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We perform a next-to-leading-order QCD analysis to world data on polarized structure functions g1 and
g2 in a fixed-flavor number scheme. We include target mass corrections and higher twist effects in our
fitting procedure and study their non-negligible effects on physically interesting quantities. Twist-3
contributions to both polarized structure functions are determined, and the accuracy of the extracted
polarized parton distribution functions is improved. 3He and 3H polarized structure functions are described
based on our fit result. Moreover, sum rules are derived and compared with available theoretical and
experimental results.

DOI: 10.1103/PhysRevD.89.074052 PACS numbers: 13.60.Hb, 12.39.-x, 14.65.Bt

I. INTRODUCTION

The determination of the nucleon’s spin into its quark
and gluon components is still an important challenge in
particle physics. The deep-inelastic scattering (DIS) experi-
ments performed at DESY, SLAC, CERN, and JLAB have
refined our understanding of the spin distributions and
revealed the spin-dependent structure functions of the
nucleon. The polarized structure functions g1ðx;Q2Þ and
g2ðx;Q2Þ are measured in deep-inelastic scattering of a
longitudinally polarized lepton on polarized nuclear targets.
Theoretical models have remarkably improved since the

early framework of quark parton model (QPM) indicated
that g1 measures only quark contributions to the nucleon’s
spin and g2 is identically zero. Afterward, perturbative
quantum chromodynamics (pQCD) analysis in the next-to-
leading-order (NLO) approximation provides information
on the role of gluons in the overall spin of the nucleon.
Moreover, g2 contains nonperturative higher twist (HT)
contributions, such as quark-quark and quark-gluon corre-
lations and quark mass effects, which are not interpreted in
QPM. Operator Product Expansion (OPE) based on QCD is
an appropriate formalism that is applicable to interpret g2
structure function [1,2].
The traditional method to perform global fits concen-

trates on the extraction of leading twist parton distribution
functions (PDFs), using cuts on minimum values ofQ2 and
hadronic final-state mass squared W2. The cuts are of the
order Q2 ≳ 4 GeV2 and W2 ≳ 14 GeV2 [3,4], which
means that x is limited to x≲ 0.7. These kinematic cuts
eliminate the contribution of corrections from various

nonperturbative effects at finite Q2, such as target mass
corrections (TMCs) [5] and dynamical higher twist con-
tributions [6]. These corrections become increasingly
significant as Q2 is reduced and x tends to 1. The large-
x behavior of PDFs is extrapolated in this classical
scenario.
Extraction of polarized PDFs (PPDFs) from a variety of

experiments within NLO analyses is an important phe-
nomenological issue [7–15]. To compensate for the scarcity
of polarized high-energy data points available to global
polarized PDF analyses, the applied cuts were relaxed;
thereby, one is typically forced to make use of the data at
lower Q2 and higher x. Consequently, pQCD calculation
cannot be trusted alone. As will be shown subsequently,
in this kinematical region (Q2 ∼ 1 − 5 GeV2; 4 GeV2 <
W2 < 10 GeV2), TMCs and HT contributions are
important. Some of the existing studies, such as
Refs. [8,9,11,16–18], use these effects in their global fitting
procedure. Note that the g2 polarized structure function is
not considered in these analyses. But it helps to determine
the low-Q2 corrections due to following reasons. First,
leading and higher twist contributions appear with the same
order of importance. Second, g2 data are mostly in the low-
Q2 region in which the effects of TMCs and HT become
significant. Because of the mentioned points, we believe
that, although data for spin structure function g2 is not
accurate enough, at the current level of accuracy, analyzing
both g1 and g2 structure functions provides a fertile ground
to study the mentioned effects. A future high-luminosity
machine, like the electron-ion collider, is required to study
the twist-3 contributions in detail [19].
In our latest analysis [14], we determined PPDFs based

on Jacobi polynomials using only g1 experimental data
and simply considered g1ðx;Q2Þ ¼ g1ðx;Q2ÞpQCD. In the
present study, we improve our precision with full g1 and g2
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analysis including TMCs and HT contributions. No poly-
nomial technique is adopted.
The outline of the paper is as follows. We give an

introduction to the theoretical framework that describes
polarized structure functions in Sec. II. Section III provides
detailed information about our QCD analysis. A discussion
of fit results is given in Sec. IV. In Sec. V, we compute the
nuclear structure functions, and in Sec. VI, we check
various polarized sum rules. Section VII contains the
concluding remarks.

II. THEORETICAL ANALYSIS

In the QCD polarized structure function, g1 consists of
two parts, the leading twist (LT) (τ ¼ 2) and the higher
twist (τ ≥ 3) contributions:

g1ðx;Q2Þ ¼ g1ðx;Q2ÞLT þ g1ðx;Q2ÞHT: (1)

The LT term can be determined from

g1ðx;Q2ÞLT ¼ g1ðx;Q2ÞpQCD þ hTMCsðx;Q2Þ=Q2

þOðM4=Q4Þ: (2)

g1ðx;Q2ÞpQCD is achievable via NLO perturbative QCD
when the nucleon mass is put equal to zero and hTMCs is
calculable in pQCD. It is kinematic in origin and contains
terms suppressed by powers of M2=Q2 at large values
of Q2.
The contribution of multiparton correlation in the

nucleon is considered through the dynamical higher twist
terms

g1ðx;Q2ÞHT ¼ hðx;Q2Þ=Q2 þOðΛ4=Q4Þ; (3)

where hðx;Q2Þ are nonpurtubative effects that can be
calculated in a model-dependent manner. They are dynami-
cal in origin and suppressed by powers of Λ2=Q2. Λ is
the scale of nonperturbative parton-parton correlation.
These corrections become increasingly important at the
low-energy scale.
The spin-structure function g2 does not have a direct

interpretation in pQCD. It can be understood using the OPE
in which g2 is separated into [20]

g2ðx;Q2Þ ¼ gWW
2 ðx;Q2Þ þ ḡ2ðx;Q2Þ: (4)

Here, gWW
2 ðx;Q2Þ is a twist-2 part, and

ḡ2ðx;Q2Þ ¼ −
Z

1

x

∂
∂y

�
mq

M
hTðy;Q2Þ þ ζðy;Q2Þ

�
dy
y
: (5)

The twist-3 part, ζðy;Q2Þ, arises from nonperturbative
multiparton interaction, which will be discussed in the
next section. hT depends on the quark transverse polari-
zation density in twist-2, which is suppressed by the ratio of

the quark to nucleon masses mq

M . Consequently, any
deviation of g2 from gWW

2 is from the twist-3 contribution.
It is in special properties of g2 that its HT contribution can
be equally important as its twist-2 part, since it is not
suppressed by inverse powers of Q2.

A. Leading twist

The leading twist contributions to the g1ðx;Q2Þ for the
proton and neutron are available in the NLO [21] by

g1ðx;Q2ÞpQCD ¼ 1

2

Xnf
q

e2q

�
½δqþ δq̄� ⊗

�
1þ αs

2π
δCq

�

þ αs
2π

δg ⊗
δCg

nf

�
: (6)

Here, typical convolution in x space is represented with
the symbol ⊗. δq, δq̄, and δg are polarized quark,
antiquark, and gluon densities, which are evolved to Q2

with the solution of Dokshitzer-Gribov-Lipatov-Alteralli-
Parisi (DGLAP) evolution equations in Mellin space. δCq;g
are Wilson coefficient functions in NLO. The deuteron
structure function can be obtained via the relation

gd1ðx;Q2ÞpQCD ¼ 1

2
fgp1 ðx;Q2ÞpQCD þ gn1ðx;Q2ÞpQCDg

× ð1 − 1.5wDÞ; (7)

from proton and neutron ones, where wD ¼ 0.05� 0.01 is
the probability to find the deuteron in a D state.
Because of the fact that g1 and g2 contain the same twist-2

operators, the leading twist part of g2 can be extracted via
the Wandzura–Wilczek (WW) relation [22,23]

gWW
2 ðx;Q2ÞpQCD ¼ −gp1 ðx;Q2ÞpQCD

þ
Z

1

x

dy
y
gp1 ðy;Q2ÞpQCD: (8)

This relation remains valid when target mass corrections are
included in the twist-2 contribution [23,24].

B. Target mass corrections and threshold problem

To perform a reliable fit that contains data at lower values
of Q2, nucleon mass corrections cannot be neglected. We
follow the method suggested by Refs. [23,25,26], which
is exactly calculable and effectively belongs to the LT
term [27].
There is a traditional challenge with the behavior of the

both polarized and unpolarized target mass corrected
structure functions in the neighborhood of x ¼ 1. Many
attempts have been made to avoid this issue by considering
various prescriptions in the literature [5,23,28–31]. These
solutions are not unique. In this paper, we follow the
prescription of Ref. [32] to avoid the threshold problem in
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the polarized structure function. D’Alesio et al. [32] impose
the simplest probability for hadronization θðxTH − xÞ.
Here, the largest kinematically accepted amount of x for
inelastic scattering is xTH, which is defined as

xTH ¼ Q2

Q2 þ μð2M þ μÞ ; (9)

where μ should be the lowest mass particle that can be
produced in the process of interest. We modified our
polarized structure functions by multiplying them into
the θ function.

C. Higher twist

Higher twist terms arising from long-range nonpertur-
bative multiparton correlations contribute at low values of
Q2. The Braun-Lautenschlager-Manashov-Pirnay (BLMP)
model [33] made a step in developing a usable para-
metrization for phenomenological analysis. It constructed
HT distributions from convolution integrals of the light-
cone wave functions by considering a simple model based
on three valence quarks and one gluon with the total zero
angular momentum.
Accordingly, we applied the parametrization form sug-

gested by the BLMP model,

gtw−32 ðxÞ ¼ A½lnðxÞ þ ð1 − xÞ þ 1

2
ð1 − xÞ2�

þ ð1 − xÞ3½B − Cð1 − xÞ þDð1 − xÞ2
− Eð1 − xÞ3�; (10)

in our initial scale and fit the coefficients to the data. We
applied a nonsinglet evolution equation, since higher twist
contributions are specially important in large-x values. This
approach is compared with exact evolution equations for
the gluon-quark-antiquark correlation in Ref. [33]. They are
practically equal.
By the integral relation of

gtw−31 ðx;Q2Þ ¼ 4x2M2

Q2

�
gtw−32 ðx;Q2Þ

− 2

Z
1

x

dy
y
gtw−32 ðy;Q2Þ

�
; (11)

the twist-3 part of different spin-dependent structure
functions, gtw−31 and gtw−32 , are related [25].

III. QCD ANALYSIS AND FITTING PROCEDURE

A. Parametrization

We have adopted the following parametrization at the
initial scale of Q2

0 ¼ 4 GeV2 for q ¼ fuv; dv; q̄; gg:

xδqðx;Q2
0Þ ¼ N qηqxaqð1 − xÞbqð1þ cqxÞ: (12)

The normalization constants N q,

N −1
q ¼

�
1þ cq

aq
aq þ bq þ 1

�
Bðaq; bq þ 1Þ; (13)

are selected such that ηq are the first moments of the
PPDFs. Bða; bÞ is the Euler beta function. Considering
SU(3) flavor symmetry, we have δq̄≡ δū ¼ δd̄ ¼ δs ¼ δs̄.
The free unknown parameters provide a fit with a large

degree of flexibility. Some of our input parameters are
subjected to constraints due to following reasons:

(i) The first moments of the polarized valence quark
densities can be related to F and D as measured in
neutron and hyperon β decays [34]. These con-
straints lead to the values of ηuv ¼ 0.928� 0.014
and ηdv ¼ −0.342� 0.018.

(ii) cq̄ and cg are set to zero due to the present accuracy
of the data. No improvement is observed in the fit
with nonzero values of them.

(iii) The bq̄ and bg parameters, which control the large-x
behavior of the polarized sea quarks and gluons,
have large uncertainties in a region that is dominated
by the valence distribution. We fixed them with the
ratio of bq̄=bg ∼ 1.6, which is derived from the
analogous unpolarized parameters.

The rest of parameters fA;B;C;D; Eg are the unknown
higher twist parameters for to g2;fp;n;dg and consequently
g1;fp;n;dg. They are determined from a simultaneous fit to
the all polarized structure function data of g1 and g2.
The parameters fηuv ; ηdv ; cq̄; cgg and the ratio of b values

are frozen in the first minimization procedure. In the second
minimization, we fix fbq̄; bg; cuv ; cdvg and fA;B;C;D; Eg
as demonstrated in Tables I and II. There are potentially
nine unknown parameters in the fit, including αsðQ2

0Þ,
which provide enough flexibility to have a reliable fit.

TABLE I. Final parameter values and their statistical errors at
the input scale Q2

0 ¼ 4 GeV2 determined from two different
global analyses. Those marked with ( �) are fixed.

Parameters Full scenario pQCD scenario

δuv ηuv 0.928� 0.928�
auv 0.558� 0.012 0.619� 0.018
buv 3.460� 0.006 3.234� 0.077
cuv 8.848� 5.468�

δdv ηdv −0.342� −0.342�
adv 0.250� 0.033 0.226� 0.042
bdv 3.912� 0.116 3.822� 0.357
cdv 14.162� 25.09�

δq̄ ηq̄ −0.0605� 0.006 −0.0565� 0.022
aq̄ 0.567� 0.009 0.597� 0.075
bq̄ 4.993� 7.355�
cq̄ 0.0� 0.0�

δg ηg 0.201� 0.044 0.147� 0.054
ag 2.253� 0.010 3.177� 0.58
bg 3.082� 4.540�
cg 0.0� 0.0�

αsðQ2
0Þ 0.365� 0.011 0.362� 0.016

χ2=ndf 405.38=508 ¼ 0.798 559.6=508 ¼ 1.101
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B. Overview of data sets

We use a wide range of polarized deep-inelastic scatter-
ing lepton-nucleon data on spin structure functions g1
[2,35–49] and g2 [2,35,45,48–52], which are extracted

based on the different nucleon targets of protons, neutrons,
and deuterons to extract all PPDFs.
The major properties of these data sets are summarized in

Table III, which contains the name of the experimental
group, the covered kinematic ranges in x and Q2, the
number of available data points, and the fitted normaliza-
tion shifts N i. Our analysis is limited to the region of
Q2 ≥ 1 GeV2, to ensure that perturbative QCD is appli-
cable, andW2 ≥ 3 GeV2. The cut onW2 is slightly smaller
than in some previous PPDF analyses.
Although most of the g2 data have large errors, we

considered them in the fitting procedure. Thus, our results
focus on the quality or characteristic of the twist-3 part
rather than on their quantity.

TABLE II. Parameter values for the coefficients of the twist-3
corrections at Q2 ¼ 4 GeV2 obtained in the full scenario.

A B C D E

gtw−32;p 0.034 0.554 −0.387 −1.17 0.969

gtw−32;n 0.067 0.106 −0.448 0.569 −0.098
gtw−32;d 0.307 0.117 −0.210 0.657 −0.083

TABLE III. Published data points above Q2 ¼ 1.0 GeV2. Each experiment is given the x and Q2 ranges, the
number of data points for each given target, and the fitted normalization shifts N i (see the text).

Experiment Ref. x range Q2 range (GeV2) Number of data points N n

E143(p) [35] 0.031–0.749 1.27–9.52 28 0.9999
HERMES(p) [36] 0.028–0.66 1.01–7.36 39 1.0011
SMC(p) [37] 0.005–0.480 1.30–58.0 12 0.9998
EMC(p) [38] 0.015–0.466 3.50–29.5 10 1.0050
E155 [39] 0.015–0.750 1.22–34.72 24 1.0189
HERMES06(p) [40] 0.026–0.731 1.12–14.29 51 0.9990
COMPASS10(p) [41] 0.005–0.568 1.10–62.10 15 0.9904
gp1 179
E143(d) [35] 0.031–0.749 1.27–9.52 28 0.9998
E155(d) [42] 0.015–0.750 1.22–34.79 24 1.0001
SMC(d) [37] 0.005–0.479 1.30–54.80 12 1.0000
HERMES06(d) [40] 0.026–0.731 1.12–14.29 51 0.9992
Compass05(d) [43] 0.0051–0.4740 1.18–47.5 11 0.9980
Compass06(d) [44] 0.0046–0.566 1.10–55.3 15 1.0000
gd1 141
E142(n) [45] 0.035–0.466 1.10–5.50 8 0.9990
HERMES(n) [36] 0.033–0.464 1.22–5.25 9 1.0000
E154(n) [46] 0.017–0.564 1.20–15.00 17 0.9995
HERMES06(n) [47] 0.026–0.731 1.12–14.29 51 1.0000
Jlab03(n) [49] 0.14–0.22 1.09–1.46 4 1.0001
Jlab04(n) [48] 0.33–0.60 2.71–4.8 3 1.0996
Jlab05(n) [2] 0.19–0.20 1.13–1.34 2 1.0353
gn1 94
E143(p [35] 0.038–0.595 1.49–8.85 12 0.9999
E155(p [50] 0.038–0.780 1.1–8.4 8 0.9961
Hermes12(p) [51] 0.039–0.678 1.09–10.35 20 0.9992
SMC(p) [52] 0.010–0.378 1.36–17.07 6 1.0000
gp2 46
E143(d) [35] 0.038–0.595 1.49–8.86 12 1.0001
E155(d) [50] 0.038–0.780 1.1–8.2 8 1.0005
gd2 20
E143(n) [35] 0.038–0.595 1.49–8.86 12 1.0000
E155(n) [50] 0.038–0.780 1.1–8.8 8 0.9995
E142(n) [45] 0.036–0.466 1.1–5.5 8 1.0000
Jlab03(n) [49] 0.14–0.22 1.09–1.46 4 0.9928
Jlab04(n) [48] 0.33–0.60 2.71–4.83 3 0.9477
Jlab05(n) [2] 0.19–0.20 1.13–1.34 2 0.9888
gn2 37
Total 517
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C. Method of minimization and error calculation

χ2ðpÞ quantifies the goodness of fit to the data for a set
of independent parameters p that specifies the PDFs at
Q2

0 [53]:

χ2globalðpÞ ¼
Xnexp
i¼1

��
N i − 1

ΔN i

�
2

þ
Xndata
j¼1

�
N igdataj − gtheoryj ðpÞ

N iΔgdataj

�2�
: (14)

nexp and ndata are the number of individual experimental
data sets and corresponding number of data points included
in each data set, respectively. For the ith experiment, each
data value gdataj with measurement uncertainty Δgdataj is
compared to the corresponding theoretical value gtheorj . The
correlated normalization uncertainty ΔN i is reported for
most experiments. ΔN i is the experimental normalization
uncertainty, and N i is an overall normalization factor for
the data of experiment i. We allow for a relative normali-
zation shift N i between different data sets within uncer-
tainties ΔN i quoted by the experiments. The minimization
of the above χ2 function is done using the program
MINUIT [54].

IV. DISCUSSION OF FIT RESULTS

In this section, we describe our fit, which was performed
including target mass corrections to the leading twist
contributions and considering higher twist terms. We
extract the pure twist-2 and twist-3 contributions along
with strong coupling constant.
The standard scenario to extract PDFs from observable is

to consider a certain functional form in the leading twist in
the MS scheme as our reference distribution. Their scale
dependence is given by the well-known DGLAP evolution
equations. Here, we have performed all Q2 evolutions in
Mellin space using the QCD-PEGASUS program [55] in the
fixed flavor number scheme. The number of active flavors
in the splitting functions and Wilson coefficients is fixed
at Nf ¼ 3.

A. Polarized PDFs

In our QCD analysis, we perform two fitting scenarios to
distinguish the effect of target mass corrections and higher
twist contribution. These contributions are both considered
in the “full scenario,” while the “pQCD scenario” is based
on the twist-2 NLO pQCD g1 and twist-2 WW g2 (see
Table I). In the following sections, we indicate full scenario
by “model.”
The χ2 fit value of the full scenario is smaller than the

pQCD scenario, indicating the importance of low-Q2

corrections. It supports our theoretical framework in which
the leading twist part is enriched by TMCs and HT terms.

As shown in Table I, the precision of the extracted PPDFs is
essentially enhanced, which is a consequence of above
discussed corrections. The strong coupling constant
receives corrections of 0.003 at a scale of Q2

0.
We compare the PPDFs extracted based on these two

scenarios in Fig. 1. Large-x sea distribution is the most
affected part, while xδuV is the least. In Fig. 2, we
compared our model with various parametrizations from
the literature [10–12,14,17,56]. Most of the fits are com-
parable. The differences originate from the choice of data
sets, the form of PPDF parametrization, and several details
of the QCD analysis. For example, the LSS analysis [17]
considered the impact of higher twist corrections on their
PPDFs, or the DSSV study [10] included semi-inclusive
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FIG. 1 (color online). The polarized parton distribution at Q2
0 ¼

4 GeV2 as a function of x. Our model is represented by the solid
curve, and the pQCD scenario is representend by the dashed curve.
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FIG. 2 (color online). The polarized parton distribution at
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0 ¼ 4 GeV2 as a function of x. Our fit is the solid curve. Also
shown are the results of KATAO (dashed) [14], LSS (long
dashed) [17], BB (dashed dotted) [11], DSSV (long dashed
dotted) [10], GRSV (dashed-dotted dotted) [56], and AAC (long
dashed-dashed dotted) [12].
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data in its fitting pass and had different curves for ū, d̄,
and s̄.

B. Polarized structure functions

In Fig. 3, we plot our results for xgp;n;d1 ðx;Q2Þ as a
function of x for low values of Q2. The effect of the θ
function is visible in large x. Our curves are well described
by the data. Figure 4 shows our prediction for gp1 ðx;Q2Þ as
a function ofQ2 and for different values of x, in comparison
with the others [14,56–60]. The data are well described
within errors. Despite the limited range in Q2, scaling
violations of g1 are obviously visible. The xg2 polarized
structure functions for the proton, neutron, and deuteron are
shown as a function of x in Fig. 5. We compare our results
based on two scenarios with the experimental data from
Refs. [2,35,48–52]. In Fig. 6, xgp2 as a function of Q2 is
compared with experimental data [35,50–52].

C. HT contributions

Our results for the twist-3 contribution of both polarized
structure functions are shown at Q2 ¼ 1; 3; 5; 10 in Figs. 7
and 8. Note that they vanish with the evolution in the high-
Q2 regime. A significant positive twist-3 modification
observes for gtw−32;p at x ≥ 0.3, which is even larger than
the gtw−31;p modification and as shown in Fig. 5, cancels some
of the negative leading twist contribution. On the contrary,
the gtw−32;n is approximately zero. A similar result is reported
in Ref. [8].
In Fig. 9, we compare our result on twist-3 contributions

to gp1 with those obtained by LSS [17] and JAM [8]. The
LSS group extracted effective HT in a model-independent
way from experimental data corresponding to seven x bins.
However, the logarithmic Q2 dependence of the twist-3
parts is neglected. The JAM global NLO analysis is based
on a direct fit of the measured longitudinal and transverse
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FIG. 3 (color online). The polarized structure functions as a function of x and for different low values of Q2. Our result (solid curve)
is compared with the curves obtained by BB (dashed) [57], GRSV (dotted) [56], LSS (dashed dotted) [58], AAC (dashed-dotted dotted)
[59], and KATAO (dashed-dashed dotted) [14].
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asymmetries. In Fig. 10, the twist-3 contribution to xg2
is compared with the JAM [8] and BLMP models [33]
along with the E143 experimental data [35]. Our results are
comparable with theoretical and phenomenological
predictions.

D. Strong coupling constant

In our analysis, the strong coupling constant is consid-
ered as a free parameter. Although some phenomenological
groups, such as LSS [9,17] or AKS [15], fix αs close to the
updated Particle Data Group average, other phenomeno-
logical groups, such as BB [11,57] or KATAO [14], extract
it as a free parameter. To take into account its correlation
with other parameters, the strong coupling constant

extracted simultaneously with the PPDFs and higher twist
terms. We achieve the value of αsðQ2

0Þ ¼ 0.365� 0.011 in
our model. This value is closely related to the gluon
distribution, which drives the QCD evolution.
The scale dependence of the running coupling constant

at NLO is precisely given in terms of asðQ2
0Þ by

1

asðQ2Þ ¼
1

asðQ2
0Þ

þ β0 ln

�
Q2

Q2
0

�

− b1 ln

�
asðQ2Þ½1þ b1asðQ2

0Þ�
asðQ2

0Þ½1þ b1asðQ2Þ�
�
: (15)

Here, as ¼ αs
4π and b1 ¼ β1

β0
. The β functions are known up

to next-to-next-to-next-to-leading order and depend on
the number of active flavors [61–64]. Rescaling the
coupling constant to the Z boson mass, we obtain
αsðM2

ZÞ ¼ 0.1136� 0.0012, which is comparable with
the current world average αsðM2

ZÞ ¼ 0.1184� 0.0007.
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V. POLARIZED STRUCTURE FUNCTION
OF 3He AND 3H

3He and 3H are two of simplest nuclei, which consist of
2(1) protons and 1(2) neutron. Because of different nuclear
effects, protons and neutrons inside the nuclei are different
from those in free space. The most important effects are
spin depolarization, nuclear binding, and Fermi motion,
which are available in the framework of the convolution
approach [65]. In this approximation, g

3He
1 and g

3H
1 can be

interpreted as the convolution of gp1 and gn1 with the spin-
dependent nucleon light-cone momentum distributions
ΔfNð3He;3HÞðyÞ as follows [66,67]:

g
3He
1 ðx;Q2Þ ¼

Z
3

x

dy
y
Δfn3HeðyÞgn1

�
x
y
;Q2

�

þ 2

Z
3

x

dy
y
Δfp3HeðyÞg

p
1

�
x
y
;Q2

�

− 0.014½gp1 ðx;Q2Þ − 4gn1ðx;Q2Þ�; (16)
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g
3H
1 ðx;Q2Þ ¼ 2

Z
3

x

dy
y
Δfn3HðyÞgn1

�
x
y
;Q2

�

þ
Z

3

x

dy
y
Δfp3HðyÞg

p
1

�
x
y
;Q2

�

þ 0.014½gp1 ðx;Q2Þ − 4gn1ðx;Q2Þ�: (17)

ΔfNð3He;3HÞðyÞ is the probability to find N in the ð3He; 3HÞ
with a given fraction of the total momentum y. The light-
cone momentum distributions for the proton and neutron
in the three-nucleon system is determined. Concerning
isospin symmetry, fp3Heðfn3HeÞ and fn3Hðf

p
3H
Þ are equal.

We used the results of Refs. [65,68,69] as

Δfn3HeðyÞ ¼
ane

− 0.5ð1− dnÞð−bn þ yÞ2
ðcnÞ2

1þ dnð−bn þyÞ2
ðcnÞ2

; (18)

Δfp3HeðyÞ ¼
P

4
i¼0 a

p
i UiðyÞP

4
i¼0 b

p
i UiðyÞ

: (19)

Here, UnðyÞ is the Chebyshev polynomial of the second
kind. The numerical multipliers of the above equations are
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discussed in Ref. [14]. Figure 11 represents our polarized
light-cone distribution, which is written based on numerical
results of Ref. [69].
Our results for g

3He
1 and g

3H
1 are compared with BB

[57], PVM [70], and KATAO [14] in Figs. 12 and 13.

VI. SUM RULES

Parton distribution functions and structure functions
follow a series of sum rules. These sum rules, which are
based on the moments of structure functions, provide an
opportunity to test QCD. Moments of structure functions
contain valuable information about the total momentum
fraction carried by partons or the total contribution of
parton helicities to the spin of nucleon in unpolarized or
polarized cases. Ellis–Jaffe [71] and Bjorken [72] sum
rules are based on the first moment of g1. The Burkhard–
Cottingham [73] sum rule focuses on the first moment of
g2. Moreover, moments of g1;2 can be related to matrix
elements operators via the OPE. All these important sum
rules are briefly discussed in following.

A. Twist-3 contributions to polarized nucleon structure
functions sum rule

The OPE sum rule relates the moments of g1 and g2 at
fixedQ2 to the twist-2 and twist-3 reduced matrix elements
of spin-dependent operators in the nucleon, an and dn [74],

Γn
1 ¼

Z
1

0

xng1ðx;Q2Þdx¼ an
2
; n¼ 0;2;4;…

Γn
2 ¼

Z
1

0

xng2ðx;Q2Þdx¼ 1

2

n
nþ1

ðdn−anÞ; n¼ 2;4;…

(20)

For the first moment of g2 (
R
1
0 g2ðx;Q2Þdx), the OPE

does not define any sum rule. But Burkhardt and
Cottingham have derived this value from virtual
Compton scattering dispersion relations, which will be
discussed in the next part.
The twist-3 matrix elements,

dnðQ2Þ ¼ 2

Z
1

0

xn
�
nþ 1

n

�
ḡ2ðx;Q2Þdx; n¼ 2;4;6;…;

(21)

measure deviations of g2 from gww2 term [see Eq. (4)].
Having a number of theoretical [75–80] and experimen-

tal [35,81] nonzero predictions for d2, which indicate on the

role of twist-3 contribution, makes the study of g2 specifi-
cally exciting. In Tables IVand V, we quote theoretical and
experimental values for the twist-2 and twist-3 matrix
elements for the proton, neutron, and deuteron together
with our results. This remarkably nonzero value for d2
indicates the importance of considering higher twist
approximation. The accuracy of the current data is not
sufficient enough to specify model precision.

B. Burkhardt–Cottingham sum rule

The first moment of g2ðx;Q2Þ follows the Burkhardt–
Cottingham (BC) sum rule for all Q2 [73]:

Z
1

0

dx½g2ðx;Q2Þ� ¼ 0: (22)

Its validity depends on the lack of singularities for g2 at
x → 0. Note that this sum rule would automatically be
satisfied in twist 2. Therefore, the presence of higher twist
contributions can be concluded from the sum rule violation
[51]. In Table VI, our result for this sum rule at Q2 ¼
5 GeV2 is compared with experimental results [35,50,51].
Any conclusion relies on the behavior of g2 at low x, which
is not accurately known up to now.

C. Bjorken sum rule

The Bjorken sum rule [72] relates the integral over all x
at fixed Q2 of the difference between the proton and
neutron polarized structure function to the neutron beta
decay coupling constant. This sum rule can be explicitly
concluded for the 3He–3H system. Considering the ratio of
these two relations, one gets [65]

R
3
0 ½g

3H
1 ðx;Q2Þ − g

3He
1 ðx;Q2Þ�dxR

1
0 ½gp1 ðx;Q2Þ − gn1ðx;Q2Þ�dx ¼ ~gA

gA
¼ 0.956� 0.004:

(23)

We achieved the value of 0.974 for the above ratio.

D. Ellis–Jaffe sum rule

The first moment of g1 for the proton and neutron was
calculated by Ellis–Jaffe sum rules,

TABLE IV. Comparison of theoretical and experimental results for the reduced twist-2 matrix element proton, neutron, and deuteron.

Ref. Q2 [GeV2] ap2 an2 ad2
Model 5 2.22 × 10−2 −3.6 × 10−4 9.97 × 10−3

Center of mass bag model [75] 5 2.10 × 10−2 −1.86 × 10−3 8.74 × 10−3

Lattice QCD [76] 4 ð3.00� 0.64Þ × 10−2 −ð2.4� 4.0Þ × 10−3 ð13.8� 5.2Þ × 10−3

E143 [35] 5 ð2.48� 0.20Þ × 10−2 −ð4.8� 3.2Þ × 10−3 ð9.2� 1.6Þ × 10−3
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Z
1

0

gp1 ðx;Q2Þdx ¼ gA
12

ð1.78Þ;
Z

1

0

gn1ðx;Q2Þdx ¼ gA
12

ð−0.22Þ; (24)

where gA ¼ 1.248� 0.010 [71]. The α3s corrections to
these sum rules were calculated in Ref. [82]. The Ellis–
Jaffe sum rules are not as fundamental as the Bjorken sum
rule since they are derived based on a model-dependent
assumption that strange quarks do not contribute to the
asymmetry. However, they teach us about the spin structure
of the nucleon. Our result for this sum rule, in the x range of
0.021 ≤ x ≤ 0.9, is compared with experimental measure-
ments [35,40,52] in Table VII.

E. Efremov–Leader–Teryaev sum rule

This sum rule involves only the valence contributions of
the polarized structure functions g1;2 [83]:

Z
1

0

dxx½gV1 ðxÞ þ 2gV2 ðxÞ� ¼ 0: (25)

Assuming the isospin symmetry of the sea quark distribu-
tion, the sum rule takes a form

R
1
0 dxx½gp1 ðxÞ þ 2gp2 ðxÞ−

gn1ðxÞ − 2gn2ðxÞ� ¼ 0. It holds under the presence of target
mass corrections [25]. We achieved the amount of
1.78 × 10−5 at Q2 ¼ 5 GeV2, which is consistent with
zero. The value of −0.013� 0.008� 0.002 is reported by
E155 [50] at the same Q2.

F. First moment

The spin contribution of parton i to the nucleon spin
can be found by its first moment integral ΔqiðQ2Þ ¼R
1
0 dxδqiðx;Q2Þ. This is why there are universal efforts
to determine the δqiðx;Q2Þ from different experimental
data. In Table VIII, we present the values for the first
moments of the polarized quark and gluon extracted from
our model atQ2

0 ¼ 4 GeV2. They are compared with recent
fit results of DSSV08 [10] [DIS, semi-inclusive deep
inelastic scattering (SIDIS), and RHIC], BB10 [11] (DIS
data), LSS10 [9] (DIS and SIDIS data), AAC08-Set A [12]
(DIS), and NFRR12 [84] (DIS data). The values of ΔΣ are
almost comparable, while different Δg are reported.

TABLE V. Comparison of theoretical and experimental results for the reduced twist-3 matrix element proton, neutron, and deuteron.

Ref. Q2 [GeV2] dp2 dn2 dd2
Model 5 0.58 × 10−2 −0.7 × 10−3 0.6 × 10−3

JAM model [8] 5 1.1 × 10−2 2 × 10−3 –
Center of mass bag model [75] 5 1.74 × 10−2 −2.53 × 10−3 6.79 × 10−3

MIT bag model [77,78] 1 1.0 × 10−2 0 5.0 × 10−3

QCD sum rule [79] 1 −ð0.6� 0.3Þ × 10−2 −ð30� 10Þ × 10−3 −ð17� 5Þ × 10−3

QCD sum rule [80] 1 −ð0.3� 0.3Þ × 10−2 −ð25� 10Þ × 10−3 −ð13� 5Þ × 10−3

Lattice QCD [76] 4 −ð4.8� 0.5Þ × 10−2 −ð3.9� 2.7Þ × 10−3 −ð22� 6Þ × 10−3

Combined E155 with SLAC data [81] 5 ð0.32� 0.17Þ × 10−2 ð0.79� 0.48Þ × 10−2 –
E143 [35] 5 ð0.58� 0.50Þ × 10−2 ð5.0� 21.0Þ × 10−3 ð5.1� 9.2Þ × 10−3

TABLE VII. Comparison of the result of Ellis–Jaffe sum rule with experimental data in Q2 ¼ 5 GeV2. Hermes [40] results are
measured in the region 0.021 ≤ x ≤ 0.9.

E143 [35] SMC [52] HERMES [40] ModelR
gp1 ðx;Q2Þdx 0.129� 0.003� 0.010 0.132� 0.017 0.121� 0.009 0.121� 0.002R
gn1ðx;Q2Þdx −0.034� 0.007� 0.016 −0.048� 0.022 −0.027� 0.009 −0.027� 0.004R
gd1ðx;Q2Þdx 0.044� 0.003� 0.006 0.039� 0.008 0.044� 0.003 0.034� 0.003

TABLE VI. Comparison of the result of the Burkhardt–Cottingham sum rule with experimental data in Q2 ¼ 5 GeV2. Our result is
calculated in two different x ranges.

E143 [35] E155 [50] HERMES2012 [51] Model
0.03 ≤ x ≤ 1 0.02 ≤ x ≤ 0.8 0.023 ≤ x ≤ 0.9 0ð0.02Þ ≤ x ≤ 1ð0.9ÞR

gp2 ðx;Q2Þdx −0.014� 0.028 −0.044� 0.008� 0.003 0.006� 0.024� 0.017 −0.008ð−0.012ÞR
gd2ðx;Q2Þdx −0.034� 0.082 −0.008� 0.012� 0.002 – −0.003ð−0.006Þ
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VII. CONCLUSIONS

We have carried out a NLOQCD analysis to the polarized
structure functions data g1 and g2. During the analysis, we
considered TMCs and HTeffects to extract the PPDFs inside
the nucleon. The strong coupling constant and twist-3 part of
the g1 and g2 are simultaneously determined along with
them. The TMCs are calculated explicitly from the leading
twist perturbative polarized structure function within the
OPE. In contrast to most previous PPDFs studies that
neglected the scale dependence of the HT contributions,
our model considers the Q2 evolution of the HT terms. This
strategy leads to extracting more precise PPDFs with smaller
uncertainty bands. We report smaller χ2 for our full scenario
including low Q2 corrections. This progress demonstrates a
clear preference of the data for the existence of their effects.
The strong coupling constant also receives a small correc-
tion. Having extracted the polarized PDFs, we estimated the
nuclear structure function of 3He and 3H. Finally, we
computed the moments of PPDFs and structure functions
and discussed the sum rules. We found good agreement with
the observables, and our outcomes were agreeable with other
results from the literature. More accurate data are required to
conclude final determination.
Having analyzed all the polarized inclusive DIS data on

g1 and g2, we examined the efficiency of our method on

SIDIS data to calculate quark and antiquark densities
individually. This work is in progress.

ACKNOWLEDGMENTS

The authors appreciate E. Leader for reading the manu-
script of this paper, fruitful suggestions, and critical
remarks. S. T. thanks the CERN TH-PH division for its
hospitality where a portion of this work was performed.
A. N. K. is grateful to the Physics Department of Southern
Methodist University for its hospitality. S. T. and A. N. K.
acknowledge the School of Particles and Accelerators,
Institute for Research in Fundamental Sciences (IPM),
for financially supporting this project.

APPENDIX: FORTRAN CODE

A FORTRAN package containing our PPDFs as well as the
polarized structure functions g1;2ðx;Q2Þ together with the
gtw−32 contribution for the proton, neutron, and deuteron is
available in http://particles.ipm.ir/links/QCD.htm or can be
obtained via Email from the authors. These functions are
interpolated using cubic splines in Q2 and a linear inter-
polation in logðQ2Þ. The package includes an example
program to illustrate the use of the routines.
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