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We compute three-point functions for the SL(2, R)-WZNW model. After reviewing the case of the
two-point correlator, we compute spectral flow preserving and nonpreserving correlation functions in the
space-time picture involving three vertex operators carrying an arbitrary amount of spectral flow. When
only one or two insertions have nontrivial spectral flow numbers, the method we employ allows us to find
expressions without any constraint on the spin values. Unlike these cases, the same procedure restrains the
possible spin configurations when the three vertices belong to nonzero spectral flow sectors. We perform
several consistency checks on our results. In particular, we verify that they are in complete agreement with
previously computed correlators involving states carrying a single unit of spectral flow.
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I. INTRODUCTION

The SL(2,R)-WZNW model has many physical appli-
cations, ranging from gravity and string theory [1-10] to
condensed-matter physics [11-14]. The model has been
intensively studied since the AdS/CFT correspondence was
conjectured [15-17], as it describes the world sheet of a
string propagating in AdS; with a background NS-NS
2-form B field. So far, this is one of the few known schemes
in which Maldacena’s conjecture can be explored beyond
the supergravity approximation with complete control over
the world-sheet theory. The interest in models with a
SL(2,R) x SL(2,R) global symmetry has been recently
renewed within the context of integrability [18] and AdS;
gravity [19].

In a WZNW model with a compact underlying symmetry
group, the spectrum is built upon representations of the
corresponding zero-modes algebra [20]. Once all the
vectors in these representations are assumed to be annihi-
lated by those modes with positive frequency, representa-
tions of the full current algebra are constructed by acting on
them with the negative-degree modes. Unitarity further
restricts the possible configurations. When this standard
procedure is implemented in the SL(2, R)-WZNW model,
which is a nonrational CFT, for those zero-modes repre-
sentations with energy bounded below, the absence of
negative norm states in the physical spectrum of the string
can be reached if the allowed values of the spin have an
upper bound [21-26]. This bound implies a coupling
independent restriction on the masses of the physical states
that originally raised doubts about whether a no-ghost
theorem could be proven for strings in AdS;. Moreover, the
spectrum generated so far is empty of long string states, i.e.,
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finite energy states corresponding to strings stretched
closed to the boundary of AdS; [27,28].

Both problems were solved in [29]. In this reference, a
spectrum involving unbounded energy representations was
proposed for the SL(2, R)-WZNW model and the no-ghost
theorem based on this spectrum was proven. The case in
which the target space is the universal cover of the SL(2, R)
group manifold has always been considered. In [30] (see
also [31]) the proposal was verified by computing the
modular invariant partition function for a string in
AdS; x M, where M is a compact space represented by
a unitary CFT on the world sheet.

A key ingredient for generating the full spectrum as in
[29] is the concept of spectral flow. The spectral flow
automorphisms constitute a family of automorphisms of the
current algebra labeled by an integer number w, the so-
called spectral flow number, which, for some states, could
be recognized as the amount of winding of the string in the
angular direction of AdS;. For WZNW models based on
compact Lie groups, spectral flow relates standard repre-
sentations, mapping a primary state of one into a current
algebra descendant of another. Unlike the rational case, in
the SL(2, R)-WZNW model representations with different
spectral flow numbers turn to be, generally, nonequivalent,
the spectral flow automorphisms thus defining new repre-
sentations from the conventional ones. These spectral
flowed representations are generated by infinitely many
affine quasi-primary fields and they have energies
unbounded below, giving account of long string states.

Concerning the correlation functions of the model, those
with only unflowed vertex operators are obtained from the
correlators in its Euclidean counterpart, namely, the H7 -
WZNW model [32,33], by means of a proper analytic
continuation. More care must be taken, however, when
dealing with amplitudes involving flowed insertions. There
are two strategies for computing this kind of correlators,
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both exploiting the singular properties of the so-called
spectral flow operator.

The first one was developed in [35] and, according to it,
the computation is completely performed in the original
space-time basis, also called the x basis for short. Roughly,
the vertex operators associated with flowed states are
expressed as unflowed vertices convoluted with spectral
flow operators, the corresponding integrals being under-
stood to hold inside any correlation function. This pro-
cedure was, then, used for determining the propagator of
two states carrying a single unit of spectral flow each and
the three-point function involving two unflowed states and
one vertex with @ = 1. In [36] these results were gener-
alized by computing three-point functions with only one
unflowed state and two insertions with a unit of spectral
flow and certain three-point correlators with all of their
vertices in the w =1 sector. The main restraint of the
method relies in the fact that the referred integral definition
of a flowed vertex exists, so far, for operators with a single
unit of spectral flow, the generalization for an arbitrary
amount of spectral flow being still lacking.

The second strategy, the so-called FZZ method, was
firstly presented in [37] based on the parafermionic vertices
and the properties of their correlation functions. It does not
suppose, a priori, any constraint on the value of w. Starting
with a regular unflowed correlator, a spectral flow operator
is inserted for each unit of spectral flow carried by each
vertex. After Fourier-transforming the amplitude thus
obtained to the m basis, i.e., the basis in which the
Cartan generator of SL(2,R) is diagonal, the dependence
on the “unphysical” insertion points is removed and the
world-sheet dependence, adjusted. The computation even-
tually concludes when transforming back to the original
space-time basis.

One of the consequences that can be read off from the
FZZ procedure is that, up to their dependence on the world-
sheet coordinates, correlation functions in the m basis
carrying the same total amount of spectral flow coincide.
This fact can be exploited in order to reduce the number of
inserted spectral flow operators to a minimum value. It
follows, for instance, that not only amplitudes with
unflowed vertices, but also spectral flow preserving corre-
lators in the m basis involving vertex operators in flowed
frames, are determined by Fourier transforming the corre-
sponding analytically continued expressions of the
Euclidean model. In [38—49] it is possible to find spectral
flow conserving two-, three- and four-point functions
obtained following several techniques, in particular, using
the free fields methods. The computation of correlation
functions violating the conservation of the total spectral
flow number is more involved since, as we have already
said, they require the additional insertion of spectral flow

'We notice that an alternative efficient method to deal with
Lorentzian AdS; is given in [34].
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operators. Spectral flow nonpreserving correlators are
discussed in [35,44,50,51].

Transforming the correlation functions in the m basis
back to the space-time picture is, by far, a nontrivial task.
Nevertheless, when the affine symmetry of the current
algebra fully dictates the functional dependence of the
correlators on the space-time coordinates as, for example,
for the two- and three-point functions, no integral trans-
formation is needed and the FZZ recipe can be finally
realized. In this paper we follow these ideas in order to
compute three-point functions in the space-time represen-
tation with no restriction on the amount of spectral flow the
states carry. Our results generalize, thus, those obtained in
[35,36] in the w = 1 sector.

The paper is organized as follows. In Sec. II we present
some generalities of the SL(2, R)-WZNW model and its
Euclidean counterpart. We stress that by the former we
mean the WZNW model whose target space is the universal
cover of the SL(2, R) group manifold. After analyzing the
spectra of both theories, the superselection rules for spectral
flow violation are discussed and the expressions of the
previously computed spectral flow conserving and non-
conserving correlators with two and three insertion points
are given. In Sec. III, after introducing the vertex operators
associated with spectral flowed states, we review the
computation of the propagator in the space-time picture
as in [35]. We also clarify some aspects concerning the
notation, since ours differs from the one employed in this
reference. In Sec. IV we compute all nontrivial three-point
functions with insertions carrying an arbitrary amount of
spectral flow. When only two vertices belong to nontrivial
spectral flow sectors, we find no constraint on the spin
configurations. This is not the case when all the vertex
operators involved have nonzero spectral flow number. We
further discuss this matter. Finally, we present our
conclusions.

II. THE H;-WZNW AND SL(2,R)-WZNW
MODELS: SOME BASICS

The elements of the hyperbolic space Hy are the 2 x 2
Hermitian matrices with determinant equal to one. Since it
can be realized as the right-coset space SL(2,C)/SU(2),
the sigma model having H7 as target space can accordingly
be constructed as a coset of the SL(2, C)-WZNW model by
the right action of SU(2). The Lagrangian is expressed in
terms of the so-called Poincaré coordinates (¢, u, it) as [52]

L = k(0gop + 2 0udu), (1)

where k is the level of the mo_del, related to the scalar
curvature of H, & = 8/0z and d = 9/0%, (z, 7) being the
(complex) coordinates of the world sheet. The correspond-
ing action has a set of holomorphic and antiholomorphic
conserved currents, J%(z) and J%(Z), with a =3, +,
respectively, whose modes J¢ and J¢ generate two
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commuting isomorphic 81,-current algebras. The genera-
tors J4 satisfy the following commutation relations,

(3,05 = £J5,,

1
[J%,JSm] = —Ekn5n+m,0, (2)
s ] =203 0 + kb, o,

and similarly the antiholomorphic modes J¢.

Associated with the current algebra there are, as usual,
two commuting Virasoro algebras constructed by means of
the Sugawara procedure. Their generators are given by

1

L, — mz (Jhodn + Tt =203,2,03), (3)
n=lI

for every m # 0, and

1 |1 _ _
Lo=7— [5(1310 +J575) = (Jp)?
+ Y ULy IS =2, )
n=1

and they satisfy the commutation relation

(= )pimor (5

{Lm’Ln] = (I’l 12

- m)Ln+m +
where the central charge is given by
c=—-:. (6)

Analogous expressions hold for the antiholomorphic gen-
erators L,,.

The space of states of the model is decomposed into a
sum of irreducible unitary representations of the current
algebra [32,33]. They are parametrized by the spin
j=-1/2+il, with 1 € R_, and are defined as follows.
One considers a representation for the zero modes J§j and
J&, corresponding to a principal series of SL(2,C), and
after requiring it to be annihilated by J¢ and J¢ for every
n > 0, it is extended to a representation of the full current
algebra by acting with its negative triangular part, namely,
with the generators J¢ and J¢ with n < 0.

A concrete realization of the spectrum may be obtained
by means of operators ®;(x|z) having the following
characteristic OPEs with the currents,

J4(2)@;(x[w) ~ Dj®;(x[w), )

=W

where
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=—0,. D? = —x0, + J,

j
D} = —x*0, + 2jx,

D
®)

and the same for J¢(z) with similar expressions for Dj“-. The
labels (x,X) are coordinates that parametrize S?, the
boundary of HJ, which is the target space of the dual
two-dimensional CFT [39,40], so that we shall refer to this
realization as the space-time picture. Notice that the
operator ®;(x|z) is not only an affine primary but also a
primary for the Sugawara-Virasoro algebra with conformal
dimension

®

In the semiclassical regime, the operator ®;(x|z) can be
identified with the following conti\-nu\-um-normalizable
function on H7,

142

P;(x]2) (u=x)(t—x)e? +e )2, (10)

Normal ordering does not not allow the quantum operator
to get such a simple form. However it simplifies in the
large-¢ limit where the interaction vanishes, leading to
P;(x|z) =1 e721H)9:52(u — x)
+B(j)e?(u—x)¥(n—-x)Y:. (11)
This expression fixes the normalization of the state and, in

addition, it makes explicit the linear relation between
®;(x|z) and ®_;_;(x|z) given by

) = BU) [ e, xl), 02)

where
P2
B(j) = WY(I + b (1 +2j)).
v= %y(l —p),  Br=(k=2)"",  (13)
with
I
10 =i (14)

The invariance of correlation functions under the sym-
metries generated by J§, J& and L, L,, n==£l,0,
determines the functional form of the propagator and the
three-point function up to certain constants depending
strictly on the spin configurations. They were computed
in [32,33]. For the two-point function one has
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(@), (x1]21) @), (x2]22)) = [6(1 + j1 + j2) 8 (x12)
+B(j1)8(j1 = jo) [xia ¥ ][zia |7,
(15)

where x;, =x, —x; and z;, = 20 — 7.
function is expressed as

<1131]@j;<xi|zi>> -

where the product runs over all cyclic permutations
of the labels and we have introduced j, = j, + js, = Jo,
and A=A, +A, —A,. The structure constants

C(j.) = C(j1,Jo, j3), as proposed in [32], are given by

The three-point

CUa) [ [Fom 7 |20,6,| 227, (16)

C(j,) = G+ ji+j2+Jj3) HG(G(J};) .an

y—l—jl—jz—szO 1+ 2j51>

where the special function G(j) is constructed by means of
the Barnes double gamma function as follows [53],

G(j) _ b—hj(h+b"+bj)r*2(_ —1)
x Ty(b+ b~ + bj|b,b7"), (18)
and
Gy = —27%(1 + b*)G(-1). (19)

The dependence of the three-point function on (x,X) is
uniquely fixed by the SL(2, C) invariance as long as no j,
equals a negative integer for any cyclic permutation o.
Among the properties of the function G(j) defined by (18),
the following ones play an important role:

G(-1-b72—)) =G(j). (20)
G(—1+j)=y(1+b%)G()). 1)
G(=b7% + j) = b’y (1 + j)G(j). (22)

The relevance of these functional relations rely on the
fact that they bring a well-defined meromorphic continu-
ation for G(j) to the whole complex plane, its poles being
located at j=n+mb? and j=—(n+1)—(m+1)b7?
for n, m € N,,.

The four-point function is expressed as the following
integral,

<H‘I’ (xla)) = [ diCUi. iz B-1- )
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where the integration contour is PT =-1/2+ i,
4 € R, and the nonchiral conformal blocks G;(J|X|Z),
J = (1> Jas J3rJa)s X = (x1,%2,%3,%4), Z = (21,22, 23+ 24)5
were introduced and exhaustively studied in [33]. The
decomposition (23) is valid for

Re(l+ji+ )l Relp=j)l<y. @4
and the same for ji, j,<>J3, j4. Its analytic continuation for
other spin configurations is discussed in [33,35].

The SL(2,R)-WZNW model shares with its Euclidean
counterpart the affine symmetry though it involves different
representations. A key ingredient for generating a consis-
tent spectrum for the model is the so-called spectral flow
automorphism which is defined by

JE oS JE=J* (25)

~ k
3
J?L_)Jn:‘]?z_ia)6n,05 ntw’
with w € Z, and similarly for the antiholomorphic modes.
Notice that the Sugawara-Virasoro algebra is mapped under
a spectral flow automorphism into another conformal
realization generated by

L,—L,=L,+wl]?- ngémo. (26)
Unlike in models with underlying compact group sym-
metries, a spectral flow automorphism generally gives rise
to nonequivalent representations when acting on a current
module. The spectrum proposed in [29], for the universal
covering group of SL(2,R), contains two families of
representations of the current algebra: the one extending
the principal continuous representations of the universal
cover of SL(2,R) and their spectral flow images, denoted

by C¢” ® C7“, with j = —1/2+il, A€ Rand 0 < a < 1,
and the one extending the lowest-weight discrete series and
their spectral flow images, DI ® D, both types with
the same spectral flow number and the same value of j for
the left and right sectors. Representations obtained from the
highest-weight discrete series can be identified with those
built upon the lowest-weight series as
Nt —.w+1
’D;r ¢ ’.D_k“/’2 i 27)
allowing us to consider states lying in ZA)]_“’ ® @;’w as well
when computing correlators and restricting the range of
values of the spin to the real interval
k—1 1
-——<j< -z 28
</ <73 (28)
We shall denote by ® ]mm( z) the vertex operators asso-

ciated with the states that are images of the affine primaries
under a spectral flow automorphism, where we have
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introduced the levels m and m, with m —m € Z and
m+m € R, to keep track of the zero modes quantum
numbers in the unflowed frame. The OPEs of these
operators with the currents can be read from (25), giving

m+ kw/2

). @)

jmin

P (2)@5,,5(w) ~

Fi+m
m Y i1 a(w),  (30)

T (@) (W) ~
and the same for the antiholomorphic currents.

Vertex operators satisfying these OPEs for the case
@ =0 can be obtained from the H7-WZNW model by
performing the following Fourier-like transformation to the
so-called m basis,2

B n(z) = B20(2) = / Pxx G | (xl2). (1)

Accordingly, correlation functions for these unflowed
states are expected to be obtained by using the same
transformation on the H 3+ -WZNW model correlators, their
validity assumed beyond the Euclidean spectrum.
Moreover, since correlation functions with the same total
spectral flow number just differ in the power dependence
on the world-sheet coordinates, once the conformal dimen-
sions are changed as

k
A= Ao—a)m—zwz, (32)

an expression that follows from (26), correlators with
unflowed operators as well as those preserving the total
flow though involving spectral flowed primaries can be
computed by means of this Fourier transform.

The two-point function computed from (15) following
this method gives, for w; + w, = 0,

<(I)3)1]m1 my <Z1 ) ézzmzrhz <Z2)>

. DN —1—j
= [5(1 +.]1 +.]2) +B(_1 _Jl)cmlthl]

x 8(j1 = jo)J%(my + m) Mz, (33)
where
j r_ y(=j+m)
C;nrh - . . k) (34)
y(=27)y(1 + j+m)
and

2Concerning this transformation, let us stress that going from
H7 to SL(2,R) cannot be reduced to a change of basis, as the
Mellin transform can be defined in both cases. It involves an
analytic continuation in the space-time coordinates. See [42] for
more details.
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5 (m) = / d*xxm 1t = 472 5(m + m)S, . (35)
c

The three-point function with @; + @, + w3 = 0 is given
by

3
< q)j'jim,-m,(zi)>:C<_1_ja)W(ja;mav”ha)

i1

x 8 (my +my +my) | [z3Za07. (36)
with W(j,; m,, m,) defined as
W(Ja’ mg, ﬁla) / d2x1 d2X2
Joytms —j{x +11,
X H 1 1 l 1

where x3,X; = 1, and, again, the product runs over all
cyclic permutations of the labels. This integral was explic-
itly computed in terms of certain hypergeometric functions
in [45]. Concerning spectral flow conserving four-point
functions, they were determined from (23) in [46,49].
Independent computations of all these correlation functions
using the free field approach were performed in [38,41,44].

Correlators in the SL(2, R)-WZNW model can violate
the spectral flow number conservation according to the
following selection rules,

Xg0,| 277, (3T)

N +Ny
Z w; < NC - 2,
P (38)

when at least one state is inC" ja @ cY Y

~N,—-N;+2<

N AN,
~N,+1< w; < -1,
; (39)

when all states are in f);”w ® @;“W,

where N, is the number of vertex operators associated with
states in @;Va ® @;Va and similarly N, for those lying in
f);“w ® f?;"w. By virtue of the series identification (27), if
states in IA)JT'W ® f);’w
rules show that two-, three- and four-point functions can
reach maximal violation with 0, 1 and 2 units of spectral
flow, respectively. The determination of these spectral flow
nonpreserving amplitudes is more involved that those we
have already referred. Indeed, a suitable procedure for
performing this kind of computation nontrivially includes
in the correlators an additional vertex, the so-called spectral
flow operator, for each amount of flow violation they
present. This method was developed in [37] and it was used
in [35,44] for obtaining the following expression for the

are also taken into account, these
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three-point function violating the spectral flow conserva-
tion in a single unit, namely, for @w; + @, + w3 = *1:

3
<H¢3‘me,»m,»(1i)> = C'(=1 = ja)W' (ja; £mg, £m,)

i=1

x52(m1 +m2+m3 :tk/2)

x [ [z (40)
where
. B(j)C(=k/2—=ji, ]y, ]
y(=k/2=j1=Jj2—J3)
and

3
W (jgi mg. ing) = sinfa(my — )] [ [ (1 + ji + my).
i=1
42)

An independent computation of this correlator was per-
formed in [50] using free field methods. Four-point
functions violating the spectral flow conservation are not
reported in the literature.

III. CORRELATION FUNCTIONS IN
THE SPACE-TIME PICTURE

The vertex operators in the SL(2,R)-WZNW model
serve as ingredients for the string theory vertex operators
describing states created by sources in the boundary of the
target space. For example, if ®;(x|z) is a field associated
with an unflowed state like in (31) and ©(z) is a spinless
world-sheet vertex corresponding to the internal CFT, the
sum of their scaling dimensions assumed to equal 1, an
operator like

V,(x) ~ /C P2 ,(x)2)0(2), (43)

is a vertex describing a string state created by a pointlike
source located at (x, X) on the boundary of AdSs, and, by
means of the AdS/CFT conjecture, it can be identified with
a CFT operator inserted at the same point. Scattering
amplitudes involving operators in the space-time represen-
tation, unlike amplitudes with states in the m basis like
those we have reviewed in the previous section, acquire a
similar interpretation when integrated over the moduli
space of the string world sheet as correlation functions
on the dual two-dimensional CFT.

For unflowed primaries, the definition of the coordinate
basis vertex operators comes from the Euclidean model
through analytic continuation. The corresponding correla-
tors are the ones of the Hy -WZNW model. The situation is

PHYSICAL REVIEW D 89, 066006 (2014)

more complicated when treating spectral flowed primary
states since they generally lie in representations with
unbounded energy. A solution for this issue was proposed
in [35]. Let | ) be an arbitrary lowest-energy state, like any

primary in C}, or wa, obeying

LolW) = Ag|W),  T3|W) = m|W),
T30 =0, n=1,23,... (44)

The same state can be seen from a spectral flowed frame
with @ > 0 as satisfying

_ ) = (s &
Ll =), ) = (mege)w.

J5|0) =0;

namely, |¥) corresponds to the lowest-weight state of a
certain discrete representation D of the global SL(2,R)
algebra generated by the zero modes, the spin being
J=—-m—kw/2. Similarly, if the flow number w is
negative, the spectral flow automorphism turns |¥) into
the highest-weight state of a discrete representation D7
with J = m + kw/2. The SL(2, R) algebra generated by J
is identified with the space-time isometries of the back-
ground and the global SL(2) symmetries of the CFT at the
boundary. Accordingly, vertex operators having flowed
primaries and their global descendants as moments were
proposed in [35] as those relevant for physical applications.

A couple of comments are in place concerning these
vertices. On the one hand, the eigenvalues of J3 and its
antiholomorphic counterpart do not necessarily agree,
therefore it is also the case for the global right- and left-
moving SL(2) spins, namely, spectral flowed vertices are
no longer expected to be spinless operators, their space-
time planar spin being given by the difference between
J and J. This number has to be an integer in order for the
corresponding correlation functions to be single-valued.
Secondly, since the lowest-weight state of the discrete
representation D} and the highest-weight of Dj both
contribute to the same operator, flowed vertices are not
labeled by the spectral flow number but its absolute value
instead. '

We shall denote the flowed vertex operators by ®7(x|z)
where @ is now the (positive) amount of spectral flow and
the superscript j was introduced to remind us the spin of the
unflowed states this vertex is built from. The transformation
between the x basis and the m basis is carried on as before,
namely, we have

®r(2) = j: Pox! MEMOTITY o (x]z), (46)

where M and M are the eigenvalues of J3 and J3. Unlike the
nontrivial reflection of the global SL(2) spin, the reflection

066006-6



MORE AdS; CORRELATORS

of j in (46) is rather a choice by virtue of (12). For
the extremal-weight moments we have the following
identification:

(Dfijj,ﬂ(z) = (I);mem(z)’

-k
rh:j:J:EEa). (47)

Notice that the integral transform (46) cancels whenever
J — J is an integer unless M — M is also an integer number.
We will assume this in the following.

Thus far, there are two methods available to perform the
computation of correlators involving spectral flowed oper-
ators in the space-time picture. According to the first one,
the correlation functions are computed directly in the x
basis, using two alternative integral expressions for the
flowed vertex, the one manifestly local in space-time and
the other local in the world-sheet coordinates, both involv-
ing the fusion of an unflowed state and the so-called
spectral flow operator ®_;  (x|z). The consistency of these
definitions as well as their equivalence were studied in [35].
The total spectral flow carried by a correlator translates into
the same amount of new insertions in the associated
unflowed amplitude. The corresponding Knizhnik-
Zamolodchikov equations are very difficult to solve when
more than five vertices are considered, despite of the fact
that they are simplified by the null descendant conditions
derived for the spectral flow operators. The usefulness
of the procedure is thus reduced to the determination of
two- and certain three-point functions as in [35,36].

Beyond any computational difficulty, the stringent con-
straint of this method lies in the fact that the x-basis
expressions for the flowed operators were originally
introduced in [35] for states with a single unit of spectral
flow, their generalizations for @ > 1 being still lacking. An
alternative strategy, the so-called FZZ method introduced in
[37], can be followed in order to bypass this limitation.
According to it, one has to begin with an unflowed
correlator, insert as many spectral flow operators as units
of spectral flow the final correlation function violates,
transform to the m basis in order to consistently remove the
dependence of the correlator on the “unphysical” insertion
points and, then, transform back to the space-time basis.
The FZZ recipe is a difficult procedure to accomplish since,
even if a correlation function is already known in the m
basis, its last step is a highly nontrivial task. Nevertheless,
in [35] it was noticed that Eq. (47) could serve to finally
realize the FZZ strategy in the simplest cases. Since
identification (47) holds only for highest- and lowest-
weight states, moments with other values for M and M
having contributions from flowed affine descendants, an
explicit transformation back to the x basis is, in general,
unfeasible, forcing the applicability of the procedure to

PHYSICAL REVIEW D 89, 066006 (2014)

heavily rely on the knowledge of the dependence of the
correlators on the boundary coordinates. When computing
two- and three-point functions one is able to take advantage
of their invariance under the global SL(2) symmetry to
determine this dependence up to an overall constant. The
method is, therefore, expected to be useful in these cases.
Indeed, in [35] it was successfully implemented to obtain
the propagator for a state in an arbitrary spectral flow sector
and the three-point function with two unflowed operators
and a single vertex with @ = 1. In the next section we shall
extend these computations allowing an arbitrary assign-
ment for the amount of spectral flow for each vertex
involved. Since some constraints on the spin configurations
would, in general, appear it will be convenient to firstly
review the simplified case of the two-point function
following these lines.

Invariance under the action of the algebra generated by
J& and J§ implies the following form for the two-point
function,

(@5 ()P (x2)) = DU T: jue X5, (48)

where D(J, J; j,, w,) is a coefficient not determined by the
SL(2) global symmetry. We will omit the explicit depend-
ence on the world-sheet coordinates until the end of the
computation.

By means of (46) we can transform this expression to the
m basis. Using

/ Px|x]2]1 = 22 (1 = x)m
C

_ I(I+a+n)l({+b+mI(-1—-a-Db) 49
T N Ca(—bTC+a+brntm

we obtain
J1w Jaw)
<<I)J]M 11]11‘41 (I)J21|/12]A712>
= &My + My)D(=1 = J, =1 =T =1 = g, 0, )Ty
(50)

and, therefore,

,D(-1-J,-1-T;-1-j,.0,)
11+ 27 '

J1.01 Ja.w\
<(I>J.—J,7.—7(I)JJJJ> =7

&)

By virtue of (33) and (47), it follows that D(J, J; j,,, w,)
cancels unless ®; = w, and
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D(‘L j;jwwl = w2)

[1+2J . B(ji)
= Vcon ——|o(1 + .
f ”2 ( + 1 ]2) +r (_2]1)
—1—j,—=J+kw/2 . )
1= VD 57, - 7). (52)

y(r = J + ko, /2)

where V¢ is the conformal volume on the sphere.
Introducing

Ajw _ T Vm(_l _j — J)
_1 —J ke /2, ~1=J+kao /2 — r(=2)) ro(i—=J)
(53)
with
Yo(X) = 7(x + ko /2), SR

we finally get

(@7 (31 |21) BT (32l 22))

11+ 27}

= VconfTéwl,wz [6(1+ ji + j2)

+ B(jl)A§3m15(Jl - ]2)]x12x121122A12122A1’ (55)
where

Al = AOI - CUIJ —wy + kw%/4 (56)

Notice that

ﬂ2

lim A = — = . (57)
JJ=j 7 Vconf(1 + 2])2

therefore, the regular term of the two-point function for
unflowed states is reached in the same limit, namely, by
taking

Jim D0 (xl2). (58)

D;(xlz) =
The contact term is not expected to be obtained from (55)
since the global spins for both insertions agree.

In order to determine the two-point function in space-
time, besides of the vertex operators we have considered,
the contribution coming from the internal CFT must be
taken into account. If we assume that the corresponding
vertices are unit normalized and that we are dealing with
states obeying the Virasoro constraint, this contribution
reduces to a factor zj," ‘Z]_Zh‘, where (hy,h;) are the
internal conformal weights. The target space two-point
function is obtained after integrating over the moduli space,
dividing by the volume of the conformal group on the
sphere. We get
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(VI () )V (32)) = 1420 PPy, [6(1+ i1 +j2)
+B(j) A 81— o). (59)

where

k
—w;——(1-h
q

J=-1
+4

= Ag), (60)

and a similar expression holds for J. Notice that, unlike the
situation in [35], we had no need to rescale the vertex
operators neither for states built up upon the continuous nor
the discrete series in order to obtain the correct propagator.
While the two-point function for the former is explicitly
finite, it is also the case for the propagator of a short string,
since the divergence coming from the evaluation of
8(j1 — j») at j; = j» in (59) is canceled by a pole developed
by I'(jy —J+ kw,;/2) in the denominator of (53).
Even though, there is a subtlety when performing this
cancellation, since it gives rise to an additional factor
|1 +2j— (k—2)w|. In turn this factor brings the |1 + 2/
needed in order to properly reproduce the factorization of
the four-point function onto the short string with @ = 0.

A. Notation

In the unflowed frame, our notation differs from the one
used in [35] simply in the signs of the spins, namely,

D;(x|2) <> ®;(x[z) = ®_;(x]2). (61)

A little more care should be taken when @ # 0. Since the

definition of the Fourier transform connecting the x and

the m basis in [35] is different from (46), for recovering the

expressions obtained in [35] from ours, the following
identification must be imposed,

@1(x]0) 85 (x]2)
1

- Vconf L dle(x - x’)—ll(x ) 2Jq)_]14(:/ 1+J( /|Z)(62)

The integration is needed in order to adjust the dependence
of the correlation functions in the space-time coordinates.
Indeed, using (49) twice, it is straightforward to get

(@ (x1|21) D™ (xa]22))
1

— 5, 61— —j
Vconf wl,wz[ ( J1 ]2)

+B(~j —2A, =24,

1) A ]1':}' 117001 = )y XMz, (63)

where, now, A; = Ay, — w,J + kw?/4, in full agreement
with the corresponding correlator obtained in [35].
Notice that, apart from the change in the signs of the
spins and an eventual overall factor, the correspondence
(62) resembles the reflection identity (12), a symmetry that
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it is not clear to be present in the spectral flowed frame. In
the next section we shall make extensive use of (62) when
checking the agreement of our results with other correlators
reported in the literature.

IV. THREE-POINT CORRELATORS

Some three-point functions have been already computed
in the space-time picture. A correlator involving one vertex
with a single unit of spectral flow and two unflowed
operators was obtained in [35] using the two strategies we
have already described in the previous section, and the
three-point function involving two operators in the w = 1
sector and an unflowed vertex and certain three-point
functions with all of their insertions carrying a unit of
flow were determined in [36] directly in the x basis. Other
three-point functions were also computed in [54] within the
context of the superstring theory on AdS; x S* x T*. In this
section we extend these computations for an arbitrary
amount of spectral flow.

The invariance under the global symmetry generated
by the zero modes of the SL(2) algebra establishes the
following space-time dependence for the three-point
function,

<<I>§1”fl () @592 (x0) @729 (x3))

D(J 4, J 43 Jas a)Hxalg,x,,m, (64)

where the product runs over all cyclic permutations of the
labels, J, = J,; +J,, — J,,3, D(J 4, J 4 ja» @) is a constant
to be determined and, again, we are omitting any depend-
ence on the world-sheet coordinates until the final
expressions.

After transforming to the m basis according to (46), we
obtain

< Jior g oy Fi30s >
M T T My Ty T M T s

=D(-1-Jg=1-J;—-1-j, )
X W(J 4o Jgs My, M) (M, + M, + M), (65)

where W(J,,.J,; M,, M,) is the generalization of (37) for
J, #J,, namely,

W(‘]a’ja;Ma’M )

Joy M, J+Ma—1.1—ll
/szldz)cz Xo, lxo']{fz Xoi65 (66)

with x3, X3 = 1. Unlike (37), there is no explicit formula
for this integral, but for our purposes it will be enough
to compute it when one of the insertions, say the first
one, corresponds to a lowest-weight state, namely, for
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Ml = _Jl andM1
to

= —J,. In this case, Eq. (66) simplifies

WilJasJas Mo, My) = / d2x1d2)€2x;2+M2)_cgz+Mz

x ngll el (67)
and it can be explicitly solved using (49) twice. We obtain

Wl("mja;MZ’MZ)
2y (—1=Jy =T = J3)y (1 4+ T2+ M)y (=J3)r (=T 1)
Y(=2J1)y(=J3 =T +M,) ’
(68)

where we are now following the standard notation, writing
J instead of J.

0102

A. Three-point function with a single flowed insertion

The case of the three-point function with only one
spectral flowed operator was previously treated in [35].
We recall it here for completeness.

Let us assume that the flowed vertex is inserted in the
first point. According to (39), we necessarily should have
w; = 1, so that (65) reduces to

=1
< «jll| —{]] Jl —J| q) 2m2m2(1)]3m1m3>
=D(-1-J,,—1=J;-1-j, »,)
X Wl(Ja’ ja;mz,mz)éz(—Jl + my + m3), (69)

where J; = J; = j;, i = 2, 3. Setting m; = —J, — k/2 and
m, = —J, —k/2, it follows from (40), (42) and (47), that

D(-1-J,,-1 —ja;—l = Jar ®y)
_ C/(_l _ja)W/Ua;ma’ﬁla)
B Wl(‘]mja;mZvth)
_ C'(=1—j)y(1+ ji = Jy —k/2)y(=2J,)
m?y(=1=Jy = jo = j3)r(=J31)r(=J12)

(70)

Since @, m,(x2|22) and ;... (x3]23) run over all the
allowed representations, m,, m,, ms and 3 can take
arbitrary values. The delta functions appearing in (40) and
(69) do not imply any constraint to the spin configurations
and, therefore, they have been canceled. Therefore,
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j1.01=1
<‘I)§11;;1 (x1]21) @, (x2122) @, (x3]23))

_ CUr(A =i+ 11 —k/2)y(2+2]y)
2+ T+ o+ i) r(L+ J3)y(1+J1o)

Jo =J, _—A,-—A
X on'(lrazxoflraz 26,0,20,0y- (71)
c

The target space correlator is obtained after integrating
over the moduli space, once those contributions to the
scaling dimensions coming from the internal space are
taken into account. One gets, up to a proper normalization,

(VI = )V, (0) Vi, (43))

_ ClUr(—ji+J1—k/2)y(2+2J,) Jo <o
7y 2+ 4o+ 3 )y (LT3 )y (147 1) L7770

(72)

Using the following identity,

y(C> —c - c—b— —a
i Tl [ sl ey (=)
a,b 2 e I1+b—-c,14+a-c 2
=|,F X || —Ax T, x|,
c 2—c
(73)

where ,F'| represents the hypergeometric function and

v(e)y(a—c+1)y(b—c+1)

A= , (74)
(¢ =1)’r(a)r(b)
together with the fact that
b b -
2F1<“C ‘x) =(1-x)" (75)

it is possible to show from (71), that

<‘i)§11§;]=1(x1|21)‘§j2 (362|Zz)‘i>j3 (x3]23))
_ BU)C(=K/2+ j1. =2, =3) yUr +J1 = k/2)r(J23)
y(i +J2+ 3 = k/2)
x | [xo16.%516, 2010320105 (76)

Vconf

with A; = Ay, — J| + k/4. This expression coincides with
the corresponding three-point function reported in [35].

B. Three-point functions with two flowed insertions

When two spectral flowed vertex operators are inserted
in a three-point function, the expression (67) can be further
simplified since another extremal-weight state must be
considered in order to use the identity (47). In our case we

PHYSICAL REVIEW D 89, 066006 (2014)
shall consider a highest-weight state in the second point so
that M, = J, and M, = J,. Introducing

W2(Jav‘7a) = Wl(Ja’]a;J%jZ)
Y (=1 =J, =, = J3)r(1 +205)r(=J1n)

= . (77
r(=2J1)
Eq. (65) reduces to
<(I)jJ]](.U—1J1,71,—71 §2?§]272®/3m3’ﬁ3>
= D(_l _Ja’_l _Ja;_l _ja’wa)
X Wy (J g, J )& (=Jy + T + m3), (78)

where J; = J5 = js.

According to the selection rules for the spectral flow
violation (39), there are just two cases of interest: the
spectral flow conserving correlator and the correlation
function violating the spectral flow conservation in a unit.
Both cases must be treated separately.

1. Spectral flow preserving correlator

Let us assume that the first two insertions correspond to
the flowed vertex operators and that @; = w,. By virtue of

(47) we can identify " o in (78) with &)

Jy=JJ - - Jimymy?
where m; = —-J; — kw,/2 and m; = —-J, — kw,/2, and
o2 with @ where m, = J, + kw,/2 and

1212]2_]2 Jamainy?
my = J, + kw,/2. Under these identifications, we can
equate (36) with (78), obtaining

D(_l _Ja’_l _'711;_1 _jwa)a)
— C(_l _ja)W(ja;ma»ﬁ’la)
WZ(Javja)

_ C(_l _ju)W(ja;masmu)y(_ZJl) (79)
my(=1=Jy = Jy— ja)r(1 +200)y(=J12)

For writing (79) we have canceled the delta functions
appearing in (36) and (78) since ms and 715 take arbitrary
values and, as before, these delta functions do not imply
any constraint to the spin assignments.

It follows that

()5, k) 25 (xalea) (1)

CNTA 5 J, <J, _—A,-—A,
= C(]a)W<]a; Jm Ja)Hxﬂlﬂzxf’]”zZU]fsz”le’ (80)
where we have introduced

W(jas Jar 7o)
_ W(_l _ja;ma7ma)y(2+2‘]1)
Y2+ I+ I+ j3)r(-1=20)y(1+J1)’

81
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with mp; = 1 +J1 —kw1/2, ﬁ’ll =1 +.71 —kw1/2, my =
—1—J, + kw,/2 and 7y, = —1 = J, + ko, /2.

The target space correlation function is computed,
as usual, by integrating over the moduli space, after
adjusting the world-sheet dependence of the fields by
considering their scaling dimensions in the internal space
(h;, h;). We get

(VI )V )V, (x3))

= C(j)W(ja: - me,xa,az, (82)

with

k 1
Ji:—l‘f’zwi—;(l—hi—Aol‘)v

i

i=12. (83)

There are several interesting consistency checks that can
be performed on (80). The simplest one corresponds to the

PHYSICAL REVIEW D 89, 066006 (2014)

A,-:Aol-—a)ill-+ka)2/4 with =1, 2,
—kW1/2, 7’7’1]:—.]1 kw1/2 my = J2+kW2/2
iy = J, + kw,/2, . Setting @; = w, = 1 one recovers the
corresponding expression found in [36].

More interestingly, inserting an identity at the third point
in (80), the emergence of both terms of the two-point
function (55) can be proven. Due to the factor G=! (1 + 2¢)
coming from C(j,) when setting j; = ¢ — 0, the correlator
(80) vanishes unless further terms behave singular in
the same limit. When j, ~ j,, there are two such
factors: G(j; — j, +¢€) and G(j, — j; + €). The singular
behavior of the first one can be represented, by virtue of

where

(1), as =b7%(j, — j, + €)"'G(~1). Similarly, we have
G(jo—j1+e€) ~=b2(ja—ji1 +€)7'G(-1). It follows
that

Gli— i Glin— i
tim VL= 2O 22D oy 42)50, - o).

=0 G(-1)G(1 + 2¢)

limit (58). Setting w; = 0 and taking the limit J;,J; — j; @)
for i=1, 2, we get W(=1-j,;m,m,)—
Wy(=1—j,.—1—j,). By virtue of (77), all the gamma  since
functions appearing in (81) are canceled and
W( JaiJarJa) = 1. At the end, the three-point function
for unflowed vertices is reproduced. lim—=¢ _ — —275(x), (86)
Another check follows through (62) when o = w, = 1. e=0x% — €
Indeed, using (73) twice together with (75) it is straightfor-
ward to prove that (80) reduces to and, therefore,
<(I)jlll§ll (x1|z1)¢>j22‘}’2(x2|zz) 13(x3|z3)> Clj1.jar€) = B(j1)8(j1 — ja)- (87)
C(—j, )W s My, M _ _
= ( .]a) ‘(/2]61 = a)H Gljﬂzxﬁljﬂzzo']AGzZﬂl%)'z? (84)
conf - On the other hand, we have
W( 1_]a7ma9ma /aaxlcfzx2|x1| —2j1+2J,— ka)lil 11|x |—4 2/, 2J2+kw1x lexl |4/1 —2e
w -1- -J 2]
) e CLI ) g, (88)

y(_zjl =+ €>}/a)] (]1 - ‘]1 - 6)

where we have used (35) and (49). We recover the second term of (55) after inserting (87) and (88) into (80). The overall

factor V¢ follows from the evaluation of the delta function.

In order to obtain the first term of (55) one has to have a little more care. When 1 + j; 4 j, ~ 0, we find just one singular

factor in C(j,), namely, G(1 + j, + j, + €), which behaves as —b~>

C(]a) ~

G(j1—J2)Glh

(1+ ji 4+ ja +€)7'G(~1), so that

- J1) 2e

2207 I TRG(1+2j)G(1+2j,) 1+ ji + o+ €

(89)

Unlike the case where only unflowed vertex operators are considered, there is no singular behavior coming from the

dependence of (80) in the space-time coordinates but, again, it comes from the integral W(—1 — j,;m,

we have

,m,). Indeed,
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W(=1—=j,;m

N”52(JI_J2_1_j1_j2>
L+ji+ji—e

’

where we have used |x1, > +27¢) ~ (1 4 j; + j, —€)~!

8%(x1,). By virtue of (86), we get

X

CJ)W(=1=jaimg,ing) = 8(1+ji+j2)8(J1 = J2). O1)
We recover the first term of (55) after replacing this expression
in (80). Again, the factor V, arises from the evaluation of

the delta function in (91).

2. Spectral flow violating correlator

Let us assume, again, that the first two insertions
are those with flowed vertex operators. Without any loss
of generality, we can set w; = w, + 1. If we now identify

J1oy ; o+l —
J—s7—3, (78) with  ®%°, 5, where m; =

_Jl kw2/2 k/2 and m1 ——Jl—kw2/2 k/2 and

By, with B s + ko, /2 and

iny = J, + ka, /2, we can equate (40) with (78). We obtain,

where m, =

Wl(ja;*]aﬂja) =

Y2 +2J0)7(2+202)7 0, (=1 = j2 = J2)

PHYSICAL REVIEW D 89, 066006 (2014)

My) = [:J2x1d2x2|xl|—2j1+211—kw)—6{1—11|x2|—4—2j2—2J2+kw « )—Céz—72|x12|2j1+2j2—26|1 _x1|2j2—2j1 1 _x2|2j1—2j2

(90)

D(—l —Ju -1 _]a;_l _java)a)
C/(_l _ja)W/(ja;ma’ ﬁla>}/(_2-]1)
(=1 =Jy =Ty = T3y (1 + 20)y(=J12)

92)

Notice that, again, we have been able to cancel the delta
functions appearing in (40) and (78) since m5 and 715 can
acquire any value.

Replacing (92) in (64) we get the following expression
for the spectral flow violating three-point function,

<<I)JJ (X1|Z )‘Djz?z(xzkz)q)jg(xﬂzs»

C( ) (]a»Ja’J Hxﬁlﬁgxo'lﬁzzo'lﬂ'zzdldz (93)

where we have introduced

Notice that, after setting @, = 0, in the limit J,, J, — j,
we obtain

W (jai JarJa)
y(1=ji+J, = k/2)y(2+2J))
(24 T1 + jo+ j3)r(1+J3)r(1 + J15)

(95)

so that we recover (71), as expected.
The target space correlator is given by

(V)5 )VEZ (x2)V, (x3))

- C/(.]a)W/(Ja,Ja’Ja)meszUle (96)

Let us finally quote the expression of the three-point
function following the notation of [35]. By virtue of (62),
using (73) twice and (75), we get

, , %4)
w2y 4T+ T+ j3)r(L+ J30)7(1+ J12)76, (1 = 1)
|
@2?: (x1 |Z1)‘I)Jf;})§ (x2]22) @, (x3]23))
~ C(=ja)Vw,(G2 = J2)7(J23) —J, =], —A,_—&,
= 5 X HXUIUZX(TIUZZ{T]GZZUI(Tzv
VCOl'lfyw](l_-]l _Jl) c
o7

where Ai = AOi _a)i']i +k0)12/4, 1= 1, 2.

C. Three-point functions with three
flowed insertions

When there are three flowed insertions in a correlator,
another highest-weight state should be also considered in
the third point, so that we can set M5 = J; and M5 = J;.
Unlike in the previous cases, the FZZ recipe fails to give the
most general correlation function since the delta functions
in (36), (40) and (65) now do impose some constraints on
the possible values of the spins. Indeed, the method is
restraint to be valid only when the arguments of these delta
functions vanish.
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Under these nontrivial conditions, Eq. (65) reduces to

< J10] J2002 J303 >

Ji=J1d =Ty Jadydady T T3d3d303
= D(_l _Ju’_l _ju;_l _ja’wa)
XW3(Ja7'7a)52(_J1 +12+J3), (98)

where W3(J,.J,) is the restriction of W,(J,.J,) on the
hyperplanes J; = J; — J,, J3 =J| — J,, ie.,

71.2

Wi(J, 7)) = —— .
3(Jar o) |14 27,2

99)

As before, the spectral flow preserving correlator and the
correlation function violating the spectral flow conservation
in a unit must be treated separately.

1. Spectral flow conserving correlator

Without any loss of generality, we can sort the states
inside the correlation function in descending order of
spectral flow, namely, we can freely assume that
®| > @y > w3. For a spectral flow preserving correlator
we accordingly have ; = w, + w3. By virtue of (47) we

can identify &', ; _; in (98) with &7}, - , where my =
—J, —kw,/2 and m =-J, —kw,/2, (I)Z_af}zzjzjz with
@ s where my = J, + ke /2 and 1y = J, + ko /2,

J3w3 ; —w3 _
and <I>J3]3]3j3 with @5 -, where m3 = J3 + kws/2 and

m3 = Js + kws/2, and under these identifications we can
equate (36) with (98), obtaining

D(=1—=J,,—1=J;—=1—j, w,)
C(_l _ja)W(ja;ma’ma)

- W3 (Ja:Ja) ' o

The delta functions appearing in (36) and (98) have been
canceled, but it must be kept in mind that (100) is only valid
when their arguments vanish.

It follows that

(‘1’2(}): (x1]z1 )@Z}Z (x2|22)<1)'2"y}j (x3]23))
1420, . . _
= %C(]a)w(_l = Ja>Ma;» ma)
b1
x | x50, %070,20103 20105 (101)
Wlth ml = 1 +J1 —kw1/2, ﬁ’ll :_1 +.71 —ka)l/2, m2 =
—1-J, + kw,/2 and m, = —1 — J, + kw, /2. The restric-
tions on the spins are
Ji=J,+J3+1 and J,=J,+J3+1.  (102)
The target space correlation function is obtained, as before,
by omitting the world-sheet dependence.
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2. Spectral flow violating correlator

If, again, we sort the states inside a correlator in
descending order of spectral flow, the condition for max-
imally violating the spectral flow number conservation is
achieved by imposing |@; — @, — @3] = 1. By virtue of (47)
we can make the same identifications for the states as in the
previous case and equate (40) with (98). We finally obtain

<‘I)§'1“j'1' (x; |Zl)q)jfzaj)§ (x |Zz)‘I)sz[§j (x3]z3))

+27,2 7 . J, -1, _—A,--A,
=T 5 C (]a) H y(_]i + mi)Hxl’]l’sz]l’zZGleZUlﬂz’

r i=1 c

(103)

with my; = 1 +‘]1 —ka)1/2, ﬁ’ll =1 +.71 —kw1/2, and
m; =—1=J; +kw;/2, im; = —1—J; + kw;/2, i =2, 3.
As before, this expression is valid as long as Eq. (102) holds.
The target space correlation function is reached after
eliminating the world-sheet dependence.

V. CONCLUDING REMARKS

In this paper we have computed three-point functions on
the sphere for the SL(2,R)-WZNW model following a
procedure based on the FZZ recipe [37], similar to the one
discussed in [35]. We have considered spectral flow
preserving and nonpreserving correlation functions involv-
ing vertex operators defined on arbitrary spectral flow
frames. The Fourier-like transformation for going from the
space-time picture to the m basis slightly differs from the
one given in [35]. It allowed us to avoid singularities and to
unify the treatment of short and long string states. Several
consistency checks were performed on the expressions we
have obtained. They reduce to the known correlators in
the unflowed limit, and they all agree with correlation
functions previously referred to in the literature when
setting w = 1.

For those cases in which at least one insertion corre-
sponds to an unflowed state, no restriction is found for the
spins involved. By contrast, when all three vertices belong
to a nontrivial spectral flow sector, the FZZ recipe fails to
give the most general correlator and only constrained spin
configurations are allowed. It would be interesting to
further explore the model in order to improve the method
for solving this issue.
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