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We study dynamics of Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime based on the ghost-
free bigravity theory. Assuming the coupling parameters guaranteeing the existence of de Sitter space as
well as Minkowski spacetime, we find two stable attractors for spacetime with “twin” dust matter fields:
One is de Sitter accelerating universe and the other is matter dominated universe. Although a considerable
number of initial data leads to de Sitter universe, we also find matter dominated universe or spacetime with
a future singularity for some initial data. The cosmic no-hair conjecture does not exactly hold, but the
accelerating expansion can be found naturally. The A-CDM model is obtained as an attractor. We also show
that the dark matter component in the Friedmann equation, which originates from another twin matter, can
be about 5 times larger than the baryonic matter, by choosing the appropriate coupling constants.
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I. INTRODUCTION

Recent observation has confirmed the big bang scenario
of the expanding Universe. The cosmological parameters
are determined very precisely [1]. Cosmology is now
precision science. However those observations reveal
new unsolved problems in cosmology; dark energy and
dark matter. Dark matter could be explained by unknown
elementary particles, although there may be other possibil-
ities. On the other hand, dark energy, which is the origin of
the current accelerated expansion of the Universe, is one
of the biggest mysteries in modern cosmology [2,3]. The
acceleration might be due to some unknown matter with a
strange equation of state, or might be due to a modification
of general relativity (GR). In this paper, we are interested
in the latter possibility. Among many modified gravity
theories, one natural modification of GR is to consider the
possibility of a massive graviton. The first attempt to
consider a massive graviton was proposed by Fierz and
Pauli [4]. Although a simple nonlinear extension of the
Fierz-Pauli massive gravity theory contains instabilities
called the Boulware-Deser ghost [5], it was recently shown
that the special choice of the interaction term can exclude
such a ghost state [6-12]. However, this theory cannot
describe the flat Friedmann universe, if the fictitious metric
for the Stiickelberg field is the one of Minkowski. One may
consider an inhomogeneous metric or extend it to the de
Sitter metric. If we discuss a curved fictitious geometry, it
may be natural for it to be dynamical. In fact the de Rham
Gabadadze Tolley massive gravity theory has been gener-
alized to such a bigravity theory, which is still ghost free. It
contains a massless spin-2 particle and a massive spin-2
particle [13].
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Such theories with a massive graviton are also motivated
by the dark energy problem. The accelerating Universe may
be phenomenologically described by the A-CDM model.
However, the theoretically expected value of a cosmologi-
cal constant (the vacuum expectation value of some fields)
is too large to explain the observed value of dark energy.
In the massive gravity theory, the nonlinear “mass term”
gives an effective cosmological constant. So the graviton
mass is the scale of the Hubble expansion rate; dark energy
could be explained by the massive gravity theory.

Unfortunately, in the massive gravity, a flat Friedmann
universe with a fiducial Minkowski metric cannot be a
solution. Only an open Friedmann universe solves the
basic equations [14,15]. In order to find a flat Friedmann
universe, the fiducial metric should be more generic. One
possibility is to assume an isotropic and inhomogeneous
metric form [16-20]. However, the coupling constants are
restricted in this model to find an accelerating universe. The
other possibility is that the fiducial spacetime is no longer
the one of Minkowski, but it is assumed to be a curved
spacetime. If one chooses de Sitter spacetime, we find a flat
(or closed) Friedmann universe as well as an open universe.
However, if both metrics are homogeneous and isotropic,
there appears a new type of ghost instability. An anisotropic
fiducial metric may provide a stable flat Friedmann
universe [21-23].

If the fiducial spacetime is a curved spacetime, it may be
natural for its metric to be dynamical as well. Hence, based
on a ghost-free bigravity theory, cosmological models are
also studied [24-34]. In contrast to the massive gravity
theory, these exists a self-accelerating solution for all types
of Friedmann universe in the bigravity theory.

The bigravity theory includes GR with/without a cos-
mological constant as a special case. If both metrics are
proportional, which we call a homothetic solution, the basic
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equations are reduced to two sets of the Einstein equations
with cosmological constants, which originate from the
interaction terms of two metrics [35]. When the cosmo-
logical constant is positive, we have a chance to find a
de Sitter accelerating universe since the vacuum solution is
de Sitter spacetime.

Although considerable literature on bigravity has dis-
cussed the possibility of the accelerating Universe, it has
mainly dealt with the case such that the matter field
interacts only with our physical metric. A little attention
has been paid to the effect from an “exotic” matter which
interacts with another metric. Note that if matter fields
interact with both metrics, it will violate the equivalence
principle, which holds in very high accuracy [36]. Hence
we have to discuss two different matter fields, which
are decoupled with each other and interact only through
two metric interactions. We then call them twin matter
fields [37].

Since GR is consistent with many experiments and
observations [36], homothetic solutions given by those
in GR may be preferred in the bigravity theory as well.
However, in homothetic solutions two matters must satisfy
a fine-tuned condition [27]. Hence, we have to include
another twin matter as well as our matter field in the
dynamics of bigravity and discuss whether we obtain a
homothetic solution as an attractor.

The purpose of this study is to investigate cosmology in
the ghost-free bigravity further. We consider both metrics
are described by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metrics and each metric interacts with
one of twin matter fields, respectively. We assume both are
ordinary matters, in which energy momenta are conserved
individually. However, we do not assume that twin
matter fields satisfy a fine-tuned condition for homothetic
solutions.

Since a vacuum homothetic solution can be de Sitter, we
will analyze whether this de Sitter accelerating universe is
found as an attractor. The result is related to the so-called
cosmic no-hair conjecture [38—44], in which all expanding
universes with a positive cosmological constant are found
asymptotically to approach the de Sitter spacetime. If it
is the case, it will guarantee naturalness of accelerating
expansion in the bigravity theory. The other interesting
point in the present analysis is whether another twin matter
field behaves as dark matter. If we find the de Sitter
universe with twin dark matter as an attractor in the present
model, the A-CDM cosmological model, which is phe-
nomenologically favored from observations [1], is obtained
naturally from the bigravity theory.

The paper is organized as follows. Introducing the
ghost-free bigravity, we summarize the basic equations
and present a homothetic solution in Sec. II. In Sec. III, we
show the Friedmann equations in bigravity theory for the
coupling constants which guarantee the existence of the
Minkowski spacetime, and present the vacuum solutions.
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We then analyze the dynamics of the Friedmann equations
in Sec. IV. We show that the fate of the Universe is
classified into three types (the self-accelerating de Sitter
spacetime, the decelerating matter dominant universe,
and the universe with a future singularity). The de Sitter
spacetime is found from natural initial conditions.
In Sec. V, we study whether we can find an observationally
consistent model in our cosmological solutions. We find
that the A-CDM model is obtained as an attractor, and dark
matter can be explained by another twin matter for the
appropriate coupling constants. We summarize our results
and give some remarks in Sec. VL.

II. BIGRAVITY THEORY

A. Hassan-Rosen bigravity model
In the present paper, we will focus only on the ghost-free
bigravity theory, although many bigravity theories have
been proposed [45-50]. The ghost-free bigravity theory
proposed by Hassan and Rosen [13] is described by the
action

S = 212 d*x\/=gR(g) + /d“x\/“R

/dx\/_Z/{(g, f, @D

where g, and f,, are two dynamical metrics, and R(g) and
’R( f) are those Ricci scalars, respectively. k; = 87G and
Kf = 8nG are the correspondmg grav1tat10nal couplings,
while « is defined by x*> = K‘ + K‘ We assume that the
matter action S(™ is divided 1nto two parts:

=5 }(g,wg)JrS (f.wy),

i.e., matter fields y, and y ; are coupled only to the g metric
and to the f metric, respectively. This restriction guarantees
the equivalence principle. We call y, (g matter) and
wy (f matter) twin matter fluids.

The interaction term between two metrics is given by

S[m](g f l//gvl//f)

S™ (g, fow,wy) 2.2)

4
= bihiy) (23)
k=0
1 vpo
Z/[O(]/) = 47 6/41//)(76” re,
ul (7) = 5 e/wpaeaypoyﬂa’
1
UZ (7) == Z eﬂy/meaﬁlmyﬂayy/}v
1
u3 (7) == 5 eﬂupaeaﬁyﬂyﬂayyﬁypy’
1
Z/[4 (7) = 47 euvpo'eaﬁyﬁyﬂ(zyy[fypyyo—&v (24)
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where b, are coupling constants, while y#, is defined by
yﬂpypv = gﬂpf/)u'

In order to take the square root to obtain the explicit form

2.5)

of y#,, we shall introduce the tetrad systems, {e"’} and
{&\”}, which are defined by

(a) ,(b)

b
g;w :nahell (7 R

f/,u/ = Nap@u "Wy ~, (26)

with an additional constraint e, @) = € ()@, (). This
constraint guarantees that the tetrad description is equiv-
alent to the metric description.

We then find

= enabeﬂ(a)wl(xh) s 2.7)

where ¢ = =1 comes from the square root. As for the
directions of tetrads, we choose that ef,())dx” and a)f,o)dx" are
future directed for dr > 0. Changing the sign of ¢ corre-
sponds to the following transformation:

]/”D(—> - yﬂw (28)
for which the interaction term is invariant by changing the
sign of the coupling constants as

by (=fb,  (k=0-4). (2.9)

Note that Uy(y) and U,(y) do not contribute to the
equations of motion for f,, and g,,, respectively, because

V=9U(7) = V=4,
V=gU(r) = /- .

which are just cosmological constants in g spacetime
and f spacetime [51], respectively. The interaction term
is also written by another tensor defined by K = &) — y#,
as

(2.10)

@2.11)

4
U(g.f) = cld(K). (2.12)
k=0
where the relations between {b;} and {c,} are

Co = bo +4b1 +6b2 +4b3 + b4,

cp = _(bl + 3b2 + 3b3 + b4),

Cyr = b2 + 2b3 + b4,

c3 = —(b3 + ba),

[ b4. (213)

If we require a flat Minkowski spacetime to be a solution
of the field equations, we have to impose the following
condition;
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co=c; =0. (2.14)
Since m is assumed to be the mass of graviton in the
Minkowski background in massive gravity limit, we
should set

¢y = —1. (2.15)
This quadratic term U, (K) gives the Fierz-Pauli term in the
limit of linear massive gravity theory [4].

As a result, {b;} are also given by two free coupling
constants c¢3 and ¢4 as

by =4c3+c4—06,
by =3 —3c3 — ¢y,
by =2c3+c4— 1,
by = —(c3+ ca),

b4 = Cy4. (216)
In the present paper, we shall focus on this choice of the
coupling constants except for some special case such as
the partially massless theory.
In de Sitter spacetime, it is known that there exists the
so-called Higuchi bound

(2.17)

where mpp is the mass of spin-2 particle in the linear
massive gravity theory [4] and A is a cosmological
constant. Beyond this bound, no ghost appears and then
five modes of the massive graviton can propagate properly,
while below the bound, the helicity-zero mode becomes a
ghost [52,53]. At the exact bound value, however, the
helicity-zero mode is decoupled and a new gauge symmetry
appears. Such a theory is often referred to as partially
massless (PM). A nonlinear extension is known as the
PM massive gravity, and the extension to bigravity theory
(the PM bimetric theory) is also discussed [54,55]. These
PM theories are characterized by the coupling constants
such that

b] — b3 — 0,

by=3b,k3 /K2, by=3b,k2/K5. (2.18)

We shall discuss this special case separately in Appendix B.

B. The equations of motion

Taking the variation of the action with respect to g, and
fu» we find two sets of the Einstein equations:
Gt, = K%(T[r]ﬂy + Tl ), (2.19)

g, = K}(T[}’]ﬂy + ’]’[m]ﬂb)’ (2.20)
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where G*, and G*, are the Einstein tensors for g, and f,,,
respectively. The matter energy-momentum tensors are
given by

[m] [m]

58 oS

T, = 2220 giml — 2 (221)
5;(41/ 5fﬂl/

The energy-momentum tensors of “gravitons,” which are
from the interaction term, are given by

m2

TWu =— (", - U,

= (2.22)

— 2
Vogm*

Tk, = _—?T s (2.23)

with

o, = {biUy + bld; + b3y + bUs ",
—{baUhy + b3l + bylhr } (),
+ {bsUho + bl } (),
— blUo(r*)F,-

The energy momenta of matter fields are assumed to be
conserved individually as

(9) ()
V”T[m]ﬂb =0, V”T[m]ﬂy =0,
(9) (f)
where V,, and V, are covariant derivatives with respect to
9w and f,,. From the contracted Bianchi identities for
(2.19) and (2.20), the conservation of energy momenta for
gravitons is also guaranteed as

(2.24)

(9) (f)

Vv, Tk, =0, vV, T, = 0. (2.25)

C. Homothetic solution

Before going to discuss cosmology, first we give one
simple solution, in which we assume that two metrics are
proportional:

fw = K*gp. (2.26)

where K is a scalar function. In this case, since we find the
tensor y#, = K&, the energy-momentum tensors from the
interaction term are given by

K?}]‘Mﬂy =—-A\,(K)&,,
K%T[r]ub = -\ (K)3",.

where

PHYSICAL REVIEW D 89, 064051 (2014)
A,(K) = mi(by+ 3b,K + 3b,K* 4 b3K?),
Af(K) = m?(b4 + 3b3K_1 + 3b2K_2 + blK_3)7

with

(2.27)

From the energy-momentum conservation (2.25), we
find that K is a constant. As a result, we find two sets of the
Einstein equations with cosmological constants A, and A

Gu(9) + Aggy = 5T, (2.28)

Gu(f) + Mpf = 3T, (2.29)
Since two metrics are proportional, we have the constraints
on the cosmological constants and matter fields as

A (K) = K2A/(K), (2.30)

(2.31)

Since (2.30) is a quartic equation of K, we have at most four
real roots of K, which give four different cosmological
constants. The basic equations (2.28) [or (2.29)] are just the
Einstein equations in GR with a cosmological constant.
Hence, any solutions in GR with a cosmological constant
are always the solutions in the present bigravity theory. We
shall call these solutions homothetic solutions because of
the proportionality of two metrics.

If we assume a flat Minkowski spacetime is one of the
solutions in the case of a vacuum state, that is, if the
coupling constants are given by (2.14) and (2.15), or (2.16),
we find K = 1 is always one of the solutions, which gives
zero cosmological constant [A (1) = Ay(1) = 0]. Among
the remaining three solutions of K, if we find a positive
cosmological constant, we obtain an accelerating expan-
sion of the Universe, which evolves into a de Sitter
solution, if the cosmic no-hair conjecture holds.

In Appendix A, we present the perturbation equations for
homothetic solutions. The mass of massive mode in the
homothetic background is given by

m2
m = (mg + é) (1K +2b,K? + b3K?).  (2.32)

The homothetic de Sitter solution is stable against linear
perturbations.

III. COSMOLOGY IN BIGRAVITY

Based on the ghost-free bigravity theory as well as the
massive gravity theory, many authors have studied
cosmological models. In this paper, we analyze the details
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of the evolution of the Universe including both matter
fields and study whether an accelerating expansion is
naturally found in the late time. This is related to the so-
called cosmic no-hair conjecture in general relativity
(GR), in which the de Sitter solution is an attractor for
generic initial conditions if there exists a cosmological
constant, especially, we focus on the effect of matter
fields including f matter, which has not been studied
so much.

A. FLRW universe

Now we discuss the FLRW spacetime, whose metrics are
given by [56]

d 2
ds? = —N2(1)di* + a§<t>< s r2d92>, 3.1)
ds? — —N2(0d + a2 (0 [ =4 2402 32
57 = =N7(1)dt* + a3 (1) et . (32)

where N, and N are lapse functions, while a, and a, are
scale factors for g,, and f,,, respectively. Since those
variables must be positive, we choose the tetrads as

{el”} = diag (Ng,i,ag, a, sin 9), (3.3)
V1 —kr?

{w$@»=dmg(my, z’aﬂafﬁne). (3:4)

ar
V1 —kr
Hence, the interaction tensor is given by

7t = ediag(A. B. B. B), (3.5)
where A = Ny/N, and B = a;/a,.
The cosmic times for g and f metrics are defined by

Ty = /Ng(t)dt, T = /Nf(t)dt, (3.6)

respectively. Using the gauge freedom, in what follows, we
set N, = 1, in which gauge choice, the time coordinate 7 is
the same ag the cosmic time of the g metric.

Setting A = €A, B = ¢B, we find that the interaction
energy-momentum tensors are given by

TLY]I‘U _ dlag[—pg], Pg’]’ PB’]’ PB/]]’ (37)
T = diag[-plt), P, PV PU], (3.8)
where
i _m B+ 3by B + by
Py = (bo+3b1B +3b,8" + b3B’),  (3.9)
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m2

P = —F[b0+b1(;x+21~3)

+ by(2A B+B?*) + b;AB, (3.10)

2
¥ m 3b3 3b2 b]
o= (e g g) e

2
aom 1 2> (2 1> bl}
f K2|:4 3<A B)  \AB B*) AR

(3.12)

We assume that twin matter fields (g-matter and f-matter
fluids) are described by perfect fluids:

T, = diag[—p, (1), P, (1), P,(1), P, (1)],
T = diag[~p; (1), P;(1). P4(1), P (1)].
Assume that the Universe consists of dust (nonrelativistic

matter) and radiation (relativistic matter) for twin matter
fluids. From the conservation equations,

. a
py+3-2(py+ Py) =0,
g
Ly
pr+3—L(pr+ Pp) =0, (3.13)
!

where the dot denotes the derivative with respect to z, the
energy densities are described by the scale factors as

c c
KoPy = Kg(Pgm + Pyr) = —5 + 5,
ag 4y
c c
Ko = Ko+ ppa) = (14
f f

where ¢y, ¢4, Cpm and cp, are positive integration
constants.

The Einstein equations with the metric ansatz (3.1) and
(3.2) are reduced to the Friedmann equations:

, Kk Kﬁ 7]
Hg—f——z:—[pg +/)g], (3.15)
a; 3
, Kk K?‘ 7]
Bt =L 4, (3.16)
ay 3
where
a a
H =2 H, =1 (3.17)
’ f
! a, Nyay

are the Hubble expansion parameters.
The conservation equations for 7/*  and TE-/]” , are
reduced to one equation:
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<ﬁ—A> (by + 2b,B + b3B*) = 0. (3.18)

ayg

These are two cases: The first parentheses vanishes or the

second one does so. If the second parentheses vanishes, B is

a constant, and then p[g]( B) and p[ ]( B) are also constant. As

a result, the Friedmann equations (3.15) and (3.16) are the
same as the ordinary ones in GR with a cosmological
constant. Since the evolution of the Universe is well
analyzed in GR, we will not discuss this case furthermore.
Thus, we assume that the first parentheses vanishes. This
condition holds when
H,= BH,. (3.19)
From two Friedmann equations [(3.15) and (3.16)] with
the condition (3.19), we find one algebraic equation:

[/]g ( )+pg(ag)] —K ZBZV ( )+,0f(af)] =0.
(3.20)

Since ay = Ba, = ef?ag, this equation gives the relation
between B and a,. It also provides us some information
about the interaction term pg] and p}y] in terms of twin
matter fluids, which will be used in the discussion about
dark matter later.

The above equation (3.20) with (3.14) is rewritten into a

quartic equation for a, as
BCy(B)a} + BCy(B)a, + C,(B) =0, (3.21)
where
Ca(B) = Blc}py (B) ~ x{B’p} (B)
= k2B(b3B* + 3b,B* + 3b,B + by)
—k3(byB> +3b3B> +3b,B + by).  (322)
Cn(B) = cg.mB’ — €Cfm, (3.23)
C.(B) = c,,B* — ¢/, (3.24)
Solving (3.21), we obtain the relation a, = a,(B B) and

then a; = eBa (B) Plugging this relatlon into the
Friedmann equation (3.15), we find the equation for B as

(%)2 +V,(B) =0,

where the potential for B is given by

(3.25)

~ a

il =Gt a3 (3o o)

9 g
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with

(CA =+ ECA/)LZ?] + (2Cg’mé
g B(4Cpa} + Cp,)

—€Crm)a, + 2cg.rl~3’

A prime denotes the derivative with respect to B.

B. Vacuum solutions

Since the matter energy densities drop as the Universe
expands, we may expect the spacetime evolves into a
vacuum state asymptotically unless the spacetime encoun-
ters a singularity.

So before solving the dynamical equation (3.25), we
first analyze the vacuum solutions. Equation (3.21) is now
simple as

Ca(B) = 0. (3.26)

This equation is the same as (2.30). Since Bisa constant,
we find A = B = K, which gives the homothetic solution
discussed in Sec. II C.

We have at most four real roots l}f(f =1,...,4) for
Eq. (3.26). If we assume the existence of Minkowski space,
we always have one trivial root Biyyy = 1(Boyy = 1,e = 1),
which gives zero cosmological constant. The remaining
three roots can be all real or one real and two complex.

First we shall look for a de Sitter (dS) solution. When the
following conditions are satisfied, we find one de Sitter
solution, which is given by B(gs) with € = 1:

[region (1)],
[region (2)].

3 <0,c3—|—c4<0,2c%—|—3c4>0

c3>3,3c3+ ¢4 <3,2c§+3c4 >0

We show the typical examples (models A and B) for these
regions in Table L.

TABLEL In the parameter regions (1) and (2), there exists one
de Sitter solution with By, > 0 (e = 1). In addition, we find
three other vacuum solutions (two anti—de Sitter (AdS) solutions
as well as a trivial Minkowski spacetime). We assume ky = k.

Model (c3,c¢4) Region e By A, Vacuum

A (-1,0) (1) -1 0523476 —22.0323m2 AdS,
1 1 0 M
1 1.67319 —0.394464m] AdS,
1 685028  12.4267m2 dS

B (4,-10) (2 -1 191031 -80.4017m; AdS,
1 1 0 M

1 0.145979 0.264813m§ ds
1 0.59766 —0.140902m£2, AdS,
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TABLEIIL. In the parameter region (3), there exists one de Sitter
solution with B(ds> <0 (¢=-1). We also find three other
vacuum solutions (two AdS solutions as well as a trivial
Minkowski spacetime). The region (3) is divided into three
subregions [(3a), (3b), and (3¢c)] depending on the properties of
the solutions. We assume k = k.

Model (c3,¢4) Region € B, A,/m}  Vacuum
C (1/2,0) (Ba) -1 2443 3v3  dS
-1 2-V3 -3V3  AdS,
1 1 0 M
1 3 -4 AdS,
D (5/2,-4) (3b) -1 243 =723731 AdS,
-1 2-+/3 0373067 dS
1 1/3 —-4/9  AdS,
1 1 0 M
E (3,0) (3c) -1 0761557  29.7326  dS
1 0.636672 —0.154054 AdS,
1 1 0 M
1 412489 -23.5786 AdS,

For the coupling constants which satisfy

c3+ ¢y > 0,3¢c3 + ¢4 <3,2¢5 4 3¢4 > 0 [region (3a)],
c3+ ¢4 <0,3¢3 4 ¢4 > 3,2¢3 + 3¢4 > 0 [region (3b)],
c3+ ¢4 > 0,3¢3 4 ¢4 > 3,2¢3 + 3¢4 > 0 [region (3¢)],

we obtain one de Sitter solution for B(ds) < 0(Bgs) >0,
¢ = —1). In Table II, we show some examples (models C,
D, and E).

In Fig. 1, we show the regions (1), (2), and (3) where the
de Sitter solution exists are shown on the c¢3-c, plane. For
models A-E with appropriate coupling parameters, we will
discuss the dynamics of spacetime later. They are typical
models in each region.

FIG. 1 (color online). The de Sitter solutions with ¢ = 1 and
€ = —1 are found in the regions (1) and (2) and in the region (3),
respectively. The region (3) is divided into three subregions
[(3a), (3b), and (3c)] by the dynamical behavior of the Universe.
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TABLE III. In the white region of Fig. 1, there is no de Sitter
solution. We find only three AdS solutions or one AdS solution in
addition to a trivial Minkowski spacetime. We assume k; = k.

Model (c3,cs) Region e B A,/m? Vacuum
F (—2.-3) 4 -1 0668907 —-533156 AdS,
1 1 0 M
1 1.54181 -0.221325 AdS,
1 23271 -0.183049 AdS;
G (0,-1) 4 -1 0.537656 —15.3417 AdS;
1 1 0 M

The other two solutions (l~3< Ads,) and B( AdS,))» apart from
the Minkowski spacetime, in the region (1)—(3) are anti—de
Sitter (AdS) spacetimes (see Tables I and II).

In the white region in Fig. 1, there is no de Sitter solution.
There exists either three or one AdS spacetime. We show
some examples in Table III.

Note that the bare cosmological constant for g, in the
action is b, but the effective cosmological constant is given
by A, through the interaction term. Hence, even if by <0,
as long as A, is positive, we find de Sitter spacetime as a
vacuum solution.

IV. THE EVOLUTION OF THE UNIVERSE

A. Attractor universes

The matter and radiation densities become equal at the
redshift z = z,q ~ 3000 in our Universe. Hence, after z,
matter density is dominant in g spacetime, which we
assume in what follows since we are interested in the
present acceleration of the Universe. We also assume a flat
universe with k = 0 from observation.'

We mainly discuss when radiation density in f spacetime
can be also ignored. In this case, (3.20) becomes

Cr(B)a} + Cy(B) =0, 4.1)
which gives
~ 1
- C,.(B)\?
a,(B) = —( (~)) . 4.2)
Cx(B)
The potential for B is given by
3CC {:@ NC = ¢ymCh + 3kC, cﬂ
_ mCy [KgPg Cm — CgmCa + ACm
V,(B) =- . (4.3)

(CAC;n - CmC;\)z

If Cy(B) = 0 as well as C,,(B) = 0 initially, B is always
constant and then we find the homothetic solution as an
exact solution:

'Even if we consider the closed (k=1) or open (k =-1)
FLRW universe, our main result will not change.
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A — B — |Ef|,

Cfm = |Bf|cg,m‘ 4.4)
We find the conventional matter dominant universe with/
without a cosmological constant [27,35].

However, C,(B) does not usually vanish. For generic
initial data, solving the equation (3.25) for B, we obtain the
scale factor a, by Eq. (4.2) with B(r), and then another
scale factor ay by

as(B) = eBa,(B). 4.5)
The ratio A of the lapse functions is also given by
~ ~ 3C,Cy
AB)=¢|B+———7F— - 4.6
B=(Froarae) o

_ The potential V, satisfies the following conditions at
B=B 2

V,(B;) =0, (4.7)
V!(B,) =0, (4.8)
VI(By) = —6A,(By). (4.9)

The AdS solution with A, <0 is isolated because the
potential is not negative definite and then Eq. (3.25) is
satisfied only at B, = Baqs)- For the case of A, > 0, on
the other hand, there are two allowed regions where the
Universe can exist; the left and right regions of the point
B, = B(gs). The potential near By is shown in Fig. 2.
The potential form depends on the ratio of matter densities

Fm = Cfm/Cym as well as the coupling parameters {b;}.
Although there are two allowed regions in the equation of
motion for B, one side is not physical, that is, it corresponds
to the region where a scale factor becomes negative because
from Eq. (4.2), we can evaluate the scale factor near
B = B (dS) as

0.01
0.00 -
& —0.01 V “l’;.,; {tm=03
2002, _ 7
~0.03 irm=08
-0.04 : :
00 01 02 03 04 05 06
B

FIG. 2 (color online). The potentials V,(B) for model B
(cz=4, c4=-10) with r, =0 (the blue solid curve),
rm = 0.3 (the green dashed curve), or ry, = 0.8 (the red dotted
curve). The black dot denotes de Sitter solution B gg).

PHYSICAL REVIEW D 89, 064051 (2014)

CngB(ds) — €Cf,m 1/3

a bl = = =
! C)\(Bas))(B = Bs))
S8 (B—E’(ds))_l/3

(4.10)

which changes the sign at B = B(ds) Here C’ ( (ds)) is a
constant. Which side of regions is physical depends on
the value of r,. For example, for model B (c; =4

and ¢, = —10), if r,, < 1'% = 0.145979, the left region

is physically allowed, while for r,,, > rI(n ), the right region

becomes physically possible (see Fig. 2, in which we plot
both cases of r,, =0, and 0.3).

_ In both cases, B evolves into B gs) as an attractor. Near
Bgs), the potential is approximated as

~ =3A, ( (ds))z. 4.11)
Hence, we find the solution for B as
B ~ B4 + Coexp [i 3Agz} , (4.12)

where C, is an integration constant. The plus sign corre-
sponds to an unstable evolution rolling down from the
potential peak, while the minus sign shows a stable solution
which asymptotically approaches to B gs). The scale factor

evolves as
A,
a, x exp —3 t

(see Fig. 3). Hence, the de Sitter
universe is obtained as an attractor. Note that if
rcfs < rml (AdS) _ 1.67319), where rg

(4.13)

accelerating

< $) = 0.41105,
the potential is unbounded from below and diverges at a
finite value of B, where a singularity (B = co0) appears
as we will show later (see the potential with r,, = 0.8
in Fig. 2).

0.0 0.5 1.0 1.5 2.0

FIG. 3 (color online). The evolution of the scale factor a,
for the case of ¢; = 4, ¢4 = —10. The bottom curve correspond-
ing t0 ¢ppy/cym =2 (dashed green) shows the evolution to a
dust dominated universe, while the top curve corresponding to
Cfm/Cym = 0 (solid blue) shows the evolution to a de Sitter
spacetime.
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For the case of B(M) =1, we find

Vy(Bow) = Vi(Boy) = Vi(Bay) =0,  (4.14)
since A, = 0. Evaluating also V}/ (B(M)) as
~ m3 + mzrm
VY (By) = 54 (71‘1 — ) (4.15)
m

we find that Vi’ is positive when r,, <1, then the left
region (B < By)) is physically allowed, while the right
region (B = Byy) is allowed if r,, > 1.

In this case, the potential is approximated as

V, = Vo(B—=Buy)* (4.16)
with
m% + mérm
Vo=9—. (4.17)
1—ry
Equation (3.25) is integrated as
Vo(B—Bpp) = 4 (4.18)
T () ‘

where 7, is an integration constant. As a result, the
asymptotic solution of the scale factor is

a, o (B —Byy) ™3 o (1 — 19)*3, (4.19)
which is that of a dust matter dominated universe (see
Fig. 3). When B, = B(y;), a dust matter dominated universe
is found as an attractor.

B. Dynamics of the Universe with twin matter

We are interested in whether the cosmic no-hair con-
jecture holds. Hence, we analyze our system for various
initial data and discuss which initial condition leads to de
Sitter expansion. In order to discuss whether a de Sitter
accelerating universe is naturally achieved as an attractor or
not, we survey all possible allowed initial data. Especially
we focus on the ratio r, of energy densities of twin matter
fluids. The results are summarized on the r,,-B plane. For
the parameter regions (1) and (2), we show two typical
examples of model A(c; = —1, ¢4 = 0) and of model B
(c3 =4, ¢4 = —10), in Figs. 4 and 5, respectively. For
region (3), we also present the typical results for model C
(c3=1/2,¢4,=0),D(c3 =5/2,c4 = —4)and E (c; = 3,
¢4 = 0) in Figs. 6, 7, and 8, respectively.

The colored regions denote the ranges of physically
allowed initial data. The universes in the stripe-shaded
light-blue area evolve into de Sitter spacetime, while those
in the crosshatched light-green area evolve into the dust
matter dominated universe. The universes started from the
grey shaded areas eventually find a future singularity.

PHYSICAL REVIEW D 89, 064051 (2014)
r(M)(AdS2),(ds)

FIG. 4 (color online). The attractor regions in the r,,-B plane
are shown for model A (c; = —1, ¢, = 0). The solid, dotted, and
dashed lines denote de Sitter, anti—de Sitter and dust dominated
universes, respectively. rnlqvl ) = 1, r,f d8:) _ 1.67319, and rn‘fs =
6.85028 give the boundary values, where the properties of
dynamics change. The initial data in the striped-shaded light-
blue and crosshatched light-green regions evolve into the de Sitter
and the dust dominated universe, respectively. BB denotes an
initial big bang singularity (a, = a; = 0). The spacetime started
from the other colored region evolves into singularities, which are
shown by dot-dashed curves. There exist two critical values

rg(rls) = 2.4328 and rﬁ?’” = 1.67318. Beyond rg(ris), every space-
(AdS,)

time evolves into a de Sitter universe if B > ry

spacetime with r, < rg[) evolves into the matter dominant

. . AdS
universe if B < rfn 2),

, while all

19 1409 i a0

14 BY

12

$ ds
0.0

00 02 04 06 08 10 12 14
Tm e=1

FIG. 5 (color online). The same as Fig. 4 for model B

(c3 =4, c4=-10). The boundary values are given by
P =1, /095 = 059766, and rieY) = 0.145979. Below the

(M)

critical value ro ' = 0.41105, every spacetime evolves into a

de Sitter universe if B < r,(nAdSZ), while all spacetime with
T > rSr“) = 0.597663 evolves into the matter dominant universe
if B> rifdS),
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AdS:

€=
ngsl)TSSS) 7nf(:)iS)
A v

31N

mz@_\\

FIG. 6 (color online). The same as Fig. 4 for model C
(c3 = 1/2, ¢4 = 0). The de Sitter solution exists in the case of
¢ = —1, while the matter dominant universe is found for ¢ = 1.
Hence, we draw two figures of € = %1 separately. because there
appears a singularity at B = 0, where ¢ changes the sign. The
boundary values are given by rnﬂv[ =1, rm S —p_ V3,
r,(f d52) Z 3, and rnfs) =2+ /3. Beyond the critical value
rgf.ls) = 0.489757, every spacetime evolves into the de Sitter
universe if ¢ = —1 and B > rE{? ds‘), while all spacetime with
Tm < rclrv[ = 2.99645 evolves into the matter dominant universe

ife=1 andB<rffdsz.

We may probably easily understand that the spacetime
evolves either the de Sitter universe or the matter dominant
universe, depending on the initial conditions, because two
homothetic solutions are attractors. However, we also find
singular spacetime for some initial data. Why does a flat
FLRW universe evolve into a future singularity, which
never happens in GR? To explain how the universe evolves
into a singularity, we consider model B (c; =4 and
cy = —10) (Fig. 5). It r,, < rﬁfs), the universe starts from
a big bang initial singularity and evolves into de Sitter

. AdS, .
spacetime. When r¢ ' < 1y < m , the evolution of a,
is similar to the above case. Starting from a big bang initial
data (a, = 0), it evolves into de Sitter spacetime. However
the behavior of a; becomes strange. We show the time
evolution of two scale factors in Figs. 911, in which we
set r, = 0.58.

ay first increases and then turns to decrease. It eventually
increases again, resulting in an exponential expansion.
In order to analyze the reason why the universe shows a
transient collapse, we show the time evolution of A and B
in Fig. 10. We find that A becomes negative when ay
decreases. It means that the time direction in this period
turns to be reverse. It is the reason of the collapse.

PHYSICAL REVIEW D 89, 064051 (2014)
p(AdS2) (M)
m m

FIG. 7 (color online). The same as Fig. 6 formodel D (c; = 5/2,
™M

¢4y = —4) (e = —1). The boundary values are given by ry ) = 1,

rsﬁds') =243, rsﬁdSZ) =1/3, and rEf,lS) =2 — /3. Below the

(ds)

critical value r¢;”’ = 2.04183, every spacetime evolves into the de

Sitter universe ife = —1 and B < r,(ﬁ‘ i ), while all spacetime with
T > rﬁi‘“ = 0.33729 evolves into the matter dominant universe if
(AdS,)

e=1and B > ry

r(AdS1) L OM)

e= -1

T'm

FIG. 8 (color online). The same as Fig. 6 for model E
M

(c3 =3, ¢4 = 0). The boundary values are given by ry ) = 1,
) — 0636672, re®) = 4.12489, and ris¥ = 0.761557.
Every spacetime with € = —1 evolves into the de Sitter universe.

The matter dominant universe is found for all spacetime with

Ads AdS
e=1and rii® <rm<r§n 2
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3.0
25
2.0f

1.5¢
1.0
0.5¢

0.0

mt

FIG. 9 (color online).  The time evolution of two scale factors a,,
and a; for model B (c3 =4, ¢, = —10) with ¢y, /¢, = 0.58.

However there appears a singularity when A vanishes,
ie., a; = 0. Substituting A = a,/a, into the Ricci scalar
R(f), we obtain

R(f) = 6 = (.
() L\’faf (N f) " Na} " az]

f

. . -2

=6 %4_@_}_& .
afc'lf a% ajzc

(4.20)

d, does not vanish at A = 0, because the r-r component of
the field equation of g,, is given by
d, d; k -
2—9+a—92+; =m2[by + b, (A +2B)
g g
+ b,(2A B+B?) + b3AB*] — k2P,
(4.21)

Thus, the Ricci scalar R(f) diverges at a, = 0 (A=0)
assuming a, # 0. Note that the Ricci scalar for g, is finite
at this point. It implies that g spacetime is regular whereas f
spacetime is singular at A = 0. ~

Note that it is possible to solve the equation for B by use
of the potential V, even if we find a singularity in f
spacetime, because the interaction term does not diverge.
However, it is impossible to solve the equation by use of the
cosmic time 7, in f spacetime. From Fig. 11, it is almost
trivial that a singularity appears at the turning points of ay.

1.0
B(t)

0.5 —_x
0.0 \
~05| A(t)V

L0005 TI0 15 20 25 30

mt

FIG. 10 (color online). The time evolution of B(#) and A(z) for
model B with ¢y, /cym = 0.58.
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20F
15
1.0
0.5

arf\T
000 0T 0z 03 Ofl( f)o.é

mrTf

FIG. 11 (color online). The time evolution of two scale factors
a, and a; in terms of 7, for model B with ¢, /¢, = 0.58.
Beyond the singularity, both scale factors decrease in time, and
then increase again after another singularity.

Figure 10 implies that #(z,) is not single valued although
7/(t) is a single-valued function. As a result, the variables
such as a,(7;) or as(zy) are not single valued (see Fig. 11).

Beyond a singularity, however, since there is no natural
junction condition at the singularity, we can change the sign
of the lapse function Ny, which is negative when A is
negative. Since the tetrad in f spacetime is given by (3.4), if
we change the sign of N, we also have to change the sign
of the spatial part. Because the scale factor a; must be
positive, we have to reverse the spatial direction, that is, we
should change the parity in f spacetime. Hence, if we keep
the time direction in f spacetime beyond a singularity, we
have to change the parity for the period of A < 0. Although
there is no contraction phase in f spacetime as well as in g
spacetime, the scale factor in the f metric a; becomes
discontinuous (see Fig. 12).

The reverse of the above case also occurs, that is, f
spacetime is regular anytime except for a big bang
singularity whereas g spacetime becomes singular at
a, = 0, when A = co. The sign of A also changes beyond
this singularity. This happens in the case of model A
(C3 = —l, Cqy = 0) 5

In Figs. 4-8, we show the region of A <0, on which
boundary (the solid and dashed curves for A =0 and

1.0f

0.8

0.67

0.4

0.2¢

0.0 ]
0.0 0.5 1.0 1.5 2.0

mt

FIG. 12 (color online). The time evolution of two scale factors
for the same parameters as those in Fig. 9. Although both
scale factors increase in time, there still exists a singularity at
A =0(a; =0) and a; is discontinuous there. The parity of f
spacetime is changed beyond the singularity.
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A = o0, respectively) singularities appear. Hence, if the
universe starts from the gray shaded area, it evolves into a
singularity either at A =0 or at A = co. If the universe
starts from a big bang singularity (a, = a; = 0: red solid
line), it evolves into a negative lapse area through a
singularity and eventually goes to a positive lapse area
again, finding the de Sitter accelerating universe (or the
matter dominated universe). For the other initial data in the
grey area, the boundary does not correspond to a big bang
singularity, but the universe is bounced at the boundary.
Either this spacetime evolves directly into a singularity at
A = o0, or it first goes to the boundary and then it is
bounced back to the singularity. Going through a negative
lapse area, both cases eventually evolve into a positive
lapse area again. In any case, however, a singularity
formation cannot be avoided if the universe starts from
the grey area.

As shown in Figs. 4-8, there exists critical values
r£‘35>(r§i“>) for ry = ¢fm/cym. beyond (or below) which
both g and f spacetime are regular and then they evolve into
the de Sitter universe (or the dust matter dominated
universe). The universe never evolves into a singularity.

The critical value rc‘rjs/ M) can be found as folloyvs: It is
given by an extreme value of boundary curve of A =0 or
A = oo, which are given by

=B (1 + #> . (4.22)
A=0 3Cy - BC),

- C
=€ (B - —f\) .
A=o0 CA
The extremal condition gives the equation for B at the
critical point such that

Cfm

A=0  Cgm

I'm

_ Sfm

A= Cgm

(4.23)

I'm

(k2by — K%b3)1~92 + (K2by — 3K}b2)l~3 - 2K‘%b1 =0,
for A =0 or
2k2b3B> + (3k2by — k3by)B + (k2by — k3b3) =0

for A = oo, respectively. The roots of the above equation
just provide a candidate for the critical value B.,. Since the
critical point must exist in the physically allowed region,
we have to impose the additional constraint for the critical
value as

Vy(Be &™) < 0

. (4.24)

for B(ds /M) > Bcr > ry, Or E(ds M) < Ecr < rp. These
critical values ré(rls/ M) are shown in Figs. 4-8.
We summarize the results in this subsection in Table IV.
We show the conditions for the ratio r,,, and the initial

value of B under which every spacetime evolves into the de
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TABLE IV. The conditions for the de Sitter accelerating
universe or the matter dominant universe. Every spacetime
evolves into the de Sitter universe or the matter dominant
universe, if the given conditions are satisfied for ¢, r,, and the
initial value of B.

Region € T'm B

de Sitter accelerating universe

(1) 1 > Y B > rip®™
) 1 I < ré?s) B < rE,?dSZ)
(3a) -1 Fm > rgfs) B > rr(?ds')
(3b) -1 Fm <78 B < rip®
(3¢) -1 No condition No condition
Matter dominant universe

(1) 1 T <70 B < rip®®
) 1 Fm > rélrv[) B> rE,?dSZ)
(3a) 1 rm < r&vl) B < rl(?dSZ)
(3b) 1 I > Y B> it
(3¢) 1 réf‘dsl) <ry< rﬁédsZ) ré‘?ds') <B< rEédSZ)

Sitter universe or the matter dominant universe. The critical
values depend on the coupling constants {b; } (or c3 and cy)
and «7/k;. When spacetimes do not satisfy these con-
ditions, the universe will find a singularity unless we fine-
tune the initial conditions.

C. Cosmic no-hair conjecture

In the previous subsection, we discuss several examples,
in which we showed that there are three possibilities for
the fate of spacetime: the de Sitter accelerating universe, the
matter dominant universe, and spacetime with a future
singularity, depending on the initial condition. Hence in the
exact sense, the cosmic no-hair conjecture does not hold,
but the de Sitter universe can be obtained from a wide range
of initial conditions. In this subsection, we shall further
analyze how this result is generic by surveying the possible
coupling parameters {b;}, which are given by two free
parameters c¢; and ¢, as (2.16).

Here, just for simplicity, we study two typical cases
with one free parameter c¢3: (I) by =c4 =0 and
) by =4c3+ c4 —6 =0. The first and second cases
include the region (1), (3a) and (3c), and the region (2), (3b)
and (3c), respectively. (See the corresponding red dashed
lines in Fig. 1.)

In Figs. 13(a) and 13(b), for those two cases (I) and (II),
we show which range of r can reach to the de Sitter
universe or the matter dominant universe, The blue solid
curve and green dashed line denote the de Sitter solution
and the matter dominated universe, respectively. For the dS
solutions, the value of € is negative in the regions (3a), (3b),
and (3c) while it is positive in the regions (1) and (2).

In the region (3c), all spacetime evolves into either
de Sitter self-accelerating universe or matter dominant

064051-12
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3a) (3¢)

(1)

(a) Case (I)

B Bn @

(b) Case (II)

FIG. 13 (color online). The de Sitter solution (blue curves) and
the necessary condition of r,, for self-acceleration (the stripe-
shaded light-blue regions) are shown. We also show the matter
dominate universe (the cross-hatched light-green curve) and its
necessary condition of r,. The dashed red curves show AdS
solutions with A, < 0. If the universe starts from the yellow
region, it evolves into a singularity. The critical value ré‘rm exists
in the regions (1), (2), (3a), and (3b). Another critical value rﬁ?“
appears if —1.09 < ¢3 < 0.55 for case (I) and 2.27 < ¢; < 4.09

for case (I), respectively.

universe, except for the time reversed ones, which collapse
into a big crunch. On the other hand, in the regions (1), (2),
(3a) and (3b), there exists a critical value rgfs), beyond
(below) which spacetime with an appropriate initial con-
dition evolves into a de Sitter universe. However, the case
with other initial data will evolve into either a matter
dominant universe or find a singularity. We note the critical

values r((}rw) are extremely close to rg? %) and these appear

only if —1.09 < ¢3 < 0.55 for case (I) and 2.27 < ¢3 <
4.09 for case (II). Outside these regions, the magnitude

. . M
relation between B, and r, is B, > rp > rI(n) or

B, <ry< ran), which dose not satisfy the additional

constraint (4.24).
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FIG. 14 (color online). Similar to Fig. 13 for different values
of K}/ KZ. We plot the results for (a) model B (¢c3 = 4, ¢y = —10)
and (b) model E (c3 =3, ¢, = 0). For model B, in addition
to the critical value r¢.~’ another critical value rclrw appears if
K%/ Kﬁ < 1.26. For model E, no critical value appears if
0.522408 < k7% /x; < 13.0711. All spacetime approaches the de
Sitter universe.

In order to see the dependence of gravitational constants
k, and ky, we change the ratio of gravitational constants
K¢ /k, by fixing the coupling constants {b;}. In Figs. 14(a)
and 14(b), we show the results for different values of the
ratio «2/k2 for model B (c; = 4, ¢4 = —10) and model E
(c3 = 3, ¢4 = 0), respectively.

The result is qualitatively the same in model B except for
the existence of rQrV” , while it is quite different in model E.
For model B, the critical value 7" appears only if K7/ <
1.26 as shown in Fig. 13. For model E, all spacetime evolves
into the de Sitter universe if 0.522408 < K} /K2 < 13.0711,
otherwise a critical value appears as model B.

Hence we can conclude that no-hair conjecture does not
always hold in the exact sense, but a self-accelerating
universe can be found from natural (not fine-tuned) initial
data for general coupling parameters and gravitational
constants.

We should note the effect of radiation. Although the
present radiation density is much less than matter density in
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our universe, it may not be the case for f-matter fields.
Analyzing the case that f-radiation density is not ignorable,
we find that the dynamics of the universe does not change
so much from the matter dominated case, although the
interpretation of “dark matter” component will be different
(see Sec. VD).

V. TOWARD THE A-CDM UNIVERSE

A. Effective Friedmann equation

As we show, the de Sitter accelerating universe is
realized for generic initial conditions in bigravity theory.
One may wonder whether our present observed Universe is
found in this model. Among many cosmological models,
the A-CDM model is most preferable from the observa-
tional viewpoint [1]. The amount of cold dark matter is
5 times as large as the baryonic matter. Can we obtain such
a model in the present theory as an attractor or without any
fine-tuning?

In order to study it, assuming the spacetime approaches
the homothetic solution (B = B,), we describe our basic
equation (3.15) in the form of a standard Friedmann
equation. Since de Sitter spacetime or the matter dominant
universe is an attractor in the present model, B, = Bgs)
or B( M)

We rewrite the interaction term p[y] in terms of the energy
densities of twin matter fluids, p, and p;. Near B = B, this
term is expanded as

k28 ~ A+ R (B=B,) +0((B-B,)?). (.1)
where
Ry = (2pl) (By) = 3m2(by +2b,B, + b3B2).  (5.2)

To evaluate (B —B,) in terms of matter densities, we
expand Eq. (3.21) as

B,Cw(Bs)a,+ C.(B;) + [B,Cy'(B;)a}
+ [Cu(By) + B,Cy/ (Bg)la, + C/(B,)|(B - By)
+O((B-B,)?) =0,

where we use C,(B,) = 0. In the limit of B — By, if the
Universe is expanding, dropping the higher-order terms of
a,;' because a, is increasing, we find

BB~ LGB L (L
e~ 7= 3 = 4 6 /-
CA'(By) L gy Bya, gy

(5.3)

Note that (B — B,) ~ O(
find

a,?). Plugging (5.3) into (5.1), we
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n (1=
Kpd +p) A+ |1 -
(1 Bl 3meff) <1 +B§’<§)
(1-3) 1
Jr"ﬁ/’ér) = 24 - K +0(F>’
CESIEE) s

(5.4)

where p, () and p, () are energy densities of g matter and g
radiation, respectively, and 7, = cy,/c . Mg is the grav-
iton mass in the present background spacetime, which is
defined by Eq. (2.32).

Since the energy density of f-matter fluids in the present
limit is approximated by

Kp Cfm Cfr rmcg,m rmcg’r

Fr = A TR 3 T a4
f le B Clg B Cl(]

Nrm Cgm r ngr+0(a—6)

—— (5.5
B} a

B} d !
replacing r,,, and r, by f-matter fluids, we finally obtain a

standard form of the effective Friedmann equation in the
present model as

H§+%:%+%pg+p]ﬂ, (5.6)
where
K2 = K2 ll - 1 2 (5.7)
B B G I
1<21~32
Pp = (5.8)

S(E=S AR

K 1s the effective gravitational constant, which is always
smaller than the bare gravitational constant « ., if the
Higuchi bound is satisfied (m%; > 2A,/3). pp is regarded
as “dark sector” whose origin is another one of twin matter.
In particular, when dust matter fluids are dominant, pp is
regarded as dark matter.

Although the effective Friedmann equation (5.6) is
valid both for an asymptotic de Sitter universe
(B,; = B(gs)) and for an asymptotic matter dominant uni-
verse (Bf —~B( = 1), in what follows, we discuss only
the case of Bgs) to explain the present observed universe.

B. Effective gravitational constant

First of all, we discuss the effective gravitational constant
K2, which must be positive in order for gravitational force
to be attractive. In Table V, we summarize the value of k%
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TABLE V. The effective gravitational constant and the effective
graviton mass in de Sitter background for models A-E. We

2 2
assume Kf = Ky-

Model K2/ K2 Mg /m
A —0.0880972 6.43151
B 0.976813 0.938869
C —0.108741 3.30578
D 0.920396 0.885782
E 0.0283764 3.99107

as well as m?%; for five models (models A-E), where we
assume szc = k2. From Table V, we can reject two models
(models A and C) because those models predict a negative
gravitational constant.

To see more general cases, we calculate the effective
gravitational constant k2, for two one-parameter families
[D bg=0 and (I) b, = 0], which we discussed in
Sec. IV C. Figure 15 shows x%; with respect to c3. We
find the constraint on c3 as c¢3 > 1.67845 for case (I), while
c3 > 2.61963 for case (II).

For most general parameters, in Fig. 16, we also show
the range of k%; > 0 by the stripe-shaded light-blue region
in the c3-¢4 plane.

If we change the ratio of «7/kj, the critical curve
for ¢ and ¢4 moves. We show the ranges of the positive

(3c) 3h) (2

1.0 LYY ETT TS
it
0.5 /0
0.1 A
0.0 L
A
ng::o -0.5 -"“"-"1 ------- —“'_5: : t
-1.01 H
-15} K}/K2 =10 I
PPN e | |

26 -4 2 0 2 4 s

C3
(b) Case (II)
FIG. 15 (color online). The effective gravitational constant Kgff

for two one-parameter families of coupling constants [(a) by = 0
and (b) by = 0]. We plot three cases of k7/x; = 0.1, 1.0, and 10.
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K2/ = 0\03)
A C\\|\

ol

FIG. 16 (color online). The contour maps of the effective
gravitational constant k% in the c3-c4 plane for three cases of
Kj% /k; = 0.1 (a), 1.0 (b), and 10 (c). The red thick curves denote
the contour of k%; = 0, below which (the stripe-shaded light-blue
region) we find the region of x%; > 0, which is physically
required.
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gravitational constant for szc/ k; = 0.1 and 10 in Fig. 15
for cases (I) and (II), and the contour maps of x2 ¢ in Fig. 16
in the c3-c4 plane. When «7/k; decreases, the physically
allowed region with a positive effective gravitational
constant then increases in the range of c¢3; > 0, but
decreases in the range of ¢; < 0, and vice versa.

We may have also another constraint on the effective
gravitational constant. The effective gravitational constant
K% is different from the bare value 2. In particular, model
E with K% = Ké gives a big discrepancy. One may wonder
whether such a discrepancy is acceptable or not, because
we know that the difference between the local gravitational
constant (Newtonian gravitational constant) and the cos-
mological one should not be so large [57]. If the local
gravitational constant is K‘é or very close to it, we will find a
stronger constraint on the coupling parameters (c3 and cy)
as well as the ratio of K;- / Kﬁ. For example, for model E, if
K7 /x5 < 0.0366125, we find k3 /x; > 0.9, which may be
consistent with observations. Although we expect that the
local gravitational constant is close to the bare gravitational
constant Kﬁ, to confirm the above constraint, we have to
calculate the local gravitational constant assuming that the
Vainshtein mechanism is working.

C. Dark matter

Next we discuss the possibility to explain the dark matter
component in the Friedmann equation by another one of
twin matter fluids. In Table VI, we show the ratio of dark
matter density pp, to that of g matter p,, ,, for models B, D,
and E. Its value, of course, depends on the ratio ry,. If p,
consists only of a baryonic matter, it gives the ratio of
dark matter to a baryonic matter, which is about 5 from
the cosmic pie [1]. So choosing r,, appropriately as in
Table VI, we find the observed value.

However, in order for the de Sitter attractor to be natural,
we have the constraint on r,, as we discussed in Sec. IV B.
For example, for model B, if r,, < rE,fr = 0.41105, the
universe approaches to de Sitter spacetime for any possible
initial value B(< B(adgs,) = 0.59766). This critical value
gives pp/p, < 0. 0656841 which is too small to explain the
present amount of dark matter. To find pp,/p, ~ 5, we need
rm ~ 30, for which a fine-tuning of initial data is required to
find the de Sitter universe. Similarly model D requires a
fine-tuning for de Sitter spacetime. Only model E gives a
model which explains the amount of dark matter as well as

TABLE VI. The ratio of the dark sector energy density to the
matter energy density in g spacetime. ry, is the ratio of twin matter
energy densities.

Model PD/Pg
B 0.16261ry,
D 0.32278r,
E 44.9613r,,

PHYSICAL REVIEW D 89, 064051 (2014)

TABLE VIL. B, and A, for model H.

Model (c3,c¢4) Region € B, A, Vacuum
H (—4,-10) (1) —1-42.9813 —1.22 x lOf’mg AdS;
1 1 0 M
1 135254  —0.193237m; AdS,
1 1.84303 0.256594m§ dS

de Sitter accelerating universe, because any initial value of
B leads an de Sitter attractor, assuming € = —1. In this case,
however, the effective gravitational constant may be too
small. For example, kZ2;/k2 = 0. 0283764 for «} = K'f
Although this value can become close to Kg if we choose
Ky 2 /K2 k; < 1, we need a fine-tuning of initial data to find the
de Sitter universe. [See Fig. 14(b).]

A more natural model is found if we choose the coupling
constants in the left-bottom region in the ¢3-c4 plane. One
example is model H with ¢; = —4, ¢4 = —10, which is
plotted by the dot H in Fig. 16, and which data and
properties are given in Table VII and in Fig. 17.

We present the two following examples for the appro-
priate values of x7/k; and the ratio ry:

=180,
= 3000.

model HI:K‘JZC/K% = 60,
model HHZKJZC/K‘2 = 1000, 5.9)

We find k ff/K = 0.946314and pp /p, = 5.54065 formodel
HI, while Keﬁ/Kg = 0.996608 and pp/p, = 5.41619 for
model HII, both of which are consistent with observations.

D. A-CDM model

Although the ratio of dark matter to baryonic matter is
constant, their total amount is time dependent. Hence, in
order to explain the present ratio of each component in the

r (M) (AdS2),(d5)

3.0

FIG. 17 (color online). The same as Fig. 4 for model HI
(c3=—4,c; = —10and K3/k2 = 60). We have rip*” = 135254,

P95 — 184303, rM — 1.34987, and r®® = 1.35313.
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cosmic pie (the pie chart of the content of the Universe),
we have to analyze the evolution of the Universe. In the
earlier stage of the Universe, that is, when B is not close
to Bgys, the Friedmann equation is not described by the
standard form (5.6). The interaction term cannot be written
only by the linear combination of A, p,, and p; with k2
So we redefine the density of dark sector pp by

KeaPp = szlly] Ay = KyPy, (5.10)
which includes higher-order terms of (B — Bys). Note that
Pp — pPp as B — Byg, which provides the present amount

of dark matter.
Introducing the density parameters, which are defined by

A KD
Q, = g i Q= eff’ D’
AT 3R P 3H2
2 2 k
_ KettPg.m o — KeitPor _
™ 3H2 T O3H: T HY

we obtain the Friedmann equation for g spacetime as
Qp +Qp + Q)+ +Qp = 1. (5.11)

From the observation, our Universe is almost flat and
the radiation energy is ignorable. Hence, we assume that
Q =0 and Q =0. The present ratio of dark energy
(a cosmological constant) is about 70%, while that of the
matter density including dark matter is about 30% [1], i.e.,

QA|0 = 07, (QD + Qm)|0 = 03

We also know that the baryonic density is given by
Qo ~0.05 [1].

In order to analyze whether our cosmological model is
consistent with the history of the Universe as well as the
present observations, we show the time evolution of the
density parameters. We choose one successful model with
the appropriate values of szc /K2 Kk and ry,, (models HI and HIT).
In Fig. 18, we show the results for those two models. The
present time, which is shown by the dashed lines in the
figures, is fixed by the observed value of the deceleration
parameter ¢ = —da/a® = —0.527 £0.026 [1]. We find
that the present total matter density (Qp + Q,,)], is about
0.3 and the dark energy ,], is about 0.7, respectively, as
shown in Fig. 18. This result does not depend on the choice
of initial value of B.

Since the ratio pp/p, ~5 for both models, we find
Qplyp~0.25 and Q.|, ~0.05, which must consist of
baryonic matter because Q |, ~ 0.05. We need not intro-
duce nonbaryonic dark matter in g spacetime. Another twin
matter fluid plays a role of dark matter in the effective
Friedmann equation. We should, of course, ask whether
another twin matter fluid can really play a role of dark
matter in the other situations such as the cosmic structure
formation or the missing mass in a galactic scale. For such a
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FIG. 18 (color online). The time evolution of density param-
eters for model HI (K2 /K2 k; = 60 and r,, = 180) and for model HII
(Kf/K‘ 1000 and ry, = 3000). a, = 1 is the present time.

purpose, we have to analyze an inhomogeneous spacetime
(either perturbations or nonlinear but Newtonian system).

Since the value of B is finite in any time because of the
potential form, then the interaction energy density plﬂ(é)
and then the dark matter density pp are also finite. On the
other hand, the ordinary matter density p, is proportional to
ag3 and then it dominates the Universe in the early phase.

The equal time when two energy densities become the
same is after recombination for model HI while before for
model HII. For model HI, the dark energy density is smaller
than the baryonic density at recombination. This fact may
show a difficulty of this model in considering the structure
formation because the baryon density fluctuation at recom-
bination era is strongly constrained by cosmic microwave
background observation.

We note that the above scenario will be changed if we
have a large amount of f radiation at present. Since the dark
sector pp is dominated by radiation, it does not provide a
dark matter component. Hence, the p, term must contain
dark matter as a usual scenario. pp gives just a dark
radiation, which may be strongly constrained [1].

VI. CONCLUDING REMARKS

We have studied the dynamics of homogeneous and
isotropic FLRW spacetime in the ghost-free bigravity
theory including twin matter sources. Assuming the
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coupling parameters guaranteeing the existence of de Sitter
space as well as Minkowski spacetime, we find two stable
attractors for spacetime with twin dust matter fields: One is
the de Sitter accelerating universe and the other is the
matter dominated universe. We also find the universe with a
future singularity for some initial data. However a consid-
erable number of initial data leads to the de Sitter universe.
Hence, although the cosmic no-hair conjecture does not
exactly hold, the accelerating de Sitter universe is found
naturally. The A-CDM model is obtained as an attractor.
We also show that the dark matter component in the
Friedmann equation, which originates from another twin
matter, can be about 5 times larger than the baryonic matter,
by choosing the appropriate coupling constants. For such a
model, our matter field consists just of baryons.

One interesting remaining question is whether another
twin matter can behave really as dark matter. Dark matter is
required not only in the big bang scenario but also in the
cosmological structure formation and as dark matter halos
existing around galaxies. In order to clarify such a question,
we have to analyze inhomogeneous models, either in a
perturbative approach or by nonlinear analysis. The linear
perturbation analysis is now in progress. Another important
question is whether the bigravity theory will dynamically
recover GR with/without a cosmological constant. That
is, is a homothetic solution an attractor in more general
spacetime? This question may be related with the above
nonlinear analysis. One simple analysis could be perfor-
med in a spherically symmetric system. A spherical static
spacetime including a black hole has also been studied
both in the massive gravity and bigravity theories [58—62].
Although the perturbation analysis shows the existence of
some instability [63,64], since the time scale is about the
age of the present universe, we are interested in whether
we find a homothetic solution (GR) in a local dynamical
free-fall time scale. It is under investigation.
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APPENDIX A: THE PERTURBATIONS AROUND
THE HOMOTHETIC SOLUTION

Since the homothetic spacetimes are given by the
solutions in GR, such solutions are important if they are
stable. So we shall discuss the perturbations around such a
homothetic solution. The basic equations are Eqs. (2.19)
and (2.20). The unperturbed spacetimes are assumed to be
homothetic, i.e.,

(0) (0) (0)

9w and f/w =K? 9 s (AT)
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which are the solutions of

(0)H (0) 2(())[m];4
G ,(g9)=-N(K)o, +i5T . (A2)
(O (0) (0)(m]u

A constant K is determined by a solution of Eq. (2.30), and

K2(70_)[m]/4 _ s Kz(;))['n]u (Ad)
! vToR2he v
We then consider the following perturbations:
G = Dy + ey, (AS)
fuo =KW =K teky).  (AG)

where ¢ < 1. The suffixes of k,, as well as h,, are moved

. (0
by the background metric g,,. The energy-momentum
tensors of twin matter fluid and those from the interaction
terms can be expanded as

(0)[m]u (1)mlu
QT =G [T el 4],
(0)[m]u (1)[mlp
K%T[m]ﬂy:,(j%{’]' ,+eT y+...}, (A7)
and
- 2(1)[7]u
k TV, = =N &) +ex; T, (A8)
()l
KT, = =N, + e T, (A9)
respectively, where
(7w (0)
2T, =m [(?"b(h, K-sU(nis,], (A0
(e 2 (e (1)m
AT y———ﬁ[(h—k)f e y(h,k)}, (A11)
with
(1) 1 ’ 3
7= =3[k + 26:K + by (R, — k)
+ (byK? + 2b3K3 + byK*) (h — k)8,
(0) 1
U = =3 (b,K + 3b,K? + 3b3K> + byK*) (h — k),
h = h?,, k = k%,.

The first order perturbation equations are given by

(0 (1) 0)p(n (1)[m]u

1
g Rpu(w) - R Doy = M v ngff[z(pﬂu + (/)5”1/]1

(A12)
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(0)p(u (1) [m]u

(oyp(1)
pv(W) - R Yy = M v

(A13)

where we have introduced new variables ¢, and v, from
two metric perturbations as

P = Ny — kyy, W = m%h,,,, + székw, (A14)
and defined by
(1)[mu ) (mu q (1)[m]
M ,/ZKg|:T ”_ET 5”1,}
(mle (1)[m]
2,2
— K Kf |:T v 5 T 1_/:| y
(1) [m]u K%Kz (Wmu 7 (1)m]
9 f
M v = K2 m2[<T v X (s”,/)
(1)[m]u 1 (W
+K4<T D—ET &gﬂ. (A15)

W, and ¢, describe a massless and massive modes,
respectively. mqy denotes graviton mass of the massive
mode in the homothetic background spacetime, which is
given by

m2
Mgy = <m§ + ?j;) (b1K +2b,K* 4 b3K?).  (A16)

If the background is the Minkowski spacetime (K = 1), we
()
find meir = m. R, is the linear perturbation operator of the
Ricci tensor, which is defined for metric perturbation 4, by
() 1r © © (0) 0)x (0)
1

0)« (0)
Ry (h) |

(A17)

The Bianchi identity (V,G*, = 0) gives the conservation of
graviton y*,, i.e.,

v, Tk — 0,

u v

(A18)

which perturbation gives the constraint on the massive
mode @

©0) (D) m2
V2T = 79(19,1{ +2b,K* + b3K?)
(0) (0)
x [—Vﬂgo”v + Vy(p} —0. (A19)
Since m%; # 0, we find
(0) (0)
Vo', = Ve (A20)

-V, V,h=0Oh,,+V (V,he,)+V (V,hy,)|.
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Taking a trace of Eq. (A12) and using Eq. (A20), we find

(1)[m]a

(0)[m] (0)[m]
) YoM,

(Bmzy — 20,)g = K <2Ta/3 P -T ¢
(A21)

Equations (A20) and (A21) give five constraint equations
on ¢,4, which is consistent with five degrees of freedom
for the massive graviton mode. There is no gauge freedom
because @, is a gauge invariant tensor. Using these
constraints, we rewrite the above perturbation equations as

0) () (0) (0) ap
vﬂvl/(p - D¢yv - 2Ru v Pap
(1)[m]

) 1 (0
+meff (pﬂv+_(pgﬂ1/ :2Mﬂ1/7

5 (A22)

(0) (0) (0) 0) 0 (0) a p (1) [m]
—V, V., -0y, +2V,, [v wﬂ)a] “2R, | Wap=2M,, .

(A23)

where we have used

(0 ,(0) 0) ,0)a (0) af 0y
\Y (vu)(/m> = vu(v Z;wc) +R;4 yZaﬁ+R wXup- (A24)

We shall discuss two decoupled modes separately.
1. Massless mode v,
Introducing a new variable by

1 ()

l/_//w =Y = EW 9w (A25)

and imposing the transverse-traceless conditions by use of
gauge freedom,

(0)#
\ li//w =0,
7 =0, (A26)

we find the perturbation equation as

(0) (rT) (0) @ ﬁ—<TT) (1) [m]

Uww” + 2R, Wop = —2M,, . (A27)
In the case of a vacuum spacetime, i.e.,
() (0)
R , =M\, R = 4Ag,
(1) [m]
M, =0. (A28)

We obtain the perturbation equation as
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© gy Qs

TT)
Opl” +2C, , 9" —gAg WY =o.

(A29)
If the background is de Sitter spacetime (or a spacetime
without a Weyl tensor), we find

(0) 2
(TT) A V—/(TT)

O’ ~ 3 A’ = 0. (A30)

Then we can show that de Sitter expanding spacetime is
stable against this perturbation mode [40].

2. Massive mode ¢,

In the case of vacuum state with Eq. (A28), the trace
equation (A21) is now

(3mZ; —2A,)p = 0. (A31)

If 3m2; # 2A,, we find ¢ = 0. The massive mode ¢, must
satisfy the transverse and traceless conditions [(A20) and
(A3D)]:

(O)m
Vg,=0, @ =0. (A32)
The perturbation equation is now
(0) 0) b
D(p,uv + 2C (ﬂaﬁ
{ A, + meff] P = 0. (A33)

We can show that de Sitter expanding spacetime (with zero
Weyl curvature) is stable against the massive perturbation
mode too.

The case of 3mZ; = 2A, is called “partially massless,”
which contains an additional gauge freedom. There are
only four propagation modes [55].

APPENDIX B: COSMOLOGY IN PARTIALLY
MASSLESS THEORY

In this Appendix, we discuss cosmology in partially
massless (PM) bigravity theory. In the PM theory, all
coefficients of Cy(B) vanish. Then we have to deal with
this case separately. However it turns out to be simpler than
the general case.

The coupling constants can be described by only one free
parameter b, such that
bl = b3 = 0, bo = 3b2K}/K§, b4 = 3b2K§/K}. (Bl)

By use of the relation (B1), we find the Friedmann
equation as

kK2
2 _Rg
Hg+a_§_?(p!l + ).

(B2)
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where p, is the ordinary matter energy density. The
interaction term gives the energy density of graviton,
pg ], which is given by

3m?b K
Pg] = 2 ’ (B +Kf>
q

Since the coupling constant b, always appears
with m?2, it can be absorbed into the definition of m,
fixing the constant as b, =1 in the PM bigravity
theory. _

The algebraic relation (3.21) between a, and B becomes

(B3)

BC,,(B)a, + C.(B) =0, (B4)

which gives

o cfmaq—l-\/cfm 2tdcs,(comagtcy,)
2(cymag+cy,)

By . (BS)

where we have used the positivity conditions of ¢, ¢,
Crm» and ¢y, In order to write down the effective
Friedmann equation from Eq. (B2), assuming the
Universe is expanding, we expand Eq. (B5) as

B, -+ [C.fzm N <Cf.r _ Cﬂm%r) 1
Com Crm  Com Ja

2 2
cs.C CfmC 1
fr-gm f.mbgr
+ <_ T T3 ) a2

Ctm Com / ag
32 2

N 2¢t,Com  ChiCor CrmCar) 1 1o 1
3 3 ct a al
f.m f.m g.m g g

(B6)

as a, — co. Using this equation, we find the effective
Friedmann equation as

kA, K2
H + =~ 24 Loy +p1 +p2 ). (BT)
a4y
where
2
Ag—3m§<rﬁq+—§),
Ky
c 1
K2py = 2(r, — 1%) g’r>—,
g r m Com) 4y
> ( rr+r2m)(rr+3r2m) Cor 21
KoP2 = r? c a2’
m g.m g9
2p :z(r—r (24 ek +2r0)] ((Con 1
973 r Com/) a3’
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with ry, = ¢ m/cym and rp = c;,/cy ;. p3 is an additional
matter, p, behaves as a correction of the curvature term,
and p; describes unusual matter with the equation of state
P = —% p. Since the A-CDM model with zero spatial
curvature describes the present universe very well, the last
two terms (p; and p,) must be very small. Such a condition
gives a strong constraint on both radiation components.
In particular, when we can ignore the radiation terms, we
find the A-CDM model. No additional dust component

PHYSICAL REVIEW D 89, 064051 (2014)

comes from the f-spacetime matter. Dark matter must be
found in p ,. Another one of twin matters is not regarded
as dark matter. The cosmological constant A, however in
this case, depends on the ratio of twin matter fluids ry,.
If k; < k,, then A~ 3mlri. The cosmological constant
depends on matter fluids. It may give us a hint to solve
the so-called “coincidence problem,” which is a mystery
why the amount of dark energy is close to that of
matter fluid.
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