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Asymmetric galaxy correlation functions
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We study the two-point cross-correlation function between two populations of galaxies: for instance, a
bright population and a faint population. We show that this cross-correlation is asymmetric under the
exchange of the line-of-sight coordinate of the galaxies, i.e. that the correlation is different if the bright
galaxy is in front of, or behind, the faint galaxy. We give an intuitive, quasi-Newtonian derivation of all the
effects that contribute to such an asymmetry in large-scale structure: gravitational redshift, Doppler shift,
lensing, light-cone, evolution and Alcock-Paczynski effects; interestingly, the gravitational redshift term is
exactly canceled by some of the others, assuming geodesic motion. Most of these effects are captured by
previous calculations of general relativistic corrections to the observed galaxy density fluctuation; the
asymmetry arises from terms that are suppressed by the ratio (H/k)—H is the Hubble constant and k is
the wave number—which are more readily observable than the terms suppressed by (#/k)2. Some of the
contributions to the asymmetry, however, arise from terms that are generally considered “Newtonian”—the
lensing and evolution—and thus represent a contaminant in the search for general relativistic corrections.
We propose methods to disentangle these different contributions. A simple method reduces the
contamination to a level of <10% for redshifts z < 1. We also clarify the relation to recent work on
measuring gravitational redshifts by stacking clusters.
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I. INTRODUCTION

It is often implicitly assumed that the galaxy two-point
correlation function is symmetric under the exchange of the
pair of galaxies, but this needs not be the case when the two
galaxies in question are distinguished by certain properties,
such as luminosity, color or overdensity. Expressing such a
cross-correlation as (Ag(Xy)Ag(X;)), where the subscripts
B and F represent “bright” and “faint” galaxies, it is evident
that this quantity does not need to be symmetric under the
exchange of the positions x; and x,. This is especially so
for the interchange of the line-of-sight coordinate: it makes
a difference whether the bright galaxy is in front of, or
behind, the faint galaxy.

PACS numbers: 98.80.-k, 98.62.Py, 98.65.-r

where we imagine the survey is pixelized into cells labeled
by i or j, with the galaxy overdensity Ag and Ag defined in
each cell. The kernel W;; determines which pairs of galaxies
are counted towards the correlation function. We are
typically interested in the correlation function at some fixed
line-of-sight (chosen to lie along the z-direction, say) and
transverse separation:
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The correlation function £BF can be written as the sum of
symmetric and antisymmetric parts,
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In general, we do not expect an asymmetry associated with
flipping the sign of the transverse separation. Thus, hence-
forth we think of &BF as a function of Ax, and |Ax, |.

It is customary in measurements of galaxy correlation
functions to use a kernel W;; that is symmetric under the
exchange of i and j, which necessarily captures only the
symmetric part £&5°. In this paper, we are interested in the
antisymmetric part £8F. To measure it we need to be careful
about the choice of kernel and use a W;; that is antisym-
metric under the exchange of i and j. Under ensemble
averaging, such an antisymmetric kernel would cancel out
the symmetric part 5 and isolate the contributions from
(ALALY — (ALAL)." Note that here we are interested in
constructing a W;; which is antisymmetric under the
flipping of the line-of-sight, but not the transverse,
coordinates.

The asymmetry of interest should be distinguished from
the asymmetry that exists in the more familiar case of
redshift-space distortions. Redshift-space distortions give
rise to a correlation function that depends on the line-of-
sight separation in a way that is different from the trans-
verse separation (i.e. this asymmetry is often described as
an anisotropy of the redshift-space correlation function).
The asymmetry we are interested in is a cross-correlation
function that depends on the sign of the (line-of-sight)
separation.

Why should one expect an asymmetry at all? To get an
intuitive feel for this, let us consider a highly idealized
situation where we have galaxies sitting inside the
symmetric gravitational potential well of a cluster (see
Fig. 1). We observe from afar (O in the figure). Let us
denote by B the central cluster galaxy, located at the
bottom of the gravitational potential. Let us use F to label
the other cluster members. We use the subscript 1 and 2
to denote two such members, one on each side of B; i.e.,
F, is behind and F, is in front of B, physically
equidistant from B (in real space). In redshift space,
the relative positions of the three galaxies are shifted.
Figure 1 shows the Doppler effect due to infall: the
galaxies are squeezed closer together, but the effect is
symmetric, in the sense that F; and F, remain equidistant
from B. Virialized motions would give a stochastic shift
in redshift space, but on average, would still yield a
symmetric effect meaning that it does not matter whether
F is in front of, or behind, B.

'An example is Wi«

@(xzi _‘ij € dz i5dz)®(\XL, _XLJ‘ S dl Zl:édl)
—O(x;; —x; €d, £5d)O(|x;, —x ;| €d +dd,),
where © = 1 if |x; — x;| falls within the range of interest, and

® =0 otherwise. Here d, and d, are the line-of-sight and
transverse components of the separation.
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FIG. 1. Sketch of the redshift-space distortion effect. The
observer is sitting at O. Due to their peculiar velocities the faint
galaxies F; and F, are shifted towards the bright galaxy and the
correlation function is squeezed along the line-of-sight direction.
The redshifted separation d; and d, are the same so that the effect
is completely symmetric.

The situation is different when one considers the effect of
gravitational redshift, depicted in Fig. 2. Here, all three
galaxies are shifted in the same direction, but B is suffering
the largest gravitational redshift. The net effect is asym-
metric: F| now appears closer to B than F,.

This is of course a highly idealized example, but the
basic principle is sound: gravitational redshift yields an
asymmetric effect, which one can hope to isolate from
realistic clusters by averaging or stacking. This idea was
carried out in a ground-breaking paper by Wojtak, Hansen
and Hjorth [1] (WHH). By stacking ~8000 clusters, they
detected a net blueshift of the average of the cluster
members relative to the central brightest galaxy.

From our point of view, this is essentially a cross-
correlation measurement. One can see intuitively from
Fig. 2 that the cross-correlation between B and F is different
if F is behind B or if F is in front of B. As will become clear

d,#d, 3
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FIG. 2. Sketch of the gravitational redshift effect. The observer
is sitting at O. Galaxy B suffers the largest gravitational redshift
because it is sitting at the bottom of the potential well. F; and F,
shifts by a somewhat smaller amount. The net effect is an
asymmetric, d; # d,. This generates an asymmetric Ccross-
correlation function: B is differently correlated with F galaxies
behind it than in front of it.
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in Sec. IV, the correlation is actually stronger for faint
galaxies behind, than in front of, the bright one. This is due
to the fact that bright galaxies have a larger bias than faint
galaxies (see also Fig. 13 in Appendix B). This cross-
correlation was first studied by McDonald [2] and Yoo et al.
[3] in Fourier space, and by Croft [4] in configuration space.
The equivalent in Fourier space of the antisymmetric
correlation function defined in Eq. (4) is an imaginary
power spectrum. In [2], McDonald showed that, in large-
scale structure, the gravitational redshift effect depicted in
Fig. 2 is not the only effect contributing to the imaginary part
of the power spectrum. Other relativistic effects, directly
proportional to the line-of-sight galaxy peculiar velocity,
contribute in a similar way. At linear order in perturbation
theory, these effects have been calculated in Refs. [5-7].

Our paper expands on these previous studies in three
ways. First, we give an intuitive derivation of all the effects
that contribute to the antisymmetric part of the correlation
function and we show how this recovers the general
relativistic expression of [5—7]. Second, we propose methods
to disentangle the antisymmetries directly generated by the
relativistic terms from antisymmetries induced by the red-
shift evolution of the density and redshift-space distortion
terms (that we call hereafter “Newtonian terms”). This
second class of antisymmetries, which is not due to new
physical effects, constitute a potential contaminant in the
measurement of relativistic effects. We provide analytical
expressions, in real space, of the dipolar and the octupolar
modulations of the correlation function, generated by the
relativistic terms and by the contaminating Newtonian terms.
Based on these expressions we then propose model-
independent ways to disentangle the two classes of
contributions. Finally, we use our intuitive derivation to
investigate possible new effects contributing to the antisym-
metric correlation function. In particular, we study how our
imperfect knowledge of the background cosmology gener-
ates antisymmetries, through the so-called Alcock-Paczynski
effect [8]. We show that this contribution is significantly
suppressed with respect to the relativistic contributions.

In practice, what we need is to work out

Agps = A+ 6A, (5)

where A, is the observed overdensity, A is the true
overdensity, and JA is the difference. The B and F labels
have been suppressed. Schematically, the general relativ-
istic contributions to 6A look like

1
SA~—0, 7, 6
77 % (©)

where H is the comoving Hubble parameter i.e. H = a/a
with a being the scale factor and * denoting derivative with
respect to conformal time. That it is the gradient of the
gravitational potential ¥ that matters should be apparent
from Fig. 2: it is the difference in gravitational potential
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between B and F that is observationally relevant. The fact
that it is a single gradient is the key to why the cross-
correlation function acquires an antisymmetric part; squar-
ing Eq. (5), we see that there is a cross term of the form

(A(x")8A(x)) ~HO, V(A(X)A(x)). @)

where we have used the Poisson equation to relate A and V.
Clearly, whether the derivative is with respect to x, or x/
matters. This by itself is not so interesting if we have only
one population of galaxies, in that case the two cross terms
cancel: (A(x')SA(x)) + (A(x)SA(x’)) =0. It is only
when one of the cross terms carries a B label, and the
other F, that something nontrivial remains.

Equation (6) gives only one among many general
relativistic corrections to A. They have been systematically
worked out by a number of authors [5-7]. Two comments
are in order about them. One is that the term displayed in
Eq. (6) is in fact exactly canceled by some other terms,
assuming geodesic galaxy motion (i.e. no equivalence
principle violation such as in [9]). This will be made
explicit in our quasi-Newtonian derivation. However, there
remain terms that give a similar asymmetric effect. In fact,
they turn out to arise from Doppler terms, despite what we
said about the Doppler effect in Fig. 1. Precisely how this
comes about will be made clear in the next section.

The other comment is that A contains a lot of terms of
order ~W, with no derivatives. It is thus useful to compare
three kinds of terms: A, ¥ /H, and ¥.> Making use of the
Poisson equation, they are, respectively, ~A, (H/k)A, and
(H/k)*A, where we have freely switched to Fourier space
with comoving momentum k. Therefore, to the extent we are
interested mostly in sub-Hubble fluctuations i.e. H/k some-
what smaller than unity, the ~(7/k)?A general relativistic
corrections can be ignored compared to the ~(H/k)A ones.
Another good reason we focus on the (H/k)A terms is that
only they give rise to asymmetric effects, by virtue of
carrying an odd number of gradients. This is what allows us
to separate them from the order A terms which are larger, but
by themselves do not effect an asymmetry.

The other class of contributions to A we refer to as
Newtonian includes lensing and evolution effects. We use
the term Newtonian fairly loosely here: they are in a sense
contributions we have known about all along, but somehow
the fact that they give rise to asymmetric cross-correlations
has not been emphasized. For reasons that will be apparent
below, the lensing-induced asymmetry is generally small.
The evolution effect is easy to explain: Ag evolves with
redshift, thus whether F is in front of, or behind, a fixed B
galaxy would give different cross-correlation even for the

25A of course also contains Newtonian terms which are order
~A, for instance from the classic redshift distortion:
6A ~ 0, V:/H, where V* is the peculiar velocity along the
line-of-sight.
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same physical separation. Such an effect becomes a
contaminant in the search for general relativistic effects,
although it could be interesting in its own right.

One comment on the ordering of fluctuations before we
proceed. In this paper, we will be using linear perturbation
theory exclusively. There are non-negligible higher order
effects in the case of clusters, as pointed out by Zhao,
Peacock and Li [10] and Kaiser [11]. We are, on the other
hand, primarily interested in large-scale structure on linear
scales, where these higher order effects are negligible [see
discussion before Eq. (14)]. Ordering in the sense of
counting powers of fluctuation variables, should not be
confused with ordering in the sense of counting powers of
(H/k) as explained above. We mostly rely on context to
differentiate between the two different meanings.

The rest of the paper is organized as follow: in Sec. Il we
provide an intuitive, quasi-Newtonian derivation of the
observed number density of galaxies A, keeping terms up
to order H / k. A fully relativistic calculation can be found in
[5-7]. In Sec. III we calculate the cross-correlation between
two populations of galaxies and we expand this correlation
in multipoles. In Sec. IV we compare the different con-
tributions in the antisymmetric correlation function and we
discuss ways to isolate the relativistic contribution. We
conclude in Sec. V. In Appendix A we give a brief summary
of a systematic, fully general relativistic derivation, which
is nicely consistent with the intuitive derivation in the main
text where they overlap. Relegated to Appendixes B, C and
D are technical details of our derivation of the correlation
function and its moments. Finally, in Appendix E we
connect our cross-correlation viewpoint to WHH’s meas-
urement by stacking clusters.

II. DERIVATION

Our goal here is to provide an intuitive derivation of all
effects, first order in perturbations, that contribute to an
asymmetric correlation function. The main point we wish to
get across is that to the order of H/k of interest, Newtonian
or quasi-Newtonian reasoning is sufficient for grasping the
relevant effects. More careful and systematic derivations
can be found in [5-7], to which we are adding a few effects
that are generally ignored, or not emphasized. For the
convenience of the reader, we summarize the more formal
general relativistic derivation in Appendix A.

In the derivation, we use the small angle approximation,
meaning that the line-of-sight direction i always points
approximately in the z direction. Deviation from the z
direction is assumed small. However, the final expression
will turn out to be valid on the full-sky.

We begin by relating the observed galaxy overdensity to
the true galaxy overdensity; after that, we compute the
cross-correlation function between two populations of
galaxies. We use the words bright (B) and faint (F) to
distinguish between them, but they could also be distin-
guished by different properties, such as color.
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For any given galaxy, we can measure its redshift and
angular position on the sky. In this paper, we assume the
correct (homogeneous) FRW background cosmology is
known, so that these can be turned into the apparent three-
dimensional comoving position X,. In reality, our knowl-
edge of the background cosmology is imperfect of course.
However, as we will show in Secs. IIC3 and III D our
current knowledge is sufficiently precise that effects asso-
ciated with varying the background cosmology within
experimental bounds are small; more precisely, their anti-
symmetric contributions to the cross-correlation function
are suppressed compared to the relativistic effects of
interest by close to two orders of magnitude.

The true position of a galaxy x differs from the apparent
position X, because the universe is in fact not exactly
FRW. For convenience, we use a perturbed FRW metric of
the form

ds?> = a?[~(1 +2W)dp* + (1 —29)|dx[?], (8

where a is the scale factor as a function of conformal time
n, and ¥ and @ are scalar fluctuations as a function of space
and time. This is in the so-called conformal Newtonian
gauge. Observable quantities are of course gauge
independent.

Our goal is to relate the true position of a galaxy x to the
apparent position X, let

Xops = X + OX. ©))

Our task 1s to write down the different contributions to 6x,
and derive corrections 6A to the galaxy overdensity,

Ay = A + SA, (10)

where A, and A are the observed and true overdensity
respectively. The true overdensity needs to be defined
carefully, which we will do as we go over the different
effects.

A. The spatial Jacobian: Doppler/gravitational
redshift and lensing corrections

The two densities are related by
(l + Aobs)d3xobs = (1 + A)d3x' (11)
At first order in perturbations, the correction to the density

is therefore given by the Jacobian

SA ~ 1 — det. {%}. (12)

It is sensitive to both perturbations along the line-of-sight
and transverse to the line-of-sight.
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1. Gravitational and Doppler shifts: light propagation
effects in the line-of-sight direction

It is a familiar fact that peculiar motion contributes to the
observed redshift, and thus affects the apparent line-of-
sight position inferred from it. Gravitational redshift has a
similar effect. Combining the two,

5x :%[ﬁ-(V—VO) _W—h,  (13)

where 1i is the unit vector pointing from the observer to the
(apparent) position of the galaxy, V and W are respectively
the peculiar motion and gravitational potential (time-time
part of the metric perturbation) at the location of the galaxy,
and V, and ¥, represent the same at the observer’s
location. The fact that there is an overall factor of 1/H
comes precisely from the conversion between the observed
redshift and the line-of-sight comoving position, assuming
knowledge of the background FRW cosmology. It is
important to emphasize that the expression inside [ ] in
Eq. (13) includes only some of the large-scale structure
contributions to the net redshift of the object. However,
they are sufficient to account for all effects up to order H/k
when working out corrections to A, as we will see.

Note also that in Eq. (13) we keep only linear contri-
butions in the velocity and gravitational potential and we
neglect higher order terms. Zhao et al. [10] and Kaiser [11]
showed that in cluster measurements, terms quadratic in the
velocity are of the same order as the gravitational redshift
and cannot be neglected. Here however we are interested in
large-scale structure in the linear regime, where we can
show that V? <« W. Indeed, using that V ~ k/HWV, we have

k2
V2~ (ﬁ) Va5 U<, (14)

where in the last inequality we have used that § < 1 in the
linear regime. Equation (14) therefore justifies why second-
order terms can be neglected in Eq. (13) with respect to
linear relativistic terms.

2. Lensing: light propagation effect in the
transverse direction

Angular deflection orthogonal to the z direction is given
by the well-known expression [12],

o, == ["are-roi@sw. s
0

This expression is not exact, but once again, is adequate
within our approximation. Here, r is the line-of-sight
comoving distance, or approximately the z component of x.
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3. Combining the effects

Combining the gravitational/Doppler shifts and the
lensing effect into Eq. (12) one finds that the correction
to the density is, to first order in perturbations,

- NS
5A:—lAiﬁjviVj—/ dr'uv%_(\l/—l—@)
H 0 r
2 H ~Q 1 ATTY,
_ m+ﬁ]n(vi—V0i)+ﬁn[Vi+Vi‘I’}- (16)

The first line of Eq. (16) contains the well-known Kaiser
[13] and lensing corrections. The terms on the second line
are subleading, smaller than the first line by order H/k. In
working out the Jacobian, we have to take a derivative with
respect to z (i.e. r), and it is important to keep in mind the r
dependence hidden in time # (i.e. to the lowest order, # =
no — r where 5, is the conformal time today): this is the
origin of the velocity terms on the second line.

So far, we have not accounted for the fact that objects are
often selected by flux, and therefore there are further
(magnification bias) corrections. They will be included
below. The lensing correction in the first term accounts
only for the fact that galaxy density is diluted by lensing
magnification, due to a purely geometrical stretching of the
apparent area on the sky.

B. Connecting observables on the light-cone
to observables at equal time: Light-cone
and evolution corrections

Note that the expression A + 6A should be understood
as being evaluated at position x, and at time n =5, — 7,
with 7, being the conformal time today (actually, the
precise 7 is slightly different from 7, — r due to photon
propagation in a perturbed universe, but the difference
would only contribute to terms higher order in fluctua-
tions). It is crucial to keep in mind that the time 7 is tied to
the location x (or its z component). In other words, a galaxy
further away also emitted the observed photon further back.

To understand how this affects the observed galaxy
overdensity let us connect these to fluctuations at a fixed
time, say 7,. This seems straightforward,

[A +5A], ~ [A + 64, —|—§7[A +6All, (n—n.), A7)

with #—#, small compared to Hubble time, i.e.
H(n—n.) < 1. The time difference n —n, can also be
thought of as the spatial difference along the line-of-sight
r. —r where r, =#ny—n,, and thus the smallness of
H(n —mn,) has the same meaning as the smallness of
H/k. In the spirit of keeping only terms up to O(H/k),
we need only keep O(1) terms in (9/9n)[A + SA], mean-
ing only A and the first line contribution to 6A [Eq. (16)]
needs to be included in this derivative. We refer to the
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FIG. 3 (color online). ~Schematic representation of the light-cone
effect. Due to the peculiar velocity of the two galaxies G and G,
the true line-of-sight separation between them, ' — r, differs from
their line-of-sight separation at the time of interest #,: ' — u.

second term on the right of Eq. (17) as the evolution
correction, it obviously is related to the evolution of the
fluctuations at a given spatial position X.

There is, however, a more subtle effect arising from the fact
that galaxies have moved between the times # and 77,,, an effect
thatis not captured by differentiating the fluctuations at a fixed
x. Following Kaiser [ 11], we call this the light-cone effect. Itis
easier to explain by first imagining that all galaxies move with
the same velocity V. Let q be the position of these galaxies at
the time of interest #,. Their positions at time # is thus:
x = q + V(7 —7.). On the other hand, we know (x,7) lies
on the light-cone, meaning r = 5, — 1 (to lowest order); see
Fig. 3 for an illustration. The line-of-sight component of
x=q+ V(p—n,) thus tells us r=u+a'V,(n—n,) =
u+ a'Vi(r, —r), where u denotes the line-of-sight compo-
nent of q. Solving for r gives r — r, (which is also 7, — 1)
=(u—r,)/(1+aV,)~u—r,, thus telling us r = u+
A'V(r, — u), or more generally,

x=q+ V(r, —u). (18)

This provides the mapping between the galaxy position X on
the light-cone and the galaxy position q at the time of interest
n.. The Jacobian between them gives us an additional
correction to the density, connecting the density in X space
to the density (of interest) in q space, i.e.

i

Ox
A — A+ (1 —det.[aqj

D ~A+7V,.  (19)

This effect can be grasped in an intuitive way from inspecting
Fig. 3: due to the peculiar velocity of the two galaxies G and
G’, the true line-of-sight separation between them, r' — r,
differs from their line-of-sight separation at the time of interest
7, u' — u. This argument assumes V has no spatial depend-
ence. Ifitdoes, it would seem the Jacobian should introduce an
additional correction proportional to the divergence of V. One
recognizes that such a term is what contributes to dA /9r, and
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has already been accounted for by the evolution corrections in
Eq. (17). More precisely, if the galaxy number is conserved,
we know to linear order, —V,;V; = 0A /0y, which is con-
tained in the corrections in Eq. (17) already. The term 0A /Oy
could of course have additional contributions coming from the
fact that galaxies merge or form. In any case, there is no need
to account for the spatial dependence of V when working out
the light-cone effect. Note that in the general relativistic
derivation [5-7], the light-cone effect is automatically taken
into account in the four-dimensional space-time Jacobian.

Let us summarize, by combining Egs. (16), (17)
and (19),

- N
Aobs_A—iﬁiﬁfv,.vj—/ dr’uVi(\IH—(I))
H 0 r
2 H]., [
- {erﬁ}” (Vi=Voi) + o 'V, + VY]

(r.—r), (20)

. 1
+ AV, + 9 [A - —ﬁ’ﬁJV,-V]}
H My

on

where we have only kept terms up to order H/k. Note that
the time evolution correction from the lensing term is
implicit: one can expand the line-of-sight integral [ dr'...
around r = r,, and the first order correction will be
proportional to r — r, just like other evolution corrections
(on the last line). The right-hand side of Eq. (20) should be
understood to be evaluated at position x (we need not
distinguish between ¢ and x at this point because the
difference would contribute terms of higher order in the
context of this equation), and at time = 7,.

Equation (20) is perfectly compatible with the general
relativistic expression of [6,7], up to order H/k (see also
Eq. (A7) of Appendix A). The only difference is that here the
evolution term (third line) has been made explicit, whereas in
[6,7] it is part of the standard term (first two terms).

C. Observational selection effects

Lastly, we wish to include three selection effects related
to observations: magnification bias, radial density varia-
tions and the Alcock-Paczynski effect.

1. Magnification bias

Galaxy samples are often flux limited. This means the
magnification of the flux by intervening structure causes
the apparent density to fluctuate. The lensing term in the
first line of Eq. (20) already accounts for the simple
geometrical stretching of the apparent area. Here, we want
to account for the fact that behind a magnified region, faint
sources that otherwise would not have made it into one’s
sample now do. Previous calculations tell us that this effect
gives a correction of the form 5s5f/ 2, where 65 is the
fractional fluctuation in the flux, and s is the effective
number count slope (see e.g. [14,15]),
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s= s ([areomon) " [arfemn. ey

where Ny (f)df is the number density of sources with flux
ftdf/2, and e(f) describes the detection efficiency,
e.g. a step function would be an example with a sharp
flux threshold; in that case it can be shown that s =
dlog,oN/dm with N, being the number of galaxies
brighter than magnitude m. The flux fluctuation &, is
related to the convergence part, x, of the magnification
matrix 6, = 2« and has been calculated in [16,17] (see also
computations of the luminosity distance fluctuation:
0r = —20,4,, where 6, is the fractional fluctuation in
luminosity distance [18,19]). The magnification bias cor-
rection [to be added to the right-hand side of Eq. (20)] is
therefore (see also [7])

. 1 .
5Am.b. = 5Ss [—ﬁ’Vi + mi’\ll(vl — VOi)

r - /
+1/ "= g vy e @2
2 0 r

2. Radial selection

Another effect we wish to include is the fact that in
practice we often do not know the selection function of a
given galaxy survey precisely. The correct fluctuation A
should be (n — i) /n, where n is the number density and 7
its mean. In practice, we do not know 7 precisely; suppose
the assumed mean density 7n differs from 7 in the form
n=rn(l—056Ay.). It is easy to see that A, which is
inferred from (n — 1) /7, would contain a correction which
is 0Ay;, to lowest order. Since the selection function is
typically smooth, we can Taylor expand dA, around the
mean redshift of the survey,

5Asel. ~ (l,(l’ - r*)’ (23)

where a, is simply a constant, describing the slope of the
extent to which the assumed selection function differs from
the true selection function. We neglect here higher order
terms in the Taylor expansion, « (r—r,)?, which are
symmetric around r, and would therefore not contribute
to the antisymmetric correlation function.” Note that Ol
could in principle contain a constant piece as well, but such
a piece is generally removed by ensuring that the density
averaged within the survey is zero. Note also that we
assume the only selection issue is in the z direction. This is
not true in general: there could well be a similar selection

*Note that the cross-correlation between a linear term and a
quadratic term would give an antisymmetric contribution propor-
tional to (r — r,)3. Such a contribution is however negligible as
long as the redshift width of the survey is smaller than its depth
r—r, Lr,.
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issue in the angular directions as well; we will ignore this
possibility. As we will see, a term like Eq. (23) would not
give an interesting asymmetry in the cross-correlation
function, even though it looks like it could.

3. Alcock-Paczynski effect

Finally, the last effect we want to discuss here is how
using a (slightly) wrong background cosmology can
impact the observed overdensity of galaxies A. We need
to assume a cosmology when transforming redshift
coordinates (at the level of the background) to comoving
coordinates. Let us denote by € the true cosmology, and
by Q = Q + 6Q the wrong cosmology, that we are using
to infer r from z. The wrong r is a function of the
redshift and of the wrong cosmology, r = r(z,Q), and it
is related to the true r by

or(z,Q)

r(z,fl) =r(z,Q+6Q) = r(z,Q) + o0

-6Q, (24)
where we have neglected higher order terms in the Taylor
expansion based on the fact that our knowledge of the
background cosmology is relatively accurate, i.e. that
6Q/Q <« 1. Note that the direction fi of the incoming
photon is not affected by the transformation from redshift
to radial distances.*

The overdensity of galaxy then reads, in term of the
wrong comoving coordinates,

A(r(z,Q).8) = A(r(z.Q).h)
N dA(r(z,Q), 1) 0r(z,Q)
dr 0Q

-0Q.  (25)

Here d/dr is a total derivative, that takes into account that if
r is wrongly inferred from z, then the conformal time
coordinate # = 5, — r will also be wrong:

d_A:8_A OAdn_a_A_G_A (26)
dr  Or

Ondr  Or on
Combining Egs. (25) and (26) gives a correction in the
overdensity, AP, of the form

. 0r(z,Q)

ANP(r ) = (9, = 0 A(r ) 2260, 2T)

The first term, proportional to 0,, brings in an additional
factor k and seems therefore to give an important contribu-
tion at small scales. In Sec. Il D we will see however that

“This however does not mean that the transverse separation
between a pair of galaxies is not affected by the Alcock-
Paczynski effect. On the contrary, from Fig. 4 [and Eq. (43)]
we see that if 7 and ' are wrongly inferred, then the comoving
separation d between a pair of galaxies is also wrongly
calculated.
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this contribution is suppressed and that the antisymmetric
Alcock-Paczynski effect is actually smaller than the other
antisymmetric contributions by a factor 6Q/Q < 0.01.

D. The total observed overdensity

Putting Eqs. (20), (22), (23) and (27) together, we finally
obtain

1 o r - /
Aoy = b+ —— A1V, V, —/ ar =7 (w4 @)
H 0 r

2 H A 1 ADTY, ~
[rH Hg] (Vi— Vm)‘*‘ﬂ” Vi +V, ¥+ 'V
0 1

b-6——AAIVV,|| (r—
377{ H }m(r ™)

. 1 .
+ 5S |:—fllvi —I——Hﬁ’(V, — VOi)

Ll g (\If+<1>)]

2 Jo
+a(r—r)+ AAP (28)
where we have related the true galaxy overdensity A to
the matter density contrast® § with the bias b.
Equation (28) is perfectly compatible with the general
relativistic result of [6,7], up to order H/k. Our derivation
provides therefore an intuitive explanation of the H/k
terms contributing to the relativistic correlation function.
To that we are adding two selection effects: the radial
selection effect and the Alcock-Paczynski effect, in the
last line of Eq. (28).

The goal of our paper is now to identify the terms that
would give rise to an asymmetry in the cross-correlation
function i.e. squaring the above but keeping track of the fact
that there are two populations of galaxies. As explained in
Sec. I, terms that turn out to contain a single gradient of the
potential give rise to an asymmetry: these are terms on
the second and fourth line of Eq. (28), as well as some of
the terms in A?P. Evolution terms, which scale as r — r,,
also give rise to an asymmetry—they are those on the third
line; there are also contributions from expanding the
lensing terms on the first and fifth lines around r~ r,.
The first term in the last line—the radial selection effect—
does not give anything interesting, since its only possible
antisymmetric contribution to the cross-correlation func-
tion comes from something like (bda,(r —r,)) which
vanishes because a, is not a fluctuating variable. We will
henceforth drop this selection effect term from A .

Here & denotes the density contrast in the comoving gauge,
where the simple linear relation between the galaxy and matter
density is valid [20,21]. Note however that the differences
between the different gauges are of order H2/k?, i.e. negligible
for us.
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III. CORRELATIONS BETWEEN TWO
POPULATIONS

Let us now study in detail the cross-correlation of A
between two different populations of galaxies, that we label by
B for bright galaxies and F for faint galaxies, but F and B could
also refer to other selection criterion, such as color. In the
following we ignore the contributions of the observer velocity
V, that only contributes to a global dipole around the observer,
and we ignore the selection effect in the last line of Eq. (28) that
averages to zero when correlated with any stochastic variable.
For convenience we also do not write explicitly the evolution
effect [third line of Eq. (28)]: we simply absorb it into the
density and redshift-space distortion terms (first two terms on
the first line); the two terms should then be thought of as being
evaluated at time = 7 — r, instead of at some fixed fiducial
time 7. We will make the evolution terms explicit again in
Sec. Il B. With this, Eq. (28) becomes

Agye = b - 5—18( A)—/rd7(r_rr)rVi(\I/+<l>)

H
2 Evaskvaias
1
+5s[<m—l> i
/ = ’")rvi(xy+cp)]+AAP. (29)

It is convenient to group the terms in Eq. (29) into four
contributions: the standard contribution, the relativistic con-
tribution, the lensing contribution and the Alcock-Paczynski
contribution. With this the overdensity of bright galaxies
simply reads

Ap(z.h) = Af(z. i) + AF'(z, 1)
+ Ak (z,0) + AJP(z, 1), (30)
where
1
Ag(z,h) = bgd(z,n) —gﬁr(V -fi), (€29)
1 1. H 2
Arel ”‘ — r\I, —Vn—|—4+—-
B(20) =500+ V-0 [H2+rH
1 .
+ 55 <1 —m)]v i, (32)

S
0

0r(z,Q)

O,) (A + A + Af™) - - 6Q.

(34)
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The quantity by denotes the bias of the bright galaxies and sg
is their effective number count slope. Expressions (31) to (34)
are valid in any theory in which photons travel on null
geodesics; no assumptions have been made about the dynam-
ics of gravity. In theories in which the galaxies (i.e. non-
relativistic tracers) also move on geodesics, we can use the
Euler equation

V-h+HV-hH+0,0 =0, (35)
to simplify Eq. (32) to

. H o2 1 R
A%el(z,n) = —|:W+m+55‘3<1 —m>:|v‘n- (36)

The gravitational redshift effect, 0,%/H, is therefore
canceled by a combination of the light-cone effect and
part of the Doppler effect. The overdensity of faint galaxies
can be split in a similar way into a standard, relativistic,
lensing and Alcock-Paczynski contribution. These contri-
butions differ from the bright population through the bias by
and the effective number count slope sg. We can then
compute the cross-correlation function £8F between the two
populations

& (2.7.0) = (Ap(z.h)Ap(2 1)), (37)

Due to statistical homogeneity and isotropy £2F depends
only on the redshift of the bright galaxy z, the redshift of the
faint galaxy 7' and the angular separation between the
bright and the faint, that we denote by 6 (see Fig. 4).° £BF
contains four contributions:

¢z, 7, 0) = (A(z,0)AR (7, 1)), (38)

grel(z’z/,9> — <Ast(z’ﬁ>Arel( / ﬁ’)>

<Are](Z,H)AS[( / A/)>’ (39)

glens(z’zl’g) <Ast(z’ )Alens( / A/)>

+ (A5™(z. 1) A} (2 1))
+ (AE™(z. D) AE™ (2, 0))),  (40)

®It is worth underlying that here z, 7’ and @ are the observed
redshifts and angular separation. However the important point is
that we are now allowed to relate these observed quantities to the
comoving radial coordinates r and r and to the transverse
separation x, using background expressions with the wrong
cosmology. All the effects arising from the fact that fluctuations
in the observed redshift and the use of a wrong cosmology modify
the comoving distances have already been consistently included
in the observed A up to linear order.
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FIG. 4. Schematic representation of the position of the bright
galaxy (B) and faint galaxy (F) with respect to the observer (O).

(:AP(Z,ZI,e) — <(Ast +Arel +Alenb><2, )AAP(Z f )>

<AAP(Z, )(Ast+Arel+Alenb)<Z/ ﬁ/)>
41)

Note that in Eq. (39) we have neglected the correlation
between the relativistic terms (A%!(z, i) AR!(7/, /")) since it
is a factor H/k smaller than the other two terms. We also
neglect the correlation between the relativistic term and the
lensing term that, as will become clear in Sec. III C, are
subdominant both in Eq. (39) and in Eq. (40). Finally in
Eq. (41) we neglect the contribution (A3P(z, i) ARP (7, A'))
since it is quadratic in §Q/Q < 1.

We now want to calculate the antisymmetric part of £8F
that, as we will show hereafter, provides a way of isolating
the relativistic part of the correlation function, 5“’1. Since we
have split galaxies into two populations, we are able to
differentiate faint galaxies that are in front of a bright
galaxy, from faint galaxies that are behind a bright galaxy.
One simple way to exploit this information is to expand the
two-point correlation function in multipoles around the
bright galaxies. More precisely, denoting by f the angular
position of the faint galaxy with respect to the bright one
(see Fig. 4) we can expand the correlation function in
multipoles of f. Even multipoles will contribute to the
symmetric part of &8 whereas odd multipoles will con-
tribute to the antisymmetric part.

A. Relativistic contribution

Let us start by calculating the relativistic contribution £
in the full-sky regime. Following Refs. [22-26] we expand
&el in tripolar spherical harmonics. We introduce a coor-
dinate system where the triangle formed by the observer, the
bright galaxy and the faint galaxy lies in the (x;-x,) plane
(see Fig. 5). The unit vector N connecting the bright to the
faint galaxy is chosen to be aligned with the x, axis. In this
coordinate system the directions i, i’ and N all have a polar
angle 0= 7. The azimuthal angle of N is zero and we denote
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A /

X

>
r

O X4

FIG. 5. Definition of our coordinate system. The triangle
composed of the observer (O), the bright galaxy (B) and the
faint galaxy (F) lies in the (x;-x,) plane. The unit vector N
relating the bright to the faint galaxy is parallel to the axis x,. In
this coordinate system, the azimuthal angle of the bright galaxy f
is also the angle between fi and N.

by a the azimuthal angle of i’ and f the azimuthal angle of
. Note that f is also the angle between the directions i and
N: it is therefore the angle in which we want to perform our
multipole expansion. The coordinate » = 5, — #, denotes the
radial comoving distance of the bright galaxy, r' = ny —#/
the radial comoving distance of the faint galaxy, and d is the
comoving distance between the bright and the faint galaxies.
Our goal is to express the correlation function in terms of this
new coordinate system, more precisely as a function of r (or
n), d and f. Note that here we consider # as an “observable”
coordinate, in the sense that we can relate it to the measured
redshift z using the background relation between redshift and
comoving time. The perturbations of the redshift have been
consistently included in the derivation of the observed
galaxy overdensity.

A detailed derivation of the two-point function & is
given in Appendix B. Here we simply write the final result,

2A
9Q2 7*
+ R; cos(a) cos(2f) + Ry cos(p) cos(2a)
+ Rs sin(a) sin(2f8) + R sin(p) sin(2a) }, 42)

gl = {R cos(a) + R, cos(p)

where the coefficients R to R are given in Appendix B.
These coefficients depend on r, ¥ and d. We can then
explicitly rewrite Eq. (42) in terms of r, d and f using the
trigonometric relations

r = \/}"2 + d> + 2dr COS(,B), 43)
d + rcos(p)
— , 44
os(a) V12 + d + 2drcos(p) 9
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sin(a) = rsin(p) L @)

/P +d* + 2drcos(f)

Note that Eq. (42) agrees with the previous calculation
of [25,26].

Expression (42) is valid in the full sky. For small angular
separations between the bright and faint galaxies it can be
further simplified. Indeed in this case d < r so that
expressions (43) to (45) can be expanded in series of
d/r < 1. Moreover, the coefficients R; to Rg are smooth
and slowly varying functions (see Appendix B). In the
regime where |r/ — r| < r these functions can be Taylor
expanded around r,

o) = alr+ 7 = 1) = g(r) + 4 () = 1)

= glr) + g (1) cos(p), 6)

where here a prime denotes a derivative with respect to r.
In this regime, at lowest order in d/r, expression (42)
becomes

2A H

&l(r,d,B) = WFODH{M(CZ) - Py(cos p)

x[(%+%)(b3—b1:)+(%—1)

x (5(sgbp — spbg) + 3(sp — SF)f)]

Fuala)Pieosp2 (1= ) on = s .

(47)
where all the functions are evaluated at r. Here D, is the

linear growth factor, P; and P; are the Legendre poly-
nomial of degree 1 and 3, respectively, and

o dlnD1
f= dlna’
dk [ k3
ve@ = [ (5) G Wi ea
Z=1,3. (48)

We see that the relativistic correlation function is completely
antisymmetric around the bright galaxy: & (r,d, f + ) =
—&(r, d, ). It vanishes when by = b and sg = sg. This
shows that to measure the relativistic correlation function at
lowest order in d/r it is essential to have two distinct
populations of galaxies. From Eq. (47) we see that if there is
no magnification bias, sg = sg = 0, then the relativistic term
has only a dipolar modulation. With magnification bias
however, we have also an octupole modulation.
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At higher order in d/r, Eq. (47) receives two types of
corrections. First, the evolution of the density and velocity
growth factor generates corrections to the coefficients R; to
Rg, that can be calculated using Eq. (46). Second, observa-
tions are performed on our past-light-cone, and the directions
i and fi’ are not parallel. In the wide-angle regime, this
induces geometrical corrections to the relativistic correlation
function that can be calculated by expanding Egs. (44) and
(45) at next order in d/r. At linear order, d/r, these
corrections produce a quadrupole, P,(/3), and hexadecapole,
P,(f), modulation. From this we understand that the
contribution of the relativistic terms to the even multipoles
is strongly suppressed with respect to the standard density
and redshift-space contributions. In addition to the well-
known H/k suppression, there is an extra suppression due to
the factor d/r. This is consistent with the analysis of [27]
which shows that the relativistic terms have a very negligible
effect on the even multipoles. On the other hand, from
Eq. (47) it is clear that the dipole does not suffer from this
extra d/r suppression and is therefore much more promising
to measure relativistic corrections.

B. Standard contribution

We now perform the same derivation for the standard
correlation function £, As shown in [23-25] in the full-sky
&t reads

24
& = gag (51 + 82c08(26) + Sy cos(2a)

+ 84 cos(2a) cos(2f3) + Sssin(2a) sin(28)},  (49)

where the coefficients S; to S5 are given in Appendix C.
They depend on r, ' and d. Using Egs. (43) to (45), we can
express &% as a function of r,d and . In the small-angle
regime, and using the expansion (46) we find that at lowest
order in d/r, the standard correlation function & takes
the form

{ [bBbF +(bp+ b + ﬁ} o(d)

5
2
=0+ 0% + 2 e Pateosp

7
8,2

+¥ﬂ4(d) 'P4(COS/3)}7 (50)

2AD?
972Q2,

&l(r.d.p) =

where all the functions are evaluated at » and

) = [ () o PR (k. £ =0.24

At lowest order in d/r we see that the standard correlation
function is completely symmetric: it contains a monopole, a
quadrupole and an hexadecapole. This is simply the well-
known Kaiser formula [13,28,29].
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Comparing Egs. (47) and (50) we see that at order zero in
d/r, the odd multipoles are only generated by the relativ-
istic terms, whereas the even multipoles are only generated
by the standard terms. The antisymmetric correlation
function provides therefore in principle a clean way to
isolate the relativistic terms from the standard ones. This
distinction between the standard and relativistic terms
based on their symmetry has already been discussed by
McDonald in [2]. Instead of looking at the correlation
function, Ref. [2] studies the power spectrum and shows
that the relativistic terms contribute to the imaginary part of
the power spectrum whereas the standard terms contribute
to the real part.

This distinction (in redshift space or in Fourier space)
suffers however from a caveat. Indeed since the amplitude
of the standard terms is enhanced by a factor k/H ~ r/d
with respect to the relativistic terms, it may not be sufficient
to keep only the lowest order in d/r in the standard term.
Even in the regime where d/r < 1 it is possible that the
next-to-leading order in the standard terms, i.e. the term
linear in d/r, contaminates the lowest order in the relativ-
istic terms, (d/r)°.

Let us therefore calculate the linear order d/r. We are
interested in the antisymmetric correlation function at
this order,

1
st 5 (& (r, 7, d) — &Y, r,d)]. (51)

The coefficients S, S, and S3 are not symmetric under
the exchange of r and /' due to their dependence on the bias
by and bg. They will therefore contribute to the antisym-
metric part of the correlation function. As an example,
let us look at the first term in the coefficient S|, which is of
the form

by (r)bp(r') Dy (r)Dy(r)uo(d).

The antisymmetric part of this term is

S Ba (P () — ba (e (AP ()1 (o)
=L [ba (15 (r) — by ()bs (MDA Ia(d) Lcos(p).

where in the second line we have used the expansion (46)
and kept only the linear order in d/r. We see therefore that
the difference in the evolution of the bright and faint
galaxies generates a dipolar asymmetry in the standard
correlation function.

In addition to this kind of asymmetry due to evolution,
there is another asymmetry related to the fact that we
observe on our past light-cone. As a consequence, under
the exchange of r and ', # does not transform as §§ + z but
as f+x— 60 = a+ n, where 0 denotes the angular sepa-
ration between the two galaxies (see Fig. 4). This generates
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an additional dipolar modulation in &%, In particular, at
linear order in d/r, the term S,(r, ') cos(2f3) in Eq. (49)
becomes under the exchange of r and 7/,

Sy(r,r) [Cos(zﬂ) + 46;1 (cos - C053ﬂ)} ’
and the term
S3(r. ) cos(2a) = Sx(r. ') [""S(zﬂ )4 cos—cos's )} ’

becomes under the exchange of r and 7/,
S3(7, r) cos(2p).

These terms therefore generate an additional asymmetry in
the correlation function of the form 4d/r(cos 8 — cos® f).
Note that the terms S; and S5 do not contribute to the
antisymmetric correlation function since they are symmet-
ric Su(r,r") = S4(¥',r) and Ss(r,7’) = Ss(#, r) and their
associated angular dependence is also symmetric:
cos(2a) cos(23) and sin(2a) sin(2f3) do not change under
the exchange of r and 7. Putting everything together we
find that the antisymmetric correlation function has a total
dipolar modulation of the form

2
Giolrd.B) = sk {~(ow = b))
by =00 L ()~ S0
=L 0= ) (@)~ 2|

_|_

NS

d
(bubl = Byor) )| 4Py o)
(52)

and an octupole modulation of the form

2AD? 2 !
40) = gk { =00 L — 0y =)L
, A rf d
# 0 =0 L) 2 Peosp). 53

where all the functions are evaluated at position r and a
prime denotes a derivative with respect to r. Comparing
Eq. (52) with the dipolar modulation of the relativistic term,
Eq. (47), we see that the standard contribution is suppressed
by a factor d/r with respect to the relativistic contribution.
As discussed before this reflects the fact that the relativistic
term is intrinsically antisymmetric, due to its direct
dependence in the line-of-sight peculiar velocity, whereas
the standard term is intrinsically symmetric. The
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asymmetry of the standard term comes from the evolution
of the bias and growth factor [lines 2 to 4 in Eq. (52)] as
well as from the wide-angle correction related to the fact
that we observe on our past light-cone (first line). As such
this dipolar modulation tends to zero with d/r. On the other
hand, the standard term depends on the functions u,(d) that
are a factor k/H larger than the functions v,(d) in the
relativistic term. Hence Eqs. (52) and (53) can potentially
be of the same order of magnitude as Eq. (47).

C. Lensing contribution

The lensing contribution in Eq. (40) contains three types
of term: the correlation between the density of the bright
galaxies and the lensing of the faint galaxies £&M, the
correlation between the density of the faint galaxies and the
lensing of the bright galaxies &', and the lensing-lensing
correlation &%, These three terms can be calculated using
Limber approximation, in which the contributions of k| =
k - i to the power spectrum are neglected. In this approxi-
mation the correlation between redshift-space distortions
(sensitive to k only) and lensing vanishes. The first term
reads

2A r(r —r) D%(r)

lens _ /
b1 = 5n () 5se() =2 2 g — )
0 kl 2 2
X/ dkj_ F T (kJ_)Jo(kJJAXJ_D, (54)
0 0

where 0(x) is the Heaviside function: (x) = 1 ifx > 0 and
zero elsewhere. Equation (54) describes how the density of
the faint galaxies is lensed by the density of the bright
galaxies that are in front, i.e. with r < . The second
contribution, 5{?{‘5, describes how the density of the bright
galaxies can be lensed by the density of the faint galaxies in
front of the bright. This term has exactly the same form as
Eq. (54), with by replaced by bg, sg replaced by sg and r
and ' exchanged. It contributes to the correlation function
only if r > /. To that we need to add the lensing-lensing
correlation that can also be simplified using Limber
approximation. Putting the three terms together and keep-
ing only the lowest order in d/r we find

24 odk, (ki3
glens — m A k—j <H—LO> Tz(kJ_)JO(kJ_|AxJ-|)

X {3QmH8(5sB —2)(5sg —2)

[ DR =P
[) d a*(vr)  4r°

+ [bg(5sg — 2)0(cos B) — bp(5s5 — 2)0(—cos )]
i)
2a(r)

X

Hod cos(p) } (55)
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The multipole expansion of this expression is not trivial,
due to the dependence in S of the argument of the Bessel

function |Ax,| = d\/1—cos’(f). The multipoles can
however easily be calculated numerically by projecting

Eq. (55) over the Legendre polynomial

20 +1
2

1
élem — /_1 dﬂflens(r, d,ﬂ)Pf(ﬂ), (56)

where p = cos(f). If one considers only one galaxy
population, bg = b and sy = s, the lensing contribution
Eq. (55) is completely symmetric and only the even
multipoles are nonzero (see [15] for a detailed study of
the lensing anisotropies with one population). However,
when bg # br and sg # sg there is a an antisymmetric
contribution to the correlation function, due to the fourth
line of Eq. (55), which reads

lenb — [élenb(r rl d) élens(rl’ r, d)]

BN
S
,L"

= [bB (5sp —2) — bp(5sg — 2)]

x Hod cos(p) - A “% (%)3#(&)

x Jo(k dy\/1 —cos*(B)). (57)

The lensing-lensing correlation does not contribution to
this antisymmetry at lowest order, where r = 7/, but it
would contribute at next-to-leading order. The dipolar
contribution is then simply

N
)
3
8
E\

3
&y = / dAu&s™ (r.d, ) Py (u). (58)

Comparing Eq. (57) with the relativistic and standard
dipolar contributions Egs. (47) and (52), we see that the
lensing contribution is suppressed by a factor Hyd with
respect to the relativistic contribution, and by a factor
Ho/k ~ Hod with respect to the standard dipole contribu-
tion. This suppression is due to the fact that the lensing is
sensitive to the projection of the density perpendicular to
the line-of-sight. Consequently, the lensing contribution to
the dipole will be negligible with respect to both the
relativistic and the standard contributions.

D. Alcock-Paczynski contribution

The Alcock-Paczynski contribution in Eq. (41) can be
rewritten as

8,7«)Ap(r’,ﬁ’))g—g 5Q

A or
WA 8) 000, (59)

E = (Ag(r.0) (0, —

+ <(ar - an)AB(
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where Ay regroups the standard, relativistic and lensing
contributions,

Ag = A} + AF' + AF™, (60)

and similarly for Ap. We can Taylor expand r'(z/,Q)
around z so that

ar’(z/,§2)5Qz (9r(z,§2)_ 7—z OH
0Q 0Q H2(1 + z) 0Q
Olnr OJlnHd 0Q
_r[alng_alngicosﬁ]ﬁ' ©D)

1. Radial derivatives
Let us start by looking at the terms that contains radial
derivatives in Eq. (59). Using Eq. (61) the antisymmetric
contribution generated by this term is

A =2 (0, + 0,)[(Aa(r D) A &)
(A ) Ay ) 20T 52

— 20, (Ap(r. ) AR(F, /)

d OlnH 6Q

— (Ap(r,0)Ag(r, 1
The contribution from the first two lines brings in a factor
kr(ik - i’ — ik - fi). In the flat sky approximation, i’ = A,
and this term vanishes. In the full sky however, there
is a contribution proportional to kr(cosp — cosa)=
kr(cos’f —1)d/r. We see that the enhancement brought
by the radial derivative (~kr > 1) is counterbalanced by
the wide-angle correction (~d/r < 1). As a consequence
this contribution is roughly of the order of

[(Ap(r, 8)Ap(r, 07)) — (Ap(r, 1) Ag (7', 1))

Jlnr @
onQ Q°

N =

- (cos’p—1)

It is only generated by the antisymmetric terms in the
correlation function, and it is further suppressed
by 6Q/Q < 0.01.

The contribution from the two last lines in Eq. (62) is of a
similar order. The radial derivative generates a factor ikrk -
i’ which, combined with the other terms, gives a contri-
bution proportional to kr cos cos ad/r = krcos*fd/r. As
previously, the factor d/r counterbalances the enhancement
kr, so that the contribution is of the order

[(Ap(r, B)Ap(r, 07)) —
OInH 6Q
amQ Q°

(Ap(r, i) Ag(r, 1))

| =

os’f
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This term as well is only generated by the antisymmetric
terms in the correlation function, and it is further sup-
pressed by 6Q/Q < 0.01.

These antisymmetric contributions are therefore negli-
gible with respect to the relativistic and evolutionary
standard terms. In Appendix D we give an explicit
calculation of one of these contributions.

2. Time derivatives

The antisymmetric contributions with time derivatives in
Eq. (59) read

AP _
N

(O + 0y ) [(Ap(r, B) Ap(r, 1))

>>]ﬁlnr @
0lnQ Q

Oy [(Ap(r,R)Ag(r 1))

d OlnH 6Q
— "~ / A/ — —_— e —
(Ap(r,n)Ag(r,1"))] rcos/)’(91119 o

N

AF(r, ﬁ)AB(r’, ﬁ/

+

| =

(63)

Contrary to the radial derivatives, the time derivatives 0,
and 0,y do not bring any additional k factor. Using that 9, A
is roughly of the same order of magnitude as A and that the
time derivatives do not change the symmetry of the various
contributions, we see immediately that the contribution
from the first two lines is only generated by the antisym-
metric correlation function and that it is further suppressed
by 6€Q/Q. The contribution from the two last lines is
manifestly antisymmetric due to the cosf, and it is also
suppressed with respect to the standard terms that have a
similar factor d/r but not the extra factor 6Q/Q. In
Appendix D we give an explicit calculation of one of
the time derivative contributions.

In summary, this calculation shows that the Alcock-
Paczynski effect does not generate any new antisymmetric
terms in the correlation function. It only induces corrections
to the antisymmetric contributions that already exist (namely
those created by the relativistic terms and the evolution of the
standard terms). Since the Alcock-Paczynski corrections are
suppressed by a factor 6Q2/Q < 0.01, we can safely neglect
them in our analysis.

E. Extinction

Before computing the amplitude of the different terms,
let us mention one additional effect that may generate
antis‘}/mmetries in the correlation function: dust absorp-
tion.” The existence of cosmic dust has been detected
recently in [30]. Measurements of the cross-correlation of
the brightness of high redshift quasars with the clustering of
foreground galaxies have indicated the presence of dust

"We thank Jeremiah Ostriker and the anonymous referee for
bringing this important point to our attention.
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well beyond the star forming region of the galaxies. In [31],
it has been shown that this extended dust, which is
correlated with galactic haloes and the large-scale structure,
generates anisotropies in the two-point correlation function.
Here we also expect that it would generate antisymmetries
in the cross-correlation between faint and bright galaxies. A
faint galaxy behind a bright one will indeed be obscured by
the dust correlated with the bright galaxy, whereas a faint
galaxy in front will not. If the bright and faint galaxies are
associated with the same amount of dust, this effect will
cancel out in average. But if the dust depends on the galaxy
population (which is expected) then it will generate anti-
symmetries in the cross-correlation function. We defer the
calculation of the this effect, which requires a careful
modelling of the dust distribution, to a subsequent paper.
Note however that it should be possible to separate this
effect from the relativistic term by using the fact that dust
extinction depends on the colour of galaxies whereas the
relativistic contribution does not.

IV. RESULTS

We now compare the relativistic, standard and lensing
contributions in a flat ACDM universe. We choose n, = 1,
Q,, =0.24, h = 0.73 and o3 = 0.75 so that the primordial
amplitude of the power spectrum is A = 1.8 x 1078, We
use CAMB [32] to compute the transfer function 7'(k). We
ignore magnification bias (except in Fig. 10) so that sz =
sg = 0 and we assume that the bias of the bright and faint
galaxies evolves as [33]

bg(z) = 1+ (bl — 1) g 11((2")) : (64)
be(z) = 1+ (bl — 1) ’Z 11((?)) , (65)

where b§; and b are the initial values of the bias at redshift
z; = 3. We choose bj; and bk such that at z = 0.5 bg = 2
and bg = 1.5. With this we have that at z = 0.25: by = 1.9
and bp = 1.45, at z = 1: bg = 2.25 and b = 1.62 and at
2=2: by =28 and by = 1.9.

A. Comparison of the multipoles

In Fig. 6 we plot the amplitude of the monopole, the
quadrupole and the hexadecapole, calculated in Egs. (50)
and (56). The redshift of the bright galaxy is kept fixed and
the multipoles are plotted as a function of the comoving
separation d. The top panel is for zg = 0.25 and the bottom
panel for zg = 1. We see that at small scales the monopole
dominates but at large scales d > 50h~! Mpc the quadru-
pole becomes important. The hexadecapole remains a
factor 10 times smaller than the quadrupole at all scales.
The lensing contribution to the monopole and quadrupole is
smaller than a percent at all scales. The contribution to the
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FIG. 6 (color online). The monopole (blue solid line), quadru-
pole (red dashed line) and hexadecapole (magenta dotted line)
plotted as a function of d. The top panel is for zg = 0.25 and the
bottom panel for zg = 1. In both cases, the monopole is positive
at small scales and negative at large scales. The quadrupole is
always negative, whereas the hexadecapole is always positive.

hexadecapole is however more important: at d 2
100471 Mpc the lensing contributes to 5%, whereas at d =
200A~" Mpc it reaches 35%. In all cases the dominant
lensing contribution comes from the cross-correlation
between the density and lensing. The lensing-lensing
correlation is always at least 3 orders of magnitude smaller.

In Fig. 7 (top panel) we plot the amplitude of the total
dipole, i.e. the sum of the relativistic contribution, Eq. (47),
the standard contribution, Eq. (52) and the lensing con-
tribution, Eq. (58). The different curves are for different
redshift values of the bright galaxy, from zg = 0.25 (top) to
zg = 2 (bottom). We see that the dipole decreases with d
and with redshift. The bottom panel of Fig. 7 shows the
ratio of the dipole over the monopole for the same four
values of redshift. The dipole decreases less quickly than
the monopole with d so that the ratio becomes larger at
large scales. This is due to the fact that the dipole contains
relativistic effects that are suppressed by a factor H/k with
respect to the standard terms. At small d, both the
monopole and the dipole are sensitive to small wavelengths
k > 'H and the dipole is therefore strongly suppressed with
respect to the monopole. At large d however, the long
wavelengths k ~ H start to contribute so that the suppres-
sion becomes less and less effective.

PHYSICAL REVIEW D 89, 083535 (2014)
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FIG. 7 (color online). Top panel: the total dipole as a function of
d at zg = 0.25 (blue solid line), zg = 0.5 (red dotted line), zg = 1
(magenta dashed line) and zg = 2 (green dash-dotted line). The
dipole is positive, except at zg = 2 where it changes sign. Bottom
panel: the ratio of the total dipole over the monopole for the same
four values of zg.

In Fig. 8 we compare the amplitude of the different
dipolar contributions: the relativistic term (blue solid
line), standard term (magenta dotted line) and lensing
term (green dash-dotted line). The meaning of the red
dashed line will be explained in Sec. IV B. The four
panels correspond to four values of the redshift of the
bright galaxies zg = 0.25, 0.5, 1 and 2. We see that the
relativistic dipole is always positive; the correlation
function is therefore stronger for faint galaxies behind
the bright galaxy than for faint galaxies in front of the
bright galaxy. From Eq. (47), we see that the sign of the
relativistic dipole is governed by the bias difference by —
br > 0 (neglecting magnification bias, sg = sp = 0).
As discussed in more detail in Appendix B, this reflects
the fact that the dominant contribution to the cross-
correlation function is due to the gravitational redshift of
the faint galaxies weighted by the density of the bright
galaxies, og = bgy-o.

Interestingly, we see in Fig. 8 that the relativistic
contribution dominates over the other terms at all redshifts
and scales. This shows that the dipole provides a powerful
way to measure relativistic corrections in large-scale struc-
ture. Comparing the different panels we see that the relative
importance of the standard contribution versus the relativistic
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FIG. 8 (color online). The various dipoles as a function of d: the
relativistic contribution (blue solid), the standard contribution
(magenta dotted), and the lensing contribution (green dash-
dotted). The red dashed line is the standard contribution corrected
for the wide-angle effect as described in Sec. IV B. The four
panels are for redshift (from top to bottom) zg = 0.25, zg = 0.5,
zg = 1 and zg = 2. The relativistic dipole is positive and the
standard and lensing dipoles are negative.
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contribution increases with redshift. The lensing contribution
on the other hand remains always subdominant.

In Fig. 9 we show the ratio between the standard dipole +
lensing dipole, and the relativistic dipole (blue line):
(&xp 1 Ens) /&5, The meaning of the red dashed line will
be explained in Sec. IV B. We see that at small redshift
zg = 0.25 the standard and lensing contributions contami-
nate the measurement of the relativistic term by 47% at
d = 50h~! Mpc. This contamination increases with red-
shift and reaches 83% at zg = 2. Below we propose a
method to suppress this contamination and disentangle the
relativistic terms from the standard terms.

But before doing so let us first look at the octupole
modulation, plotted in Fig. 10. If there is no magnification
bias, the octupole only receives a contribution from the
standard term. With magnification bias however, the
relativistic term also contributes to the octupole and is
proportional to the slope difference sg — sg. This difference
depends on the characteristics of the survey. In Fig. 10 we
choose for illustration a difference sg — sg = 1. We com-
pare the relativistic octupole (blue solid line) and the
standard octupole (magenta dotted line). The meaning of
the red dashed line will be explained in Sec. IV B. The top
panel is for redshift zg = 0.25 and the bottom panel for
redshift zg = 1. We see that the relativistic term varies
strongly with redshift and becomes smaller than the
standard term at zg = 1. This is due to the pre factor (1 —
ﬁ) which decreases with redshift and passes through zero
around z = 1.7. The standard octupole is very similar to the
standard dipole: it is dominated by the wide-angle effect
which is the same as the one in the dipole, but with
opposite sign.

B. Isolating the relativistic contribution

Let us now discuss how to reduce the contamination
from the standard term (through wide-angle and evolution
effects) in the dipole and the octupole.

1. Removing the wide angle term

In Fig. 11 we compare the various contributions to
the standard dipole, calculated in Eq. (52): the black
solid line is the total standard dipole, the red dotted line
is the contribution from the first line of Eq. (52), the
magenta dash-dotted line is the contribution from the
second line, the green solid line is the contribution from
the third line and the dashed blue line the contribution from
the last line. We see that the contributions from the first line
and the last line dominate at most scales. The term in the
first line is a wide-angle effect, due to the fact that we
observe on our past light-cone. The term in the last line on
the other hand reflects the fact that the density of the bright
and faint galaxies does not evolve in exactly the same way
due to the different bias evolution.

We can use the specific form of these terms to remove
them from the dipole and octupole modulation and isolate
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FIG. 9 (color online). The blue solid line shows the ratio
between the standard dipole + lensing dipole and the
relativistic dipole (&, + &fn*) /&, plotted as a function of
d. The red dashed line shows the ratio between the corrected
standard dipole (described in Sec. IV B) + lensing dipole, and
the relativistic dipole as a function of d. The four panels are
for redshift (from top to bottom) zg = 0.25, zg = 0.5, zg =1

and zg = 2.
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FIG. 10 (color online). The various octupoles as a function of d:
the relativistic contribution (blue solid) and the standard con-
tribution (magenta dotted). The red dashed line is the standard
contribution corrected for the wide-angle effect as described in
Sec. IV B. The relativistic octupole has been calculated for
sg —Sp = 1. The top panel is at redshift zz = 0.25 and the
bottom panel at zz = 1. The relativistic octupole is negative
whereas the standard octupole is positive.

the relativistic terms. From Eq. (50) we see that the
quadrupole modulation is very similar to the wide-angle
dipolar and octupolar contamination. The quadrupole
contributes not only to the cross-correlation between the
bright and faint galaxies as in Eq. (50), but also to the
autocorrelation of the bright galaxies and the autocorrela-
tion of the faint galaxies. The difference between these two
autocorrelations reads

5%quad<r7 d’ :B) - ff:tquad(r, da ﬂ)
2A 4

_ 53 (bg — bg)D3 fuy(d) - Py(cosB).  (66)

Comparing Eq. (66) with the first term in Eq. (52) we see
that they differ only by a factor 3d/10r. Hence, we can
correct for the wide-angle effect by measuring the quadru-
pole of the bright and faint populations, taking their
difference and multiplying the result by 3d/10r. In
Fig. 8 the red dashed line represents the standard dipole
after having corrected for the wide-angle effect. This
corrected standard dipole is significantly smaller than the
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FIG. 11 (color online). The various contributions of Eq. (52)
to the standard dipole: the first line wide-angle effect (red dotted),
the second line (magenta dash-dotted), the third line (green solid),
the fourth line (blue dashed) and the total (black solid). The top
panel is at zg = 0.25 and the bottom panel at zg = 1.

relativistic dipole at all redshifts and scales. In Fig. 9 the
ratio of the corrected standard + lensing dipoles over
the relativistic dipole is plotted in dashed red. With this
correction, at d = 50h~! Mpc the contamination amounts
to only 5% at redshift zg = 0.25, 9% at zg = 0.5, 15% at
zg = 1 and 29% at zg = 2. Hence this correction greatly
improves the precision with which one can extract the
relativistic contribution from the dipolar modulation. Note
that this correction is completely model independent. It
does not require any modelling of the density evolution or
the bias evolution. It only necessitates a measurement of
the quadrupole of the bright and faint populations sepa-
rately. The exact same correction can be applied to the
octupole (with opposite sign) since it contains the same
wide-angle term, first term in Eq. (53). In Fig. 10 the red
dashed line represents the standard octupole after having
corrected for the wide-angle effect. This correction is even
more effective for the octupole than for the dipole since
the other terms in the octupole are strongly subdominant
with respect to the wide-angle effect.

2. Removing the evolution effects

To go further and correct for the other important term in
the dipole; i.e., the evolution term in the last line of Eq. (52)
is more involved. The shape of this term is given by p(d)

PHYSICAL REVIEW D 89, 083535 (2014)

and is therefore the same as the shape of the monopole term
in Eq. (50). The amplitude however is more complicated to
model since it is given by (bgb — bybr)D? and requires a
knowledge of the bias evolution.

One possibility that can help us determine the bias
evolution is to look at asymmetries in the autocorrelation
function of the bright and the faint population separately.
We argued in Sec. I that asymmetric correlation functions
can only be found by cross-correlating two populations of
galaxies. The validity of this statement depends however on
what we call an asymmetry and how the measurement is
done. An antisymmetry under the exchange of the position
of two galaxies in the pair can obviously only exist if one
cross-correlates two populations. However, an antisymme-
try around a fixed galaxy can exist even in the case where
one has only a single galaxy population. This asymmetry
was first discussed by [34].

Suppose we select galaxies situated at a redshift z,
(corresponding to a radial coordinate r, on our past light-
cone). Let us call these galaxies the central galaxies. We
then correlate the central galaxies with galaxies behind
them (i.e. at a higher redshift) with » = r, 4+ Ar, and with
galaxies in front of them (i.e. at a lower redshift) with
r =r, — Ar. It is important that in this process, z, for the
central galaxies is held fixed. The correlation function
E(ry,r,+Ar,|AX | |) needs not equal &(r,, r, — Ar, |AX |),
for some transverse separation |Ax | |, and radial separation
Ar. Their difference arises entirely from the evolution
terms, and not from the relativistic terms, that cancel out for
one population of galaxies. This shows that the asymmetry
around the central galaxies can be used to isolate evolution
effects. Let us emphasize that to do so, one needs to be
careful in the averaging procedure. It is essential to fix the
position of the central galaxies and only average over the
other galaxies. If one also averages over the redshift of
the central galaxies within the same volume as the other
galaxies, the evolution asymmetry is washed out, for in that
case, all galaxies are treated on equal footing and there
cannot be any asymmetry.

Denoting by r, the fixed position of the central galaxies,
one finds a dipolar modulation of the form

pop.  2AD; 4
‘:d?pp - 9202, {_nglfﬂz(d)

8 4 54 ]

+ DU nld) = (@) + )

+ r[(b + ]§C> (bDy)' + (g + ]g) (le)’} #o(d)
- {(% +¥) (fDy) +23—f(bD1>/}ﬂz<d)}

X iPl(cosﬂ), (67)

*
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where b denotes the bias of the galaxy population under
consideration. From this dipole—measured by averaging
around a fixed redshift where the central galaxies are
located—we can learn something about the bias evolution
of each population separately. This knowledge can then be
used in principle to eliminate the contamination to the
cross-correlation dipole from evolution effects, though
probably in a model-dependent way.

A more ambitious approach would be to make use of the
fact that the evolution effects contribute to both the
symmetric and antisymmetric parts of the cross-correlation
function, while the relativistic effects contribute only to the
latter. One of the distinguishing features of the evolution
effects is that they break translational invariance i.e. it
matters how far away the galaxies are from us (and
therefore how long ago they emitted the photons that reach
us). This can be used to isolate the evolution contributions
to the symmetric part of the cross-correlation function,
which can then be used to clean out their contributions to
the antisymmetric part. Details will be presented in a
separate paper.

C. Validity of our approximations

To finish this section, let us discuss the validity of the
approximations used in the calculation of the multipoles, in
Egs. (47), (50), (52) and (53). In these expressions we have
performed an expansion in d/r < 1 and kept only the
lowest order contributions. For the standard terms we have
found that the lowest order contribution to the monopole,
quadrupole and hexadecapole is (d/r)?, whereas the lowest
order contribution to the dipole and octupole is d/r. On the
other hand for the relativistic terms, we have found that the
lowest order contribution to the dipole and octupole is
(d/r)°, and the lowest order contribution to the quadrupole
and hexadecapole is d/r (the contribution to the monopole
is even higher). At small separation, d < r, these approx-
imations are expected to be accurate. However, at large
separation d ~ r, wide-angle corrections may become
relevant.

To quantify the importance of these corrections, we can
simply use the full-sky expressions, Eqgs. (42) and (49),
which can be expressed as functions of d, r and f using
Eqgs. (43), (44) and (45). The even multipoles can be
computed numerically through

20+1 [1
& =27 / i d )P ). (6)

At z=1, we find that the fractional monopole and
quadrupole difference between our approximation (50)
and the full-sky expression is smaller than a percent up
to 200h~" Mpc. At z = 0.25, this difference is smaller than
a percent up to 100A~! Mpc and reaches 7% at
200h~" Mpc. The hexadecapole on the other hand receives
larger corrections at wide angle: at z = 1 the fractional
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difference is of 6% at 200h~! Mpc, whereas at z = 0.25 it
is already of 20% at 100h~! Mpc. This suggests that at
small redshift, the full-sky expression for the hexadecapole
should be used for scales larger than 100h~' Mpc (see
[35-37] for a detailed study of the full-sky effects on the
even multipoles). Note however that here we are comparing
the approximation and full-sky expression at fixed redshift.
As shown in [27], averaging over wide redshift bins tends
to decrease the difference between small-angle approxi-
mations and full-sky expressions since for a given sepa-
ration d, there are more pairs of galaxies at high redshift,
where the small-angle approximation is better, than at low
redshift.

To compute the relativistic and standard dipoles in the
full sky, we first need to antisymmetrize Eqs. (42) and (49),
using that under the exchange of r and 7/, f becomes a + «
and a becomes f 4 z. We can then compute the dipole with

3 [l
& = 5/1 duéa(r.d, p)P(p). (69)

In Fig. 12 we plot the relativistic dipole (top panel)
and standard dipole (bottom panel) at z =0.25 and
z = 1. The solid curves are our approximate expressions
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FIG. 12 (color online). Comparison of our approximations
Egs. (47) and (52) with the full-sky expressions. The top panel
shows the relativistic dipole at z = 0.25 (top curves, red and black)
and z = 1 (bottom curves, green and black). The solid lines are the
approximations and the dotted lines the full-sky expressions. The
bottom panel shows the same quantities but for the standard dipole.
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Egs. (47) and (52) and the dotted curves are the full-sky
expressions. We see that the approximations recover well
the full-sky expressions at sufficiently small separations,
but are not accurate at very large separations. Up to
200h~!" Mpc, our approximations are however sufficient:
the fractional difference for both the relativistic and
standard terms is smaller than a percent at those scales
at z = 1 and a few percent at z = 0.25. The approximations
capture therefore very well the dipole behavior in the
regime we are interested in.

V. CONCLUSION

A lot of interest has been devoted recently to the study of
relativistic effects in large-scale structure [5-7,34,38—43].
In [5-7] a general relativistic derivation of the clustering of
galaxies has been presented, showing that besides redshift-
space distortions, two types of relativistic effects appear:
effects that are suppressed by power of H /k with respect to
the standard Newtonian terms, namely gravitational red-
shift and velocity terms; and effects that are suppressed by a
double power (H/k)?, namely gravitational potential terms,
integrated Sachs-Wolfe and Shapiro time delay. These
effects are expected to carry complementary information
to the standard density and redshift-space distortions and
may be useful to test dark energy and modified gravity
theories.

In this paper, we concentrate on the first kind of effect,
that are more likely to be detected first, and we investigate
how they can be isolated. The key point is to focus on the
cross-correlation between two different populations of
galaxies, and make use of the different symmetries
between the standard Newtonian terms and the relativistic
terms to disentangle them. If we ignore the time evolution
of the density and velocity perturbations, then in the flat-
sky approximation the standard terms are purely sym-
metric whereas the relativistic terms are purely antisym-
metric (up to contributions of the order 7?/k?, that are
subdominant). By performing a multipole expansion of
the two-points correlation function, we can therefore
unambiguously separate the relativistic terms from the
standard terms. Note that a similar multipole expansion of
the relativistic terms has been investigated in Fourier
space by McDonald [2] and Yoo et al. [3], and simulated
by Croft [4] (see also [34] for the case of one population of
galaxies).

In this paper, we show furthermore that the time
evolution of the density and velocity perturbations and
the wide-angle effects complicate the splitting: taking those
into account we have found that the standard Newtonian
terms also contribute to the antisymmetric correlation
function. However, this contribution is smaller than the
relativistic contribution and we have proposed a method to
measure and remove the majority of this contamination.
The antisymmetric correlation function, and more precisely
its dipolar modulation, seems therefore very promising to
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measure relativistic effects in large-scale structure. In a
forthcoming paper we will apply our method to SDSS data.

One can then wonder how these relativistic effects can be
useful in cosmology and what can be learned from them.
One potential application would be to use them to test dark
energy and modified theories of gravity. For example, we
have seen that in theories of gravity where the Euler
equation holds (i.e. galaxies move on geodesics: they
respect the equivalence principle), the contribution from
gravitational redshift cancels out with the light-cone effect
and part of the Doppler effect. This needs not be the case in
some classes of modified gravity models [9]. A measure-
ment of the relativistic effects can therefore be used to
perform consistency checks and to test for deviations from
the standard paradigm of general relativity + ACDM.

ACKNOWLEDGMENTS

C.B. thanks Alex Hall for interesting discussions,
Francesco Montanari for useful comparisons of the codes
and Marc-Olivier Bettler for his help with the figures. C. B.
is supported by the Herchel Smith Postdoctoral Fund and
by King’s College Cambridge. L. H. is supported in part by
the DOE under Contract No. DE-FG02-92-ER40699 and
NASA under Contract No. NNX10AH14 G.L.H. also
thanks Gary Shiu and Henry Tye at the IAS at the Hong
Kong University of Science and Technology for hospitality.
E.G. acknowledges support by Project No. AYA2009-
13936, Consolider-Ingenio CSD2007-00060, European
Commission ITN CosmoComp (PITN-GA-2009-238356)
and research Project No. 2009- SGR-1398 from Generalitat
de Catalunya.

APPENDIX A: SUMMARY OF THE
FULLY GENERAL RELATIVISTIC
CALCULATION OF A,

We present here a summary of the calculation of A,
based on Ref. [6] (note that here f is the direction of
observation, which points in the opposite direction as the fi
used in Ref. [6] which denotes the photon direction). We
start by calculating the redshift density perturbation 6,

defined as

. N(zh) _ (M)
8.(z.h) = p(z,rz;>—(z<)p>(2) NE 252(§)V(z)
_ N(z,h) = (N)(z) &V(z,h)
IE) v AP

where () denotes the average over the direction fi. The
observed galaxy overdensity can therefore be expressed in
terms of the redshift density perturbation 6, and the volume
perturbation
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N(z,h) — (N)(z) .. 6V(z,n)
W e TG

(A2)

Aobs(Z’ ﬁ) =

The redshift density perturbation can be related to the
density contrast by

_plz.h) —p(z) _ p(Z) +dp(z.n) — p(z)

e G
_ plz—62) + 3p(z.h) — p(z)
p(z)
_ p(z,h)  dpz(z,h)

P Y (A3)
p(z)  dz p(2)

where Z = 1/a(n) — 1 is the background redshift of a
Friedmann universe and 0z is the redshift perturbation.

The perturbation 6z can be calculated at linear order in the
metric potentials and &,(z, i) becomes

5,(z.n) =b~6—3V-ﬁ+3\IJ—37ZV+3/rdr’(<i>+‘if).
0
(A4)

Here 6 is the density contrast in the comoving gauge and b
is the bias.

The volume element can be expressed as (for more
details see [6])

v, . d D¢ X
V(Z,n) =30+ (cotéo +%)59+%+V-n
206r dér 1 doz
_—+ g
r di H(+7z) di

2 H 0z

(rH+H2 4) 142z’ (A3)
where A is the affine parameter of the geodesic, or denotes
the radial perturbation along the geodesic and 66, ¢ are the
transverse geodesic perturbations. These perturbations can
be calculated by solving the null geodesic equation for the
perturbed metric Eq. (8). With this we find for the volume
perturbation

oV

B 1. d(V-n)
=AY+ ®) +4V n+ﬁ{q>+a,\1r 7}

r

H 2 . roo .
+<ﬁ+m><W—V-n+A dr(CI)—F\I’))

—3/rdﬂ(<i>+\i/)+3/rdr’(<b+\ll)
0 0

1 [r r—v
__/O ar" = ng(@ 4 0), (A6)

r
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where Ag denotes the Laplacian transverse to the line-
of-sight.

Combining Eq. (A4) with (A6) the observed overdensity
of galaxies reads

1 1.
Aobs(zvﬁ) = ba——ar(Vﬁ)+_Vﬁ

H H
H 2 1
+<1_W_W>V'“+ﬁa’q’

L[ =7 H 2
—;/) dr p Ag(q)—f—\I/)—f—(ﬁ'f'm)
x {\If—k/rdr’(i)—l-\if)] —I—%/rdr/(q)—I—\I/)

0 0
1. H

U—20+—H—3-—-V.

+ +7

k (A7)

This is consistent with Eq. (29) to O(H/k), setting s = 0.

APPENDIX B: DETAILS OF THE DERIVATION
OF THE RELATIVISTIC TWO-POINT
CORRELATION FUNCTION

We want to calculate the relativistic correlation
function

&(z,7,0) = (AR (z, 0)AF (7, /)). (B1)
We use the Fourier convention
1 ;
Fxom) = —— / Phe*f(k,n), (B2
(2r)

and we relate the density, velocity and Bardeen potentials
to the initial metric perturbation ¥; (k) via the transfer
functions

D(k.n) = Tp(k.n) Wi (k), (B3)
V(k.n) = Ty(k.n)¥;, (k). (B4)
U(k,n) = Ty(k.n) Vi (k). (BS)
(k1) = Tp(k.n)¥in(K). (B6)

In general relativity, if we neglect the anisotropic stress of
the neutrinos, these functions become

To =Ty, (B7)
2a k\?2
2aH k 1.
=——|\T —Tg . B9
v 3QmH0H0< v ) (B9)
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Following [12], we furthermore decompose 7y (k,n) into a growth rate D;(a) and a time-independent transfer

function® T'(k)

D
Ty(k,n) = MT(k). (B10)
a
The initial power spectrum is characterized by an amplitude A and a scalar spectral index
{0, (K) Wi, (K')) = (27)3A(kno )~ '6(k + k). (B11)
With these definitions, the relativistic correlation functions becomes
Bk o (ko)™ [ [H(F) 1
rel / —A ik(x'—x) 0 N1 —
& (rr.6) /(271)36 k3 Hz(r’)+r’H(r’)+5sB(r) rH(r)
. ko« H(r) 2 1
ci(k )Ty (k,”') | bgTp(k,r) ———(k -H)>Ty(k — == 5 1-
-8y (6 (BT k)~ ke PTu () ) = [ s (1=
. k
ci(k-0) Ty (k,r) (bFTD(k, ) —m(k )27y (k, r’)) } (B12)
r

Following [22-25], we expand the exponential and the
powers of Kk -fi (and similarly k - i) in terms of spherical
harmonics,

eik(X'—x) — pidk-N _ 47121 Jr(kd)Y7 (K )YLM(N)’
M

We can then perform the integrals over the direction of k.
Terms with only one spherical harmonic enforce L and M
to be zero,

/ d Y3, (K) = V4rs,0840.- (B13)

Terms with two spherical harmonics give rise to delta
functions, e.g.,

/ko Y5 (K) Y2, (K) = 81284, (B14)

and terms with three spherical harmonics give rise to 3J
Wigner symbols,

Note that we include here the prefactor 9/10 of [12] in the
transfer function T'(k).

/ 4, Y1y (K73, (R)Y:, (K)

B (2L+1)5-3<L 2 1)<L 2 1)
N Ar -M -m —-m'J\0 0 0/
(B15)

Due to the properties of the Wigner symbols, only a finite
number of terms contribute to the correlation function. The
remaining spherical harmonics that depend on fi, i’ and N
take a simple form in the coordinate system of Fig. 5. With
this the correlation function becomes

gl = 9;;4 5 {R; cos(a) + R, cos(f3) + R5 cos(a) cos(2/3)
+ R, cos(f) cos(2a) + Rs sin(a) sin(2f)
+ Rg sin(p) sin(2a) }. (B16)

The coefficients R; depend on r, ' and d. They read

Ri(r. . d) = Ge()D, ()1 ("))
2 1
| (0n0) 4 500 a7t
(B17)
Ry(r.r'.d) = —Gg(r)D\(r)Dy(r)f(r)
2 / 1 /
| (0604 300 Jor(d) = £ wx(@)]
(B18)
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1 H(r) 2 1 H(r)
Rs(r, 7, d) = Gp(r')Dy (r)Dy () f(r)f(r') £ Gg(r) = |z + s+ 5 1 -
I 5 800 =2 e PO\ )
3
« [yl (d) - 21/3(61)} (B19) (B24)
, , ! and
Ry(r.r',d) = =Gg(r)Di(n)Di(F)f(Nf(r) 5
3
X (v (d) —zv (d)} (B20) dk (k3 _ _
[ R ve(d) = / g ) (o) T (R)j (kd),
0
1 ¢ =1,3. (B25)
Rs(r.r’.d) = Gg(r)Dy(r)Dy (r)f (N f(r') 5 [v1(d) +v5(d))
(B2 1n the flat sky approximation, Eq. (B16) reduces to Eq. (47)
In the absence of magnification bias, sz = s = 0, the sign
1 of the correlation function (47) is governed by the bias
Re(r. 7. d) = =Gg(r)D(r)D (') f(r) (') 5 difference bg — br > 0. Two competing effects contribute
to the cross-correlation: first the gravitational redshift of the
X [v1(d) + v3(d)). (B22)

bright galaxies modulated by the density of the faint
galaxies, and second the gravitational redshift of the faint
where D, is the linear growth factor, and f = d;?nlz,'- The  galaxies modulated by the density of the bright galaxies. As
functions Gg and Gy are defined as shown in Fig. 13, the first effect (left panel) generates a
correlation which is stronger for faint galaxies in front of
the bright galaxy (negative dipole), whereas the second

Gl — H(r’ ) 2 se ([ 1 1 effect (right panel) generates a correlation which is stronger
P(r) = HA(r) * rPH(F) +5sp(r) | 1= rPH(r) for faint galaxies behind the bright galaxy (positive dipole).
H(r) Since the bias of bright galaxies is larger than the bias of
X (B23)  faint galaxies (bg > bg), the second effect dominates over
Ho the first one and the relativistic dipole is positive.
! E
23 23
£
line-of-sight O a§. line-of-sight O Eoé
R g
E
Fz 1
B B

FIG. 13. Sketch of the gravitational redshift effect. Left panel: we assume that only the bright galaxy is affected by gravitational
redshift. The true position of B is denoted by a filled circle. Its observed position (open circle) is redshifted. The faint galaxies
F, and F, are (by construction) symmetrically distributed around the observed position of the bright. This is because we are interested
in comparing the observed correlation behind and in front of B, separated by the same redshift separation. In real space, the faint galaxy
in front, F,, is therefore closer to B than the faint galaxy behind, F;. The cross-correlation is consequently stronger for galaxies in front
than behind the bright one. Right panel: we assume that only the faint galaxies are affected by gravitational redshift. The observed
position of the faint galaxies (open circles) are by construction symmetrically distributed around the bright galaxy. Since F; and F, are
both redshifted, in real space (filled circles) the faint galaxy behind, F; is closer to B than the faint galaxy in front, F,. The
cross-correlation is therefore stronger for galaxies behind than in front of the bright one. In reality, we measure a combination of the right
and left panel. Since the right panel is weighted by the bias of the bright, by, its contribution dominates over the left panel which is
weighted by the bias of the faint, bp < by. The total cross-correlation is therefore stronger for faint galaxies behind that in front of
the bright.
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APPENDIX C: EXPLICIT EXPRESSION FOR THE ;o , /
MULTIPOLAR COEFFICIENTS OF THE Ss5(r. . d) = Dy (D (") f (N ()
STANDARD CONTRIBUTION S;

1 1 4
X {Eﬂo(d) —iﬂz(d) —gm(d) . (C5)
The standard coefficients of Eq. (49) are
where
bg(r)
Sl(m”,d)=Dl(r)Dl(r’)KbB(r)bF(V’)+ f(r) _/dk k nIT2 () i
3 He(d) v \a, (kﬂo) T*(k)je(kd),
be(¥ 2
#2810 4 5 100 ol £=0.2.4,
1 /by (r) be(r) 5 APPENDIX D: EXPLICIT CALCULATION
B\" / E\" / OF SOME OF THE ALCOCK-PACZYNSKI
|\ —=f)+——f(r) +f(r)f(r d
(572000 + P 10 + 3700 Y@ ¥ THE ALCOCK
4+ d (C1) Let us look at the Alcock-Paczynski contribution
140f( IF(pal )} generated by the density term A(r,fi) = b(n)5(r, ).
be(r) 3 1. Radial derivatives
/ _ / /
$:(r.r'.d) = =Di(r)Di(r') [( 2 () —|—ﬁf(r)f(r )) The density contribution in Eq. (62) is
1
Xy (d) +—=f(r)f(ru d} (C2) r
(4 g k) & =L bu()be() — ba(en)(0, + 0,)

dlnr 6Q

X (5(r, ﬁ)é(r', ﬁ/)> m . E

_ / bB(r) r r
ssrtod) = =0utron)| (B0 + o 00) ~ tow(a)be)) — b ()
1
po(d) +%f(r)f(r’)ﬂ4(d)} (C3) x 8H<6(r,ﬁ)5(r’,ﬁ’)>c—:cosﬂgll%-%, (D1)
Sy(r.r.d) = D,(r)D,(F)f(r)f(F) where the partial radial derivatives do not act on the bias

| | 19 by and bg that are assumed to be scale independent.
x [_ pio(d) — = (d) + ——=p 4(d)] (C4)  Expanding bg(n') and bg(y') around #, and using
15 21 140 Eq. (44) to relate cosa to cos 5, Eq. (D1) becomes
|

A dk ( k .
() = ey Dirtouti  tioe) [ 56 (4 ) Gy 7200 k)

Olnr 1 OlnH 69

2
-rHO(%Z> E(P3(cos/3)—P1(cos/)’)) S 2 (2Py(cos ) + 3P (cos)) S (D2)

Comparing this with Egs. (52) and (53), we see that here there is an additional factor k/H, which is compensated by the
extra factor d/r (note that the factor rHy, at the beginning of the second line is of order 1). Consequently, Eq. (D2) is
suppressed by an overall factor §Q/Q with respect to Egs. (52) and (53).

2. Time derivatives
The density contribution in Eq. (63) is

EXF = 2 (0, + O, [(Balm)br () — bl b)) {8(r M), )] L %

+ %3;1'[(1913 (mbe(r') = by ()b (n))(S(r. 0)3(r A))] —cos f -5 -
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where the time derivatives act both on the bias and the
density contrast §(r, fi). Expanding bg(7') and br(y') and
their time derivatives 0, bg(1') and 0,/bp (') around 5, and
using Eq. (44) to relate cosa to cos ff, we find

A dk [ k

¥ (rd.p) = o [ 5 (51 ) G~ T2 0(ka)

x&m%%—mgw%

Olnr
+ 2(bgbg — bpby) D, D] ETYe)

OlnH
— r(bgby, — bigbp) D7 m}

X ijPl (cosf3) (D3)

E .
Here rD| = —rHfD is of the order of fD, and r*b" is
roughly of the order of r*H?d?b/dz* ~ d*b/dz*. Conse-
quently Eq. (D3) is similar to Egs. (52) and (53), apart from
an overall suppression from the factor 5Q/Q.

APPENDIX E: COMPARISON WITH
CLUSTER MEASUREMENTS

Let us compare our approach with cluster measurements,
as in the case of WHH [1]. WHH measures a mean redshift
difference between the brightest central galaxy and the rest
of the cluster galaxies. The estimator can be thought of as

1
(zp —zB) = Zﬂ(zi - Zj)”?"}s
ij

= (zi—z) (1 +8)(1+8),

i.j

(ED

where conceptually, we can think of the survey as being
pixelized such that each pixel contains either one or zero
galaxy, with n}3 denoting the bright galaxy number (1 or 0)
in pixel j and nf denoting the corresponding number in
pixel i for the rest of the cluster members, and 7; and 7;
being their respective mean. The summation over i and j
over the whole survey is equivalent to stacking many
clusters to pull out a signal.

There are two, subtly different, ways to think about this
estimator. From one point of view (ours), redshifts are
converted into distances using some background cosmol-
ogy. Once that is done, z; and z; are merely coordinate
labels, and the factor of (z; — z;) can be pulled out of an
ensemble average. Thus, the ensemble average of Eq. (E1)
really has to do with (nn?); the sum over i and j with the
(zj — z;) weighting serves to isolate the antisymmetric part
of the cross-correlation function between the central bright-
est galaxy and the rest of the cluster. Hence, from our point
of view, Eq. (E1) essentially measures the first moment of
the cross-correlation function.
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There is another way to think about this estimator,
however. One can think of the redshift (z; and z;) as a
stochastic quantity; i.e., after all, it contains fluctuations
due to Doppler and gravitational redshifts. From that point
of view, an ensemble average of Eq. (El), to the lowest
order in fluctuations, gives cross-correlations between
fluctuations in redshift to fluctuations in the galaxy density.
In this second point of view, one should think of the
pixelization as being done in the true x space, as opposed to
the apparent x space (inferred using some background
cosmology). It is only in the former where one can
meaningfully talk about the redshift as a fluctuation
variable (i.e. dependent on the true x).

The two approaches should be equivalent. However,
translating our result in terms of redshift differences, we see
that the sign of our average redshift difference at first sight
seems inconsistent with the cluster result. We predict
indeed a positive dipole: the correlation function is there-
fore stronger for faint galaxies behind the bright galaxy,
which in turn results in a net redshift of the faint galaxies
with respect to the bright one

z8)&(2k, 28)

zp+Az L
(zp —28) = dzg(zg —
Z

g—AZ

3 +Az ) p
—2 / d2h(Z — 28)En(dr ), (E2)

B

for a chosen redshift range Az and a fixed value of zz.” In
the second equality we have used that the symmetric part of
the correlation function vanishes due to the anti-symmetry
of 7 — zg and to the symmetric boundaries of integration.
Since £, > O for z'r > zg, the right-hand side of Eq. (E2)
is manifestly positive.

Cluster measurements on the other hand find a net
blueshift of the faint galaxies with respect to the central
brightest galaxy. This apparent inconsistency comes from
the fact that, in the cluster measurements, the redshift
difference is averaged over all galaxies that belong to the
cluster

ZB+AZmax
(zr — 28) = / dep(zp — 2)E(k. 28).  (E3)
Z

B _Azmin

Here Az, and Az,., denote the physical boundaries of
the cluster. Since the brightest central galaxy is in average
more redshifted than the other galaxies in the cluster,
AZmin > AZmax- Equation (E3) becomes then

°Note that stacking different clusters simply adds an additional
average over the redshift of the bright galaxy, zg, in Eq. (E2).
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ZB‘*’Aznmx
(zp—zp) = 2/ dzp(zp — 78)éa (25 28)

B

ZB_Azmax
[T - )i ) @)
ZB—Azmin

The second term dominates over the first one since it
depends on the total correlation function ¢ which is
significantly larger than the antisymmetric contribution
&4. This second term is negative since within zg — Az,
and zg — AZnax ZF — 2g 18 negative and & is positive. The
net redshift difference is therefore negative in the case of
the clusters, as found in [1]. Equation (E4) clearly shows

PHYSICAL REVIEW D 89, 083535 (2014)

that what dominates in the cluster measurements is actually
the gravitational redshift of the boundaries of the cluster,
which in redshift space are asymmetrically distributed
around the centre of the cluster. As such the cluster
measurement is a measurement of the three-point correla-
tion function between the density of the bright galaxies, the
density of the faint galaxies and the gravitational redshift of
the boundaries. On the other hand, in our case, from
Eq. (E2) we see that we really measure a two-point
correlation function, because the range of integration is
defined arbitrarily around the central galaxy and is by
construction symmetric.
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