(1},) +2

<T/u/> = Tﬂl/<¢0) 32 [Gl]zgﬂw (38)

where the first term is the classical energy-momentum
tensor evaluated at ¢
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2 08,
T, (o) = N2

= (1 - 2§B)¢o.ﬂ¢o,y - 2§B¢0;yp¢o
+ 2§Bg/w¢0|:|¢0 + §B¢(2)G/u/

<2§B > gﬂl/¢0 ¢0 AT
4

2
B 2
g,uy¢0

o G}, (39)

The second term is formally the mean value of the energy-
momentum tensor of a free field, constructed with the two-
point function G;. More explicitly, it can be written as
[56,57]

1 1-2
(Tl = 2 G + L2 (61,
1 ” G
+ (fB - Z) %D[Gl] + afBRW[—zl] (40)

As a side point, we mention that one could also derive
Eq. (38) using a different approach: take the classical
energy-momentum tensor for the action Eq. (8), evaluate
for ¢ = ¢y + ¢ and then expand on the fluctuation ¢.
Afterward take the expectation value (...) and recall
that in the Hartree approximation one can write the
expectation values of products of fields in terms of ¢,

and (¢?) = [G,]/2 (and derivatives), using that
(@) =0, (41a)
o3
(¢") = 2 [G] (41b)

For the renormalization it is useful to separate, in the
expressions for 7', (¢) and ( »), the bare couplings into
the corresponding renormahzed parts and the nonminimal
subtraction counterterms

Tﬂl/(¢0) = Tﬂu(¢0)|B:R + 5‘};:(_(]%;;41/ + g;wD(ﬁ% + ¢%Gﬂb)

5
m%% (42)

<T[W> <T["/>|B R +5 ( [G]];/w + g;wD[Gl] + R/w{G]D’

(43)

o
2

where B = R is a notational shorthand to indicate a
replacement of the bare couplings with the renormalized
ones. It will be also useful to write separately the interaction
term in the classical energy momentum tensor
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A
T;w(¢0>|B=R = T;w(¢0>|B=R,free - 41_3‘4 ¢Og/w (44)

Note that while there are no divergences in T, (¢) | p—g free»
the quantity (T,)|5_p still has divergences that arise from
the coincidence limit of G| and of its derivatives. Recall
Eq. (20), which implies that in our case the two-point
function is that of a field of mass mgh and curvature
coupling &.

We are now ready to show that the counterterms already
chosen to renormalize the mean field and gap equations
also cancel the nongeometrical divergences in (T, ). The
third term of Eq. (38) as well as the terms that were isolated
in Eq. (43) involve [G{] and its derivatives, and therefore
they can be expressed in terms of m?, and the bare
couplings by using that the physical mass is defined by
the equality of Egs. (11) and (20), which in a more
convenient form reads

G = iy~ SR -y - R @45)
With this replacement we have
(Tw) = T, (o) | p=r free T+ <TlJ:D>|B=R + (3/1%7’134)(]539/”
+ j_f [_mghw + gﬂvalz)h + Guvmgh] + %gﬂv
#?%%+W%w>?% (46)

Here the term proportional to gbg is already finite because of
the relation Eq. (16d) between the counterterms, and thus
equal to quﬁogﬂy /12. The fourth, fifth and sixth terms
contain the nongeometrical dlvergences that will have to be
canceled by those from (T7,)|,_g. The remaining terms
contain purely geometrical divergences.

It is worth it to emphasize that the divergences in
Eq. (46) are proportional to simple poles in e. Indeed,
from the definition of 6 = &5 — &g and the relations (31) it
is straightforward to see that

SE (1 1 1
o= (o ae) (mg) 2

(47a)
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which are exact expressions. Note that Az} contains just a
simple pole,

=+ (48)

PHYSICAL REVIEW D 89, 084013 (2014)

We now expand (T,,) up to the fourth adiabatic
order. We will use the explicit expressions for the coinci-
dence limit of G| and its derivatives that are given in
Ref. [56]. The fourth adiabatic order expansion for

<Tuv> = <T[l.l/>|B:R is

T 1 ml%h 2 4 € » J1 1 €
<Tﬂy>ad4zﬁ 7 Emphgﬂl/r _2_5 +mph E[Ql]g;ly+ gR_g R/u/ F —1—5

1

+ {% (]9, + (SR - é) R[] = [Q,] + (5 - 5R> (1)

+ (e )o@l fr(-5) |

(49)

where the expressions for [Q,], [Q,] and [Q;,,,] can be found in the Appendix A of [56]. Notice however that here these
contributions are expressed in terms of &5 instead of £. Expanding for € — 0, regrouping the geometric terms to form the
appropriate tensors and separating the divergent part one arrives at

~ 1

1 1 1
<T/w>ad4 = m {_ Emghgﬂu + 2m§h <§R - 8) G/w + 9_0 [(Z)Hﬂb - H;w]
1 2(1) 1 2 2
- §R - 8 H;w + 2 §R - 8 (gmzljmph - mph;ﬂl/)
4 2 2 2
my 1 ms ms 1 ms
N Y
1 1 1\?2
— | —(@g _—H )= -2 Wy
+ 327[2 |:90< )14 ;w) (é:R 6) 1772

1 5 2 m;z)h
+2 éR - 6 (g/meph - mph;ﬂ,,)] I +1In ﬁ2 ' (50)

Replacing Eq. (50) into Eq. (46) one can verify that the nongeometrical divergences in Eq. (46) cancel out. This result shows
the renormalizability of the SEE within the consistent renormalization approach.
In order to complete the analysis, we write the full expression for the fourth adiabatic order, which we separate in its

divergent and convergent parts:

<T;w>ad4 = <T/w>(ai(ii\:1 + <T;w>gg?w (51)
with
11 2 m3 -[m}y (&R — DR <[k —¢)
< /w>g;l‘:1 = %327[2 |:E +1+1n ﬁ_R):| ((2)Hﬂu - Hﬂl/) —26¢ |:T£ + 1332—71_620:| G/w + 68 [% + ‘I:| (I)Hﬂu
om m%e (§R —%)Ro m;‘q
o , 52
5 [z; T |9 T a2 (52)
and
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(T

Hv

" 327° 1
64r> | A 2

1
2
T {2'"1”*1

+ 3272

(- )2 " +2<5R -

_ <5R )G/w + (m}

As anticipated, the divergent part contains purely geometric
divergences. The convergent part is field dependent, finite,
and written in terms of the renormalized parameters (there-
fore independent of z). To ensure the correct one-loop limit
of the cosmological constant counterterm, we included the
4 .
iz 9 0 (T
Now we can add and subtract (T, ),q, in the right-hand
side of the SEE

finite contribution —

KEI (Gm/ +ABg;w) + alB<1>Hﬂl/ +a23(2)HﬂD +a3BH;w
= [<T;w> - <T;w>ad4] + <Tﬂv>g(ij\zll + <T/w>gggv (54)

where the quantity between square brackets on the
right-hand side is defined as (7, ).,- Renormalization is
completed by absorbing (7,)% into a redefinition of the
bare gravitational constants of the left-hand side. Then the

renormalized gravitational parameters read

m> IN[L 1 1. [(m?
KBl —K‘Rl 8;;{<§R —6> L+2+2ln<ﬁ§>]

}, (55a)

mam% [1 1 ma3 dF
Akl = Mgl — —B—R [— —ln<~—R) ds }
TR 30 e 2\ @) dmd e g,
4
mpg
55b
647> (35b)
(&g —3) N[ 1 1, (m}
@ =an = Sea \*7g) [T e
- 55
aR | . . } (55¢)
R0

A
>§32 = <¢0)‘B =R free + 1; ;w + (
“(o3)
Gﬂy - <€R - é)(n

1 my, 1 1o
) gﬂl/+2mph §R G + ( H;w_H/w)

2
my dmph

H,, +2g,0m2 —2m: ]
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2 2
2 mpg (5 )RO
2 mP“) Ll}} T |

:| Guw
mR Ry

dR

Ph;/w

m%.Ry
90

2 1 Ph

450 m‘}e
) 2 g/w +Wg/w- (53)

I B T B
= —— =+~ +-In[ =X ]|, 55d
D28 = DR T a0 L+2+2 n([ﬂ)] (55d)

! 1—|—1+ In i
144072 2 2 '

These are consistent with the well-known one-loop results

when replacing the bare parameters in the right-hand side

(in the counterterms) by the renormalized ones and setting

Ry — 0, thus justifying the choice of (T )% in Eq. (52).

As it happens for the field parameters, the relation between

the bare and renormalized expressions is ji-dependent.
Finally, the renormalized SEE are

3p = 3R (55e)

KI_QIG/UJ + ARKI_ng;w + alR(l)H/w + aZR(Z)H/w
+ a3RHﬂU = <Tﬂl/>ren + <T;w>§g§t.lv (56)

which, as expected, are expressed only in terms of
renormalized parameters.

V. INTERACTING FIELDS IN
DE SITTER SPACETIME

In this section we apply the previous results to de Sitter
spacetime with ds? = —dr* + *"'dx?, and compute
explicitly the renormalized energy-momentum tensor,
and the SEE. We then consider both the field equation
and the SEE to analyze the existence of self-consistent
solutions.

A. Gap and semiclassical Einstein equations

In de Sitter spacetime, the solution of Eq. (20) for the
propagator, which is the one of a free field with mass mgh, is
known exactly for an arbitrary number of dimensions .

The expression for the coincidence limit [G,] is
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G, = 202 L _n n\ L5+ 0,0 (55 - v,)
U Aty 2) TE+u)rE-v,)
(57)
where 12 = (”;Uz—%—f,en(n— 1) and R = n(n—1)H>.

To make use of the results of previous sections we need
to extract the function Fys(mp,, R), defined in Eq. (23),
from this exact expression. For this, we set n = 4 + ¢ and
expand for e — 0, holding R fixed. Doing this, as shown in
detail in paper I, we obtain the following expression for the
function F(m2, {R}) in de Sitter spacetime

Fds(mf)hv R) = Rf(mf)h/R)

_Rf(my o, 1 R
~ (G rag) ()

1 1
+g(m3 /R + 5R):| - <§R - 6) - E}’ (58)

with

9y =y, ty_ = w<%+ V4(y)> + WG - v4(y)>,

(59)
and R = 12H2 w(x) =T"(x)/T(x) is the digamma func-
tion and v, (y \/9/4 — 12y. From this equation one can

check that th1s functlon has all the expected properties: it is
written only in terms of renormalized parameters, it is
independent of € and f, and it satisfies the correct limits
Egs. (25a), (25b) and (25c).

Therefore, the renormalized equation for the physical
mass mgh we are going to solve self-consistently together

with the SEE we calculate below, can be written as
2 2 R 12 AR 2 1
mph = mp +7¢0+327[2 mph—l- fR —6 R
x[l (—R >+ ( 2/R+a§)]
n glm R
12m% ph

P 1
~ (gR - 5) R. (60)

In de Sitter spacetime all geometrical quantities can be
written in terms of only R and g,,,. In n dimensions they are

R
R/u/ = ;gﬂll’ (61a)
1 1
G, = <; — 5) Ry, (61b)
1
WH,, = 3 (1 - —) R%g,,. (61c)

PHYSICAL REVIEW D 89, 084013 (2014)

1 4
@H 1——|R?
n 2n( n) Juw»

H, = ! 1 4 R?
o n(n—1) n Juw:

In fact, any 2nd-rank tensor is proportional to the metric, so
that

(61d)

(61e)

[Gl ;;w]

De Sitter invariance also implies that any scalar function
has vanishing derivative, and in particular that [G,] is
independent of spacetime coordinates. The energy-
momentum tensor will also be proportional to g,,.
Indeed, from the general expression Eq. (38) together with
Egs. (39) and (40), and using Eq. (61), we obtain

1

2
(T = |- =t + ot —3 )R -5,1061

m’ 1 G (1 1
—T[G1]+—[DG1]+§BT<Z—§>R

A A
-5 iG] —%[Gl]} G- (63)

Once again we use Eq. (45) to make the previous
expression simpler, and we put n = 4 + ¢,

(T,) = { "h g3 -5 gi lm(ﬁo——{fr@%]

x[G1]+%<4i€—1)

1 ~
X |:§B¢%R - 5 (mgh - 6§R) [Gl]:| }g;w' (64)

Here we cannot set ¢ = 0 in the denominator yet, as it is
multiplied by both the bare parameters and [G] that contain
poles in ¢ that could give finite terms. After some manipu-
lations and dropping terms that vanish for ¢ — 0, it reads

= (o 1+ 5 )

()

+%<m12!e+(§R_%>RO>( 2 2 )

2 3272 )VRT e

1 A
2 2 R ;4
U eeR)Io 15 b0t g

N 12
X [mgh + (éR —8>R} }gﬂy. (65)

To compute the renormalized expectation value,
<T;w>ren = <T/w> - <T,uv>ad4’ we evaluate <T;w>ad4 [given
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in Eq. (51)] in de Sitter spacetime, using the n-dimensional
geometrical expressions Eq. (61). Separating the result
again in (T,,) a8 = (Tp) 5y + (T,,)55, up to order € these
two terms read

2+

_|_

(T = Vg o]
855
4+4€

4
+
} (66)

{647:2 2160 2 {5 <
y ( —¢) Ro
(GE) (

x <@+J>R2— o

o mmk | (&R | m} 1
<Tuv>§32 = {2R |:/1*R 1;2;2 )+32§2 6471 Sk~

32z° 1 (fR —¢Ry _ dFgs
to 5 2 y 2.5
64 2 my dmgy |2 R,
s (-5 n ()
64 6472 m
mth dFys _m, my n (Er = )Ro
3222 dR b7 T 322

(67)

20
¢
(53

The first term of Eq. (66) is finite and is the source of the
trace anomaly [1]. Then we have

¢4 }g,w

1 3222 (&r—¢)Ro
T — 2 6
< ;w>ren 6471'2 {mph |:< /1;% + m%

dmgh

1 2
i (g ()

F
_opdFs
dR | -,
zRo

1 : 1 2R2+ R?
A 2160 [

To make contact with the known free and one-loop
expressions, we use Eq. (32) to arrive at a more familiar
result

-2

)<mgh — ) — 1627
m%.R,

(68)

PHYSICAL REVIEW D 89, 084013 (2014)

<Tﬂu>ren = 64 ) {Zm |:FdS(mRv RO) Ry——- dR
—m? — F(m? ,R)
. dmph m Ry o

1 2, R
- = ——| R . 69
Setting Ry — 0 and using Eq. (58) for F4g gives an
expression that is exactly the same as in the one-loop
calculation [56], provided mp, = mg + Agh5/2 instead of
being the solution of the self-consistent Eq. (60).
Furthermore, it is straightforward that the usual free field
limit [1] is satisfied, as m2, — m% when Az — 0.

Turning finally to the SEE, on the right-hand side we
have

<Tﬂu>ren + <T/41/>con

1 A

1 mlzg (6r — é)Ro
- W {3271’2 <E + W (mf,h - m,ze)

m4—|-R2 1mz+e: 1R2 (70)
R o160 2| T \F g S

while on the left-hand side we have
G, + ARgW = (=R/4 + Ag)g,,. as the quadratic tensors
lle , and H,, vanish for n = 4. Then, canceling
the gﬂ,, that appears on both sides, we have:

R 1 (R (SR §Ro
M ——+Ag )| =—— 32
P1< i R> 8ﬂ{2160+ " <,1* 327 >

X (myy, —my) —my
)
+167%(m, + EgR) b — 647 l—gfpg

(71)

| 1 2
—5 mph + éR - 6 R s
where M, is Planck’s mass, and kz = 875/M12)1.

B. Self-consistent de Sitter solutions

The backreaction problem consists in solving simulta-
neously the mean field Eq. (19), the mgh Eq. (60) and the
SEE (71) self-consistently for the mean field ¢, the
physical mass mgh and the scalar curvature of de Sitter
spacetime R. This is a closed system of equations for a
given set of parameters m%, &, Az and Ag, whose
physically interesting solutions in a cosmological scenario

are those with both R and M7, = m, 4 &R positive. The
second condition comes from the fact that Mgh is the mass
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of the propagator, and it is a well-known fact that the
equation

0G, (x,x') = 0, (72)

has no de Sitter invariant solutions.
The gap Eq. (60) is in itself a self-consistent equation for
mgh(qﬁo, R), at fixed ¢y and R. Following paper I, in the

small mass approximation (y E/\/lf)h/R <« 1) we have

g(y) =—-1/4y +11/6 =2y +49y/9 an thus the gap
equation becomes a quadratic equation for y,

Ar
2R

Agsy* + [Bds - }y + Cys =0, (73)

where the coefficients are

AR R
Ags =1 _W {a (R_o> —g(yo)

1 49
- (yo - g) d (o) — g] , (74a)

) 9(yo) — <yo - é) g’(yo)]
" (1——§§) (YO“é) - (yo—-é)zg%yo>},<74b>

M
Cos = 7682 (74c)
with
a(x)=11/6 — 2y + In(x), (75)

and yo = y(¢py = 0, R = Ry) = m%/R + &x. The solution
can be expressed analytically

Mz (¢o. R)

—(RBys — M )+ \/ [RBys — M

- 4R2AdS CdS

(76)

Here the “plus” branch was selected as the only real and
positive solution (under the assumption that both A4 > 0
and Byg > 0, see paper I). This solution shall then be
inserted into the mean field Eq. (19), which in de Sitter
spacetime reads

dVeff
dey |5

b0

_ 1 - _
= (Mgh(ébo’ R) - §/1R¢%) $o=0. (77

PHYSICAL REVIEW D 89, 084013 (2014)

This equation admits both symmetric solutions with ¢, = 0
and solutions that spontaneously break the Z, symmetry,

%:%Mm%m. (78)
R

In other words, the effective potential V (¢, R) may have
other extrema besides the one in ¢y = 0. The analysis of
the effective potential has been done in paper L.

Studying the full backreaction problem by including the
SEE (71) brings a new parameter into play, namely the
cosmological constant Ag, as well as a new mass scale Mf)l.
In paper I, R was considered fixed (i.e. as a parameter) and
the effective potential and its minima were studied in order
to find values of the remaining parameters m%, &g, g and
R, at which both symmetric and broken phase solutions
exist. Considering R to be fixed makes sense under the
assumption that the effect of the quantum field on the
background curvature is small, and therefore it is possible
to decouple the SEE from the field and gap equations. If
this is indeed the case, the value of R becomes effectively
independent of ¢, and m?,, and is simply given by the
parameter Ag.

The aim of this section is to find some examples of self-
consistent solutions involving all three equations and all
three degrees of freedom. To this end, we take as a starting
point some sets of values of the parameters m%, &z, Az and
Ry that were already shown in paper I to allow both
symmetric and broken phase solutions. Then we look for
solutions of ¢y, m2, and R for various values of A and
analyze how these differ from the classical solution. If this
difference is small, then the backreaction can be indeed
ignored, otherwise it should be taken into account.

One further point of discussion is whether the parameters
R, and A should be related or not. If this were to be the
case, a sensible way of fixing one given the other would be
to use the classical solution Ry = 4Ag.

ph>

1. Symmetric phase

As mentioned above, the effective potential always has
an extreme in ¢y = 0. Furthermore, it is easily shown that it
must be a minimum as a consequence of both the restriction
given by the Hartree approximation that /\/lf)h > 0, and the
fact that

JZ Veff
d¢(2) $o=0

= M, (o = 0,R) > 0. (79)

We solve the system of equations by setting ¢y = 0 in
Eq. (76) to obtain Mgh as a function only of R and then
substituting into the SEE (71) to obtain an equation of the
form

Ag = I,(R). (80)
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where I, depends also on the parameters m%, &g, Az and R,
The subindex s stands for symmetric.

2. Broken phase

In this phase, the solution given in Eq. (78) to the field
equation already implies M3, > 0. It is important to note

that the reason why the ¢, # 0 solutions are allowed is the
presence of the Ap term in Eq. (77), which comes as a
consequence of imposing the 2PI consistency relations.
Otherwise, the absence of such term would require that for
¢o # 0 we had M%h = 0, and as mentioned before for that

case there is no de Sitter invariant vacuum [52].

Replacing the nonvanishing solution to the field Eq. (78)
into the gap equation in its quadratic form Eq. (73) (small
mass approximation), we obtain a new quadratic equation
for the nonsymmetric extrema of the potential ¢,*(R),
namely,

| ~(RBus 5% & /[RBys ~ B — 4R A45Cs
B 2Ads '

(81)

Both branches give a solution with /\/lf)h > 0, the smaller
being the maximum and the larger the minimum of the
effective potential. Following the analysis described in
paper I, one can show that the condition for the existence of
symmetry breaking solutions is

2.x107°F T j T
my=10M2 £=0 Ro=4Ag
1.x107® [\
\\
0 *\
< RS
S —1.x1075}
o ™,
= 2,
RN
-2.x107°F  —---- Ag=0.1 R
...... =02 RN
\\
—3x10°6f e A= 0.5 .
.
.
—4.x1076 - - >
0.0000 0.0002 0.0004 0.0006 0.0008
Ag [M2)]

FIG. 2 (color online).
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3
Bgs —2 <§ _AdS> |Cas| > 0. (82)

Once again, replacing ¢ (R) and M, (R) into the SEE
gives an equation of the form

(83)

The subindex b stands for broken. Note that in general
I,(R) will be different from I,(R).

3. Results

In what follows we present the results in terms of the
relative deviation (R — R.j)/R, of the backreaction sol-
utions R with respect to the classical solution R, = 4Ay as
a function of Ag, for both the symmetric and broken
phases, when they exist.

Let us first analyze the case where Ry = 4A;. This
means that the renormalized parameters are defined at the
value of scalar curvature that the spacetime would have if
the backreaction were negligible. It is remarkable that in
this case no broken phase solutions exist. As an example, in
Fig. 2 we have plotted the relative deviation for different
values of the coupling constant Az, from bottom up:
Ag = 0.1, 0.2 and 0.5, with all curves corresponding to
the symmetric phase and m = 107°M?,. On the left panel
the coupling to the curvature is minimal £ = 0, while
on the right panel & = 4 x 1073, It is interesting to see
that, due to the quantum corrections, the curvature R can be
both larger or smaller than the classical one depending on
the value of Ap. Notice that solutions do not exist for all

2.x 107°F T T i ]
m= 1002, &= 4% 107 Ry= 4Ag
1.x1070H N :
\\
0 \*\
5
3 . \0
® _1.x 1075} 1
E \\
- 2.x10°6 Ag=0.1 \‘
—2.x107%F  —meem r=0. e 4
\;».
...... Ae=02 o,
“3x1076f A= 0.5 NG ]
\\
~4.x1076 ‘ ‘ N
0.0000 0.0002 0.0004 0.0006 0.0008
Ar [M2)]

Relative deviation of the backreaction solution for the de Sitter spacetime curvature with respect to the classical

solution, (R — R.)/R as a function of Ay for different values of the coupling constant Az. The fixed parameters are Ry = 4Ag,
m}h = 10‘5M51. The left panel corresponds to £ = 0 and the right panel to £ = 4 x 1073, All curves correspond to the symmetric
phase (which is the only possible phase when Ry = 4Ay). From bottom up: 1z = 0.1 (blue dashed line), 1z = 0.2 (red dotted-dashed
line), Az = 0.5 (brown dotted line). Notice that for small enough values of Ay the curves are continued by black solid lines, indicating
the regions where My, > R/10.

084013-13



LOPEZ NACIR, MAZZITELLI, AND TROMBETTA

M= 10702, =0 Ag=0.1
0.0000F >
\\
.
< _0.0005} \‘ 1
: .
~,
& ~,
= ™~
oootof R0 ~
ity I - Ro= 10702, N
\\
N
.
-0.0015 ‘ ‘ :
0.00 0.05 0.10 0.15 0.20
Ag [M)]

FIG. 3 (color online).
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T T T T

my=5x1070M2 £p=0 Ag=0.1 A
0.05} .
004k B o
<
= 0.03f Pt
T
&
0.02f
. Ro=7x 1072802,
L ;
001} A - Ry=1077M},
/// ........ Ro=125x102"M2,
0.00ks . . .
0.00 0.05 0.10 0.15
ARlM)]

The same as in Fig. 2, but for different values of the curvature R, associated to the renormalization point. Left

panel: symmetric phase solutions for Ry = 0 (blue dashed line) and Ry = 1073M? (red dotted-dashed line) with fixed parameters
my = 1074 M? o1 €& = 0, and Ag = 0.1. The curves are practically indistinguishable, illustrating the solutions are quite independent on
RO Right panel: broken symmetry solutions for Ry = 7 x 10~ 28M , (blue dashed line), Ry = 10~ 27M2 (red dotted-dashed line), and

Ry = 1.25 x 107’ M7, (brown dotted line) where the fixed parameters are m% =5 x 1073002

ol SR = 0 and Az = 0.1. In this case, the

values of R, were chosen to be in the small range where a broken phase solution exists.

values of Ag. On the one hand, it can be seen that the
approximation M%h < R breaks down for small enough
values of Ag. In order to make this explicit, in Fig. 2 and in
the following, black solid lines are used whenever
Mgh > R/10. On the other hand, since we are considering
only cases where the effective potential for ¢, is well
defined, there is a (1z-dependent) lower bound for the sum
m%/R + & [58], which will be violated for large enough
values of Ag.

Let us now analyze cases where R, is considered to be
fixed and independent of Ag. In Fig. 3, the left panel
corresponds to the symmetric phase, while the right panel
to the broken one. It can be seen that the backreaction is
more significant in the broken phase (e.g. the deviation is
about 1% for Ag=0.04M}, R, =10""M} and
mg = 5x 107M7), while in the symmetric phase the
solution stays closer to the classical one. The difference
between the backreaction and classical solutions may
become important for larger values of the cosmological
constant (not shown in the figure). Indeed, it can be shown
that the backreaction solution for the curvature R vanishes
in the large (super-Planckian) Ay limit. However, adopting
an effective field theory perspective, here we are restricting
the parameter space to sub-Planckian values.

As in general the broken phase solution is possible only
for a suitable choice of the parameters [34], in the right
panel, the values of R, had to be carefully chosen to be in
the narrow window where broken phase solutions exist, and
they disappear below a small parameter-dependent value of
Ag (under 1073M?2, in the shown examples). One can verify
that, depending on the values of the parameters, the
approximation Mgh < R may break down. For the values
considered in the left panel of Fig. 3 this happens for small

enough values of Ag, while for the ones in the right panel
the approximation remains valid.

The backreaction for the case of a nonminimal coupling
to the curvature is illustrated in Fig. 4, where the left (right)
panels correspond to the symmetric (broken) phase sol-
utions. The upper panels illustrate the dependence of the
solutions on the coupling to the curvature £z, while in the
lower panels the coupling &y is fixed and different values
for R, are considered. In particular, from the figure on the
bottom left, it can be seen that in the symmetric case, the
effect of the quantum corrections may both increase or
decrease the value of the de Sitter spacetime curvature R
with respect to the classical one, depending on the value of
Ag. In the symmetric phase there are self-consistent
solutions for large values of A, while in the broken phase
they exist only for Ay below a (parameter-dependent) upper
bound. Notice that there is also an upper bound for R
below which, under our approximations, no broken phase
solution exist regardless the value of Ag. On the other hand,
one can verify that the approximation /\/lf)h < R breaks
down for small enough values of Ay in the broken phase,
and also in the symmetric case but only when R, is smaller
than a (parameter-dependent) critical value. However, as it
can be seen from the examples considered in the two
figures on the left panels, for larger values of R, there are
symmetric phase solutions where the approximation breaks
down for large values of Ay instead, while remaining valid
all the way to Az — 0. In these latter cases, we can
conclude that there is a divergence of the relative deviation
in this limit, which indicates that as R,; — 0, the curvature
R goes to a finite positive value. Therefore, for this set of
parameters the backreaction is crucial to determine the
spacetime curvature.
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FIG. 4 (color online).
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The deviation (R — R)/R, vs. Ag for the backreaction solutions corresponding to the symmetric (on the left)

and broken (to the right) phases. Upper panels: three curves corresponding to different values of the coupling to the curvature:
Er =4 x 1073 (blue dashed line), £ = 1072 (red dotted-dashed line), and & = 2 x 1072 (brown dotted line), where the fixed
parameters are my = 1077 M 51, Jg = 0.1and Ry = 1072M?,. Lower panels: four different curves illustrating the dependence on the value
of Ry for m% = 10‘7M§1, Er=4x1073and A =0.1: Ry = IO‘ZMIZ)1 (blue dashed line), Ry = 5 x 10_3M§1 (red dotted-dashed line),
Ry = 107*M}; (brown dotted line), and Ry = 1072%M, (green dashed line). Notice that for the last two values of Ry no broken phase

solutions exist.

VI. CONCLUSIONS

In this paper we have considered a self-interacting scalar
field with Z, symmetry in a general curved spacetime. In
order to include some nonperturbative quantum effects of
the scalar field, we have worked within the Hartree (or
Gaussian) approximation to the 2PI EA.

Our first goal has been to show that in this approximation
the ‘“consistent renormalization procedure” described in
[51] for flat spacetime can be extended to curved space-
times to make finite not only the mean field and gap
equations of the matter sector of the theory (which has been
shown in paper I), but also the SEE, which also involve the
gravitational sector. That is, we have shown that the same
set of counterterms can be used to renormalize the SEE
(along with the usual gravitational counterterms that are
needed even for free fields). In order to maintain the
covariance of the regularized theory, we have used dimen-
sional regularization.

In Sec. V, we have applied our results to de Sitter
spacetimes. We have considered the explicit form of the
mean value and gap equations, computed in paper I,
together with the SEE for these particular spacetimes,
and we have found some self-consistent de Sitter solutions.
The simultaneous solution of the resulting algebraic equa-
tions allowed us to discuss the occurrence of spontaneous
symmetry breaking and, at the same time, to assess the
effect of quantum fluctuations on the classical metric. An
important conclusion of our analysis is that the importance
of the backreaction depends strongly on the value of the
curvature at the renormalization point Ry. We have found
both self-consistent solutions where the backreaction is
important and solutions where it is not, depending on the
values of the parameters. In particular, we have found self-
consistent de Sitter solutions for vanishing cosmological
constant Ap =0, where the quantum effects play a
crucial role.
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Regarding the IR issues, on the one hand, it is known that
for massless fields the propagator has a singular behavior in
the IR; on the other hand, it is also known that for
sufficiently light fields secularly growing contributions
do appear when standard perturbation theory is used,
indicating a breakdown of the perturbation theory. As
was already pointed out in previous works, resumming
loop diagrams may improve the perturbative expansion and
in particular it could lead to an effective mass, which would
remedy the singular behavior in the IR associated to
massless fields. As can be noted from Eq. (69), no
dangerous contribution shows up in our result for the
renormalized expectation value of the energy momentum
tensor. This is in part due to the resummation we are
employing, but also notice that dangerous (secularly
growing) terms that may contribute to the propagator
appear suppressed by a factor mgh in the expression for
the energy momentum tensor. Indeed, as explicitly shown
in [20], performing a resummation (which in that paper has
been done by means of the dynamical renormalization
group technique) one obtains a contribution in the self-
energy that shifts the effective mass which appears in the
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equation of motion for the propagator. A similar mecha-
nism takes place in the Hartree approximation. In fact, in
the formalism we used, the mass of the propagator is
obtained as a self-consistent solution of the resummed gap
equation and is positive. Consequently, as for massive
fields the propagator does not present an IR singular
behavior and the expectation value of the energy momen-
tum tensor depends on the propagator and its derivatives,
no IR dangerous contribution is expected to appear in our
results.

It would be interesting to analyze the spontaneous
symmetry breaking and existence of self-consistent solu-
tions beyond the Hartree approximation, including the
setting-sun diagram in the calculation of the effective
action. We hope to address these issues in a future work.
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