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We construct the full p® order chiral Lagrangians for the unitary group and special unitary groups,
including n-, three- and two-flavor cases, all bilinear currents (scalar, pseudoscalar, vector, axial-vector,
and tensor currents), and @ parameter. The number of independent operators are 1391, 1326, and 969 for
each of the flavor unitary groups. From these results, we find one extra linear relation among the traditional
p* order low-energy constants under the U(3) group, and some more linear relations with tensor sources for
the p° order low-energy constants in the special unitary groups. We develop a scheme to obtain the relations
for the dependent operators in terms of independent operators.
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I. INTRODUCTION

In low-energy QCD, chiral perturbation theory (ChPT) is
a powerful tool in treating hadron physics. With the help of
ChPT, we can describe the low-energy pseudoscalar mes-
ons (z, K,n,7') up to a certain degree of precision. In the
last three decades, ChPT has matured and can specify next-
to-next-to-leading order (NNLO) processes. The first step
in the ChPT is to obtain the chiral Lagrangian, where most
of the difficulties and discussions arise. Conventionally,
one expands the chiral Lagrangian in terms of powers of
momentum (p). For the special unitary (SU) group, ChPT
for the pseudoscalar meson has been improved from the
leading (p?) order [1], to the next-to-leading (p*) order
(NLO) [2,3], and the NNLO (p6 order) [4—10]. At present,
almost all NNLO chiral Lagrangian have been obtained,
including two- and three-flavor quarks, the normal and
anomalous parts, and all bilinear light-quark currents
(scalar, pseudoscalar, vector, axial-vector, and tensor cur-
rents), except for the 6 parameter related terms. For the
unitary (U) groups, the NLO results were also obtained
[11]. Furthermore, one can expand the chiral Lagrangian in
terms of p and 1/N,. simultaneously. As for O(p?), the
results to order O(5), have been obtained [12-14].

At present, under the SU group, the NNLO chiral
Lagrangian seems sufficient. The chiral Lagrangian at
any higher order is much more complicated and without
much physical interest. Even though it can be obtained, the
work would be very tedious and long, because of the
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complexity, and the advantages of such a chiral Lagrangian
would vanish. Furthermore, comparisons between theory
and experiments have not reached the precision where
higher-order computations are needed. Even in the NNLO,
some mistakes may appear through the tedium of the
calculations, raising doubts about the credibility of the
evaluations. When the NNLO chiral Lagrangian was first
obtained [4,9], some linear relations among low-energy
constants (LECs) had been missed [5-8,10]. This poses the
question: Do other hidden relations exit? We need a definite
answer. If the existing LECs are not independent, they are
not unique, and ChPT cannot work well. In the NNLO,
there exists another problem. When one wants all LECs
[10,15,16] or discusses some processes, such as 7z —x
scattering [17,18], # — K scattering [19], two-point func-
tions [20], scalar form-factors [21], and # — 37z process
[22], one may meet some operators which are linear
dependent on the independent terms in the chiral
Lagrangian. One needs to obtain the linear relations among
these operators and the independent terms. Almost all
relations are simple and they should be obtained easily.
Nevertheless, some of them are quite long (see for example
[6] and Appendix B in [5]). The problem is how are these
complex calculations to be done, and computations made
more reliable.

Besides more higher-order terms, or remaining with the
NNLO under the SU groups, one may extend the calcu-
lation to the NNLO under the U group. For the conven-
tional SU chiral Lagrangian at the NNLO, there exists no
singlet vector sources, singlet axial-vector sources, or 6
parameter, but we may need to consider them in some
special problems. In some of these problems, these circum-
stances may need to be considered at even NLO, although
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of course, this may not be very accurate compared with
NNLO. The extra U(l) symmetry is related to the #’
particle, which is the relevant singlet on the diagonal of the
meson matrix when one is dealing with the properties of 7/
or with the interaction that includes #’ [23], especially n —
' mixing [24-28]. One needs to mix the singlet and octet
first to separate # and 7, and then to study their other
properties. Parameter 6 comes from the strong CP viola-
tion, which induces baryon electric dipole moments
[29,30]. One can estimate € or baryon electric dipole
moments with a @#-dependent term. Nevertheless certain
phenomena are related to singlet vector or axial-vector
sources, for instance, the electromagnetic interactions
corrections to the mesons [31-33]. In these situations,
the @ parameter, singlet vector, and axial-vector sources
cannot be ignored. For its convenience, the 1 /N, expansion
is a useful scheme to obtain the approximate analytic
solution. In ChPT, the € parameter and 7' mass cannot be
ignored and should also be included in the N, power
expansion [12,14,34]. Sometimes, tensor sources need to
be considered; as for example, for the magnetic suscep-
tibility of the quark condensate defined by the vacuum
expectation value of the tensor current [35-37]. The
purpose of our study is to obtain the full U group chiral
Lagrangian up to NNLO, including all bilinear quark

|

L = Locp +q(b(x) + h(x)ys — s(x) + ip(x)ys + 0,7%(x))q
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currents and 6@ parameter terms. With this chiral
Lagrangian and techniques developed, all the above-men-
tioned problems can be solved more accurately and
concomitantly.

This paper is organized as follows: In Sec. I, we review
the two kinds of basis to construct the chiral Lagrangian
and provide definitions of symbols. In Sec. III, we collect
all possible linear relations for the chiral Lagrangian.
Section IV is an introduction to our method of generating
the chiral Lagrangian. In Sec. V, we list our results for the U
and SU groups up to order p®. Section VI concludes with a
summary.

II. CHIRAL TRANSFORMATIONS AND
CHIRAL BASIS

In QCD, the original Lagrangian is denoted EOQCD. We
usually introduce some external sources and the topological
charge operator to obtain the corresponding Green’s func-
tions. The complete bilinear coupling external sources
contain scalar (s), pseudoscalar (p), vector (v*), axial-
vector (a*), and tensor (#*) currents. The topological
charge operator is G,,G", where G* is the gluon field
strength matrix, and G** = e""*G Jp- The QCD Lagrangian
is expanded as

1 YUY
- @9()() trc(G/wGﬂ )v (1

where g denotes the light quark fields. For low-energy QCD, we mainly focus on the nonet of the pseudoscalar mesons
(m, K,n,n"). As in [2,3], we collect the nonet in the U(x) matrix as

U(x) = e®/Fo )

0 1.8 2,0
ﬂ+7§l’]+ 3N

Where F|, is the pseudoscalar meson decay constant in the
chiral limit, and A;(i = 1...8) are the Gell-Mann matrices,
and 4y = 2/an,,f,an. We usually choose n; =2 or 3. If
the light quark are assumed massless, £ is invariant under
the Uy (ns) x Ug(n;) group. For an effective field theory,
we often focus on the meson fields U. Under the U, (n) x
Ug(ny) transformations, U transforms as

U—- gRngv gL € UL, gr € Ug. “4)
Simultaneously, the external sources also need transform-

ing. For convenience, we usually collect the sources as

—1’ + G5t + 5 V2K° : 3)
\/51_(0 _\%'78 + 2,70

=+ at,
# = ot — gt,

X =2By(s +ip),

~

0=i0,
X = (InU) +0,
1_ ] _
"= Etﬂ” —i HAPT) . 5)

The notation (- - -) is the trace over flavor indices. By is a
constant related to the quark condensate. Under
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Uy (ns) x Ug(ny) rotations (chiral rotations), these sources
transform as

M= gil,g) +ig 0"g}
M = grr.gk + 9RO gh
X = 9rx9)
" = grigp

X - X. (6)
For 0, one usually introduces its covariant derivative
VEO = 910 + 2i(a*), (7)

which is invariant under the chiral rotations. It is more
convenient to introduce the field strengths F;* and F
associated with /#, r#,

Fl =0y = o —i[r*, 1],

FIY = o0l — /1 — 17, 1), )
Under U (ny) x Ug(ny) rotations, they transform as

F' > g, Fg1,  FR = gxF% gk ©)

We can now construct the chiral Lagrangian, with
U, U F F gyt 7, 1% V#, and X, as well as their
covariant derivatives; we call this set the L(eft)R(ight)-
basis. These covariant derivations combine with /# and r#,
retaining the same transformations as the fields on which
they act. Different transformations have different covariant
derivations. They can be obtained from (6). Following [4],
we express them as

A = grAg : D'A = O*A — ir*A + iAIF,

B — g, Bgh: D*B = 0"B — il"B + iBr*,

C = gpCgh: DFC = 9*C — ir"C + iCr,

D = g, Dg; : D*D = &"D — il"D + iDI*,
E — E: D'E = O"E. (10)

In principle, the conditions constraining the chiral
Lagrangian relate only to its symmetries, which include
the Lorentz symmetry, local chiral symmetry, parity sym-
metry, and charge conjugation symmetry. We list these
properties on for the LR-basis in Table I. Because the chiral
Lagrangian needs to be real, we also list the Hermiticity of
the LR-basis. The operators in Table I with covariant
derivations have the same properties.

At present, we can construct the chiral Lagrangian with
the LR-basis. However, different bases have different chiral
rotation properties, particularly, in (10), the covariant
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TABLE 1. Chiral rotations (R), P, C and Hermiticity of the
LR-basis (O).

0 R P C H.c.
u 9rU 9+L Ut ur Ut
X 9rY9L i 7 7t
Fy gLFg) Fy —(FR)T Fp
Fy 9rF gy Fp —(F)" Fy
P gr t;wgz Al — (t!lV)T A
X X -X X -X
\val] &l -V ] -

derivatives relations are complex. Such differences can
yield among the covariant derivatives quite complex
properties for some identities, for instance the strength
tensor relations and the Bianchi identity, which will be
introduced later in (17) and (22), respectively, in regard to
another basis. In using the LR-basis some linear relations
may get lost [4]. Hence, we usually use another basis,
which we refer to as building blocks. We will until the very
end use these building blocks to construct the chiral
Lagrangian, but will return to the LR-basis for the contact
terms.

Following [5,8,9], we define the Goldstone boson field
u, U = u?, and introduce a compensator field /. The field u
transforms as

u— u = gruh® = hug . (11)

Hence, under chiral rotations, all the building blocks O are
invariant or transform as

O — hOh'. (12)

These building blocks and their relations to the LR-basis
are

w = i{ut (0" —ir')u — u(o" — il*)u'},
ye=u'yu' £uytu,
h = VHur + VVuH,
W= uFu" £ u"Fi u,
= u" v ut & urtu,
Vi) — 04 + 2i (),
X = (InU) +6. (13)
We can see that almost all the operators on the left-hand
side of (13) transform as (12); the exceptions V#6 and X are
invariant.
Furthermore, we also need to define the covariant

derivative for all operators. For the operators transforming
as (12), the covariant derivatives are
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TABLE II. P, C, and Hermiticity of the building blocks.

o P C H.c.

ut —u, (u)T u#

hHv -h,, (h*) r hHv
X+ 1+ (Zi)T +x+

z £ F(7LY 7
ty i =" £y
V+o —VHo V+0 -VHo
X -X X -X
VEO = 0"0 + [T*, 0], (14)

where the chiral connection is
1
g ZE{MT((?”—ir”)quu(a"—il”)uT}. (15)

Because V#0 and X are invariant under the chiral rotations,
their covariant derivatives are the ordinary partial deriva-
tive. For convenience, we will use below V instead of 0O,
because the commutator is zero in (14). With this covariant
derivative, f** can be simplified as

= =VHu¥ + Vv, (16)

The field strength tensor I',, associated with this covariant
derivative is

PHYSICAL REVIEW D 89, 074048 (2014)
X .
D = VAT = VT — [T = S [ ] = S 7. (18)

The chiral Lagrangian can be constructed by the building
blocks in (13) and their covariant derivatives.' As in [5], we
choose for y,. a more convenience form for its covariant
derivatives;

2= u'D'yu’ + uDtytu = Viy, —%{)(]F, w}, (19)

which has a more simple relationship in the LR-basis. With
regard to the LR-basis, we list the properties of the building
blocks in Table II.

III. FROM BUILDING BLOCKS TO
CHIRAL LAGRANGIAN

Given the properties of the building blocks in Table II,
we can construct the chiral Lagrangian by permuting
and combining these building blocks. We shall focus
mainly on the full U(ny) x U(ny) group, including all
external sources and € parameter (v¥,a*,s, p, ", 0).
Nevertheless, for orders above O(p*), the numbers of
terms are very large. The higher the order, the much larger
the number of terms becomes. Hence listing all terms is
tedious. However, these terms are not linearly independent,
we only need to find all linear conditions and list only those
independent terms. All linear conditions come from the
following relations.

(i) Partial integration: Except for a total derivative term,

we can remove one covariant derivative with respect

(Ve V¥o = [, 0], a7 to another operator in the following manner
|
(VFAB--Y(CD---)---=—(AVFB--)(CD---) -+ — - —(AB---}(VKCD---)---—(AB--}(CVFD---) - — ... . (20)
where - - -” represent one or more operators.

(i) Equations of motion: From the chiral Lagrangian and Euler-Lagrange equation, the lowest-order equations of motion
(EOM) in the LR-basis for the chiral Lagrangian are given in Eq. (22) of Ref. [11]. In the building-blocks basis,

we have

iWy i W, 1 o 7 i Wy 1Ws
vﬂuﬂ:EWI_EWI<L{”LL#>+1_(<M”>+lvﬂ9)uﬂ+§W]){__§W1)(+
i W 1 W), iWL i W Ao i Ws .
- o= ——(y_ —————1(V,0)(V'9) + -—=V VHo. 21
2W1<)(+>+2W I 2W, 2W, Vo) HZW] g @b

'"The V# in V#0 is not this covariant derivative. However, we believe no confusion arises because they are always combinative.
Higher-order covariant derivatives in V#6 are equal to the ordinary derivatives or (14). Therefore, we persist with this form for the sake

of convenience.
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The W coefficients will be defined in (53). Some minus
signs in (21) are required to match the coefficients in [11].
The conclusion of [5,38] was that up to O(p®), the lowest-
order EOM are satisfied. If we want to evaluate a higher-
order chiral Lagrangian, we need to develop the EOM to a
higher order, which only adds terms on the right-hand side
of (21). If we are only wanting the independent terms, we
can also eliminate the factor V,u* without any difficulties.
(iii) Bianchi identity: From Egs. (18), we can get

VATY 4 VT# 4 VATW = 0, (22)

which gives a relation between the covariant deriva-
tives of T/ (f*).
(iv) Schouten identity: When constructing the odd parity
terms, we need to use the odd-intrinsic-parity factor
et as for example in the Schouten identity,

e;w/lpAa _ ezry/lpAﬂ _ euaApAv _ 6;¢vapAA _ EMMUAP =0.
(23)

(v) Tensor relations: For tensor sources, using (5) and
(13), one can obtain two relations between the
odd-intrinsic-parity tensor 7_,, and the even-
intrinsic-parity tensor 7., [9];

A .
Cuuipl = 2itey,. (24)

With these relations we can obtain the following
transformations

Olt+02t_03 <~ 01t_02t+03,etc. (25)

and develop relations between the two #’s.
(iv) Contact terms: In the chiral Lagrangian, we usually
focus on the mesons fields, and separate the pure
|

PHYSICAL REVIEW D 89, 074048 (2014)

TABLE IIl. Power counting of each base.

Order LR-basis Building blocks
o(p°) U,b.x u,0,X
o(p") u
0(p?) o Za S

external sources terms and 0 terms, called contact
terms, leaving only meson dependent terms.

(vii) Cayley-Hamilton relations: Usually, one develops
the chiral Lagrangian for mesons composed of the
lightest two or three quarks. In these situations, the
operators are 2 X 2 or 3 x 3 matrices. The Cayley-
Hamilton theorem states that every n X n matrix A
satisfies its own characteristic equation, p(4),

p(A) =det(A —Al,) =0, p(A) =0, (206)
and hence gives a relation between the trace of an

operator and its determinant. For 2 x 2 and 3 x 3

matrices,
2x2: det(A) = % ((A)? — (A?)),
3x3: det(A) = é ((A)® = 3(A)(A%) +2(A3)). (27)

Using (27), with some tricks (see [4,9]), for arbitrary
2 x 2 matrices A and B, we can get 0

AB+BA—A(B)—B(A)—(AB)+(A)(B)=0.  (28)

For arbitrary 3 x 3 matrices A, B, and C, we can get

0 = ABC + ACB + BAC + BCA + CAB + CBA — AB(C) — AC(B) — BA(C) — BC(A) — CA(B)
— CB(A) — A(BC) — B(AC) — C{AB) — (ABC) — (ACB) + A(B)(C) + B(A)(C) + C(A)(B)
+ (A)(BC) + (B){AC) + (C){(AB) — (A)(B)(C). (29)

Hence, when developing the two- or three-flavor chiral
Lagrangian, the Cayley-Hamilton relations cannot be ignored.

The above conditions lead to all linear relations for the
chiral Lagrangian. No other linear relations exist. Hence, if
we can use all conditions systematically, the chiral
Lagrangian can be obtained. The next section introduces
our method in detail.

IV. CONSTRUCTION OF THE
CHIRAL LAGRANGIAN

In this section, we work through the above situations one
by one to construct the chiral Lagrangian.

|
A. Power counting

In this paper, we only adopt the conventional power
counting rule given in [2,3], expand the chiral Lagrangian
in powers of momentum. We show the power counting
scheme in Table III. Each covariant derivative counts as
O(p"). For tensor fields, we use the power counting rule in
[9], and consider tensor fields as combined (axial-)vector
fields. Hence the chiral Lagrangian has only even orders in
the expansion.

In Table IT and III, one can see that, X is of order O(p?),
hence in the chiral Lagrangian it can exist in a functional
form. X also has odd parity, so a Lagrangian without X can
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TABLE IV. Example of operator and index numbering. No significance is given to the specific numbers. These

can be big or small, or even personal preferences.

A

Operator ( ) \Y% u h pa ya fe r, 1, I 0
Number 82 83 1004 1011 1058 1021 1141 1071 1007 2604 2605 1201
Index u v A P c

Number 1 2 3 4 5

have both even or odd parity terms. The general form of the
chiral Lagrangian to any given order is

L= fu(X)0,. (30)

where the f,,(X) are any functions of X, and O,, are
operators up to order O(p**). To construct the chiral
Lagrangian of given order is to find all O,, up to that order.

B. Reduced building blocks

The building blocks in Table II are not very suitable for
constructing the chiral Lagrangian directly, because some
building blocks, such as f*”, couple to different sources.
Although the calculation is a little complex, we can break it
up into smaller steps. First, before the calculations, we
reduce the building blocks to more basic ones, each
containing a given number of external sources. We call
these the reduced building blocks, which we use when
searching linear relations. At the end of the calculation, we
revert to the original building blocks.

From (18), we can see f%” is related to [**, with some
redundant u*. If we have only the linear independent terms,
the choice of I'*” is much more convenient, because it is
directly relevant in the Bianchi identity(22). Ignoring the
redundant #* makes no sense when we are only wanting the
independent terms. Their effects can only be compensated
in contributions of u,. For the same reason, for (19), we
choose V¥y, instead of y*_. We call those building blocks
in Table II along with the substitutions

JAR 1 R 7o Vi, (31)
the reduced building blocks. The P, C, and Hermiticity
properties between the original building blocks and the
reduced building blocks are the same.

If we obtain the high-order chiral Lagrangian, then their
covariant derivatives will appear with the reduced building
blocks. To order O(p®), with the partial integration
relations, we need VV-.-VO to order O(p") at most,
where O is a reduced building block.

Furthermore, for convenience, when we are only deter-
mining the independent operators (17) can be simplified to

V,..V,]O -0, (32)
because the excess terms on the right-hand side of (17) can
be constructed by I'** and O with two less V.

C. Permutation, combination, and primary screening

Permuting all reduced building blocks and their covar-
iant derivatives, and adding appropriate traces, we can get a
complete but not linearly independent set of operators.
Because of (24), ¥ can appear once at most. Nevertheless
the number of permutations is very large. A preliminary
screening can lead to a simpler calculation.

Most operators can be reduced using the FEinstein
summation convention A*A, = A"A,, and trace relations
(AB) = (BA). Even though the two operators are a little
complex, we cannot assess immediately whether they are
equal or not. A simple way is to change all operators to a
unique form, we call it the standard form. We can assess
whether two terms are equal directly by comparing their
standard forms.”

First, we separate all operators and their indices, and
assign a number to each operator and each index. Table IV
presents an example. For convenience, we consider the
brackets (“(” and “)”) and covariant derivative (V) as single
operators.

Second, we write down each operator number in order,
and then enumerate the indices. We obtain a row vector
such as

(w'u’h,,) — (82,1011,1011,1058,83,1,2,1,2). (33)
We call it the numerical representation of an operator. With
trace relations, Einstein summation convention and (anti)
symmetry index relations, we transform the numerical
representation to its smallest possible form.” The smallest
representation is the numerical representation, and
the corresponding operator is the original operator in
standard form.

With the above procedure, all trivial relations are used,
including the Einstein summation convention, trace rela-
tions and (anti)symmetry indices relations. Next, we only
need to work out one by one the conditions in Sec. III,
with the standard form operators. For convenience, all
the operators in the following calculations are in
standard forms.

This is like a web site verifying passwords in non-case-
sensitive form. Changing all characters to upper or lower-case
and then assessing them seems much easier.

*We introduce a small number on the left-hand side of the
numerical representation to denote that it is the smallest form
possible.
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D. Substitutions and classifications

Because A#** and f%  contain covariant derivatives,
determining the linear relations is hard with the reduced
building blocks. Using (13), (16), and (18), we can clearly
reveal the covariant derivatives.

In Sec. III, except for the EOM, each linear relation
maintains its number of types of external sources. The
relations cannot change scalar sources into vector sources
or tensors to pseudoscalars for example.4 As the EOM is
related to V¥u,,, we only need to ignore terms including this
factor. To simplify the problem, we classify all operators by
the numbers of types of external sources. One classification
contains the same numbers of each external source. If there
exists a linear relation, it only affects the operators in the
same classification. Moreover, if we ignore the Cayley-
Hamilton relations, or in the ng-flavor case the other
relations cannot change the trace number.’

Now we have classified the operator as a big set C;.
Index i indicates the sequence number of the types of the
external sources, and j indicates the number of traces. For
any given pair (i,j), all permutations of the reduced-
building block standard forms D;;  are known, k indicating
the permutation numbers of the C, ;> all permutations of the
revealable covariant derivatives standard forms E;;; can be
calculated, [ indicating the permutation number. Their
linear relations are

PHYSICAL REVIEW D 89, 074048 (2014)

where A;j;; are elements of their relative matrices.
Our purpose is to find all of the independent operators
of D;jy, and Ej;; are the bridges in finding all linear
relations.

E. Linear relations

Generally, for the nf-flavor case, the linear relations
depend only on the small sets D;;; or E;;;, and our search
scope is narrowed. All linear conditions can be added one
by one

(i) EOM: With the EOM (21), we can remove all terms
including h*, in D;;; or VFu, in E;; ;.

Partial integration, Bianchi identity, Schouten iden-
tity, and tensor relations: The schemes for these
conditions are the same. We can directly remove one
term in (20), (22), (23), and (25). Although the
relations are too many, remembering which relations
have been used or not is not easy, and one does not
know which D;;, or E;;; should be removed. A
crude method is to apply these relations to all
operators in Ej;;. For partial integration, we only
need to deal with the far left covariant derivative
in each factor, because E;;; is a complete set.
There indeed exist some operators with another
covariant derivative order. For the Bianchi identity,
to reveal the covariant derivatives, (22) needs to be

(i)

Djjr = ZAij.szij,h (34) changed to
1
J

0 = VKV T — VEVATY — VAT — TVVHT + VETTY + TAVITY + VAVHTY — VAVATH — VAT — THVATY 4 VATVTH

+ PVATH  VEVATH — VPVIT — VYTATH — TAVPTH o VATHT 4 THVAT, (35)

I

We also only need to focus on the covariant derivative B
factor near a I'. The other covariant derivatives, even if the ZRU Eijr =0, (36)
first in VVI, need not be considered. For the Schouten
identity, we must exchange all indices different from that
of ¢. For the tensor relations, tensors involve one 7_ and where r is the number of relations, and R, jrl
several ¢, terms. Because the number of 7_ is at most are the relation matrices with the row index “i;”

one, exchanging it for each 7, can give a linear relations. In
summary, we can write down all linear relations.

1 O O
1

Rij = Sijn =

and column index “rl.” The reduced row echelon form
of R

ijorls
0o O
0O O
) (37)
1
O O O

A tensor relation changes ¢, and ¢_ by couples, so the total numbers of types of external sources remain the same. We also consider (32).

>The EOM has been used to exclude the V”u factor.
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where the O are some appropriate dimension-zero-matrices
and “---” can be nonzero matrices. The rank of R;;,; or
S;jn 18 equal to the number of linear relations. And each
nonzero row-vector in S;; ., gives a linear relation. We
consider numbers of the operators that have number “1” as
independent. Hence (34) can be reduced to

Dijx = ZA:'j,klEij,l’ (38)
1

where using (36) A} ;11 are the matrices A;; y;, with all
linear dependent operators removed in the columns of
(37) with “1.”

(iii) Cayley-Hamilton relations: Because the Cayley-
Hamilton relations can change the trace, we collect
all D;; and E;;, as

D;j - D; = [Di1,Dip, D3, - -+, D]

E;— E; = [Eit,Enn, Ei3, -+ Ejy, (39)

where n is the number corresponding to the maximum
trace. Then, (38) is reduced to

Dy => AlyEis; (40)
[

the Cayley-Hamilton relations only give new linear
relations when one trace contains more than ny
operators. A, B, C in (28) and (29) can be one factor
or more. Applying all possible combinations, we can
get all Cayley-Hamilton relations. Removing all linear
dependent terms, as in (38), we obtain

Dyik =Y Ay 1B (41)
[

where D, ik is the kth operator in the n,-flavor case in
the classification i (ny =2 or 3), E, il is the Ith
revealable covariant derivative operator ”in the n-
flavor case in the classification i, and An,,i,kl is the
matrix of coefficients relating the two.

(iv) Contact terms: Contact terms can be found in a
specialized treatment. Because all the building
blocks in Table IT mix u (or U) fields and external
sources, Constructing the contact terms with such
building blocks is not so useful. Hence we construct
contact terms with the LR-basis, without U fields.

|

PHYSICAL REVIEW D 89, 074048 (2014)

Their relations are

v 1 + v
FY = 5u'(f’i + f*)u,
v 1 v 1
P = Ll - g
1
X = E”()H +x-)u,
P
X =5 "y —x-)u'
1
= Eu(t’f + "),
1
= —ut (8 = v)u'
2
VHO = VK. (42)

To construct the contact terms, one only needs the
basis and their covariant derivatives in (42). By
performing the same steps above, we can obtain all
permutations of the non-U operators. There exist
though two exceptions. The first is that different
LR-bases have different chiral rotations. Hence, not
all permutations, but only the chiral invariant operators
remain. The second is that for the SU group, u(U) is
unitary, so detu(det U) = 1. With (27), the combina-
tion of the determinant of the LR-basis or its covariant
derivatives can be chiral invariant as well. At order p,
there exists no such operator. For order p*, there exists
one term only when ny = 2,

1 1 1
ety +dety’ == GA) = () + 5 (e ) )
1
+Z(Z—><)(—>- (43)
For order p®, there exists one term when n =3,
1 1 1
ety -+ dety’ =5 () + 5 ) ) = 5 ) UA)
1 1
- -3 ) )
1 1
+ 03 + 7 (). (44)

When n; = 2, there exist three terms,

. 1 1 1 1
det DAy + det D' = = (i) = 5 (-4 + 3 0P i) + 5 ) ),

(dety + ety )VHOY, 0 — (—3—10/@ ) Tl )+ o(_>of_>)wévﬂa,

(e + dety 19,0 = (=3 030 = (2) 4 1))+ )} ) 949, @s)

074048-8
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The first term is similar to (D,yD!})+H.c. given in
[8].Following the steps above, we obtain a similar relation
as in (38) or (40).

D, = ZA;f’k,En/_,,, nyp=3or2. (46)
!

D, i and E, , are all D;; and E;; operators in (39)
with respective contact terms.
(v) Eliminating rule: For a given ny, collecting all the
linear relations above, we can obtain

> R.D; =0. (47)
1

The linear independent rows of R,; correspond to
independent terms. The question arises: Which terms
are considered linear dependent and need to be
removed? We follow the rule: The contact terms
and terms with the least number of covariant deriv-
atives and traces are retained as far as possible.
Furthermore, we retain the smallest-possible numeri-
cal representation of the operator (see Sec. IV C).

(vi) Real: The chiral Lagrangian is real. Finally, with the
last column in Table I and II, some terms need
factoring by “i" to make them real.

(vii) U and SU groups: The above discussions are about
the U group. Most of the time, one does not care
about the 7' particle, and hence the discussion is
limited in the SU group. Of course, one can integrate
' to match the SU group results [39], but to do so
gives nothing of interest. It is convenient when
identifying the terms involving the SU group in
the U group. However under the SU group, all of the
operators O,, in (30) are even parity. Usually, we
focus on traceless sources ({(v*) = (a*) =0 or
(') = (%) = 0) in the SU group, although some-
times we need study to the singlet (axial-)vector
external sources, so (#*) # 0 or (f4") # 0 need to be
considered. Fortunately, these situations cannot
change the calculations above; we only need to
set traceless terms to zero.

F. Discussions

PHYSICAL REVIEW D 89, 074048 (2014)
04 => BunPy. (48)
m

where B, is the matrix of coefficients, which have
been used in all linear relations. If O' is another
operator, then

0'=)T,P,. (49)

Using all linear relations, this can be reduced to

0 = ZT;an (50)

Supposing the relation between O’ and the set of O,, is

0 = Zc,,on. (51)

The coefficients C, are the solution of the linear
equation,

> BuwCy =T, (52)

Hence all linear relations between linear dependent
terms and linear independent terms can be obtained
such as in [6] and Appendix B in [5].

(i) The steps above can be done directly, and system-

atically, without any artifices, and hence can be
performed on a computer. Furthermore, the accuracy
is reliable, and we can obtain the results relatively
quickly. This method is not very sensitive with regard
to the form of the linear relations; we can add or
remove some linear relation in (36), without affecting
other steps. Therefore it can be used for other
problems where Lagrangian need to be constructed,
for instance, the electroweak chiral Lagrangian
[40,41]. If we solve some special problems, changing
the counting rules can be more effective [42].

V. RESULTS

We can now obtain the chiral Lagrangian to order p®. We

list the results in the following.

(i) Linear relations of the dependent operators: At this
point, the chiral Lagrangian can be obtained, but
when we solve other problems, we may meet some
dependent operators. Most of their expansions in
terms of independent operators are simple, but
several are complex; see Appendix B in [5] and
[6] for examples. We will introduce a scheme to
generate these relations. When we derive the chiral
Lagrangian, all the operators are O,,, and all reveal-
able covariant derivative standard forms are P,,. We

A. p° and p? order

The results for order p° and p? are the same as in [11],

Loy ==Wo(X) + Wi (X)(u?) + Wa(X)(x)

+ iW5(X){r-) = Wa(X) () (uy,)
— iWs(X)(u")V*0 + W4 (X)VFOV 0. (53)

can get their linear relations from (38), and full =~ Minus signs of some of the coefficients are to confirm that
relations from (17), (18), and (19); in [11].
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TABLE V. Numbers of terms in the chiral Lagrangian at order p°.

Number P=+4/- UN) SU(N), SU(N)y, SUN)
Classification P n 3 2 n 3 2 n 3 2 n 3
0=1"=0 287/206 493 451 281 155 133 74 263 235 142 138 116 60
0#0,# =0 261/206 467 455 371 124 118 83 251 243 194 116 110 75
0=0,##0 159/149 308 297 209 110 104 67 137 131 88 97 91 56
0#0,7#£0 64/59 123 123 108 51 51 43 52 52 44 42 42 34
Total 771/620 1391 1326 969 440 406 267 703 661 468 393 359 225
B. p* order Yis = Y47,
For the U groups, results have been given in [11]. For the Yo=Yy,
SU groups, results can be found in [2,3], or [43,44] in terms
of the building blocks, or [9] with tensor sources. We have Y50 =2Y 4,
repeated the calculations to check our method. We find one Yq = =Yq0,
more linear relations than [11] for the U group.
Y7, ==Y,
. pv PRV T A\ W T T pp Y73 = =2Y7,
leﬂy,lp((FL +U'Fy U)C C > = ﬂl//lp<FL U'Fg U>’
or 039 = O A
Y106 :§Y9 +§Y10—2Y11 —Yi3+Y5—4Y5 + Yy
The meanings of the notations in (54) can be found in [11].
It can be proved by substituting (8) and C* = UTD*U into +2¥90 —2¥ 105 + 8Y 113,
(54) directly. By transforming (54) to the building-block 1 1 1 1 1 1
basis, the calculation is much simpler. We list our results in Yios = - 8 Yo - 8 Yio+ 2 Yii 4 Yis + 8 Y3 = 16 Yss
Table VI in Appendix A. Besides (54), there are some 1 1 1
differences between Table VI and [11]: Aside from the 4 Ysi+Yso— ) Yg, — ) Yoo+ Yio5s —=2Y 13- (57)

U(N) and U(3) group, we also include the U(2) groups
results and the tensor sources as well. For the SU groups,
we considered the following three types of external sources,

SU3),: (f4) #0, (u*) =0,
SUB)y: (ff) =0, (u") #0,
SUB): (ff) = 0. (u*) =0.

(55)

The results with (f*") #0 and (#*) #0 can be found
within the U group results, so they are not listed here. The
SU(3)yy case is the conventional SU group case.

C. p% order

At order p®, as much a check of our method as that of
existing results, we also compare our results with that of
others. We recover the results given in [5,6,8] without
tensor sources. With tensor sources, apart from the more
relations in [10] than [9], we find one other linear relation in
the n,-flavor case,

1

Y102:§Y78_Y87_2Y101_Y1]77 (56)

and another nine linear relations in the two-flavor case,

At order p®, the number of independent terms is too large,
so we separate the chiral Lagrangian into four types,
depending on whether they include #* or 6. We list these
four types in the first column of Table V, and summarize the
number of terms in each type. Explicit terms can be found
in Section B. Table VII and VIII give the even- and odd-
parity results when 0 = ¥ = 0, respectively; similarly for
Table IX and X when 0 # 0,7# = 0, Table XI and XII
when 6 = 0, #¥ # 0, respectively, and Table XIII and XIV
when 0 #0,7#* #0. These are some differences in
sequence numbers from [5,8,9], but this creates no
ambiguity.

VI. SUMMARY

In this paper, we constructed the full p®-order U group
chiral Lagrangian, including ny-, three- and two-flavor
cases, all bilinear currents, and the @ parameter, and three
kinds of SU groups results. The number of terms in each
case can be found in Table VI, and the detailed form can be
found in Appendix B. We also list the full p*-order results
in Appendix A. During the calculations, we found one extra
linear relation in the p*-order under the U(3) group, and
one more linear relation in the p®-order under the SU
groups with tensor sources in n, flavors, and further nine
more relations in the two-flavor case. We develop a scheme
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to derive the relations among the linear dependent
and independent terms which enable us to systematically
set and examine various possible relations among
the LECs.
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APPENDIX A: THE p* ORDER RESULTS

TABLE VI. The p* order results in U groups and SU groups. The numbers are the sequence numbers in each case. The details can be
found in Sec. V B.

Uu@) SU3); SUQG)y SUQG)m
Operators P n 3 2 n 3 2 n 3 2 n 3 2
(' u,uu,) + 1 1 1 1 1 1 1 1 1 1
(' uu,u,) + 2 2 2 2 2 2 2 2 2 2 2 2
() (u,u’u,) + 3 3 3 3 3 3
(', ) (uu,) + 4 4 4 3 3 4 4 4 3 3
(' u”) (u,u, + 5 5 5 4 5 5 5 4
(ut) (u, ) (u¥u,) + 6 6 6 6
(u) (u) (u + 7 7 7 7
() Q) u”) () + 8 8
(Ff_w) + 9 8 6 5 3 9 8 6 5 3
i(f\ w,u,) + 10 9 7 6 5 4 10 9 7 6 5
(' u,y ) + 11 10 8 7 5 11 10 8 7 5
() (w4 ) + 12 11 9 12 11 9
(u'u,) (y) + 13 12 10 8 7 13 12 10 8 7
() (u,,) (r ) + 14 13 14 13
(%) + 15 14 11 9 8 6 15 14 11 9 8 6
) e + 16 15 12 10 9 7 16 15 12 10 9 7
=) + 17 16 13 11 10 17 16 11 10
(F'Fr) + (FR Fru) + 18 17 14 12 11 8 18 17 13 12 11 8
(Fi) (Fruw) + (FR ) (Fru) + 19 18 15 13 12 9 19 18 14
(FY)(Fruw) + 20 19 16
V740 + 21 20 17 14 13 10 20 19 15 13 12 9
dety + dety’ + 11 16 10
i(u”u,m”)V,,@ + 22 21 18 15 14 21 20 17 14 13
l(u"><uﬂu”)vy9 + 23 22 19 22 21 18
i) (uu,) vﬂ@ + 24 23 20 23 22 19
l(u”)(uﬂ><u”>vl,9 + 25 24 24 23
i(u”;”)V”A + 26 25 21 16 15 12 25 24 20 15 14 11
i(ut) +>vﬂ9 + 27 26 22 26 25 21

(Table continued)
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TABLE VI. (Continued)

u@) SU@3), SUQ3)y SUQB)m
Operators I n 3 2 n 3 2 n 3 2 n 3 2
(;(_)V"V,ﬁ + 28 27 23 17 16 13 27 26 22 16 15 12
(M"Mﬁv”évyé + 29 28 24 18 17 14 28 27 23 17 16 13
(u"u“)V”@Vﬁ + 30 29 25 19 18 15 29 28 24 18 17 14
() (u,) VOV,0 + 31 30 26 30 29 25
() (u")V,0V,0 + 32 31 27 31 30 26
<)”>vu9v”9 + 33 32 28 20 19 16 32 31 27 19 18 15
i)V, OV*ON,0 + 34 33 29 33 32 28
VY, 0V*V,0 + 35 34 30 21 20 17 34 33 29 20 19 16
vu@vﬂévvévyé + 36 35 31 22 21 18 35 34 30 21 20 17
0 () (u, f ;) + 37 36 32 36 35 31
i€ (u, f_,)V,0 + 38 37 33 23 22 19 37 36 32 22 21 18
i (u,) (f_,)V,0 + 39 38 34 38 37 33
(Wt ,) + 40 39 35 24 23 20 39 38 34 23 22 19
() + 41 40 36 25 24 21 40 39 35 24 23 20
(PN ) + 42 41 37 26 25 22
(t””tﬂw) + 43 42 38 27 26 23 41 40 36 25 24 21
(Yt ) + 44 43 39 28 27 24 42 4] 37 26 25 22
(W) (W f ) - 45 44 40
i u,y_) - 46 45 41
i) (u ) - 47 46 42
i) () - 48 47 43
i) (o) (- - 49 48
iyox-) - 50 49 44
i) (o) - 51 50 45
l‘<uﬂf_”v>vyé - 52 51 46
i(w'h, ")V, 0 - 53 52 47
i) (f " Vv,0 - 54 53 48
i(u”}(h,,”}Vu@ - 55 54 49
iy, )V*V 0 - 56 55 50
(ul‘;(_WMA - 57 56 51
<uu><){_>vﬂé - 58 57 52
(W)V,0V,0 - 59 58 53
i(x_)VFOV,0 - 60 59 54
VvV VY 0 - 61 60 55
e (f L upu,) - 62 61 56
(w'ut_,,) - 63 62 57
(1) - 64 63 58
() () - 65 64 59
i, - 66 65 60
i) (1 ) - 67 66 61
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APPENDIX B: THE p® ORDER RESULTS E
=
3
&
TABLE VII. The p® order results in U groups and SU groups, with t = 0, 6 = 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found 8
in Sec. V C. A
>
UG) SUB),  SUB);  SUQ)y ue) su@), SUG)y  SUBm &
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2 ;
(' u,uu,u fu,) 1 1 1 1 1 1 1 1 1 1 1 1 W™ f ) 146 123 72 73 55 30 135 112 64 68 50 28 %
(u'u,u” wtuyu,) 2 2 22 2 2 2 2 2 2 2 2 h*hy,) 147 124 73 74 56 31 136 113 65 69 51 29 Z
(' u,u"u “uyu,) 33 3 3 3 3 3 3 3 3 (wy V'f_,)+Hec. 148 125 74 75 57 32 137 114 66 70 52 30 g
(u'u”u,, wu,u) 4 4 4 4 4 3 4 4 4 4 4 W) () 149 126 75 76 58 138 115 67 71 53 %
(v’ ut u, U, it)) 5 5 5 5 5 5 5 5 55 W f o) 150 127 76 139 116 68 g
(u'u )( uyu,) 6 6 6 6 6 6 6 6 6 6 ) (P hy,) 151 128 77 77 59 140 117 69 72 54 ;
(u'u’u >(u u,uy) 7 7 7 7 7 7 7 17 e h)(hy,) 152 129 78 141 118 70 %
(' u,u”)(u, wtuy) 8§ &8 7 8 8 8 8 7 8 8 (') Vi f ) 153 130 79 142 119 71 DZ>
(' u”) (u,u “u,uy) 9 9 8 9 9 9 8 9 (') (VY f o) 154 131 80 143 120 72 g
(utu,)(u’u fuyuy) 10 10 9 10 10 10 9 10 (WY f_) () 155 132 81 78 60 144 121 73 73 55 Z,
() (uu,utuy) 11 11 11 11 11 11 o) NS ) 156 133 145 122 :
(', ) (u"u Lt i) 12 12 12 12 12 12 Q) () () 157 134 146 123
() (u,u’u fuyu,) 13 13 10 13 13 10 (') ) (VY o) 158 135 147 124
(k) (u,u¥u fu,uy) 14 14 14 14 i(f uuuy ) + He. 159 136 82 79 61 33 148 125 74 74 56 31
(u) (u, uu Lt i) 15 15 15 15 i uyuy) 160 137 83 80 62 34 149 126 75 175 57
(uu”)(u,, u*y (u,u,) 16 16 13 16 16 13 i) () 161 138 84 81 63
(' u, ) (u* u* (uyuy) 17 17 14 17 17 14 i wu,) (r ) 162 139 82 o4 150 127 76 58 %
(u'u,) (u’u u,) (utu;,) 18 18 15 18 18 15 i(f" uuy i) (u,) + He. 163 140 151 128 %
0
(u”)(u”uﬂﬂuﬂubul) 19 19 19 19 Y ) 164 141 85 83 65 35 152 129 76 77 59 32 ?
<uﬂ><uvuy><uﬂu'1uj> 20 20 20 20 (PN s +) 165 142 86 84 66 36 @
() (u,, u) (u,utu,) 21 21 21 21 (S ) e 166 143 87 85 67 37 153 130 78 60 <
() () (w0 2 22 2 2 (PN ) G 167 144 86 68 z
() (u,, Wb wtuyu,) 23 23 23 23 (u*‘uﬂ;(i) 168 145 88 87 69 38 154 131 77 79 61 33O
(u) (u) (uy, u,utu,) 24 24 (' y sy, ) 169 146 89 88 70 39 155 132 78 80 62 345’3
(u”><u Wb uyutuy) 25 25 <u/‘><uﬂ)(%r> 170 147 90 156 133 79 §
() (u) (u,, uty (uyuy) 26 26 <u"uﬂ><)(i> 171 148 91 89 71 157 134 80 81 63 %
(u) (u,,) (u” Y (uyuy) 27 27 (w'u ) (re) 172 149 92 90 72 40 158 135 81 82 64 35g
(Table continued) + =



Y1-8¥017L0

TABLE VII. (Continued)

u@) SUGB),  SUB)  SUB)y uE) SU(3), SUG)y  SUQB)y
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2
(ut) (u?) (uu, ) () 28 28 (' y ) () 173 150 93 91 73 159 136 82 83 65
(u) () () (utuy) 29 29 () () (r3) 174 151 160 137
(ut) (u?) () (u ) 30 30 () (ur ) () 175 152 161 138
(u?) () (u) (uy ety 31 31 (') Q) (e ) 176 153 92 162 139 84
(1) () () Y ) 32 32 () () ) () 177 163
(u) () () (ut) () 33 33 A X ) 178 154 94 93 74 41 164 140 83 85 66 36
(u?) () () Quy ) () (uy) - 34 34 W) ) 179 155 95 94 75 42 165 141 84 86 67 37
(U u, ff 1) 35 24 11 16 9 4 35 24 11 16 9 4 ) 180 156 96 95 76 43 166 142 85 87 68 38
(U uf_, o) 36 25 12 17 10 5 36 25 12 17 10 5 ) (%) 181 157 97 96 77 44 167 143 86 88 69 39
(w'uf_ ) 37 26 13 18 11 6 37 26 13 18 11 6 Uy ora)r) 182 158 97 78 168 144 89 70
(u'f_ ' f_,;) +He 38 27 1419 12 7 38 27 14 19 12 7 i(uw'u’f_,x_) +H.c. 183 159 98 98 79 45 169 145 87 90 71 40
(U fu, f ) 39 28 1520 13 8 39 28 15 20 13 8 i{u"u’hy,x_) +H.c. 184 160 99 99 80 46 170 146 88 91 72 41
(uw’h, f_,;) +H.ec. 40 29 16 21 14 9 40 29 16 21 14 9 i(uh, uy_) 185 161 100 100 81 47 171 147 89 92 73 42
(wuh, f_ ) +Hee. 41 30 17 22 15 10 41 30 17 22 15 10 i(u)(u f_x-) +H.c. 186 162 101 172 148 90
(u'h, u*f_,;) +H.c. 42 31 18 23 16 11 42 31 18 23 16 11 i(u f_,2) (uy ) 187 163 102 101 82 173 149 91 93 74
(' u, h"*h,)) 43 32 19 24 17 12 43 32 19 24 17 12 i(u") (u¥ hy,x_) +H.c. 188 164 103 174 150 92
(u”u”h/hwl) 44 33 20 25 18 13 44 33 20 25 18 13 i u”) () 189 165 104 102 83 175 151 93 94 75
(u'u’h,*)(h,,;) +H.c. 45 34 21 45 34 21 i u’ ) (r-) 190 166 105 103 84 176 152 94 95 76
(uu,h*) (h,;) 46 35 22 46 35 22 i(ut ) () 191 167 106 104 177 153 95 96
(uwf_*)(h,) +Hc 47 36 23 47 36 23 i uy_)(hy,) 192 168 107 178 154 96
(u'u’h,*)(f ) +H.e 48 37 24 48 37 24 i) (u” f_p) (=) 193 169 179 155
(' f_ M) (f_u) +He 49 38 25 49 38 25 i) (U’ y ) (f - 194 170 180 156
(' h**) (u, ) 50 39 26 26 19 50 39 26 26 19 i{u") (u >< X —) 195 171 181 157
(u”h”)(ul,hm 51 40 27 27 20 51 40 27 27 20 i) (u¥ ) () 196 172 182 158
(uh,”) (uth,,) 52 41 28 28 21 52 41 28 28 21 i(uu’) (hy,,) (r-) 197 173 183 159
(u"u"><uivihﬂy) 53 42 29 29 22 53 42 29 29 22 i) (u¥ ) () 198 174 184 160
(u"u”)(uivﬂhw{) 54 43 30 30 54 43 30 30 i) (u”) (hy) (r =) 199 185
(uu?)(u,V*h,;) 55 44 31 31 23 55 44 31 31 23 <f’ff—,w)(_)+H.c. 200 175 108 105 85 48 186 161 97 97 77 43
(uw,) (u*N*h,,) 56 45 32 32 56 45 32 32 (VAf fuy_) +He. 201 176 109 106 86 49 187 162 98 98 78 44
(utu”)(h, h,;) 57 46 33 33 57 46 33 33 i(u'y_y.,) +Hec. 202 177 110 107 87 50 188 163 99 99 79 45
() (w*u*V;h,,) + H.c. 58 47 34 58 47 34 i) () 203 178 111 189 164 100

(Table continued)
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TABLE VII. (Continued)

NVIONVIOVT TVIIHD DINOSHIN dVIvVOSOdNdSd T1INA

Uu®) SU@3), SUQB)y SUB)m Uu®) SU@3), SUG)m SUB)m
Operators n 3 2 n 3 2 n 3 2 n 3 operators n 3 2 =n 3 2 n 3 2 n 3 2
() (', VP h,) 59 48 35 50 48 35 i) () 204 179 112 108 88 51 190 165 101 100 80 46
(") (1Y ,h, ) 60 49 36 60 49 36 iy ) () 205 180 113 109 89 191 166 102 101 8l
(") (u'u,V*h,;) + He. 61 50 37 61 50 37 Y ) () 206 181 192 167
<u/‘f’i’1><uyf_M> 62 51 38 34 24 62 51 38 34 24 <ul‘uﬂ)(%> 207 182 114 110 90 52 193 168 103 102 82 47
<u”f”_i><u/4f_m> 63 52 39 35 63 52 39 35 (' y_uuy_) 208 183 115 111 91 53 194 169 104 103 83 48
(wuy (h, ) (hyy) 64 53 64 53 ) () 209 184 116 195 170 105
(w1, () () 65 54 65 54 wu,) () 210 185 117 112 92 196 171 106 104 84
() (uh,?) (hyy) 66 55 66 55 (' u-) (r-) 211 186 118 113 93 54 197 172 107 105 85 49
() (uh, ) (hyy) 67 56 67 56 () () 212 187 119 114 94 198 173 108 106 86
(u?) (u, h*) Chyy) 68 57 68 57 ul) (i) (%) 213 188 199 174
() ) (hy) 69 58 69 58 ) ) =) 214 189 200 175
() (W £, 2 () 70 59 70 59 w) ) r-) 215 190 115 201 176 107
(u)(uut)(V, hy,) 71 60 71 60 (ut) Cuy ) =) =) 216 202
(WY (oA 72 6l 72 6l o) () 217 191 120 116 95 203 177 108 87
(W) (F9(f ) 73 62 7362 Ur) 218 192 121 117 96 55 204 178 109 109 88 50 :
() ' h ) (f ) 74 63 74 63 ) ) 219 193 122 118 97 56 205 179 110 110 89 51
WY W f oM (i) 75 64 75 64 Grax o) 220 194 123 119 98 57 206 180 111 111 90 52
() () (V) 76 65 76 65 G ) ) 221 195 120 207 12
() () (u, V*h, ) 7766 77 66 i(F“FL FL) +He 222 196 124 121 99 58 208 181 112 113 91 53
() (u,) (V) 78 67 78 67 (DFFy,D*Fp,;) +He. 223 197 125 122 100 59 209 182 113 114 92 54
() Q) (F2) (=) 79 79 (DMF,")(D*Fy,;) + He. 224 198 126 123 101 60 210 183 114
() ) (o) f o) 80 80 (DMF,,*) (D Fp,,) 225 199 127
<u">(u”>(h/><f_y&> 81 81 (D";{D”;(T> 226 200 128 124 102 61 211 184 115 115 93 55
(uH) (u,,)(h”) (hy,) 82 82 dety + H.c. 103 185 94
(V"f_””vjf_wl) 83 68 40 36 25 14 83 68 40 36 25 det D*y + H.c. 62 116 56
(" wu,utuy) + Hee. 84 69 41 37 26 15 84 69 41 37 26 M (uuuyu’f_,,) +He. 227 201 129 125 104 212 186 117 116 95
i Iﬁuﬂuiul/ul>+H'C~ 85 70 42 38 27 16 385 70 42 38 27 C”M/’<uﬂubu"u6f_lﬂ>+H.C. 228 202 130 126 105 213 187 118 117 96
i(f’fu”u’lullu» 86 71 43 39 28 86 71 43 39 28 e””’lf’<uﬂuyu,1u”hm>+H.C. 229 203 131 127 106 214 188 119 118 97
i<f’fuiuﬂuuu4> 87 72 44 40 29 87 72 44 40 29 e"””(uﬂ><u"ubu,1hpa>+H.C. 230 204 215 189
i(ff}(uﬂu,,uluﬁ 88 73 45 41 30 e’“’l/’<u”u"u6><uyfflﬂ> 231 205 132 128 107 216 190 120 119 98
i ’i"u”u,,)(u’lu/{) 89 74 42 31 88 73 41 30 €”Mp<uﬂu"><u6ubf_&/,)+H.C. 232 206 133 129 217 191 121 120
i\ wu,ut) (uy) +He. 90 75 89 74 M (u”) (upu,u, f_;,) +He. 233 207 218 192

(Table continued)
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TABLE VII. (Continued)

U@3) SU(3), SU3)y SUB3) i u@®) SU(3); SUB)m UGB
Operators n 3 2 n 3 2 n 3 2 n 3 2 operators n 3 2 =n 3 2 n 3 2 n 3 2
i(ff wtuy) (u,) +He. 91 76 90 75 e (u,) (uugu, f_;,) +He. 234 208 134 219 193 122
P ) () 92 77 43 91 76 42 M () (U Uy U f ) 235 209 220 194
(" w,ut) (uyuy) + H 93 78 44 92 77 43 M () (uyuug) (f ;) 236 210 221 195
(" wutu,) (uy) 94 79 93 78 M (1) (u,u®) (u; h o) 237 211 222 196
i) () () 95 80 0 (WY () (u,f_y) 238 212 223 197
i(f" +“M ) (ut) ) 96 94 e () (uou,) (u,fo) 239 213 224 198
i(ff wut) (u,) () + He. 97 95 0 () (u,u®) (u,f_y) 240 214 225 199
t(f”” ey 98 81 46 45 32 17 96 79 45 44 31 17 & (u,)(u)(usu,f_,,) +He. 241 215 226 200
i(f"h f) + He. 99 82 47 46 33 18 97 80 46 45 32 18 e (u,)(u) (uu,)(f_;,) 242 227
i h, h,) 100 83 48 47 34 19 98 81 47 46 33 19 & (u,)(u")(u,)(u,f_;,) 243 228
i(VAf Ul f o) +He 101 84 49 48 35 20 99 82 48 47 34 20 e (u,V,f ,°f ) +Hc. 244 216 135 130 108 229 201 123 121 99
(P F o piuy) 102 85 50 49 36 21 100 83 49 48 35 21 (1, ,1,7) () 245 217 136 230 202 124
(P F o uuy) 103 86 51 50 37 22 101 84 50 49 36 22 e (1,1, ) (V11 ) 246 218 137 231 203 125
(Ff b uau,) 104 87 52 51 38 23 102 85 51 50 37 23 @ () (1, "V 1) 247 219 138 232 204 126
(ffu,f 1, u)) + Hee. 105 88 53 52 39 24 103 86 52 51 38 24 M () (") (VoS o) 248 220 233 205
(P fowz) 106 89 54 53 40 25 104 87 53 52 39 25 e (f, ,f ;,u’u,)+Hc. 249 221 139 131 109 234 206 127 122 100
(S’ uy) 107 90 55 54 41 26 i (f o fuu,) +He. 250 222 140 132 110 63 235 207 128 123 101
(P F ) () 108 91 56 55 42 105 88 53 40 i€ (f o fCugu,) +He. 251 223 141 133 111 236 208 129 124 102
(™ fo ) () 109 92 57 106 89 54 i (fuafo,u,) +He, 252 224 142 134 112 237 209 130 125 103
U f 4 oity) 110 93 58 56 43 107 90 54 i (f b u,u,) +He, 253 225 143 135 113 64 238 210 131 126 104
(N uyuy) +He, 111 9459 57 44 27 i€ (fh)ugu,) +He. 254 226 144 136 114 239 211 132 127 105
(FEEF o) (uyuz) 112 95 60 58 45 108 91 55 41 i€ (N o) (u,) 255 227 145 240 212
(% foutu,)(u;) + Hee. 113 96 61 109 92 55 e (N f upu;)(u,) + He. 256 228 241 213
(PR (f ) 114 97 62 59 46 110 93 56 42 i€ (f . hyeu)(u,) +He. 257 229 146 242 214
(Feu)(f 1 uy) 115 98 63 60 47 111 94 57 i€ (f o hy%ug)(u,) +He. 258 230 243 215
(PN ) () 116 99 61 i€ (f O f o)) (u,) +He. 259 231 244 216
(PN ) () 117 100 i€ (f O f ag)(u,) +He. 260 232 245 217
(P ) () () 118 101 112 i€ (N f o) uugu,) 261 233 137 115
(S ) () 119 102 62 i€ (f ) (b ) 262 234 138 116
(PN ) () 120 103 e (f Vo, .) +He, 263 235 147 139 117 65 246 218 133 128 106
(FEf ) () (uy) 121 104 113 0 (f M F 2 f—pe) 264 236 148 140 118 66

(Table continued)
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TABLE VII. (Continued)

" NVIONVEOVT TVIIHD JINOSHIN IV IvOSOdNdSd T1Nd

60

S(€)) SU@3), SUQB)y SUB3)m S[E)) SU@3), SUB3)m SUB3)m
Operators n 3 2 n 3 n 3 2 n 3 2 operators n 3 2 n 3 2 n 3 2 n 3 2
(NS e uz) () 122105 P (f ML 2P 265 237 149 141 119 67
(P ) () (uaz) 123 W (f ) (VO 1ioty) 266 238 150 142 120
(P ) () () 124 P f eV 120) (1) 267 239 151 247 219
(W u,utuy ) 125 106 64 63 48 28 114 95 56 58 43 26 e (f  N(Vof. . )(u,) 268 240
(W uw,uy ) 126 107 65 64 49 29 115 96 57 59 44 27 e (uu,f_;p.) +He. 269 241 152 143 121 68 248 220 134 129 107 57
(wu ) 127 108 66 65 50 116 97 58 60 45 & () (u,f sy ) +He. 270 242 153 249 221 135
(W) (wubuy ) +He. 128 109 67 117 98 59 W (w0 Y f ) 271 243 154 144 122 250 222 136 130 108
(' u, ) (u uy ) 129 110 68 66 51 118 99 60 61 46 e () () (4 272 244 251 223
(u u ) Q) 130 111 69 67 52 119 100 61 62 47 e () (i, ) (i) 273 245 252 224
(wu,utu,) (r ) 131 112 70 68 53 120 101 62 63 48 i (f oy f o) +He 274 246 155 145 123 69 253 225 137 131 109 58
(") (wux ) 132 113 71 69 121 102 63 64 i€ (1110, ) 275 247 146 124 254 226 132 110
(") (W u ) 133 114 122 103 i€ (f i f o) 276 248 156 147 125 70 255 227 138 133 111 59
(W utw,u,) (r ) 134 115 70 54 123 104 65 49 i (f_ M=) 277 249 157 256 228 139
() () (W) 135 116 124 105 i€ (f o f i) =) 278 250 158 148 126 257 229 140 134 112
() () () 136 117 125 106 i€ (f_ M F_ip) (o) 279 251 258 230
() (wu¥u,) (x ) 137 118 126 107 e (f g uu,) +He 280 252 159 149 127 71 259 231 141 135 113
() (W u,)) () 138 119 127 108 P (f iy, 281 253 160 150 128 72 260 232 142 136 114
(' u,) (' u,) (x ) 139 120 71 128 109 66 e (f W ) 282 254 161 151 129
() () () 140 121 129 110 e (f rw;)(u,) +He. 283 255 261 233
() () (x4 ) 141 122 72 130 111 67 0 (f Lz, (r-) 284 256 152 130 262 234 137 115
() () () () 142 131 i€ (f o f 2o~ 285 257 162 153 131 73 263 235 138 116
() () () (1) 143 132 i (f M apt=) 286 258 163 154 132 74
() u”) Q) Q) 144 133 i€ (f ) (F 12p) O-) 287 259 155 133
() (o, ) () () () 145 134
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TABLE VIII.  The p® order results in U groups and SU groups, with ¢ = 0, 6 = 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found
in Sec. VC.

u@) u@) u@) uQ@)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
(Wuutu'f_,) +He. 288 260 164 (uy uhy,) 340 308 192 (ffuu,y_) +He. 392 355 221 M (f ,uu,u’u,) +He. 444 405 254
(uu u,utf_,;) + Hee. 289 261 165 (u')(u’y,f_,)+H.c. 341 309 193 (Ffuy_u,) 393 356 222 MW (f, uuCu,u,) +He. 445 406 255
(Wuatuth,) + e, 290 262 166 (wy, ){w'f_,) 342 310 194 () 0,-) 304 357 223 iew ([ uutu,) 446 407 256
(wu’u,ut) (h,,;) 291 263 167 (u*)(u’y,h,,) +H.c. 343 311 195 (Y uwu,)(r-) 395 358 1 (f L uCuyu,u,) 447 408 257
(utu,u’u*)(hy,) 292 264 (u'u) (yhy,) 344 312 196 (fuwy_)(u,) +He. 396 359 e (f . Tu u,uy)(u,) +He. 448 409 258
(uuut)(u,h,;) 293 265 168 (' uy ) (hy,) 345 313 197 i =) 397 360 224 e (f L ou,uguy) () 449 410
(utu, u’y (uthy,) 294 266 169 (uty ) (u”hy,) 346 314 198 i =) 398 361 225 ie””/’<f+ﬂ,,u”u,,u,1>(u/,> +H.c. 450 411
(W) (b, 205267 110 {why)(zs) 47 315 199 P F o) ) 399 362 226 iem(f,, Tu ) upn,) 451 412
(W) () + 296 268 171 {(w)(ur)(fo) 348 316 (P Faudlzs) 400 363 e (f ut ) (uyu,) + Hee. 452 413
() (i) + 207 269 172 (W) Wfou)lzy) 349 317 i) tHe 401 364 227 ieww(f ) () 453 414
() (w1, ) 298 270 (W) () (k) 350 318 iy ) 402 365 228 i (f ) wuuu,) 454 415
() i) + e, 299 271 (W) (g ) () 351 319 ) ) +He 403 366 229 ienw(f L)) (wuyu,) 455 416
(! u”) (u,u*) (hy;) 300 272 (utu?) Qry) (hy ) 352 320 i u,) ey -) 404 367 230 i (f ) (u) (u,) 456
() ) (h,) 301 273 W) 353 321 i) 405 368 231 ienw{f L uut)u,) (1) + He. 457
() (0, 1) () 302 274 () () ) () 354 ) ) 406 369 232 i ([, f7f ) 458 417 259
(ut)(u,u vuty(hy,;) 303 275 i(f" xsf—w) +He. 355 322 200 i u,y_) (rs) 407 370 233 ie””*”(fwyf_,{”hpa) +H.c. 459 418 260
(u) (¥ u,u*) (f ) 304 276 i(VFf o uyy) +He. 356 323 201 i) () =) 408 371 e (N f 1,0 f_iouty) +He. 460 419 261
() (1) () 305 277 W) 357324202 i) (uai)r) 409 372 (i) 461 420 262
(") (u" u, )(u’lhwl) 306 278 i w,u’uy ) 358 325 203 i u,) () (=) 410 373 e””’“’(fﬂl,fﬂﬂu"ug) 462 421 263
(u) (u?u?) (u,hyy) 307 279 i u ) 359 326 204 i) (u—) (rs) 411 374 M (f L faCuu,) +He. 463 422 264
() (u?) (uuyh,,) 308 280 (v’ u i,y ) 360 327 205 i) (o) () (r—) 412 () (frapt®uty) 464 423 265
() (uy ) () (U f ) 309 i(u) (u,u’u,y_) +H.c. 361 328 206 i) 413 375 234 e"””(fWUu")(fH/,ua) 465 424 266
) () ) (fy) 310 ) (W) 362 329 207 i) ) 414 376 235 e (f, fLu)u,) 466 425
(u) (u, ) () (uhyy) 311 i, u” ) (uyy ) 363 330 208 i) 415 377 236 e (f ) (f 1 "uu,) +He. 467 426 267
() (u,) (u” u*y(h,,) 312 it u,u¥uy) (y_) 364 331 209 i) rx=) 416 378 237 e””’lﬂ<f+/w TN saotp) 468 427 268
W) 313 281 173 ifw'u)wug ) 365 332 210 i) ) 417 379 238 () f ) u,) 469 428
) o 0 314 282 174 iw) (W) 366 333 i) ) o) 418 380 0 (f ) Tuuy) 470 429
(h*™ f_ i)(f_M) 315 283 175 i uu,u,) (y_) 367 334 () Q) 419 381 239 e/““’lf’(J”Jr}l,J)(f+ o) (1)) 471 430
() (R  f 0 316 284 176 i{ut)(u,)(u*u,y_) 368 335 i(y3) 420 382 240 M (f ) ap) (U, 472 431
(W) (V) 317 285 177 i) () (u,p-) 369 336 o)) 421 383 241 e (f L) (F ) 0N (uy) 4T3

(Table continued)
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TABLE VIII. (Continued)

NVIONVIOVT TVIIHD DINOSHIN dVIvVOSOdNdSd T1INA

u@) u@) u@) u@)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
(hﬂ”)(f ) 318 286 i) (u,ubu,)(y_) 370 337 iy Yr-)(r-) 422 384 My ) 474 432
i(ffu,utf_;) +He. 319 287 178 i(u")(u'u,)(u,x-) 371 338 M (uu, u uyu,u,) 423 385 My f S =) 475 433 269
t<f+u wf-)+He. 320 288 179 i{utu,)(u'u,)(y-) 372 339 e (uyf -, "usfs,) + He. 424 386 242 YN -3p) 476 434 270
i{ffutusf ) + He. 321 289 180 i(w)(u")(u,uy-) 373 340 W (u,u, f 7 f o) 425 387 243 N f ) (Fip) 477 435 271
i(f" u,f-, u;) + Hee. 322 290 181  i(u'u*)(u,u,){y_) 374 341 M (uuf 1 f o) +Hee. 426 388 244 M (o M ) (f=ip) 478 436
if i’“uﬂuﬂhvﬁ)-ﬁ-Hc 323 291 182 i(u)(u,)(u”) (uy-) 375 M (wu, f_;h,e) +He., 427 389 245 e (f .y wu,) +He 479 437 272
i(f% utu,h,,) + Hee. 324 292 183 i(u*)(u,)(u’u,)(x_) 376 e (uu, f ;) (h,,) +H.c. 428 390 246 1 (f gy u,) 480 438 273
(V¥ fu “/1>< ) 325 293 i) Q) (uuy ) (=) 377 e (U, hyo)(f ) +He. 429 391 247 i€ (f ) Uz ) 481 439 274
((VAfL it ) (uy) + He. 326 294 Q) ) () Q) () 378 U f ) () 430 392 248 i (f ) (u,) + He. 482 440
i(f" h, uy) (u,) + Hee. 327 295 184 i f =) 379 342 211 e (1, h,%) (uyh,y) 431 393 249 e (f L ugu,) (ry) 483 441
it h u,)(u;) + H.c. 328 296 i hyp ) 380 343 212 eﬂbﬂl’(u u®)(u,Vyh,,) 432 394 250 e”’”lf’<f+mf+lp){+> 484 442 275
i "”f_ uy)(u,) +He. 329 297 W'V f_y_) +He. 381 344 213 e (y ;4><” u,V;h,,) +H.c. 433 395 251 €”Ui”<f+m><f+,1p)(+> 485 443 276
(" f_u?) (u;) +He. 330 298 i fowr-) 382 345 214 & (ulhy,)(u,fp,) 434 396 252 W f ) +a0) U 4) 486 444
i) (wu why) +He. 331 299 i f ) (=) 383 346 215 e””/’( ) uefZap) 435 397 253 ie”"'lf’(uﬂub;(_f_ﬂp) +H.c. 487 445 2717
(f +fﬂ/hM) 332 300 185 iR By —) 384 347 216 e””/’(uﬂxu h;,%) (hye) 436 398 ie””'1ﬂ<uﬂ>(uy;(_f_,1/,> +H.c. 488 446 278 :
(NS " f - 333 301 186 iR Ry ) (=) 385 348 217 e (u®) (u,f ;) (hpo) 437 399 i€ (u, f ) () 489 447 279
(PO w0 hua) 334 302 187 (W) (V'f_ux-) 386 349 218 e (u, ) (uf_y)(h,,) 438 400 e (u,) () (f ~3) 490 448
(S ) (ha) 335 303 188 (V' f,)(x-) 387 350 219 e (u, ) (u,u”)(V;h,,) 439 401 i (1, ) (uy f ) (=) 491 449
(RN uy) 336 304 189 iy ) (V' f_u) 388 351 220 e (uu,)(f_u)(f-;y) 440 402 M (f o f—spx-) +He. 492 450 280
(PO Fr Y uz) 337 305 (N ) -) 389 352 () (uyhyo)(f-zp) 441 403 i (F 1, F1,Fpps) +He. 493 451 281
(wuy, f_,,) +He. 338 306 190 (W) () () 390 353 U (g f ) (fip) 442 404
(wuy h,)+H.ec. 339 307 191  i(u")(V*f_){x-) 391 354 M () (UO)(f i) (fope) 443
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TABLEIX. The p° order results in U groups and SU groups, with r = 0, 6 # 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found in

Sec. VC.

u@) SUQ), SUQB)y SUQG)m u@) SU@3), SUQB)y SUQB)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
i w,u” u, uw!)V,0 11 11 111 () (u,) (u*u?)V, 0V ,0 133 128 127 122
i w,u” u'u,)V,0 2 2 2 2 2 2 2 2 () () (u, ")V, 0V ,0 134 129 128 123
i(uu u,u, 1 )V,0 3 3 3 3 3 333 () (u¥) (' u)V, 0,0 135 130 129 124
i) (uuul)\V,0 + He, 4 4 4 4 4 4 () (1, () (0, ) VIOV ,0 136 130
i) (¥ w,u') V0 5.5 5 404 5.5 5 44 () (w, ) () (') V7,6V, 137 131
i) (w,utu)V, 0 6 6 6 5 6 6 6 5 (ff_)V*OV,0 138 131 95 57 52 25 132 125 88 53 48 21
i) () V0 77 1 77 1 (ff_MV,0V,0 139 132 96 58 53 26 133 126 89 54 49 22
i) (1,1, 10" V7,0 8 8 8 6 8 8 8 6 (W f_MV,0V,0 140 133 97 59 54 27 134 127 90 55 50 23
i) (u, u* ', )V, 0 9 9 9 9 (W h,, ) VOV ,0 141 134 98 60 55 28 135 128 91 56 51 24
() (v, 1)V, 0 10 10 10 10 (W, \V,6V,0 142 135 99 61 56 29 136 129 92 57 52 25
i) (u,) (u’u,u")\V,0 11 11 11 11 (WY, \VOV,0 143 136 100 62 57 30 137 130 93 58 53 26
i) () (1, u*)V,0 12 12 12 12 W'V f_V,6V,0 144 137 101 63 58 31 138 131 94 59 54 27
iy () () V.0 13 13 13 13 (WY f_V,0V, 145 138 102 64 59 32 139 132 95 60 55 28
i<uﬂ><uﬂuv><u%>vyé 14 14 14 14 <uﬂhﬂv>vy9vivl@ 146 139 103 65 60 33 140 133 96 61 56 29
i) (wu,)) (' u,)V,0 15 15 15 15 () V"V, 0V ,0 147 140 104 66 61 34 141 134 97 62 57 30
i) () (w1, 4"V ,0 16 16 16 16 (w'u)V,V,0V4V,0 148 141 105 67 62 35 142 135 98 63 58 31
i) () (u,u )V, 6 17 17 17 17 (W) (f_MV,0V,0 149 142 106 143 136 99
i) () (u”) (u,u)V,0 18 18 () (h,,, ) V'OV ,0 150 143 107 144 137 100
i) (u,) (") (wuy )V, 0 19 19 (WY (h, )V, 0V,0 151 144 108 145 138 101
i) () () (,1,)V,0 - 20 20 () (V¥ f_mwzgvﬁ 152 145 109 146 139 102
B () (1) () (W) V7,0 21 21 (W) (Vf_MV,0V,0 153 146 110 147 140 103
i f o f V0 +He 22 18 9 75 2 18 9 7 5 (W) (VP f_NV,0V,0 154 147 111 148 141 104
i f2f)V,0 23 19 10 8 6 23 19 10 8 6 () (h,")V,0V4V 0 155 148 112 149 142 105
i(wh, f_)V,0+ He 24 20 11 9 7 24 20 11 9 7 () (,) V"V, 0VAV 0 156 149 113 150 143 106
i f_,)\V,0 + H.c 25 21 12 10 8 25 21 12 10 8 (") )V, V09V 0 157 150 114 151 144 107
i(w'h, h,"\V,0 + H.c 26 22 13 11 9 26 22 13 11 9 i u,u,) VOV ,0 158 151 115 68 63 36 152 145 108 64 59 32
i(u'hh,,)V,0 27 23 14 12 10 27 23 14 12 10 i(f* u,u!)V,0V,0 + H.c. 159 152 116 69 64 37 153 146 109 65 60 33
WV, fLV,0+He, 28 24 15 13 11 28 24 15 13 11 (w'u,y )6V, 0 160 153 117 70 65 38 154 147 110 66 61 34
i b (h, )V ,0 29 25 16 29 25 16 (w'ury )V,0V,0 161 154 118 71 66 39 155 148 111 67 62 35
iU ) (1, ) V40 30 26 17 30 26 17 () (1,7, )V*OV, 162 155 119 156 149 112

(Table continued)
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TABLE IX. (Continued)

u@) SU@3), SU@)y SUQG)m u@) SU(3) SU@3)y SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
i(uw'h,”) (h,)V,0 3127 18 31 27 18 (uu,) () VPOV, 0 163 156 120 72 67 157 150 113 68 63
i ) (h,, )V ,0 32 28 19 32 28 19 (") (uy )V,0V,0 164 157 121 158 151 114
i f_,") (h,)V,0 33 29 20 33 29 20 (uu?) (y ,)V,0V,0 165 158 122 73 68 159 152 115 69 64
i) (VAh,,)V,0 3430 21 3430 21 (W) (u,) (1 VOV, 166 159 160 153
i(wu?)(V*h,,)V,0 35 31 22 35 31 22 () (") (y )V, 0V, 8 167 160 161 154
i(w'u,) (V' h,")\V,0 36 32 23 36 32 23 WIV,6VY,0 168 161 123 74 69 40 162 155 116 70 65 36
(W ) (f_,)V,0 37 33 24 37 33 24 (/1)VOV,V,0 169 162 124 75 70 41 163 156 117 71 66 37
i h,"){(f )V, 38 34 25 38 34 25 (r+)V*V,0V*V,0 170 163 125 76 71 42 164 157 118 72 67 38
i Y (f_)V,0 39 35 26 39 35 26 (2)VHOV,0 171 164 126 77 72 43 165 158 119 73 68 39
i(w!) (uV*h,, )V ,0 40 36 27 40 36 27 () ) VHOV,0 172 165 127 78 73 44 166 159 120 74 69 40
i) (uV*h,)V,0 41 37 28 41 37 28 i(hy _\V,0V,0 173 166 128 79 74 45 167 160 121 75 70 41
i(w") (U, )V,0 42 38 29 42 38 29 i(uy_, VOV 6 174 167 129 80 75 46 168 161 122 76 71 42
i(w) (u'V, b, \V,0 4339 30 43 39 30 i(wy")V,0V,0 175 168 130 81 76 47 169 162 123 77 72 43
i(w) (u'V b, \V,0 44 40 31 44 40 31 i) (y_IV,09,0 176 169 131 170 163 124
i) (,V*h, 1V ,0 45 41 32 45 41 32 i) (y_, ) VOV, 0 177 170 132 171 164 125
i(w') (h*h, )V 0 46 42 33 46 42 33 i) (1" )V,0V,0 178 171 133 172 165 126
WYV F_ ) o V50 47 43 47 43 ) r-)VHov,0 179 172 134 82 177 173 166 78 73
i) (f2)(f-) V7,0 48 44 48 44 (', u )V evm%o 180 173 135 83 78 174 167 127 79 74
i(ut) (h,")(f-,")V,0 49 45 49 45 i(w'u u')V ,0V,0V,0 181 174 136 84 179 175 168 128 80 75
i) (B (f ) V20 50 46 50 46 i) (1 )V, 0V4OV 0 182 175 137 176 169 129
i(w) (h,") (h, V0 51 47 51 47 i(w) (u'u,)V,0V*0V,0 183 176 138 177 170 130
i) (W) (h,;)V,0 52 48 52 48 i(u") (u >v oV, 0V,0 184 177 139 178 171 131
i) () (V. f,)V,0 5349 53 49 i) (u,) ()Y, 0VAOV ,0 185 178 179 172
(% u,u,u*)V,0 + H.c 54 50 34 14 12 1 54 50 34 14 12 i) (u?) (u?)V 07,0V ,0 186 179 180 173
(% u i u,)V,0 55 51 35 15 13 55 51 35 15 13 i(h)V,0V,0V*V 0 187 180 140 181 174 132
(f" u,u*u))V,0 + H.c 56 52 36 16 14 56 52 36 16 14 i(h)V ,0V*0V,V,0 188 181 141 182 175 133
() (w,u,u*)V,0 57 53 37 17 15 i)V, VY, 0V Vﬁ 189 182 142 183 176 134
(1w, ) () V,0 58 54 57 53 l(u”)V”QV V,0V2V,0 190 183 143 184 177 135
(Y u,ut)(u,)V,0 +He. 59 55 58 54 i(u'y )V ,0V*0V,0 191 184 144 85 80 48 185 178 136 81 76 44
(Y u,u?)(u;)V,0 + He. 60 56 59 55 i) (. )V,0V0V,0 192 185 145 186 179 137
(' f ' )V,0 61 57 38 18 16 2 60 56 37 17 15 W:)vﬂewevy@) 193 186 146 86 81 49 187 180 138 82 77 45

(Table continued)
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TABLE IX. (Continued)

u@) SU@3), SU@)y SUQG)m u@) SU@3), SU@3)y SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
i f 1 u,)V,0 + He. 62 58 39 19 17 3 61 57 38 18 16 (r_) VOV ,0V*V,0 194 187 147 87 82 50 188 181 139 83 78 46
(N 1) V0 63 59 40 20 18 (w'u, ) VOV, OV ,0 195 188 148 88 83 51 189 182 140 84 79 47
i f ) (W)V,0 64 60 41 62 58 (W)Y, 0V, 6V ,0 196 189 149 89 84 52 190 183 141 85 80 48
(NS ) V0 65 61 4221 19 4 () (1) V"0V, V4OV, 197 190 150 191 184 142
i f M () V0 66 62 43 63 59 () (u)V, 0V 0V 0V ,0 198 191 151 192 185 143
i u)V,0 67 63 44 22 20 (r ) VOV ,ON*0V b 199 192 152 90 85 53 193 186 144 86 81 49
i ) () V10 68 64 i)V, OV OV, OV4OV,0 200 193 153 194 187 145
() (,) V7,0 69 65 VHOVHOVAV ,0V,V,0 201 194 154 91 86 54 195 188 146 87 82 50
i(wu,u’y )V,0 + Hec. 70 66 4523 21 5 64 60 39 19 17 1 Vr)V,HV*V4HV,V,0 202 195 155 92 87 55 196 189 147 88 83 5l
(W uu,y, )V,0 71 67 46 24 22 6 65 61 40 20 18 2 VKIV*OV,V,0ViV,) 203 196 156 93 88 56 197 190 148 89 84 52
i (uu'y )V,0+He. 72 68 47 66 62 41 (F¥F,,V,0V,0 + He. 204 197 157 94 89 57 198 191 149 90 85 53
i(uu,) 'y )V,0 73 69 48 25 23 67 63 42 21 19 (FIFp,,)V*V,0 + H.c. 205 198 158 95 90 58 199 192 150 91 86 54
i(wu,ut)(x )V, 0 74 70 49 26 24 68 64 43 22 20 N AN 206 199 159 96 91 59 200 193 151 92 87 55
i) (g , )V,0 75 71 50 27 69 65 44 23 i(DMF, )V, 0VAOV,0 + He. 207 200 160 201 194 152
i) (W u,y )V,0 76 72 51 70 66 45 VHOV 0N OV, 0VAOV,0 208 201 161 97 92 60 202 195 153 93 88 56
i) (u,) (u'y )V, 0 77 73 71 67 AR AAAN 209 202 162 98 93 61 203 196 154 94 89 57
i) (u,u’) ( )V, 0 78 74 72 68 (F\(F,"V,0V,0 + Hec. 210 203 163 99 94 62 204 197 155
i) (uu,) (- )V,0 79 75 73 69 (F1“)(Fp,,)V*OV,0 + Hec. 211 204 164 100 95 63 205 198 156
i(u) ) (w2 )V,0 80 76 7470 (F)(Fr,/)V,0V,0 212 205 165
i) () () () V7,0 81 75 <F"”><FRW>V19VA9 213 206 166
i VIf_Y \WV,0 82 77 5228 25 7 76 71 46 24 21 3 det;(V”HV”0+H.c. 64 157 58
iy . )V,0 83 78 53 29 26 8 77 72 47 25 22 detV#V,0 + H.c. 65 158 59
iy, )V'V,0 84 79 5430 27 9 78 73 48 26 23 5 e (utu,u,f_,)V,0+He. 214 207 167 101 96 66 206 199 159 95 90 60
i ) (VEF_AV,0 85 80 55 79 74 49 i (w,uu f_,)V,0+He, 215 208 168 102 97 67 207 200 160 96 91 61
i) (o )V,0 86 81 56 80 75 50 i (uuou,f,)V,0+He, 216 209 169 103 98 68 208 201 161 97 92 62
i) (1 ,)V'V,0 87 82 57 81 76 51 im0 (1, u”h,,)V 0 + Hec. 217 210 170 104 99 69 209 202 162 98 93 63
(Y up)V,0 + He. 88 83 58 31 28 10 82 77 52 27 24 i (uuu,) (1) V0 218 211 171 210 203 163
iy )V,0 89 84 59 3229 11 8 78 53 28 25 T iemW (u,u)(u,h;,)V,0 219 212 172 105 100 211 204 164 99 94
i) (2 )V,0 90 85 60 84 79 54 i€ (u,) (uu,h;,)V,0 + He. 220 213 173 212 205 165
iy ) )V,0 91 86 61 33 30 85 80 55 29 26 i () (u, 1)V ,0 221 214 174 106 101 213 206 166 100 95
i) ()Y )V,0 92 87 86 81 i (1, 1%) (o f _, 1)V ,0 222 215 175 107 214 207 167 101

(Table continued)
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TABLE IX. (Continued)

NVIONVIOVT TVIIHD DINOSHIN dVIvVOSOdNdSd T1INA

67 :

u@) SU@3), SU@)y SUQG)m u@) SU@3), SU@3)y SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
(w'f_ 'y \V,0+ H.c. 93 88 62 34 31 12 87 82 56 30 27 8 iem¥ (u,u)(u,f_;,)V,0 223 216 176 108 102 215 208 168 102 96
(uﬂh ¥ \V,0 + Hec. 94 89 63 3532 13 88 83 57 31 28 9 e (u)(uyu,f_,)V,0+He. 224 217 177 216 209 169
(uu,°\V,0 95 90 64 36 33 14 89 84 58 32 29 10 e () (uu,f_,,)V,0 225 218 178 217 210 170
(Wuty_ >v O+ Hec. 96 91 65 37 34 15 90 85 59 33 30 11 e (u)(u)(u,f_;,)V,0 226 219 218 211
(U (f_ )y IV,0 97 92 66 91 86 60 im0 () (1, u”) (f _;,)V 40 227 220 219 212
(u'f_, )(;( \WV,0 98 93 67 38 35 92 87 61 34 31 i€ () (u,u®) (f )vp@ 228 221 220 213
(uty )(f_” WV, 0 99 94 68 93 88 62 i () () u, f - wag 229 222 221 214
(W) (h,'x_)V,0 100 95 69 94 89 63 i () () (g f )V ,0 230 223 222 215
(uh, ”)(;( \WV,0 101 96 70 39 36 95 90 64 35 32 i€ (u,) (uu ) (f - >va 231 224 223 216
(g ) (h,")V,0 102 97 71 96 91 65 i () (1, u”) (h;,)V,0 232 225 224 217
(') (2 )V, 0 10398 72 97 92 66 i () () (u,) (1) V,0 233 225
(w'u,) (1" )V,0 104 99 73 40 37 98 93 67 36 33 ienie (f_ N f_,\V,0 234 226 179 109 103 70 226 218 171 103 97 64
() (u'y_,)V,0 105 100 74 99 94 68 ﬂ”/l/’<f+ﬂ0f Ll)Vo0+He, 235 227 180 110 104 71 227 219 172 104 98 65
(uu¥) (y_ ”WDA 106 101 75 41 38 100 95 69 37 34 i (f o f w0 +He, 236 228 181 111 105 72 228 220 173 105 99 66
W (f_Yr)V,0 107 102 101 96 e (f o f U )V,0+He, 237 229 182 112 106 73 229 221 174 106 100
(u")(h, >(;( 'WV,0 108 103 102 97 e (f o h"u,)V,0 + He., 238 230 183 113 107 74 230 222 175 107 101 68
() (u,) () V,0 109 104 103 98 W (f o hi"ug)V,0 + Hee. 239 231 184 114 108 75 231 223 176 108 102 69
(W) (") (_,)V,0 110 105 104 99 e (N f )V 0 240 232 185 115 109 76 232 224 177 109 103 70
@(_Wﬂvvvyé 111 106 76 42 39 16 105 100 70 38 35 12 jewd (uy f_,,)V,0+ He. 241 233 186 116 110 77 233 225 178 110 104 71
u-AIV,0 112 107 77 43 40 17 106 101 71 39 36 13 e (u)(y. f_,,)V,0 242 234 187 234 226 179
(e"IV,0 113 108 78 44 41 18 107 102 72 40 37 14 jemir (uy )(f M>V9 243 235 188 235 227 180
) OV,0 114 109 79 45 42 19 108 103 73 41 38 15 jemwir(u,f_,)(x,)V, 244 236 189 117 111 236 228 181 111 105
) )V,0 115 110 80 46 43 109 104 42 39 e () () wag 245 237 237 229
i(w'y*)V,0 116 111 81 47 44 20 110 105 74 43 40 16 jemwi (f, ,uy )V,H+ H.c. 246 238 190 118 112 78 238 230 182 112 106 72
i) (2)V,0 117 112 82 111 106 75 0 (uou, £, )V,0V,0 +He 247 239 191 119 113 239 231 183 113 107
iy )y )V, 0 118 113 83 48 45 112 107 76 44 41 0 () (u, f M>v A 248 240 192 240 232 184
i) () (x_)V,0 119 114 113 108 & (w,u) (f_,1)V 0V ,0 249 241 193 241 233 185
(' w,u*u,) VOV ,0 120 115 84 49 46 21 114 109 77 45 42 17 em(u,)(u"f_,,)V 6V ,0 250 242 194 242 234 186
(wu,u*u!)V 0V ,0 121 116 85 50 47 22 115 110 78 46 43 18 cwir(y ) (u,f_,")V,0V,0 251 243 195 243 235 187
(uﬂu”uﬂuﬂvﬂévlé 122 117 86 51 48 23 116 111 79 47 44 19 e () (u,h; >vp@v6@ 252 244 196 244 236 188
(W u, !V, 0V,0 123 118 87 52 49 24 117 112 80 48 45 20 emir () (u")(f_,;)V,HV 0 253 245 245 237

(Table continued)
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TABLE IX. (Continued)

u@) SU@3), SU@)y SUQG)m u@) SU@3), SU@3)y SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
(") (w,u”u,) V*OV,0 124 119 88 118 113 81 i (u, )V ,0V°6V 0 254 246 197 120 114 79 246 238 189 114 108 73
() () V2OV ,0 125 120 89 53 50 119 114 82 49 46 i () (f _, 1)V, 0N 0V ,0 255 247 198 247 239 190
() (1,u,) VOV ,0 126 121 90 54 120 115 83 50 i (F) "D, Fy,)V,0 + He. 256 248 199 121 115 80 248 240 191 115 109 74
(") (u,u* u*)V 07,0 127 122 91 121 116 84 i (Fp,,DF;,,)V, 0+ He. 257 249 200 122 116 81 249 241 192 116 110 75
(u,) (wuh\V,0V,0 128 123 92 55 51 122 117 85 51 47 i (Fp %) (D,Fp,;,)V,0 + He. 258 250 201 123 117 82 250 242 193
() (w0 u,u")V, OV ,0 129 124 93 123 118 86 i (Fy ) (DOF ), )V,0+ He. 259 251 202 124 118 83 251 243 194
(' u”) (u,u?)V 0V ,0 130 125 94 56 124 119 87 52 i (D7F o) (F,)V,0 + He. 260 252 203
() () (uu,)V20V,6 131 126 125 120 i€ (D°F ;) (Frio)V,0 + H.c. 261 253 204
() () (u, 1, ) V2OV ,0 132 127 126 121

TABLE X. The p® order results in U groups and SU groups, with t = 0, 6 # 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in

Sec. VC.
u@3) u@a) u@3) u@3)

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
i, fLAV,0 + He, 262 254 205 (Vif, vy uh)V,0+ He. 314 303 241 (uny(wf_M\V,0V,0 366 354 283 i(FYDAF,,)V,0 + Hee. 418 406 329
i w2V, 263 255 206 i(u'y, f_*)V,0+He 315 304 242 (yryr >< )\V,OV,0 367 355 284 i(D'y ")V, 0 + Hec. 419 407 330
(Wt f_,)V,0+He. 264 256 207 i(uiy h,")V,0+He. 316 305 243 (uiy(wf_ )V, BV,d 368 356 285 iVIVON, VAV, Y0 420 408 331
i(wu,u’h, )V,l9+H.c. 265 257 208 (u”uM+>Vy9 317 306 244 (u)(u hvi> 9%9 369 357 286 iV”V;,@V”V‘éVAVDé 421 409 332
l(u"u w,h,M)V,0 266 258 209 i(wury, )V,0+He. 318 307 245 () (W)V,0V,0 370 358 287 (DHFYAV,OV,V, 0+ He. 422 410 333
i(u'u }w>vig+H,C 267 259 210 i(ut)(y, f_)V,B 319 308 246 (ur)(urh,)VHOV,H 371 359 288 VKOV, OVHOVAOV,V,H 423 411 334
i(utu lwyé 268 260 211 i(“”h)(f—ﬂ”wpé 320 309 247 (wrw¥ Y (R, >viévié 372 360 289 i(F’i”)(D’lFW)Vb9+H.c. 424 412 335
i(uu ><h,w>V19 269 261 212 i(urf ) (x,)V,0 321 310 248 (w)(uwh,)V,0V,6 373 361 290 i(F}")(D*Fy,,)V,0 + He. 425 413 336
i (w1 (h, 1)V, 270 262 213 i(u)(y h,AV,H 322 311 249 () (n,V,OV,0 374 362 291 (DHFYY(Fp,)V,0 + He 426 414 337
i(wu,u”) (f Amg 271 263 214 i(u”h)(h/)vué 323 312 250 (um)(u*h,*) HAvﬂé 375 363 292 i<D”FL,,”)<FR/)Vﬂé+H.c. 427 415 338
i{(uu?) (uth >vy@ 272 264 215 i<uﬂhﬂb>0{+>vyé 324 313 251 (uﬂ)(u“)(f_/wbévﬁ 376 364 ie””f’<u"f_,wf_lp>vgé 428 416 339

(Table continued)
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TABLE X. (Continued)

NVIONVIOVT TVIIHD DINOSHIN dVIvVOSOdNdSd T1INA

U@3) U@d) U@3) U@d)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
i<u”u”)<u’1h,w>V49 273 265 216 i(M”)(M,J(’i)Vyé’ 325 314 252 (") {u,, YV, ov,0 377 365 ieﬂ”ﬂ<uﬂf_ﬂh,,”>vgé+H.c. 429 417 340
,-<uuuu><uyh/>v@ 274 266 217 i(M”uM)()(i)Vb@’ 326 315 253 (u*)(w » >v19ng 378 366 igumw h,7) i)V, 0 430 418 341
i<uﬂuﬂ><uuhbi>vlé 275 267 218 i<u”><u”;(+ﬂ)vy9 327 316 254 (uﬂ><u”)< \% 9V,1¢9 379 367 i (uo f_ u»W%W 9 431 419 342
i) (W uth,,)V,0 276 268 219 i(wu)(y,,)V,0 328 317 255 <hﬂ”>vﬂvygvﬂvﬂé 380 368 293 i (1,7 ()Y, 432 420 343
i) (it h, )V,0 + He, 277 269 220 i(u)(y, ) (f_,)V,6 329 318 (r W)V,6V,6 381 369 294 i (uh, ) (f_,)V, 433 421 344
i<u”>(u”u,,hﬂ’1>v,19 278 270 221 i<uﬂ><)(+><h””>vyé 330 319 <uu;(+ﬂ>vv9vbé 382 370 295 igzwmu h,o){ M)V g 434 422 345
i) (uu,h, V0 + He, 279 271 222 i) (u,) (4)V,0 331 320 (W )V,0V,0 383 371 296 jemie(uf_ N (f )V b 435 423 346
i) )V, 0 280 272 223 i(u)(u)(y,,)V,0 332 321 () (W)V,0V,0 384 372297 jemir (o) (u,V,h,,)V,0 436 424 347
i<uﬂu”><uﬂf_/>vﬁ 281 273 224 i(;(’i)V”V”VD@ 333 322 256 <u”)()(+ﬂ)V”9V 0 385 373 298 ig;wip<uﬂ>< av; hwwp 437 425 348
() (e fLMV,0 282 274 225 i r")V,0 334 323 257 () (34)V,0V,0 386 374 299 jemdr(y)(u,V7h,, )V, 438 426 349
iy (Wl f_,,)V,0 + Hee. 283 275 226 i) (Z)V,0 335 324 258 i(wuy )VOV,H 387 375 300 e (u)(f_ ) (f 1) Vs 9 439 427
i<uﬂ>(u”uﬂf_f>v,19+ . 284 276 227 (u”u,,u”;(_)vy9+H.c. 336 325 259 il u’y_\V gv 0 388 376 301 it (u ﬂ>< Nf wv 440 428
i) () (u f ) V,0 285 277 (W uuy_)V,0 337 326 260 i(u)(u M_>V”9Vu9 389 377 302 e (f i, uyu, )V 0 441 429 350
i) (u ) (f_,})V,0 286 278 () (uu'y )V,0+He. 338 327 261 i(utu,)(y )V*OV,0 390 378 303 emw¥(f,  u'uu,)V,0+He. 442 430 351
i<uu><uuub><f_/>vlg 287 279 (u”uﬂ><u”;(_)v,,9 339 328 262 i<uu><uvx_>vﬂgvb9 391 379 304 6.“”/1P<f+”yu/1u‘7ua>vpé+H_C. 443 431 352 :
i) (u?) (u,f,})V,0 288 280 (1) ()0 340 329 263 i(w'w')(y_)V,6V,6 392 380 305 0 (f ) () V,0 444 432 353
i) () (V.0 289 281 (W) (g )V,0 341330 264 i(ur)(u,) () VOV, 0 393 381 e (f o) u,)\V,0 445 433
i<u”>(u”>(u‘f,”A)VDA 290 282 <uu><uvuy)(7>v”9 342 331 265 ,<uﬂ>(uu><x7>vﬂévya 394 382 g;wipgwuam(up)vaéjLH.C. 446 434
i<uﬂ>(uﬂ)<u”hﬂ>vﬁ 291 283 <uu><u”><uu)(_>vyé 343 332 i g)vﬂévvvyé 395 383 306 €ﬂ”/1ﬂ<f+wuiu”><u6>v/)é+H.C. 447 435
i<u”><uﬂu”><hbl>vié 292 284 <u/4><uﬂuv><){_>vb@ 344 333 i(y*\V*OV,V,0 396 384 307 ieﬂ”‘ﬂ<if+ff+muﬂ>v{,é+H.c. 448 436 354
i<uﬂ>(ubub)<h/)wé’ 293 285 (uﬂ)(u"m(;(_)V,,é 345 334 i(;(_)V”V,l@V”Vbé 397 385 308 ie””ﬂ(fﬂ,”)(fﬂiuﬁvgé 449 437 355
i) (u?) (1,1, )V ,0 294 286 () () (w,y )V, 6 346 335 iy )V*OV,6 398 386 309 jemir(f  V(f,ou,)V,H 450 438 356
() () (P, V0 295 287 (W) () () (r)V,0 - 347 i) () VHOV,0 399 387 310 ienin(f ) (f ru)V,0 451 439 357
i<u/‘><u”uﬂ><h;w)v/19 296 288 (VEf_ iy IV 9 348 336 266 i<uﬂf_”u>vygvﬂévlé 400 388 311 ie””/’<f+,,b)(fH”)(u,,WG@ 452 440
() () (h, )V ,0 297 289 (Wy_ )V, 349 337 267 i(urh,M)V,0VOV,0 401 389 312 ewir(f uy )V 04 He 453 441 358
i) (u,) (u) (f 1V, 298 (uty ,,)V”V 0 350 338 268 i(u/‘h”)V,,éVyévﬂé 402 390 313 6"“"<u,,f_yw_>v,,9+H~C~ 454 442 359
i<uﬂ><uﬂ)<u”>(h/)%9 299 (V”f_,,”)(;(_wb@ 351 339 269 i<uuu”>vv9vygvﬂvlé 403 391 314 guvi/l<uﬂ><f_bw_>vp@ 455 443 360
i<ul‘)(u”>(ui)<hw>%9 300 (h””)(;(_”)vbé 352 340 270 ,~<uuuv>vﬂgvyéwvjé 404 392 315 P (u, £ )V, 9 456 444 361
iV, L, V,0 301 290 228 (") (y_,) V¥V, 0 353 341 271 j(ur)(f_")V,0V/0V,0 405 393 316 0 (W f_)V,0 457 445 362
i<f/1vvﬂf_ﬂ>vyé 302 291 229 i(f’fu”;(_)vy9+H.c. 354 342 272 i(u”>(hﬂb)V,,9W§V,19 406 394 317 e () (f ) (- >v 458 446
i(hV, f_,})V,0 303 292 230 (uy,y )V, 0+He 355 343 273 j(ur)(h*)V,6V,6V,H 407 395 318 0 (b7 )V ,0N,0 459 447 363
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TABLE X. (Continued)

u@3) [8[€)) u@) [8[€))

Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
i(h*h, >vﬂvj 304 293 231 (") (- )v 356 344 274 i(u")(u >vvév OV+V,0 408 396 319 eﬂuﬁ/»(u”vof_mvp@)vg@ 460 448 364
iUtV _W>v V,0 305 294 232 (g Yy )V 357 345 275 i(u*)(u “V, 6V, 0V+V,0 409 397 320 guvip<h”a><f_bﬂ>vﬂév”9 461 449 365
i) (V, >V49 306 295 233 (uty_ >()(+>V 358 346 276 iy't) ”gvvgvyg 410 398 321 e””%u,,)(vfff_bl)Vp@V,jé 462 450 366
i(hy (b, >v V,0 307 296 234 (uf)(y,)(y_)V,0 359 347 iy )VHOV, 0V V,6 411 399 322 jewir(f oy u,)V,6V,0 463 451 367
l<uﬂ><vvf IVAV,9 308 297 235 ilr_) (")V,0 360 348 277 (wy )V, OV0V,0 412 400 323 jemir(f  uou,)V,HV,0 + He. 464 452 368
(Fu,f-, )VléH-Hc 309 298 236 <u"u”f_/>V,,@Vﬁ—|—H.c. 361 349 278 <uu><x_>vﬂgvv9vbg 413 401 324 emf)<FLﬂbFuo>vp9vgg+H_c, 465 453 369
(Fu Af_’w>viﬂ+Hc 310 299 237 (W, WAV,OV,H 362 350 279 (W)Y OV, 0VA0V,H 414 402 325 wie(F, ) (F;,%)V,0V,0 4+ H.c. 466 454 370
(fu Af_mv 0+H.c. 311 300 238 (u”u”h,wW‘éVﬁ 363 351 280 <uﬂ)VM9V”9VU9WVﬁ 415 403 326 6"””(FL,4"><FRM>V,)9V69+H~C~ 467 455 371
(Fu,h, V0 + He. 312 301 239 (wuh,})V,0V,0 + He. 364 352 281 i(y \VrOV,OV*OV,0 416 404 327

(fu ih IV,0 +He. 313 302 240 (w')(urf_,,)VOV,H 365 353 282 i(FY'D'F,,;)V,0 + H.c. 417 405 328

TABLE XI. The p® order results in U groups and SU groups, with 7 # 0, & = 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. VC.

u@) SU(3), SUQ@3)y SU3) u@) SU(3), SUQ3)y SUB)
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
i u,utt,,,;) + Hee. 2 2 2 2 2 2 2 2 2 2 2 2 (u) (W1, (2 400) 82 78 70 66
i{u u”u,u t+/M> 33 3 3 3 3 3 3 3 3 (u”u”)(tﬂ'l)(tﬂﬁ 8 79 57 71 67 50
l<u/‘u utu t+w1> 4 4 4 4 4 4 4 4 4 4 <u/‘><u t+ul><t+/ul> 84 80 72 68
iy (wuutt, ;) +He, 5 5 S 5 5 5 (u") (u, ) (P8t ) 85 73
i u,) (uu i) 6 6 5 5 6 6 5 5 (u/‘>(u"><t+ﬂ'1>(t+w1> 86 74
it u,uut) (1) 7 1 6 7 7 6 6 (VF1,," Vi) 87 81 54 58 52 33 75 69 44 51 45 28
i(utu’)(u,utt ;) + He. & 8 7 8 8 7 (VF1 ) (VA0 88 82 55 59 53 34 76 70 45 52 46 29
i(utu” )(u ) 9 9 8 9 9 8 (Vﬂt’f)(vﬂtﬂ/l) 8 83 56 60 54 35 77 71 46 53 47 30
i) (wu,utty ;) +He, 1010 10 10 i ) 90 84 57 61 55 36 78 72 47 54 48 31
i) (uu,utty,,) 1111 111 ettt ) 91 85 58 62 56 37 79 73 48 55 49 32
i) (u, ) (W utt ) 12 12 12 12 ) () 92 8 59 63 57 38 80 74 49 56 50 33
i) () (t4,7) 13 13 Wt () 93 87 60 64 58 39 81 75 50 57 51 34

(Table continued)
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TABLE XI. (Continued)

u@) SU@3), SUQB)y SUQG)m u@) SU@3), SU(3) SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
i) (u") (wty ;) + He. 14 14 G () 94 88 65 59 82 76 58 52
i f ) 1513 6 9 7 3 1513 6 9 3 it ) 95 89 61 66 60 40 83 77 51 59 53 35
(W f_ ) + He. 16 14 7 10 8 4 16 14 7 10 4 (w'u, f"t_,,;) + H.. 96 90 62 67 61 84 78 52 60 54
i ) 17 15 8 11 9 5 17 15 8 11 5 (wwf_trl,)+He 97 91 63 68 62 41 85 79 53 61 55 36
W'V, ", ;) + He. 18 16 9 12 10 6 18 16 9 12 10 6  (wwf_’r_,)+Hec 98 92 64 69 63 86 80 54 62 56
W'V f_ M) + He. 19 17 10 13 11 7 19 17 10 13 11 7  (uf_*u*t,)+He 99 93 65 70 64 87 81 55 63 57
(Y u,utt,,;) + He. 20 18 11 14 12 8 20 18 11 14 12 8 (wu’htt_,;) +He 100 94 66 71 65 42 838 82 56 64 58 37
(i wtu,t,,;) + He. 21 19 12 15 13 9 21 19 12 15 13 9 (wuh e ;) +He 101 95 67 72 66 89 83 57 65 59
(f*utust,,,) + He. 22 20 13 16 14 10 22 20 13 16 14 10  (whru’r_,;)+Hc. 102 96 68 73 67 90 84 58 66 60
(fffu,ty, uy) + Hee. 23 21 14 17 15 11 23 21 14 17 15 11 (wwt_2)(h,) +Hec. 103 97 69 91 85 59
(fult uy) 24 22 15 18 16 12 24 22 15 18 16 12 (wwt /)(f_,)+Hc. 104 98 70 92 86 60
() (it ;) + He 25 23 16 19 17 13 (W uu?y(V ,1_,) 105 99 74 68 93 87 67 61
(P u,) ('t ;) 26 24 17 20 18 25 23 16 19 17 (Y (uu'V,t_,) +He. 106 100 94 88
(f u*)(t,,,) + He 27 25 18 21 19 26 24 17 20 18 (W) (W u'V 1 _,,;) 107 101 95 89
(fut, ) () + Hee 28 26 19 27 25 () (u'u,V*_,;) +He. 108 102 96 90
(f"”tﬂ,)( ) 29 27 20 22 20 28 26 21 19 () (u¥t_ hy,;) +He. 109 103 97 91
(fffu,t ) (u;) + He. 30 28 21 29 27 18 (wy(u’t_ h,;) +He. 110 104 98 92
() (uyt ) 31 29 22 23 21 30 28 22 (wuh ) (t_,;) +He. 111 105 75 69 99 93 68 62
(P (Wust ) 32 30 23 24 22 14 i ) +He 112 106 71 76 70 43 100 94 61 69 63 38
(Fr) (upt ) 33 31 24 25 23 31 29 19 23 20 i(fn ) +He, 113 107 72 77 71 44 101 95 62 70 64 39
(Y utu)(t ) 34 32 25 26 24 32 30 20 24 21 i(VAfbute ;) +He, 114 108 73 78 72 45 102 96 63 71 65 40
(Y utt ) () + He. 35 33 26 33 31 i(VFfPu,r_,) +He 115 109 74 79 73 46 103 97 64 72 66 41
(P10 () 36 34 27 27 25 34 32 25 I t) 116 110 75 80 74 47
(P ) ('t 4,) 37 35 i M) 117 111 76 81 75 104 98 65 73 67
(P ) (11 ,0) 38 36 28 i) 118 112 77 105 99
(P u,) (W)t 0) 39 37 35 33 (1) () 119 113 78 82 76 48
(F 0, M) () (uy) 40 38 36 34 i) (1) 120 114 79 83 77 106 100 66 74 68
(PN )t ) 41 39 i) () 121 115 80 107 101
(PP () (t ) 42 40 37 {(VEF L (Pt ,,) 122 116 81 84 78 49
(V) (gt y ) 43 41 i(VIf L ) () 123 117 82 85 79 108 102 67 75 69
() W) (8 ) 44 42 29 ((VEF ) () 124 118 83 109 103

(Table continued)
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TABLE XI. (Continued)

u@) SU@3), SUQB)y SUQG)m u@) SU@3), SU(3) SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators n 3 2 n 3 2 n 3 2 n 3 2
(FEu*) u ><t+/w> 45 43 38 35 (VAP (1) 125 119 84 8 80 50
(1) () () 46 44 39 (VA fr,) () 126 120 85 87 8l 110 104 68 76 70
() ) () (2 40) 47 iR ) () 127 121 86 111 105
(PN ) Q) (t ) 48 i _M) (E) 128 122
(VEF VL) 49 45 28 30 26 15 40 36 21 26 22 13 i (A (1) 129 123
(VEF (V) 50 46 29 31 27 16 (VA ) i) (es,) 1300 124
i f o ) 51 47 30 32 28 17 41 37 22 27 23 14 i(VApY(u) (i) 131 125
iy 1) +He. 52 48 31 33 29 18 42 38 23 28 24 15  (y.f™r_,)+Hc 132 126 87 88 82 51 112 106 69 77 71 42
iyt ,) 53 49 32 34 30 19 43 39 24 29 25 16 (u'y1_,) + H.c. 133 127 88 89 83 52 113 107 70 78 72 43
i) Wy o) + Hee 54 50 33 44 40 25 iy t_,) +He 134 128 89 90 84 53 114 108 71 79 73 44
[y ) (1) 55 51 35 31 45 41 30 26 iy _ut_,,) 135 129 90 91 85 54 115 109 72 80 74 45
e, () 56 52 36 32 46 42 31 27 i) Wy 1_,) +He 136 130 91 116 110 73
(f% 1) +He. 57 53 34 37 33 20 47 43 26 32 28 17 i uy ) (1) 137 131 92 86 117 111 81 75
(Yt o) 58 54 35 38 34 21 P, () 138 132 93 87 118 112 82 76
(P M) 59 55 36 39 35 22 48 44 27 33 29 18 (P ) 139 133 92 94 88 55 119 113 74 83 77 46
() (s 60 56 37 40 36 23 49 45 3430 (Pt ) 140 134 93 95 89 56 120 114 84 78
Y ) () 61 57 41 37 (Yt 141 135 96 90
(fy_t,,) +Hec. 62 58 38 42 38 24 50 46 28 35 31 19 i(u'V¥rtr;)+He 142 136 94 97 91 57 121 115 75 85 79 47
(W' t.,,) + He. 63 59 39 43 39 25 51 47 29 36 32 20 i(w'V'r,'r_,;)+Hce 143 137 95 98 92 58 122 116 76 86 80 48
(W, 1) 64 60 40 44 40 26 52 48 30 37 33 21 e, M () 144 138 96 99 93 59 123 117 77 87 81 49
(it ) 65 61 41 45 41 27 53 49 31 38 34 22 i M () 145 139 97 100 94 60 124 118 78 88 82 50
(Wt ) 66 62 42 46 42 28 54 50 32 39 35 23 UV, ) (1) 146 140 98 101 95 61 125 119 79 89 83 51
(W't utt,,;) + He. 67 63 43 47 43 29 55 51 33 40 36 24 Y (VPr, M) 147 141 99 126 120 80
(w1, 68 64 44 48 44 30 56 52 34 41 37 25 VP, M i) 148 142 100 102 96 127 121 81 90 84
() (u, 1411,) 69 65 45 57 53 35 Q) (Ve ) 149 143 101 128 122 82
(', ) (141, 70 66 46 49 45 58 54 36 42 38 V) (1) 150 144 102 103 97 129 123 83 91 85
(i, ) (1) 71 67 47 50 46 31 59 55 37 43 39 26 i(w)(Vir.A)(t.,) 151 145 130 124
(W) (1 4,) 72 68 48 51 47 60 56 38 44 40 i) (Ve M) (i) 152 146 131 125
(W (Wt 1,,,) +He, 73 69 49 61 57 39 (r-t"1_,) + Hee. 153 147 103 104 98 62 132 126 84 92 86 52
(W) (1, ) 74 70 50 52 48 62 58 40 45 41 ) (1) 154 148 104 105 99 63 133 127 85 93 87 53
(it ) (t,,;) +He, 75 71 51 53 49 32 63 59 41 46 42 27 G-t (1) 155 149 105 106 100 64 134 128 86 94 88 54

(Table continued)

DONVM DNIO ANV ‘D NNI-DONFA ‘ONVII NOHZ-OVHS

($102) $YOVLO ‘68 A MATATY TVIISAHI



62-8¥07L0

TABLE XI. (Continued)

u@) SU@3), SUQB)y SUQB) u@) SU@3), SUQB)y SUQG)m
Operators n 3 2 n 3 2 n 3 2 n 3 2 Operators 2 n 3 2 n 3 2 n 3 2
WY (1) 76 72 52 54 50 64 60 42 47 43 NN () 156 150 107 101 135 129 95 89
(u"tﬂ,)(u i) 77 73 53 55 51 65 61 43 48 44 (D"ZMD,,t;ﬁ 157 151 106 108 102 65 136 130 87 96 90 55
() (1, ) (171, 78 74 66 62 (F“fl,7) + He.+cc. 158 152 107 109 103 66 137 131 88 97 91 56
(), 1) (1 102) 79 75 67 63 (F¥Y(¢"1,,) + He. +cc. 159 153 108 110 104 67
() (B4 (E,) 80 76 56 68 64 49

TABLE XII.  The p® order results in U groups and SU groups, with 7 # 0, @ = 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in
Sec. VC.

u@) u@) u@) u@)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
i(utu, f,,;) + Hee. 160 154 109  (w'u’y_ty,,) +He 198 192 136 (w*)(u*)(u,u*t_,;) +Hc. 236 (w'uy,t_,)+He 274 264 185
i(w'uf_, “t,,;) +He. 161 155 110 (uly_ut,,,) 199 193 137 (flibf_/t_ﬂ) 237 229 160 (Wy ubt_y,) 275 265 186
i(utuf_ 1, ,,) +He. 162 156 111  (u*)(u’y_t,,)+Hc. 200 194 138 (R f_ ;) +He. 238 230 161  (w")(u“y.t_,) +Hc. 276 266 187
i f_ utt,,;) + He. 163 157 112 (' uy ) (t ) 201 195 (R, t_) 239 231 162 (' uy ) (1) 277 267
l<u”u h “t,,;) +He. 164 158 113 (WUt ) () 202 196 <u/‘V”f'1’11_M> + H.c. 240 232 163 (wturt_,,) (ry) 278 268
i(u'u’h, ;) + He. 165 159 114 i(f"¥y_t.,)+Hc 203 197 139 (u"V”f “t_a) +He 241 233 164 i(fiy. 1, ) +Hec 279 269 188
i(u'h, u't, ;) + He. 166 160 115 i) =tiw) 204 198 140 i(ffu,utr_,;) +He. 242 234 165 i) et o) 280 270 189
i(u'u’t,, >< 2 +He 167 161 116 i) () 205 199 141 z(f"”u u,t_,;) +He 243 235 166 i) () 281 271 190
i(utut M) (f ) +He. 168 162 117 i) () 206 200 142 i(ffutuyr_,,) +He. o 244 236 167 i) () 282 272 191
i uut) (V) 169 163 i) o) () 207 201 i(f*u,t_ u;) +He. 245 237 168 i(fh )(;(+)<t_ﬂ,,> 283 273
() (u¥ ’1V,11+W> +H.c. 170 164 (L ) 208 202 143 i(ffu t_}wu,{> 246 238 169 i(f"y_t_,) +H.c. 284 274 192
i) (W utV ;) 171 165 (u'V¥t ) +He 209 203 144 i(f%) (wutt_,) +He. 247 239 170 <u”;(_ ) +Hec. 285 275 193

(Table continued)
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TABLE XII. (Continued)

u@) u@) u@) u@)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
i(u) (u”u,, Vit ) +He. 172 166 (fﬂ"tﬁ W) 210 204 145 ( >(u f_y) 248 240 171 i(u'u, #*t_,) +He. 286 276 194
i) (ut h,)+He. 173 167 (h* )(tﬂjtﬂﬁ 211 205 146 i(fYu,u*)(t_,;) +He. 249 241 172 i(w'w” zﬂ/z ,) +He. 287 277 195
i{u")y (u” t+ﬂ h,)+He 174 168 (h/‘”t+” Ytew) 212 206 147 i ’”’uﬂt_ﬂﬂ ,) FHeo 250 242 173 iutt,, u ‘t_,,) +He. 288 278 196
i(utu*h, )(tﬂd) +H.c. 175 169 (u"V, 2t ) 213 207 148 i, N uyuy) 251 243 174 i{u* ><”Mf”+ t_,;) +He. 289 279 197
(f’“’f_” ;) + He. 176 170 118 (u)y(Veey, M) 214 208 149 i”uﬂt_/><u/1> +H.c. 252 244 175 l<uﬂuﬂ)(fft_w> 290 280 198
(f'h, *ti) + He. 177 171 119 <uﬂvbt+/>(t+ﬂ> 215 209 150 it ’1)( f_;) 253 245 176 i(uﬂuﬂtfﬁ)(t_m 291 281 199
(VEf.  u ‘) + He. 178 172 120 (uﬂt'ﬂ(vpzﬂﬁ 216 210 151 i(f1) (u? Upt_yy) 254 246 177 i(u"t’f)(uut_m) 292 282 200
(VrfHt u,ty,;) +He. 179 173 121 (hﬂv)<t+ﬂﬂ><t+ﬂ) 217 211 i(fr A)(u/{t_m/) 255 247 178 i(u”u”tﬂ,@(t_ﬂ) +H.c. 293 283 201
(f’“’)(f_# i) 180 174 122 <”"><V”’+/><I+M> 218 212 i utug ) ) 256 248 179 (Wt (u,, ’—M> 294 284 202
(fff-u Nt 181 175 123 iyt ,,) 219 213 152 i<f’jr”u’1t_w><u,1> +H.c. 257 249 180 i(u!)(u )( t_y) 295 285
(f””tﬂ, Y(f-ui) 182 176 124 Q) (Y 1) 220 214 153 i(ff —w (utu,) 258 250 181 i(ut) (u,, A (t_,) 296 286
(fi5)(hy, ) 183 177 125 Q) (1) 221 215 154 i(f5) (u )(uit i) 259 251 i(uu,) (1 Nt 297 287
(f’fhu YWtiu) 184 178 126 i) () () 222 216 (") (u,u W (t_,;) 260 252 i(uh) (u” t+,, Mt_,) 298 288
(f"”t+” Y(hy,) 185 179 127 (u'u,u’u ‘o) +He 223 217 155 i(f*u )(u’1><t i) 261 253 (') (u¥ ><t+M> 299 289
(VA )t t) 186 180 128  (w'w'u,u't_,)+He. 224 218 156 i(ffr M) (u,)(u;) 262 254 i(u) (u >( ) (t) 300
(VEf.  u Wt ;) 187 181 129 (M”M”Muult—wﬁ 225 219 157 i(f5) (u ><uﬂt ) 263 255 i(Vie,r VAt_,,) 301 290 203
(VEf bty Nuy) 188 182 130 (u”u"uﬂu”t_,d) 226 220 158 i(f ut)(u ) (tus) 264 256 i<Vﬂt+ﬂ”>(V4t_M) 302 291 204
(V”f+)(u tiyi) 189 183 131 (M)(uﬂu"u’%_ﬂ) +H.c. 227 221 159 i () (uye ) 265 257 <f’j:t+/t_m> +H.c. 303 292 205
(Vrpet U ) (taps) 190 184 132 (uﬂuﬁ(u”u%_wl) 228 222 i) (uhuy) (2 ) 266 258 iy )+ He. 304 293 206
(VEf2t ) (u u,) 191 185 133 <u/‘u”u”u’1)<t_,,,1> 229 223 ity (uy) (1 ) 267 259 Q) (1) 305 294 207
(= Nt ) 192 186 (u/‘u”)(u#u’lt_wl) +H.c. 230 224 () (u u*y{(u,) 268 260 i 80 (1) 306 295 208
(i (h ‘><t+,,,1> 193 187 (u”u”M)(uﬂt_M) 231 225 i) (uy) (u W (t_,,) 269 Q) () () 307 296
(VEF ) () (22 194 188 () (wu,utt_;) +He. 232 226 i) ) (t,) 270 (et t) 308 297 209
(V42 (u W) (ti0s) 195 189 <u/‘>(u”uﬂu’1t_w1> 233 227 i<V"f+ﬂ”V’lt_M) 271 261 182
i(y ft,,) +He. 196 190 134 (u) (u,,) (u”u ) 234 228 i((VifL” WV*_,) 272 262 183
i(u'y4t.,,) +He. 197 191 135 (u")(u, wut)(t_,;) 235 ( "”fﬂjt_m 273 263 184
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TABLE XIII.  The p® order results in U groups and SU groups, with 7 # 0, 6 # 0 and the even parity. The numbers are the sequence numbers in each case. The details can be found
in Sec. VC.

UG U@ SUQG)n SUB)m UG U@ SUQG)n SUB)m
m n 3 2 n 3 2 n 3 2 n 3 2 m n 3 2 n 3 2 n 3 2 n 3 2
(wu,u't,,})V,0 + Hec. L1 1 1 1 1 1 1 1 1 it M), V0 33 33 27 23 23 17 25 25 19 18 18 12
(u”uutﬂ”)V,ﬂ—Q—Hc 222 2 2 1 2 2 2 2 2 |1 iU ) (14,,) V10 34 34 28 24 24 26 26 20 19 19
(W u't,,,)V,0 33 3 3 3 3 3 3 3 3 i(w) (21, )V,0 35 35 29 27 27 21
Wy (uut, ))V,0 +He, 4 4 4 4 i ) (1,00 36 36 30 25 25 28 28 22 20 20
W) (wut,,)V,0+He. 5 5 4 5 5 4 i) (0, (1,0 3T 37 29 29
(wuru) (t1,,)V,0 6 6 4 4 6 6 4 4 ) () (1,)V,0 38 38 30 30
(" ><uutw>v@ 7 7 7 7 (1.,,)V*OV,0 39 39 31 26 26 18 31 31 23 21 21 13
i(f*u,t,,)V,0 + He. 8 8 5 5 5 2 8 8 5 5 5 2 ()1}, ) V2OV,0 40 40 32 27 27 19 32 32 24 22 22 14
l<f”ut+m>vje+Hc 9 9 6 6 6 3 9 9 6 6 6 3 (t)(1,,V,0V,0 41 41 33 28 28 20 33 33 25 23 23 15
i(f*u't,,,)V,0 + He. 10 10 7 7 7 4 10 10 T4 ot V0 +He 42 42 3429 29 21 34 34 26 24 24 16
i) (u,t,)V,0 1 8 8 8 5 i f%_,\V,0+He 43 43 35 30 30 22 35 35 27 25 25 17
i) (1,,)V,0 12 12 9 9 9 1m 1 8 8 8 i f%_,,)V,0+He. 44 44 36 31 31 23 36 36 28 26 26 I8
i1, (u,)V,0 13 13 10 12 12 i(Wh MV, +He 45 45 37 32 32 24 37 37 29 27 27 19
(1) (Ut )V,0 14 14 11 10 10 6 i(whr_,)V,0 +He 46 46 38 33 33 25 38 38 30 28 28 20
(1 Uty ,,) V0 15 15 12 11 11 1313 9 9 9 i{utu't_, \V'V,0 47 47 39 34 34 26 39 39 31 29 29
it ,) (W')V,0 16 16 13 14 14 (Wt MV, V,0+He 48 48 40 35 35 27 40 40 32 30 30 22
i) (Ut ,)V,0 17 17 14 12 12 7 (VAf P MV,0 49 49 41 36 36 28 41 41 33 31 31 23
i ut)(t,)V,0 18 18 15 13 13 15 15 10 10 10 (wfwlt_lw)vAé 50 50 42 37 37 29 42 42 34 32 32 24
it MY (u)Vv,0 19 19 16 16 16 (1) VV,0 51 51 43 38 38 30 43 43 35 33 33 25
i) () (1,,)V,0 20 20 (1 MV, V,0 52 52 44 39 39 31 44 44 36 34 34 26
i) (u ><zﬂw>v&é 21 21 (VEFLLAV,0 5353 45 40 40 32
(') () (t1,u)V,0 22 22 (VEFY (12, )V ,0 54 54 46 41 41 33
(', 1,")V,0 + He. 23 23 17 14 14 8 17 17 11 11 11 5 (") (t_,, ) VAV,0 55 55 47 42 42 34
<u”u”t+ﬂ,,)V‘9V,19 24 24 18 15 15 9 18 18 12 12 12 6 (Nt MV,V,0 56 56 48 43 43 35
i(u'u’t,, )VU9V19+H.C. 25 25 19 16 16 10 19 19 13 13 13 7 <uﬂ)(_t_ﬂv>vbé+]-1_c_ 57 57 49 44 44 36 45 45 37 35 35 27
(f*1,,,)V2OV,0 26 26 20 17 17 11 20 20 14 14 14 8 (1_,)V'V,0 58 58 50 45 45 37 46 46 38 36 36 28
(it ,MV,0V,0 27 27 21 18 18 12 21 21 15 15 15 9 (V1 1 MV,0 59 59 51 46 46 38 47 47 39 37 37 29
(PNt ,0)VAOV,0 28 28 22 19 19 13 () (1_,,)VAV,0 60 60 52 47 47 39 48 48 40 38 38 30
() (1, MV,0V,0 29 29 23 20 20 14 (Vre M)t A)Vlg 61 61 53 48 48 40 49 49 41 39 39 31
i, 1 V0 +He 30 30 24 21 21 15 22 22 16 16 16 10 (VR ()Y, 62 62 54 49 49 41 50 50 42 40 40 32
z<u”t”ﬁt+u,1>vﬁ 31 31 25 22 22 16 23 23 17 17 17 11 <Dl4t’/t“>V/10+Hc 63 63 55 50 50 42 51 51 43 41 41 33
i) (t,, 1, MV,0 32 32 26 24 24 18 (1), 0V,0 64 64 56 51 51 43 52 52 44 42 42 34
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TABLE XIV. The p® order results in U groups and SU groups, with ¢ # 0, 6 # 0 and the odd parity. The numbers are the sequence numbers in each case. The details can be found in

Sec. VC.

u@) Uu@) u@) U@3)
Operators n 3 2 Operators n 3 2 Operators n 3 2 Operators n 3 2
W f 't MV,0+He 65 65 57  i(wy 1, "\V,0+He 80 80 72 (" NV,0+He 95 95 84 (wurt F)V,0V,0+He 110 110 96
<M”flill+lw>Vj9+H.C. 66 66 58 i(t’fwﬁwvzé 81 81 73 (F1) (ut AV,0 9% 96 85 i(f’ft_ﬂle@Vz@ 11 111 97
(W fo 1, )V,0+He. 67 67 59 iV, MV,0 82 82 74 (P u) (1,0 97 97 86 i, V,6V,0 112 112 98
(Wht, \V,0+He 68 68 60 (A1, V'V, 83 83 T5 (M Mw,)V,0 98 98 8T i(pU)e,)VAV,) 113 113 99
(W, )V,0+He, 69 69 61 i(#)r, AV, V0 84 84 T6 (P, V0 99 99 88 (L, AV,0V,0 114 114100
(wut,,,)V*V,0 70 70 62 (Vi ), )V,0 85 85 77 (L ur)(t_,)V,0 100 100 89  (u#r,,*r MV,0+He 115 115 101
(Wt VN0 +He 7171 63 i(wuutt V0 +He 8 86 78 (1) (uMV,0 101 101 90 (W) (t,,"t_,})V,0 116 116 102
i(VAfLlt, NV,0 72 72 64 i<uﬂu”u‘t_w)v,1é+H.c. 87 87 719 (ff) (e AWU@ 102 102 91 (uutﬂvx,_/)vﬁ 117 117 103
iV, )V,0 73 73 65 (Wit t_,)V,0 88 88 80 (P ut) (1), 0 103 103 92 (Wt (1, )V,0 118 118 104
z<f””z+w>vﬂvie T4 T4 66 i(ut) (uutt AV,0+He 8 89 ( ’_‘fr_/)(uj)vbé 104 104 93 (u”t”ﬁ)(r_,w)%é 119 119 105
i(f1,MV.V,0 75075 67 i(w)(wutt,,)V,0+He 90 90 8L () () (1, )V, 105105 (u >< WL AVe 1200120
i(VAf ) (10,50 76 76 68 i(u'u’u >< V30 91 91 (P! (1u)V,0 106 106 i(#1_,,)V'0V,0 121 121 106
i(VE ) (14, V0 77169 i) (' ut_,)V,0 92 92 (P ()Y, 0 107107 i) (1) VIOV ,10 122 122107
(') () VAV,0 878 70 (fMug V0 +He 93 93 82 (uyt M)V,0+He 108 108 94 (Drpe\V,0 4+ He 123 123 108
i(f *+><t+ﬂi>vyv19 79 79 71 (ff“u ,_MVA@JFH,Q 94 94 83 <uﬂuv,_m>w@vié 109 109 95
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