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Chiral perturbation theory and the B B strong interaction
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We have calculated the potentials of the heavy (charmed or bottomed) pseudoscalar mesons up to O(e?)
with the heavy meson chiral perturbation theory. We take into account the contributions from the football,
triangle, box, and crossed diagrams with the 2¢ exchange and one-loop corrections to the contact terms. We
notice that the total 2¢-exchange potential alone is attractive in the small momentum region in the channel
BB'=', B,B,//=0, or BB,/='/2, while repulsive in the channel B B'=". Hopefully the analytical chiral
structures of the potentials may be useful in the extrapolation of the heavy meson interaction from lattice

QCD simulation.
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I. INTRODUCTION

Since the discovery of X(3872) [1], many charmonium-
like and bottomoniumlike states such as X(3940) [2] and
X(4160) [3] have been observed in the past decade. The
charmoniumlike state X(3872) was first observed by the
Belle Collaboration in the exclusive decay process
B* - K*ntzn~J/w. Last year the Belle Collaboration
observed two charged bottomoniumlike resonances
Z,(10610) and Z,(10650) in the hidden-bottom decay
channels z7=Y (nS) (n = 1, 2, 3) and z*h,(mP) (m = 1, 2)
of Y(55) [4].

Some of these new states including the above two
charged Z, states do not fit into the conventional quark
model framework. Various theoretical approaches includ-
ing the lattice QCD [5], the QCD sum rule [6], and the
quark model [7] have been employed to interpret the
underlying structure of these new states. Despite huge
experimental and theoretical efforts, the nature of some of
these exotic states is still elusive.

For example, the interpretation of X(3872) remains
challenging since the discovery in 2003. One popular
speculation is that X(3872) is a molecular state composed
of a pair of heavy mesons [8—10]. Similarly, the two
charged Z,(10610) and Z,(10650) states are proposed
as the BB* and B*B* molecule states within the one boson
exchange (OBE) framework [11,12].

Besides the charmoniumlike and bottomoniumlike
states, the possible existence of some molecular candidates
composed of BB mesons and DD mesons is also very
interesting. If the attractive interaction is strong enough
between the heavy meson pair, this kind of states may exist.
Their behavior will be very similar to the deuteron, which is
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composed of two nucleons. There have been some inves-
tigation of these interesting states within the OBE model.

However, the interaction potential derived from the OBE
model contains several phenomenological coupling con-
stants and cutoff parameters, which should in principle
be extracted through fitting to the experimental data.
Unfortunately, there is not much experimental information
on the strong interaction between the light meson and
heavy meson. It will be very desirable to derive the strong
interaction between the heavy meson pair with a model-
independent approach. Especially many new states such as
X(3872) and the two Z, states lie very close to the
threshold. Within these very loosely bound systems, the
long-range pion exchange force should play an important
role. Therefore the chiral perturbation theory provides a
natural framework to investigate the heavy meson strong
interaction. In this work, we shall derive the heavy
pseudoscalar meson potential order by order.

Chiral perturbation theory (yPT) is a model-independent
tool to study the chiral dynamics of heavy hadrons. Heavy
hadron yPT is frequently used for the system made up with
a single heavy hadron and light pseudoscalar mesons
because of its explicit power counting [13—17]. The
scattering matrix can be expanded order by order in
the small parameter ¢ = p/A,, where p represents either
the momentum of the light pseudoscalar mesons or the
residual momentum of the heavy hadrons in the non-
relativistic limit, while A, represents either the scale of
chiral symmetry breaking or the mass of heavy hadrons.
The power counting guarantees that one can just calculate
some limited Feynman diagrams and obtain the scattering
matrix at the certain order.

Weinberg developed a new formalism and first extended
the chiral perturbation theory to the two nucleon system
[18,19]. Since his pioneering work, the modern nuclear
force has been built upon the chiral effective field theory
[20-30]. Such a formalism was used extensively to
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investigate the various few-nucleon observables such as the
partial-wave analysis, few-nucleon scattering, and reaction.

As pointed out by Weinberg [18,19], the power counting
of the two nucleon scattering matrix is broken by the
double poles of the heavy hadrons in some two-particle-
reducible (2PR) Feynman diagrams. Let us illustrate this
point with the box diagram in Fig. 1. The Feynman
amplitude can be written as
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where we omit the parts relevant to the pion that preserves
the power counting. We will focus the integral with [° and
work it out by closing the [ contour integral in the lower
half-plane
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The naive power counting predicts that Z should be
O(1/|P|). But it is O(my/|P|?) from Eq. (2). T is actually
enhanced by a large factor my/ |i’| compared to the naive
power counting prediction.

With Weinberg’s formalism, we do not directly calculate
the scattering matrix of the few hadrons perturbatively with
the heavy hadron yPT due to the 2PR diagrams. Instead, we
focus on the potential. In the derivation of the hadron-
hadron potential, one takes into account the two-particle-
irreducible (2PI) parts of the Feynman diagrams only and
calculate the potential of the few hadrons perturbatively
with the correct power counting. Afterwards, one can
obtain the scattering matrix with the potential by solving
the nonperturbative equations such as Schrodinger equa-
tions, Lippmann-Schwinger equations, and so on. The 2PR
contributions will be recovered when solving the non-
perturbative equations.

The reliable hadron-hadron potential is a necessary input
for getting the scattering amplitude or phase shift of the
hadrons. It is also essential to explore the existence of the
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FIG. 1. The box diagram. The solid line represents the nucleon,
and the dashed line represents the pion.
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heavy hadron molecules. For example, the binding energy
or size of the molecular states can be obtained from the
potentials of the hadrons by solving the Schrodinger or
Lippmann-Schwinger equations.

In this work, we shall use Weinberg’s formalism to
derive the B B potentials in four independent channels up to
the 1-loop level with heavy meson chiral perturbation
theory (HMyPT). We include the heavy vector B* mesons
as explicit degrees besides the B and light pseudoscalar
¢ mesons since the B and B* mesons would form a
degenerate doublet in the limit of heavy quark symmetry.
We count the mass difference A between B and B* mesons
as O(e'). The potentials of the B B mesons start at O(e°).
We will investigate the corrections up to O(e?).

This paper is organized as follows. In Sec. II, we list the
Lagrangians of HMyPT. In Sec. III, we present the
expressions of the B B potential, which include the tree-
level diagram contributions at the leading order and the
loop corrections at O(e?). In Sec. IV, we give the numerical
results of the B B potentials in the first subsection. Then we
present the results of the potentials of the DD mesons in the
second subsection. We compare the results within different
schemes in Sec. V. Section VI is a short summary.

II. LAGRANGIANS WITH HMyPT

The leading order B B potential is at O(e”) and receives
only the contribution from the tree-level diagrams made up
of the vertices of the leading order Lagrangians in Eq. (3).
The corrections start at O(e?). They contain the contribu-
tions of the 1-loop diagrams generated by the leading
Lagrangians and the contributions of tree diagrams gen-
erated by the Lagrangians at higher order.

The leading Lagrangians are

L) = D, Tr[Hy, H|Tr[Hy"H]
+ Dbe[HVﬂVSH}Tr[HV”J’SH]
+ E,Tr[Hy, A*H|Tr[Hy*2,H|
+ EbTr[H}/;JS)“aH]Tr[HyMYSlaH]’ (3)

5511()/; = —((iv-OH)H) + (Hv -TH) + g(HtysH)
1 _
—§A<H6””H0'W>, “

where the number in_the parentheses represents the chiral
dimension, v, = (1,0) is the velocity of a slowly moving
heavy meson, and H represents the B and B* doublet in the
heavy quark symmetry limit,

BEY

H (Puy* +iPys),

* . 144
H = yOHT]/O = (PMT]/ﬂ + lPTj/s) 2 . (5)
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P= (BB, BY), P, = (B",B"By),. (6)

The pseudoscalar meson field, chiral connection, and axial
vector field are defined as follows:

rﬂzé[é*,a,,ﬂ, u”:é{gf,a.f}, & = exp(ig/2f).

)

=i e o0 o
K- e

The Lagrangian Eg}}, generates the contact interaction
terms of the four bottomed mesons while £2;, depicts the
interaction between the heavy mesons and light pseudo-
scalar mesons. The other contact terms with different
Lorentz structures at the leading order are not independent.
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Actually they are linear combinations of terms in 55(2,
so we do not need them. For example, the term
Tr[Hy,HHy"H] can be expressed as the linear combination

of terms in 55‘(2 by the Fierz transformation. In the heavy
meson limit, Tr[HH]Tr[HH| and Tr[Ho, H|Tr[Ho" H]
can be absorbed by readjusting the coefficients D, and
D, of Ef&),, respectively. The term Tr[HysH|Tr[Hy’H|
vanishes in the heavy meson limit. Similar conclu-
sions hold for the terms containing A such as
Tr[HysA*H|Tr[Hy® A, H).

The ranges of the couplings D,, D,, E,, and E, were
estimated in the DD case by fixing the masses of X(3872),
X(3915), and Y(4140) and the isospin breaking branching
ratio of X(3872) in Ref. [31]. Their values lie from several
to tens of GeV~2 with positive signs.

The O(e?) Lagrangian Efé), will also contribute to the
potentials, which read

2.h 7 7 7 7
£ = DUTe[Hy, H\Te[Hy" H)Te(z..) + D Te[Hy,ysH)Te[Hy'ysH|Te ()
+ ENTr[Hy, J*H|Tr[Hy" A HTr(y ) + E}Tr[Hy,ysA*H|Tr[Hy"ysA, H|Tr(x ). ©)

5" = DITe[Hy 7, H)Tr[Hy* H) + D{Tt[Hy,ysy H|Tx[Hy"ysH]
+ E4deTe[Hy, A, H Tr[Hy" Ay HITr[f o] + ESdbTe[Hy,ysA, H|Tr[Hy'ysip H)Tr[7, 2], (10)

£ = (D Te[(v- DH)y, (v - DH)|Tt[Hy*H) + D2, Tt[(v - DH)y,H|Tr[(v - DH)y"H)
+ Dy Tr((v - DH)y, H|Tr[Hy" (v - DH)| + D}, Tr[((v - D)*H)y, H|Tt[Hy" H]
+ Dy, Tr[(v- DH)y,ys(v - DH)|Tr[Hy"ysH] + - - - + E}, Tr[(v - DH)y, A (v - DH)|Tt[Hy"2,H] + - - -
+ E; Tr[(v- DH)y,ysA*(v - DH)|Tr[Hy*ysA,H] + - - -} + H.c., (11)

L34 — {DITr[(D*H)y,ys(D*H)|Te[Hy,ys H) + DITe[(D*H)y,ysHTt[(D*H)y,ysH]
+ DITx[(D*H)y,ysH|Tr[Hy,ys(D*H)] + DiTr[(D*D"H)y,ysH]Tr[Hy,ysH|
+ E?Tr[(D”H)yﬂyyla(D”I:I)]Tr[H}/,,}glaI:I] +---}+He, - (12)

where d?’¢ is the totally symmetric structure constant of the
SU(3) group, and

Xt = ExE + Expé,

y = diag(m2, m2,2m% — m2). (13)

- 1
Xt =X+ —gTrb&],

The low-energy constants (LECs) in Egs. (9)—(12)
contain both the infinite and the finite parts. We will use
the infinite parts to cancel the divergence introduced by the
loop diagrams. We are unable to determine the finite parts
of the LECs due to the lack of experimental data right now,
which we tend to neglect for the moment. However, these

LECs at O(e?) should be included in a complete analysis in
the future when more experimental data are available.
There will be devoted efforts to study the new resonances
composed of a pair of B*)B(*) at the approved SuperBelle,
KEK. The investigation of these systems may reveal the
interaction between B*)B™*). For example, one may know
whether the interaction is attractive at some distance.
Moreover, right now there exists dedicated huge efforts
to study the D)D) interaction through the decays of the
excited charmonium resonances at BESIII/BEPCII at IHEP,
Beijing. In quantum field theory, the B*)B*) interaction
could be related to the BB except the short distance
part due to the annihilation in the B™) B™) channel [32,33].

074015-3



ZHAN-WEI LIU, NING LI, AND SHI-LIN ZHU

Besides, using lattice QCD within the Liischer’s formal-
ism, the scattering length and the scattering phase shifts
have been studied for pion-pion scattering, D*D; scatter-
ing, and so on [34-36]. If there were lattice studies about
the BB or DD scattering in different partial waves and
different channels, we could fix some parameters or reduce
the number of independent parameters with the lattice
information. In Appendix B we fit some LECs with the
results of quenched lattice QCD. In our subsequent work,
we also plan to reduce the number of independent LECs by
assuming large N_. and heavy quark symmetry as used
in Ref. [37].

Lﬁ,h) nd £ Hd) are made up of four heavy meson fields,
Tr(y. ), and traceless y, . The LECs in £4H ' and £4H D will
absorb the divergent parts from the one-loop diagrams that
are proportional to 1> n £4 P ") will absorb the divergent parts
proportional to the square of the external line energy. There
are also divergent parts proportional to the mass difference
A, which will vanish in the heavy meson symmetry limit.
These divergences can be absorbed by the additional four
heavy meson interaction terms proportional to A. £4Hq)
does not contribute to the renormalization of the BB
potentials. Instead it will contribute to the BB* and
B*B* potentials.

1
1 . v-p1+0;+ie |:U p1+5 +ie

[v-p1+ 6 +i€l[v- py+ )+ ie] 1
[v-p1+)+iel[v-py+6,+ie]

We calculate these Feynman diagrams with dimension
regularization and the modified minimal subtraction

IR NS

FIG.2. The loop diagrams with a contact vertex. The thin solid,
thick solid, and dashed lines represent the heavy pseudoscalar
mesons, heavy vector mesons, and light pseudoscalar mesons,
respectively.

F.1 T.1 T.2 B.1 R.1

FIG. 3. The 2¢-exchange diagrams including the football
diagram (F.1), triangle diagrams (T.1 and T.2), box diagram
(B.1), and crossed diagram (R.1).

—2mis(v- p, —|—51)} =1
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III. POTENTIALS WITH HMyPT

With the strict isospin symmetry, there are only four
independent potentials for the channels B B', B B, B,B,",
and BB;'/?. The superscript represents the isospin of the
channel. At the leading order, the potentials of the
bottomed mesons only receive the contributions from
the tree diagrams with the contact terms in £4F),,

(0) 8 0 _
VBB“’_zDa"gEa’ Vip =0,
vo = 2D, 8E v — _op 8E 14
B0 =" -3 Ea pp,» = ~2Da =3 Ea: (14)

The loop diagrams in Figs. 2 and 3 will contribute at the
next to leading order. The diagrams h.1, h.2, and B.1 in
Figs. 2 and 3 contain both 2PR and 2PI parts if using the
ordinary Feynman rules of HMyPT. We must remove the
2PR contribution to get the correct potentials. The 2PR
parts result from the double poles of the two heavy mesons,
which can be removed by the careful subtraction in the
propagator of the heavy mesons

7 V-prt+0;

(v-p+6,+ie) ="Uv-pi- o)

other

(15)

|
scheme. The divergent terms proportional to L will be
absorbed by the contact terms at O(e?), where

_ #Jrl( 1 — In4x) (16)
T 162 \D—4 2 VE o[

Here y is the Euler constant 0.5772157, A is the scale of
the dimension regularization, and we set A = 4zf.

The potentials are finite after the renormalization of the
wave functions and vertices. The diagram z.1 in Fig. 2
arises from the renormalization of the wave functions. The
combined divergence generated by diagrams g.1 and g.2 in

Fig. 2 can be absorbed by the LECs D};, E,, Dh/d, and

Z/ . The divergence generated by the diagram h.1 or h.2
can be absorbed by the redefinitions of LECs in ﬁ%,h),
£33 and £3". For the 2¢) exchange diagrams in Fig. 3,
the divergence of the football or triangle diagram can be
absorbed by E!; and ENY The divergence of the box and
DI, EY,, and

crossed diagram can be absorbed by D Y

EM,

The potentials obtained from the same Feynman diagram
for the different channels differ just by a flavor dependent

(ll’
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coefficient. So it is convenient to write down the potential
of the channel “ch” in the form

2 1 '
V5h> =~ Z ﬁdlagch(ml»mZ’ )
diag,my,m,...
® Ydiag(ml,mz,...), 17)

where “diag” runs over all the Feynman diagrams shown in
Figs. 2 and 3, and m; runs over {m,, my,m,}. Y is a scalar
function independent of the flavor structure of the channel
ch, while S is the flavor dependent coefficient.

The corresponding Y functions of Fig. 2 are

2 (D 1]
Yol (m )=—%{ 177 ng} (m.€=qo=A,E=A),
(18)
2(ID 1]
Yg'z(m)E—]%{ 171 ng} (m.&+qo—A.E-A).
(19)
. ]
Yh.l(m)E_%{ %‘% ng} (m,E-AE-D), (0)
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where we work in the center-of-mass frame of the incoming
heavy mesons, £ is the residual energy of the incoming
heavy meson (the difference between the energy and the B
meson mass), and ¢ is the transferred momentum. The
definitions of the J functions are collected in Appendix A.
{X}, represents the finite part of X,

0 | 0 0
(23)

The loop d1agrams in Fig. 2 are made up of the contact
vertices of £, h), so the flavor dependent coefficient  can be
written down as

B = D.Pa + DypPow + EaPra + EpPre. 24

Actually, only three coefficient fs for the diagrams g.1, h.1,
and z.1 in Fig. 2 are independent. For convenience, we list
(%) B5t, B, pie} in Table I and {B%., p&r, B, s } in
Table II. The coefﬁclent ps for g.2 and h.2 can be obtalned
by the following relations:

792 pgl 792 pg.l Bh.Z __ phl
Da — FDa> Db — FDb — FDb>
=02 7l “h2 _ Zhl

= Pl Eb = PEb+ Eb = PEb - (25)

and all the others are zero.

Now one can write down the potentials induced by Fig. 2
for the different channels. Let us take the BB® system as an
example. One can get the contribution from the diagram g.1
by Tables I and II,

TABLE I. The coefficient fs of the loop diagrams with a contact term: {ﬁDa, lem %l]), B]hjg .

0 (my) (mg) (m,)

BB! {24,-48,-8, -8} {16,-32,0,0} {#,-%,-5-§
BB (24,0, 24,0} {16, 0, 0, 0} {§ ,3,0}
B,B,° 0 {32,-64,0,0} 2,-8,-2.2
BB,'/? {12,-24,0,0} {24,-48,-16,-16} 0, 40 16 16
TABLE II. The coefficient s of the loop diagrams with a contact term: { Ea, ]Z;ﬂ} Eb P

0 (my) (mg) (m,)

BB {0.-64,—128 32} -3, -1, -32,0} $.-%-%-%
BB (32,0, —32,0} -32,0,-32,0} {-%.0.-%.0}
B.\‘BSO 0 _634’_25_6 _64 0} %’_%’_%’_%}
BB,/? {-8,-32,-24,0} {16, 64,12 &1 {136 160 132 64
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TABLE III.  The coefficient ffs of the 2-¢p exchange diagrams: {g%!, pF-11.

(mln mn) (mK’ mK) (mr]’ mn) (mﬂ’ mK) (mﬂ’ mﬂ) (mK’ mr/) (mK’ mlr) (mn’ ml[) (mr/’ mK)

BB {-1,-5} {04} {-§.-3) 0 {-3.-3 0 0 {=3.-3 0

BB {-9.3} {0, 4} {—g,—?} 0 {1, 1} 0 0 {1, 1} 0

BB, 0 L A 0 0 0 0 0 0
BB\ 0 (=40} {=5.-9 {0.-3) 0 5.3 {0.-3) 0 33

o1 , 1 32 1
VBBO = —Z [24Da - 24Db + 32Ea - 32Eb}Y‘g (m,,) - Z 16Da - ?Ea - 32Eb Y9 (mK)
18 8 64 64

a3 G E -Gy 2

The diagrams in Fig. 3 represent the potentials with the 2¢ exchange. We list the 3 functions {51, %1} in Table III, and
all the others can be obtained by the following relations:

B.1 | pR.1 B.1 | pR.1
Oy A 7.1 ra_—P +P 2
= - = = 7
p P =g . )
The corresponding Y functions of Fig. 3 are
1
VI om, M) = 25 {2 + a6 + Bl + Bl (m M. ), (28)
g 90 40 - > |
7 ) = 5 {98+ |20 - B+ Dy - ol + VL + 7V + -5 |
3 . >
+ {—5610512] T3+ [—CIOQZ]J;z}r(myM, E+qo—A.q). (29)
T.2 g Dqo T =21 7T =217 Lol
Yi2(m, M) EJT T+ T_E I3 + [Dao = qo) T3, + [=4%1704 + [-@*) 5 + ~5909" |/
3 >
+ { 2Qoq2] Th + [—510612]J3T2}r(m7M’5— A, q). (30)
B.1 _g [P 1] Loo] s Voo Lol D2 L L~ B
Y (m»M)=]T4 4 2 Ji + —11 Jo + _EDq ) 215+ _5 —24 S+ Z(‘I) s
| 1.
+ [3@2 |+ [ @] f e - - a.g) a1
R g ([D* 1] . 1., 1 1. 1 "
Y (m’M)E]TA; 4 2 a7t 11 IS+ |=5D¢* =53 |5 + _ED‘] —561 Jp+ 4( )7 |2
1. 1.
+ [E(qz)z} T+ [Z(W Ji } (m.M.E = A.E+ g9 = A.q). (32)
Again, taking the BB® channel as an example, the potential from the diagram B.1 of Fig. 3 reads
1 1
VgBlo == [—9YB'1(m,,, m,) — §YB'1(m,7, m,) + Y8 (my, m,) + YB (m, m,)|. (33)

Finally, the potentials V?) at O(€?) can be obtained by summing the products of the corresponding 3 and Y as in Eq. (17).
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FIG. 4. The B B potentials with the 2¢) exchange.

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Potentials of B B mesons

We have calculated the potentials of BB mesons up to
O(€?) for four independent channels. The O(e?) potentials
V() contain two parts V(><°") and V(224)_ corresponding to
Figs. 2 and 3, respectively. We will focus on the potentials
with & = ¢° = 0 in the momentum space. After the Fourier
transformation, we can get the traditional potentials in the
coordinate space. The other parameters are listed as follows
[38-41]:

m, = 139 MeV, myg = 494 MeV,
m, = \/(4m¥k —m?)/3, A =46 MeV,
f=92MeV, g¢=052, (34)

where A is the mass difference between B and B* mesons, f
is the pion decay constant, and g is the axial coupling
constant from the unquenched lattice QCD simulation.
The potentials V(©) and V(2" are both generated by the
contact vertices. They are independent of the transferred
momentum |g|. They are §(7)-like potentials in the coor-
dinate space. From Eq. (14), we notice that the terms
proportional to Dj, and E), in £§f2 do not contribute to V(©.
The potential vanishes in the channel (B B)° at the leading
order. At the next to leading order, the situation is different,

2,c

Ve — 019D, - 0.02D,, — 0.085E, — 0.36E,,
v _ _0.53E, — 0.53E,,

vizen _ _032E, — 0.32E,. (35)

All the terms in 64(31) contribute to V(2 <" However, in the
BB', B,B,°, and BB,'/? channels, the contributions
proportional to D, or D, from different diagrams in
Fig. 2 cancel each other. Roughly speaking, the corrections
y(@con) are small compared with the leading order
contribution. We also notice that

(2,cont)

|V— cor | > |V{2,cont)| ~ |V(2,cont)|
BB

e~ Vi (36)

As we have emphasized in the previous section, the finite
parts of the O(e?) LECs in Egs. (9)~(12) also contribute to
the potential while its divergent parts cancel the divergence
from the one-loop diagrams. Unfortunately, we are unable
to fix these LECs because of the lack of experimental data.
In the following analysis, we focus on the behavior of the
2¢-exchange potentials.

We plot the 2¢-exchange potentials V(>2#) of the B B
mesons in Fig. 4. From the figure, the contributions from
the football and triangle diagrams are coincidentally close
in all the B B channels. When the transferred momentum is
small, the sign of the potential from the crossed diagrams is
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FIG. 5. The DD potentials with the 2¢) exchange.
ifferent from that of the other 2¢-exch iagrams. 5.1
ﬁ erent fro ltlatg teote}:l ¢ecm1geldafga s_\_’\ie 155Y (m¢l,m¢2)§50 37)
ave noticed that the 2¢-exchange potentials of the B B, N Y (m,m,)

B,B,°, and BB,'/? channels are negative in the small-
momentum region. In other words, the 2¢-exchange inter-
action is attractive if we ignore the contribution from the
LECs. In contrast, the 2¢-exchange interaction of the B B°
channel is repulsive in the small-momentum region without
these LECs. The 2¢-exchange potential in the BB, channel
is nearly twice as large as those in the other channels.

The potentials from the football diagram, triangle diagram,
box diagram, and crossed diagram are proportional to ¢°, ¢°,
g*, and ¢*, respectively, from Eqs. (28)—(32). So because the
coupling constant g = 0.52 is quite small, one would naively
expect that the potential from the triangle diagram is sup-
pressed by a factor of about 0.27, and the potential from the
box or cross diagram is suppressed by about 0.07 compared
with that from the football diagram. However, we do not see
the suppression in Fig. 4. There is also an enhancement of the
flavor coefficient f for the triangle, box, and crossed diagram
from Eq. (27), which roughly compensates for the suppres-
sion of the small g. That is why we see neither the
suppression due to the small ¢ nor the enhancement of f
in the numerical results. If we let g — 1, the potential from
the box or crossed diagram would be much larger than the
potential from the triangle diagram, which would be larger
than the potential from the football diagram.

From Fig. 4, we notice that the contribution from the box
diagram dominates the potential V(>2#). From Eq. (32), we
have

where the intermediate meson pair ¢,¢, can be zK, ny,
KK, Kn, or nn. So the potential from the box diagram is
dominated by the intermediate states with at least one kaon
or eta meson.

B. Potentials of the DD mesons

Similarly we can study the potentials between the D,
DT, and D7 mesons. Now the intermediate heavy vector
mesons are D*°, D** and D}*. The mass difference A
increases to 142 MeV. The axial coupling constant g =
0.59 from the decay width of D** [38]. The LECs D, E,,
etc., should be modified correspondingly. The expressions
for the DD mesons are the same as those for the B B’s
except that the channels are DD', DD°, DD, and
DD,'/2. The DD potentials with the 2¢ exchange are
plotted in Fig. 5. The potentials related to the contact terms
are

(2.cont) DD DD
VDD, = 0.89E7" 4 0.89E, 7,

yien) _ _0.50pPP 4 0.2DPP — 0.0056ERP 4 1.1EPP,

vgﬁ‘? — 1.1EPP + 1.1EPP,

2,cont
Vs = L1ERP 4 1L1EDP. (38)
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FIG. 6. The B B potentials with the 2¢ exchange in different schemes.

We notice that there is a big difference between the
potentials V(>¢°") of the B B and DD mesons by comparing
Egs. (35) and (38). The difference originates from the
different axial coupling ¢g and mass difference A. The signs
of most of the terms in V(2" are different for the bottom
and charm cases if assuming Da /b (Ea /b) is equal to D,
(E,p) for the B mesons. One obtains the relation

VoS IV > V™

: (39)

which is different from that in the case of the B mesons.
Comparing Figs. 4 and 5, one can find that the total
Vﬁ; ) is roughly twice v D D %) for each channel. Moreover,
the separate contributions from the crossed or triangle
diagrams have opposite signs for the B and D mesons.
One can obtain the potentials of anti-heavy mesons
based on C-parity conservation

VBBI — VBBI, VDDI - VDDI. (40)

V. COMPARISON BETWEEN RESULTS IN
DIFFERENT SCHEMES

One can also systematically study the potentials of the
heavy pseudoscalar mesons without heavy vector mesons
as the explicit degrees. The contributions from the heavy
vector mesons, as well as other resonances, will be
embodied in the low-energy constants. In the scheme
without heavy vector mesons, the potential at the leading

order remains the same. However, only the football dia-
gram survives at O(e?).

It is also very interesting to investigate the case with strict
heavy quark spin symmetry. Now the heavy vector mesons
are included as the explicit degrees but the mass difference
A is set to be zero. When A approaches 0, the potentials
induced by the diagrams h.1, h.2, and B.1 will approach
infinity if the 2PR contributions are not removed. The two-
heavy-vector-meson-reducible  contribution does not
appear when the mass difference A is finite. It only appears
as A = 0 before the subtraction. So there is a jump in the
potentials as A goes from nonzero to zero. When solving
the nonperturbative equation to get the observable, the
potentials such as Vgp_ -5 must be included as A = 0.
But they are not necessary as A # 0. Thus the jump might
vanish for the observable such as the binding energy.

In the new approximations, the potentials do not change
at the leading order. The difference appears at the next to
leading order. In the approximation without the heavy
vector mesons, there does not exist those diagrams in
Fig. 2, so V(2% — (. In the approximation including the
heavy vector mesons and A = 0, we have

e
Ve — _0.78E, — 0.78E,,

v;.”.; = 0.48D, — 0.077D, — 0.17E, — 0.91E,,
(2.com) _

Vi = —12E, - 12E,

VisT) = —0.88E, — 0.88E,, 41)
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FIG. 7. The DD potentials with the 2¢) exchange in different schemes.

and

(2.cont)
Vi = —1.0ERP — 1.0E}P,

2,cont
V<Dl§3 ) = 0.62DPP — 0.099DPP — 0.22EPP — 1.2EPP,

(2.cont) _
Vi po =—16EZ” — 1.6EPP,

Vi) — _1L1EDP — 1.1EDP.

(42)
The difference between the B B and DD potentials only
originates from the different axial coupling g as A =0,

(2,cont)
Vi .52

pl2eon) ~ 0592

0.8, for A =0. (43)

The B B potential with A = 0 is nearly twice as large as
that with A =46 MeV in every channel by comparing
Egs. (35) and (41). The potentials with A = 46 MeV are
approximately equal in the channels BB' and BB,!/?,
while those with A =0 are not equal. The difference

between the DD potentials is even larger with different
A from Eqs. (38) and (42). The sign of the DD potential as
A =0 is different from that as A = 142 MeV in every
channel. The potential of the channel DD, is very close to
that of the channel DD, /2 for the case with A = 142 MeV,
but the situation is different for the case with A = 0.

The difference between the potentials with different A
mainly results from the subtraction of the 2-heavy-vector-
meson-reducible contributions to get the potentials of the
heavy pseudoscalar mesons as A = 0. To recover the two-
heavy-vector-meson-reducible contributions, one should
include the potentials such as Vzp_z-5- when solving
the nonperturbative equations to get the observable
as A =0.

We list the B B and DD potentials with 2¢) exchange in
different approximations in Figs. 6 and 7, respectively.
From Fig. 6, the potentials are relatively close between the
case without B* (case I) and that with A = 0 (case II). The
potential |V| for case I or II is about 15%-50% of that for
the case with B* and A =46 MeV (case III) in every
channel. The dependence of the potential on |g| for case IIT

TABLE IV. The 2¢-exchange potentials of B B with different 4 in units of GeV~2.

2,2 2,2 2,2 2,2
] y220) v229) Vo Vi)
1G] MeV] 0 300 0 300 0 300 o 7 300
= anf 18 oY) 24 2 57 “62 33 _37
=08 GeV —14 18 20 18 _s1 ~s6 28 )
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is slightly stronger than that for the other two cases in the
channels B B!, B,B,°, and BB,'/?. The potential decreases
for case Il and increases for the other two cases as |¢]
grows in the channel B B°.

The situation in Fig. 7 is similar to that in Fig. 6. But the
difference of the DD potentials between different cases is
smaller than that of the B B potentials. We notice that the
DD potential is equal to the B B potential for case I in each
channel since the potential from the football diagram is
independent of the mass difference A and the axial
coupling constant g.

The 2¢-exchange potentials in our results depend on the
energy scale A that arises from the dimensional regulari-
zation. Thus the variations of the potentials with 4 might
reveal the effect of the LECs to some extent. We reset
A =0.8 GeV, which is different from the previous one
A=4rf ~ 1.2 GeV. For comparison, we list Vgg¢> poten-
tials (for case III) with different A in Table IV. From
Table IV, one notices that as 4 goes from 4zf to 0.8 GeV,
the 2¢-exchange potential changes about 10%—-20%.

VI. SUMMARY

In a short summary, we have calculated the potentials of
the heavy pseudoscalar mesons up to O(e*) in the
momentum space with HMyPT. We have carefully ana-
lyzed the tree-level contribution and one-loop correction to
the contact vertices, and the 2z-exchange contribution. We
have also discussed the potentials in different schemes.

Generally speaking, the potential of hadrons can be
separated into long-range, medium-range, and short-range
parts. For the two heavy pseudoscalar mesons, there
does not exist the long-range I1¢-exchange potential.
The medium-range potential contains the 2¢-exchange

PHYSICAL REVIEW D 89, 074015 (2014)

potential and the contributions by the Lagrangians (9)—
(12). The 2¢-exchange potential is model independent (still
renormalization-scheme dependent) since there are no
unknown constants in it, which is very essential for the
medium-range interaction of the heavy pseudoscalar mes-
ons. The interaction induced only by the 2¢ exchange is
repulsive in the channels B B/=°, DD'=%, while attractive in
the other channels. Unfortunately the leading order cou-
pling constants from the contact terms and LECs at O(€?)
remain undetermined due to the lack of experimental data.

Once these LECs are extracted from lattice QCD
simulation, other model approaches, or future experimental
measurements, the potentials derived in this work can be
used to study the possible molecular states or scattering
phase shift of the two-heavy-pseudoscalar-meson system.
On the other hand, the analytical chiral structures of the
potentials of the heavy meson pair may be useful in the
extrapolation of the heavy meson interaction from lattice
QCD simulation.
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APPENDIX A: SOME FUNCTIONS USED FOR
POTENTIALS

The J functions can be obtained by calculating the
following integrals in D dimensions:

[ dPLA*D (1,12, 1218 [21P17}
l/ 2n)? (v-l+w+ie)(l* —m? +ie) = {J§. vy 0TS, + 975, (gVo) IS + v PTG (m ), (AD)
[ dPIAP {1, 171y . .
| i = VO (A2
,/dDM‘*—D {1, 10, 1P [1P]7}
1
2n)P (v-l+w+ie)[(+/=)v- 1+ 6+ ie] (I —m? + ie)
= {JU" vt e U B0 (o) JUE 4 v ot FY (m, @, 8), (A3)
) dDM,4_D {1’ la’ lalﬂ, lalﬂly}
l/ @n)P (P—m+ie)(q+ ) —M> +ie] {6, a"I11. a°d"I5, + 97055, (9va)J5, + q°dPq" T35} (m M. q),
(A4)

074015-11



ZHAN-WEI LIU, NING LI, AND SHI-LIN ZHU PHYSICAL REVIEW D 89, 074015 (2014)

, / dP 134D (1,19, 1908, 12 1P 190 1 19)
l
27)P (v -1+ o+ ie)(I> —m? +ie)[(q + 1)* — M? + i€
= {J5, ¢, + v 15, g5, + 4GP TS + v I+ (gvo)Ia,(av )Gy + 4" aP g T + (V)T + (gve) T,
+ (qvi) s + v P Tig, (gv gl + (Ve )T + 4* P4 T + (gvo*) iy + v P o o T + (g Vo)l

+(q* Vo) + (gv ) ig+(9vavo)Jigh(m. M. w. q). (AS)
, /dDm“—D {1, 12,1218 12lP 1Y 121P 119}
2n)P (v -1+ w+ie)[(+/=)v -1+ 6+ ie] (I — m* +ie)[(q + [)* — M? + ié]
= {50 g + om0 E g ISP 4 g T+ v TR 4 (qve) 15t (gva) AT + qdP g T + (qPve) T
+ (gvo)INE 4 (qvor) IR - vm b JRE (v g)IRIE 4 (gv ) TSR + g2 g P TR + (gvo?)IRE 4 vl ur P g RLE
+ (Pl + (Vo) TP+ (gvod) TP + (gvavo) T (m M. w, 6. q). (A6)

where we have used the following Feynman rule for propagators of two heavy mesons in HMyPT to remove the 2PR
contributions from the Feynman diagrams:

L [(—) L _27is(v- 1+ a))]

1 _ (v-l+w+ie) v-l+w+ie
(v-l+o+ie)[(sgn)v-1+6+ie],

s 11-l+w+ie)2

E(—)7( L sgn=—,8 = —w

1

(v-l+w+ie)[(sgn)v-I+5+ie] other

(A7)

The notation XVYVZV --- represents the symmetrized tensor of X*Y#Z" --., and in detail,

gvv =g + ¢l gvg=gTq + g7 +gPq",  gvv=gPur + g + gt
Vo = ¢Pqgv® + q*q' v + q%qP, gVvv? = g v + P’ + g P,
gVg=gPg° + g + g7 VG =49’ + 4" + a"a' P + 797 + g + Pl g
gVt = 0P g0 + v* PP + vt PP - TP g+ PP g+ Pt g,
Vv =@ v + ¢°q °vP + ¢°¢P P + q%qP g7 P, gV’ = @’ + g P’ + Pt ® + g® P o’
@*Vv? = @ v + ¢ v + PP + ¢P g v + g P’ + q%qP P,
gvavo = gPvg? + g VP g + @ + g v PP + g T+ g 0 P+ 0 g+ PP g+ g7 g

+ @ P g% + gP P g + gPor . (A8)

|
APPENDIX B: ESTIMATION OF get the potential [43—45]. In what follows, we apply for the
CONTRIBUTIONS FROM THE LECs AT 0O(e?) quark-flow approach in which one uses the ordinary chiral

We will estimate the contributions of the LECs to the L.agra{lglani ]i)ut shozld ehml'nate. all dlagramilcontalqting
) 2\ based on the data from the virtual quark loops. As an estimation, we roughly consider
potentials at .order O(e), .ase the contributions of the tree diagrams to fit the data of the
quenched lattice QCD study in the two-flavor case [42]. In quenched lattice QCD study.
the quenched QCD, the “quark-flow approach” or To O(€?), the potential from the tree diagrams in the
“quenched chiral perturbation theory” should be used to  three-flavor case can be written as
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FIG. 8.
Eq. (B5).
ch ch ch ch ch
oy X p 2 2 3 2,V -
V@) = S+ Jame it i+ g
Ay =1 GeV, (B1)

where a“" can be obtained by Eq. (14), and 5" and y" are
the linear combinations of LECs at O(e?). In quenched
QCD, the potential in the two-flavor case can be estimated
as follows:

Il I

QQCD(-»Q) _a 2

.
QU = —+—m2+—q% Ay =1 GeV,
e Aj AT A

(B2)

where a’, b, and ¢! are similar to a, ¢, and y°" in the
three-flavor case.

From Eq. (14) one obtains ¢’ = 0. Introducing Gaussian
form factor exp(—g*/A%), we perform the Fourier trans-
formation to get the potential in the coordinate space,

> ! o N Py e
The specific expression of the potential is
VQQCD(F> _ 1A3G exp(—3Agr?) a_1+b_1m2
BB 4 32732 AN
ol
+ FA%;(6 - Aéﬁ)] : (B4)
0

By fitting the results of the quenched lattice QCD [42],
we obtain with y3 ;= 3.7

a’ =0, b° = 94 + 38, ' =-16+09,
a' +0.16b' =42 438, c'=—-69 +13,

Ag =708 £ (2 x 10™°) MeV. (B5)

We show the lattice data and the fitted curve in Fig. 8.
However, we cannot determine a' and b', respectively,
since the results of the lattice study are given with only one
set of m, = 402.5 + 6.7 MeV.

With these values of @/, b!, and ¢! from the lattice
simulation, we can discuss the potential at the physical pion
mass now. The potential V3 zo contains three parts up to
O(e?): VgéLOEC) from LECs at O(e?), the 2z-exchange
contribution Vggoﬂ),

5p0 - Presently we cannot determine the third term
since there is only one set of data with
m, =402.5 4+ 6.7 MeV. We obtain the first term with
the value of 5% = 94 and ¢ = —16, and the second term
by turning off the propagation of kaon and eta. As |g| goes

from 0 to 300 MeV, V72

0.4 GeV~2, and V%zg()”) changes from —0.88 GeV~2 to
—6.6 GeV~2. Thus the potential induced by the LECs is
repulsive, whereas the 2z-exchange potential is attractive.
The potential induced by the first and the second terms is
repulsive but very weak at extremely small momentum in
the case without the contributions of kaon or eta, and it

becomes attractive when |g| is hundreds of MeV. If b° and
¥ take values in the interval (—10,10), V%zg:)Ec)
(2,27)
BB° |

and loop corrections to the contact

terms V<-2’-C°m)

changes from 1.8 GeV~2 to

is

0.2 GeV~2 uppermost, and it is smaller than |V
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