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We propose a theoretical framework for analyzing three-body hadronic B meson decays based on the
perturbative QCD approach. The crucial nonperturbative input is a two-hadron distribution amplitude for
final states, whose timelike form factor and rescattering phase are fit to relevant experimental data. Together
with the short-distance strong phase from the b-quark decay kernel, we are able to make predictions for
direct CP asymmetries in, for example, the B� → πþπ−π� and πþπ−K� modes, which are consistent with
the LHCb data in various localized regions of phase space. Applications of our formalism to other three-
body hadronic and radiative B meson decays are mentioned.
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Three-body hadronic B meson decays have been studied
for many years [1–4]. They attracted much attention
recently, after the LHCb Collaboration measured sizable
direct CP asymmetries in localized regions of phase space
[5–7], such as

Areg
CPðπþπ−πþÞ ¼ 0.584� 0.082� 0.027� 0.007; (1)

for m2
πþπ−high > 15 GeV2 and m2

πþπ−low < 0.4 GeV2, and

Areg
CPðπþπ−KþÞ ¼ 0.678� 0.078� 0.032� 0.007; (2)

for m2
Kþπ−high<15GeV2 and 0.08<m2

πþπ−low<0.66GeV2.
Theoretical attempts to understand these data were made:
The above CP asymmetries were attributed to the inter-
ference between a light scalar and intermediate resonances
in [8]; the relations among the above CP asymmetries in
the U-spin symmetry limit were examined in [9]; SU(3)
and U-spin symmetry breaking effects were included in the
amplitude parametrization in [10]; in [11] the nonresonant
contributions were parametrized in the framework of heavy
meson chiral perturbation theory [12]; and the resonant
contributions were estimated by means of the usual Breit-
Wigner formalism.
Viewing the experimental progress, it is important to

construct a corresponding framework based on the factori-
zation theorem, in which perturbative evaluation can be
performed systematically with controllable nonperturbative
inputs. Motivated by its theoretical self-consistency and

phenomenological success, we shall generalize the pertur-
bative QCD (PQCD) approach [13,14] to three-body
hadronic B meson decays. A direct evaluation of hard b-
quark decay kernels, which contain two virtual gluons at
leading order (LO), is not practical because of the enor-
mous number of diagrams. Besides, the contribution from
two hard gluons is power suppressed and is not important.
In this region all three final-state mesons carry momenta of
OðmBÞ, and all three pairs of them have invariant masses of
Oðm2

BÞ, mB being the B meson mass. The dominant
contribution comes from the region where at least one
pair of light mesons has an invariant mass below OðΛ̄mBÞ
[1], Λ̄ ¼ mB −mb being the B meson and b quark mass
difference. The configuration involves two energetic mes-
ons almost collimating to each other, in which the dynamics
associated with the pair of mesons can be factorized into a
two-meson distribution amplitude ϕh1h2 [15]. It is evident
that ϕh1h2 appropriately describes the nonperturbative
dynamics of a two-meson system in the localized region
of phase space, say, m2

πþπ−low < 0.4 GeV2.
With the introduction of a two-meson distribution

amplitude, the LO diagrams for three-body hadronic B
meson decays reduce to those for two-body decays, as
displayed in Figs. 1–4. The PQCD factorization formula for
a B → h1h2h3 decay amplitude is then written as [1]

A ¼ ϕB ⊗ H ⊗ ϕh1h2 ⊗ ϕh3 ; (3)

where the hard kernel H contains only a single hard gluon.
The B meson (h1-h2 pair, h3 meson) distribution amplitude
ϕB (ϕh1h2 , ϕh3) absorbs nonperturbative dynamics charac-
terized by the soft scale Λ̄ (the invariant mass of the meson
pair, the h3 meson mass). Figure 1 involves the transition of
the B meson into two light mesons. The amplitude from

*wangwf@ihep.ac.cn
†hchu@phys.sinica.edu.tw
‡hnli@phys.sinica.edu.tw
§lucd@ihep.ac.cn

PHYSICAL REVIEW D 89, 074031 (2014)

1550-7998=2014=89(7)=074031(11) 074031-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.89.074031
http://dx.doi.org/10.1103/PhysRevD.89.074031
http://dx.doi.org/10.1103/PhysRevD.89.074031
http://dx.doi.org/10.1103/PhysRevD.89.074031


Fig. 2 is expressed as a product of a heavy-to-light form
factor and a timelike light-light form factor in the heavy-
quark limit. In Figs. 3 and 4, a B meson annihilates
completely, and three light mesons are produced.
Take Fig. 1(a) for the Bþ → πþπ−πþ decay as an

example, in which the Bþ meson momentum pB, the total
momentum p ¼ p1 þ p2 of the pion pair, and the momen-
tum p3 of the second πþ meson are chosen, in light-cone
coordinates, as

pB ¼ mBffiffiffi
2

p ð1; 1; 0TÞ; p ¼ mBffiffiffi
2

p ð1; η; 0TÞ;

p3 ¼
mBffiffiffi
2

p ð0; 1 − η; 0TÞ; (4)

with the variable η ¼ ω2=m2
B, ω

2 ¼ p2 being the invariant
mass squared. The momenta p1 and p2 of the πþ and π−
mesons in the pair, respectively, have the components

pþ
1 ¼ ζ

mBffiffiffi
2

p ; p−
1 ¼ ð1− ζÞηmBffiffiffi

2
p ; pþ

2 ¼ ð1− ζÞmBffiffiffi
2

p ;

p−
2 ¼ ζη

mBffiffiffi
2

p ; (5)

with the πþ meson momentum fraction ζ. The momenta of
the spectators in the B meson, the pion pair, and the πþ
meson read, respectively, as

kB ¼
�
0;
mBffiffiffi
2

p xB; kBT

�
; k ¼

�
mBffiffiffi
2

p z; 0; kT

�
;

k3 ¼
�
0;
mBffiffiffi
2

p ð1 − ηÞx3; k3T
�
: (6)

The definitions of the two-pion distribution amplitudes
in terms of hadronic matrix elements of nonlocal quark
operators up to twist 3 can be found in [1,15,16]. We
parametrize them at the leading partial waves as

ϕv;t
ππðz; ζ;ω2Þ ¼ 3Fπ;tðω2Þffiffiffiffiffiffiffiffi

2Nc
p zð1 − zÞð2ζ − 1Þ; (7)

ϕs
ππðz; ζ;ω2Þ ¼ 3Fsðω2Þffiffiffiffiffiffiffiffi

2Nc
p zð1 − zÞ; (8)

with the number of colors Nc, where the factor 2ζ − 1
arises from the Legendre polynomial Plð2ζ − 1Þ for l ¼ 1.

FIG. 1 (color online). Single-pion emission diagrams for the Bþ → πþπ−πþ decay, where Ms stands for the pion pair.

FIG. 2 (color online). Two-pion emission diagrams, where q denotes a u or d quark.

FIG. 3 (color online). Annihilation diagrams.

FIG. 4 (color online). More annihilation diagrams.
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The PQCD power counting indicates the scaling of the
vector-current form factor in the asymptotic region,
Fπðw2Þ ∼ 1=w2, and the relative importance of the
scalar-current and tensor-current form factors, Fs;tðw2Þ=
Fπðw2Þ ∼mπ

0=w, where m
π
0 ¼ m2

π=ðmu þmdÞ is the chiral
scale associated with the pion, with mπ , mu, and md being
the masses of the pion, the u quark, and the d quark,
respectively. To evaluate the nonresonant contribution in
the arbitrary range of w2, we propose the parametrization
for the complex timelike form factors

Fπðw2Þ ¼m2 exp½iδ11ðwÞ�
w2 þm2

; Ftðw2Þ ¼mπ
0m

2 exp½iδ11ðwÞ�
w3 þmπ

0m
2

;

Fsðw2Þ ¼mπ
0m

2 exp½iδ00ðwÞ�
w3 þmπ

0m
2

; (9)

in which the parameterm ¼ 1 GeV is determined by the fit
to the experimental data m2

J=ψ jFπðm2
J=ψÞj2 ∼ 0.9 GeV2

[17], mJ=ψ being the J=ψ meson mass. The resultant w2

dependence of Fπðw2Þ also agrees with the low-energy data
of the timelike pion electromagnetic form factor for w <
1 GeV [18], and with the next-to-leading-order (NLO)
PQCD calculation [19]. The strong phases δIl are chosen as
the phase shifts for the S wave (I ¼ 0, l ¼ 0) and P wave

(I ¼ 1, l ¼ 1) of elastic ππ scattering [16] according to
Watson’s theorem. We simply parametrize the data of these
strong phases [20–22] for 2mπ < w < 0.7 GeV as

δ00ðwÞ ¼ πðw− 2mπÞ; δ11ðwÞ ¼ 1.4πðw− 2mπÞ2; (10)

in which 2mπ represents the ππ threshold. The increase of
δ11 with w in the above expression is consistent with the
NLO PQCD result of the timelike pion electromagnetic
form factor [19].
The Bmeson, pion, and kaon distribution amplitudes are

the same as those widely adopted in the PQCD approach to
two-body hadronic B meson decays. We have the B meson
distribution amplitude

ϕBðx;bÞ¼NBx2ð1−xÞ2 exp
�
−1

2

�
xmB

ωB

�
2−ω2

Bb
2

2

�
; (11)

with the shape parameter ωB ¼ 0.45� 0.05 GeV, and
the normalization constant NB ¼ 73.67 GeV being related
to the B meson decay constant fB ¼ 0.21 GeV via
limb→0

R
dxϕBðx; bÞ ¼ fB=ð2

ffiffiffiffiffiffiffiffi
2Nc

p Þ. The pion and kaon
distribution amplitudes up to twist 3, ϕA

i ðxÞ and ϕP;T
i ðxÞ for

i ¼ π; K, are chosen as [23]

ϕA
i ðxÞ ¼

3fiffiffiffi
6

p xð1 − xÞ½1þ a1C
3=2
1 ðtÞ þ a2C

3=2
2 ðtÞ þ a4C

3=2
4 ðtÞ�; (12)

ϕP
i ðxÞ ¼

fi
2

ffiffiffi
6

p
�
1þ

�
30η3 − 5

2
ρ2i

�
C1=2
2 ðtÞ − 3

�
η3ω3 þ

9

20
ρ2i ð1þ 6a2Þ

�
C1=2
4 ðtÞ

�
; (13)

ϕσ
i ðxÞ ¼

fi
2

ffiffiffi
6

p xð1 − xÞ
�
1þ

�
5η3 − 1

2
η3ω3 − 7

20
ρ2i − 3

5
ρ2i a2

�
C3=2
2 ðtÞ

�
; (14)

with the pion (kaon) decay constant fπ ¼ 0.13 ðfK ¼ 0.16Þ GeV, the variable t ¼ 2x − 1, the Gegenbauer polynomials

C3=2
1 ðtÞ ¼ 3t; C1=2

2 ðtÞ ¼ 1

2
ð3t2 − 1Þ; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C1=2
4 ðtÞ ¼ 1

8
ð3 − 30t2 þ 35t4Þ; C3=2

4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ; (15)

and the mass ratio ρπðKÞ ¼ mπðKÞ=m
πðKÞ
0 , where mK

0 ¼
m2

K=ðms þmdÞ is the chiral scale associated with the
kaon, mK and ms being the masses of the kaon and
the s quark, respectively. The Gegenbauer moments aπ;K

are set to [23]

aπ1 ¼ 0; aK1 ¼ 0.06� 0.03;

aπ;K2 ¼ 0.25� 0.15; aπ4 ¼ −0.015;
ηπ;K3 ¼ 0.015; ωπ;K

3 ¼ −3: (16)

The above set of meson distribution amplitudes corre-
sponds to the B → π transition form factors at maximal
recoil FBπþ ð0Þ ¼ FBπ

0 ð0Þ ¼ 0.23 in LO PQCD, which are
consistent with the results derived from other approaches
[23,24].
The Bþ → πþπ−πþ decay width in the localized region

of m2
πþπ− min < m2

min ¼ 0.4 GeV2 and m2
πþπ− max > m2

max ¼
15 GeV2 is written as

Γ ¼ G2
FmB

512π4

Z
ηmax

ηmin

dηð1 − ηÞ
Z

ζmax

0

dζjAj2; (17)
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with the Fermi constant GF ¼ 1.16639−5 GeV−2 and the
bounds

ηmax ¼
m2

min

m2
B
; ηmin ¼

4m2
π

m2
B
;

ζmax ¼ 1 − m2
max

ð1 − ηÞm2
B
; (18)

where the upper bound ζmax is derived from the invariant
mass squared ðp2 þ p3Þ2. The contributions from all
the diagrams in Figs. 1–4 to the decay amplitude A are
collected in the Appendix. The corresponding formulas
for the Bþ → πþπ−Kþ decay can be obtained
straightforwardly.
Employing the input parameters Λðf¼4Þ

M̄S
¼ 0.25 GeV,

mπ� ¼ 0.1396GeV,mK� ¼ 0.4937GeV,mB� ¼ 5.279 GeV
[17,25], and the Wolfenstein parameters in [17], we derive
the direct CP asymmetries in the region of m2

πþπ−low <
0.4 GeV2 and m2

πþπ−orKþπ−high > 15 GeV2,

ACPðB� → πþπ−π�Þ
¼ 0.519þ0.124−0.219ðωBÞþ0.108−0.091ðaπ2Þþ0.027−0.032ðmπ

0Þ; (19)

ACPðB� → πþπ−K�Þ
¼ −0.018þ0.024−0.044ðωBÞþ0.006−0.009ðaπ2 & aK2 Þþ0.002−0.003ðmπ

0 &mK
0 Þ:
(20)

The first and second errors come from the variation of
ωB ¼ 0.45� 0.05 GeV and aπ;K2 ¼ 0.25� 0.15, respec-
tively, and the third errors are induced by mπ

0 ¼ 1.4�
0.1 GeV and mK

0 ¼ 1.6� 0.1 GeV. The uncertainties
caused by the variation of the Wolfenstein parameters
λ; A; ρ; η, and of the Gegenbauer moment aK1 ¼ 0.06�
0.03 are very small and have been neglected. While the
decay widths are quadratically proportional to the decay
constants fB; fπ and/or fK, the CP asymmetries are
independent of them.
Obviously, our prediction for ACPðB� → πþπ−π�Þ

agrees well with the LHCb data. Since the emission
contribution and the imaginary annihilation contribution
depend on the B meson distribution amplitude in differ-
ent ways, the variation of ωB explores the relevance of
the short-distance strong phase from the b-quark decay
kernel. The sensitivity of the predicted CP asymmetries
to ωB then implies the importance of this strong phase.
As the P-wave rescattering phase associated with the
pion electromagnetic form factor decreases by half,
the predicted CP asymmetries are also reduced by half.
The change of the phases associated with the scalar and
tensor form factors does not modify the CP asymmetries
much. Therefore, we conclude that the short-distance and

long-distance P-wave strong phases are equally crucial
for the direct CP asymmetries in the localized region of
phase space. The LHCb data in Eq. (2) are dominated by
the resonant channel B� → ρ0K�. It is encouraging that
the data confirm the NLO PQCD prediction ACPðB� →
ρ0K�Þ ¼ 0.71þ0.25−0.35 [26]. We have checked that our
prediction in Eq. (20) for the localized region of phase
space is consistent with the LHCb data in Fig. 2
of [5]. Moreover, we have predicted larger ACPðB� →
πþπ−π�Þ ¼ 0.631 in the region of m2

πþπ−low < 0.4 GeV2

and m2
πþπ−high > 20.5 GeV2 for the central values of the

input parameters, which also matches the data [6].
In this paper we have proposed a promising formalism

for three-body hadronic B meson decays based on the
PQCD approach. The calculation is greatly simplified
with the introduction of the nonperturbative two-hadron
distribution amplitude for final states. The timelike form
factors and the rescattering phases involved in the two-
pion distribution amplitudes have been fixed by experi-
ments, and the B meson, pion, and kaon distribution
amplitudes are the same as in the previous PQCD
analysis of two-body hadronic B meson decays.
Without any free parameters, our results for ACPðB� →
πþπ−π�Þ and ACPðB� → πþπ−K�Þ accommodate well
the recent LHCb data in various localized regions of
phase space. It has been observed that the short-distance
strong phase from the b-quark decay kernel and the final-
state rescattering phase are equally important for explain-
ing the measured direct CP asymmetries. The success
indicates that our formalism has potential applications to
other three-body hadronic and radiative B meson decays
[27], if phase shifts from meson-meson scattering can be
derived in nonperturbative methods [28,29].

We thank Wei Wang for helpful discussions. This work
was partly supported by the National Science Council of
R.O.C. under Grant No. NSC-101-2112-M-001-006-
MY3, by the National Center for Theoretical Sciences
of R.O.C., and by the National Science Foundation of
China under Grants No. 11375208, No. 11228512, and
No. 11235005.

APPENDIX: DECAY AMPLITUDES

In this appendix we present the PQCD factorization
formulas for the diagrams in Figs. 1–4. The sum of the
contributions from Figs. 1(a) and 1(b) gives

A1ða;bÞ ¼ V�
ubVudFLL

B→ππ − V�
tbVtdðF0LL

B→ππ þ FSP
B→ππÞ; (A1)

where the amplitudes for the B meson transition into two
pions are written as
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FLL
B→ππ ¼ 8πCFm4

Bfπ

Z
dxBdz

Z
bBdbBbdbϕBðxB; bBÞð1 − ηÞ

× f½ ffiffiffi
η

p ð1 − 2zÞðϕs þ ϕtÞ þ ð1þ zÞϕv�a1ðt1aÞE1abðt1aÞh1aðxB; z; bB; bÞ
þ ffiffiffi

η
p ð2ϕs − ffiffiffi

η
p

ϕvÞa1ðt1bÞE1abðt1bÞh1bðxB; z; bB; bÞg; (A2)

F0LL
B→ππ ¼ FLL

B→ππja1→a3 ; (A3)

FSP
B→ππ ¼ −16πCFm4

Brfπ

Z
dxBdz

Z
bBdbBbdbϕBðxB; bBÞ

× f½ ffiffiffi
η

p ð2þ zÞϕs − ffiffiffi
η

p
zϕt þ ð1þ ηð1 − 2zÞÞϕv�a5ðt1aÞE1abðt1aÞh1aðxB; z; bB; bÞ

þ ½2 ffiffiffi
η

p ð1 − xB þ ηÞϕs þ ðxB − 2ηÞϕv�a5ðt1bÞE1abðt1bÞh1bðxB; z; bB; bÞg; (A4)

with r ¼ mπ
0=mB and ϕs;t;v ≡ ϕs;t;vðz; ζ;ω2Þ. The Wilson coefficients in the above expressions are defined as

a1 ¼ C1=Nc þ C2, a3 ¼ C3=Nc þ C4 þ C9=Nc þ C10, and a5 ¼ C5=Nc þ C6 þ C7=Nc þ C8. The spectator diagrams
in Figs. 1(c) and 1(d) lead to

A1ðc;dÞ ¼ V�
ubVudMLL

B→ππ − V�
tbVtdðM0LL

B→ππ þMLR
B→ππÞ; (A5)

with the amplitudes

MLL
B→ππ ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞϕA

π ð1 − ηÞ

× f½ ffiffiffi
η

p
zðϕs þ ϕtÞ þ ðð1 − ηÞð1 − x3Þ − xB þ zηÞϕv�C1ðt1cÞE1cdðt1cÞh1cðxB; z; x3; bB; b3Þ

− ½zð ffiffiffi
η

p ðϕs − ϕtÞ þ ϕvÞ þ ðx3ð1 − ηÞ − xBÞϕv�C1ðt1dÞE1cdðt1dÞh1dðxB; z; x3; bB; b3Þg; (A6)

M0LL
B→ππ ¼ MLL

B→ππjC1→a9 ; (A7)

MLR
B→ππ ¼ 32πCFrm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ ffiffiffi
η

p
zðϕP

π þ ϕT
π Þðϕs − ϕtÞ þ

ffiffiffi
η

p ðð1 − x3Þð1 − ηÞ − xBÞðϕP
π − ϕT

π Þ
× ðϕs þ ϕtÞ − ðð1 − x3Þð1 − ηÞ − xBÞðϕP

π − ϕT
π Þϕv − ηzðϕP

π þ ϕT
π Þϕv�a7ðt1cÞE1cdðt1cÞh1cðxB; z; x3; bB; b3Þ

þ ½ ffiffiffi
η

p
zðϕP

π − ϕT
π Þððϕt − ϕsÞ þ

ffiffiffi
η

p
ϕvÞ þ ðxB − x3ð1 − ηÞÞðϕP

π þ ϕT
π Þ

× ð ffiffiffi
η

p ðϕs þ ϕtÞ − ϕvÞ�a7ðt1dÞE1cdðt1dÞh1dðxB; z; x3; bB; b3Þg; (A8)

and the Wilson coefficients a7 ¼ C5 þ C7 and a9 ¼ C3 þ C9.
For Figs. 2(a) and 2(b), we have

Aq¼u
2ða;bÞ ¼ V�

ubVudFLL
B→π − V�

tbVtdðF0LL
B→π þ FLR

B→πÞ; (A9)

Aq¼d
2ða;bÞ ¼ − V�

tbVtdðF00LL
B→π þ F0LR

B→π þ FSP
B→πÞ: (A10)

The amplitudes involving the B → π transition form factors are expressed as

FLL
B→π ¼ 8πCFm4

BFπðω2Þ
Z

dxBdx3

Z
bBdbBb3db3ϕBðxB; bBÞð2ζ − 1Þ

× f½ð1þ x3ð1 − ηÞÞð1 − ηÞϕA
π þ rð1 − 2x3Þð1 − ηÞϕP

π þ rð1þ η − 2x3ð1 − ηÞÞϕT
π �

× a2ðt2aÞE2abðt2aÞh2aðxB; x3; bB; b3Þ
þ ½xBð1 − ηÞηϕA

π þ 2rð1 − ηð1þ xBÞÞϕP
π �a2ðt2bÞE2abðt2bÞh2bðxB; x3; bB; b3Þg; (A11)
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FLR
B→π ¼ FLL

B→πja2→a6 ; (A12)

F0LL
B→π ¼ FLL

B→πja2→a4 ; (A13)

F0LR
B→π ¼ FLL

B→πja2→a8 ; (A14)

F00LL
B→π ¼ FLL

B→πja2→a10 ; (A15)

FSP
B→π ¼ 16πCFm4

B
ffiffiffi
η

p
Fπðω2Þ

Z
dxBdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ð1 − ηÞϕA
π þ rð2þ x3ð1 − ηÞÞϕP

π − rx3ð1 − ηÞϕT
π �a08ðt2aÞE2abðt2aÞh2aðxB; x3; bB; b3Þ

þ ½xBð1 − ηÞϕA
π þ 2rð1 − xB − ηÞϕP

π �a08ðt2bÞE2abðt2bÞh2bðxB; x3; bB; b3Þg; (A16)

in which the Wilson coefficients are given by a2 ¼ C1 þ C2=Nc, a4 ¼ C3 þ C4=Nc þ C9 þ C10=Nc,
a6 ¼ C5 þ C6=Nc þ C7 þ C8=Nc, a8 ¼ C5 þ C6=Nc − C7=2 − C8=ð2NcÞ, a08 ¼ C5=Nc þ C6 − C7=ð2NcÞ − C8=2, and
a10 ¼ ½C3 þ C4 − C9=2 − C10=2�ðNc þ 1Þ=Nc. We derive, from Figs. 2(c) and 2(d),

Aq¼u
2ðc;dÞ ¼ V�

ubVudMLL
B→π − V�

tbVtdðM0LL
B→π þMSP

B→πÞ; (A17)

Aq¼d
2ðc;dÞ ¼ − V�

tbVtdðM00LL
B→π þMLR

B→π þM0SP
B→πÞ; (A18)

with the amplitudes

MLL
B→π ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞϕv

× f½ð1 − xB − zÞð1 − η2ÞϕA
π þ rx3ð1 − ηÞðϕP

π − ϕT
π Þ þ rðxB þ zÞηðϕP

π þ ϕT
π Þ

− 2rηϕP
π �C2ðt2cÞE2cdðt2cÞh2cðxB; z; x3; bB; bÞ

− ½ðz − xB þ x3ð1 − ηÞÞð1 − ηÞϕA
π þ rðxB − zÞηðϕP

π − ϕT
π Þ − rx3ð1 − ηÞðϕP

π þ ϕT
π Þ�

× C2ðt2dÞE2cdðt2dÞh2dðxB; z; x3; bB; bÞg; (A19)

MLR
B→π ¼ 32πCFm4

B
ffiffiffi
η

p
=

ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞ

× f½ð1 − xB − zÞð1 − ηÞðϕs þ ϕtÞϕA
π þ rð1 − xB − zÞðϕs þ ϕtÞðϕP

π − ϕT
π Þ

þ rðx3ð1 − ηÞ þ ηÞðϕs − ϕtÞðϕP
π þ ϕT

π Þ�a05ðt2cÞE2cdðt2cÞh2cðxB; z; x3; bB; bÞ
− ½ðz − xBÞð1 − ηÞðϕs − ϕtÞϕA

π þ rðz − xBÞðϕs − ϕtÞðϕP
π − ϕT

π Þ
þ rx3ð1 − ηÞðϕs þ ϕtÞðϕP

π þ ϕT
π Þ�a05ðt2dÞE2cdðt2dÞh2dðxB; z; x3; bB; bÞg; (A20)

MSP
B→π ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBbdbϕBðxB; bBÞϕv

× f½ð1þ η − xB − zþ x3ð1 − ηÞÞð1 − ηÞϕA
π þ rηðxB þ zÞðϕP

π − ϕT
π Þ

− rx3ð1 − ηÞðϕP
π þ ϕT

π Þ − 2rηϕP
π �a06ðt2cÞE2cdðt2cÞh2cðxB; z; x3; bB; bÞ

− ½ðz − xBÞð1 − η2ÞϕA
π − rx3ð1 − ηÞðϕP

π − ϕT
π Þ þ rðxB − zÞηðϕP

π þ ϕT
π Þ�

× a06ðt2dÞE2cdðt2dÞh2dðxB; z; x3; bB; bÞg; (A21)

M0LL
B→π ¼ MLL

B→πjC2→a0
4
; (A22)

M00LL
B→π ¼ MLL

B→πjC2→a0
10
; (A23)
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M0SP
B→π ¼ MSP

B→πja06→a00
6
; (A24)

where the Wilson coefficients are defined as a04 ¼ C4 þ C10, a05 ¼ C5 − C7=2, a06 ¼ C6 þ C8, a006 ¼ C6 − C8=2,
and a010 ¼ C3 þ C4 − C9=2 − C10=2.
The factorizable annihilation diagrams in Figs. 3(a) and 3(b) lead to

A3ða;bÞ ¼ V�
ubVudFLL

aπ − V�
tbVtdðF0LL

aπ þ FSP
aπ Þ; (A25)

with the three-pion production amplitudes

FLL
aπ ¼ 8πCFm4

BfB

Z
dzdx3

Z
bdbb3db3

× f½ðx3ð1 − ηÞ − 1Þð1 − ηÞϕA
πϕv þ 2r

ffiffiffi
η

p ðx3ð1 − ηÞðϕP
π − ϕT

π Þ − 2ϕP
π Þϕs�a1ðt3aÞE3abðt3aÞh3aðz; x3; b; b3Þ

þ ½zð1 − ηÞϕA
πϕv þ 2r

ffiffiffi
η

p
ϕP
π ðð1 − ηÞðϕs − ϕtÞ þ zðϕs þ ϕtÞÞ�a1ðt3bÞE3abðt3bÞh3bðz; x3; b; b3Þg; (A26)

F0LL
aπ ¼ FLL

aπ ja1→a3 ; (A27)

FSP
aπ ¼ 16πCFm4

BfB

Z
dzdx3

Z
bdbb3db3

× f½2 ffiffiffi
η

p ð1 − ηÞϕA
πϕs þ rð1 − x3ÞðϕP

π þ ϕT
π Þϕv þ rηðð1þ x3ÞϕP

π − ð1 − x3ÞϕT
π Þϕv�a5ðt3aÞE3abðt3aÞh3aðz; x3; b; b3Þ

þ ½2rð1 − ηÞϕP
π ϕv þ z

ffiffiffi
η

p ðð1 − ηÞϕA
π ðϕs − ϕtÞ þ 2r

ffiffiffi
η

p
ϕP
π ϕvÞ�a5ðt3bÞE3abðt3bÞh3bðz; x3; b; b3Þg: (A28)

The nonfactorizable annihilation diagrams in Figs. 3(c) and 3(d) give

A3ðc;dÞ ¼ V�
ubVudMLL

aπ − V�
tbVtdðM0LL

aπ þMLR
aπ Þ; (A29)

with the amplitudes

MLL
aπ ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ð1 − ηÞðη − ð1þ ηÞðxB þ zÞÞϕA
πϕv þ r

ffiffiffi
η

p ðx3ð1 − ηÞ þ ηÞðϕP
π þ ϕT

π Þðϕs − ϕtÞ
− r

ffiffiffi
η

p ð1 − xB − zÞðϕP
π − ϕT

π Þðϕs þ ϕtÞ þ 4r
ffiffiffi
η

p
ϕP
π ϕs�C1ðt3cÞE3cdðt3cÞh3cðxB; z; x3; bB; b3Þ

þ ½ð1 − ηÞð1 − x3ð1 − ηÞ − ηð1þ xB − zÞÞϕA
πϕv − r

ffiffiffi
η

p ðxB − zÞðϕP
π þ ϕT

π Þðϕs − ϕtÞ
þ r

ffiffiffi
η

p ð1 − ηÞð1 − x3ÞðϕP
π − ϕT

π Þðϕs þ ϕtÞ�C1ðt3dÞE3cdðt3dÞh3dðxB; z; x3; bB; b3Þg; (A30)

M0LL
aπ ¼ MLL

aπ jC1→a9 ; (A31)

MLR
aπ ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ ffiffiffi
η

p ð1 − ηÞð2 − xB − zÞϕA
π ðϕs þ ϕtÞ − rð1þ x3ÞðϕP

π − ϕT
π Þϕv

− rη½ð1 − xB − zÞðϕP
π þ ϕT

π Þ − x3ðϕP
π − ϕT

π Þ þ 2ϕP
π �ϕv�a7ðt3cÞE3cdðt3cÞh3cðxB; z; x3; bB; b3Þ

− ½rð1 − ηÞð1 − x3ÞðϕP
π − ϕT

π Þϕv − ffiffiffi
η

p ðxB − zÞ½r ffiffiffi
η

p ðϕP
π þ ϕT

π Þϕv

− ð1 − ηÞϕA
π ðϕs þ ϕtÞ��a7ðt3dÞE3cdðt3dÞh3dðxB; z; x3; bB; b3Þg: (A32)

Similarly, we derive from Figs. 4(a) and 4(b)

A4ða;bÞ ¼ V�
ubVudFLL

aππ − V�
tbVtdðF0LL

aππ þ FSP
aππÞ; (A33)

with the three-pion production amplitudes
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FLL
aππ ¼ 8πCFm4

BfB

Z
dzdx3

Z
bdbb3db3

× f½2r ffiffiffi
η

p
ϕP
π ðð2 − zÞϕs þ zϕtÞ − ð1 − ηÞð1 − zÞϕA

πϕv�a1ðt4aÞE4abðt4aÞh4aðz; x3; b; b3Þ
þ ½2r ffiffiffi

η
p ½ð1 − x3Þð1 − zÞϕT

π − ð1þ x3 þ ð1 − x3ÞηÞϕP
π �ϕs

þ ðx3ð1 − ηÞ þ ηÞð1 − ηÞϕA
πϕv�a1ðt4bÞE4abðt4bÞh4bðz; x3; b; b3Þg; (A34)

F0LL
aππ ¼ FLL

aππja1→a3 ; (A35)

FSP
aππ ¼ 16πCFm4

BfB

Z
dzdx3

Z
bdbb3db3f½

ffiffiffi
η

p ð1 − ηÞð1 − zÞϕA
π ðϕs þ ϕtÞ − 2rð1þ ð1 − zÞηÞϕP

π ϕv�

× a5ðt4aÞE4abðt4aÞh4aðz; x3; b; b3Þ þ ½2 ffiffiffi
η

p ð1 − ηÞϕA
πϕs − rð2ηþ x3ð1 − ηÞÞϕP

π ϕv þ rx3ð1 − ηÞϕT
πϕv�

× a5ðt4bÞE4abðt4bÞh4bðz; x3; b; b3Þg; (A36)

and from Figs. 4(c) and 4(d)

A4ðc;dÞ ¼ V�
ubVudMLL

aππ − V�
tbVtdðM0LL

aππ þMLR
aππÞ; (A37)

with the amplitudes

MLL
aππ ¼ 32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ðη − 1Þ½x3ð1 − ηÞ þ xB þ ηð1 − zÞ�ϕA
πϕv þ r

ffiffiffi
η

p ðx3ð1 − ηÞ þ xB þ ηÞðϕP
π þ ϕT

π Þ
× ðϕs − ϕtÞ þ r

ffiffiffi
η

p ð1 − zÞðϕP
π − ϕT

π Þðϕs þ ϕtÞ þ 2r
ffiffiffi
η

p ðϕP
π ϕs þ ϕT

πϕtÞ�C1ðt4cÞE4cdðt4cÞh4cðxB; z; x3; bB; b3Þ
þ ½ð1 − η2Þð1 − zÞϕA

πϕv þ r
ffiffiffi
η

p ðxB − x3ð1 − ηÞ − ηÞðϕP
π − ϕT

π Þðϕs þ ϕtÞ
− r

ffiffiffi
η

p ð1 − zÞðϕP
π þ ϕT

π Þðϕs − ϕtÞ�C1ðt4dÞE4cdðt4dÞh4dðxB; z; x3; bB; b3Þg; (A38)

M0LL
aππ ¼ MLL

aππjC1→a9 ; (A39)

MLR
aππ ¼ −32πCFm4

B=
ffiffiffiffiffiffiffiffi
2Nc

p Z
dxBdzdx3

Z
bBdbBb3db3ϕBðxB; bBÞ

× f½ ffiffiffi
η

p ð1 − ηÞð1þ zÞϕA
π ðϕs − ϕtÞ þ rð2 − xB − x3ð1 − ηÞÞðϕP

π þ ϕT
π Þϕv

þ rηðzϕP
π − ð2þ zÞϕT

π Þϕv�a7ðt4cÞE4cdðt4cÞh4cðxB; z; x3; bB; b3Þ
þ ½ ffiffiffi

η
p ð1 − ηÞð1 − zÞϕA

π ðϕs − ϕtÞ þ rðx3ð1 − ηÞ − xBÞðϕP
π þ ϕT

π Þϕv

þ rηðð2 − zÞϕP
π þ zϕT

π Þϕv�a7ðt4dÞE4cdðt4dÞh4dðxB; z; x3; bB; b3Þg: (A40)

The threshold resummation factor StðxÞ follows the parametrization in [30],

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; (A41)

in which the parameter is set to c ¼ 0.3. The hard functions are written as
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h1aðxB; z; bB; bÞ ¼ K0ðmB
ffiffiffiffiffiffiffi
xBz

p
bBÞ½θðbB − bÞK0ðmB

ffiffiffi
z

p
bBÞI0ðmB

ffiffiffi
z

p
bÞ þ ðb↔bBÞ�StðzÞ;

h1bðxB; z; bB; bÞ ¼ K0ðmB
ffiffiffiffiffiffiffi
xBz

p
b2ÞStðxBÞ

×

� iπ
2
½θðb − bBÞHð1Þ

0 ðmB
ffiffiffiffiffiffiffiffiffiffiffiffiffi
η − xB

p
bÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
η − xB

p
bBÞ þ ðb↔bBÞ�; xB < η;

½θðb − bBÞK0ðmB
ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB − η

p
bÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xB − η

p
bBÞ þ ðb↔bBÞ�; xB ≥ η;

h1cðxB; z; x3; bB; b3Þ ¼ ½θðbB − b3ÞK0ðmB
ffiffiffiffiffiffiffi
xBz

p
bBÞI0ðmB

ffiffiffiffiffiffiffi
xBz

p
b3Þ þ ðbB↔b3Þ�

×

� iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z½ð1 − ηÞð1 − x3Þ − xB�

p
b3Þ; ð1 − ηÞð1 − x3Þ > xB;

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z½xB − ð1 − ηÞð1 − x3Þ�

p
b3Þ; ð1 − ηÞð1 − x3Þ ≤ xB;

h1dðxB; z; x3; bB; b3Þ ¼ ½θðbB − b3ÞK0ðmB
ffiffiffiffiffiffiffi
xBz

p
bBÞI0ðmB

ffiffiffiffiffiffiffi
xBz

p
b3Þ þ ðbB↔b3Þ�

×

� iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z½x3ð1 − ηÞ − xB�

p
b3Þ; x3ð1 − ηÞ > xB;

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z½xB − x3ð1 − ηÞ�p

b3Þ; x3ð1 − ηÞ ≤ xB;

h2aðxB; x3; bB; b3Þ ¼ K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1 − ηÞ

p
bBÞ½θðbB − b3ÞK0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1 − ηÞ

p
bBÞ

× I0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1 − ηÞ

p
b3Þ þ ðb3↔bBÞ�Stðx3Þ;

h2bðxB; x3; bB; b3Þ ¼ h2aðx3; xB; b3; bBÞ;
h2cðxB; z; x3; bB; bÞ ¼ ½θðbB − bÞK0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1 − ηÞ

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1 − ηÞ

p
bÞ

þ ðbB↔bÞ�
� iπ

2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − xB − zÞ½x3ð1 − ηÞ þ η�p
bÞ; xB þ z < 1;

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðxB þ z − 1Þ½x3ð1 − ηÞ þ η�p
bÞ; xB þ z ≥ 1;

h2dðxB; z; x3; bB; bÞ ¼ ½θðbB − bÞK0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1 − ηÞ

p
bBÞI0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1 − ηÞ

p
bÞ

þ ðbB↔bÞ�
� iπ

2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ðz − xBÞð1 − ηÞp

bÞ; xB < z;

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ðxB − zÞð1 − ηÞp

bÞ; xB ≥ z;

h3aðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
bÞStðx3Þ

× ½θðb − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3ð1 − ηÞ

p
bÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3ð1 − ηÞ

p
b3Þ þ ðb↔b3Þ�;

h3bðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
b3ÞStðzÞ

× ½θðb − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − ηÞ

p
bÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − ηÞ

p
b3Þ þ ðb↔b3Þ�;

h3cðxB; z; x3; bB; b3Þ ¼
iπ
2
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x3ð1 − xB − zÞð1 − ηÞ þ ðxB þ z − 1Þη

p
bBÞ

× ½θðbB − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
bBÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
b3Þ þ ðbB↔b3Þ�;

h3dðxB; z; x3; bB; b3Þ ¼
iπ
2
½θðbB − b3ÞHð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
bBÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x3Þzð1 − ηÞ

p
b3Þ þ ðbB↔b3Þ�

×

� iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − x3Þðz − xBÞð1 − ηÞp
bBÞ; xB < z;

K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − x3ÞðxB − zÞð1 − ηÞp
bBÞ; xB ≥ z;

h4aðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
b3ÞStðzÞ

× ½θðb − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffi
1 − z

p
bÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffi
1 − z

p
b3Þ þ ðb↔b3Þ�;

h4bðz; x3; b; b3Þ ¼
�
iπ
2

�
2

Hð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
bÞStðx3Þ

× ½θðb − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηþ x3ð1 − ηÞ

p
bÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηþ x3ð1 − ηÞ

p
b3Þ þ ðb↔b3Þ�;
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h4cðxB; z; x3; bB; b3Þ ¼
iπ
2
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − zðð1 − x3Þð1 − ηÞ − xBÞ

p
bBÞ

× ½θðbB − b3ÞHð1Þ
0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
bBÞJ0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
b3Þ

þ ðbB↔b3Þ�;
h4dðxB; z; x3; b; b3Þ ¼

iπ
2
½θðbB − b3ÞHð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
bBÞ

× J0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − zÞðηþ x3ð1 − ηÞÞ

p
b3Þ þ ðbB↔b3Þ�

×

� iπ
2
Hð1Þ

0 ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − zÞðηþ x3ð1 − ηÞ − xBÞ
p

bBÞ; xB < ηþ x3ð1 − ηÞ;
K0ðmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − zÞðxB − η − x3ð1 − ηÞÞp
bBÞ; xB ≥ ηþ x3ð1 − ηÞ;

(4.40)

with the Hankel function Hð1Þ
0 ðxÞ ¼ J0ðxÞ þ iY0ðxÞ.

The evolution factors in the above factorization formulas are given by

E1abðtÞ ¼ αsðtÞ exp½−SBðtÞ − SMsðtÞ�; E1cdðtÞ ¼ αsðtÞ exp½−SBðtÞ − SMsðtÞ − Sπ�jb¼bB;

E2abðtÞ ¼ αsðtÞ exp½−SBðtÞ − SπðtÞ�; E2cdðtÞ ¼ αsðtÞ exp½−SBðtÞ − SMsðtÞ − Sπ�jb3¼bB;

E3abðtÞ ¼ αsðtÞ exp½−SMs − SπðtÞ�; E3cdðtÞ ¼ αsðtÞ exp½−SBðtÞ − SMsðtÞ − Sπ�jb3¼b;

E4abðtÞ ¼ E3abðtÞ; E4cdðtÞ ¼ E3cdðtÞ; (A43)

in which the Sudakov exponents are defined as

SB ¼ s

�
xB

mBffiffiffi
2

p ; bB

�
þ 5

3

Z
t

1=bB

dμ̄
μ̄
γqðαsðμ̄ÞÞ; SMs ¼ s

�
z
mBffiffiffi
2

p ; b

�
þ s

�
ð1 − zÞmBffiffiffi

2
p ; b

�
þ 2

Z
t

1=b

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

Sπ ¼ s

�
x3

mBffiffiffi
2

p ; b3

�
þ s

�
ð1 − x3Þ

mBffiffiffi
2

p ; b3

�
þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ; (A44)

with the quark anomalous dimension γq ¼ −αs=π. The explicit expressions of the functions sðQ; bÞ can be found, for
example, in Appendix A of Ref. [25]. The involved hard scales are chosen in the PQCD approach as

t1a ¼maxfmB
ffiffiffi
z

p
;1=bB;1=bg; t1b ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxB − ηj

p
;1=bB;1=bg;

t1c ¼maxfmB
ffiffiffiffiffiffiffi
xBz

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zjð1− ηÞð1− x3Þ− xBj

p
;1=bB;1=b3;g;

t1d ¼maxfmB
ffiffiffiffiffiffiffi
xBz

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zjxB − x3ð1− ηÞj

p
;1=bB;1=b3g; t2a ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3ð1− ηÞ

p
;1=bB;1=b3g;

t2b ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBð1− ηÞ

p
;1=bB;1=b3g; t2c ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1− ηÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j1− xB − zj½x3ð1− ηÞ þ η�

p
;1=bB;1=b;g;

t2d ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xBx3ð1− ηÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxB − zjx3ð1− ηÞ

p
;1=bB;1=bg; t3a ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− x3ð1− ηÞ

p
;1=b;1=b3g;

t3b ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1− ηÞ

p
;1=b;1=b3g;

t3c ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− x3Þzð1− ηÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− x3ð1− xB − zÞð1− ηÞ þ ðxB þ z− 1Þη

p
;1=bB;1=b3;g;

t3d ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− x3Þzð1− ηÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxB − zjð1− x3Þð1− ηÞ

p
;1=bB;1=b3g;

t4a ¼maxfmB

ffiffiffiffiffiffiffiffiffiffi
1− z

p
;1=b;1=b3g; t4b ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηþ x3ð1− ηÞ

p
;1=b;1=b3g;

t4c ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− zÞðηþ x3ð1− ηÞÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− zðð1− x3Þð1− ηÞ− xBÞ

p
;1=bB;1=b3;g;

t4d ¼maxfmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− zÞðηþ x3ð1− ηÞÞ

p
;mB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− zÞjxB − η− x3ð1− ηÞj

p
;1=bB;1=b3g: (A45)
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