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We compute the two-loop fermion self-energy in massless reduced quantum electrodynamics for an
arbitrary gauge using the method of integration by parts. Focusing on the limit where the photon field is
four-dimensional, our formula involves only recursively one-loop integrals and can therefore be evaluated
exactly. From this formula, we deduce the anomalous scaling dimension of the fermion field as well as the
renormalized fermion propagator up to two loops. The results are then applied to the ultrarelativistic limit of
graphene and compared with similar results obtained for four-dimensional and three-dimensional quantum

electrodynamics.
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I. INTRODUCTION

In condensed matter physics, an emergent relativity at
low energies appears for systems with two stable Fermi
points, see, e.g., the textbook, Ref. [1]. This is the case of
undoped graphene, a one-atom thick layer of graphite, see,
e.g., Ref. [2] for a review, where the quasiparticle spectrum
is Dirac-like and massless at low energies [3,4]. In Ref. [5]
a renormalization group approach indeed revealed the
existence of an infrared Lorentz invariant fixed point for
graphene. Approaching this fixed point, the Fermi velocity,
v, flows to the velocity of light, ¢ ~ 300v, while the fine
structure constant of graphene, a, ~ e’ /4nehvy, which is
of order one, flows to the usual fine structure constant,
a=1/137. Moreover, while electrons in graphene are
confined to a three-dimensional space-time, d, =2 + 1,
interactions between them are mediated by four-
dimensional photons, d, =3 + 1. The Lorentz invariant
fixed point may therefore be effectively described by a
massless relativistic quantum field theory (QFT) model
whereby 2 + 1-dimensional electrons interact via a long-
range fully retarded potential. Such a model belongs to the
class of reduced quantum electrodynamics (RQED) [6], or
RQEDdy_de, and corresponds to RQED, 3 in the case of
graphene. Following Ref. [7], the latter is also sometimes
referred to as pseudo-QED, see, e.g., Ref. [8]. In the
general case, RQED, 4, is a relativistic QFT describing
the interaction of an Abelian U(1) gauge field living
in d, space-time dimensions with a fermion field living
in a space-time of d, dimensions. The case where
de:d], corresponds to usual QEDs, see the textbooks,
Refs. [9-11]. The reduced case corresponds to d, < d,
where the fermion field is localized on a (d, — 1)-brane.
Motivated by potential applications to condensed matter
physics as well as interest in branes we focus on the
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computation of radiative corrections in a general model of
RQEDdV,d(,. The computations are based on sophisticated
methods devoted to the exact evaluation of multiloop
Feynman diagrams in relativistic QFTs; these methods
include, e.g., the Gegenbauer polynomial technique
[12,13], integration by parts [14,15] (IBP), and the method
of uniqueness [14,16-19].

In Refs. [20,21] multiloop corrections in a general theory
of RQEDdr‘df were computed with a special emphasis on
electromagnetic current correlations and the link between
RQED, ; and the ultrarelativistic limit of graphene was
made. In particular, the two-loop interaction correction
coefficient to the polarization operator of graphene in the
ultrarelativistic limit was derived and found to be small in
qualitative agreement with theoretical [22] as well as
experimental [23] results in the nonrelativistic regime.
These results were used in Ref. [24] to show that the
optical conductivity of graphene in the ultrarelativistic limit
has a relative deviation which is within experimental
uncertainty [23] and of the order of one percent with
respect to the noninteracting value. This striking qualitative
agreement with the nonrelativistic limit together with the
efficient tools available to tackle the relativistic limit
suggest the crucial importance of fully exploring the
properties of the Lorentz invariant fixed point.

We pursue this task in the present paper by computing
multiloop corrections to the fermion propagator and the
corresponding anomalous scaling dimension of the fermion
field in RQED, , . A peculiarity of graphene is that the
fermion field gets renormalized but not the electric charge,
see Ref. [5]. A similar feature was found for RQED, ; in
Ref. [20] where the anomalous dimension of the fermion
field was computed at one-loop. In the following we extend
these results to two loops. From the field theory point of
view, the main technical difficulty involves the computation
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of some peculiar two-loop massless propagator diagrams
with two noninteger indices on nonadjacent lines [see
Eq. (39) below]. Presently, no explicit analytical expression
for such diagrams is known. It turns out that, as will be
shown below, repeated use of some well-chosen IBP
identities allows us to express each complicated, and
eventually divergent, diagram as a sum of primitive (or
recursively one-loop) diagrams plus a complicated but
convergent diagram which is multiplied by a factor
€, =2—d,/2. In the limit, d, — 4, the complicated part
does not contribute which solves the problem in the case
of RQED4,d6'

The paper is organized as follows. In Sec. II, we review
the basics of massless RQED at one-loop. In Sec. III, we
compute the two-loop fermion self-energy in RQED, 4,
using IBP identities and show that, for d, — 4, it can be
expressed only as a function of recursively one-loop
diagrams. In Sec. IV, we compute the anomalous scaling
dimension of the fermion field and the renormalized
fermion propagator at two-loop, in an arbitrary gauge in
the general case of RQEDy, 4 . The special case of RQED, 3
is then explicitly considered as well as, for completeness,
the cases of QED, and QED5. In Sec. V we summarize our
results and conclude. Finally, Appendix A contains the
expansion of some master integrals entering the two-loop
self-energy and Appendix B presents general formulas,
valid beyond IBP relations, for diagrams with two non-
integer indices. In the following, we work in units
where i=c=1.

II. MASSLESS RQED
A. The model

We consider a general model of massless RQEDdy,de
described by [6,20]

SRQED = / ddVXERQED»

Lrep = P(x)ir* Dy, y ()44 (x)
1 1

—~F,, Fi% —— (9, AM)2, 1
4" 20 O A") 0

where D, = 0, + ieA, is the covariant derivative, F,, =
d,A, — 0,A, is the field stress tensor of the gauge potential
A and a is a gauge fixing parameter. In Eq. (1), on the one
hand, the index u, runs over the d,-dimensional space-time
in which fermions are localized: u, =0,1,...,d, — 1,
where zero index corresponds to time. On the other hand,
the index y, runs over the d,-dimensional space-time of the
gauge field: p, =0,1,...,d, — 1,d,, ...,d, — 1, where we
assume that d, > d,. The minimal coupling of the gauge
field to the fermion current, j,A”, is restricted to the
reduced matter space from which we deduce the expression
of the fermion current:
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. e (x)y (1)) (x) u=0,....d,~ 1,
J(x) =
0 u=d,,....d,— 1.

2

Simple dimensional analysis then shows that two epsilon
parameters are naturally associated with the two dimen-
sions d, and d,. Indeed, for a general RQEDd,.dea the
dimensions of the fields and electric charge may be
written as

A]=1-¢, [w] = 3 €~ le]=¢,, (3
where the two epsilon parameters read
4—-d d,—d,
& =5  Ee=—5 @)

and will be shown below to play a crucial role in
setting up a dimensional regularization scheme for
RQED. Conversely, Eq. (4) yields the relations:

d,=4-2¢, d, =4-2e¢,—2e,. 5)
As can be seen from Eq. (3) the dimension of the coupling
constant is entirely determined by the space-time
dimension of the gauge field, d,, or, equivalently, ¢,; for
a four-dimensional gauge field (d, =4) the coupling is
dimensionless so that, at least at a classical level, the
theory is scale invariant. This suggests that RQED, ,; are
renormalizable QFTs. Following Ref. [20], let’s recall that
the superficial degree of divergence (SDD) of a general
RQEDdV,dﬂ diagram reads [25]

where V is the number of vertices, N, the number of
external gauge lines and N, the number of external
fermion lines. From Eq. (6) we see that for d, = 4 the
SDD does not depend on the number of vertices whatever
value d, takes; this confirms the renormalizability of the
theory. A peculiar fact of reduced theories is that, while
the fermion self-energy and fermion-photon vertex have
the same degree of divergence as in usual QED, (they
effectively diverge logarithmically), the photon self-
energies of RQED,; and RQED,, are finite. This is
summarized in Table I which displays the degrees of
divergence (superficial and effective) of the three most
divergent amplitudes in QED,, RQED,; and RQED,,.
As a consequence, while the fermion field acquires an
anomalous dimension, the coupling constant does not
renormalize.
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TABLE 1. Superficial degree of divergence (and effective
degree of divergence) of the three most divergent amplitudes
in RQED, 4 for d, =4 (QEDy), d, =3 and d, = 2.

QED, RQED, 5 RQED, »
Photon self-energy 2 (0) 1 (-1 0(=2)
Fermion self-energy 1 (0) 1 (0) 1 (0)
Fermion-photon vertex 0 (0) 0 (0) 0 (0)

B. Perturbation theory and renormalization

The above dimensional analysis can be made quantita-
tive by setting up a perturbative approach to RQED. As can
be seen from Eq. (1) the free massless fermion propagator is
the usual one and reads

4
S =, 7
o(Pe) p2 40" (7
where p = py, ..., pg,—1 lies in the reduced matter space

and i0™ is a convergence factor that will often be omitted in
the following in order to simplify notations. On the other
hand, because we are interested in the properties of the
reduced system, we may integrate over the d, —d, bulk
gauge degrees of freedom. This yields an effective free
gauge-field propagator reading

. i T(1—e¢, -g'q*

where, now, g = qo, ..., q4,— lies in the reduced matter
space and ¢, was defined in Eq. (4). Moreover, we see that
the gauge fixing parameter is affected by the integration of
the bulk gauge modes: & = &(1 —¢,) where ¢ = 1 — a. The
two commonly used relativistic gauges are the Feynman
and Landau gauges which are defined as:

Feynman gauge: £ =0 or a=1, (9a)

Landau gauge: £ =1 or a=0. (9b)
In the following we shall mainly work in an arbi-
trary gauge.
In the case of RQED, ; for which ¢, = 1/2, the effective
photon propagator of Eq. (8) has a square root branch cut

o 1 . ¢4'q
Do) =3 7= (gﬂ 2y ) (10)

This momentum dependence is responsible for the appear-
ance of Feynman diagrams with noninteger indices and is a
major source of technical difficulty that we shall discuss in
details in the next sections. As already noticed in Ref. [21],
a similar momentum dependence can be found for QED5
in the large-N limit where N is the number of fermion
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species. The reason is the “infrared softening” of the photon
propagator of QED; for large Ny [26,27]. Indeed, using a
nonlocal gauge fixing term, #, as done in Ref. [28] and
justified in the general case in Ref. [29], the dressed photon
propagator together with the one-loop polarization operator
of massless QEDjs, read

9 —-nd"q" | q* 5 e’Np
D (g) = —j2 T T/ 1 - i
R T R L W
(11)

where, for 7 = 1, the usual Landau gauge propagator is
recovered, the lower index 1 on II refers to the order of
perturbation theory and e? has dimension of mass in super-
renormalizable QED;. In the 1/Np approximation
(Np — oo and e?> — 0 with >N fixed) and focusing on
the infrared limit, \/—g> < >N, the dressed photon
propagator of Eq. (11) becomes

8 i q9'q"
S , 12
Nr /g (9 n q2> (12)

and, similarly to Eq. (10), behaves like 1/+/—¢g? instead of
the usual 1/4°.

Finally, the effective free photon propagator of RQED, ,,
which has an exponent ¢, = 1, has even a softer momen-
tum dependence. The latter is similar to the momentum
dependence of the dressed photon propagator of QED, at
large N. In the case of RQED,,, however, the logarithmic
divergence of the effective photon propagator translates
into the appearance of a pole in the Gamma function of
Eq. (8). This case requires some further regularization
such as, e.g., giving a finite width to the 1-brane [6]. In the
following, we shall mainly focus on the 2-brane case
described by RQED, ;. The similarity between the reduced
versions of QED and its large-N limit will be a subject of
our future investigations.

With the Feynman rules of massless RQED, ,4, sum-
marized on Fig. 1, perturbation theory is then implemented
in the usual way by solving Dyson equations for the
fermion and photon propagators and computing the various
self-energies. Focusing for simplicity on the fermion
propagator, which is central to the present work, the
corresponding Dyson equation reads

S(p) = So(p) + So(p)(—=iZ(p))S(p), (13)

where X is the fermion self-energy. The solution to this
equation in the case of massless fermions can be written as

D" (q) =

1
=Xy (p?)’

The effective divergence appearing in parentheses in
Table I actually corresponds to the divergence of

—ipS(p) 2(p) = pZy(p?).  (14)
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FIG. 1. Feynman rules for massless RQED.

2y (p?). Such a self-energy is divergent in all RQEDs as
indicated in the table. The divergence is related to loop
integrals depending on d,. Following Refs. [20,21] we use
dimensional regularization and work with an arbitrary d,.
The latter may be expressed as a function of the two epsilon
parameters which naturally appeared at the level of Eq. (4).
The parameter ¢, takes into account the branelike nature of
the system. For fixed ¢, self-energies and related propa-
gators take the form of Laurent series in ¢&,. Working in an
improved minimal subtraction scheme (MS) we may then
absorb the singular part of the series (in ¢,) in renormal-
ization constants which relate the bare fields and param-
eters of the theory to renormalized ones:

1/2 1/2
Y = Zl/// Yis A = ZA/ Ar’

a=2Za,, e = Z,yzer, (15)
where Z,,, Z, and Z,, are the dimensionless renormalization
constants. Moreover, in the MS scheme we also define a
dimensionless renormalized coupling constant « via the
equation:

a(ﬂ) ~2¢, e?

4z N (4742 ZZ (alp))e e, (16)

where y is Euler’s constant and the y~2% factor compen-
sates for the dimension of e2. Equivalently, from Eq. (16),
the bare coupling constant e can be expressed via the
renormalized coupling constant a(u).

From the above arguments, the relation between the bare
and renormalized fermion propagators reads

S(p) = Z,(a(u), a,(1))S,(p: p), (17)

where all singularities are in Z,, and §,, the renormalized
fermion propagator, is finite. Similarly, the relation between
the bare and renormalized effective photon propagators
reads

D*(q) = Za(a(w) D} (¢ ), (18)

where all singularities are in Z, and D,, the renormalized
effective photon propagator, is finite. Finally, one may
introduce another constant, Zp, for the vertex
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renormalization: I* = Z I, where I'} is finite. Because
both the renormalized coupling and vertex are finite there is
a constraint among the constants:

Z,=(Z+Z,)?Z3". (19)
Furthermore, as in usual QEDs, the Ward identity:
ZrZ, =1, (20)

is satisfied in a general RQED implying that coupling
renormalization is entirely due to gauge-field renormaliza-
tion: Z, = Z;' [30]. The beta function can then be
expressed as a function of the anomalous scaling dimension
of the gauge field as follows:

platu) = T2 — e+ pu(a).

palat)) = TR, en

These functions together with the renormalized photon
propagator of RQED were considered in Refs. [20,21]
where it was shown, in accordance with dimensional
analysis, that f(a) = y4(a) = 0 in RQED, ; (d, < 4).

In the following we will compute the renormalization
constant Z,, and deduce the anomalous scaling dimension
of the fermion field:

_ dlogZ,(a(p). a,(u)) '

o). a, (1) e

(22)

Differentiating Eq. (17) with respect to p and taking into
account Eq. (22) as well as the fact that the bare
propagator does not depend on the renormalization scale
yields

dlog S, (p; p)

dlogp ~ rlal)aw)). (23)

where S, depends on u explicitly as well as through o
and a,. As will be shown later, the explicit 4 dependence
enters through the combination —p?/u® and the renor-
malized propagator may be written

L2
S, (psu) :és, (ﬂ—Z;a;a,). (24)

In partial differential form the renormalization group
equation, Eq. (23), may then be written as

0 0
(i + @) = @) g+ rylaa))
x S,(piu) = 0. (25)
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Equivalently, we may use Eq. (24) in order to trade the
partial derivative with respect to u in Eq. (25) for a
derivative with respect to momentum:

0 0
<26‘log‘—€z_ﬂ(a)aloz‘:’>a+“(a)8b%_yw(a’ a,))
u
_2
X 8, (l;;a; a,) =0. 26)
U

We shall come back to the solution of this equation in a
later section.

C. One-loop results

Having set the basic notations and goals, we summarize
here the one-loop results obtained in Ref. [20]. As will be seen
below, all diagrams can be compactly expressed as a function
of the one-loop massless propagator diagram defined as

imde/?

dek
aipapnG@p), @D

/ [~k + p) I[P~ (=p?)

where a and f are arbitrary indices labeling the diagram, the
power of — p? follows from dimensional analysis and G(a, 3)
is the (dimensionless) coefficient function associated with the
diagram. The latter is known exactly in the one-loop case:
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@) TE2-a)
G(a.p) = alatp—d.)2) ala) = T (28)
The one-loop diagrams, see Fig. 2, are defined by
i diek o iktg), 0K
lHlf (Q) = _/WTI‘ |:(—l€]/”) EE{ - q)z (—IE]/ );7 ’
(29a)
: dik o iprk)
_121 (P) = / (Zﬂ)d(’ (—leyl‘) %(—wy’“)
(1 - e ~k ku
) (4;)65% <9;w —&5 ) (29b)

where the lower index 1 on IT and X refers to one-loop,
K =y'k,, k= k'k,, ¢ = diag(1,—1,~1,...,~1) is the
metric tensor in the d,-dimensional space-time and Tr
denotes the trace in gamma-matrix space. The computation
of the above integrals first involves gamma-matrix algebra
at the level of the numerators in Eq. (29). The following
trace and contraction identities summarize the numerator
algebra of RQED:

{r*.7"} =2¢". Tr[1]=d, Trlodd number ofy’s| =0, Tr[y*y*]=dg", Trly*y*yy"]=-d(d,-2)g",
Tely v r'y’ry’) = dg? ¢’ (4 - d,)(d, = 2) — dg* ¢ (8 = d,)(d, = 2) + dg*’ ¢ (4~ d,)(d, - 2).

=gy =d.. 77y, =—(d,=2)y"
'Y rProy, = =2r°vPye = (d, — )y Py,

where we have used d-dimensional fermion spinors in such
a way that the gamma matrices have dimension d X d.
Alternatively, we may use the number of massless fermion
fields, Ny, which is related to d via:

Np = (31

4 ’
in such a way that a single fermion specie is represented by
a four-dimensional spinor such as in usual QED,. In the
following, we shall work either with an arbitrary d for the

L k
" v —‘QP
p+k
k+gq

(a) (b)

FIG. 2. One-loop diagrams: (a) photon self-energy and (b) fer-
mion self-energy.

v Py, =2y + (d, = 2)r*yP,

(30)

|

sake of generality or, equivalently, with N to relate our
formulas to well-known expressions in QED, and QED;
with Ny fermion species. A further simplification of
Eq. (29b) comes from combining the expression of Xy
in Eq. (14) with the trace identities of Eq. (30) in such a way
that

-1

ZV(pz) = d(_pz)

TrlpZ(p)]. (32)

We may proceed in a similar way for the polarization
operator in Eq. (29a). Because of current conservation the
latter is constrained to have the form:

" (q) = (¢q* — ¢"q")T1(g%).
o E—C)

@ = 1)) 5

and the effective divergence appearing in parentheses in
Table I actually corresponds to the divergence of T1(g?).
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With the above conventions and identities in hand,
Eq. (29) can be straightforwardly computed in an arbitrary
gauge. The final result reads

e’ d,—2

I (qZ) =—d (4ﬂ)d6/2(_q2)€7+€e 2<de - 1)

G(1,1), (34a)

o eT(-e) do—2[2(d-2)
z‘4V1 (p ) - (4ﬂ)d7/2(—p2)67 2 d)/ +de —4 é:
xG(1,1—¢,). (34b)

As can be seen from Eq. (34), the one-loop results are
expressed in terms of two master integrals: G(1, 1) for the
photon self-energy and G(1,1 —¢,) for the fermion self-
energy where G is given by Eq. (28). These equations
have been discussed in Ref. [20] and we refer the
interested reader to this reference for more details.
|

dd" kl dd"' k2
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These equations will be used in the next sections con-
cerning the computation of the two-loop fermion self-
energy and renormalization.

II1. Two-loop fermion self-energy

A. The two-loop massless propagator diagram

In the one-loop case, after working out the numerator
algebra, the considered diagrams could be expressed in terms
of two simple scalar integrals G(1,1) and G(1,1 —¢,), see
Eq. (34). These one-loop integrals are known exactly from
Eq. (28). At the two-loop level the situation is more
complicated. The two-loop massless propagator diagram
is actually one of the basic building blocks of multiloop
calculations and has a long history, see the review Ref. [31].
For arbitrary indices a; and external momentum p in a
Minkowski space-time of dimensionality d, the two-loop
massless propagator diagram, see Fig. 3, reads

T de

/ / [~ (ki + P2 [= (ko + p)?) 2 [—K3) " [—k7)% [~ (ks — Ky )]s

where, on the right-hand side, the power of p follows from
dimensionality and the function G({a;}) is the two-loop
(dimensionless) coefficient function of the diagram. One of
the main goals of multiloop calculations is an exact
evaluation of G({«;}).

When all indices are integers this function can be
computed exactly using IBP identities [14,15]. The dia
|

1 1
2

T d. —4

G(1,1,1,1,1) = Cp
1 1

where Cp denotes the coefficient function of the diagram.

[(3_de) GQ(L 1)+ (g(de - 2) +

:—( 2) 3 d G(al,az,a3,a4,a5), (35)
-p =1 4T

|

gram can then be expressed in terms of recursively one-
loop integrals as can be seen from the following well-
known example [32]. The diagram G(1,1,1,1,1) was
actually first computed exactly in dimensional regulariza-
tion with the help of the x-space Gegenbauer polynomial
technique in Ref. [12]. Subsequently, it was computed
exactly with the help of IBP in Refs. [14,15].

8
de — 4

) GG e42,) |, 36)

For arbitrary indices its evaluation is however highly nontrivial: it can be represented [33] as a combination of twofold
series. In some simpler cases explicit analytical results can be obtained [13,14,18,21,34-37]. As an example, the diagram
G(1,1,1,1,a) can be expressed in a compact way for a special value of the noninteger index on the central line [14,21,35]:

1 1
G(1,1,1,1,)\.) = Cp ‘p :3%
1 1 |

where W, (x) = ¥{(x) is the trigamma function and ¥ (x)
is the digamma function. The result of Eq. (37) elegantly
covers the cases of RQED,,’s where ¢, — 0 and in
particular RQED, ; where the gauge field does not renorm-
alize. In the general case of RQEdede such a diagram
appears in the calculation of the two-loop photon self-
energy but with a more general index: a=1-¢, =1, t¢,
where &, can be nonzero. In this case, the result is more
complicated and reads [13]

Ae
) [0200) = W2(1)] (e =de/2- 1), (37)
a1 (%)
p
e a3
FIG. 3. Two-loop massless propagator diagram.
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G(1,1,1,1,a) = Cp

PHYSICAL REVIEW D 89, 065038 (2014)

= —2T(AJT(Ae — )T(1 = 2), + )

y I'(\e) i I'(n42X)(n+1) 1 meot (2 — ) 2
FRAIT(BA —a—1) &= nll(n+1+a) n+l-A+o T'(2).) > (38
[
where the onefold series corresponds to a generalized 1
hypergeometric function, ;F,, of argument 1. The dia- .
gram evaluated in Eq. (38) is one of the simplest among G(e,1,8,1,1) =Cp . (39)
a class of complicated diagrams that have been consid- 1 3

ered in Ref. [13] on the basis of a new development
of the Gegenbauer polynomial technique. This class
includes diagrams with two adjacent lines having integer
indices while three other lines have arbitrary indices;
the corresponding coefficient function is given by
G(a,1,p,7,1). As proved in Ref. [13] all of these
diagrams may be expressed in terms of generalized
hypergeometric functions ;F, of argument 1. For this
class of diagrams, similar results have been found in
Ref. [36] using an ansatz to solve the recurrence relations
for the two-loop diagram. However, beyond the simplest
case with a single no-integer index represented by
Eq. (38), explicit expressions for other diagrams of this
class are unknown.

As will be seen below, it turns out that the computation
of the two-loop fermion self-energy for a general
RQEDdy_dP requires the knowledge of a two-loop massless
propagator diagram with two noninteger indices on non-
adjacent lines:

|

de i i
~i2,(p) = [ i ier”) S (e

where the lower index 2 in X,, refers to two-loop and
IT"(k) is a one-loop photon self-energy insertion corre-
sponding to Eq. (34a). This diagram is obviously gauge
invariant. This follows from current conservation which

4& @ kl
k
p+k p+k p+k

(a) (b)

Using the results of Ref. [13] an exact explicit expression
for this diagram can be derived, see Appendix B for general
formulas. As can be seen from the latter, the result is of
higher complexity than the one of Eq. (38). For the sake of
simplicity we shall not consider the general solution here.
Instead, and in the spirit of Ref. [21], we shall focus on the
less general but important case of RQED, ; ’s for which
g, — 0. As will be shown below, in this case a simpler
solution can be found using integration by parts.

B. Reduction to master integrals

Having set all the perturbative frameworks in Sec. II and
presented the two-loop massless propagator diagram in
Sec. Il A, we now proceed on computing the two-loop
fermion self-energy. The latter consists of three diagrams
that are displayed on Fig. 4.

The first diagram, Fig. 4(a), is the so-called bubble
diagram which is defined as

gay _f

I'(l-e¢g,) ~kaky\ i T(1-¢,) ~k,kg
o i (=8 e s (o0 )

(40)

|

implies that k,[T"* = 0 so that all terms proportional to
the gauge fixing term vanish. Using Eq. (32) and
performing all the numerator algebra with the help of
Eq. (30) yields

p+ky

(©)
p+ ko

FIG. 4. Two-loop fermion self-energy diagrams: (a) bubble diagram, (b) rainbow diagram and (c) crossed photon diagram.
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“T(1-e)  (d =2
(4ﬂ)d,(_p2)2£, 2<2d7 - de - 6)
xG(1,1)G(1,¢&, —¢,),

ZV2a(p2) =d
(41)

where the factor of d is due to the fermion loop and the
master integral, G(1,1)G(1,¢, —¢,), is a simple product
of two one-loop integrals which can be straightforwardly
evaluated with the help of Eq. (28).

The second diagram, Fig. 4(b), is the so-called rainbow
diagram which is defined as

d, i
“iza(p) = [ G (ier) P D im0
y i(¢+K) (—iep) i T(1-¢g,)
(p kR 7 ) (k)T

~ ku
X (g;w - 52—2> s

(42)

PHYSICAL REVIEW D 89, 065038 (2014)

where T, (k) = KZy, (k?) is a one-loop fermion self-energy
insertion corresponding to Eq. (34b). This diagram is not
gauge invariant. Proceeding along the same lines as for the
bubble diagram yields

eT?*(1—¢,) (d, -
(4r) % (—p?)*er

L (20de=2)
d,+d,—4

2)(d,-3)(d, +d,—4)
2(d, —4)

szh(Pz) =

2
.f) G(1,1-¢,)G(1 —se,e},),
(43)

where the master integral, G(1, 1 — ¢,)G(1 —¢,,¢,), is also
a simple product of two one-loop integrals which can be
straightforwardly evaluated with the help of Eq. (28).

Finally, the third diagram, Fig. 4(c), which is the so-
called crossed photon diagram is a truly two-loop diagram.
It is defined as

. dekyd¥ky . —iky i r(l-e,) 2 (P + k), (p + ko)
—iZy(p) = 724(_’67”) 2 e Ni—e, \ Iup ~ 2
(27)" k3 (4m)% (=(p + ka)?) '~ (P + ko)
oo iki—k) i T(1-¢,) < skigky\, o 4 ik,
x (—ier”) : o | Y — € (—iey’) 5 (~ier"). (44)
(ki = k)? (4m)%e (=)'~ K (p+k)°
Proceeding along the same lines as for the two previous diagrams yields
eT?(1—¢,) d, -2 d,—d (d, —2)? d,—?2
S0 (p?) = — e) Ze d,—4—-4—L ¢ _p "¢ =& )G (1,1 -
V2c(p ) (4ﬂ)d7(—p2)267 2 {( e d7—|—de —4 d7—|—dg _4§+ B 5) ( 86)
d,—2 16 (d,—2)(d,-3)
d, +4+8— 4= . —(d,-3)&)G(1,1 —¢,)G(1 — &,
(et e e (4 - 98 )61 - )60 )
+4G(l —¢,,1,-1—-¢,,1,1)—4G(1 —¢,,1,—¢,,1,1) + (8 —=d,)G(—¢,, 1, —¢,, 1, 1)} (45)

where, besides the primitively one-loop master integrals,
G*(1.1-¢,) and G(1,1-¢,)G(1 —¢,,¢,), complicated
two-loop propagator diagrams of the type of Eq. (39) enter
the expression of the self-energy. It is interesting to notice
that none of the complicated terms depend on the gauge
parameter, £. That is, working in the Feynman gauge,
& = 0, simplifies the calculations but does not reduce the
complexity of the diagrams.

g Q2

de
?+a4fa17a270z5
Oy

C. Integration by parts and self-energy of the
crossed photon diagram

In order to further reduce the complicated two-loop
diagrams appearing in Eq. (45) we use an IBP identity
which follows from the homogeneity of the two-loop
propagator diagram, Eq. (35), in p, see Ref. [15] and
Ref. [11] for a review. In graphical form, this IBP reads
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where =+ on the right-hand side of the equation denotes the increase or decrease of a line index by 1 with respect to its value
on the left-hand side. This expression slightly simplifies in the cases we are interested in:

« 1 o 1
(1—ec—ey—a) =5
1 3 1

+(3-3e.—3e, —a—p) (-p*) !

B+1

« 1

B+1

g (47)

where we have used Eq. (5) and the fact that, in p space, a line with zero index shrinks to a point. As a consequence, on the
right-hand side of Eq. (47) all diagrams except the third one are recursively one-loop diagram.
In order to see how Eq. (47) can be usefully implemented, let’s consider the case where @« = f = 1 — ¢,. In this case

Eq. (47) reduces to

where we have used the symmetry of the two-loop diagram:
G(a,1,p,1,1) = G(B,1,a,1,1). We then see that the truly
two-loop diagram appearing on the right-hand side of
Eq. (48) has a coefficient function G(1 —¢,, 1, —¢,, 1, 1).
It is therefore one of the complicated diagrams appearing in
Eq. (45) that we would like to compute. At this point, it is
important to notice that the function G(1 —¢,, 1, —¢,, 1, 1)
is associated with an ultraviolet singular two-loop diagram
in the limit &, — 0. Indeed, power counting shows that this
diagram is proportional to (—p?)~2%, i.e., diverges loga-
rithmically. On the other hand, the two-loop diagram
appearing on the left-hand side of Eq. (48), the coefficient
function of which is given by G(1 —¢,, 1,1 —¢,,1,1), is
proportional to (—p?)~!'72¢; it is therefore ultraviolet
convergent in the limit &, — 0. As a consequence, the

1—66 1 1755 1

—Ee

’ (48)

Laurent series associated to its &, expansion reduces to the
regular part:

Gl—e.1.1—e.1.1) =) c,(e)ef. (49

n=0

For ¢, = 0, which applies to QED, and QED3, this diagram
corresponds to the well-known Eq. (36). On the other hand, for
an arbitrary noninteger €., forexample e, = 1/2 in the case of
RQED, 3, it belongs to the class of complicated diagrams, see
Eq. (39) and related discussion around this equation, whose
explicit analytic expression, and hence the coefficients c¢,,, is
presently unknown. However, the fact that this diagram is
convergenttogether withiits coefficient ¢, implies that the left-
hand side of Eq. (48) vanishes in the limite, — 0. Hence, from
the right-hand side of Eq. (48) we find that

1—¢, 1 1—¢, 1

1 2—¢, 29—z,

(50)

After some algebra, the recursively one-loop diagrams appearing in the left-hand side of Eq. (50) can be expressed in terms
of the one-loop master integrals entering the expression of the fermion self-energy equation (45). The result reads
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(d, - 3)(2d, +d, - 8) d,+d,—6
G(l—e,1,—¢,,1,1) = =2 G(1,1-¢,)G(1 —¢,, r TR0 G211 —,
(1-ee1,-e,1,1) (d,—4)(d, +d, —6) (L1-e)G(1 —e 87)+2dy+de—10 (L1-e)
P Sk G(1—¢,,1,1—¢,1,1) (51)
2d,+d, - 10 ol T e )
[
where the last term does not contribute in the limit We may proceed in a similar way for the two other

d, — 4. Hence, for RQED, ; and in particular in the case complicated diagrams appearing in Eq. (45). The corre-
of RQED,; where the last diagram in Eq. (51) is  sponding coefficient functions, G(1 —e¢,,1,~1 —¢,,1,1)
nontrivial, the function G(1 —¢,,1,—¢,,1,1) is known  and G(—¢,.1,—¢,, 1, 1), are proportional to (—p?)'~2¢ and
for arbitrary €, to O(g,). The knowledge of these lowest  are strongly UV divergent. They can both be expressed in
order terms is enough, e.g., to compute the anomalous  terms of G(1 —¢,,1,—¢,,1,1). In order to see this, we
scaling dimension of the fermion field at two-loop (see  consider the case where a = —¢, and = 1 — ¢, for which
below for more). Eq. (47) reduces to

—Ee

1

—€e 1

o 1=e (52)
Equation (52) shows that there is a simple relation, i.e., involving recursively one-loop diagrams, between two of the
complicated diagrams, G(1 —¢,,1,—-1 —¢,,1,1) and G(1 —¢,, 1, —¢,, 1, 1), entering the fermion self-energy, Eq. (45).
Expressing the, still unknown, coefficient function G(1 —¢,,1,—1 —¢,,1,1) in terms of G(1 —¢,, 1, —¢,, 1, 1) that we
have computed above, see Eq. (51), yields, in graphical form:

1-— Ee 1 —Ee 1 —Ee 1 —CEe 1
_ _ (1 —ee)(-p%) .
2 — g — ey

_1_56 1—-¢ 1 2756 2 "¢

—Ee 1
(1—&)(=p%)
2—¢e.—3ey

1 1—¢, (53)

After some algebra, the recursively one-loop diagrams appearing in the right-hand side of Eq. (53) can also be expressed in
terms of the one-loop master integrals that enter the expression of the fermion self-energy Eq. (45). Together with Eq. (51),
the final result reads

G(l—¢g,1,-1-¢,1,1)=

d-2/2d,-3)  d-d

_ G(1.1-¢€,)G(1 —¢,.
dy—4(dy+de—6 d,+d,—4 (L1-e)G(1 - ec.5)
d,+d,—6 [ d -2 d,—d,

+
2d,+d,—8\2d, +d,— 10  d,+d,—4
(d, —2)(d, - 4)
(2d, + d, — 10)(2d, + d, — 8)

)G2(1,1—e€)

+ G(l—¢,1.1—¢,1.1). (54)
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Finally, let’s consider the case where a = 1 — ¢, and = —¢, for which Eq. (47) reduces to

1—e, 1 1*69 1 1—e. 1

—&y = —&
1 1—e.
1
+(2—ec = 3ey) (—p°)7"
(55)
From Eq. (55) we now have a relation between G(—¢,, 1, —¢,,1,1) and G(1 —¢,, 1, —¢,, 1, 1). Expressing the former as a
function of the later, yields, in graphical form:
1—e. 1 1-— ae 1—e,
2
_ Lo e
2 — €. — 3ey
g 1 1—¢, 1-¢,
ey (=p?)
2 — €& — 3ey
(56)

Similarly to the previous cases, the recursively one-loop diagrams appearing in the right-hand side of Eq. (56) can be
expressed in terms of the one-loop master integrals entering the expression of the fermion self-energy equation (45).
Together with Eq. (51), the final result reads

3d,—d, —6
G(-¢,,1,—¢€,,1,1)=-—L—° —G(1,1 -¢,)G(1 —¢,.,¢,)
d,+d,—6 Y
1 (d, —4)(d, + d, — 6)
d, —d, )G2(1,1 — &,
+2dy+de—8< 2d, +d,—10 % (I1-e)
d, — 4)?
n (d, ~4) Gl—e, 1,1 —¢,,1,1). (57)

(2d, +d, — 10)(2d, + d, - 8)

Equations (51), (54) and (57) constitute the central results of this paragraph. They show that all three complicated diagrams
appearing in Eq. (45) are related: they can all be expressed in terms of the ultraviolet convergent diagram G(1 —¢,, 1,1 —

€., 1,1) with a factor proportional to ,.

With the help of Egs. 51, (54) and (57) the two-loop self-energy associated with the crossed photon diagram, Eq. (45), reads

‘T(l1-¢,) d, -2 (d, —2)? d, -2
5 2 — _ e e e _4_2 e 2 Ye
vae(P?) @0y (=2 2 x{[de gdy+de—4+§ D

d,+d,—6)(d 4d,—d d —d d +d,—6
_(d,+d,—6)(d,(d,—4)+8) 4(d,-d,) rmde (4 g g%t G(11—e)
(2d, +d, —10)(2d, +d, —8) d,+d,—4 2d,+d, -8 d, +d,—4

-2 8(d,-1)  (d=2)(d ~3)

d,+d, -4 d,—4 d,+d, —4

Z(de - 8)(dy - e) ( y 2)(dy - de)
" d,+d,—6  (d,—-4)(d, +d, - 4)] GL1=e)G(1 ~ec. )
(d,—4)(d,(d, —4)+38)

 (2d, +d, - 8)(2d, + d, — 10)

+ |2d,—4+8

- fz(d}/ - 3)

G(l—ee,l,l—ee,l,l)}. (58)
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D. Total two-loop fermion self-energy (explicit expression)

The sum of all the self-energy contributions, Eqgs. (41), (43) and Eq. (58), yields the total two-loop fermion self-energy in

an arbitrary gauge:

AT2(1—e,) d, -2 d, -2
s o) Ge”2), G G(1,1)G(1,¢, -
) = {2d_d —G(L1)G(Le, —¢,)
_ d,+d, —6)(d,(d, —4) +8
d, A -4 " 2d, + d, ~ 10)2d, + d, - 8)
Ad,—d,)  d -d, d +d,—6
d,—8 -4 "% T2V G2 1 =
d +d,—4 2d 1d,-8 d,+d,—4 (IL1-e)
8(d,—2) 8(d,—1)  (d,—2)(d,-3)
4-24, - e ATy 4 2(d, -3
+|: e dy+de—4 d—4 dy+de_4 +§<}’ )

| (4, =3)(d, +d.—4) ( 2(d,

d, —4

d,+d, -

~2) _é)

2de = 8)(dy = do) | 4d, ~2)(d, - d)
b +<dy—4><dy+aie—4>]6“’1—fe>G<1—ee,esy>

(d,—4)(d,(d. —4) +8)

(2dy+de—8)(2dy_|_de_10)G(l—8611,1—86,1,1)}, 59)

As explained in the previous paragraph, the last line of
Eq. (59) contains the UV-convergent diagram G(1 —
€.1,1—¢,,1,1) with a prefactor proportional to d, — 4.
It therefore vanishes for all RQED, ; and in particular in
RQED, ; which enables us to avoid computing the com-
plicated diagram G(1/2,1,1/2,1,1) and obtain an ex-
pansion valid to O(e, ) for the two-loop fermion self-energy.

Equation (59) simplifies for usual QEDs where d, = d,
corresponding to &, = 0. In this case, the complicated
diagram reduces to the well-known G(1, 1, 1, 1, 1) which is
given by Eq. (36) and Eq. (59) becomes

4 (=p?) 2
(41)4r

(d, 2){2NF;Z 20(1,1)G(1,8y)

2y (Pz) =

—%(d7—6+(dy—2)a2)G2(1,1)

1d,-3
+2ﬂ( (3d,—8) - dy—4)G(1,1)G(1,ey)},

(60)

where Eq. (31) has been used. Equation (60) agrees with
well-known results in the literature, see e.g., Ref. [11].

IV. ANOMALOUS DIMENSION OF THE FERMION
FIELD AND RENORMALIZED FERMION
PROPAGATOR UP TO TWO LOOPS

We now compute the renormalization constant associ-
ated to the fermion field Z,, the related anomalous
dimension y,, and renormalized propagator S,(p;u) up

|
to two loops. To achieve this task we use for RQED

well-known methods used for usual QEDs, see,
e.g., Ref. [11].

A. Renormalization

In the following, we shall expand the one-loop and two-
loop fermion self-energies, for fixed ¢,, in Laurent series in
¢,. For this purpose, we introduce two functions, ¢; and 65,
which are defined with the help of the expressions of the
one-loop [Eq. (34b)] and two-loop [Eq. (59)] fermion self-
energies as follows:

2 2\—¢,

Zy1(p?) —% (.8, ), (61a)
40 2\-2,

Ty (p?) = %62(86, &, a). (61b)

As will be seen shortly, it is important to single out in the
function ¢ the part which depends on the (bare) gauge
fixing parameter a. From Eq. (34b), this yields

oi(.. &, a) = oi(e,.e,) +acl(e,.€,),  (62a)
e(l—e,—¢)
/ =T(l-¢,)=——"G(1,1 - 2
01(8678}’) ( ee) 2—86—28}, G( ’ ee)’ (6 b)
ol(e..e,) =-T(1—¢,)(l —¢e,—¢,)G(1,1 —¢,). (62c)

065038-12



TWO-LOOP FERMION SELF-ENERGY IN REDUCED ... PHYSICAL REVIEW D 89, 065038 (2014)

On the other hand, in the two-loop function o, we may single out the three contributions corresponding to the three
diagrams of Fig. 4 whose expressions are given by Eqgs. (41), (43) and (58). This yields:

03(€.. €, a) = 6‘(12) (€0.8,) + 05,2) (€0.8,.a) + 622)(83, €, a), (63a)
@ — 4N, T2(1 (- —&) 0 hen 63b
oa (€0, 8,) = —4NpI*( ﬂ%)ﬁ (1,1)G(1, ¢, — &), (63b)
1-2¢e)(1—¢, —a(2—¢, —2¢,))?
05)2)(86587’ a) = _Fz(l - 86) ( 87)( e 8}’)(8@ a( e 87)) G(l? 1- Se)G(l — & 8)/)’ (630)

£,(2—¢,—2¢,)

65-2)(86,87,a) =T*(1-¢,)(1—-¢,—¢,)

(1—¢,— 8],)2

—(1=a)2(1—-¢ —
2—88—28;, ( a) ( 86 8}’)

x {Gz(l, 1—¢,) [2(se +¢,)+4(1-a)

(1-e,—-2¢)2-(2-¢,)(e +¢)] de, B 2e,
(1-¢,—-3¢,)(2—¢,—3¢,) 2—¢,—2, 2-¢,—3¢

2 e 4+ +21—88—28},
/ e T 2-¢,— 2,

8(1-e.—¢,) 4(3-2¢)

+2

—GUJ—e»Ga—ew@>P—4%_4Q+

2—¢,—2e, €
(1-¢,—¢,)(1-2¢) (2+¢, +e,) e(l—¢,)
41— - —(1-a)*(1-2¢,)—4-= ¢ T4 4
+4(l-a) 2—¢,—2¢, (1-a) ) l1—¢,—2¢, + &(2—-¢, -2,
2¢,2—(2—¢,)(e, + &,)]
- 4 14 e 4 G(1 = ) 1’ 1 — i 1’ 1 ) 63d
(2-¢e,—3¢,)(1 —¢, —3¢,) (1-e £ 1 1) (63d)
These equations are no more than a rewriting of the two- 4N

4 : Zg == (QEDy),  z4 = O(RQED,3). (66)

loop self-energies, Egs. (41), (43) and (58), in terms of the €
parameters instead of the dimensions.

In order to implement the renormalization procedure all
bare quantities (charge and gauge fixing parameter) appear-
ing in the self-energies equation (61) have to be expressed
in terms of renormalized ones:

e? a(p)
@myir ~ Zalalm) g peres,

(4x)
a=Zy(a(u))a,(u), (64)

where Egs. (16) and (15) were used. For an expansion to
O(a?) it is enough to know the coupling and gauge-field
renormalizations at one-loop. From Ref. [20] they read

Zo(a) = Z; (@) = 1 + za% +0(a?),
! (65)

[04
ﬁ(a) = _287/ + 2Za%7

a

fr— 2 —,
rala) =2z, i

where the coefficient z, depends of the theory under
consideration:

3

Summing the one-loop and two-loop contributions, the
total self-energy up to two loops can then be written as

a
Zy(p?) = el (a,)

dr
a 2 a
v
+0(), 67)

where L, =log(—p?/u*) and the functions o) =
o) + a,0 and 6, now depend on the renormalized gauge
fixing parameter. With the help of Eq. (67) the expansion of
the fermion propagator Eq. (14) reads

—ipS(p)

a a\?
J— <7E_L))€y J—
P oi(a,)+ <47[>

[ bt et i) + or(ar)
&
14

+0(e). (68)
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The Laurent series associated with the various functions
entering Eq. (68) can be written as

/
) C
e(yE_Lp)éya/ — ﬁ + c/ + c/ & + cee
1 e 11 12%y
14
"

e(}'E_LlJeyg/l/ — m —|— C/lll + C/llzgy + Tty (693)
£
14
C C
ez(VE_Lb)Sy (0‘% + 62) = g + ﬂ + Coo + -, (69b)
14 14

where the dots indicate higher order terms in g,. In
Eq. (69b) the two-loop contribution has been expanded
up to O(1) in e, which is all we need for two-loop
renormalization and is within the accuracy of our loop
calculations in RQED, ; . With these notations Eq. (68) can
then be rewritten as

[04 C
—ipgS(p) =1+— <§+c” +012£y+~">

dr v
n (1)2 (020 + ZaClo ! + 2aCly
4 s% g,
+ 0+ 24Chp + ) +0(), (70)

where the one-loop coefficients c¢; = c; + a,cy; are
defined by Eq. (69a) and the coefficients c,;, which also
depend on a,, are defined by Eq. (69b).

In the MS scheme all singular terms are factorized in the
renormalization constant Z,, while the regular terms con-
tribute to the renormalized propagator S,, yielding general
expressions of the form:

a a\? 220 | 221 3
Z ap) =14+-—— o — T (0] R
y(a.a,) +4ﬂ€y+<4ﬂ> <£$+€y>+ (@)

(71a)

, a
—igS,(p;p) =1 +E(r1 +rug +)

@)’ o), (71b
() e 0@, am

where the coefficients z;; and r;; are to be determined. This
can be done with the help of Eq. (17) by identifying, at a

E - —
—< (L.IL. =
+2(2_£e)( P( p 2_86

8
) + 25, — 3\112(2 - Se) + m) & + O(SJ%),
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given loop order, the coefficients of equal powers of ,. The
result reads

/
21 = C1o; 220 = €20 + ZC70s

/
221 = €21 + Z4C1 — C10C115 (72a)

J— !
Iy = Cp + 24C1 — C1pC12-

(72b)

r = =<, 11 = €12,

We are now in a position to present a general expression for
the anomalous scaling dimension of the fermion field. In
partial derivative form the latter reads

_ dlogZ,(a(u). a,(n))
dlog u

o 0 log Zl//(a’ ar)

= pla(u)) " Ologa

dlogZ,(a,a,)
dloga,

vy (a(u), a, (1))

—7a(a) ; (73)

where the one-loop beta function and anomalous scaling
dimension of the gauge field are given by Eq. (65). From
Egs. (71a), (72a) and (65), we recover the fact, well known
in usual QED, that the simple poles of Z, determine the
anomalous scaling dimension:

a a\? 3
ryla,a,) = —2115—4221 i +O(a’), (74)
and that, together with the beta function, they also
determine the higher order poles:

2 /
77 + 2,4C
230 = =5, (75)

The constraint equation (75) comes from the fact that the
anomalous dimension has to be finite as ¢, — 0.

B. Case of RQED,,,

In this paragraph we shall compute the anomalous
dimension of the fermion field and renormalized fermion
propagator in a general theory of RQEDy, 4 . In order to do
so, we expand the o functions of Egs. (62) and (63) in
Laurent series in ¢, for arbitrary ¢,. The coefficients of the
expansions read

(76a)
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1 - 1.
elre=ly)er gl = - +tL,—5 <L§, +28, =30,(2 - £e)>8y +0(&2), (76b)
14

2
v
€2(10 — 3¢e,) — 11e, +3 € 1 € 2/ 3
-2 ¢ a 2NpK £ — - L2428, —20,(2 -
(1_86)(2_€e)3 * g 12_8e> £7+<ar 2_8e> < p+2C2 2( £e>>
€ _ 1 3-2¢ _ e2(10-3¢e,) — 11e, + 3
4a, —— — 4 (W, (1 - — —4L - d :
rtag s (Bt ) HAg g el e =) 4, S
€2(32 — 10g,) — 23¢, — 7 B 2
(1 - Se)(z - 86)4 (1 - ge)z(z - ge)z
e - 1,- - 1 1
4ANpK £ L (U, -" -
" NF 12_ ( p+2< : 2)+€€<1_8€)(2_€€) 2_€e>+0(87)’ (76C)
where
F3(1 B 8e>r(€e)
LP :Lp—\III(Z—Se)—I—\I/](l), K] = r(z—z&‘e) s (773)
Uy =0 (1 -e) =¥ (1), Wy =W (e,) =29, (1 —&,) +2%(2 - 2¢,) — ¥ (1), (77b)

and W, and ¥, are the digamma and trigamma functions, respectively. From Eq. (76) the coefficients c;; and c,; can be
deduced.
Focusing for the moment on the singular contributions, which are obtained by combining Eq. (76) with Eq. (72a),

yields
€ 1 € 2 €
=— ——< ), =_ - ¢ 78
<1 <ar 2 €g> 220 ) (ar 72— 8g> + Za 7 _ €, ( a)
&e (3 — 286)[1 — 66(3 — 86)} & 7 2
= —2NpK 2 - L,— , 78b
i PR, T (1-¢)2-¢,) “ay e \P T2, (780)

where all gauge dependent terms cancel out from z,;. In order for the consistency relation, Eq. (75), to be valid we
see from Eq. (78a) that we must either have ¢, = 0 if z, # 0 which is the case of QED, or z, = 0 if ¢, # 0 which is
the case of RQED, 3, see Eq. (66). Taking this constraint into account we see that momentum-dependent terms also
cancel out from z,;. Then, the general expression of the anomalous dimension of the fermion field in RQED, 4,
reads

7y (@.a,) =2 <a, -5 ie) 48 (NFK1 5 iege _8 _(fg_e)e[:)(_;j(i;ge)]> (%)2 +0(a). (79)

It is important that Eq. (79) does not depend on the external momenta and digamma functions. This property is an
extension of the rule [38] for the results of the anomalous dimensions in standard QFT (¢, = 0 and ¢, — 0), where
the corresponding anomalous dimensions do not depend on the external momenta and (in MS scheme) on yr and &,.
Note that in the framework of RQED, 5 there is a contribution of {; in the corresponding anomalous dimension [see
Eq. (84) below] but this contribution appears, not from the expansion of I functions in ¢, but from the factor K, in
the expression G(1,1), see Appendix A.
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Finally, the finite part can be obtained in a similar way by

PHYSICAL REVIEW D 89, 065038 (2014)
combining Eq. (76) with Eq. (72b). This yields

£, - 2¢,
r = (ar_H>Lp +m, (80a)
1 £, - 2¢, - 2
=y (gt (B e ) i (-5 o
1 € 2/ € - 3-2¢
== - L2 —U,(2 - 2a,———1L 4—— (W, (1 - -
rz 2<ar 2_€€> ( p+z:2 2( €g>> + ar (2—88)2 p+ (2—86)2( 2( 86) §2)
- 6—22e, + 192 —5e) 7+23ee—3083+883_2 €
! (1 _ee)(2_8e)3 (1 _ge)(2_62)4 (1 _8(3)2(2_86)2
€ - 1, - - 1 1
ANpK (L, + (¥, - - : 80
* g 12_86( p+2( : 2)+8€(1_E€)(2_88) 2_Ee> (80

A few remarks are in order concerning the above results
starting from Eq. (76). The Laurent series in ¢, are plagued
by singularities for some values of ¢,. The singularity at
&, = 2 (case of a 0-brane or quantum mechanics) reflects
the fact that the self-energy of a pointlike particle is ill
defined already at one-loop. The singularity at ¢, = 1 (case
of a 1-brane or RQED, ;) appears starting from two-loop
and is related to the zero width of the filament, i.e., the
higher powers of I'(1 — ¢,), coming from the effective free
gauge-field propagator (8), as the order increases. Finally,
at two-loop, a singularity appears for &, =0 (case of
|

|

QED,) as can be seen in particular from the last term in
Eq. (80c). This singularity is gauge invariant and can be
traced back to the UV behavior of the one-loop polarization
operator entering the bubble diagram which is contained in
the master integral G(1, 1), see Appendix A. The above
results are therefore valid only in application to RQED, ;.

C. Application to massless RQED, ;

In the case of massless RQED, 5 (¢, = 1/2 and &, — 0)
the ¢, expansions of Eq. (76) read

L e 1 4 -3L 1/- (- 8 140
elre=by)e gl — 3, +— o A (L,, (L,, - §> -7 + T) e, + O(e2), (81a)
1 . L2-75+12
errbegl = —— 4+ [ — % , +0(er). (81b)
Y
1—3a)2 (1—3a)2I: +4a, + 36{,Np + 4 (1—301)2 - 9
2(ye—=L,)e, ( 52 _ ( r_ r p r F r L2 _ 2 8
¢ (@1 02) =g O, AR poe T
8a [ - 2 64 8- - 824
+5 <L,, —§> 5 Gt gLy +BOLNF(L, +2~logd) - ==+ O(e,), (81c)
where L, = log(—p?/u*) +log4 — 2. The coefficients then read
1 - 3a, (1- 3a,)2 - 16
i1 = 3 ) 220 = T’ 201 = =40 Np — f’ (82a)
4 1-3a, - 1—-3a, - 4 _ 1 —3a, 70
r1:§— 3 Lp’ rygy = 6 L%—g p—7ng—6ar+E,
1-3a,)? - 3a,+7)L, +48 - 280
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The corresponding renormalization constant and renormalized fermion propagator read

Zl[/(a7 ar) =1+

3  dzne + 18

—ipgS,(pip) =1+ —|g—
T 6

1-3a, «a (1-3a,)? 4 a \2
r r 4 — 3
A e G (- R

—3a, - 1-3a, - 4 _ 1-3a, 70
Lp+( L’;‘,—§L -7 —6a,+)8y+~~]

(83a)

6 27

[(=3a,)? ; 3a, +7)L, +48 ) 580
+<i> {ﬂ(ﬁ)—zczﬁ)ﬂ( )L, Cz_sczNF(Lp+2—1og4)_7+..}

Finally, the anomalous scaling dimension of the fermion
field in RQED, ; reads

3a,— 1 a 4 a\?
a) =220 "2 (N +— ) (Z
rula.a) 3 an (Cz F+27) <4ﬂ>

+0(a?). (84)

As already noticed in the general formulas, this anomalous
dimension does not depend on the external momentum
and the two-loop contribution does not depend on the
choice of gauge. In order to see how it affects the
momentum dependence of the fermion propagator we
solve Eq. (26). For this purpose, we use the fact that
B(a) = y4(a) = 0, as the coupling and gauge field do not
renormalize in RQED, ;. The solution then reads

i —pz %Jﬁ//(a*a)
S (pip) =—s(Liasa)| —5- , (85)
b4 H

where y,, is given by Eq. (84).

D. Case of massless QED,

The case of massless QED, corresponds to &, = 0 and
€, — 0. Starting from Eq. (60) the ¢, expansions of the self-
energies read

e(VE_Lp)Srgll = 0’ (863)
1 -L,(L,-2)-4
e(yE—Lp)eygll/ - —— 4+ Lp 1+ Cz p( p ) e,
€ 2
+0(e2), (86b)

a a? 3 a \?2
Z,(a,a,)=1—a,—+ | =+ (Np+> 0(a?),
y(a.a,) a,4ﬂ87 + [2 + < p+4)5y + ] <4”8y> +0O(a)

; =14+ 4+ &
- lpSr(l’u“) =1 ""_47[ [ar<Lp 1) + 2

(Ca—L,(Lp—2) —4)e, + - }

27
(83b)

from which the coefficients ¢;; and c,; can be deduced; in
particular, the coefficients ¢/ ; =0 in QED,. Substituting
these coefficients in Eq. (72), yields

— —a_% =N +§ (87a)
71 = —ay, Zzofz, 21 = NF 4’
ar
ri=a.(L,— 1), AN 23(52 —L,(L, —2)-4),
2 1 3
ry = ay 1+§LP(LP_2) —2Lp NF+Z
7 5
ZN-+Z. 87b
+3Ne+g (87b)

From Eq. (87a) we see that Eq. (75) is indeed satisfied.
Moreover, similarly to the case of QED,;, while z; is
gauge variant, the gauge dependence cancels out in z,;.
Substituting the coefficients of Eq. (87) in Eq. (71) yields
the following renormalization constant and renormalized
fermion propagator:

(88a)

(88b)

8

2 1 3\ 7 5
+ <%> [a%(l +§L,,(L,, —2)> —2L,,<NF+Z> +§NF+——|—~~} +0(a®).  (88c¢)

065038-17



KOTIKOV AND TEBER

Finally, from Eq. (87a) and (74) the anomalous scaling
dimension of the fermion field in QED, is recovered:

2
vyla.a,) = 2a,% -4 (NF + i) <46:[> +0(a?). (89)

As in the case of RQED,;, see Eq. (84), the fermion
anomalous dimension of QED, does not depend on the
external momentum and the two-loop contribution does not
depend on the choice of gauge. Furthermore, Eq. (89) is
transcendentally simpler than Eq. (84) as no £, appears in
Eq. (89).

E. Case of massless QED;

Finally, we consider the case of massless QED5. Such a
model differs considerably from the previous ones because
it is super renormalizable. Nevertheless we shall proceed
along the same lines as the previous, renormalizable,
models. In QED; we have ¢, =0 and the expansion
parameter is 6, = ¢, — 1/2. Equation (61) can then be
written as

62(—]72)_87

Zyi (p2> - (47[)(17/2

o1(g..€,.a)

— i e(YE_Lp)éyGl (88’ 87’ a), (903)

4

4 (=p?)2
Ty (p?) = W%(Ew €, a)

a\2
:< )ez<YE_L/’)5762(ee,ey,a), (90b)

4z
where L, = log(—p?/u*), @ is a momentum-dependent
dimensionless coupling constant (¢? has dimension of mass
in QED;3) defined as

62

P — 1)

and we have used the fact that z, =0 for QED;, see
Eq. (65). With the help of Eq. (60), the expansions read

a3t amdl?
e(]’E—L[J){Syo'l = — ”2 + ”2 (Lp - 10g(4) + 2')57
e2(re=L,)s, (0% + 02)
27N, , 4 37
- ~(BL, =2)Np +—-1
35, +ﬂ<a Tl =Nkt
+0(5,). (©20)
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From these results we see that a singularity appears only at
two-loop: the 1/6, pole in Eq. (92b). This singularity is
gauge independent and has a coefficient proportional to
Np. From Eq. (60) it can therefore be traced back to the
bubble diagram which involves the master integrals G(1, 1)
and G(1,¢,). While G(1,1) is finite in three-dimensional
QED, the one-loop master integral G(1.,e,) is indeed
divergent in the limit e, — 1/2:

r(1+6)[1
T 62102+ 0(5,)]. (93
7 5y+ 0g2+0(5,)]. (93)

At this point, the singularity looks like a UV one. Indeed,
coming back to the general expression for the one-loop
master integral (28) and expressing it in terms of gamma
functions yields

G(l,e,) =

a+p—d./2)(d./2 - a)l'(d./2 - )
DA (d, — a—p) ’
(94)

Glap) =1

where d, =4 —2¢, —2¢,. Dimensional analysis then
shows that a pole in the first gamma function in the
numerator of (94) is associated with a UV singularity
whereas a pole in either of the two other gamma functions
in the numerator is associated with an IR singularity. For
g, =0, a=1and f=¢, — 1/2, we then see that the
singularity is in the first gamma function of the numerator:

(2e, = 1)I'(1 —¢,)['(2 - 2¢,)
[(e,)0(3 - 3¢,)
r(2s,)0(1/2-8,)0(1 -28,)
T(1/2+46,)0(3/2-35,)
1 T(1+25,)I(1/2-6,)I'(1-28,)
T 25, I(1/2+5,)0(3/2-35,)

r
G(l,g,) =

(95)

It turns out, however, that the present example is one in
which there is an interchange between UV and IR types of
singularities. Indeed, in dimensional regularization, both of
these singularities correspond to poles of I" functions. To
see the interchange, let’s consider the example in more
details. The above considered UV type of singularity was
actually related to our choice of master integral: we took
G(1,e, — €,) in (60). In our calculations, however, it is the
integral G(1, &, — &, + 1) that is involved. On the one hand,
it can be related to the integral G(1,¢, —&,) by using the
simple property

Gllat1)=-9=27%G 4 (96)

a

On the other hand, the singularity in G(1,&, — &, + 1) is an
IR one. Indeed,
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['(2e,)I(1 —¢,)(1 = 2¢,)
(e, + 1)I(2 - 3¢,)
(1 +26,)(1/2 - 6,)I'(=25,)
I'(3/2+6,)I'(1/2-35,)
1 T(1426,)1(1/2-5,)F(1-25,)
26, T(3/2+446,)0(1/2-35,)
7

G(l,e, +1) =

and

T(1+6,)] 1
G(l,e, +1) _Ti+4) ———2+210g2+0(5y)}

Nz 5,
(98)
Hence, in QED; the singularity in the two-loop fermion

self-energy is of IR origin, as it was shown earlier in
|
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Ref. [39]. This is to be contrasted with the cases of QED,
and RQED, ; where the corresponding singularities are of
the UV type.

From Eq. (92)) we find the following coefficients:

2zN
71 =0, 720 =0, 21 =61 =3 E  (99a)
and?
ry = — ) B
an'?
=T (L, log(d) +2).

4 372
Fy =y = n'<a2 +§(3L,, —2)Np +%— 7). (99b)

This yields the following result for the renormalized
fermion propagator:

2 P
—ipSr<p;u)=1——f&(1—(L —log(4) +2)8, + ) + 1 ( 3(3L —2)NF+-34 ‘7>+o(&3)
- (1= (L, —log(4) + 2)5 (et an, N+ 2 7) 4 oS
T ey/=p? \/_‘p_z( = (L —log(4) + )y+"')+64(_p2)<a +5 6Ly = 2ONF + = )+ (e5).

Similarly, the renormalization constant reads

271'NF & 2 ~
Z,=1- — o(a?
v 35, (47;) +0@)
= (0] 101
247[5 @ +0(@). (101
Finally, the anomalous scaling dimension reads
8aNr [ a\? - Np . ~
=" () 0@) =+ e @ + O@). (102)

Interestingly, because there is no one-loop contribution, this
anomalous dimension is fully gauge invariant. In order to
see how it affects the momentum dependence of the
fermion propagator, we combine Eq. (24) with the general
solution of Eq. (26). This yields

2
log(=5-)

(g a)dlo " 4oeEIn @

S,(pip) = (103)

l

7
where we have taken into account the fact that, in QED;,
¥4 = 0 and the lack of running of the coupling constant ¢?
at the considered level of accuracy. The momentum
dependence of this coupling constant implies that pertur-
bation theory is valid, i.e., @ < 1, as long as > < \/—p?,

(100)

[
ie., for large euclidean momenta. With the help of
Eq. (102), the asymptotic form of the dressed fermion
propagator defined in the left-hand side of (103) reads

i _ Np A Np 047
;s,(l;(x;a)e“"zﬂze asr’=p?

Deep in the UV, the momentum dependence of the dressed
propagator is essentially the one of a free fermion in
accordance with the fact that QEDj is asymptotically free.

S, (p;u) = (104)

V. CONCLUSION AND OUTLOOK

The central result of this paper is the formula, Eq. (59),
for the two-loop fermion self-energy ,(p?) of massless
RQED, ,, in an arbitrary gauge. This formula was derived
using simple IBP relations. It allowed us, in the limit
d, — 4, to compute exactly Zy,(p?) of massless RQEDy 4.
without calculation of the complicated two-loop diagram
G(1/2,1,1/2,1,1) [the last term in Eq. (59)]. From
Eq. (59), as well as the one-loop self-energy equation (34b),
general expressions were derived for the fermion anoma-
lous scaling dimension (79) and the renormalized
fermion propagator, Eqs. (80) and (71b), in the limit
d, — 4. These results were then applied to RQED, 3 and
compared with the cases of (renormalizable) QED, and
(super-renormalizable) QED5. In all cases, the two-loop
contribution to the anomalous dimension was found to be
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gauge invariant. The latter was also shown to be transcen-
dentally more complex in RQEDy, 5 than in usual QEDs as
witnessed by the appearance of ¢, in Eq. (84) with respect
to Egs. (89) and (102).

From the condensed matter physics point of view, as
explained in the Introduction, the massless RQED, 3 model
describes the ultrarelativistic limit of undoped graphene.
Our results are a first step towards a rigorous understanding
of interaction corrections to the spectral properties of
graphene in the ultrarelativistic limit. Because of the
Lorentz invariance of the present model there is no
renormalization of the Fermi velocity [40]. The effect of
interactions manifests at the level of the finite part of the
fermion propagator as well as in the anomalous scaling
dimension of the fermion field, Eq. (84). The later indicates
how radiative corrections affect the momentum dependence
of the dressed fermion propagator equation (85). For
RQED, 3 our present results yield a gauge-variant dressed
propagator coming from the one-loop contribution; the
two-loop contribution, on the other hand, is gauge invariant
and positive [this is to be contrasted with the QED; result
which is fully gauge invariant, see Eq. (104)]. From the

|

2
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field theory point of view, the results obtained can be
extended to an arbitrary model of massless RQEDd .4, wWith
the help of an exact evaluation of G(1/2,1,1/2, 1, 1) see
Appendix B for general formulas. We plan to return to this
task, with application to the case of RQED;, which
requires the knowledge of the complicated contribution
G(1/2,1,1/2,1,1), in our future investigations.
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APPENDIX A: EXPANSION OF MASTER
INTEGRALS

Here we give the expansion of the master integrals, or G
functions, contributing to the fermion self-energies in
Egs. (61)-(63) at fixed ¢,. The results have the following
form:

exp[_}/Egy] T 8}/ T2
11— = 1+0 — (U4 + 28, —3W,(1 —
G( s 86) Ey(l —, — 28}/) F(l — Ee) < + 187 + 2 ( 1 =+ CZ 3 2( ge)) ’
exp[—yge,] £ =& 1 2 5
l,e, — = - U \If U, (1 -
G(le —e.) 2¢e, (1—¢e,-3¢,)2—-6,—3¢)0(1-¢,) brie +o 2 y (Ui + 86 =90s(1-2.)) ).
exp[—yge,] 1 —¢,—2¢, 1 & -,
G(1 - = - 1+VU \I’ 4 S5, (1 —
(I=eee) ==57 “2¢,) (I—¢,-3¢)2 ¢, —3e)T(1—e) \ 772 y (W1 440 = 5Ua(1 —e0)) ),
K £
G(1.1) Iexp[—}’ESy}F(l—_]e)< + e, + (‘I’2+‘I’2( o) +205(1 _ge)_4‘ll2(2_2ee))>7

where yg is the Euler constant and K;, ¥, and ¥, were
determined in (77).

APPENDIX B: EXACT EXPRESSION
OF THE TWO-LOOP MASSLESS
PROPAGATOR DIAGRAM WITH TWO
NONINTEGER INDICES

In this appendix, we derive general expressions
for the coefficient function G(a, 1,4, 1,1), see Eq. (39).
This function can be expressed in the following form:

a(Va(@alp) .., -
(a,1,p,1,1) a(a+ﬂ+3_D)G(a,/1,ﬂ,/1,/1),
a(a):%, &zg—a, A=—-—1, (Bl
where

065038-
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d

The function G(&.A.p,4.4) belongs to the type of
Feynman integrals considered in [13]: it corresponds to
the notation Cy[A(a, 8, 4)] in [13] and can be considered
as the particular case where y — A of the results in [13].
The general results contain four hypergeometric functions
3F, of argument 1. We will show that the diagram
G(a, A, 3, A, A) contains only two hypergeometric functions
3F, of argument 1.

Following [13], G(&, A, 5, A, A) can be represented in the
following form [41]:

A (B2)

.~ 1 1 . _ ~
G(&, 2, f. 4 2) = s [1(@p).
I(a.p) = 1(ap) - 1(a. p). (B3)

20
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Taking y — A, the results (17) in [13] becomes

i h) _r@+1 ) {il"(n—k%) [ L F(n+2—5c)l"(~55+ﬁ—2)
I'(p) nC(22) [n+A+1-ar(n+34+1-a-pr(@a+i-1)
~ 1 ( C(n+ 1DI(B-1) +r(nH-z+5:+/§)r(2—x—az)>]
ntA+a-1\I(n+2+1-pTA) Th-14+22+a)B-a-p)
r-Ar(l+i-a T
A2 - B3 - — ) sinfz(A— 1 + ﬁ)]}
where we have used the property: I'(a)[’(1 — a) = & sin~![za] for any a. Note that the second term in the rhs of (17) in [13]
has been summed in the product of I" functions, yielding the last term in Eq. (B4).

For the part 1 there are four representations, i.e., the Egs. (18)—(22) in [13]. We use Eq. (21) [42], where the last terms is
zero at y = 4. So, we have

n=0

(B4)

i(6.5) _Tra-ara —ﬁ)l‘(1~+/1—&)1“(1~+/1—,6) sin[zd]
’ FRAr2-prE -a-p) sinfz(2 — 1 +a)]
ir‘(nJrM) (-1)"  T(1-p) T(a+p-2r2-i-a)
L= nll24) n+2+1-arB-A)(n+34+i-a—-pl(a@a—1-n)

(BS)

Now, we consider the difference I — 7, ie., 1 (a, B) The first term and the second one in the rhs of ((B4) and (BYS),
respectively, combine to one term. The terms without series also combine to one term. So, we have

AL = 2. T'(n+24 1 I'n+2-a)’(1- —-Al—-a sin[z
I(a,ﬂ):—; rE!F—é_ZA)) [n+/1+1—0{1"(n+(3——::l a) (ﬂ) (ﬁ) : ,f) (/)’) A) sin[z (/I—E—ll—ﬁ)]
r(,1+}—ﬁ) L ( F(n+1)1“(ﬂ~—1) +F(n—2+/1+a+ﬂ)l“(2—/1—~&))}
r(p) n+ti+ta-1\F(n+2+1-prR) Th-14+22+a)3-a-p)
1 T(1+A-a)0(1+1-p) msin[z(f — @)

- N L : (B6)
1-p TRUHTAIB —a—p) sinfz(d—1+ p)]sin[z(2 -1+ )]

It is convenient to transform the first term in the rhs to the new form containing the factor (n + 4 + @ — 1)~! in its denominator.
This can be done with the help of the transformation of ;F, hypergeometric functions of argument 1 (see Eq. (9) in [13]):

[Se]

ZFn—l—a (n+é&) 1 Tb)rE-b) x  sinfz(f —2)] irn+c—f+)(n+e) 1
& wC(n+f) n+b T(f-br(1+b—-a)sinfxal  sin[zd] nCn+1+¢-4) n+te-b

(B7)

n—=

with arbitrary &, b, ¢ and f. Indeed,if ¢ =24, 6 =2-a, b=1+A4—aand f =3+ 4 —a— f3, we have

§°°:F(n+2/1 I'n+2-a) 1
“— nll’ rn+3+i-a- ﬂ)n—l—/l—i—l—a
T +A-alA+a-1) T _sin[ﬂ(/1+&+[~f—2)]ir(n+2/1)r(n—2+/1+5(+ﬁ) 1
 TRATAT(2-p) sinz(a—-1)] sin[z(a — 1)] £~ nll(24) T(n+22+a-1) n+ita-1
(B8)
Taking together this new result with the last two terms in Eq. (B6), we have
o~ TA+1-5 1 -
I(a,p) = —I(a,p), B9
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where
- T +i-&) zsinz(f—a+ )] = I'(n+22)
I(a’ﬂ)_r(3—&—ﬁ)sin[ (A =14 p)]sin[z ; (n+2+a-1)
(T (n—2+/1+a+ﬁ)(~—ﬂ) Otz
Tn+2+i-p) Tn—-1+22+alB-a-pT(A+a—1)  sinrd] '

The results (B9)and (B10) together with (B1) and (B2) can be considered as the final result for the initial
diagram G(a, 1,4,1,1):

I 1 T@rpré-a-pra | . -
a=11-pr(a)l(A-2+a+p) (22 1@p). (B11)

Gla,1,p,1,1) =

However, in the case where a and f are close to 4, it is not so convenient because (B10) contains several additional
singularities, which are canceled only at the end of calculations.

Another form of the final result can be obtained by application of the transformation (B7) to the last term in Eq. (B10).
Some simple algebra yields the following expression:

1a.f) = r(1 —l—/l—(?) ~zrsin[m?t] ]
’ [(3—a—p)sin[z(A—1+p)]sin[z(@a+p+i—-1)]
© ['(n +22) 1 T(n+1)
+nZ:0 n! <n+/1+&—11"(n+2+/1—ﬁ)
P L(n+2-@r2-AHre) sinz(5+2- 1) ) B12)
n+A+1=ar(n+34+i-a-prB-—a—-Pr(A+a—)sinfz(@+p+1—1)/

It seems that the result (B12) together with Eq. (B11) is the most convenient final form of the result for the initial diagram
G(a,1,p,1,1).

There are two other forms of the result for /(a, /3’), which can be obtained by application of the transform (B7) to the
second term in Egs. (B10) and (B12). That leads to

o F(n+2/1) 1 _Sin[”(ﬁ‘f‘ﬂ—l)] ) F(H+B+,1—1)
;F(n+2+z—ﬁ)n+,1+a—1_ p ;n!(nﬂﬂ_&)\lq(nmz)
I'l+1-a) .
rG-a-j U(A+a-1). (B13)

Using this formula the expressions of /(a, ﬁ) become more cumbersome because they contain the Euler (digamma) W,
functions. Nevertheless, we also present them for completeness. They are the following:

IF(1+4-a) asinfz(f-a+4)] T(+i-a
I'(3—a—p)sin[z(A—14p)]sinjzra] TG -a-p

SLCETELEURVARE S A

I(a,p) = ;xpl(ma-n

, (B14)

i [(n+22) T(n=24+A+a+prR2-prK)  sinfz(f+1—-1)]
nln+2+a-)Tn-14224+a)B-a-pfr(A+a—1)  sin[zd]

and
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r(l+4-a)

1(a.p) =

(3 —a—p)sinfz(A—1+p)sinfz(@+p+1i—1)]
[(n+2—-a)(2-p)r(a)

H3_a_m@uz+a—n

sin[z(f 44 —1)]

i (n+24) (
—nln+ A+ 1= \Pn+3+1-a-prGB—a-Pr@A+a—1)sinfz(@+p+1-1)]

Cn+p+1-1)

sin[z(f 44 —1)]

). (B15)

Unfortunately, the case a = f (i.e., & = B) does not produce any additional simplification and, in this case, we should use
the combination of Egs. (B9) and (B10) together with (B1) and (B2).
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