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Direct CP asymmetries of three-body B decays in perturbative QCD
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We propose a theoretical framework for analyzing three-body hadronic B meson decays based on the
perturbative QCD approach. The crucial nonperturbative input is a two-hadron distribution amplitude for
final states, whose timelike form factor and rescattering phase are fit to relevant experimental data. Together
with the short-distance strong phase from the b-quark decay kernel, we are able to make predictions for
direct CP asymmetries in, for example, the B* — 7" 7~ 7" and 7z 7~ K* modes, which are consistent with
the LHCD data in various localized regions of phase space. Applications of our formalism to other three-

body hadronic and radiative B meson decays are mentioned.
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Three-body hadronic B meson decays have been studied
for many years [1-4]. They attracted much attention
recently, after the LHCb Collaboration measured sizable
direct CP asymmetries in localized regions of phase space
[5-7], such as

Arg%(lfrﬂ_ﬂ'Jr) =0.584 +0.082 £ 0.027 £ 0.007, (1)
for m;2z+7fhigh > 15 GeV? and m2, _, < 0.4 GeV?, and
Ar&%(ﬂJrﬂ*KJr) =0.678 = 0.078 £ 0.032 £ 0.007, (2)

for m%{+n,high <15GeV? and 0.08 <m?, _, = <0.66GeV-.

Theoretical attempts to understand these data were made:
The above CP asymmetries were attributed to the inter-
ference between a light scalar and intermediate resonances
in [8]; the relations among the above CP asymmetries in
the U-spin symmetry limit were examined in [9]; SU(3)
and U-spin symmetry breaking effects were included in the
amplitude parametrization in [10]; in [11] the nonresonant
contributions were parametrized in the framework of heavy
meson chiral perturbation theory [12]; and the resonant
contributions were estimated by means of the usual Breit-
Wigner formalism.

Viewing the experimental progress, it is important to
construct a corresponding framework based on the factori-
zation theorem, in which perturbative evaluation can be
performed systematically with controllable nonperturbative
inputs. Motivated by its theoretical self-consistency and
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phenomenological success, we shall generalize the pertur-
bative QCD (PQCD) approach [13,14] to three-body
hadronic B meson decays. A direct evaluation of hard b-
quark decay kernels, which contain two virtual gluons at
leading order (LO), is not practical because of the enor-
mous number of diagrams. Besides, the contribution from
two hard gluons is power suppressed and is not important.
In this region all three final-state mesons carry momenta of
O(myg), and all three pairs of them have invariant masses of
O(m3%), mp being the B meson mass. The dominant
contribution comes from the region where at least one
pair of light mesons has an invariant mass below O(Am)
[1], A = mp — m,, being the B meson and b quark mass
difference. The configuration involves two energetic mes-
ons almost collimating to each other, in which the dynamics
associated with the pair of mesons can be factorized into a
two-meson distribution amplitude ¢, ,, [15]. It is evident
that ¢, ,, appropriately describes the nonperturbative
dynamics of a two-meson system in the localized region
of phase space, say, m. _, < 0.4 GeV?

With the introduction of a two-meson distribution
amplitude, the LO diagrams for three-body hadronic B
meson decays reduce to those for two-body decays, as
displayed in Figs. 1-4. The PQCD factorization formula for
a B — hjhyh; decay amplitude is then written as [1]

A=¢p @ HQ ¢y, ® Pn, 3

where the hard kernel H contains only a single hard gluon.
The B meson (h;-h, pair, h; meson) distribution amplitude
& (Dn,n,» ¢n,) absorbs nonperturbative dynamics charac-
terized by the soft scale A (the invariant mass of the meson
pair, the 73 meson mass). Figure 1 involves the transition of
the B meson into two light mesons. The amplitude from
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FIG. 1 (color online).
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FIG. 2 (color online).
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Fig. 2 is expressed as a product of a heavy-to-light form
factor and a timelike light-light form factor in the heavy-
quark limit. In Figs. 3 and 4, a B meson annihilates
completely, and three light mesons are produced.

Take Fig. 1(a) for the Bt — ztz n" decay as an
example, in which the B™ meson momentum py, the total
momentum p = p; + p, of the pion pair, and the momen-
tum p; of the second z™ meson are chosen, in light-cone
coordinates, as

mpg mpg
= 13170 ) == 1’ 70 )
PB \/i( T) p \/i( n T)
mB (03 1 - 7], OT)’ (4)

with the variable = @*/m%, > = p? being the invariant
mass squared. The momenta p, and p, of the z* and 7~
mesons in the pair, respectively, have the components

+_MB - (1B +_(1_pn"B

P _C\/i’ pr =1 ()'I\/ia , =(1 é’)\/i’
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FIG. 3 (color online).
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FIG. 4 (color online).
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Single-pion emission diagrams for the BT — z"z~ 2" decay, where Ms stands for the pion pair.
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Two-pion emission diagrams, where ¢ denotes a u or d quark.

with the 77 meson momentum fraction . The momenta of
the spectators in the B meson, the pion pair, and the =™
meson read, respectively, as

mpg mpg
k = 0 —X ,k k: _Z707k )
? ( V2t BT) (\/i T>

ky = <O,%(l —17)X3, k3T>- (6)

The definitions of the two-pion distribution amplitudes
in terms of hadronic matrix elements of nonlocal quark
operators up to twist 3 can be found in [1,15,16]. We
parametrize them at the leading partial waves as

3 2
(2,8 %) = F\/”%)z(l—z)(%—l), @)
2
balecor) 0@

with the number of colors N., where the factor 2¢ — 1
arises from the Legendre polynomial P;(2{ — 1) for Il = 1.

I )

Annihilation diagrams.

b " b "
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More annihilation diagrams.
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The PQCD power counting indicates the scaling of the
vector-current form factor in the asymptotic region,
F.(w?)~1/w?, and the relative importance of the
scalar-current and tensor-current form factors, Fy,(w?)/
F.(w?) ~ mZ/w, where m§ = m3/(m, + mg) is the chiral
scale associated with the pion, with m_, m,, and m, being
the masses of the pion, the u quark, and the d quark,
respectively. To evaluate the nonresonant contribution in
the arbitrary range of w?, we propose the parametrization
for the complex timelike form factors

m? explid; (w)]

Pl =2 e

mim? explis} (w)]

Ft(wz) = 2

w3 +mgm

mZm? expl[id)
0 [i ogw)]’ 9)

Fy(w?) = w? +mim
0

in which the parameter m = 1 GeV is determined by the fit
to the experimental data mj, |F,(m], )|* ~0.9 GeV2
[17], m;, being the J/y meson mass. The resultant w?

dependence of F,(w?) also agrees with the low-energy data
of the timelike pion electromagnetic form factor for w <
1 GeV [18], and with the next-to-leading-order (NLO)
PQCD calculation [19]. The strong phases &/ are chosen as
the phase shifts for the S wave (I =0, [ = 0) and P wave
|

3fi
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(I =1, I =1) of elastic zz scattering [16] according to
Watson’s theorem. We simply parametrize the data of these
strong phases [20-22] for 2m, < w < 0.7 GeV as
Nw) =z(w—2m,), 8l(w)=1ldz(w—2m,)*, (10)
in which 2m, represents the 7z threshold. The increase of
51 with w in the above expression is consistent with the
NLO PQCD result of the timelike pion electromagnetic
form factor [19].

The B meson, pion, and kaon distribution amplitudes are
the same as those widely adopted in the PQCD approach to
two-body hadronic B meson decays. We have the B meson

distribution amplitude
1 [xmp\?2
2 wp

with the shape parameter wp = 0.45 £ 0.05 GeV, and
the normalization constant Ny = 73.67 GeV being related
to the B meson decay constant fp = 0.21 GeV via
limy,_q [ dx¢p(x.b) = fp/(2y/2N,). The pion and kaon
distribution amplitudes up to twist 3, ¢ (x) and ¢7" (x) for
i = r, K, are chosen as [23]

272
wpb

5 ] (1D

¢p(x,b) = Ngx*(1 —x)%exp [—

P (x) = %x<1—x>[1+alc (1) + a0 (1) + ay €Y7 (1)), (12)

poy i 5 1/2 9, 12
#i ( )_2\/5 30’73—5/’, C,/ () =34 mws +%Pi(1+6az) C/ (1), (13)
3109 =51 7n(1 0|1+ (1= o = 3502 - 12 ) 0. 14

with the pion (kaon) decay constant f, = 0.13 (fx = 0.16) GeV, the variable ¢ = 2x — 1, the Gegenbauer polynomials

cr() =
)

(3 —30¢ + 35¢4

and the mass ratio p.g) = My ) /mg(K), where m§ =

m%/(ms +my) is the chiral scale associated with the
kaon, myg and m, being the masses of the kaon and
the s quark, respectively. The Gegenbauer moments a*X
are set to [23]

ar =0,  aX=006+0.03,
—025+0.15  af =—0.015,

=0.015, i =-3. (16)

(3 —1),

() = g(5:2— 1),

(1) = 85 (1— 142 4+ 217%), (15)

|
The above set of meson distribution amplitudes corre-
sponds to the B — x transition form factors at maximal
recoil F&7(0) = F§™(0) = 0.23 in LO PQCD, which are
consistent with the results derived from other approaches
[23,24].

The BT — n*n " decay width in the localized region
of m? <m?. =04 GeV? and m? > mi =

ﬂ*nzmm min 7~ max
15 GeV= is written as

Gimp /nm /4
= dn(1—n
5 1277:4 Mmin ( ) 0

(17
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with the Fermi constant G = 1.16639™> GeV~2 and the
bounds

_ mrznin o %
Nmax = 5 > NMmin = — 5 >
ng g
2
Mmax
Cmax =1 _mv (18)

where the upper bound £, is derived from the invariant
mass squared (p, + p3)>. The contributions from all
the diagrams in Figs. 1-4 to the decay amplitude A are
collected in the Appendix. The corresponding formulas
for the BT — 2Tz K" decay can be obtained
straightforwardly.

Employing the input parameters A 4 54 =0.25 GeV,
m,+ =0.1396 GeV, my+ =0.4937 GeV, mp:= = 5.279 GeV
[17 25],and the Wolfenstein parameters in [17], we derive
the direct CP asymmetrles in the region of m? <
0.4 GeV? and m? > 15 GeV?,

atr low

ataorK*x~high

Acp(B* — nta )

= 0.51970;5 (@) 001 (a3) 5052 (mf), (19

ACP<B:|: g 7T+7[_Ki)
= —0.018" 004 () 5005 (a5 & af) 5003 (mf & mf).

(20)

The first and second errors come from the variation of
wp = 0.45+£0.05 GeV and a’zf’K = 0.25 £0.15, respec-
tively, and the third errors are induced by m{ = 1.4+
0.1 GeV and m& =1.6+0.1 GeV. The uncertainties
caused by the variation of the Wolfenstein parameters
2,A,p,n, and of the Gegenbauer moment aX = 0.06 +
0.03 are very small and have been neglected. While the
decay widths are quadratically proportional to the decay
constants fp, f, and/or fx, the CP asymmetries are
independent of them.

Obviously, our prediction for Agp(BE — ztn n%)
agrees well with the LHCb data. Since the emission
contribution and the imaginary annihilation contribution
depend on the B meson distribution amplitude in differ-
ent ways, the variation of wp explores the relevance of
the short-distance strong phase from the b-quark decay
kernel. The sensitivity of the predicted CP asymmetries
to wp then implies the importance of this strong phase.
As the P-wave rescattering phase associated with the
pion electromagnetic form factor decreases by half,
the predicted CP asymmetries are also reduced by half.
The change of the phases associated with the scalar and
tensor form factors does not modify the CP asymmetries
much. Therefore, we conclude that the short-distance and

PHYSICAL REVIEW D 89, 074031 (2014)

long-distance P-wave strong phases are equally crucial
for the direct CP asymmetries in the localized region of
phase space. The LHCb data in Eq. (2) are dominated by
the resonant channel B* — p°K*. It is encouraging that
the data confirm the NLO PQCD prediction Acp(B* —
pPK*) =0.717033 [26]. We have checked that our
prediction in Eq. (20) for the localized region of phase
space is consistent with the LHCb data in Fig. 2
of [5]. Moreover, we have predicted larger Acp(B* —
V3 A *) = 0.631 in the region of m2. _, < 0.4 GeV?
and mﬂm high > 20.5 GeV? for the central values of the
input parameters, which also matches the data [6].

In this paper we have proposed a promising formalism
for three-body hadronic B meson decays based on the
PQCD approach. The calculation is greatly simplified
with the introduction of the nonperturbative two-hadron
distribution amplitude for final states. The timelike form
factors and the rescattering phases involved in the two-
pion distribution amplitudes have been fixed by experi-
ments, and the B meson, pion, and kaon distribution
amplitudes are the same as in the previous PQCD
analysis of two-body hadronic B meson decays.
Without any free parameters, our results for Acp(B* —
ata~nt) and Acp(B* — nta K*) accommodate well
the recent LHCb data in various localized regions of
phase space. It has been observed that the short-distance
strong phase from the b-quark decay kernel and the final-
state rescattering phase are equally important for explain-
ing the measured direct CP asymmetries. The success
indicates that our formalism has potential applications to
other three-body hadronic and radiative B meson decays
[27], if phase shifts from meson-meson scattering can be
derived in nonperturbative methods [28,29].

We thank Wei Wang for helpful discussions. This work
was partly supported by the National Science Council of
R.O.C. under Grant No. NSC-101-2112-M-001-006-
MY3, by the National Center for Theoretical Sciences
of R.O.C., and by the National Science Foundation of
China under Grants No. 11375208, No. 11228512, and
No. 11235005.

APPENDIX: DECAY AMPLITUDES

In this appendix we present the PQCD factorization
formulas for the diagrams in Figs. 1-4. The sum of the
contributions from Figs. 1(a) and 1(b) gives

‘A 1(a,b) — VZqudFB—ﬂm V:bvfd(F/LL + ngltﬂ)

B—nn

(AD)

where the amplitudes for the B meson transition into two
pions are written as
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Pl g = 8yt [ dsuds [ bydbybdbiy(rn. by) (1 =)

X {[\/ﬁ(l - 2Z)(¢s + ¢t) + (1 + Z)¢v]al(tla)Elab<t1a)h1a('xB’ s bB’ b)

+V1Q2bs — ugy)ai(tiy)Evap(tip) h1p (x5, 2, b, b) }, (A2)
F%L—Lﬂm = Féim{ ay—as’ (A3)

ngﬂﬂ :—167[CFm%rfﬂ/dedZ/debBbdb¢B(.xB,bB)

X {[\/;KZ + Z>¢S - \/ﬁzfpt + (1 + ’7(1 - 2Z))¢v]a5(tla)Elab(t1a>hla(xB» Z, bB7 b)
+ 2vn(1 = xp +n)ds + (xp — 2n)p,las(t1p) Erap(t1p) 11y (X, 2, by, D)}, (A4)
with r=m2/mp and ¢, , = ¢,,,(z,{,@*). The Wilson coefficients in the above expressions are defined as

a,=C|/N.,+C,, a3 =C3/N.+ C4+ Cy/N.+ Cy9, and as = C5/N.+ Cs + C;/N. + Cg. The spectator diagrams
in Figs. 1(c) and 1(d) lead to

A](C,d) = Vzb VudMél;»ﬂn - V;kb V[d<M%£nﬂ + M%ﬁ]{ﬂ)’ (AS)
with the amplitudes
Méimr = 327TCFm;§/\/ 2Nc / dXBdZdX3 / debBb3db3¢B(xB, b3)¢‘2(1 — 71)

x {[Vnz(ds + ) + (1 =n)(1 = x3) — x5 + 21),]C1 (t1c) Ercaltic) i (xp. 2. X3, bp. b3)

— [z(Vnlds — ¢,) + b,) + (x3(1 — 1) — x5)p,|Ci (t14) Erca(tia) h1a(xp. 2. X3, b, b3) }, (A6)
M/B%—Lvm = MZLBL—I>7Z7t|C]—>a9’ (A7)

Mléliﬂ” = 32ﬂCFrm4B/\/2Nc/dedde3/debBb3db3¢B(xB,bB)

< {[Vnz(#r + d2)(ds — b:) + /u((1 = x3)(1 —n) — x) (7 — b7)

X (s + ) — (1= x3)(1 = 1) = xp) (5 — )y — n2(P7 + dr)pulaz(tic)Erea(tic)hic(xp, 2, x3, by, b3)

+ [Vnz(o7 — d2) (b — ) + Vad,) + (xp — x3(1 = n)) (b7 + ¢7)

x (Vg + &) — ¢u)las(tia) Erca(tia)hia(xp. 2. x3, bp. b3) }. (A8)

and the Wilson coefficients a; = C5 + C7 and ag = C3 + Cy.
For Figs. 2(a) and 2(b), we have

Ag(zal,lb) =VupVuaF zL;in — Vi V(F Q;Li,, +F f;li,,), (A9)
—d y
Al == Vi Via(FgH + FER L+ F3E ). (A10)

The amplitudes involving the B — x transition form factors are expressed as

Pl = 82CpmFo(0?) [ dspdvs [ budbybsdbs (. by) (26~ 1)

(1 +x3(1 =m)(1 = n)pz + r(1 = 2x3)(1 =)y + r(1 +n—2x3(1 — 1)) z]
X a5(t2q) Ezap(t2a) haa(Xp, X3, b, b3)
+ [xp(1 —n)ngps + 2r(1 — n(1 + xp)) Pl as(t2) Erap (tap) oy (Xp. X3, b, b3) } (ATD)
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FiE e = FEorlayaq (A12)
File = F5lolama, (A13)
Fil e = Fihnlayoay (A14)
Fin = FEhrlaymay: (A15)
Fif = 168Comi P4 (a) [ duuds [ budbybsdbsges. by)
X {[(1=n)pz + r(2 + x3(1 = n))pE — rxz(1 — n)pLlag(t2a) Ezap(t2a) haa (X5, X3, bp. b3)
+ [xp(1 =)z +2r(1 — x5 — n)pElag(t2p) Exap (tap) hop (x5 X3, bp. b3) }, (Al16)

in  which the Wilson coefficients are given by a,=C;+C,/N, a4=C3+ C4/N,+ Cy+ Cyo/N,,
ag = CS + C6/Nc + C7 + CS/NC’ ag = CS + C6/Nc - C7/2_ CS/(ZNL)’ Clé = CS/NC + C6 - C7/(2Nc) - CS/Z’ and
ayg = [C3+ C4y—Co/2 —C19/2](N.+ 1)/N.. We derive, from Figs. 2(c) and 2(d),

Sed) = Vi VuaMghn = Vi, Via(MEL, + M32.L), (A17)
—d %
Al == Vi Via(MEL + MER L+ M), (A18)

with the amplitudes

Mlé[:)ﬂ == 32ﬂCFm%/\/ 2NC / d.deZd.X3 / debBbdb¢B(.xB, bB)¢'l}

< A[(1—xp = 2)(1L =)z + rx3(1 = n)(pF — p7) + r(xp + 2)n(ey + #7)

—2m%1Cx(tae) Encaltac) ae (Xp, 2. X3, b, b)

—[(z = xp +x3(1 =) (1 =)z + r(xg — 2)n(dy — dr) — rx3(1 = n)(7 + #7)]

x Ca(t2q) Erca(taa)haa(xp: 2, X3, b, b) }, (A19)

Méi” = 32ﬂCFm%\/ﬁ/\/2NC/dedzdx3/debBbdbqu(xB,bB)

x (1 =xp —2) (1 =n)(bs + @) + r(1 — x5 — 2)(ds + ¢,) (b7 — ¢7)

+r(x3(1=n) +n)(ds — ¢)(@% + dr)las(tre) Exca(tare) hoe (xp, 2, X3, by, b)

—[(z=xp)(1 =n)(bs — p:)bz + r(z — x5) (s — 1) (97 — ¢7)

+ rx3(L=n) (s + @) (b5 + d2)]a5(t2a) Ezea(tra)haa(xp. 2. X3, bg. b)}, (A20)

M?}iﬂ = 327ICFm4B/\/2NC/dedde3/debBbdbgbB(xB,bB)(ﬁy

xA[(14+n—=xp =24+ x3(1 =n))(1 =)z + m(xp + 2)(¢7 — b7)
—rx3(1 = n)(@F + oF) — 2L lag(tre) Esca(taoe ) hoe (Xp. 2. X3, bp. b)
—[(z=xp)(1 =)y — rx3(1 =) (pF — 1) + r(xp — 2)n(pf + H%)]

x ag(trq) Exca(tra)hoa(Xp: 2, %3, bg, b) }, (A21)
M%—%lt = MlLiiﬂlcz—m:" (A22)
My = MEE le,ma (A23)
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M/SP — MSP

B-r B—>7[|a'6—>ag’

(A24)

where the Wilson coefficients are defined as ay = C, + Cyg, a5 =Cs—C;/2, az = Ce+ Cg, ag = Co— Cs/2,
and a’lo = C3 + C4 - C9/2 — C10/2.
The factorizable annihilation diagrams in Figs. 3(a) and 3(b) lead to
Asaw) = VipVuaFix = Vi Via(Fi + For), (A25)

with the three-pion production amplitudes

FLE = 8xCrmyfp / dzdxs / bdbbsdbs

X {[(3(1 =n) = D)(1 =)z, + 2ry/n(xs(1 = n) (@7 — %) = 207 )dbslar (t30) Esap(130)h3a (2, X3, b, b3)
+ [2(1 =)z, + 2r/ngz (1 = n)(hs — b)) + 2(ds + ¢1))]ay (t3p) Ezap (135) B3 (2, X3, b, b3) }, (A26)

Fik = Fit (A27)

|a1—>a3’

Fir = 16aCrmyfp / dzdx, / bdbbsdb;

X {2yn(1 = n)pzps + r(1 — x3)(@% + df) b, + (1 + x3)@% — (1 — x3)L ), |as(t30) Esap (130) h3a (2. X3. b, b3)
+ 2r(1 = )R, + 2/n((1 =0z (ds — b)) + 2r/ngr ) as(t3p) Esap(135)hap (2, X3, b, b3) }. (A28)

The nonfactorizable annihilation diagrams in Figs. 3(c) and 3(d) give
A3(c,d) = VZqudM% - Vfbvld(MileTL + nglre), (A29)

with the amplitudes

Mé',l[‘ :32ﬂCFm‘1§/\/2NL./dedzdx3/debBb3db3¢B(xB,bB)

x {[(1=n)(n— (1 +n)(xp + 2))pzd, + rv/nlxs(1 —n) +n)($f + d7) (s — br)
— (1 —xp —2)(¢F — L) (s + @) + 4r/npL P )Ci(13.) Esca(t3e) hae(Xp. 2. X3, b, b3)
+[(1 =) (1 =x3(1 =) = n(1 + x5 — 2))paep, — r/n(xp — 2) (D% + D1) (b — &1)

+ ryn(L=n)(1 = x3)(pF — dL)(bs + ¢:)]C1 (t30) Esca(t3a) hsa(xp. 2, X3, b, b3) }, (A30)
MZJL;TL :M(IZ‘#|C1—>(IQ7 (A31)
Mfi,f = 32”CFm%/\/2Nc/dedde3/debBb3db3¢B(xB7bB)
x {[Vn(1 =n)(2 = xp = 2)73 (s + b)) — r(1 + x3)(hf — 1) b,
— (1 —xg —2)(9F + ¢F) — x3(pF — #1) + 20E1b,)as(t30) Esca(tse) hac (xp. 2, X3, b, b3)
= [r(1=n)(1 = x3) (97 — bz)py — V/u(xg — 2)[r/n(Pr + ¢1 )b,
— (L =n)g2 (s + d)llar(t30) Escalt30) h3a(xp. 2. X3, bp. b3) }. (A32)
Similarly, we derive from Figs. 4(a) and 4(b)
A4(a,b) = VZqungrlfﬂ - thvtd(FizLﬂer + Fggﬂ)’ (A33)

with the three-pion production amplitudes
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Flt, = 8aCrmyfp / dzdxs / bdbb,dbs,

x {[2ry/ndF (2 = 2)s + 2p,) — (1 =) (1 = 2)pzpylar (taa) Esap (tsa) haa (2, X3, b, b3)

+ 2ry/ml(1 = x3)(1 = 2)pg — (1 + x5+ (1 = x3)1)x b,
+ (x3(1=n) +n)(1 = n)pa)ar (tap) Esap (tap) hap (2. X3, b, b3 )} (A34)
Fl = Fihl s (A35)

FSE, = 162Crmsfy / dzdxs / bdbbsdbs ([l —n)(1 — )Py + 1) — 2r(1 + (1 — 2)m)dLeb]

X as(t4a) Eqap (taa) haa (2, %3, b, b3) + [2¢/0(1 = )by — r(2n + x3(1 — ) pr by + rx3(1 — n)prp, ]
X as(typ) Eqap(tap) hap (2, X3, b, b3) 1, (A36)

and from Figs. 4(c) and 4(d)
Aseay = VipVuaMlige = Vi Via(Mi + M), (A37)
with the amplitudes

Mg,%ﬂ = 327ZCFm%/\/2Nc/dx3dzdx3/debBb3db3¢B(xB,bB)

X {[(n = Dlxs(1—n) +xp +n(1 = 2)|gg¢, + rv/n(xs(1 —n) + x5 +n) (@7 + $7)
X (¢s - ¢t) + I"\/ﬁ(l - Z)(¢JI; - ¢;)(¢s + ¢t) + 2r\/ﬁ<¢i};¢s + ¢;¢t)]cl (Z4C)E4cd([4c)h4c(x3’ 25 X3, bBa b?)
+ (=) (1 = 2)¢r¢, + ri/n(xg — x3(1 —n) —n) (g — ¢1)(bs + ¢,)

—ryn(1 = 2)(¢F + &) (s — d)IC1 (t4q) Esca(tsa) haa(xp. 2. x3. b, b3) } (A33)
M;Lﬂe[ = M%Acl —dag? (A39)
Mé‘,ﬁr = —327TCFm%/\/ 2Nc / dXBdZdX3 / debBb3db3¢B(xB, bB)
x {1 =n) (1 + 2)dz (s — @) + (2 — x5 — x3(1 =) (d7 + P7)b,
+ m(zgy — (2 + 2)d1)dular(tac) Esca(tac ) hac(Xp. 2. X3, bp, b3)
+ V(1 =n)(1 = 2)¢7 (hs — #) + r(x3(1 =) — x5) (b5 + b5)b,
+ m((2 = 2)p5 + 27 )yl a7 (tsa) Esca(taa) hag(Xp. 2, X3, b, b3) }. (A40)
The threshold resummation factor S,(x) follows the parametrization in [30],
14+2¢
5, = T B e (ad)

V(1 + ¢)

in which the parameter is set to ¢ = 0.3. The hard functions are written as
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hia(xp. 2. b, b) = Ko(mp/xpzbp)[0(bg — b)Ko(mp/zbp)lo(mp/zb) + (b<>bp)]S,(2),
hip(xp. 2, bp, b) = Ko(mp+/xpzby)S,(xp)

y {— 0(b — bg)Hy (s /T=5b)Jo(mp/T=Xgbg) + (b<>bg)], x5 <1,
[0(b — bg)Ko(mg\/xg —nb)Iy(mg\/xg —nbg) + (b<>bg)], Xg 21,
hyo(xp,2,%x3,bp, b3) = [0(bp — bS)KO(mB\/EbB)IO(mB\/EbS) (bp<>b3)]
) {WH (/AT =TT =53] —albs), (1= n)(1 = x3) > %5,
Ko(mp+/z[xg — (1 —n)(1 —x3)]b3), (L=n)(1 —x3) < xp.
hia(xp, 2, X3, bp, b3) = [0(bp — b3)K0(mB\/§bB)Io(mB\/@b3) + (bp<>b3)]
" {'”H (mp/zxs(1 —n) = xglbs),  x3(1—n) > xp,
Ko(mp/zlxp — x3(1 = n)]bs3), x3(1 —n) < xp,
haa(xg, X3, by, by) = Ko(mp/xpx3(1—n)bp)[0(bs — b3) Ko(mp~/x3(1 —n)bg)
x Io(mg/x3(1 = n)bs) + (b3<>by)]S,(x3),
hyy(xp, X3, b, b3) = hyy(x3, x5, b3, bp),
hy(xp. 2, x3,bp, b) = [0(bg — b)Ko(mpr/xpx3(1 —n)bp)lo(mp\/xpx3(1 —1)b)
+ (byesb) {%Hé%mml — v = bl =) +alb). xp+z<1,
KO(mB\/(xB+Z—1)[x3(1—n)+17]b), xp+z2>1,
haa(xg. 2. X3, b, b) = [0(by — b)Ko(mg/xpx3(1 = 0)by)Io(mp\/xpx3(1 = n)b)
R A G GRDUR
Ko(mp\/x3(xg — 2)(1 = n)b), Xp 22,

h3.(z, x3, b, b3) = (%)21181)(;113\/%19)&()63)

% [0(b — b3)HY (mg\/T—x3(1 = 0)b)Jo(mp/T = x3(1 = n)bs) + (b<>bs)].

hay(z, %3, b, bs) = (%>2H(I) mB\/mb3 )S,(z)

x [0(b — b3)HY (mp/2(1 = 0)b)Jo(mpr/z(1 = n)bs) + (b<>b3)],
hsc(xp, 2, x3,bp, b3) = EKO (mp\/1 —x3(1 — x5 —2)(1 —n) + (x5 + 2 — L)nbp)
x [0(bp — mmeB Mol mB\/l—J%—l—l% (bg<>b3)],
th(vaZ7x3vvab3) :%T[Q(bB —b3 Ho mmeB Jo mB\/m% + (bBebB)]

X {l”H(()l)(mB\/(l —x3)(z—xp)(1 =n)bg), x5 <z,
2

Ko(mpr/(1 —x3)(xp —2)(1 — )bp). Xp 2 2,
( )HO (mp /(L= )1+ 501 —1)b)S,(2)
x [0(b — b3)H{" (mgv/1T = 2b)Jo(mpy/T — 2bs) + (b<>b3)].,
() 8 na T =230+ 5T =705
x [0(b — by)HY (my/n + x3(1 = 0)b)Jo(my\/n + x3(1 — n)bs) + (b<>bs)].

h4a(Z,X3, b’ b3)

hyp(z. X3, b, b3) =
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in
h4c(x3,z,x3,b3,b3) = ?KO(mB\/l - Z((l —x3)(1 —’7) _xB)bB)

x [0(b — bs)HY (m/(T = 2) (1 + x3(1 —1))b)Jo(ms/(1 = 2) (1 + x3(1 — 1))
+ (bg<>b3)),

hyq(xp. 2. X3, b, b3) :%[9(193 - b3>H(()l>(mB\/<1 —2)(n+x3(1 —n))bg)
x Jo( mB\/ 1 —2)(n+x3(1 =n))b3) + (bg<>b3)]

X{’”H (mp\/(1=2)(n+ x3(1 =) = xg)bp). x5 <n+2x3(1=n). (4.40)
Ko( mB\/(l—Z )(xg —n—2x3(1 —n))bg), xp>n+x3(1—n),
with the Hankel function H (x) = Jo(x) + i¥p(x).
The evolution factors in the above factorization formulas are given by
Eqap () = a,(1) exp[=Sp(t) = Sus (1), Ercalt) = (1) exp[=Sp (1) — Sus (1) = Sallp—p,
Eyp, (1) = ay(t) exp[—Sg(1) — S,(1)], Eyeq(t) = a(t) exp[—Sp(t) — Sars (1) — Szllp,—p,»
Esq(1) = a,(1) exp[=Sy, — S,(1)], Escq(t) = a(1) exp[—=Sp(1) — Sy(t) — Sﬂ]|b3=bv
Eqap(1) = E3a(1), Eqca(t) = Escq(), (A43)

in which the Sudakov exponents are defined as

s = (w2 s ) S Frwm. s —s(p) + (-0 ") w2 [\ By
s, s<x3\/_ b3) ((1—x3)7g,b3> —1—2%/;3%7‘,(%(;7)), (Ad44)

with the quark anomalous dimension y, = —a,/z. The explicit expressions of the functions s(Q, b) can be found, for
example, in Appendix A of Ref. [25]. The involved hard scales are chosen in the PQCD approach as

1o =max {mp/2.1/bs. 1/b}, 1y, =max{my/|xz —n|.1/bg.1/b},
the = max {mp/xpz, mp\/2| (1 = 1) (1 —x3) —x5],1/bp, 1/b3.},
rldzmax{mgﬁgz,mgm ) 1/bp. 1/bs}. 1r =max {mg\/x3(1=n).1/bp. 1/b3}.
tap = max {mp/xp(1—=n).1/bp. 1/bs}. 1o = max{mp/xpxs(1—n).mp/|1 = xg — 2|[xs(1 =) +1].1/b5.1/b.}.
trq = max {mp\/xgxs(1—1).mg\/|xg —2lx3(1=n). 1/bg. 1/b}, 15, = max{mg/1—x3(1—n),1/b,1/b3},
t3p = max {mp~/z(1—1),1/b,1/bs},
t3c = max{mg/(1 = x3)z(1 =), mp/1—x3(1 —x5 —2)(1 =) + (xg +2— )0, 1/bp, /b3, },
t3 = max {mp (1—x3)z(1—17),m3\/|x3—z|(1—x3)(1—11),1/b3,1/b3},
tse = max {mp\/1 —2,1/b,1/b3},  ty, = max {mg\/n+x3(1—n).1/b.1/bs},
tae = max{mp /(1 —2) (1 +x3(1 = 1)), mp/1 = 2((1 = x3)(1 =) —xp),1/bg. 1/b3, },
tsg = max{mg/(1=2)(n+x3(1 —1n)).mp\/(1 = 2)[xg —n—x3(1 = )|, 1/bp. 1/b3}. (A45)
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