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We construct the full p6 order chiral Lagrangians for the unitary group and special unitary groups,
including nf-, three- and two-flavor cases, all bilinear currents (scalar, pseudoscalar, vector, axial-vector,
and tensor currents), and θ parameter. The number of independent operators are 1391, 1326, and 969 for
each of the flavor unitary groups. From these results, we find one extra linear relation among the traditional
p4 order low-energy constants under the U(3) group, and some more linear relations with tensor sources for
the p6 order low-energy constants in the special unitary groups. We develop a scheme to obtain the relations
for the dependent operators in terms of independent operators.
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I. INTRODUCTION

In low-energy QCD, chiral perturbation theory (ChPT) is
a powerful tool in treating hadron physics. With the help of
ChPT, we can describe the low-energy pseudoscalar mes-
ons (π; K; η; η0) up to a certain degree of precision. In the
last three decades, ChPT has matured and can specify next-
to-next-to-leading order (NNLO) processes. The first step
in the ChPT is to obtain the chiral Lagrangian, where most
of the difficulties and discussions arise. Conventionally,
one expands the chiral Lagrangian in terms of powers of
momentum (p). For the special unitary (SU) group, ChPT
for the pseudoscalar meson has been improved from the
leading (p2) order [1], to the next-to-leading (p4) order
(NLO) [2,3], and the NNLO (p6 order) [4–10]. At present,
almost all NNLO chiral Lagrangian have been obtained,
including two- and three-flavor quarks, the normal and
anomalous parts, and all bilinear light-quark currents
(scalar, pseudoscalar, vector, axial-vector, and tensor cur-
rents), except for the θ parameter related terms. For the
unitary (U) groups, the NLO results were also obtained
[11]. Furthermore, one can expand the chiral Lagrangian in
terms of p and 1=Nc simultaneously. As for Oðp2Þ, the
results to order OðδÞ, have been obtained [12–14].
At present, under the SU group, the NNLO chiral

Lagrangian seems sufficient. The chiral Lagrangian at
any higher order is much more complicated and without
much physical interest. Even though it can be obtained, the
work would be very tedious and long, because of the

complexity, and the advantages of such a chiral Lagrangian
would vanish. Furthermore, comparisons between theory
and experiments have not reached the precision where
higher-order computations are needed. Even in the NNLO,
some mistakes may appear through the tedium of the
calculations, raising doubts about the credibility of the
evaluations. When the NNLO chiral Lagrangian was first
obtained [4,9], some linear relations among low-energy
constants (LECs) had been missed [5–8,10]. This poses the
question: Do other hidden relations exit? We need a definite
answer. If the existing LECs are not independent, they are
not unique, and ChPT cannot work well. In the NNLO,
there exists another problem. When one wants all LECs
[10,15,16] or discusses some processes, such as π − π
scattering [17,18], π − K scattering [19], two-point func-
tions [20], scalar form-factors [21], and η → 3π process
[22], one may meet some operators which are linear
dependent on the independent terms in the chiral
Lagrangian. One needs to obtain the linear relations among
these operators and the independent terms. Almost all
relations are simple and they should be obtained easily.
Nevertheless, some of them are quite long (see for example
[6] and Appendix B in [5]). The problem is how are these
complex calculations to be done, and computations made
more reliable.
Besides more higher-order terms, or remaining with the

NNLO under the SU groups, one may extend the calcu-
lation to the NNLO under the U group. For the conven-
tional SU chiral Lagrangian at the NNLO, there exists no
singlet vector sources, singlet axial-vector sources, or θ
parameter, but we may need to consider them in some
special problems. In some of these problems, these circum-
stances may need to be considered at even NLO, although
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of course, this may not be very accurate compared with
NNLO. The extra Uð1Þ symmetry is related to the η0
particle, which is the relevant singlet on the diagonal of the
meson matrix when one is dealing with the properties of η0
or with the interaction that includes η0 [23], especially η −
η0 mixing [24–28]. One needs to mix the singlet and octet
first to separate η and η0, and then to study their other
properties. Parameter θ comes from the strong CP viola-
tion, which induces baryon electric dipole moments
[29,30]. One can estimate θ or baryon electric dipole
moments with a θ-dependent term. Nevertheless certain
phenomena are related to singlet vector or axial-vector
sources, for instance, the electromagnetic interactions
corrections to the mesons [31–33]. In these situations,
the θ parameter, singlet vector, and axial-vector sources
cannot be ignored. For its convenience, the 1=Nc expansion
is a useful scheme to obtain the approximate analytic
solution. In ChPT, the θ parameter and η0 mass cannot be
ignored and should also be included in the Nc power
expansion [12,14,34]. Sometimes, tensor sources need to
be considered; as for example, for the magnetic suscep-
tibility of the quark condensate defined by the vacuum
expectation value of the tensor current [35–37]. The
purpose of our study is to obtain the full U group chiral
Lagrangian up to NNLO, including all bilinear quark

currents and θ parameter terms. With this chiral
Lagrangian and techniques developed, all the above-men-
tioned problems can be solved more accurately and
concomitantly.
This paper is organized as follows: In Sec. II, we review

the two kinds of basis to construct the chiral Lagrangian
and provide definitions of symbols. In Sec. III, we collect
all possible linear relations for the chiral Lagrangian.
Section IV is an introduction to our method of generating
the chiral Lagrangian. In Sec. V, we list our results for the U
and SU groups up to order p6. Section VI concludes with a
summary.

II. CHIRAL TRANSFORMATIONS AND
CHIRAL BASIS

In QCD, the original Lagrangian is denoted L0
QCD. We

usually introduce some external sources and the topological
charge operator to obtain the corresponding Green’s func-
tions. The complete bilinear coupling external sources
contain scalar (s), pseudoscalar (p), vector (vμ), axial-
vector (aμ), and tensor (t̄μν) currents. The topological
charge operator is Gμν

~Gμν, where Gμν is the gluon field
strength matrix, and ~Gμν ¼ ϵμνλρGλρ. The QCD Lagrangian
is expanded as

L ¼ L0
QCD þ q̄ðvðxÞ þ aðxÞγ5 − sðxÞ þ ipðxÞγ5 þ σμνt̄μνðxÞÞq −

1

16π2
θðxÞ trcðGμν

~GμνÞ; (1)

where q denotes the light quark fields. For low-energy QCD, we mainly focus on the nonet of the pseudoscalar mesons
ðπ; K; η; η0Þ. As in [2,3], we collect the nonet in the UðxÞ matrix as

UðxÞ ¼ eiϕðxÞ=F0 (2)

ϕðxÞ¼¼¼¼nf¼3 X8
a¼0

λaϕaðxÞ ¼

0
BBBBB@

π0 þ 1ffiffi
3

p η8 þ
ffiffi
2
3

q
η0

ffiffiffi
2

p
πþ

ffiffiffi
2

p
Kþ

ffiffiffi
2

p
π− −π0 þ 1ffiffi

3
p η8 þ

ffiffi
2
3

q
η0

ffiffiffi
2

p
K0

ffiffiffi
2

p
K−

ffiffiffi
2

p
K̄0 − 2ffiffi

3
p η8 þ

ffiffi
2
3

q
η0

1
CCCCCA
: (3)

Where F0 is the pseudoscalar meson decay constant in the
chiral limit, and λiði ¼ 1…8Þ are the Gell-Mann matrices,
and λ0 ¼

ffiffiffiffiffiffiffiffiffiffi
2=nf

p
Inf×nf . We usually choose nf ¼ 2 or 3. If

the light quark are assumed massless, L is invariant under
the ULðnfÞ ×URðnfÞ group. For an effective field theory,
we often focus on the meson fields U. Under the ULðnfÞ ×
URðnfÞ transformations, U transforms as

U → gRUg†L; gL ∈ UL; gR ∈ UR: (4)

Simultaneously, the external sources also need transform-
ing. For convenience, we usually collect the sources as

rμ ¼ vμ þ aμ;

lμ ¼ vμ − aμ;

χ ¼ 2B0ðsþ ipÞ;
θ̂ ¼ iθ;

X ¼ hlnUi þ θ̂;

tμν ¼ 1

2
t̄μν −

i
4
ϵμνλρt̄λρ: (5)

The notation h� � �i is the trace over flavor indices. B0 is a
constant related to the quark condensate. Under
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ULðnfÞ × URðnfÞ rotations (chiral rotations), these sources
transform as

lμ → gLlμg
†
L þ igL∂μg†L

rμ → gRrμg
†
R þ igR∂μg†R

χ → gRχg
†
L

tμν → gRtμνg
†
L

X → X: (6)

For θ̂, one usually introduces its covariant derivative

∇μθ̂ ¼ ∂μθ̂ þ 2ihaμi; (7)

which is invariant under the chiral rotations. It is more
convenient to introduce the field strengths Fμν

L and Fμν
R

associated with lμ; rμ,

Fμν
R ¼ ∂μrν − ∂νrμ − i½rμ; rν�;

Fμν
L ¼ ∂μlν − ∂νlμ − i½lμ; lν�: (8)

Under ULðnfÞ × URðnfÞ rotations, they transform as

Fμν
L → gLF

μν
L g†L; Fμν

R → gRF
μν
R g†R: (9)

We can now construct the chiral Lagrangian, with
U;U†; Fμν

L ; Fμν
R ; χ; χ†; tμν; t†μν;∇μθ̂, and X, as well as their

covariant derivatives; we call this set the L(eft)R(ight)-
basis. These covariant derivations combine with lμ and rμ,
retaining the same transformations as the fields on which
they act. Different transformations have different covariant
derivations. They can be obtained from (6). Following [4],
we express them as

A → gRAg
†
L∶ DμA ¼ ∂μA − irμAþ iAlμ;

B → gLBg
†
R∶ DμB ¼ ∂μB − ilμBþ iBrμ;

C → gRCg
†
R∶ DμC ¼ ∂μC − irμCþ iCrμ;

D → gLDg†L∶ DμD ¼ ∂μD − ilμDþ iDlμ;

E → E∶ DμE ¼ ∂μE: (10)

In principle, the conditions constraining the chiral
Lagrangian relate only to its symmetries, which include
the Lorentz symmetry, local chiral symmetry, parity sym-
metry, and charge conjugation symmetry. We list these
properties on for the LR-basis in Table I. Because the chiral
Lagrangian needs to be real, we also list the Hermiticity of
the LR-basis. The operators in Table I with covariant
derivations have the same properties.
At present, we can construct the chiral Lagrangian with

the LR-basis. However, different bases have different chiral
rotation properties, particularly, in (10), the covariant

derivatives relations are complex. Such differences can
yield among the covariant derivatives quite complex
properties for some identities, for instance the strength
tensor relations and the Bianchi identity, which will be
introduced later in (17) and (22), respectively, in regard to
another basis. In using the LR-basis some linear relations
may get lost [4]. Hence, we usually use another basis,
which we refer to as building blocks. We will until the very
end use these building blocks to construct the chiral
Lagrangian, but will return to the LR-basis for the contact
terms.
Following [5,8,9], we define the Goldstone boson field

u,U ¼ u2, and introduce a compensator field h. The field u
transforms as

u → u ¼ gRuh† ¼ hug†L: (11)

Hence, under chiral rotations, all the building blocks O are
invariant or transform as

O → hOh†: (12)

These building blocks and their relations to the LR-basis
are

uμ ¼ ifu†ð∂μ − irμÞu − uð∂μ − ilμÞu†g;
χ� ¼ u†χu† � uχ†u;

hμν ¼ ∇μuν þ∇νuμ;

fμν� ¼ uFμν
L u† � u†Fμν

R u;

tμν� ¼ u†tμνu† � utμν†u;

∇μθ̂ ¼ ∂μθ̂ þ 2ihaμi;
X ¼ hlnUi þ θ̂: (13)

We can see that almost all the operators on the left-hand
side of (13) transform as (12); the exceptions∇μθ̂ and X are
invariant.
Furthermore, we also need to define the covariant

derivative for all operators. For the operators transforming
as (12), the covariant derivatives are

TABLE I. Chiral rotations (R), P, C and Hermiticity of the
LR-basis (O).

O R P C H.c.

U gRUg†L U† UT U†

χ gRχg
†
L χ† χT χ†

Fμν
L gLF

μν
L g†L Fμν

R −ðFμν
R ÞT Fμν

L

Fμν
R gRF

μν
R g†R Fμν

L −ðFμν
L ÞT Fμν

R

tμν gRtμνg
†
L t†μν −ðtμνÞT t†μν

X X −X X −X
∇μθ̂ ∇μθ̂ −∇μθ̂ ∇μθ̂ −∇μθ̂
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∇μO ¼ ∂μOþ ½Γμ; O�; (14)

where the chiral connection is

Γμ ¼ 1

2
fu†ð∂μ − irμÞuþ uð∂μ − ilμÞu†g: (15)

Because ∇μθ̂ and X are invariant under the chiral rotations,
their covariant derivatives are the ordinary partial deriva-
tive. For convenience, we will use below ∇ instead of ∂,
because the commutator is zero in (14). With this covariant
derivative, fμν− can be simplified as

fμν− ¼ −∇μuν þ∇νuμ: (16)

The field strength tensor Γμν associated with this covariant
derivative is

½∇μ;∇ν�O ¼ ½Γμν; O�; (17)

Γμν ¼ ∇μΓν −∇νΓμ − ½Γμ;Γν� ¼ 1

4
½uμ; uν� − i

2
fμνþ : (18)

The chiral Lagrangian can be constructed by the building
blocks in (13) and their covariant derivatives.1 As in [5], we
choose for χ� a more convenience form for its covariant
derivatives;

χμ� ¼ u†Dμχu† � uDμχ†u ¼ ∇μχ� −
i
2
fχ∓; uμg; (19)

which has a more simple relationship in the LR-basis. With
regard to the LR-basis, we list the properties of the building
blocks in Table II.

III. FROM BUILDING BLOCKS TO
CHIRAL LAGRANGIAN

Given the properties of the building blocks in Table II,
we can construct the chiral Lagrangian by permuting
and combining these building blocks. We shall focus
mainly on the full UðnfÞ ×UðnfÞ group, including all
external sources and θ parameter (vμ; aμ; s; p; t̄μν; θ).
Nevertheless, for orders above Oðp4Þ, the numbers of
terms are very large. The higher the order, the much larger
the number of terms becomes. Hence listing all terms is
tedious. However, these terms are not linearly independent,
we only need to find all linear conditions and list only those
independent terms. All linear conditions come from the
following relations.

(i) Partial integration: Except for a total derivative term,
we can remove one covariant derivative with respect
to another operator in the following manner

TABLE II. P, C, and Hermiticity of the building blocks.

O P C H.c.

uμ −uμ ðuμÞT uμ

hμν −hμν ðhμνÞT hμν

χ� �χ� ðχ�ÞT �χ�
fμν� �f�μν ∓ðfμν� ÞT fμν�
tμν� �t�μν −ðtμν� ÞT �tμν�
∇μθ −∇μθ ∇μθ −∇μθ
X −X X −X

h∇μAB � � �ihCD � � �i � � � ¼−hA∇μB � � �ihCD � � �i � � �− � � �− hAB � � �ih∇μCD � � �i � � �− hAB � � �ihC∇μD � � �i � � �− � � � ; (20)

where “� � �” represent one or more operators.
(ii) Equations of motion: From the chiral Lagrangian and Euler-Lagrange equation, the lowest-order equations of motion

(EOM) in the LR-basis for the chiral Lagrangian are given in Eq. (22) of Ref. [11]. In the building-blocks basis,
we have

∇μuμ ¼
i
2

W0
0

W1

−
i
2

W0
1

W1

huμuμi þ i
W0

1

W1

ðhuμi þ i∇μθ̂Þuμ þ
i
2

W2

W1

χ− −
1

2

W3

W1

χþ

−
i
2

W0
2

W1

hχþi þ
1

2

W0
3

W1

hχ−i þ
�
i
2

W0
5

W1

−
i
2

W0
6

W1

�
ð∇μθ̂Þð∇μθ̂Þ þ i

2

W5

W1

∇μ∇μθ̂: (21)

1The ∇μ in ∇μθ̂ is not this covariant derivative. However, we believe no confusion arises because they are always combinative.
Higher-order covariant derivatives in ∇μθ̂ are equal to the ordinary derivatives or (14). Therefore, we persist with this form for the sake
of convenience.
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The W coefficients will be defined in (53). Some minus
signs in (21) are required to match the coefficients in [11].
The conclusion of [5,38] was that up to Oðp6Þ, the lowest-
order EOM are satisfied. If we want to evaluate a higher-
order chiral Lagrangian, we need to develop the EOM to a
higher order, which only adds terms on the right-hand side
of (21). If we are only wanting the independent terms, we
can also eliminate the factor ∇μuμ without any difficulties.
(iii) Bianchi identity: From Eqs. (18), we can get

∇μΓνλ þ∇νΓλμ þ∇λΓμν ¼ 0; (22)

which gives a relation between the covariant deriva-
tives of Γμνðfμνþ Þ.

(iv) Schouten identity: When constructing the odd parity
terms, we need to use the odd-intrinsic-parity factor
ϵμνλρ, as for example in the Schouten identity,

ϵμνλρAσ − ϵσνλρAμ− ϵμσλρAν− ϵμνσρAλ−ϵμνλσAρ¼ 0:

(23)

(v) Tensor relations: For tensor sources, using (5) and
(13), one can obtain two relations between the
odd-intrinsic-parity tensor t−μν and the even-
intrinsic-parity tensor tþμν [9];

ϵμνλρt
λρ
� ¼ 2it∓μν: (24)

With these relations we can obtain the following
transformations

O1tþO2t−O3 ↔ O1t−O2tþO3; etc: (25)

and develop relations between the two tμν� ’s.
(iv) Contact terms: In the chiral Lagrangian, we usually

focus on the mesons fields, and separate the pure

external sources terms and θ terms, called contact
terms, leaving only meson dependent terms.

(vii) Cayley-Hamilton relations: Usually, one develops
the chiral Lagrangian for mesons composed of the
lightest two or three quarks. In these situations, the
operators are 2 × 2 or 3 × 3 matrices. The Cayley-
Hamilton theorem states that every n × n matrix A
satisfies its own characteristic equation, pðλÞ,

pðλÞ ¼ detðA − λInÞ ¼ 0; pðAÞ ¼ 0; (26)

and hence gives a relation between the trace of an
operator and its determinant. For 2 × 2 and 3 × 3
matrices,

2 × 2∶ detðAÞ ¼ 1

2
ðhAi2 − hA2iÞ;

3 × 3∶ detðAÞ ¼ 1

6
ðhAi3 − 3hAihA2i þ 2hA3iÞ: (27)

Using (27), with some tricks (see [4,9]), for arbitrary
2 × 2 matrices A and B, we can get 0

ABþBA−AhBi−BhAi−hABiþhAihBi¼0: (28)

For arbitrary 3 × 3 matrices A; B, and C, we can get

0 ¼ ABCþ ACBþ BACþ BCAþ CABþ CBA − ABhCi − AChBi − BAhCi − BChAi − CAhBi
− CBhAi − AhBCi − BhACi − ChABi − hABCi − hACBi þ AhBihCi þ BhAihCi þ ChAihBi
þ hAihBCi þ hBihACi þ hCihABi − hAihBihCi: (29)

Hence, when developing the two- or three-flavor chiral
Lagrangian, theCayley-Hamilton relationscannotbe ignored.
The above conditions lead to all linear relations for the

chiral Lagrangian. No other linear relations exist. Hence, if
we can use all conditions systematically, the chiral
Lagrangian can be obtained. The next section introduces
our method in detail.

IV. CONSTRUCTION OF THE
CHIRAL LAGRANGIAN

In this section, we work through the above situations one
by one to construct the chiral Lagrangian.

A. Power counting

In this paper, we only adopt the conventional power
counting rule given in [2,3], expand the chiral Lagrangian
in powers of momentum. We show the power counting
scheme in Table III. Each covariant derivative counts as
Oðp1Þ. For tensor fields, we use the power counting rule in
[9], and consider tensor fields as combined (axial-)vector
fields. Hence the chiral Lagrangian has only even orders in
the expansion.
In Table II and III, one can see that, X is of order Oðp0Þ,

hence in the chiral Lagrangian it can exist in a functional
form. X also has odd parity, so a Lagrangian without X can

TABLE III. Power counting of each base.

Order LR-basis Building blocks

Oðp0Þ U; θ̂; X u; θ̂; X
Oðp1Þ aμ; vμ uμ

Oðp2Þ χ; tμν χ�; f
μν
� ; tμν�
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have both even or odd parity terms. The general form of the
chiral Lagrangian to any given order is

L2n ¼
X
m

fmðXÞOm; (30)

where the fmðXÞ are any functions of X, and Om are
operators up to order Oðp2nÞ. To construct the chiral
Lagrangian of given order is to find all Om up to that order.

B. Reduced building blocks

The building blocks in Table II are not very suitable for
constructing the chiral Lagrangian directly, because some
building blocks, such as fμνþ , couple to different sources.
Although the calculation is a little complex, we can break it
up into smaller steps. First, before the calculations, we
reduce the building blocks to more basic ones, each
containing a given number of external sources. We call
these the reduced building blocks, which we use when
searching linear relations. At the end of the calculation, we
revert to the original building blocks.
From (18), we can see fμνþ is related to Γμν, with some

redundant uμ. If we have only the linear independent terms,
the choice of Γμν is much more convenient, because it is
directly relevant in the Bianchi identity(22). Ignoring the
redundant uμ makes no sense when we are only wanting the
independent terms. Their effects can only be compensated
in contributions of uμ. For the same reason, for (19), we
choose ∇μχ� instead of χμ�. We call those building blocks
in Table II along with the substitutions

fμνþ ↔ iΓμν; χμ� ↔ ∇μχ� (31)

the reduced building blocks. The P, C, and Hermiticity
properties between the original building blocks and the
reduced building blocks are the same.
If we obtain the high-order chiral Lagrangian, then their

covariant derivatives will appear with the reduced building
blocks. To order Oðp2nÞ, with the partial integration
relations, we need ∇∇ � � �∇O to order OðpnÞ at most,
where O is a reduced building block.
Furthermore, for convenience, when we are only deter-

mining the independent operators (17) can be simplified to

½∇μ;∇ν�O → 0; (32)

because the excess terms on the right-hand side of (17) can
be constructed by Γμν and O with two less ∇.

C. Permutation, combination, and primary screening

Permuting all reduced building blocks and their covar-
iant derivatives, and adding appropriate traces, we can get a
complete but not linearly independent set of operators.
Because of (24), tμν− can appear once at most. Nevertheless
the number of permutations is very large. A preliminary
screening can lead to a simpler calculation.
Most operators can be reduced using the Einstein

summation convention AμAμ ¼ AνAν, and trace relations
hABi ¼ hBAi. Even though the two operators are a little
complex, we cannot assess immediately whether they are
equal or not. A simple way is to change all operators to a
unique form, we call it the standard form. We can assess
whether two terms are equal directly by comparing their
standard forms.2

First, we separate all operators and their indices, and
assign a number to each operator and each index. Table IV
presents an example. For convenience, we consider the
brackets (“h” and “i”) and covariant derivative (∇) as single
operators.
Second, we write down each operator number in order,

and then enumerate the indices. We obtain a row vector
such as

huμuνhμνi → ð82; 1011; 1011; 1058; 83; 1; 2; 1; 2Þ: (33)

We call it the numerical representation of an operator. With
trace relations, Einstein summation convention and (anti)
symmetry index relations, we transform the numerical
representation to its smallest possible form.3 The smallest
representation is the numerical representation, and
the corresponding operator is the original operator in
standard form.
With the above procedure, all trivial relations are used,

including the Einstein summation convention, trace rela-
tions and (anti)symmetry indices relations. Next, we only
need to work out one by one the conditions in Sec. III,
with the standard form operators. For convenience, all
the operators in the following calculations are in
standard forms.

TABLE IV. Example of operator and index numbering. No significance is given to the specific numbers. These
can be big or small, or even personal preferences.

Operator h i ∇ u h χþ χ− f− Γþ tþ t− θ̂

Number 82 83 1004 1011 1058 1021 1141 1071 1007 2604 2605 1201
Index μ ν λ ρ σ
Number 1 2 3 4 5

2This is like a web site verifying passwords in non-case-
sensitive form. Changing all characters to upper or lower-case
and then assessing them seems much easier.

3We introduce a small number on the left-hand side of the
numerical representation to denote that it is the smallest form
possible.
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D. Substitutions and classifications

Because hμν and fμν� contain covariant derivatives,
determining the linear relations is hard with the reduced
building blocks. Using (13), (16), and (18), we can clearly
reveal the covariant derivatives.
In Sec. III, except for the EOM, each linear relation

maintains its number of types of external sources. The
relations cannot change scalar sources into vector sources
or tensors to pseudoscalars for example.4 As the EOM is
related to∇μuμ, we only need to ignore terms including this
factor. To simplify the problem, we classify all operators by
the numbers of types of external sources. One classification
contains the same numbers of each external source. If there
exists a linear relation, it only affects the operators in the
same classification. Moreover, if we ignore the Cayley-
Hamilton relations, or in the nf-flavor case, the other
relations cannot change the trace number.5

Now we have classified the operator as a big set Cij.
Index i indicates the sequence number of the types of the
external sources, and j indicates the number of traces. For
any given pair ði; jÞ, all permutations of the reduced-
building block standard formsDij;k are known, k indicating
the permutation numbers of the Cij; all permutations of the
revealable covariant derivatives standard forms Eij;l can be
calculated, l indicating the permutation number. Their
linear relations are

Dij;k ¼
X
l

Aij;klEij;l; (34)

where Aij;kl are elements of their relative matrices.
Our purpose is to find all of the independent operators
of Dij;k, and Eij;l are the bridges in finding all linear
relations.

E. Linear relations

Generally, for the nf-flavor case, the linear relations
depend only on the small sets Dij;k or Eij;l, and our search
scope is narrowed. All linear conditions can be added one
by one

(i) EOM: With the EOM (21), we can remove all terms
including hμμ in Dij;k or ∇μuμ in Eij;l.

(ii) Partial integration, Bianchi identity, Schouten iden-
tity, and tensor relations: The schemes for these
conditions are the same. We can directly remove one
term in (20), (22), (23), and (25). Although the
relations are too many, remembering which relations
have been used or not is not easy, and one does not
know which Dij;k or Eij;l should be removed. A
crude method is to apply these relations to all
operators in Eij;l. For partial integration, we only
need to deal with the far left covariant derivative
in each factor, because Eij;l is a complete set.
There indeed exist some operators with another
covariant derivative order. For the Bianchi identity,
to reveal the covariant derivatives, (22) needs to be
changed to

0 ¼ ∇μ∇νΓλ −∇μ∇λΓν −∇μΓνΓλ − Γν∇μΓλ þ∇μΓλΓν þ Γλ∇μΓν þ∇λ∇μΓν −∇λ∇νΓμ −∇λΓμΓν − Γμ∇λΓν þ∇λΓνΓμ

þ Γν∇λΓμ þ∇ν∇λΓμ −∇ν∇μΓλ −∇νΓλΓμ − Γλ∇νΓμ þ∇νΓμΓλ þ Γμ∇νΓλ: (35)

We also only need to focus on the covariant derivative
factor near a Γ. The other covariant derivatives, even if the
first in ∇∇Γ, need not be considered. For the Schouten
identity, we must exchange all indices different from that
of ϵ. For the tensor relations, tensors involve one t− and
several tþ terms. Because the number of t− is at most
one, exchanging it for each tþ can give a linear relations. In
summary, we can write down all linear relations.

X
l

Rij;rlEij;l ¼ 0; (36)

where r is the number of relations, and Rij;rl
are the relation matrices with the row index “ij”
and column index “rl.” The reduced row echelon form
of Rij;rl,

Rij;rl → Sij;rl ¼

0
BBBBBB@

1 O O O O � � � � � � � � �
1 O O � � � � � � � � �

� � � � � � � � � � � � � � �
1 � � � � � � � � �

O O O

1
CCCCCCA
; (37)

4A tensor relation changes tþ and t− by couples, so the total numbers of types of external sources remain the same.Wealso consider (32).
5The EOM has been used to exclude the ∇μuμ factor.
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where theO are some appropriate dimension-zero-matrices
and “� � �” can be nonzero matrices. The rank of Rij;rl or
Sij;rl is equal to the number of linear relations. And each
nonzero row-vector in Sij;rl gives a linear relation. We
consider numbers of the operators that have number “1” as
independent. Hence (34) can be reduced to

Dij;k ¼
X
l

A0
ij;klEij;l; (38)

where using (36) A0
ij;kl are the matrices Aij;kl, with all

linear dependent operators removed in the columns of
(37) with “1.”

(iii) Cayley-Hamilton relations: Because the Cayley-
Hamilton relations can change the trace, we collect
all Dij and Eij, as

Dij → Di ¼ ½Di1; Di2; Di3; � � � ; Din�
Eij → Ei ¼ ½Ei1; Ei2; Ei3; � � � ; Ein�; (39)

where n is the number corresponding to the maximum
trace. Then, (38) is reduced to

Di;k ¼
X
l

A0
i;klEi;l; (40)

the Cayley-Hamilton relations only give new linear
relations when one trace contains more than nf
operators. A;B;C in (28) and (29) can be one factor
or more. Applying all possible combinations, we can
get all Cayley-Hamilton relations. Removing all linear
dependent terms, as in (38), we obtain

Dnf;i;k ¼
X
l

A″
nf;i;kl

Enf;i;l; (41)

whereDnf;i;k is the kth operator in the nf-flavor case in
the classification i (nf ¼ 2 or 3), Enf;i;l is the lth
revealable covariant derivative operator in the nf-
flavor case in the classification i, and A″

nf;i;kl
is the

matrix of coefficients relating the two.
(iv) Contact terms: Contact terms can be found in a

specialized treatment. Because all the building
blocks in Table II mix u (or U) fields and external
sources, Constructing the contact terms with such
building blocks is not so useful. Hence we construct
contact terms with the LR-basis, without U fields.

Their relations are

Fμν
L ¼ 1

2
u†ðfμνþ þ fμν− Þu;

Fμν
R ¼ 1

2
uðfμνþ − fμν− Þu†;

χ ¼ 1

2
uðχþ þ χ−Þu;

χ† ¼ 1

2
u†ðχþ − χ−Þu†

tμν ¼ 1

2
uðtμνþ þ tμν− Þu;

t†μν ¼ 1

2
u†ðtμνþ − tμν− Þu†

∇μθ̂ ¼ ∇μθ̂: (42)

To construct the contact terms, one only needs the
basis and their covariant derivatives in (42). By
performing the same steps above, we can obtain all
permutations of the non-U operators. There exist
though two exceptions. The first is that different
LR-bases have different chiral rotations. Hence, not
all permutations, but only the chiral invariant operators
remain. The second is that for the SU group, uðUÞ is
unitary, so det uðdetUÞ ¼ 1. With (27), the combina-
tion of the determinant of the LR-basis or its covariant
derivatives can be chiral invariant as well. At order p2,
there exists no such operator. For order p4, there exists
one term only when nf ¼ 2,

det χ þ det χ† ¼ −
1

4
hχ2þi −

1

4
hχ2−i þ

1

4
hχþihχþi

þ 1

4
hχ−ihχ−i: (43)

For order p6, there exists one term when nf ¼ 3,

det χ þ det χ† ¼ 1

24
hχþi3 þ

1

8
hχþihχ−i2 −

1

8
hχþihχ2þi

−
1

8
hχþihχ2−i −

1

4
hχþχ−ihχ−i

þ 1

12
hχ3þi þ

1

4
hχþχ2−i: (44)

When nf ¼ 2, there exist three terms,

detDμχ þ detDμχ† ¼ −
1

4
hχμþχþμi −

1

4
hχμ−χ−μi þ

1

4
hχμþihχþμi þ

1

4
hχμ−ihχ−μi;

ðdet χ þ det χ†Þ∇μθ̂∇μθ̂ ¼
�
−
1

4
hχ2þi −

1

4
hχ2−i þ

1

4
hχþihχþi þ

1

4
hχ−ihχ−i

�
∇μθ̂∇μθ̂;

ðdet χ þ det χ†Þ∇μ∇μθ̂ ¼
�
−
1

4
hχ2þi −

1

4
hχ2−i þ

1

4
hχþihχþi þ

1

4
hχ−ihχ−i

�
∇μ∇μθ̂: (45)
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The first term is similar to hDμχDμ ~χi þ H:c: given in
[8].Following the steps above, we obtain a similar relation
as in (38) or (40).

Dnf;k ¼
X
l

A0
nf;kl

Enf;l; nf ¼ 3 or 2: (46)

Dnf;k and Enf;k are all Dij and Eij operators in (39)
with respective contact terms.

(v) Eliminating rule: For a given nf, collecting all the
linear relations above, we can obtain

X
l

RrlDl ¼ 0: (47)

The linear independent rows of Rrl correspond to
independent terms. The question arises: Which terms
are considered linear dependent and need to be
removed? We follow the rule: The contact terms
and terms with the least number of covariant deriv-
atives and traces are retained as far as possible.
Furthermore, we retain the smallest-possible numeri-
cal representation of the operator (see Sec. IV C).

(vi) Real: The chiral Lagrangian is real. Finally, with the
last column in Table I and II, some terms need
factoring by “i" to make them real.

(vii) U and SU groups: The above discussions are about
the U group. Most of the time, one does not care
about the η0 particle, and hence the discussion is
limited in the SU group. Of course, one can integrate
η0 to match the SU group results [39], but to do so
gives nothing of interest. It is convenient when
identifying the terms involving the SU group in
the U group. However under the SU group, all of the
operators Om in (30) are even parity. Usually, we
focus on traceless sources (hvμi ¼ haμi ¼ 0 or
huμi ¼ hfμνþ i ¼ 0) in the SU group, although some-
times we need study to the singlet (axial-)vector
external sources, so huμi ≠ 0 or hfμνþ i ≠ 0 need to be
considered. Fortunately, these situations cannot
change the calculations above; we only need to
set traceless terms to zero.

F. Discussions

(i) Linear relations of the dependent operators: At this
point, the chiral Lagrangian can be obtained, but
when we solve other problems, we may meet some
dependent operators. Most of their expansions in
terms of independent operators are simple, but
several are complex; see Appendix B in [5] and
[6] for examples. We will introduce a scheme to
generate these relations. When we derive the chiral
Lagrangian, all the operators are On, and all reveal-
able covariant derivative standard forms are Pm. We
can get their linear relations from (38), and full
relations from (17), (18), and (19);

On ¼
X
m

BnmPm; (48)

where Bnm is the matrix of coefficients, which have
been used in all linear relations. If O0 is another
operator, then

O0 ¼
X
m

TmPm: (49)

Using all linear relations, this can be reduced to

O0 ¼
X
m

T 0
mPm: (50)

Supposing the relation betweenO0 and the set ofOn is

O0 ¼
X
n

CnOn: (51)

The coefficients Cn are the solution of the linear
equation,

X
n

BnmCn ¼ T 0
m: (52)

Hence all linear relations between linear dependent
terms and linear independent terms can be obtained
such as in [6] and Appendix B in [5].

(ii) The steps above can be done directly, and system-
atically, without any artifices, and hence can be
performed on a computer. Furthermore, the accuracy
is reliable, and we can obtain the results relatively
quickly. This method is not very sensitivewith regard
to the form of the linear relations; we can add or
remove some linear relation in (36), without affecting
other steps. Therefore it can be used for other
problems where Lagrangian need to be constructed,
for instance, the electroweak chiral Lagrangian
[40,41]. If we solve some special problems, changing
the counting rules can be more effective [42].

V. RESULTS

We can now obtain the chiral Lagrangian to order p6. We
list the results in the following.

A. p0 and p2 order

The results for order p0 and p2 are the same as in [11],

L0þ2 ¼ −W0ðXÞ þW1ðXÞhu2i þW2ðXÞhχþi
þ iW3ðXÞhχ−i −W4ðXÞhuμihuμi
− iW5ðXÞhuμi∇μθ̂ þW6ðXÞ∇μθ̂∇μθ̂: (53)

Minus signs of some of the coefficients are to confirm that
in [11].
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B. p4 order

For the U groups, results have been given in [11]. For the
SU groups, results can be found in [2,3], or [43,44] in terms
of the building blocks, or [9] with tensor sources. We have
repeated the calculations to check our method. We find one
more linear relations than [11] for the U group.

iϵμνλρhðFμν
L þ U†Fμν

R UÞCλCρi ¼ ϵμνλρhFμν
L U†Fλρ

R Ui;
or O29 ¼ O28: (54)

The meanings of the notations in (54) can be found in [11].
It can be proved by substituting (8) and Cμ ¼ U†DμU into
(54) directly. By transforming (54) to the building-block
basis, the calculation is much simpler. We list our results in
Table VI in Appendix A. Besides (54), there are some
differences between Table VI and [11]: Aside from the
U(N) and U(3) group, we also include the U(2) groups
results and the tensor sources as well. For the SU groups,
we considered the following three types of external sources,

SUð3ÞI∶ hfμνþ i ≠ 0; huμi ¼ 0;

SUð3ÞII∶ hfμνþ i ¼ 0; huμi ≠ 0;

SUð3ÞIII∶ hfμνþ i ¼ 0; huμi ¼ 0:

(55)

The results with hfμνþ i ≠ 0 and huμi ≠ 0 can be found
within the U group results, so they are not listed here. The
SUð3ÞIII case is the conventional SU group case.

C. p6 order

At order p6, as much a check of our method as that of
existing results, we also compare our results with that of
others. We recover the results given in [5,6,8] without
tensor sources. With tensor sources, apart from the more
relations in [10] than [9], we find one other linear relation in
the nf-flavor case,

Y102 ¼
1

2
Y78 − Y87 − 2Y101 − Y117; (56)

and another nine linear relations in the two-flavor case,

Y48 ¼ −Y47;

Y49 ¼ −Y47;

Y50 ¼ 2Y47;

Y71 ¼ −Y70;

Y72 ¼ −Y70;

Y73 ¼ −2Y70;

Y92 ¼ 0;

Y106 ¼
1

2
Y9 þ

1

2
Y10 − 2Y11 − Y13 þ Y51 − 4Y52 þ Y82

þ 2Y90 − 2Y105 þ 8Y118;

Y108 ¼ −
1

8
Y9 −

1

8
Y10 þ

1

2
Y11 þ

1

4
Y13 þ

1

8
Y32 −

1

16
Y35

−
1

4
Y51 þ Y52 −

1

2
Y82 −

1

2
Y90 þ Y105 − 2Y118: (57)

At order p6, the number of independent terms is too large,
so we separate the chiral Lagrangian into four types,
depending on whether they include tμν or θ̂. We list these
four types in the first column of Table V, and summarize the
number of terms in each type. Explicit terms can be found
in Section B. Table VII and VIII give the even- and odd-
parity results when θ ¼ t̄μν ¼ 0, respectively; similarly for
Table IX and X when θ ≠ 0; t̄μν ¼ 0, Table XI and XII
when θ ¼ 0; t̄μν ≠ 0, respectively, and Table XIII and XIV
when θ ≠ 0; t̄μν ≠ 0. These are some differences in
sequence numbers from [5,8,9], but this creates no
ambiguity.

VI. SUMMARY

In this paper, we constructed the full p6-order U group
chiral Lagrangian, including nf-, three- and two-flavor
cases, all bilinear currents, and the θ parameter, and three
kinds of SU groups results. The number of terms in each
case can be found in Table VI, and the detailed form can be
found in Appendix B. We also list the full p4-order results
in Appendix A. During the calculations, we found one extra
linear relation in the p4-order under the U(3) group, and
one more linear relation in the p6-order under the SU
groups with tensor sources in nf flavors, and further nine
more relations in the two-flavor case. We develop a scheme

TABLE V. Numbers of terms in the chiral Lagrangian at order p6.

Number P ¼ þ=− U(N) SUðNÞI SUðNÞII SUðNÞIII
Classification P n 3 2 n 3 2 n 3 2 n 3 2

θ ¼ t̄μν ¼ 0 287=206 493 451 281 155 133 74 263 235 142 138 116 60
θ ≠ 0; t̄μν ¼ 0 261=206 467 455 371 124 118 83 251 243 194 116 110 75
θ ¼ 0; t̄μν ≠ 0 159=149 308 297 209 110 104 67 137 131 88 97 91 56
θ ≠ 0; t̄μν ≠ 0 64=59 123 123 108 51 51 43 52 52 44 42 42 34
Total 771=620 1391 1326 969 440 406 267 703 661 468 393 359 225
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to derive the relations among the linear dependent
and independent terms which enable us to systematically
set and examine various possible relations among
the LECs.
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APPENDIX A: THE p4 ORDER RESULTS

TABLE VI. The p4 order results in U groups and SU groups. The numbers are the sequence numbers in each case. The details can be
found in Sec. V B.

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators P n 3 2 n 3 2 n 3 2 n 3 2

huμuμuνuνi þ 1 1 1 1 1 1 1 1 1 1 1 1

huμuνuμuνi þ 2 2 2 2 2 2 2 2 2 2 2 2

huμihuμuνuνi þ 3 3 3 3 3 3

huμuμihuνuνi þ 4 4 4 3 3 4 4 4 3 3
huμuνihuμuνi þ 5 5 5 4 5 5 5 4
huμihuμihuνuνi þ 6 6 6 6
huμihuνihuμuνi þ 7 7 7 7
huμihuμihuνihuνi þ 8 8
hfμν− f−μνi þ 9 8 6 5 4 3 9 8 6 5 4 3

ihfμνþ uμuνi þ 10 9 7 6 5 4 10 9 7 6 5 4

huμuμχþi þ 11 10 8 7 6 5 11 10 8 7 6 5

huμihuμχþi þ 12 11 9 12 11 9

huμuμihχþi þ 13 12 10 8 7 13 12 10 8 7
huμihuμihχþi þ 14 13 14 13
hχ2þi þ 15 14 11 9 8 6 15 14 11 9 8 6

hχþihχþi þ 16 15 12 10 9 7 16 15 12 10 9 7

hχ−ihχ−i þ 17 16 13 11 10 17 16 11 10
hFμν

L FLμνi þ hFμν
R FRμνi þ 18 17 14 12 11 8 18 17 13 12 11 8

hFμν
L ihFLμνi þ hFμν

R ihFRμνi þ 19 18 15 13 12 9 19 18 14

hFμν
L ihFRμνi þ 20 19 16

hχχ†i þ 21 20 17 14 13 10 20 19 15 13 12 9

det χ þ det χ† þ 11 16 10

ihuμuμuνi∇νθ̂ þ 22 21 18 15 14 21 20 17 14 13

ihuμihuμuνi∇νθ̂ þ 23 22 19 22 21 18

ihuμihuνuνi∇μθ̂ þ 24 23 20 23 22 19

ihuμihuμihuνi∇νθ̂ þ 25 24 24 23

ihuμχþi∇μθ̂ þ 26 25 21 16 15 12 25 24 20 15 14 11

ihuμihχþi∇μθ̂ þ 27 26 22 26 25 21

(Table continued)
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TABLE VI. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators P n 3 2 n 3 2 n 3 2 n 3 2

hχ−i∇μ∇μθ̂ þ 28 27 23 17 16 13 27 26 22 16 15 12

huμuμi∇νθ̂∇νθ̂ þ 29 28 24 18 17 14 28 27 23 17 16 13

huμuνi∇μθ̂∇νθ̂ þ 30 29 25 19 18 15 29 28 24 18 17 14

huμihuμi∇νθ̂∇νθ̂ þ 31 30 26 30 29 25

huμihuνi∇μθ̂∇νθ̂ þ 32 31 27 31 30 26

hχþi∇μθ̂∇μθ̂ þ 33 32 28 20 19 16 32 31 27 19 18 15

ihuμi∇μθ̂∇νθ̂∇νθ̂ þ 34 33 29 33 32 28

∇μ∇μθ̂∇ν∇νθ̂ þ 35 34 30 21 20 17 34 33 29 20 19 16

∇μθ̂∇μθ̂∇νθ̂∇νθ̂ þ 36 35 31 22 21 18 35 34 30 21 20 17

ϵμνλρhuμihuνf−λρi þ 37 36 32 36 35 31

iϵμνλρhuμf−νλi∇ρθ̂ þ 38 37 33 23 22 19 37 36 32 22 21 18

iϵμνλρhuμihf−νλi∇ρθ̂ þ 39 38 34 38 37 33

ihuμuνtþμνi þ 40 39 35 24 23 20 39 38 34 23 22 19

hfμνþ tþμνi þ 41 40 36 25 24 21 40 39 35 24 23 20

hfμνþ ihtþμνi þ 42 41 37 26 25 22
htμνþ tþμνi þ 43 42 38 27 26 23 41 40 36 25 24 21

htμνþ ihtþμνi þ 44 43 39 28 27 24 42 41 37 26 25 22

huμihuνf−μνi − 45 44 40

ihuμuμχ−i − 46 45 41

ihuμihuμχ−i − 47 46 42

ihuμuμihχ−i − 48 47 43

ihuμihuμihχ−i − 49 48
ihχþχ−i − 50 49 44

ihχþihχ−i − 51 50 45

ihuμf−μνi∇νθ̂ − 52 51 46

ihuμhμνi∇νθ̂ − 53 52 47

ihuμihf−μνi∇νθ̂ − 54 53 48

ihuμihhμνi∇νθ̂ − 55 54 49

ihχþi∇μ∇μθ̂ − 56 55 50

huμχ−i∇μθ̂ − 57 56 51

huμihχ−i∇μθ̂ − 58 57 52

hhμνi∇μθ̂∇νθ̂ − 59 58 53

ihχ−i∇μθ̂∇μθ̂ − 60 59 54

i∇μθ̂∇μθ̂∇ν∇νθ̂ − 61 60 55

iϵμνλρhfþμνuλuρi − 62 61 56

huμuνt−μνi − 63 62 57

ihfμνþ t−μνi − 64 63 58

ihfμνþ iht−μνi − 65 64 59

ihtμνþ t−μνi − 66 65 60

ihtμνþ iht−μνi − 67 66 61
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APPENDIX B: THE p6 ORDER RESULTS

TABLE VII. The p6 order results in U groups and SU groups, with t ¼ 0, θ̂ ¼ 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found
in Sec. V C.

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞIII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2

huμuμuνuνuλuλi 1 1 1 1 1 1 1 1 1 1 1 1 hχþfμν− f−μνi 146 123 72 73 55 30 135 112 64 68 50 28

huμuμuνuλuνuλi 2 2 2 2 2 2 2 2 2 2 2 2 hχþhμνhμνi 147 124 73 74 56 31 136 113 65 69 51 29

huμuμuνuλuλuνi 3 3 3 3 3 3 3 3 3 3 huμχþ∇νf−μνi þ H:c: 148 125 74 75 57 32 137 114 66 70 52 30

huμuνuμuλuνuλi 4 4 4 4 4 3 4 4 4 4 4 3 hχþihfμν− f−μνi 149 126 75 76 58 138 115 67 71 53

huμuνuλuμuνuλi 5 5 5 5 5 5 5 5 5 5 hχþfμν− ihf−μνi 150 127 76 139 116 68

huμuνuλihuμuλuνi 6 6 6 6 6 6 6 6 6 6 hχþihhμνhμνi 151 128 77 77 59 140 117 69 72 54

huμuνuλihuμuνuλi 7 7 7 7 7 7 7 7 hχþhμνihhμνi 152 129 78 141 118 70

huμuμuνihuνuλuλi 8 8 7 8 8 8 8 7 8 8 huμihχþ∇νf−μνi 153 130 79 142 119 71

huμuνihuμuλuνuλi 9 9 8 9 9 9 8 9 huμχþih∇νf−μνi 154 131 80 143 120 72

huμuμihuνuλuνuλi 10 10 9 10 10 10 9 10 huμ∇νf−μνihχþi 155 132 81 78 60 144 121 73 73 55

huμuνihuμuνuλuλi 11 11 11 11 11 11 hχþihfμν− ihf−μνi 156 133 145 122

huμuμihuνuνuλuλi 12 12 12 12 12 12 hχþihhμνihhμνi 157 134 146 123

huμihuμuνuλuλuνi 13 13 10 13 13 10 huμihχþih∇νf−μνi 158 135 147 124

huμihuμuνuλuνuλi 14 14 14 14 ihfμνþ uμuνχþi þ H:c: 159 136 82 79 61 33 148 125 74 74 56 31

huμihuμuνuνuλuλi 15 15 15 15 ihfμνþ uμχþuνi 160 137 83 80 62 34 149 126 75 75 57

huμuνihuμuλihuνuλi 16 16 13 16 16 13 ihfμνþ ihuμuνχþi 161 138 84 81 63

huμuμihuνuλihuνuλi 17 17 14 17 17 14 ihfμνþ uμuνihχþi 162 139 82 64 150 127 76 58

huμuμihuνuνihuλuλi 18 18 15 18 18 15 ihfμνþ uμχþihuνi þ H:c: 163 140 151 128

huμihuνuλihuμuνuλi 19 19 19 19 hfμνþ fþμνχþi 164 141 85 83 65 35 152 129 76 77 59 32

huμihuνuνihuμuλuλi 20 20 20 20 hfμνþ ihfþμνχþi 165 142 86 84 66 36

huμihuμuνihuνuλuλi 21 21 21 21 hfμνþ fþμνihχþi 166 143 87 85 67 37 153 130 78 60

huμihuνihuμuλuνuλi 22 22 22 22 hfμνþ ihfþμνihχþi 167 144 86 68

huμihuμihuνuλuνuλi 23 23 23 23 huμuμχ2þi 168 145 88 87 69 38 154 131 77 79 61 33

huμihuνihuμuνuλuλi 24 24 huμχþuμχþi 169 146 89 88 70 39 155 132 78 80 62 34

huμihuμihuνuνuλuλi 25 25 huμihuμχ2þi 170 147 90 156 133 79

huμihuνihuμuλihuνuλi 26 26 huμuμihχ2þi 171 148 91 89 71 157 134 80 81 63

huμihuμihuνuλihuνuλi 27 27 huμuμχþihχþi 172 149 92 90 72 40 158 135 81 82 64 35

(Table continued)
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TABLE VII. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞIII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2

huμihuνihuμuνihuλuλi 28 28 huμχþihuμχþi 173 150 93 91 73 159 136 82 83 65

huμihuμihuνuνihuλuλi 29 29 huμihuμihχ2þi 174 151 160 137

huμihuνihuλihuμuνuλi 30 30 huμihuμχþihχþi 175 152 161 138

huμihuμihuνihuνuλuλi 31 31 huμuμihχþihχþi 176 153 92 162 139 84
huμihuμihuνihuνihuλuλi 32 32 huμihuμihχþihχþi 177 163

huμihuμihuνihuλihuνuλi 33 33 hχμþχþμi 178 154 94 93 74 41 164 140 83 85 66 36

huμihuμihuνihuνihuλihuλi 34 34 hχμþihχþμi 179 155 95 94 75 42 165 141 84 86 67 37

huμuμfνλ− f−νλi 35 24 11 16 9 4 35 24 11 16 9 4 hχ3þi 180 156 96 95 76 43 166 142 85 87 68 38

huμuνf−μλf−νλi 36 25 12 17 10 5 36 25 12 17 10 5 hχþihχ2þi 181 157 97 96 77 44 167 143 86 88 69 39

huμuνf−νλf−μλi 37 26 13 18 11 6 37 26 13 18 11 6 hχþihχþihχþi 182 158 97 78 168 144 89 70

huμf−μνuλf−νλi þ H:c: 38 27 14 19 12 7 38 27 14 19 12 7 ihuμuνf−μνχ−i þ H:c: 183 159 98 98 79 45 169 145 87 90 71 40

huμfνλ− uμf−νλi 39 28 15 20 13 8 39 28 15 20 13 8 ihuμuνhμνχ−i þ H:c: 184 160 99 99 80 46 170 146 88 91 72 41

huμuνhμλf−νλi þ H:c: 40 29 16 21 14 9 40 29 16 21 14 9 ihuμhμνuνχ−i 185 161 100 100 81 47 171 147 89 92 73 42

huμuνhνλf−μλi þ H:c: 41 30 17 22 15 10 41 30 17 22 15 10 ihuμihuνf−μνχ−i þ H:c: 186 162 101 172 148 90

huμhμνuλf−νλi þ H:c: 42 31 18 23 16 11 42 31 18 23 16 11 ihuμf−μνihuνχ−i 187 163 102 101 82 173 149 91 93 74

huμuμhνλhνλi 43 32 19 24 17 12 43 32 19 24 17 12 ihuμihuνhμνχ−i þ H:c: 188 164 103 174 150 92

huμuνhμλhνλi 44 33 20 25 18 13 44 33 20 25 18 13 ihuμuνihhμνχ−i 189 165 104 102 83 175 151 93 94 75

huμuνhνλihhμλi þ H:c: 45 34 21 45 34 21 ihuμuνhμνihχ−i 190 166 105 103 84 176 152 94 95 76

huμuμhνλihhνλi 46 35 22 46 35 22 ihuμhμνihuνχ−i 191 167 106 104 177 153 95 96
huμuνf−νλihhμλi þ H:c: 47 36 23 47 36 23 ihuμuνχ−ihhμνi 192 168 107 178 154 96

huμuνhνλihf−μλi þ H:c: 48 37 24 48 37 24 ihuμihuνf−μνihχ−i 193 169 179 155

huμuνf−νλihf−μλi þ H:c: 49 38 25 49 38 25 ihuμihuνχ−ihf−μνi 194 170 180 156

huμhνλihuνhμλi 50 39 26 26 19 50 39 26 26 19 ihuμihuνihhμνχ−i 195 171 181 157

huμhνλihuμhνλi 51 40 27 27 20 51 40 27 27 20 ihuμihuνhμνihχ−i 196 172 182 158

huμhμνihuλhνλi 52 41 28 28 21 52 41 28 28 21 ihuμuνihhμνihχ−i 197 173 183 159

huμuνihuλ∇λhμνi 53 42 29 29 22 53 42 29 29 22 ihuμihuνχ−ihhμνi 198 174 184 160

huμuνihuλ∇μhνλi 54 43 30 30 54 43 30 30 ihuμihuνihhμνihχ−i 199 185

huμuνihuμ∇λhνλi 55 44 31 31 23 55 44 31 31 23 hfμνþ f−μνχ−i þ H:c: 200 175 108 105 85 48 186 161 97 97 77 43

huμuμihuν∇λhνλi 56 45 32 32 56 45 32 32 h∇μfþμ
νuνχ−i þ H:c: 201 176 109 106 86 49 187 162 98 98 78 44

huμuνihhμλhνλi 57 46 33 33 57 46 33 33 ihuμχ−χþμi þ H:c: 202 177 110 107 87 50 188 163 99 99 79 45

huμihuνuλ∇λhμνi þ H:c: 58 47 34 58 47 34 ihuμihχ−χþμi 203 178 111 189 164 100

(Table continued)
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TABLE VII. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞIII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2

huμihuνuν∇λhμλi 59 48 35 59 48 35 ihuμχ−ihχþμi 204 179 112 108 88 51 190 165 101 100 80 46

huμihuνuλ∇μhνλi 60 49 36 60 49 36 ihuμχþμihχ−i 205 180 113 109 89 191 166 102 101 81

huμihuνuμ∇λhνλi þ H:c: 61 50 37 61 50 37 ihuμihχ−ihχþμi 206 181 192 167

huμfνλ− ihuνf−μλi 62 51 38 34 24 62 51 38 34 24 huμuμχ2−i 207 182 114 110 90 52 193 168 103 102 82 47

huμfνλ− ihuμf−νλi 63 52 39 35 63 52 39 35 huμχ−uμχ−i 208 183 115 111 91 53 194 169 104 103 83 48

huμuνihhμλihhνλi 64 53 64 53 huμihuμχ2−i 209 184 116 195 170 105

huμuμihhνλihhνλi 65 54 65 54 huμuμihχ2−i 210 185 117 112 92 196 171 106 104 84

huμihuνhνλihhμλi 66 55 66 55 huμuμχ−ihχ−i 211 186 118 113 93 54 197 172 107 105 85 49

huμihuνhμλihhνλi 67 56 67 56 huμχ−ihuμχ−i 212 187 119 114 94 198 173 108 106 86

huμihuμhνλihhνλi 68 57 68 57 huμihuμihχ2−i 213 188 199 174

huμihuνf−νλihhμλi 69 58 69 58 huμihuμχ−ihχ−i 214 189 200 175

huμihuνf−μλihhνλi 70 59 70 59 huμuμihχ−ihχ−i 215 190 115 201 176 107
huμihuνuλih∇νhμλi 71 60 71 60 huμihuμihχ−ihχ−i 216 202

huμuνihf−μλihf−νλi 72 61 72 61 hχμ−ihχ−μi 217 191 120 116 95 203 177 108 87

huμuμihfνλ− ihf−νλi 73 62 73 62 hχþχ2−i 218 192 121 117 96 55 204 178 109 109 88 50

huμihuνhμλihf−νλi 74 63 74 63 hχþihχ2−i 219 193 122 118 97 56 205 179 110 110 89 51

huμihuνf−μλihf−νλi 75 64 75 64 hχþχ−ihχ−i 220 194 123 119 98 57 206 180 111 111 90 52

huμihuνihuλ∇μhνλi 76 65 76 65 hχþihχ−ihχ−i 221 195 120 207 112
huμihuνihuμ∇λhνλi 77 66 77 66 ihFμν

L FLμ
λFLνλi þ H:c: 222 196 124 121 99 58 208 181 112 113 91 53

huμihuμihuν∇λhνλi 78 67 78 67 hDμFLμ
νDλFLνλi þ H:c: 223 197 125 122 100 59 209 182 113 114 92 54

huμihuμihfνλ− ihf−νλi 79 79 hDμFLμ
νihDλFLνλi þ H:c: 224 198 126 123 101 60 210 183 114

huμihuνihf−μλihf−νλi 80 80 hDμFLμ
νihDλFRνλi 225 199 127

huμihuνihhμλihf−νλi 81 81 hDμχDμχ
†i 226 200 128 124 102 61 211 184 115 115 93 55

huμihuμihhνλihhνλi 82 82 det χ þ H:c: 103 185 94

h∇μf−μν∇λf−νλi 83 68 40 36 25 14 83 68 40 36 25 14 detDμχ þ H:c: 62 116 56

ihfμνþ uμuνuλuλi þ H:c: 84 69 41 37 26 15 84 69 41 37 26 15 ϵμνλρhuμuνuλuσf−ρσi þ H:c: 227 201 129 125 104 212 186 117 116 95

ihfμνþ uμuλuνuλi þ H:c: 85 70 42 38 27 16 85 70 42 38 27 16 ϵμνλρhuμuνuσuσf−λρi þ H:c: 228 202 130 126 105 213 187 118 117 96

ihfμνþ uμuλuλuνi 86 71 43 39 28 86 71 43 39 28 ϵμνλρhuμuνuλuσhρσi þ H:c: 229 203 131 127 106 214 188 119 118 97

ihfμνþ uλuμuνuλi 87 72 44 40 29 87 72 44 40 29 ϵμνλρhuμihuσuνuλhρσi þ H:c: 230 204 215 189

ihfμνþ ihuμuνuλuλi 88 73 45 41 30 ϵμνλρhuμuσuσihuνf−λρi 231 205 132 128 107 216 190 120 119 98

ihfμνþ uμuνihuλuλi 89 74 42 31 88 73 41 30 ϵμνλρhuμuσihuσuνf−λρi þ H:c: 232 206 133 129 217 191 121 120
ihfμνþ uμuνuλihuλi þ H:c: 90 75 89 74 ϵμνλρhuσihuσuμuνf−λρi þ H:c: 233 207 218 192

(Table continued)
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TABLE VII. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞIII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2

ihfμνþ uμuλuλihuνi þ H:c: 91 76 90 75 ϵμνλρhuμihuσuσuνf−λρi þ H:c: 234 208 134 219 193 122

ihfμνþ uλihuμuνuλi 92 77 43 91 76 42 ϵμνλρhuμihuσuνuσf−λρi 235 209 220 194

ihfμνþ uμuλihuνuλi þ H:c: 93 78 44 92 77 43 ϵμνλρhuμihuνuσuσihf−λρi 236 210 221 195

ihfμνþ uμuλuνihuλi 94 79 93 78 ϵμνλρhuμihuνuσihuλhρσi 237 211 222 196

ihfμνþ ihuλihuμuνuλi 95 80 ϵμνλρhuσihuμuσihuνf−λρi 238 212 223 197

ihfμνþ uμuνihuλihuλi 96 94 ϵμνλρhuμihuσuσihuνf−λρi 239 213 224 198

ihfμνþ uμuλihuνihuλi þ H:c: 97 95 ϵμνλρhuμihuνuσihuσf−λρi 240 214 225 199

ihfμνþ f−μλf−νλi 98 81 46 45 32 17 96 79 45 44 31 17 ϵμνλρhuμihuσihuσuνf−λρi þ H:c: 241 215 226 200

ihfμνþ hμλf−νλi þ H:c: 99 82 47 46 33 18 97 80 46 45 32 18 ϵμνλρhuμihuσihuνuσihf−λρi 242 227

ihfμνþ hμλhνλi 100 83 48 47 34 19 98 81 47 46 33 19 ϵμνλρhuμihuσihuσihuνf−λρi 243 228

ih∇μfþμ
νuλf−νλi þ H:c: 101 84 49 48 35 20 99 82 48 47 34 20 ϵμνλρhuμ∇νf−λσf−ρσi þ H:c: 244 216 135 130 108 229 201 123 121 99

hfμνþ fþμνuλuλi 102 85 50 49 36 21 100 83 49 48 35 21 ϵμνλρhuμ∇νhλσihhρσi 245 217 136 230 202 124

hfμνþ fþμ
λuνuλi 103 86 51 50 37 22 101 84 50 49 36 22 ϵμνλρhuμhνσih∇λhρσi 246 218 137 231 203 125

hfμνþ fþμ
λuλuνi 104 87 52 51 38 23 102 85 51 50 37 23 ϵμνλρhuμihhνσ∇λhρσi 247 219 138 232 204 126

hfμνþ uμfþν
λuλi þ H:c: 105 88 53 52 39 24 103 86 52 51 38 24 ϵμνλρhuμihf−νσih∇λf−ρσi 248 220 233 205

hfμνþ uλfþμνuλi 106 89 54 53 40 25 104 87 53 52 39 25 iϵμνλρhfþμνf−λρuσuσi þ H:c: 249 221 139 131 109 234 206 127 122 100

hfμνþ ihfþμνuλuλi 107 90 55 54 41 26 iϵμνλρhfþμνf−λσuρuσi þ H:c: 250 222 140 132 110 63 235 207 128 123 101

hfμνþ fþμνihuλuλi 108 91 56 55 42 105 88 53 40 iϵμνλρhfþμνf−λσuσuρi þ H:c: 251 223 141 133 111 236 208 129 124 102

hfμνþ fþμνuλihuλi 109 92 57 106 89 54 iϵμνλρhfþμνuλf−ρσuσi þ H:c: 252 224 142 134 112 237 209 130 125 103

hfμνþ uλihfþμνuλi 110 93 58 56 43 107 90 54 iϵμνλρhfþμνhλσuρuσi þ H:c: 253 225 143 135 113 64 238 210 131 126 104

hfμνþ ihfþμ
λuνuλi þ H:c: 111 94 59 57 44 27 iϵμνλρhfþμνhλσuσuρi þ H:c: 254 226 144 136 114 239 211 132 127 105

hfμνþ fþμ
λihuνuλi 112 95 60 58 45 108 91 55 41 iϵμνλρh∇σfþμσuνuλihuρi 255 227 145 240 212

hfμνþ fþμ
λuνihuλi þ H:c: 113 96 61 109 92 55 iϵμνλρh∇σfþμνuσuλihuρi þ H:c: 256 228 241 213

hfμνþ uλihfþμλuνi 114 97 62 59 46 110 93 56 42 iϵμνλρhfþμ
σhνσuλihuρi þ H:c: 257 229 146 242 214

hfμνþ uμihfþν
λuλi 115 98 63 60 47 111 94 57 iϵμνλρhfþμνhλσuσihuρi þ H:c: 258 230 243 215

hfμνþ ihfþμνihuλuλi 116 99 61 iϵμνλρhfþμ
σf−νσuλihuρi þ H:c: 259 231 244 216

hfμνþ ihfþμνuλihuλi 117 100 iϵμνλρhfþμ
σf−νλuσihuρi þ H:c: 260 232 245 217

hfμνþ fþμνihuλihuλi 118 101 112 iϵμνλρh∇σfþμσihuνuλuρi 261 233 137 115

hfμνþ ihfþμ
λihuνuλi 119 102 62 iϵμνλρhfþμ

σihuνuλhρσi 262 234 138 116

hfμνþ ihfþμ
λuνihuλi 120 103 ϵμνλρhfþμνuλ∇σfþρσi þ H:c: 263 235 147 139 117 65 246 218 133 128 106

hfμνþ fþμ
λihuνihuλi 121 104 113 ϵμνλρhfþμνihfþλ

σf−ρσi 264 236 148 140 118 66

(Table continued)
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TABLE VII. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞIII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2

hfμνþ ihfþμ
λuλihuνi 122 105 ϵμνλρhfþμνihfþλ

σhρσi 265 237 149 141 119 67

hfμνþ ihfþμνihuλihuλi 123 ϵμνλρhfþμνih∇σfþλσuρi 266 238 150 142 120

hfμνþ ihfþμ
λihuνihuλi 124 ϵμνλρhfþμν∇σfþλσihuρi 267 239 151 247 219

huμuμuνuνχþi 125 106 64 63 48 28 114 95 56 58 43 26 ϵμνλρhfþμνih∇σfþλσihuρi 268 240
huμuνuμuνχþi 126 107 65 64 49 29 115 96 57 59 44 27 ϵμνλρhuμuνf−λρχþi þ H:c: 269 241 152 143 121 68 248 220 134 129 107 57

huμuνuνuμχþi 127 108 66 65 50 116 97 58 60 45 ϵμνλρhuμihuνf−λρχþi þ H:c: 270 242 153 249 221 135

huμihuμuνuνχþi þ H:c: 128 109 67 117 98 59 ϵμνλρhuμχþihuνf−λρi 271 243 154 144 122 250 222 136 130 108

huμuμihuνuνχþi 129 110 68 66 51 118 99 60 61 46 ϵμνλρhuμihuνf−λρihχþi 272 244 251 223

huμuμuνihuνχþi 130 111 69 67 52 119 100 61 62 47 ϵμνλρhuμihuνχþihf−λρi 273 245 252 224

huμuμuνuνihχþi 131 112 70 68 53 120 101 62 63 48 iϵμνλρhfþμνχþf−λρi þ H:c: 274 246 155 145 123 69 253 225 137 131 109 58

huμuνihuμuνχþi 132 113 71 69 121 102 63 64 iϵμνλρhuμuνuλuρχ−i 275 247 146 124 254 226 132 110

huμihuνuμuνχþi 133 114 122 103 iϵμνλρhf−μνf−λρχ−i 276 248 156 147 125 70 255 227 138 133 111 59

huμuνuμuνihχþi 134 115 70 54 123 104 65 49 iϵμνλρhf−μνihf−λρχ−i 277 249 157 256 228 139

huμihuμihuνuνχþi 135 116 124 105 iϵμνλρhf−μνf−λρihχ−i 278 250 158 148 126 257 229 140 134 112

huμihuμuνihuνχþi 136 117 125 106 iϵμνλρhf−μνihf−λρihχ−i 279 251 258 230

huμihuμuνuνihχþi 137 118 126 107 ϵμνλρhfþμνχ−uλuρi þ H:c: 280 252 159 149 127 71 259 231 141 135 113 60

huμihuνuνihuμχþi 138 119 127 108 ϵμνλρhfþμνuλχ−uρi 281 253 160 150 128 72 260 232 142 136 114

huμuμihuνuνihχþi 139 120 71 128 109 66 ϵμνλρhfþμνihuλuρχ−i 282 254 161 151 129

huμihuνihuμuνχþi 140 121 129 110 ϵμνλρhfþμνχ−uλihuρi þ H:c: 283 255 261 233

huμuνihuμuνihχþi 141 122 72 130 111 67 ϵμνλρhfþμνuλuρihχ−i 284 256 152 130 262 234 137 115

huμihuμihuνihuνχþi 142 131 iϵμνλρhfþμνfþλρχ−i 285 257 162 153 131 73 263 235 138 116

huμihuμihuνuνihχþi 143 132 iϵμνλρhfþμνihfþλρχ−i 286 258 163 154 132 74

huμihuνihuμuνihχþi 144 133 iϵμνλρhfþμνihfþλρihχ−i 287 259 155 133

huμihuμihuνihuνihχþi 145 134
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TABLE VIII. The p6 order results in U groups and SU groups, with t ¼ 0, θ̂ ¼ 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found
in Sec. V C.

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

huμuμuνuλf−νλi þ H:c: 288 260 164 huμχþuνhμνi 340 308 192 hfμνþ uμuνχ−i þ H:c: 392 355 221 iϵμνλρhfþμνuλuρuσuσi þ H:c: 444 405 254

huμuνuμuλf−νλi þ H:c: 289 261 165 huμihuνχþf−μνi þ H:c: 341 309 193 hfμνþ uμχ−uνi 393 356 222 iϵμνλρhfþμνuλuσuρuσi þ H:c: 445 406 255

huμuμuνuλhνλi þ H:c: 290 262 166 huμχþihuνf−μνi 342 310 194 hfμνþ ihuμuνχ−i 394 357 223 iϵμνλρhfþμνuλuσuσuρi 446 407 256

huμuνuμuλihhνλi 291 263 167 huμihuνχþhμνi þ H:c: 343 311 195 hfμνþ uμuνihχ−i 395 358 iϵμνλρhfþμνuσuλuρuσi 447 408 257

huμuμuνuλihhνλi 292 264 huμuνihχþhμνi 344 312 196 hfμνþ uμχ−ihuνi þ H:c: 396 359 iϵμνλρhfþμ
σuσuνuλihuρi þ H:c: 448 409 258

huμuνuλihuμhνλi 293 265 168 huμuνχþihhμνi 345 313 197 ihfμνþ fþμνχ−i 397 360 224 iϵμνλρhfþμ
σuνuσuλihuρi 449 410

huμuμuνihuλhνλi 294 266 169 huμχþihuνhμνi 346 314 198 ihfμνþ ihfþμνχ−i 398 361 225 iϵμνλρhfþμνuσuσuλihuρi þ H:c: 450 411

huμuνihuλuλhμνi 295 267 170 huμuνhμνihχþi 347 315 199 ihfμνþ fþμνihχ−i 399 362 226 iϵμνλρhfþμ
σuνuλihuρuσi 451 412

huμuνihuλuμhνλi þ H:c: 296 268 171 huμihuνχþihf−μνi 348 316 ihfμνþ ihfþμνihχ−i 400 363 iϵμνλρhfþμνuσuλihuρuσi þ H:c: 452 413

huμihuνuλuλhμνi þ H:c: 297 269 172 huμihuνf−μνihχþi 349 317 ihuμuμχþχ−i þ H:c: 401 364 227 iϵμνλρhfþμ
σuσihuνuλuρi 453 414

huμihuνuλuνhμλi 298 270 huμihuνihχþhμνi 350 318 ihuμχþuμχ−i 402 365 228 iϵμνλρhfþμ
σihuνuλuρuσi 454 415

huμihuνuλuμhνλi þ H:c: 299 271 huμihuνχþihhμνi 351 319 ihuμihuμχþχ−i þ H:c: 403 366 229 iϵμνλρhfþμνihuσihuλuρuσi 455 416

huμuνihuμuλihhνλi 300 272 huμuνihχþihhμνi 352 320 ihuμuμihχþχ−i 404 367 230 iϵμνλρhfþμνuλuρihuσihuσi 456

huμuμihuνuλihhνλi 301 273 huμihuνhμνihχþi 353 321 ihuμuμχþihχ−i 405 368 231 iϵμνλρhfþμνuλuσihuρihuσi þ H:c: 457

huμihuνuνuλihhμλi 302 274 huμihuνihχþihhμνi 354 ihuμχþihuμχ−i 406 369 232 iϵμνλρhfþμνf−λσf−ρσi 458 417 259

huμihuμuνuλihhνλi 303 275 ihfμνþ χþf−μνi þ H:c: 355 322 200 ihuμuμχ−ihχþi 407 370 233 iϵμνλρhfþμνf−λσhρσi þ H:c: 459 418 260

huμihuνuνuλihf−μλi 304 276 ih∇μfþμ
νuνχþi þ H:c: 356 323 201 ihuμihuμihχþχ−i 408 371 iϵμνλρh∇μfþν

σf−λσuρi þ H:c: 460 419 261

huμihuνuλihuνhμλi 305 277 huμχþihχþμi 357 324 202 ihuμihuμχþihχ−i 409 372 ϵμνλρhfþμνuσfþλρuσi 461 420 262

huμihuνuνihuλhμλi 306 278 ihuμuμuνuνχ−i 358 325 203 ihuμuμihχþihχ−i 410 373 ϵμνλρhfþμνfþλρuσuσi 462 421 263

huμihuνuλihuμhνλi 307 279 ihuμuνuμuνχ−i 359 326 204 ihuμihuμχ−ihχþi 411 374 ϵμνλρhfþμνfþλ
σuρuσi þ H:c: 463 422 264

huμihuνihuλuλhμνi 308 280 ihuμuνuνuμχ−i 360 327 205 ihuμihuμihχþihχ−i 412 ϵμνλρhfþμνihfþλρuσuσi 464 423 265

huμihuμihuνihuλf−νλi 309 ihuμihuμuνuνχ−i þ H:c: 361 328 206 ihχμ−χþμi 413 375 234 ϵμνλρhfþμνuσihfþλρuσi 465 424 266

huμihuνihuμuλihf−νλi 310 ihuμuμihuνuνχ−i 362 329 207 ihχμ−ihχþμi 414 376 235 ϵμνλρhfþμνfþλρuσihuσi 466 425

huμihuμihuνihuλhνλi 311 ihuμuμuνihuνχ−i 363 330 208 ihχ2þχ−i 415 377 236 ϵμνλρhfþμνihfþλ
σuρuσi þ H:c: 467 426 267

huμihuμihuνuλihhνλi 312 ihuμuμuνuνihχ−i 364 331 209 ihχþihχþχ−i 416 378 237 ϵμνλρhfþμνuσihfþλσuρi 468 427 268

hhμνf−μλf−νλi 313 281 173 ihuμuνihuμuνχ−i 365 332 210 ihχ2þihχ−i 417 379 238 ϵμνλρhfþμνihfþλρuσihuσi 469 428

hhμνihf−μλf−νλi 314 282 174 ihuμihuνuμuνχ−i 366 333 ihχþihχþihχ−i 418 380 ϵμνλρhfþμνihfþλ
σuρihuσi 470 429

hhμνf−μλihf−νλi 315 283 175 ihuμuνuμuνihχ−i 367 334 huμχ−ihχ−μi 419 381 239 ϵμνλρhfþμνihfþλ
σuσihuρi 471 430

hhμνihhμλf−νλi 316 284 176 ihuμihuμihuνuνχ−i 368 335 ihχ3−i 420 382 240 ϵμνλρhfþμνihfþλρihuσuσi 472 431

huμf−μνih∇λf−νλi 317 285 177 ihuμihuμuνihuνχ−i 369 336 ihχ−ihχ2−i 421 383 241 ϵμνλρhfþμνihfþλρihuσihuσi 473

(Table continued)
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TABLE VIII. (Continued)

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

hhμνihf−μλihf−νλi 318 286 ihuμihuμuνuνihχ−i 370 337 ihχ−ihχ−ihχ−i 422 384 ϵμνλρhuμuνuλuρχþi 474 432

ihfμνþ uμuλf−νλi þ H:c: 319 287 178 ihuμihuνuνihuμχ−i 371 338 ϵμνλρhuμuνuσuλuρuσi 423 385 ϵμνλρhχþf−μνf−λρi 475 433 269

ihfμνþ uλuμf−νλi þ H:c: 320 288 179 ihuμuμihuνuνihχ−i 372 339 ϵμνλρhuμf−νσuσf−λρi þ H:c: 424 386 242 ϵμνλρhχþihf−μνf−λρi 476 434 270

ihfμνþ uλuλf−μνi þ H:c: 321 289 180 ihuμihuνihuμuνχ−i 373 340 ϵμνλρhuμuνf−λσf−ρσi 425 387 243 ϵμνλρhχþf−μνihf−λρi 477 435 271

ihfμνþ uμf−νλuλi þ H:c: 322 290 181 ihuμuνihuμuνihχ−i 374 341 ϵμνλρhuμuσf−νλf−ρσi þ H:c: 426 388 244 ϵμνλρhχþihf−μνihf−λρi 478 436

ihfμνþ uμuλhνλi þ H:c: 323 291 182 ihuμihuμihuνihuνχ−i 375 ϵμνλρhuμuνf−λσhρσi þ H:c: 427 389 245 iϵμνλρhfþμνχþuλuρi þ H:c: 479 437 272

ihfμνþ uλuμhνλi þ H:c: 324 292 183 ihuμihuμihuνuνihχ−i 376 ϵμνλρhuσuμf−νλihhρσi þ H:c: 428 390 246 iϵμνλρhfþμνuλχþuρi 480 438 273

ih∇μfνλþuνuλihuμi 325 293 ihuμihuνihuμuνihχ−i 377 ϵμνλρhuσuμhνσihf−λρi þ H:c: 429 391 247 iϵμνλρhfþμνihuλuρχþi 481 439 274

ih∇μfþμ
νuλuνihuλi þ H:c: 326 294 ihuμihuμihuνihuνihχ−i 378 ϵμνλρhuσuσf−μνihf−λρi 430 392 248 iϵμνλρhfþμνχþuλihuρi þ H:c: 482 440

ihfμνþ hμλuλihuνi þ H:c: 327 295 184 ihfμν− f−μνχ−i 379 342 211 ϵμνλρhuμhνσihuλhρσi 431 393 249 iϵμνλρhfþμνuλuρihχþi 483 441

ihfμνþ hμλuνihuλi þ H:c: 328 296 ihhμνhμνχ−i 380 343 212 ϵμνλρhuμuσihuν∇λhρσi 432 394 250 ϵμνλρhfþμνfþλρχþi 484 442 275

ihfμνþ f−μλuλihuνi þ H:c: 329 297 ihuμ∇νf−μνχ−i þ H:c: 381 344 213 ϵμνλρhuμihuσuν∇λhρσi þ H:c: 433 395 251 ϵμνλρhfþμνihfþλρχþi 485 443 276

ihfμνþ f−μνuλihuλi þ H:c: 330 298 ihfμν− ihf−μνχ−i 382 345 214 ϵμνλρhuσhμσihuνf−λρi 434 396 252 ϵμνλρhfþμνihfþλρihχþi 486 444

ihfμνþ ihuλuμhνλi þ H:c: 331 299 ihfμν− f−μνihχ−i 383 346 215 ϵμνλρhuμhνσihuσf−λρi 435 397 253 iϵμνλρhuμuνχ−f−λρi þ H:c: 487 445 277

hfμνþ fþμ
λhνλi 332 300 185 ihhμνihhμνχ−i 384 347 216 ϵμνλρhuμihuνhλσihhρσi 436 398 iϵμνλρhuμihuνχ−f−λρi þ H:c: 488 446 278

hfμνþ ihfþμ
λf−νλi 333 301 186 ihhμνhμνihχ−i 385 348 217 ϵμνλρhuσihuμf−νλihhρσi 437 399 iϵμνλρhuμf−νλihuρχ−i 489 447 279

hfμνþ ihfþμ
λhνλi 334 302 187 ihuμih∇νf−μνχ−i 386 349 218 ϵμνλρhuμihuσf−νλihhρσi 438 400 iϵμνλρhuμihuνχ−ihf−λρi 490 448

hfμνþ fþμ
λihhνλi 335 303 188 ihuμ∇νf−μνihχ−i 387 350 219 ϵμνλρhuμihuνuσih∇λhρσi 439 401 iϵμνλρhuμihuνf−λρihχ−i 491 449

hfμνþ ih∇μfþν
λuλi 336 304 189 ihuμχ−ih∇νf−μνi 388 351 220 ϵμνλρhuσuσihf−μνihf−λρi 440 402 ϵμνλρhfþμνf−λρχ−i þ H:c: 492 450 280

hfμνþ ihfþμ
λihhνλi 337 305 ihfμν− ihf−μνihχ−i 389 352 ϵμνλρhuσihuμhνσihf−λρi 441 403 iϵμνλρhFLμνFLλ

σFLρσi þ H:c: 493 451 281

huμuνχþf−μνi þ H:c: 338 306 190 ihhμνihhμνihχ−i 390 353 ϵμνλρhuσihuσf−μνihf−λρi 442 404
huμuνχþhμνi þ H:c: 339 307 191 ihuμih∇νf−μνihχ−i 391 354 ϵμνλρhuμihuσihf−νλihf−ρσi 443
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TABLE IX. The p6 order results in U groups and SU groups, with t ¼ 0; θ̂ ≠ 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. V C.

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

ihuμuμuνuνuλi∇λθ̂ 1 1 1 1 1 1 1 1 1 1 huμihuμihuνuλi∇νθ̂∇λθ̂ 133 128 127 122

ihuμuμuνuλuνi∇λθ̂ 2 2 2 2 2 2 2 2 2 2 huμihuνihuμuλi∇νθ̂∇λθ̂ 134 129 128 123

ihuμuνuμuνuλi∇λθ̂ 3 3 3 3 3 3 3 3 3 3 huμihuνihuλuλi∇μθ̂∇νθ̂ 135 130 129 124

ihuμihuμuνuνuλi∇λθ̂ þ H:c: 4 4 4 4 4 4 huμihuμihuνihuνi∇λθ̂∇λθ̂ 136 130

ihuμuμihuνuνuλi∇λθ̂ 5 5 5 4 4 5 5 5 4 4 huμihuμihuνihuλi∇νθ̂∇λθ̂ 137 131

ihuμuνihuμuλuλi∇νθ̂ 6 6 6 5 6 6 6 5 hfμν− f−μνi∇λθ̂∇λθ̂ 138 131 95 57 52 25 132 125 88 53 48 21

ihuμihuνuνuλuλi∇μθ̂ 7 7 7 7 7 7 hfμν− f−μλi∇νθ̂∇λθ̂ 139 132 96 58 53 26 133 126 89 54 49 22

ihuμuνihuμuνuλi∇λθ̂ 8 8 8 6 8 8 8 6 hhμνf−μλi∇νθ̂∇λθ̂ 140 133 97 59 54 27 134 127 90 55 50 23

ihuμihuμuνuλuνi∇λθ̂ 9 9 9 9 hhμνhμνi∇λθ̂∇λθ̂ 141 134 98 60 55 28 135 128 91 56 51 24

ihuμihuνuλuνuλi∇μθ̂ 10 10 10 10 hhμνhμλi∇νθ̂∇λθ̂ 142 135 99 61 56 29 136 129 92 57 52 25

ihuμihuμihuνuνuλi∇λθ̂ 11 11 11 11 huμ∇νf−μνi∇λθ̂∇λθ̂ 143 136 100 62 57 30 137 130 93 58 53 26

ihuμihuμuνihuνuλi∇λθ̂ 12 12 12 12 huμ∇νf−μλi∇νθ̂∇λθ̂ 144 137 101 63 58 31 138 131 94 59 54 27

ihuμihuνihuμuλuλi∇νθ̂ 13 13 13 13 huμ∇νf−νλi∇μθ̂∇λθ̂ 145 138 102 64 59 32 139 132 95 60 55 28

ihuμihuμuνihuλuλi∇νθ̂ 14 14 14 14 huμhμνi∇νθ̂∇λ∇λθ̂ 146 139 103 65 60 33 140 133 96 61 56 29

ihuμihuνuνihuλuλi∇μθ̂ 15 15 15 15 huμuμi∇ν∇νθ̂∇λ∇λθ̂ 147 140 104 66 61 34 141 134 97 62 57 30

ihuμihuνihuμuνuλi∇λθ̂ 16 16 16 16 huμuνi∇μ∇νθ̂∇λ∇λθ̂ 148 141 105 67 62 35 142 135 98 63 58 31

ihuμihuνuλihuνuλi∇μθ̂ 17 17 17 17 hhμνihf−μλi∇νθ̂∇λθ̂ 149 142 106 143 136 99

ihuμihuμihuνihuνuλi∇λθ̂ 18 18 hhμνihhμνi∇λθ̂∇λθ̂ 150 143 107 144 137 100

ihuμihuμihuνihuλuλi∇νθ̂ 19 19 hhμνihhμλi∇νθ̂∇λθ̂ 151 144 108 145 138 101

ihuμihuνihuλihuμuνi∇λθ̂ 20 20 huμih∇νf−μνi∇λθ̂∇λθ̂ 152 145 109 146 139 102

ihuμihuμihuνihuνihuλi∇λθ̂ 21 21 huμih∇νf−μλi∇νθ̂∇λθ̂ 153 146 110 147 140 103

ihuμf−μνf−νλi∇λθ̂ þ H:c: 22 18 9 7 5 22 18 9 7 5 huμih∇νf−νλi∇μθ̂∇λθ̂ 154 147 111 148 141 104

ihuμfνλ− f−νλi∇μθ̂ 23 19 10 8 6 23 19 10 8 6 huμihhμνi∇νθ̂∇λ∇λθ̂ 155 148 112 149 142 105

ihuμhμνf−νλi∇λθ̂ þ H:c: 24 20 11 9 7 24 20 11 9 7 huμihuμi∇ν∇νθ̂∇λ∇λθ̂ 156 149 113 150 143 106

ihuμhνλf−μνi∇λθ̂ þ H:c: 25 21 12 10 8 25 21 12 10 8 huμihuνi∇μ∇νθ̂∇λ∇λθ̂ 157 150 114 151 144 107

ihuμhμνhνλi∇λθ̂ þ H:c: 26 22 13 11 9 26 22 13 11 9 ihfμνþ uμuνi∇λθ̂∇λθ̂ 158 151 115 68 63 36 152 145 108 64 59 32

ihuμhνλhνλi∇μθ̂ 27 23 14 12 10 27 23 14 12 10 ihfμνþ uμuλi∇νθ̂∇λθ̂ þ H:c: 159 152 116 69 64 37 153 146 109 65 60 33

ihuμuν∇μf−νλi∇λθ̂ þ H:c: 28 24 15 13 11 28 24 15 13 11 huμuμχþi∇νθ̂∇νθ̂ 160 153 117 70 65 38 154 147 110 66 61 34

ihuμhνλihhνλi∇μθ̂ 29 25 16 29 25 16 huμuνχþi∇μθ̂∇νθ̂ 161 154 118 71 66 39 155 148 111 67 62 35

ihuμhνλihhμνi∇λθ̂ 30 26 17 30 26 17 huμihuμχþi∇νθ̂∇νθ̂ 162 155 119 156 149 112

(Table continued)
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TABLE IX. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

ihuμhμνihhνλi∇λθ̂ 31 27 18 31 27 18 huμuμihχþi∇νθ̂∇νθ̂ 163 156 120 72 67 157 150 113 68 63

ihuμfνλ− ihhμνi∇λθ̂ 32 28 19 32 28 19 huμihuνχþi∇μθ̂∇νθ̂ 164 157 121 158 151 114

ihuμf−μνihhνλi∇λθ̂ 33 29 20 33 29 20 huμuνihχþi∇μθ̂∇νθ̂ 165 158 122 73 68 159 152 115 69 64

ihuμuνih∇λhμλi∇νθ̂ 34 30 21 34 30 21 huμihuμihχþi∇νθ̂∇νθ̂ 166 159 160 153

ihuμuνih∇λhμνi∇λθ̂ 35 31 22 35 31 22 huμihuνihχþi∇μθ̂∇νθ̂ 167 160 161 154

ihuμuμih∇νhνλi∇λθ̂ 36 32 23 36 32 23 hχμþi∇μθ̂∇ν∇νθ̂ 168 161 123 74 69 40 162 155 116 70 65 36

ihuμhνλihf−μνi∇λθ̂ 37 33 24 37 33 24 hχμþi∇νθ̂∇μ∇νθ̂ 169 162 124 75 70 41 163 156 117 71 66 37

ihuμhμνihf−νλi∇λθ̂ 38 34 25 38 34 25 hχþi∇μ∇μθ̂∇ν∇νθ̂ 170 163 125 76 71 42 164 157 118 72 67 38

ihuμfνλ− ihf−νλi∇μθ̂ 39 35 26 39 35 26 hχ2þi∇μθ̂∇μθ̂ 171 164 126 77 72 43 165 158 119 73 68 39

ihuμihuν∇λhνλi∇μθ̂ 40 36 27 40 36 27 hχþihχþi∇μθ̂∇μθ̂ 172 165 127 78 73 44 166 159 120 74 69 40

ihuμihuν∇λhμλi∇νθ̂ 41 37 28 41 37 28 ihhμνχ−i∇μθ̂∇νθ̂ 173 166 128 79 74 45 167 160 121 75 70 41

ihuμihuν∇λhμνi∇λθ̂ 42 38 29 42 38 29 ihuμχ−μi∇νθ̂∇νθ̂ 174 167 129 80 75 46 168 161 122 76 71 42

ihuμihuν∇νhμλi∇λθ̂ 43 39 30 43 39 30 ihuμχν−i∇μθ̂∇νθ̂ 175 168 130 81 76 47 169 162 123 77 72 43

ihuμihuν∇μhνλi∇λθ̂ 44 40 31 44 40 31 ihhμνihχ−i∇μθ̂∇νθ̂ 176 169 131 170 163 124

ihuμihuμ∇νhνλi∇λθ̂ 45 41 32 45 41 32 ihuμihχ−μi∇νθ̂∇νθ̂ 177 170 132 171 164 125

ihuμihhνλhνλi∇μθ̂ 46 42 33 46 42 33 ihuμihχν−i∇μθ̂∇νθ̂ 178 171 133 172 165 126

ihuμihf−μνihf−νλi∇λθ̂ 47 43 47 43 hχ−ihχ−i∇μθ̂∇μθ̂ 179 172 134 82 77 173 166 78 73

ihuμihfνλ− ihf−νλi∇μθ̂ 48 44 48 44 ihuμuμuνi∇νθ̂∇λθ̂∇λθ̂ 180 173 135 83 78 174 167 127 79 74

ihuμihhμνihf−νλi∇λθ̂ 49 45 49 45 ihuμuνuλi∇μθ̂∇νθ̂∇λθ̂ 181 174 136 84 79 175 168 128 80 75

ihuμihhνλihf−μνi∇λθ̂ 50 46 50 46 ihuμihuμuνi∇νθ̂∇λθ̂∇λθ̂ 182 175 137 176 169 129

ihuμihhμνihhνλi∇λθ̂ 51 47 51 47 ihuμihuνuνi∇μθ̂∇λθ̂∇λθ̂ 183 176 138 177 170 130

ihuμihhνλihhνλi∇μθ̂ 52 48 52 48 ihuμihuνuλi∇μθ̂∇νθ̂∇λθ̂ 184 177 139 178 171 131

ihuμihuνih∇μf−νλi∇λθ̂ 53 49 53 49 ihuμihuμihuνi∇νθ̂∇λθ̂∇λθ̂ 185 178 179 172

hfμνþ uμuνuλi∇λθ̂ þ H:c: 54 50 34 14 12 1 54 50 34 14 12 ihuμihuνihuλi∇μθ̂∇νθ̂∇λθ̂ 186 179 180 173

hfμνþ uμuλuνi∇λθ̂ 55 51 35 15 13 55 51 35 15 13 ihhμνi∇μθ̂∇νθ̂∇λ∇λθ̂ 187 180 140 181 174 132

hfμνþ uμuλuλi∇νθ̂ þ H:c: 56 52 36 16 14 56 52 36 16 14 ihhμνi∇μθ̂∇λθ̂∇ν∇λθ̂ 188 181 141 182 175 133

hfμνþ ihuμuνuλi∇λθ̂ 57 53 37 17 15 ihuμi∇μθ̂∇ν∇νθ̂∇λ∇λθ̂ 189 182 142 183 176 134

hfμνþ uμuνihuλi∇λθ̂ 58 54 57 53 ihuμi∇νθ̂∇μ∇νθ̂∇λ∇λθ̂ 190 183 143 184 177 135

hfμνþ uμuλihuνi∇λθ̂ þ H:c: 59 55 58 54 ihuμχþi∇μθ̂∇νθ̂∇νθ̂ 191 184 144 85 80 48 185 178 136 81 76 44

hfμνþ uμuλihuλi∇νθ̂ þ H:c: 60 56 59 55 ihuμihχþi∇μθ̂∇νθ̂∇νθ̂ 192 185 145 186 179 137

ihfμνþ fþμνuλi∇λθ̂ 61 57 38 18 16 2 60 56 37 17 15 hχμ−i∇μθ̂∇νθ̂∇νθ̂ 193 186 146 86 81 49 187 180 138 82 77 45
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TABLE IX. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

ihfμνþ fþμ
λuνi∇λθ̂ þ H:c: 62 58 39 19 17 3 61 57 38 18 16 hχ−i∇μθ̂∇μθ̂∇ν∇νθ̂ 194 187 147 87 82 50 188 181 139 83 78 46

ihfμνþ ihfþμνuλi∇λθ̂ 63 59 40 20 18 huμuμi∇νθ̂∇νθ̂∇λθ̂∇λθ̂ 195 188 148 88 83 51 189 182 140 84 79 47

ihfμνþ fþμνihuλi∇λθ̂ 64 60 41 62 58 huμuνi∇μθ̂∇νθ̂∇λθ̂∇λθ̂ 196 189 149 89 84 52 190 183 141 85 80 48

ihfμνþ ihfþμ
λuνi∇λθ̂ 65 61 42 21 19 4 huμihuμi∇νθ̂∇νθ̂∇λθ̂∇λθ̂ 197 190 150 191 184 142

ihfμνþ fþμ
λihuνi∇λθ̂ 66 62 43 63 59 huμihuνi∇μθ̂∇νθ̂∇λθ̂∇λθ̂ 198 191 151 192 185 143

ihfμνþ ihfþμ
λuλi∇νθ̂ 67 63 44 22 20 hχþi∇μθ̂∇μθ̂∇νθ̂∇νθ̂ 199 192 152 90 85 53 193 186 144 86 81 49

ihfμνþ ihfþμνihuλi∇λθ̂ 68 64 ihuμi∇μθ̂∇νθ̂∇νθ̂∇λθ̂∇λθ̂ 200 193 153 194 187 145

ihfμνþ ihfþμ
λihuνi∇λθ̂ 69 65 ∇μθ̂∇νθ̂∇λ∇μθ̂∇λ∇νθ̂ 201 194 154 91 86 54 195 188 146 87 82 50

ihuμuμuνχþi∇νθ̂ þ H:c: 70 66 45 23 21 5 64 60 39 19 17 1 ∇μθ̂∇μθ̂∇ν∇λθ̂∇λ∇νθ̂ 202 195 155 92 87 55 196 189 147 88 83 51

ihuμuνuμχþi∇νθ̂ 71 67 46 24 22 6 65 61 40 20 18 2 ∇μθ̂∇νθ̂∇μ∇νθ̂∇λ∇λθ̂ 203 196 156 93 88 56 197 190 148 89 84 52

ihuμihuμuνχþi∇νθ̂ þ H:c: 72 68 47 66 62 41 hFμν
L FLμ

λi∇νθ̂∇λθ̂ þ H:c: 204 197 157 94 89 57 198 191 149 90 85 53

ihuμuμihuνχþi∇νθ̂ 73 69 48 25 23 67 63 42 21 19 hFμν
L FLμνi∇λθ̂∇λθ̂ þ H:c: 205 198 158 95 90 58 199 192 150 91 86 54

ihuμuμuνihχþi∇νθ̂ 74 70 49 26 24 68 64 43 22 20 hχχ†i∇μθ̂∇μθ̂ 206 199 159 96 91 59 200 193 151 92 87 55

ihuμuνihuμχþi∇νθ̂ 75 71 50 27 69 65 44 23 ihDμFLμ
νi∇νθ̂∇λθ̂∇λθ̂ þ H:c: 207 200 160 201 194 152

ihuμihuνuνχþi∇μθ̂ 76 72 51 70 66 45 ∇μθ̂∇μθ̂∇νθ̂∇νθ̂∇λθ̂∇λθ̂ 208 201 161 97 92 60 202 195 153 93 88 56

ihuμihuμihuνχþi∇νθ̂ 77 73 71 67 ∇μ∇ν∇λθ̂∇μ∇λ∇νθ̂ 209 202 162 98 93 61 203 196 154 94 89 57

ihuμihuμuνihχþi∇νθ̂ 78 74 72 68 hFμν
L ihFLμ

λi∇νθ̂∇λθ̂ þ H:c: 210 203 163 99 94 62 204 197 155

ihuμihuνuνihχþi∇μθ̂ 79 75 73 69 hFμν
L ihFLμνi∇λθ̂∇λθ̂ þ H:c: 211 204 164 100 95 63 205 198 156

ihuμihuνihuμχþi∇νθ̂ 80 76 74 70 hFμν
L ihFRμ

λi∇νθ̂∇λθ̂ 212 205 165

ihuμihuμihuνihχþi∇νθ̂ 81 75 hFμν
L ihFRμνi∇λθ̂∇λθ̂ 213 206 166

ihχþ∇μf−μνi∇νθ̂ 82 77 52 28 25 7 76 71 46 24 21 3 det χ∇μθ̂∇μθ̂ þ H:c: 64 157 58

ihhμνχþμi∇νθ̂ 83 78 53 29 26 8 77 72 47 25 22 4 det χ∇μ∇μθ̂ þ H:c: 65 158 59

ihuμχþμi∇ν∇νθ̂ 84 79 54 30 27 9 78 73 48 26 23 5 iϵμνλρhuσuμuνf−λρi∇σθ̂ þ H:c: 214 207 167 101 96 66 206 199 159 95 90 60

ihχþih∇μf−μνi∇νθ̂ 85 80 55 79 74 49 iϵμνλρhuμuνuσf−λσi∇ρθ̂ þ H:c: 215 208 168 102 97 67 207 200 160 96 91 61

ihhμνihχþμi∇νθ̂ 86 81 56 80 75 50 iϵμνλρhuμuσuσf−νλi∇ρθ̂ þ H:c: 216 209 169 103 98 68 208 201 161 97 92 62

ihuμihχþμi∇ν∇νθ̂ 87 82 57 81 76 51 iϵμνλρhuμuνuσhλσi∇ρθ̂ þ H:c: 217 210 170 104 99 69 209 202 162 98 93 63

hfμνþ uμχþi∇νθ̂ þ H:c: 88 83 58 31 28 10 82 77 52 27 24 6 iϵμνλρhuμuσuσihf−νλi∇ρθ̂ 218 211 171 210 203 163

ihuμχ2þi∇μθ̂ 89 84 59 32 29 11 83 78 53 28 25 7 iϵμνλρhuμuσihuνhλσi∇ρθ̂ 219 212 172 105 100 211 204 164 99 94

ihuμihχ2þi∇μθ̂ 90 85 60 84 79 54 iϵμνλρhuμihuσuνhλσi∇ρθ̂ þ H:c: 220 213 173 212 205 165

ihuμχþihχþi∇μθ̂ 91 86 61 33 30 85 80 55 29 26 iϵμνλρhuσuσihuμf−νλi∇ρθ̂ 221 214 174 106 101 213 206 166 100 95

ihuμihχþihχþi∇μθ̂ 92 87 86 81 iϵμνλρhuμuσihuσf−νλi∇ρθ̂ 222 215 175 107 214 207 167 101
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TABLE IX. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

huμf−μνχ−i∇νθ̂ þ H:c: 93 88 62 34 31 12 87 82 56 30 27 8 iϵμνλρhuμuσihuνf−λσi∇ρθ̂ 223 216 176 108 102 215 208 168 102 96

huμhμνχ−i∇νθ̂ þ H:c: 94 89 63 35 32 13 88 83 57 31 28 9 iϵμνλρhuσihuσuμf−νλi∇ρθ̂ þ H:c: 224 217 177 216 209 169

huμuμχν−i∇νθ̂ 95 90 64 36 33 14 89 84 58 32 29 10 iϵμνλρhuμihuσuσf−νλi∇ρθ̂ 225 218 178 217 210 170

huμuνχ−μi∇νθ̂ þ H:c: 96 91 65 37 34 15 90 85 59 33 30 11 iϵμνλρhuμihuσihuνf−λρi∇σθ̂ 226 219 218 211

huμihf−μνχ−i∇νθ̂ 97 92 66 91 86 60 iϵμνλρhuμihuνuσihf−λρi∇σθ̂ 227 220 219 212

huμf−μνihχ−i∇νθ̂ 98 93 67 38 35 92 87 61 34 31 iϵμνλρhuμihuνuσihf−λσi∇ρθ̂ 228 221 220 213

huμχ−ihf−μνi∇νθ̂ 99 94 68 93 88 62 iϵμνλρhuμihuσihuνf−λσi∇ρθ̂ 229 222 221 214

huμihhμνχ−i∇νθ̂ 100 95 69 94 89 63 iϵμνλρhuμihuσihuσf−νλi∇ρθ̂ 230 223 222 215

huμhμνihχ−i∇νθ̂ 101 96 70 39 36 95 90 64 35 32 iϵμνλρhuμihuσuσihf−νλi∇ρθ̂ 231 224 223 216

huμχ−ihhμνi∇νθ̂ 102 97 71 96 91 65 iϵμνλρhuμihuνuσihhλσi∇ρθ̂ 232 225 224 217

huμihuμχν−i∇νθ̂ 103 98 72 97 92 66 iϵμνλρhuμihuσihuσihf−νλi∇ρθ̂ 233 225

huμuμihχν−i∇νθ̂ 104 99 73 40 37 98 93 67 36 33 iϵμνλρhf−μν∇σf−λσi∇ρθ̂ 234 226 179 109 103 70 226 218 171 103 97 64

huμihuνχ−μi∇νθ̂ 105 100 74 99 94 68 ϵμνλρhfþμ
σf−νλuρi∇σθ̂ þ H:c: 235 227 180 110 104 71 227 219 172 104 98 65

huμuνihχ−μi∇νθ̂ 106 101 75 41 38 100 95 69 37 34 ϵμνλρhfþμνf−λσuρi∇σθ̂ þ H:c: 236 228 181 111 105 72 228 220 173 105 99 66

huμihf−μνihχ−i∇νθ̂ 107 102 101 96 ϵμνλρhfþμνf−λσuσi∇ρθ̂ þ H:c: 237 229 182 112 106 73 229 221 174 106 100 67

huμihhμνihχ−i∇νθ̂ 108 103 102 97 ϵμνλρhfþμνhλσuρi∇σθ̂ þ H:c: 238 230 183 113 107 74 230 222 175 107 101 68

huμihuμihχν−i∇νθ̂ 109 104 103 98 ϵμνλρhfþμνhλσuσi∇ρθ̂ þ H:c: 239 231 184 114 108 75 231 223 176 108 102 69

huμihuνihχ−μi∇νθ̂ 110 105 104 99 ϵμνλρh∇σfþμνuλuρi∇σθ̂ 240 232 185 115 109 76 232 224 177 109 103 70

hχμ−i∇μ∇ν∇νθ̂ 111 106 76 42 39 16 105 100 70 38 35 12 iϵμνλρhuμχþf−νλi∇ρθ̂ þ H:c: 241 233 186 116 110 77 233 225 178 110 104 71

hχ−χμþi∇μθ̂ 112 107 77 43 40 17 106 101 71 39 36 13 iϵμνλρhuμihχþf−νλi∇ρθ̂ 242 234 187 234 226 179

hχþχμ−i∇μθ̂ 113 108 78 44 41 18 107 102 72 40 37 14 iϵμνλρhuμχþihf−νλi∇ρθ̂ 243 235 188 235 227 180

hχ−ihχμþi∇μθ̂ 114 109 79 45 42 19 108 103 73 41 38 15 iϵμνλρhuμf−νλihχþi∇ρθ̂ 244 236 189 117 111 236 228 181 111 105

hχþihχμ−i∇μθ̂ 115 110 80 46 43 109 104 42 39 iϵμνλρhuμihχþihf−νλi∇ρθ̂ 245 237 237 229

ihuμχ2−i∇μθ̂ 116 111 81 47 44 20 110 105 74 43 40 16 iϵμνλρhfþμνuλχ−i∇ρθ̂ þ H:c: 246 238 190 118 112 78 238 230 182 112 106 72

ihuμihχ2−i∇μθ̂ 117 112 82 111 106 75 ϵμνλρhuσuμf−νλi∇ρθ̂∇σθ̂ þ H:c: 247 239 191 119 113 239 231 183 113 107

ihuμχ−ihχ−i∇μθ̂ 118 113 83 48 45 112 107 76 44 41 ϵμνλρhuσihuμf−νλi∇ρθ̂∇σθ̂ 248 240 192 240 232 184

ihuμihχ−ihχ−i∇μθ̂ 119 114 113 108 ϵμνλρhuμuσihf−νλi∇ρθ̂∇σθ̂ 249 241 193 241 233 185

huμuμuνuνi∇λθ̂∇λθ̂ 120 115 84 49 46 21 114 109 77 45 42 17 ϵμνλρhuμihuσf−νλi∇ρθ̂∇σθ̂ 250 242 194 242 234 186

huμuμuνuλi∇νθ̂∇λθ̂ 121 116 85 50 47 22 115 110 78 46 43 18 ϵμνλρhuμihuνf−λσi∇ρθ̂∇σθ̂ 251 243 195 243 235 187

huμuνuμuνi∇λθ̂∇λθ̂ 122 117 86 51 48 23 116 111 79 47 44 19 ϵμνλρhuμihuνhλσi∇ρθ̂∇σθ̂ 252 244 196 244 236 188

huμuνuμuλi∇νθ̂∇λθ̂ 123 118 87 52 49 24 117 112 80 48 45 20 ϵμνλρhuμihuσihf−νλi∇ρθ̂∇σθ̂ 253 245 245 237
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TABLE IX. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

huμihuμuνuνi∇λθ̂∇λθ̂ 124 119 88 118 113 81 iϵμνλρhuμf−νλi∇ρθ̂∇σθ̂∇σθ̂ 254 246 197 120 114 79 246 238 189 114 108 73

huμuμihuνuνi∇λθ̂∇λθ̂ 125 120 89 53 50 119 114 82 49 46 iϵμνλρhuμihf−νλi∇ρθ̂∇σθ̂∇σθ̂ 255 247 198 247 239 190

huμuνihuμuνi∇λθ̂∇λθ̂ 126 121 90 54 120 115 83 50 iϵμνλρhFLμ
σDσFLνλi∇ρθ̂ þ H:c: 256 248 199 121 115 80 248 240 191 115 109 74

huμihuμuνuλi∇νθ̂∇λθ̂ 127 122 91 121 116 84 iϵμνλρhFLμνDσFLλσi∇ρθ̂ þ H:c: 257 249 200 122 116 81 249 241 192 116 110 75

huμuμihuνuλi∇νθ̂∇λθ̂ 128 123 92 55 51 122 117 85 51 47 iϵμνλρhFLμ
σihDσFLνλi∇ρθ̂ þ H:c: 258 250 201 123 117 82 250 242 193

huμihuνuνuλi∇μθ̂∇λθ̂ 129 124 93 123 118 86 iϵμνλρhFLμνihDσFLλσi∇ρθ̂ þ H:c: 259 251 202 124 118 83 251 243 194

huμuνihuμuλi∇νθ̂∇λθ̂ 130 125 94 56 124 119 87 52 iϵμνλρhDσFLμσihFRνλi∇ρθ̂ þ H:c: 260 252 203

huμihuμihuνuνi∇λθ̂∇λθ̂ 131 126 125 120 iϵμνλρhDσFLμνihFRλσi∇ρθ̂ þ H:c: 261 253 204

huμihuνihuμuνi∇λθ̂∇λθ̂ 132 127 126 121

TABLE X. The p6 order results in U groups and SU groups, with t ¼ 0, θ̂ ≠ 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. V C.

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

ihuμuμuνf−νλi∇λθ̂ þ H:c: 262 254 205 h∇μfþμ
νuνuλi∇λθ̂ þ H:c: 314 303 241 huμihuνf−μλi∇νθ̂∇λθ̂ 366 354 283 ihFμν

L DλFLμνi∇λθ̂ þ H:c: 418 406 329

ihuμuνuμf−νλi∇λθ̂ 263 255 206 ihuμχþf−μνi∇νθ̂ þ H:c: 315 304 242 huμuνihf−μλi∇νθ̂∇λθ̂ 367 355 284 ihDμχχ†i∇μθ̂ þ H:c: 419 407 330

ihuμuνuλf−μνi∇λθ̂ þ H:c: 264 256 207 ihuμχþhμνi∇νθ̂ þ H:c: 316 305 243 huμihuνf−νλi∇μθ̂∇λθ̂ 368 356 285 i∇μ∇νθ̂∇ν∇λθ̂∇λ∇μθ̂ 420 408 331

ihuμuμuνhνλi∇λθ̂ þ H:c: 265 257 208 ihuμuμχνþi∇νθ̂ 317 306 244 huμihuμhνλi∇νθ̂∇λθ̂ 369 357 286 i∇μ∇μθ̂∇ν∇λθ̂∇λ∇νθ̂ 421 409 332

ihuμuνuμhνλi∇λθ̂ 266 258 209 ihuμuνχþμi∇νθ̂ þ H:c: 318 307 245 huμuμihhνλi∇νθ̂∇λθ̂ 370 358 287 hDμFνλ
L i∇νθ̂∇λ∇μθ̂ þ H:c: 422 410 333

ihuμuνuλhμνi∇λθ̂ þ H:c: 267 259 210 ihuμihχþf−μνi∇νθ̂ 319 308 246 huμihuνhμνi∇λθ̂∇λθ̂ 371 359 288 i∇μθ̂∇μθ̂∇νθ̂∇λθ̂∇ν∇λθ̂ 423 411 334

ihuμuνuλhμλi∇νθ̂ 268 260 211 ihuμχþihf−μνi∇νθ̂ 320 309 247 huμuνihhμνi∇λθ̂∇λθ̂ 372 360 289 ihFμν
L ihDλFLμλi∇νθ̂ þ H:c: 424 412 335

ihuμuνuλihhμνi∇λθ̂ 269 261 212 ihuμf−μνihχþi∇νθ̂ 321 310 248 huμihuνhμλi∇νθ̂∇λθ̂ 373 361 290 ihFμν
L ihDλFLμνi∇λθ̂ þ H:c: 425 413 336

ihuμuμuνihhνλi∇λθ̂ 270 262 213 ihuμihχþhμνi∇νθ̂ 322 311 249 huμuνihhμλi∇νθ̂∇λθ̂ 374 362 291 ihDμFνλ
L ihFRνλi∇μθ̂ þ H:c: 426 414 337

ihuμuμuνihf−νλi∇λθ̂ 271 263 214 ihuμχþihhμνi∇νθ̂ 323 312 250 huμihuνhνλi∇μθ̂∇λθ̂ 375 363 292 ihDμFLμ
νihFRν

λi∇λθ̂ þ H:c: 427 415 338

ihuμuνihuλhμλi∇νθ̂ 272 264 215 ihuμhμνihχþi∇νθ̂ 324 313 251 huμihuνihf−μλi∇νθ̂∇λθ̂ 376 364 iϵμνλρhuσf−μνf−λρi∇σθ̂ 428 416 339
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TABLE X. (Continued)

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

ihuμuνihuλhμνi∇λθ̂ 273 265 216 ihuμihuμχνþi∇νθ̂ 325 314 252 huμihuμihhνλi∇νθ̂∇λθ̂ 377 365 iϵμνλρhuμf−νλhρσi∇σθ̂ þ H:c: 429 417 340

ihuμuνihuμhνλi∇λθ̂ 274 266 217 ihuμuμihχνþi∇νθ̂ 326 315 253 huμihuνihhμνi∇λθ̂∇λθ̂ 378 366 iϵμνλρhuμhνσihhλσi∇ρθ̂ 430 418 341

ihuμuμihuνhνλi∇λθ̂ 275 267 218 ihuμihuνχþμi∇νθ̂ 327 316 254 huμihuνihhμλi∇νθ̂∇λθ̂ 379 367 iϵμνλρhuσf−μνihhλσi∇ρθ̂ 431 419 342

ihuμihuνuλhνλi∇μθ̂ 276 268 219 ihuμuνihχþμi∇νθ̂ 328 317 255 hhμνi∇μ∇νθ̂∇λ∇λθ̂ 380 368 293 iϵμνλρhuμf−νσihhλσi∇ρθ̂ 432 420 343

ihuμihuνuλhμλi∇νθ̂ þ H:c: 277 269 220 ihuμihχþihf−μνi∇νθ̂ 329 318 hχþhμνi∇μθ̂∇νθ̂ 381 369 294 iϵμνλρhuσhμσihf−νλi∇ρθ̂ 433 421 344

ihuμihuνuνhμλi∇λθ̂ 278 270 221 ihuμihχþihhμνi∇νθ̂ 330 319 huμχþμi∇νθ̂∇νθ̂ 382 370 295 iϵμνλρhuμhνσihf−λσi∇ρθ̂ 434 422 345

ihuμihuνuμhνλi∇λθ̂ þ H:c: 279 271 222 ihuμihuμihχνþi∇νθ̂ 331 320 huμχνþi∇μθ̂∇νθ̂ 383 371 296 iϵμνλρhuσf−μνihf−λσi∇ρθ̂ 435 423 346

ihuμuνihuλf−μλi∇νθ̂ 280 272 223 ihuμihuνihχþμi∇νθ̂ 332 321 hχþihhμνi∇μθ̂∇νθ̂ 384 372 297 iϵμνλρhuσihuμ∇νhλσi∇ρθ̂ 436 424 347

ihuμuνihuμf−νλi∇λθ̂ 281 273 224 ihχμþi∇μ∇ν∇νθ̂ 333 322 256 huμihχþμi∇νθ̂∇νθ̂ 385 373 298 iϵμνλρhuμihuσ∇νhλσi∇ρθ̂ 437 425 348

ihuμuμihuνf−νλi∇λθ̂ 282 274 225 ihχþχμþi∇μθ̂ 334 323 257 huμihχνþi∇μθ̂∇νθ̂ 386 374 299 iϵμνλρhuμihuν∇σhλσi∇ρθ̂ 438 426 349

ihuμihuνuλf−μλi∇νθ̂ þ H:c: 283 275 226 ihχþihχμþi∇μθ̂ 335 324 258 ihuμuμχ−i∇νθ̂∇νθ̂ 387 375 300 iϵμνλρhuσihf−μνihf−λρi∇σθ̂ 439 427

ihuμihuνuμf−νλi∇λθ̂ þ H:c: 284 276 227 huμuμuνχ−i∇νθ̂ þ H:c: 336 325 259 ihuμuνχ−i∇μθ̂∇νθ̂ 388 376 301 iϵμνλρhuμihhνσihf−λρi∇σ θ̂ 440 428

ihuμihuμihuνf−νλi∇λθ̂ 285 277 huμuνuμχ−i∇νθ̂ 337 326 260 ihuμihuμχ−i∇νθ̂∇νθ̂ 389 377 302 ϵμνλρhfþμ
σuνuλuρi∇σθ̂ 441 429 350

ihuμihuμuνihf−νλi∇λθ̂ 286 278 huμihuμuνχ−i∇νθ̂ þ H:c: 338 327 261 ihuμuμihχ−i∇νθ̂∇νθ̂ 390 378 303 ϵμνλρhfþμνuσuλuρi∇σθ̂ þ H:c: 442 430 351

ihuμihuνuνihf−μλi∇λθ̂ 287 279 huμuμihuνχ−i∇νθ̂ 339 328 262 ihuμihuνχ−i∇μθ̂∇νθ̂ 391 379 304 ϵμνλρhfþμνuλuσuσi∇ρθ̂ þ H:c: 443 431 352

ihuμihuνihuμf−νλi∇λθ̂ 288 280 huμuμuνihχ−i∇νθ̂ 340 329 263 ihuμuνihχ−i∇μθ̂∇νθ̂ 392 380 305 ϵμνλρhfþμ
σihuνuλuρi∇σθ̂ 444 432 353

ihuμihuνuλihf−μνi∇λθ̂ 289 281 huμuνihuμχ−i∇νθ̂ 341 330 264 ihuμihuμihχ−i∇νθ̂∇νθ̂ 393 381 ϵμνλρhfþμ
σuνuλihuρi∇σθ̂ 445 433

ihuμihuνihuλf−μλi∇νθ̂ 290 282 huμihuνuνχ−i∇μθ̂ 342 331 265 ihuμihuνihχ−i∇μθ̂∇νθ̂ 394 382 ϵμνλρhfþμνuσuλihuρi∇σθ̂ þ H:c: 446 434

ihuμihuμihuνhνλi∇λθ̂ 291 283 huμihuμihuνχ−i∇νθ̂ 343 332 ihχμ−i∇μθ̂∇ν∇νθ̂ 395 383 306 ϵμνλρhfþμνuλuσihuσi∇ρθ̂ þ H:c: 447 435

ihuμihuμuνihhνλi∇λθ̂ 292 284 huμihuμuνihχ−i∇νθ̂ 344 333 ihχμ−i∇νθ̂∇μ∇νθ̂ 396 384 307 iϵμνλρhfþμ
σfþνλuρi∇σθ̂ þ H:c: 448 436 354

ihuμihuνuνihhμλi∇λθ̂ 293 285 huμihuνuνihχ−i∇μθ̂ 345 334 ihχ−i∇μ∇μθ̂∇ν∇νθ̂ 397 385 308 iϵμνλρhfþμ
σihfþνλuρi∇σθ̂ 449 437 355

ihuμihuνihuμhνλi∇λθ̂ 294 286 huμihuνihuμχ−i∇νθ̂ 346 335 ihχþχ−i∇μθ̂∇μθ̂ 398 386 309 iϵμνλρhfþμνihfþλ
σuρi∇σθ̂ 450 438 356

ihuμihuνihuλhμνi∇λθ̂ 295 287 huμihuμihuνihχ−i∇νθ̂ 347 ihχþihχ−i∇μθ̂∇μθ̂ 399 387 310 iϵμνλρhfþμνihfþλ
σuσi∇ρθ̂ 451 439 357

ihuμihuνuλihhμνi∇λθ̂ 296 288 h∇μf−μνχ−i∇νθ̂ 348 336 266 ihuμf−μνi∇νθ̂∇λθ̂∇λθ̂ 400 388 311 iϵμνλρhfþμνihfþλ
σihuρi∇σθ̂ 452 440

ihuμihuνuλihhνλi∇μθ̂ 297 289 hhμνχ−μi∇νθ̂ 349 337 267 ihuμhμνi∇νθ̂∇λθ̂∇λθ̂ 401 389 312 ϵμνλρhfþμνuλχþi∇ρθ̂ þ H:c: 453 441 358

ihuμihuμihuνihf−νλi∇λθ̂ 298 huμχ−μi∇ν∇νθ̂ 350 338 268 ihuμhνλi∇μθ̂∇νθ̂∇λθ̂ 402 390 313 ϵμνλρhuμf−νλχ−i∇ρθ̂ þ H:c: 454 442 359

ihuμihuμihuνihhνλi∇λθ̂ 299 h∇μf−μνihχ−i∇νθ̂ 351 339 269 ihuμuμi∇νθ̂∇νθ̂∇λ∇λθ̂ 403 391 314 ϵμνλρhuμihf−νλχ−i∇ρθ̂ 455 443 360

ihuμihuνihuλihhμνi∇λθ̂ 300 hhμνihχ−μi∇νθ̂ 352 340 270 ihuμuνi∇μθ̂∇νθ̂∇λ∇λθ̂ 404 392 315 ϵμνλρhuμf−νλihχ−i∇ρθ̂ 456 444 361

ihfμν− ∇μf−νλi∇λθ̂ 301 290 228 huμihχ−μi∇ν∇νθ̂ 353 341 271 ihuμihf−μνi∇νθ̂∇λθ̂∇λθ̂ 405 393 316 ϵμνλρhuμχ−ihf−νλi∇ρθ̂ 457 445 362

ihfμν− ∇λf−μλi∇νθ̂ 302 291 229 ihfμνþ uμχ−i∇νθ̂ þ H:c: 354 342 272 ihuμihhμνi∇νθ̂∇λθ̂∇λθ̂ 406 394 317 ϵμνλρhuμihf−νλihχ−i∇ρθ̂ 458 446

ihhμν∇μf−νλi∇λθ̂ 303 292 230 huμχþχ−i∇μθ̂ þ H:c: 355 343 273 ihuμihhνλi∇μθ̂∇νθ̂∇λθ̂ 407 395 318 ϵμνλρhhμσf−νλi∇ρθ̂∇σθ̂ 459 447 363

(Table continued)
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TABLE X. (Continued)

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

ihhμνhμνi∇λ∇λθ̂ 304 293 231 huμihχþχ−i∇μθ̂ 356 344 274 ihuμihuμi∇νθ̂∇νθ̂∇λ∇λθ̂ 408 396 319 ϵμνλρhuμ∇σf−νλi∇ρθ̂∇σθ̂ 460 448 364

ihuμ∇νf−μνi∇λ∇λθ̂ 305 294 232 huμχþihχ−i∇μθ̂ 357 345 275 ihuμihuνi∇μθ̂∇νθ̂∇λ∇λθ̂ 409 397 320 ϵμνλρhhμσihf−νλi∇ρθ̂∇σθ̂ 461 449 365

ihhμνih∇μf−νλi∇λθ̂ 306 295 233 huμχ−ihχþi∇μθ̂ 358 346 276 ihχμþi∇μθ̂∇νθ̂∇νθ̂ 410 398 321 ϵμνλρhuμih∇σf−νλi∇ρθ̂∇σθ̂ 462 450 366

ihhμνihhμνi∇λ∇λθ̂ 307 296 234 huμihχþihχ−i∇μθ̂ 359 347 ihχþi∇μθ̂∇μθ̂∇ν∇νθ̂ 411 399 322 iϵμνλρhfþμ
σuνuλi∇ρθ̂∇σθ̂ 463 451 367

ihuμih∇νf−μνi∇λ∇λθ̂ 308 297 235 ihχ−ihχμ−i∇μθ̂ 360 348 277 huμχ−i∇μθ̂∇νθ̂∇νθ̂ 412 400 323 iϵμνλρhfþμνuσuλi∇ρθ̂∇σθ̂ þ H:c: 464 452 368

hfμνþ uμf−νλi∇λθ̂ þ H:c: 309 298 236 huμuνf−μλi∇νθ̂∇λθ̂ þ H:c: 361 349 278 huμihχ−i∇μθ̂∇νθ̂∇νθ̂ 413 401 324 ϵμνλρhFLμνFLλ
σi∇ρθ̂∇σθ̂ þ H:c: 465 453 369

hfμνþ uλf−μνi∇λθ̂ þ H:c: 310 299 237 huμuμhνλi∇νθ̂∇λθ̂ 362 350 279 hhμνi∇μθ̂∇νθ̂∇λθ̂∇λθ̂ 414 402 325 ϵμνλρhFLμνihFLλ
σi∇ρθ̂∇σ θ̂ þ H:c: 466 454 370

hfμνþ uλf−μλi∇νθ̂ þ H:c: 311 300 238 huμuνhμνi∇λθ̂∇λθ̂ 363 351 280 huμi∇μθ̂∇νθ̂∇νθ̂∇λ∇λθ̂ 415 403 326 ϵμνλρhFLμ
σihFRνλi∇ρθ̂∇σθ̂ þ H:c: 467 455 371

hfμνþ uμhνλi∇λθ̂ þ H:c: 312 301 239 huμuνhμλi∇νθ̂∇λθ̂ þ H:c: 364 352 281 ihχ−i∇μθ̂∇μθ̂∇νθ̂∇νθ̂ 416 404 327

hfμνþ uλhμλi∇νθ̂ þ H:c: 313 302 240 huμihuνf−μνi∇λθ̂∇λθ̂ 365 353 282 ihFμν
L DλFLμλi∇νθ̂ þ H:c: 417 405 328

TABLE XI. The p6 order results in U groups and SU groups, with t ≠ 0, θ̂ ¼ 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. V C.

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

ihuμuνuμuλtþνλi þ H:c: 2 2 2 2 2 2 2 2 2 2 2 2 huμihuνtþμ
λihtþνλi 82 78 70 66

ihuμuνuνuλtþμλi 3 3 3 3 3 3 3 3 3 3 huμuνihtþμ
λihtþνλi 83 79 57 71 67 50

ihuμuνuλuμtþνλi 4 4 4 4 4 4 4 4 4 4 huμihuνtþν
λihtþμλi 84 80 72 68

ihuμihuμuνuλtþνλi þ H:c: 5 5 5 5 5 5 huμihuμihtνλþ ihtþνλi 85 73

ihuμuμihuνuλtþνλi 6 6 5 5 6 6 5 5 huμihuνihtþμ
λihtþνλi 86 74

ihuμuμuνuλihtþνλi 7 7 6 6 7 7 6 6 h∇μtþμ
ν∇λtþνλi 87 81 54 58 52 33 75 69 44 51 45 28

ihuμuνihuμuλtþνλi þ H:c: 8 8 7 8 8 7 h∇μtþμ
νih∇λtþνλi 88 82 55 59 53 34 76 70 45 52 46 29

ihuμuνuλihuμtþνλi 9 9 8 9 9 8 h∇μtνλþ ih∇μtþνλi 89 83 56 60 54 35 77 71 46 53 47 30

ihuμihuνuνuλtþμλi þ H:c: 10 10 10 10 ihfμνþ tþμ
λtþνλi 90 84 57 61 55 36 78 72 47 54 48 31

ihuμihuνuμuλtþνλi 11 11 11 11 hχþtμνþ tþμνi 91 85 58 62 56 37 79 73 48 55 49 32

ihuμihuμihuνuλtþνλi 12 12 12 12 hχþihtμνþ tþμνi 92 86 59 63 57 38 80 74 49 56 50 33

ihuμihuμuνuλihtþνλi 13 13 hχþtμνþ ihtþμνi 93 87 60 64 58 39 81 75 50 57 51 34

(Table continued)
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TABLE XI. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

ihuμihuνihuμuλtþνλi þ H:c: 14 14 hχþihtμνþ ihtþμνi 94 88 65 59 82 76 58 52

ihfμν− f−μλtþνλi 15 13 6 9 7 3 15 13 6 9 7 3 ihtμνþ tþμ
λtþνλi 95 89 61 66 60 40 83 77 51 59 53 35

ihhμνf−μλtþνλi þ H:c: 16 14 7 10 8 4 16 14 7 10 8 4 huμuμfνλ− t−νλi þ H:c: 96 90 62 67 61 84 78 52 60 54

ihhμνhμλtþνλi 17 15 8 11 9 5 17 15 8 11 9 5 huμuνf−μλt−νλi þ H:c: 97 91 63 68 62 41 85 79 53 61 55 36

ihuμ∇μfνλ− tþνλi þ H:c: 18 16 9 12 10 6 18 16 9 12 10 6 huμuνf−νλt−μλi þ H:c: 98 92 64 69 63 86 80 54 62 56

ihuμ∇νf−νλtþμλi þ H:c: 19 17 10 13 11 7 19 17 10 13 11 7 huμf−μνuλt−νλi þ H:c: 99 93 65 70 64 87 81 55 63 57

hfμνþ uμuλtþνλi þ H:c: 20 18 11 14 12 8 20 18 11 14 12 8 huμuνhμλt−νλi þ H:c: 100 94 66 71 65 42 88 82 56 64 58 37

hfμνþ uλuμtþνλi þ H:c: 21 19 12 15 13 9 21 19 12 15 13 9 huμuνhνλt−μλi þ H:c: 101 95 67 72 66 89 83 57 65 59

hfμνþ uλuλtþμνi þ H:c: 22 20 13 16 14 10 22 20 13 16 14 10 huμhμνuλt−νλi þ H:c: 102 96 68 73 67 90 84 58 66 60

hfμνþ uμtþν
λuλi þ H:c: 23 21 14 17 15 11 23 21 14 17 15 11 huμuνt−νλihhμλi þ H:c: 103 97 69 91 85 59

hfμνþ uλtþμνuλi 24 22 15 18 16 12 24 22 15 18 16 12 huμuνt−νλihf−μλi þ H:c: 104 98 70 92 86 60

hfμνþ ihuμuλtþνλi þ H:c: 25 23 16 19 17 13 huμuνuλih∇μt−νλi 105 99 74 68 93 87 67 61

hfμνþ uμihuλtþνλi 26 24 17 20 18 25 23 16 19 17 huμihuνuλ∇λt−μνi þ H:c: 106 100 94 88

hfμνþ uμuλihtþνλi þ H:c: 27 25 18 21 19 26 24 17 20 18 huμihuνuλ∇μt−νλi 107 101 95 89

hfμνþ uλtþμλihuνi þ H:c: 28 26 19 27 25 huμihuνuμ∇λt−νλi þ H:c: 108 102 96 90

hfμνþ tþμ
λihuνuλi 29 27 20 22 20 28 26 21 19 huμihuνt−νλhμλi þ H:c: 109 103 97 91

hfμνþ uμtþν
λihuλi þ H:c: 30 28 21 29 27 18 huμihuνt−μλhνλi þ H:c: 110 104 98 92

hfμνþ uλihuμtþνλi 31 29 22 23 21 30 28 22 huμuνhνλiht−μλi þ H:c: 111 105 75 69 99 93 68 62

hfμνþ ihuλuλtþμνi 32 30 23 24 22 14 ihfμνþ f−μλt−νλi þ H:c: 112 106 71 76 70 43 100 94 61 69 63 38

hfμνþ uλihuλtþμνi 33 31 24 25 23 31 29 19 23 20 ihfμνþ hμλt−νλi þ H:c: 113 107 72 77 71 44 101 95 62 70 64 39

hfμνþ uλuλihtþμνi 34 32 25 26 24 32 30 20 24 21 ih∇μfþμ
νuλt−νλi þ H:c: 114 108 73 78 72 45 102 96 63 71 65 40

hfμνþ uλtþμνihuλi þ H:c: 35 33 26 33 31 ih∇μfνλþuμt−νλi þ H:c: 115 109 74 79 73 46 103 97 64 72 66 41

hfμνþ tþμνihuλuλi 36 34 27 27 25 34 32 25 ihfμνþ ihf−μλt−νλi 116 110 75 80 74 47
hfμνþ ihuμihuλtþνλi 37 35 ihfμνþ f−μλiht−νλi 117 111 76 81 75 104 98 65 73 67

hfμνþ ihuμuλihtþνλi 38 36 28 ihfμνþ t−μλihf−νλi 118 112 77 105 99

hfμνþ uμihuλihtþνλi 39 37 35 33 ihfμνþ ihhμλt−νλi 119 113 78 82 76 48
hfμνþ tþμ

λihuνihuλi 40 38 36 34 ihfμνþ hμλiht−νλi 120 114 79 83 77 106 100 66 74 68

hfμνþ ihuλihuμtþνλi 41 39 ihfμνþ t−μλihhνλi 121 115 80 107 101

hfμνþ uλihuμihtþνλi 42 40 37 ih∇μfþμ
νihuλt−νλi 122 116 81 84 78 49

hfμνþ ihuλihuλtþμνi 43 41 ih∇μfþμ
νuλiht−νλi 123 117 82 85 79 108 102 67 75 69

hfμνþ ihuλuλihtþμνi 44 42 29 ih∇μfþμ
νt−νλihuλi 124 118 83 109 103

(Table continued)
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TABLE XI. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

hfμνþ uλihuλihtþμνi 45 43 38 35 ih∇μfνλþ ihuμt−νλi 125 119 84 86 80 50
hfμνþ tþμνihuλihuλi 46 44 39 ih∇μfνλþuμiht−νλi 126 120 85 87 81 110 104 68 76 70

hfμνþ ihuμihuλihtþνλi 47 ih∇μfνλþ t−νλihuμi 127 121 86 111 105

hfμνþ ihuλihuλihtþμνi 48 ihfμνþ ihf−μλiht−νλi 128 122
h∇μfþμ

ν∇λtþνλi 49 45 28 30 26 15 40 36 21 26 22 13 ihfμνþ ihhμλiht−νλi 129 123
h∇μfþμ

νih∇λtþνλi 50 46 29 31 27 16 ih∇μfþμ
νihuλiht−νλi 130 124

ihfμνþ fþμ
λtþνλi 51 47 30 32 28 17 41 37 22 27 23 14 ih∇μfνλþ ihuμiht−νλi 131 125

ihuμuνχþtþμνi þ H:c: 52 48 31 33 29 18 42 38 23 28 24 15 hχþfμν− t−μνi þ H:c: 132 126 87 88 82 51 112 106 69 77 71 42

ihuμχþuνtþμνi 53 49 32 34 30 19 43 39 24 29 25 16 huμχνþt−μνi þ H:c: 133 127 88 89 83 52 113 107 70 78 72 43

ihuμihuνχþtþμνi þ H:c: 54 50 33 44 40 25 ihuμuνχ−t−μνi þ H:c: 134 128 89 90 84 53 114 108 71 79 73 44

ihuμuνχþihtþμνi 55 51 35 31 45 41 30 26 ihuμχ−uνt−μνi 135 129 90 91 85 54 115 109 72 80 74 45

ihuμuνtþμνihχþi 56 52 36 32 46 42 31 27 ihuμihuνχ−t−μνi þ H:c: 136 130 91 116 110 73

hfμνþ χþtþμνi þ H:c: 57 53 34 37 33 20 47 43 26 32 28 17 ihuμuνχ−iht−μνi 137 131 92 86 117 111 81 75

hfμνþ ihχþtþμνi 58 54 35 38 34 21 ihuμuνt−μνihχ−i 138 132 93 87 118 112 82 76

hfμνþ χþihtþμνi 59 55 36 39 35 22 48 44 27 33 29 18 hfμνþ χ−iht−μνi 139 133 92 94 88 55 119 113 74 83 77 46

hfμνþ tþμνihχþi 60 56 37 40 36 23 49 45 34 30 hfμνþ t−μνihχ−i 140 134 93 95 89 56 120 114 84 78

hfμνþ ihχþihtþμνi 61 57 41 37 hfμνþ ihχ−iht−μνi 141 135 96 90
hfμν− χ−tþμνi þ H:c: 62 58 38 42 38 24 50 46 28 35 31 19 ihuμ∇νtþμ

λt−νλi þ H:c: 142 136 94 97 91 57 121 115 75 85 79 47

huμχν−tþμνi þ H:c: 63 59 39 43 39 25 51 47 29 36 32 20 ihuμ∇νtþν
λt−μλi þ H:c: 143 137 95 98 92 58 122 116 76 86 80 48

huμuμtνλþ tþνλi 64 60 40 44 40 26 52 48 30 37 33 21 ihfμν− tþμ
λiht−νλi 144 138 96 99 93 59 123 117 77 87 81 49

huμuνtþμ
λtþνλi 65 61 41 45 41 27 53 49 31 38 34 22 ihhμνtþμ

λiht−νλi 145 139 97 100 94 60 124 118 78 88 82 50

huμuνtþν
λtþμλi 66 62 42 46 42 28 54 50 32 39 35 23 ihuμ∇μtνλþ iht−νλi 146 140 98 101 95 61 125 119 79 89 83 51

huμtþμ
νuλtþνλi þ H:c: 67 63 43 47 43 29 55 51 33 40 36 24 ihuμih∇νtþμ

λt−νλi 147 141 99 126 120 80

huμtνλþuμtþνλi 68 64 44 48 44 30 56 52 34 41 37 25 ihuμ∇νtþμ
λiht−νλi 148 142 100 102 96 127 121 81 90 84

huμihuμtνλþ tþνλi 69 65 45 57 53 35 ihuμih∇νtþν
λt−μλi 149 143 101 128 122 82

huμuμihtνλþ tþνλi 70 66 46 49 45 58 54 36 42 38 ihuμ∇νtþν
λiht−μλi 150 144 102 103 97 129 123 83 91 85

huμuμtνλþ ihtþνλi 71 67 47 50 46 31 59 55 37 43 39 26 ihuμih∇νtþμ
λiht−νλi 151 145 130 124

huμtνλþ ihuμtþνλi 72 68 48 51 47 60 56 38 44 40 ihuμih∇νtþν
λiht−μλi 152 146 131 125

huμihuνtþμ
λtþνλi þ H:c: 73 69 49 61 57 39 hχ−tμνþ t−μνi þ H:c: 153 147 103 104 98 62 132 126 84 92 86 52

huμuνihtþμ
λtþνλi 74 70 50 52 48 62 58 40 45 41 hχ−ihtμνþ t−μνi 154 148 104 105 99 63 133 127 85 93 87 53

huμuνtþμ
λihtþνλi þ H:c: 75 71 51 53 49 32 63 59 41 46 42 27 hχ−tμνþ iht−μνi 155 149 105 106 100 64 134 128 86 94 88 54

(Table continued)
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TABLE XI. (Continued)

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2

huμtνλþ ihuνtþμλi 76 72 52 54 50 64 60 42 47 43 hχ−ihtμνþ iht−μνi 156 150 107 101 135 129 95 89

huμtþμ
νihuλtþνλi 77 73 53 55 51 65 61 43 48 44 hDμtνλDνt

†
μλi 157 151 106 108 102 65 136 130 87 96 90 55

huμihuμihtνλþ tþνλi 78 74 66 62 hFμν
L t†μνχi þ H:c:þ c:c: 158 152 107 109 103 66 137 131 88 97 91 56

huμihuμtνλþ ihtþνλi 79 75 67 63 hFμν
L ihχ†tμνi þ H:c:þ c:c: 159 153 108 110 104 67

huμuμihtνλþ ihtþνλi 80 76 56 68 64 49

TABLE XII. The p6 order results in U groups and SU groups, with t ≠ 0, θ̂ ¼ 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. V C.

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

ihuμuμfνλ− tþνλi þ H:c: 160 154 109 huμuνχ−tþμνi þ H:c: 198 192 136 huμihuνihuμuλt−νλi þ H:c: 236 huμuνχþt−μνi þ H:c: 274 264 185

ihuμuνf−μλtþνλi þ H:c: 161 155 110 huμχ−uνtþμνi 199 193 137 hfμν− f−μλt−νλi 237 229 160 huμχþuνt−μνi 275 265 186

ihuμuνf−νλtþμλi þ H:c: 162 156 111 huμihuνχ−tþμνi þ H:c: 200 194 138 hhμνf−μλt−νλi þ H:c: 238 230 161 huμihuνχþt−μνi þ H:c: 276 266 187

ihuμf−μνuλtþνλi þ H:c: 163 157 112 huμuνχ−ihtþμνi 201 195 hhμνhμλt−νλi 239 231 162 huμuνχþiht−μνi 277 267

ihuμuνhμλtþνλi þ H:c: 164 158 113 huμuνtþμνihχ−i 202 196 huμ∇μfνλ− t−νλi þ H:c: 240 232 163 huμuνt−μνihχþi 278 268

ihuμuνhνλtþμλi þ H:c: 165 159 114 ihfμνþ χ−tþμνi þ H:c: 203 197 139 huμ∇νf−νλt−μλi þ H:c: 241 233 164 ihfμνþ χþt−μνi þ H:c: 279 269 188

ihuμhμνuλtþνλi þ H:c: 166 160 115 ihfμνþ ihχ−tþμνi 204 198 140 ihfμνþ uμuλt−νλi þ H:c: 242 234 165 ihfμνþ ihχþt−μνi 280 270 189

ihuμuνtþν
λihhμλi þ H:c: 167 161 116 ihfμνþ χ−ihtþμνi 205 199 141 ihfμνþ uλuμt−νλi þ H:c: 243 235 166 ihfμνþ χþiht−μνi 281 271 190

ihuμuνtþν
λihf−μλi þ H:c: 168 162 117 ihfμνþ tþμνihχ−i 206 200 142 ihfμνþ uλuλt−μνi þ H:c: 244 236 167 ihfμνþ t−μνihχþi 282 272 191

ihuμuνuλih∇μtþνλi 169 163 ihfμνþ ihχ−ihtþμνi 207 201 ihfμνþ uμt−νλuλi þ H:c: 245 237 168 ihfμνþ ihχþiht−μνi 283 273

ihuμihuνuλ∇λtþμνi þ H:c: 170 164 hhμνtþμ
λtþνλi 208 202 143 ihfμνþ uλt−μνuλi 246 238 169 ihfμν− χ−t−μνi þ H:c: 284 274 192

ihuμihuνuλ∇μtþνλi 171 165 huμ∇νtþμ
λtþνλi þ H:c: 209 203 144 ihfμνþ ihuμuλt−νλi þ H:c: 247 239 170 ihuμχν−t−μνi þ H:c: 285 275 193

(Table continued)
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TABLE XII. (Continued)

U(3) U(3) U(3) U(3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

ihuμihuνuμ∇λtþνλi þ H:c: 172 166 hfμν− tþμ
λihtþνλi 210 204 145 ihfμνþ uμihuλt−νλi 248 240 171 ihuμuμtνλþ t−νλi þ H:c: 286 276 194

ihuμihuνtþν
λhμλi þ H:c: 173 167 hhμνihtþμ

λtþνλi 211 205 146 ihfμνþ uμuλiht−νλi þ H:c: 249 241 172 ihuμuνtþμ
λt−νλi þ H:c: 287 277 195

ihuμihuνtþμ
λhνλi þ H:c: 174 168 hhμνtþμ

λihtþνλi 212 206 147 ihfμνþ uλt−μλihuνi þ H:c: 250 242 173 ihuμtþμ
νuλt−νλi þ H:c: 288 278 196

ihuμuνhνλihtþμλi þ H:c: 175 169 huμ∇μtνλþ ihtþνλi 213 207 148 ihfμνþ t−μλihuνuλi 251 243 174 ihuμihuμtνλþ t−νλi þ H:c: 289 279 197

hfμνþ f−μλtþνλi þ H:c: 176 170 118 huμih∇νtþμ
λtþνλi 214 208 149 ihfμνþ uμt−νλihuλi þ H:c: 252 244 175 ihuμuμihtνλþ t−νλi 290 280 198

hfμνþ hμλtþνλi þ H:c: 177 171 119 huμ∇νtþμ
λihtþνλi 215 209 150 ihfμνþ uλihuμt−νλi 253 245 176 ihuμuμtνλþ iht−νλi 291 281 199

h∇μfþμ
νuλtþνλi þ H:c: 178 172 120 huμtνλþ ih∇νtþμλi 216 210 151 ihfμνþ ihuλuλt−μνi 254 246 177 ihuμtνλþ ihuμt−νλi 292 282 200

h∇μfνλþuμtþνλi þ H:c: 179 173 121 hhμνihtþμ
λihtþνλi 217 211 ihfμνþ uλihuλt−μνi 255 247 178 ihuμuνtþμ

λiht−νλi þ H:c: 293 283 201

hfμνþ ihf−μλtþνλi 180 174 122 huμih∇νtþμ
λihtþνλi 218 212 ihfμνþ uλuλiht−μνi 256 248 179 ihuμtνλþ ihuνt−μλi 294 284 202

hfμνþ f−μλihtþνλi 181 175 123 ihχ−tμνþ tþμνi 219 213 152 ihfμνþ uλt−μνihuλi þ H:c: 257 249 180 ihuμihuμihtνλþ t−νλi 295 285

hfμνþ tþμ
λihf−νλi 182 176 124 ihχ−ihtμνþ tþμνi 220 214 153 ihfμνþ t−μνihuλuλi 258 250 181 ihuμihuμtνλþ iht−νλi 296 286

hfμνþ ihhμλtþνλi 183 177 125 ihχ−tμνþ ihtþμνi 221 215 154 ihfμνþ ihuμihuλt−νλi 259 251 ihuμuμihtνλþ iht−νλi 297 287

hfμνþ hμλihtþνλi 184 178 126 ihχ−ihtμνþ ihtþμνi 222 216 ihfμνþ ihuμuλiht−νλi 260 252 ihuμihuνtþμ
λiht−νλi 298 288

hfμνþ tþμ
λihhνλi 185 179 127 huμuμuνuλt−νλi þ H:c: 223 217 155 ihfμνþ uμihuλiht−νλi 261 253 ihuμihuνt−μλihtþνλi 299 289

h∇μfþμ
νihuλtþνλi 186 180 128 huμuνuμuλt−νλi þ H:c: 224 218 156 ihfμνþ t−μλihuνihuλi 262 254 ihuμihuμihtνλþ iht−νλi 300

h∇μfþμ
νuλihtþνλi 187 181 129 huμuνuνuλt−μλi 225 219 157 ihfμνþ ihuλihuμt−νλi 263 255 ih∇μtþμ

ν∇λt−νλi 301 290 203

h∇μfþμ
νtþν

λihuλi 188 182 130 huμuνuλuμt−νλi 226 220 158 ihfμνþ uλihuμiht−νλi 264 256 ih∇μtþμ
νih∇λt−νλi 302 291 204

h∇μfνλþ ihuμtþνλi 189 183 131 huμihuμuνuλt−νλi þ H:c: 227 221 159 ihfμνþ ihuλihuλt−μνi 265 257 hfμνþ tþμ
λt−νλi þ H:c: 303 292 205

h∇μfνλþuμihtþνλi 190 184 132 huμuμihuνuλt−νλi 228 222 ihfμνþ ihuλuλiht−μνi 266 258 ihχþtμνþ t−μνi þ H:c: 304 293 206

h∇μfνλþ tþνλihuμi 191 185 133 huμuμuνuλiht−νλi 229 223 ihfμνþ uλihuλiht−μνi 267 259 ihχþihtμνþ t−μνi 305 294 207

hfμνþ ihf−μλihtþνλi 192 186 huμuνihuμuλt−νλi þ H:c: 230 224 ihfμνþ t−μνihuλihuλi 268 260 ihχþtμνþ iht−μνi 306 295 208

hfμνþ ihhμλihtþνλi 193 187 huμuνuλihuμt−νλi 231 225 ihfμνþ ihuμihuλiht−νλi 269 ihχþihtμνþ iht−μνi 307 296

h∇μfþμ
νihuλihtþνλi 194 188 huμihuνuνuλt−μλi þ H:c: 232 226 ihfμνþ ihuλihuλiht−μνi 270 htμνþ tþμ

λt−νλi 308 297 209

h∇μfνλþ ihuμihtþνλi 195 189 huμihuνuμuλt−νλi 233 227 ih∇μfþμ
ν∇λt−νλi 271 261 182

ihχþfμν− tþμνi þ H:c: 196 190 134 huμihuμihuνuλt−νλi 234 228 ih∇μfþμ
νih∇λt−νλi 272 262 183

ihuμχνþtþμνi þ H:c: 197 191 135 huμihuμuνuλiht−νλi 235 hfμνþ fþμ
λt−νλi 273 263 184
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TABLE XIII. The p6 order results in U groups and SU groups, with t ≠ 0, θ̂ ≠ 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found
in Sec. V C.

U(3) SUð3ÞI SUð3ÞII SUð3ÞIII U(3) SUð3ÞI SUð3ÞII SUð3ÞIII
m n 3 2 n 3 2 n 3 2 n 3 2 m n 3 2 n 3 2 n 3 2 n 3 2

huμuμuνtþν
λi∇λθ̂ þ H:c: 1 1 1 1 1 1 1 1 1 1 ihuμtþμ

νihtþν
λi∇λθ̂ 33 33 27 23 23 17 25 25 19 18 18 12

huμuνuλtþμνi∇λθ̂ þ H:c: 2 2 2 2 2 1 2 2 2 2 2 1 ihuμtνλþ ihtþμνi∇λθ̂ 34 34 28 24 24 26 26 20 19 19

huμuνuλtþμλi∇νθ̂ 3 3 3 3 3 3 3 3 3 3 ihuμihtνλþ tþνλi∇μθ̂ 35 35 29 27 27 21

huμihuμuνtþν
λi∇λθ̂ þ H:c: 4 4 4 4 ihuμtνλþ ihtþνλi∇μθ̂ 36 36 30 25 25 28 28 22 20 20

huμihuνuλtþμνi∇λθ̂ þ H:c: 5 5 4 5 5 4 ihuμihtþμ
νihtþν

λi∇λθ̂ 37 37 29 29

huμuνuλihtþμνi∇λθ̂ 6 6 4 4 6 6 4 4 ihuμihtνλþ ihtþνλi∇μθ̂ 38 38 30 30

huμihuνuλtþνλi∇μθ̂ 7 7 7 7 htμνþ tþμνi∇λθ̂∇λθ̂ 39 39 31 26 26 18 31 31 23 21 21 13

ihfμνþ uμtþν
λi∇λθ̂ þ H:c: 8 8 5 5 5 2 8 8 5 5 5 2 htμνþ ihtþμνi∇λθ̂∇λθ̂ 40 40 32 27 27 19 32 32 24 22 22 14

ihfμνþ uλtþμνi∇λθ̂ þ H:c: 9 9 6 6 6 3 9 9 6 6 6 3 htμνþ ihtþμ
λi∇νθ̂∇λθ̂ 41 41 33 28 28 20 33 33 25 23 23 15

ihfμνþ uλtþμλi∇νθ̂ þ H:c: 10 10 7 7 7 4 10 10 7 7 7 4 ihuμf−μνt−νλi∇λθ̂ þ H:c: 42 42 34 29 29 21 34 34 26 24 24 16

ihfμνþ ihuμtþν
λi∇λθ̂ 11 11 8 8 8 5 ihuμfνλ− t−μνi∇λθ̂ þ H:c: 43 43 35 30 30 22 35 35 27 25 25 17

ihfμνþ uμihtþν
λi∇λθ̂ 12 12 9 9 9 11 11 8 8 8 ihuμfνλ− t−νλi∇μθ̂ þ H:c: 44 44 36 31 31 23 36 36 28 26 26 18

ihfμνþ tþμ
λihuνi∇λθ̂ 13 13 10 12 12 ihuμhμνt−νλi∇λθ̂ þ H:c: 45 45 37 32 32 24 37 37 29 27 27 19

ihfμνþ ihuλtþμνi∇λθ̂ 14 14 11 10 10 6 ihuμhνλt−μνi∇λθ̂ þ H:c: 46 46 38 33 33 25 38 38 30 28 28 20

ihfμνþ uλihtþμνi∇λθ̂ 15 15 12 11 11 13 13 9 9 9 ihuμuνt−μνi∇λ∇λθ̂ 47 47 39 34 34 26 39 39 31 29 29 21

ihfμνþ tþμνihuλi∇λθ̂ 16 16 13 14 14 ihuμuνt−μλi∇ν∇λθ̂ þ H:c: 48 48 40 35 35 27 40 40 32 30 30 22

ihfμνþ ihuλtþμλi∇νθ̂ 17 17 14 12 12 7 h∇μfþμ
νt−νλi∇λθ̂ 49 49 41 36 36 28 41 41 33 31 31 23

ihfμνþ uλihtþμλi∇νθ̂ 18 18 15 13 13 15 15 10 10 10 h∇μfνλþ t−μνi∇λθ̂ 50 50 42 37 37 29 42 42 34 32 32 24

ihfμνþ tþμ
λihuλi∇νθ̂ 19 19 16 16 16 hfμνþ t−μνi∇λ∇λθ̂ 51 51 43 38 38 30 43 43 35 33 33 25

ihfμνþ ihuμihtþν
λi∇λθ̂ 20 20 hfμνþ t−μλi∇ν∇λθ̂ 52 52 44 39 39 31 44 44 36 34 34 26

ihfμνþ ihuλihtþμνi∇λθ̂ 21 21 h∇μfþμ
νiht−νλi∇λθ̂ 53 53 45 40 40 32

ihfμνþ ihuλihtþμλi∇νθ̂ 22 22 h∇μfνλþ iht−μνi∇λθ̂ 54 54 46 41 41 33

huμχþtþμ
νi∇νθ̂ þ H:c: 23 23 17 14 14 8 17 17 11 11 11 5 hfμνþ iht−μνi∇λ∇λθ̂ 55 55 47 42 42 34

ihuμuνtþμνi∇λθ̂∇λθ̂ 24 24 18 15 15 9 18 18 12 12 12 6 hfμνþ iht−μλi∇ν∇λθ̂ 56 56 48 43 43 35

ihuμuνtþμ
λi∇νθ̂∇λθ̂ þ H:c: 25 25 19 16 16 10 19 19 13 13 13 7 huμχ−t−μνi∇νθ̂ þ H:c: 57 57 49 44 44 36 45 45 37 35 35 27

hfμνþ tþμνi∇λθ̂∇λθ̂ 26 26 20 17 17 11 20 20 14 14 14 8 htμνþ t−μνi∇λ∇λθ̂ 58 58 50 45 45 37 46 46 38 36 36 28

hfμνþ tþμ
λi∇νθ̂∇λθ̂ 27 27 21 18 18 12 21 21 15 15 15 9 h∇μtþμ

νt−νλi∇λθ̂ 59 59 51 46 46 38 47 47 39 37 37 29

hfμνþ ihtþμνi∇λθ̂∇λθ̂ 28 28 22 19 19 13 htμνþ iht−μνi∇λ∇λθ̂ 60 60 52 47 47 39 48 48 40 38 38 30

hfμνþ ihtþμ
λi∇νθ̂∇λθ̂ 29 29 23 20 20 14 h∇μtþμ

νiht−νλi∇λθ̂ 61 61 53 48 48 40 49 49 41 39 39 31

ihuμtþμ
νtþν

λi∇λθ̂ þ H:c: 30 30 24 21 21 15 22 22 16 16 16 10 h∇μtνλþ iht−μνi∇λθ̂ 62 62 54 49 49 41 50 50 42 40 40 32

ihuμtνλþ tþνλi∇μθ̂ 31 31 25 22 22 16 23 23 17 17 17 11 hDμtμνt
†
ν
λi∇λθ̂ þ H:c: 63 63 55 50 50 42 51 51 43 41 41 33

ihuμihtþμ
νtþν

λi∇λθ̂ 32 32 26 24 24 18 htμνt†μλi∇νθ̂∇λθ̂ 64 64 56 51 51 43 52 52 44 42 42 34
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TABLE XIV. The p6 order results in U groups and SU groups, with t ≠ 0, θ̂ ≠ 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. V C.

U(3) U(3) U(3) U(3)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2

huμf−μνtþν
λi∇λθ̂ þ H:c: 65 65 57 ihuμχ−tþμ

νi∇νθ̂ þ H:c: 80 80 72 hfμνþ uλt−μλi∇νθ̂ þ H:c: 95 95 84 huμuνt−μλi∇νθ̂∇λθ̂ þ H:c: 110 110 96

huμfνλ− tþμνi∇λθ̂ þ H:c: 66 66 58 ihtμνþ tþμνi∇λ∇λθ̂ 81 81 73 hfμνþ ihuμt−νλi∇λθ̂ 96 96 85 ihfμνþ t−μνi∇λθ̂∇λθ̂ 111 111 97

huμfνλ− tþνλi∇μθ̂ þ H:c: 67 67 59 ih∇μtþμ
νtþν

λi∇λθ̂ 82 82 74 hfμνþ uμiht−νλi∇λθ̂ 97 97 86 ihfμνþ t−μλi∇νθ̂∇λθ̂ 112 112 98

huμhμνtþν
λi∇λθ̂ þ H:c: 68 68 60 ihtμνþ ihtþμνi∇λ∇λθ̂ 83 83 75 hfμνþ t−μλihuνi∇λθ̂ 98 98 87 ihfμνþ iht−μνi∇λθ̂∇λθ̂ 113 113 99

huμhνλtþμνi∇λθ̂ þ H:c: 69 69 61 ihtμνþ ihtþμ
λi∇ν∇λθ̂ 84 84 76 hfμνþ ihuλt−μνi∇λθ̂ 99 99 88 ihfμνþ iht−μλi∇νθ̂∇λθ̂ 114 114 100

huμuνtþμνi∇λ∇λθ̂ 70 70 62 ih∇μtþμ
νihtþν

λi∇λθ̂ 85 85 77 hfμνþ uλiht−μνi∇λθ̂ 100 100 89 huμtþμ
νt−νλi∇λθ̂ þ H:c: 115 115 101

huμuνtþμ
λi∇ν∇λθ̂ þ H:c: 71 71 63 ihuμuμuνt−νλi∇λθ̂ þ H:c: 86 86 78 hfμνþ t−μνihuλi∇λθ̂ 101 101 90 huμihtþμ

νt−νλi∇λθ̂ 116 116 102

ih∇μfþμ
νtþν

λi∇λθ̂ 72 72 64 ihuμuνuλt−μνi∇λθ̂ þ H:c: 87 87 79 hfμνþ ihuλt−μλi∇νθ̂ 102 102 91 huμtþμ
νiht−νλi∇λθ̂ 117 117 103

ih∇μfνλþ tþμνi∇λθ̂ 73 73 65 ihuμuνuλt−μλi∇νθ̂ 88 88 80 hfμνþ uλiht−μλi∇νθ̂ 103 103 92 huμtνλ− ihtþμνi∇λθ̂ 118 118 104

ihfμνþ tþμνi∇λ∇λθ̂ 74 74 66 ihuμihuμuνt−νλi∇λθ̂ þ H:c: 89 89 hfμνþ t−μλihuλi∇νθ̂ 104 104 93 huμtνλþ iht−μνi∇λθ̂ 119 119 105

ihfμνþ tþμ
λi∇ν∇λθ̂ 75 75 67 ihuμihuνuλt−μνi∇λθ̂ þ H:c: 90 90 81 hfμνþ ihuμiht−νλi∇λθ̂ 105 105 huμihtþμ

νiht−νλi∇λθ̂ 120 120

ih∇μfþμ
νihtþν

λi∇λθ̂ 76 76 68 ihuμuνuλiht−μνi∇λθ̂ 91 91 hfμνþ ihuλiht−μνi∇λθ̂ 106 106 ihtμνþ t−μνi∇λθ̂∇λθ̂ 121 121 106

ih∇μfνλþ ihtþμνi∇λθ̂ 77 77 69 ihuμihuνuλt−νλi∇μθ̂ 92 92 hfμνþ ihuλiht−μλi∇νθ̂ 107 107 ihtμνþ iht−μνi∇λθ̂∇λθ̂ 122 122 107

ihfμνþ ihtþμνi∇λ∇λθ̂ 78 78 70 hfμνþ uμt−νλi∇λθ̂ þ H:c: 93 93 82 ihuμχþt−μνi∇νθ̂ þ H:c: 108 108 94 ihDμtνλt†μνi∇λθ̂ þ H:c: 123 123 108

ihfμνþ ihtþμ
λi∇ν∇λθ̂ 79 79 71 hfμνþ uλt−μνi∇λθ̂ þ H:c: 94 94 83 huμuνt−μνi∇λθ̂∇λθ̂ 109 109 95
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