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Varying gravitational constant GðtÞ (VG) cosmology is studied in this paper, where the modified
Friedmann equation and the modified energy conservation equation are given with respect to the constant-
G theory. Considering the extended Chaplygin gas (ECG) as background fluid (or thinking that ECG
fluid is induced by the variation of G), the unified model of dark matter and dark energy is obtained in
VG theory. The parameter spaces are investigated in the VG-ECG model by using the recent cosmic
data. Constraint results show β ¼ − G

:

HG ¼ −0.003þ0.021þ0.034−0.020−0.055 for the VG-GCG unified model and
β ¼ −0.027þ0.032þ0.059−0.032−0.066 for the VG-MCG unified model. Equivalently, they correspond to the limits on
the current variation of Newton’s gravitational constant at 95.4% confidence level j G

:

G jtoday ≲ 4.1 ×
10−12 yr−1 and j G

:

G jtoday ≲ 6.6 × 10−12 yr−1. And for z ≤ 3.5, bounds on the variation of G
:

G in the VG-ECG
unified model are in accordance with the experiment explorations of varying G. In addition, in VG theory
the used observational data point still cannot distinguish the VG-GCG and VG-MCG unified model from
the most popular ΛCDM cosmology. Furthermore, to see the effects of varying G and physical properties
for VG-ECG fluid, we discuss the evolutionary behaviors of cosmological quantities in VG theory, such
as G

:

G,
G
::

G and equation of state w, etc. For β < 0 a quintom scenario crossing over w ¼ −1 can be realized in
the VG-GCG model.

DOI: 10.1103/PhysRevD.89.063526 PACS numbers: 98.80.-k

I. INTRODUCTION

Several theories have been constructed to be responsible
for the accelerating expansion of the Universe [1]. These
include the study of fðRÞ and fðTÞ gravity theories [2] by
modifying Einstein’s theory, the study of RS and DGP
higher-dimensional gravity theories [3] by investigating the
nature of spacetime, and the construction of holographic
and quintessence field dark energy models [4] from basic
principles by introducing mysterious negative-pressure
components in the Universe, etc. [5]. In addition, in standard
dark-energy cosmology, current observations indicate that
except the visible baryon matter and radiation, about 95%
of the total energy density in the Universe are invisible,
including darkmatter (DM) and dark energy (DE). A type of
interested model called extended Chaplygin gas (ECG) was
introduced, which includes, for instance, the generalized
Chaplygin gas (GCG) [6,7] and the modified Chaplygin gas
(MCG) [8] models. An attractive property of this type of
model is that two unknown dark sections in the Universe—
DM and DE—can be unified in an exotic equation of state.
ECG models have been studied widely. For examples, the
quantum-cosmology studies of the ECG models were well
investigated in Refs. [9,10], the behaviors of ECG fluid
were discussed in Hor

̬
ava-Lifshitz (HL) gravity [11,12] and

extra-dimension theory [13,14], etc.

In general, cosmological models are studied with an
assumption that the Newton gravity constantG is a constant.
But some observations indicate that G may be variable with
respect to the cosmic time t [15], such as observations of
big bang nucleosynthesis [16], pulsating white dwarf stars
[17,18], supernovae of type Ia [19], and binary pulsar
PSR1913 [20]. Furthermore, a theory of varying gravity
constantG (VG) could alleviate the darkmatter problem [21]
and the cosmic coincidence problem [22], and modify the
main-sequence time of globular cluster stars [23], etc. In VG
theory, HL gravity [24], the holographic dark energy model
[25], and the interacting model [26] have been discussed.
In this paper we investigate the unified model of dark matter
and dark energy in the framework of varying gravitational
constant, by considering the extended Chaplygin gas as the
background fluid. Usually, VG cosmology were studied
with using a standard Friedmann equation [25–27]. Here,
we consider a modified Friedmann equation with the extra
corrected term in VG theory. In addition, a different con-
servation equation is used with respect to the constant-G
theory, too. Correspondingly, a modified expression of ECG
energy density is given.

II. MAIN EQUATIONS IN VARYING
GRAVITATIONAL CONSTANT THEORY

It is well known that action is expressed as A ¼ R
LTd4x

with A being a scalar. We start with the total Lagrangian LT
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of the system consisting of gravitational field gμν, matter
field ψ , and time-varying Newton gravitational constant G,

LT ¼ Lg þ Lm ¼ ffiffiffi
g

p �
R

GðtÞ þ 16πLm

�
: (1)

Inspired by the studies on VG theory of Brans-Dicke (BD)
in Refs. [28,29], the function G depending on the time t is
usually written as G ¼ ϕ−1 ¼ G0aðtÞ−β by considering the
power-law form for both BD scalar field ϕ ¼ ϕ0tξ and scale
factor a ¼ a0tζ, where ξ, ζ, and β are constant parameters.
Still in Eq. (1), g ¼ −∣gμν∣ is defined by the determinant of
the metric, R ¼ gμνRμν denotes the Ricci scalar with Rμν

being the Ricci tensor, and Lm is the Lagrangian density of
the matter field. Using the variational principle to Eq. (1)
with respect to gravitational field gμν, we can get the
gravitational field equation,

Gμν ≡ Rμν − 1

2
Rgμν

¼ 8πGTμν þGð∇μ∂νG−1 − gμν∇σ∂σG−1Þ; (2)

where Tμν is the energy-momentum tensor of universal
matter which includes the photon, the pressureless baryon
matter, and the unknown dark components, and it can be
written as a perfect-fluid form Tμν ¼ ðρþ pÞUμUν þ pgμν

with Uμ being the four-velocity of the fluid.
One knows that modern cosmology is constructed from

the gravitational field equation and the cosmological
principle (i.e., the Robertson-Walker metric)

ds2 ¼ −dt2 þ a2ðtÞdl2; (3)

where dl2 is the metric on a maximally symmetric three-
manifold. Then according to Eq. (2) and Eq. (3), the
Friedmann equation in VG theory with a flat geometry can
be derived by

ð1þ βÞH2 ¼ 8πG0

3
a−β½ρr þ ρb þ ρdark�; (4)

where H ≡ a
:

a is the Hubble function. For β ¼ 0, the
constant-G standard Friedmann equation is recovered.
ρr, ρb and ρdark, respectively, denote the energy density
of radiation, baryon matter, and the dark component. These
energy densities can be explicitly obtained by integrating
the energy conservation equation. Due to variation of the
Newton gravitational constant G ¼ G0aðtÞ−β, the energy
conservation law as a fundamental equation playing an
important role in the evolution of the Universe is modified.
It has the following form:

ρ
: þ 3H

�
ρþ 2þ 2β

2þ β
p

�
¼ β − β2

2þ β
Hρ; (5)

obtained by the Bianchi identity (more detail can be found
in Appendix A). ρ and p represent the total density and the

total pressure of the background fluid in the Universe,
respectively. For β ¼ 0, Eq. (5) reduces to the constant-G
case. Then relative to the constant-G theory, in VG theory
the energy densities of universal matter will be modified.
The term on the right-hand side of Eq. (5) can be interpreted

as the interaction between the cosmic fluids, and β−β2
2þβ

describes the interaction strength. Also, the energy con-
servation equation (5) can be available for each cosmic
background fluid. Using Eq. (5), the energy densities of the
radiation (pr ¼ 1

3
ρr) and the baryon (pb ¼ 0) are derived,

ρr ¼ ρ0ra
−β2−4β−8

2þβ ; (6)

ρb ¼ ρ0ba
−β2−2β−6

2þβ ; (7)

where subscript 0 denotes current values of parameters, and
a is the cosmic scale factor which is related to the cosmic
redshift by z ¼ 1

a − 1. For β ¼ 0, they are reduced to the
forms in the constant-G theory.

A. Generalized Chaplygin gas as background fluid
in varying gravitational constant theory

Besides the radiation and the baryon matter, the extended
Chaplygin gas as a unification of dark matter and dark
energy is assumed in the background. In a constant G
theory, the Chaplygin gas (CG) as a unified model of dark
component was constructed, with a relation between
pressure and energy density, p ¼ − A

ρ. This model can be
associated with the parametrization invariant Nambu-Goto
d-brane action in a (dþ 1, 1) spacetime. However, this
model is not favored by the cosmic observed data. So,
several extended Chaplygin gas models are introduced,
such as the GCG model and the MCG model. In this paper,
we discuss the behaviors of ECG fluid in VG theory.
According to Ref. [6], one knows the GCG model

(p ¼ − A
ρα) can be derived by a generalized Born-Infeld

theory with a Lagrangian density,

LGCG ¼ −A 1
1þα½1 − ðgμνθ;μθ;νÞ1þα

2α � α
1þα; (8)

with the relation gμνθ;μθ;ν ¼ V 0ðφÞ. Lagrangian quantity (8)
can be regarded as a d-brane plus soft correcting terms [6].
In VG theory, this scalar field φ can be related to the
time-varying gravitational constant, by replacing φ with
φðtÞ ¼ GðtÞ−1 i.e. the GCG fluid can be thought that it is
induced from the variation of G. We consider the dark
components in the Universe are performed by Lagrangian
(8) with owing the same “potential” function form VðφÞ ¼
Vð1GÞ in Ref. [6], where potential has the power-law form
relative to a with φ ¼ φ0aβ. Then the energy density of
GCG fluid with varying gravitational constantG (named as
VG-GCG) can be derived as
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ρVG−GCG ¼ ρ0VG−GCG
h
Bs þ ð1 − BsÞað−3þ

β−β2
2þβ Þð1þαÞ

i 1
1þα;

(9)

whereα, β andBs ≡ 6þ6β
β2þ2βþ6

A
ρ1þα
0VG−GCG

are three constantmodel

parameters. For α ¼ 0 and β ¼ 0, the standard ΛCDM
model is recovered in above equation. And for α ¼ 1,
Eq. (9) reduces to the standard Chaplygin gas scenario in
VG theory (VG-CG). In addition, from Eq. (9) one can find
that the VG-GCG fluid behaves like cosmological-constant
type dark energy at late time (for a ≫ 1, ρVG−GCG≈
ρ0VG−GCGB

1
1þα
s ≡ ρde), and behaves as cold dark matter at

early time (for a ≪ 1, ρVG−GCG ≈ ρ0VG−GCGð1 − BsÞ 1
1þα×

a−3þ
β−β2
2þβ ≡ ρdm, which is same to the result given by the cold

dark matter density interacting with dark energy [30]).
Fixing a ¼ 1, at present the effective dark matter density
can be expressed as ρ0dm ¼ ρ0VG−GCGð1 − BsÞ 1

1þα.
Equivalently, it owns Ω0dm ¼ Ω0VG−GCGð1 − BsÞ 1

1þα, here
Ω0VG−GCG ¼ 1þ β −Ωb −Ωr with definitions of dimen-
sionless energy densities Ωr ≡ 8πG0ρ0r

3H2
0

and Ωb ≡ 8πG0ρ0b
3H2

0

. So,

the VG-GCG fluid can be seen as a fixture composed by two
components: the dark energy and the cold dark matter, i.e.,
ρVG−GCG ¼ ρde þ ρdm, pVG−GCG ¼ pde þ pdm. Using
Eq. (4), the dimensionless Hubble parameter for the GCG
model in VG theory has the form

E2ðaÞ ¼ H2ðaÞ
H2

0

¼ 1

1þ β
fΩ0VG−GCG½Bsa−βð1þαÞ

þ ð1 − BsÞa−ð3þ
2β2þβ
2þβ Þð1þαÞ� 1

1þα

þ Ωba
−2β2−4β−6

2þβ þ Ωra
−2β2−6β−8

2þβ g; (10)

where H0 is the Hubble constant. Again, Eq. (10) is
recovered to the constant-G theory with standard
Friedmann equation for β ¼ 0.

B. Modified Chaplygin gas as background fluid
in varying gravitational constant theory

A simple and popular generalization relative to the GCG
model is the MCG model p ¼ Bρ − A

ρα, which we derive by
adding a barotropic term. The MCG fluid can be seen as a
unification of dark energy, cold dark matter and hot dark
matter, as interpreted in the following. Also, this model can
be derived from a scalar field φ with a power-law potential
relative to a [31]. The energy density of MCG with varying
gravitational constant is derived as

ρVG−MCG

¼ ρ0VG−MCG½Bsþð1−BsÞa½−3ð1þ
2þ2β
2þβ BÞþβ−β2

2þβ �ð1þαÞ� 1
1þα; (11)

where α, β, B, and Bs ≡ 6ð1þβÞ
β2þ2βþ6þ6ð1þβÞB

A
ρ1þα
0VG−MCG

are four

constant model parameters. From Eq. (11), we can see that

at late time (a ≫ 1) ρVG−MCG ≈ ρ0VG−MCGB
1

1þα
s describes a

cosmological-constant-type dark energy, and at early time

(a ≪ 1) ρVG−MCG ≈ ρ0VG−MCGð1 − BsÞ 1
1þαa½−3ð1þ

2þ2β
2þβBÞþβ−β2

2þβ �

denotes a mixture of cold DM (state parameter w ∼ 0) and

hot DM (w ∼ 1
3
) for 0 < 2þ2β

2þβ B < 1
3
, since the term β−β2

2þβ is

interpreted as the interaction. Concretely, the values of
2þ2β
2þβ B depend on a ratio: the hot DM component to the cold

DM component. Thus for the physics of the MCG model,
the MCG fluid can be seen as the mixture of the GCG and
the hot DM, with GCG as the unification of cold dark
matter and dark energy. The dimensionless Hubble param-
eter for the MCG model in VG theory (VG-MCG) can be
expressed as

E2ðaÞ ¼ 1

1þ β
fΩ0VG−MCG½Bsa−βð1þαÞ

þ ð1 − BsÞa½−3ð1þ
2þ2β
2þβBÞ−2β2þβ

2þβ �ð1þαÞ� 1
1þα

þΩba
−2β2−4β−6

2þβ þ Ωra
−2β2−6β−8

2þβ g; (12)

with Ω0VG−MCG ¼ 1þ β −Ωb −Ωr. Obviously, for B ¼ 0

the VG-GCG scenario reappears.

III. COSMIC CONSTRAINTS ON THE
EXTENDED CHAPLYGIN GAS UNIFIED
MODEL IN VARYING GRAVITATIONAL

CONSTANT THEORY

Parameter spaces ps of the ECG unified model in VG
theory (VG-ECG) are studied by using the Markov Chain
Monte Carlo method [32]. One can calculate χ2 to obtain the
confidence levels of VG-ECG (including VG-GCG and
VG-MCG) model parameters: Ωbh2, h, Bs, α, B and β.
Here Ωbh2 denotes the physical baryon density and h is a
re-normalized quantity definedbyH0 ¼ 100h kms−1Mpc−1.
The used data includes the baryon acoustic oscillation (BAO)
[33–35], the x-ray gas mass fraction (XGMF) [36], the
cosmic microwave background (CMB) data [37], the
Union2 data set of type supernovae Ia (SNIa) [38], and
the Hubble data [39–43]. The methods of fitting data are
introduced in Appendix B.

A. VG-GCG model

For this part, the first constraint on the VG-GCG model
is obtained from the combination BAOþ XGMFþ
CMBþ SNIaþ H. The calculation results on the model
parameters are listed in Table II, where the mean values
with 68.3% (1σ) and 95.4% (2σ) confidence levels (CL) are
shown. Correspondingly, their 1σ and 2σ contours are
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plotted in Fig. 1. The 1σ and 2σ confidence levels of model
parameters in given data sets give values of χ2. Relative to
the minimum value χ2min they are defined by

χ2 − χ2min ≤ Δχ2ðpsÞ; (13)

where Δχ2ðpsÞ are taken the different values when the
different numbers of free parameters ps are included in the
models. Several values of Δχ2ðpsÞ are listed in Table I.
The value of parameter β reflects the property of G. Its

constraint result is β ¼ −0.003þ0.021þ0.034−0.020−0.055 , i.e. the current

value −2.2 × 10−12 yr−1 ≲ ðG
:

GÞtoday ≲ 4.1 × 10−12 yr−1
(95.4% confidence level). Comparing with other combined
constraint on parameter β by cosmological data, Ref. [44]
shows that the holographic model with VG in the modified

Friedmann equation has been constrained, where −β ¼
αG ¼ G

:

HG ¼ 0.1647þ0.3547−0.2971 is found for a flat universe.
Obviously, a larger error of β is given in Ref. [44] than
in our case. For other VG-GCG model parameters, they
satisfy Bs ¼ 0.763þ0.036þ0.062−0.036−0.080 and α ¼ 0.051þ0.112þ0.230−0.112−0.204 .
Considering that parameter α is related to equation of state

w ¼ p
ρ ¼ − c2s

α for VG-GCG fluid, α and w should have the

contrary symbol, since adiabatic sound speed c2s ¼ δp
δρ ≥ 0.

Thus, the values of α < 0 should be ruled out for an
accelerating universe with w < 0. In addition, in the VG-
GCG model dimensionless matter density as a derived
parameter can be calculated, Ω0m ≃ 0.288þ0.013þ0.032−0.013−0.025 .
FixingBs ¼ 1, α ¼ 0 and β ¼ 0, the VG-GCG is reduced

to the cosmological constant model, i.e. the ΛCDM model.
The values of the ΛCDM model parameters are shown in
Table II and Fig. 2. It can be seen that the values of α in the
VG-GCG model is around zero, which indicates the
VG-GCG model is close to the cosmological constant
model. For other model-parameter values (Ωbh2, h, Ω0m)
in the VG-GCG model, they are also consistent with the
standardΛCDMmodelwith the larger errors.As a constraint
result, in VG theory the observational data point still cannot
distinguish the VG-GCG unified model from the most
popular standard cosmology. But, a larger mean value for
the derived parameter Ω0m in the VG-GCG model is given
than the standard ΛCDM model. Fixing α ¼ 1, the VG-
GCG is reduced to theVG-CGmodel. The cosmic constraint
on the VG-CG model parameters is listed in Table II, too.
Relative to the above VG-GCG model (χ2min ¼ 601.031), a
larger value of χ2min ¼ 644.123 reveals that the VG-CG
model is not agreeing with cosmic observations.

B. VG-MCG model

The calculation results on the model parameters with
68.3% and 95.4% confidence are listed in Table III for
flat VG-MCG cosmology. And their contours are plotted
in Fig. 3. The constraint result on parameter β is
−0.027þ0.032þ0.059−0.032−0.066 . Equivalently, it corresponds to the cur-

rent value−2.3 × 10−12 yr−1 ≲ ðG
:

GÞtoday ≲ 6.6 × 10−12 yr−1
(95.4% confidence level), which has a smaller confidence
level than several cosmic experiments. For instance, explo-

ration is from globular clusters, −3.5 × 10−11 yr−1 ≲
ðG

:

GÞtoday ≲ 7 × 10−12 yr−1 [23], and survey is on the moon

by using the laser-ranging method j G
:

G jtoday ≲ 1.0 ×
10−11 yr−1 [45]. Furthermore, according to the constraint
result, in varying-G theory one finds thatMCG is close to the

B
S

α

0.7 0.8
−0.2

0

0.20

Ω
b
h2

h

0.022 0.023

0.67

0.7

0.73

β

h

−0.04 0.02

0.67

0.7

0.73

FIG. 1. The 68.3% and 95.4% confidence regions of the model
parameters in varying-G frames including GCG background fluid
as dark components.

TABLE I. The values of Δχ2 with different numbers of free
parameter.

Numbers of free parameter 1 2 3 4 5 6

Δχ2 for 68.3% CL 1.00 2.30 3.53 4.72 5.89 7.04
Δχ2 for 95.4% CL 4.00 6.17 8.02 9.70 11.3 12.8

TABLE II. The mean values of free model parameters, and their marginalized limits by using the BAOþ XGMFþ CMBþ SNIaþ H
data.

VG-GCG VG-CG ΛCDM

χ2min 601.031 644.123 601.790

100Ωbh2 2.263þ0.045þ0.101−0.045−0.088 2.189þ0.040þ0.074−0.039−0.075 2.234þ0.042þ0.088−0.042−0.081
h 0.6989þ0.0174þ0.0336−0.0167−0.0370 0.7199þ0.0126þ0.0258−0.0132−0.0247 0.6956þ0.0083þ0.0165−0.0083−0.0164
Bs 0.763þ0.036þ0.062−0.036−0.080 0.924þ0.007þ0.013−0.008−0.015 � � �
α 0.051þ0.112þ0.230−0.112−0.204 1 � � �
β −0.003þ0.021þ0.034−0.020−0.055 −0.002þ0.009þ0.018−0.008−0.017 � � �
Ω0m � � � � � � 0.283þ0.011þ0.022−0.011−0.021
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GCG model for very small values of B, and the VG-MCG
model match the ΛCDM model (α ¼ 0, β ¼ 0 and B ¼ 0)
well. In addition, as seen in Tables II and III, the uncertainties
of model parameters for the VG-MCGmodel are larger than
the VG-GCG case.

IV. EFFECTS OF VG ON BEHAVIORS
OF COSMOLOGICAL QUANTITIES AND

PHYSICAL PROPERTIES OF VG-ECG FLUID

For understanding the varying properties of G, we
investigate the evolutionary behaviors of G and its deriv-
atives with respect to time t,

G
:

G
¼ −βH; (14)

G
::

G
¼ βH2½β þ 1þ q�: (15)

The shapes of G
G0
, G

:

G, and
G
::

G in the VG-GCG (dot-dash lines)
and VG-MCG (dot lines) models are illustrated in Fig. 4.

Referring to confidence levels of above combined constraint
result from the data sets: BAOþ XGMFþ CMBþ
SNIaþ H, here parameter values β ¼ ð−0.058; 0.031Þ for
the VG-GCG model and β ¼ ð−0.093; 0.032Þ for the
VG-MCGmodel are fixed, respectively. For comparing with
constant-G theory, β ¼ 0 case is also plotted in Fig. 4 (solid

lines). The behaviors of G
G0

(or G
:

G,
G
::

G) are obviously different
for taking different values of β. As one can see in Fig. 4, for

z ≤ 3.5, the VG-GCG model gives −1.18 × 10−11 yr−1 ≲
G
:

G ≲ 2.1 × 10−11 yr−1 and for the VG-MCG model, it indi-

cates−1.22 × 10−11 yr−1 ≲ G
:

G ≲ 3.5 × 10−11 yr−1, in accor-
dance with several cosmic experiments on G

:

G. For example,
measurements of the masses of young and old neutron

stars in pulsar binaries limit−4.8 × 10−11 yr−1 ≤ G
:

G ≤ 3.6 ×
10−11 yr−1 [46], explorations from PSR J0437-4715 yield

j G
:

G j ≤ 2.3 × 10−11 yr−1 [47], and cooling of white dwarfs

limits j G
:

G j ≤ 2 × 10−11yr−1 [48]. Graphs of G
::

G shown in

Fig. 4 indicate that G
::

G have much smaller values (about

ð−1.8 ∼ 0.7Þ × 10−20 for z ≤ 3.5 atmost and almost G
::

G ∼ 0 at

present) than G
:

G. The reason for this smaller value is that G
::

G
relates to the quantity HðzÞ2 with HðzÞ ¼ H0EðzÞ and the
value of H0 ¼ 100h km s−1Mpc−1 ≃ 1.02 × 10−10h yr−1.
So, it seems that it is harder to test the effects of G

::

G by

experiments, relative to G
:

G.

Furthermore, as expressed in Eqs. (14) and (15), G
:

G and G
::

G
are related to the geometry quantities, the Hubble para-
meter H ¼ a

:

a and deceleration parameter q ¼ − a
::

aH2 ¼
ð1þ zÞ 1

H
dH
dz − 1, which are plotted in Fig. 5 for taking

different values of β. As determined in Fig. 5, HðzÞ > 0
corresponds to an expanded universe and qðzÞ > −ð1þ βÞ
for z > 0. Thus, fromEqs. (14) and (15)we can get that G

:

G and
G
::

G would have the opposite symbol for z > 0, and their
symbols depend on the symbols of β. But in distance future
(z ≪ 0), for β < 0 case it has a different result, where
HðzÞ > 0 and qðzÞ ≤ −ð1þ βÞ. In addition, Fig. 5 shows
that the evolutions of HðzÞ are almost the same for taking
different values of β.
For using the mean value of parameter β, the shapes of

G
G0
, G

:

G, and
G
::

G are plotted in Fig. 6 for the VG-ECG model.

B
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β
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FIG. 2. The 68.3% and 95.4% confidence regions of the model parameters in the VG-CG model (left) and ΛCDM model (right).

TABLE III. The mean values of the VG-MCG model param-
eters, and their marginalized limits by using the BAOþ
XGMFþ CMBþ SNIaþ H data.

VG-MCG

χ2min 600.863

100Ωbh2 2.302þ0.059þ0.116−0.058−0.110
h 0.6959þ0.0176þ0.0339−0.0172−0.0352
Bs 0.746þ0.040þ0.076−0.040−0.085
α 0.039þ0.110þ0.235−0.108−0.193
B 0.0037þ0.0033þ0.0061−0.0034−0.0070
β −0.027þ0.032þ0.059−0.032−0.066

B
S

α

0.65 0.75 0.85
−0.2

0

0.2

β

B

−0.1 0
−0.005

0

0.005

Ω
b
h2

H
0

0.022 0.024

0.66

0.7

0.74

FIG. 3. The 68.3% and 95.4% confidence regions of model
parameters in varying-G frames including MCG background
fluid as unified dark components.
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From Fig. 6, one can see that (i) G
G0

and G
::

G are the monotone

functions and G
:

G > 0 (an increasing G with the time), and

(ii) in the future (z < 0), G
::

G ð≃0Þ, and G
:

G ð> 0Þ are almost
constants.
The physical properties of the VG-ECG fluid

are described by its equation of state (EOS)
w ¼ p

ρ and adiabatic sound speed c2s ¼ δp
δρ. For the

VG-GCG and VG-MCG fluid, w is expressed
as

wVG−GCGðzÞ¼
−β2−2β−6

6ð1þβÞ
Bs

Bsþð1−BsÞð1þzÞ½3−β−β2
2þβ �ð1þαÞ

(16)

wVG−MCGðzÞ ¼ Bþ −β2 − 2β − 6 − 6ð1þ βÞB
6ð1þ βÞ

×
Bs

Bs þ ð1 − BsÞð1þ zÞ½3ð1þ2þ2β
2þβ BÞ−β−β2

2þβ �ð1þαÞ
:

(17)
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From the left panel of Fig. 7, one sees that both VG-GCG
and VG-GCG behave like cold dark matter with almost
zero EOS at early time, and behaves like constant-EOS-
type dark energy in the distant future. And for β < 0 or
β > 4 (nonphysical), the quintom model crossing w ¼ −1
can be realized in the VG-GCG model. The VG-MCG
model, however, requires the relation −β2þ4β<6Bð1þβÞ
to obtain the quintom scenario.
Adiabatic sound speed for the VG-GCG and VG-MCG

fluid are described

c2s;VG−GCG ¼ −αwVG−GCG (18)

c2s;VG−MCG ¼ −αwVG−MCG þ ð1þ αÞB: (19)

The right panel of Fig. 7 shows that the value of the sound
speed of ECG in the VG theory is a small positive number
at high redshift. The small values of c2s make it possible to
form large-scale structures.

V. CONCLUSIONS

Many observations indicate that the gravitational con-
stant G may be variable, not a constant. In this paper we
investigate the unified model of dark matter and dark
energy in the framework of varying gravitational constant,
by considering the extended Chaplygin gas as the back-
ground fluid which can be induced from the variation of G.
Usually, VG cosmology were studied with using a standard
Friedmann equation. Here, we consider a modified
Friedmann equation with a corrected extra term βH2. In
addition, a different conservation equation is used with
respect to the constant-G theory. Correspondingly, a
modified expression of ECG energy density is given in
this paper, too. Including the unified background fluid of
dark matter and dark energy, we apply recently observed
data to constrain the varying gravitational constant theory.
It is shown that the evolutionary behaviors of G

:

G and the

current value of variable gravitational constant ðG
:

GÞtoday are
comparable with several cosmic experiment explorations.
In varying-G theory, one finds that the MCG model is close
to the GCG model for a very small values of B. Also, the
VG-GCG and VG-MCG models match the ΛCDM model
(α ¼ 0, β ¼ 0 and B ¼ 0) well; i.e., in the VG theory the
observational data points still cannot distinguish the VG-
GCG and VG-MCG models from the standard ΛCDM
model. The VG-CG model is not favored by the cosmic
data, according to the calculation value of χ2.
By analyzing the behaviors of geometry quantities—the

Hubble parameter and deceleration parameter—one can
receive the result that G

:

G and G
::

G would have the opposite
symbol for z > 0, and their symbols dependon the symbols of
β. For using the mean values of the VG-ECG model,
behaviors of G

:

G exhibit an increasing G with the time. And
in future (z < 0), G

::

G ð≃0Þ and G
:

G ð> 0Þ are almost constants.

The physical properties of theVG-ECG fluid are described by
its equation of statew and adiabatic sound speed c2s . Forw, we
can see that VG-ECG behaves like cold dark matter with
almost zero EOS at early time, and behaves like constant-
EOS-type dark energy in the distant future. For β < 0, the
quintom model crossing w ¼ −1 can be realized in the VG-
GCG model. And adiabatic sound speed for the VG-ECG
fluid shows that thevalue of the sound speed is a small positive
number at the early universe. This small value of c2s makes it
possible to form large-scale structures in our Universe.
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APPENDIX A: THE CONSERVATION EQUATION
OF ENERGY DENSITY IN VARIABLE GRAVITY

CONSTANT THEORY

The contraction of Bianchi identity gives the result
∇μðRμν − 1

2
RgμνÞ ¼ 0, i.e., the vanishing of the covariant

divergence of the Einstein tensor Gμν
;μ ¼ 0, which is a

natural result from theory of the curvature geometry.
According to the Einstein equation (2), for a variable
gravity constant G the energy conservation equation can
be given by

ðGTμν þWμνÞ;μ ¼ 0; (A1)

where Wμν ≡Gð∇μ∂νG−1 − gμν∇σ∂σG−1Þ. The energy-
momentum tensor of perfect fluid is written as
Tμν ¼ pgμν þ ðpþ ρÞUμUν. Using the formulas
Tα���β
δ���σ;η ¼ Tα���β

δ���σ;η þ Γα
τηT

τ���β
δ���σ � � � þ Γβ

τηTα���τ
δ���σ − Γτ

δηT
α���β
τ���σ � � �

−Γτ
σηT

α���β
δ���τ , and Γσ

μν ¼ 1
2
gσλðgλμ;ν þ gνλ;μ − gμν;λÞ, we have

ρ
: þ 3H

�
ρþ 2þ 2β

2þ β
p

�
¼ β − β2

2þ β
Hρ: (A2)

For β ¼ 0, conservation equation (A2) is reduced to the
standard form in constant G theory. Comparing with the
standard form, one can see that the variation of G

introduces two additional terms. The term β−β2
2þβ Hρ on

the right-hand side in Eq. (A2) can be interpreted as the

interaction between universal matters, and β−β2
2þβ denotes

the interacting strength. Equation (A2) is also equivalent to
the following expressions,

ρ
:
eff þ 3Hðρeff þ peffÞ ¼ 0; (A3)

with effective density and effective pressure as follows,
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ρeff ¼
a−β
1þ β

ρ (A4)

peff ¼
2a−β
2þ β

pþ 2β2 þ β

3ð2þ βÞ ρeff : (A5)

APPENDIX B: METHODS OF FITTING DATA

Here we describe the cosmic data used, including the
BAO, fgas, CMB, SNIa, and H(z) data. First, we introduce
three distance parameters in the following. DAðzÞ is the
proper angular diameter distance,

DAðzÞ ¼
c

ð1þ zÞ ffiffiffiffiffiffiffiffiffijΩkj
p sinn

� ffiffiffiffiffiffiffiffiffi
jΩkj

p Z
z

0

dz0

Hðz0Þ
�
: (B1)

It relates to two other distance quantities DL and DV by

DLðzÞ ¼
H0

c
ð1þ zÞ2DAðzÞ (B2)

DVðzÞ ¼
�
ð1þ zÞ2D2

AðzÞ
cz

Hðz;psÞ
�
1=3

¼ H0

�
z

Eðz;psÞ
�Z

z

0

dz0

Eðz0;psÞ
�

2
�1

3

: (B3)

ps denotes the theoretical model parameters,
sin nð ffiffiffiffiffiffiffiffiffijΩkj

p
xÞ, respectively, denotes sinð ffiffiffiffiffiffiffiffiffijΩkj

p
xÞ,ffiffiffiffiffiffiffiffiffijΩkj

p
x, and sinhð ffiffiffiffiffiffiffiffiffijΩkj

p
xÞ for Ωk < 0, Ωk ¼ 0

and Ωk > 0.

1. BAO

BAO data are extracted from the WiggleZ Dark Energy
Survey (WDWS) [33], the Two Degree Field Galaxy
Redshift Survey (2dFGRS) [34] and the Sloan Digitial
Sky Survey (SDSS) [35]. χ2BAOðpsÞ is [49]

χ2BAOðpsÞ ¼ XtV−1X; (B4)

with

V−1 ¼

0
BBBBBBBB@

4444 0 0 0 0 0

0 30318 −17312 0 0 0

0 −17312 87046 0 0 0

0 0 0 23857 −22747 10586

0 0 0 −22747 128729 −59907
0 0 0 10586 −59907 125536

1
CCCCCCCCA
; X ¼

0
BBBBBBBBBBBBB@

rsðzdÞ
DVð0.106Þ − 0.336

rsðzdÞ
DVð0.2Þ − 0.1905

rsðzdÞ
DV ð0.35Þ − 0.1097

rsðzdÞ
DV ð0.44Þ − 0.0916

rsðzdÞ
DVð0.6Þ − 0.0726

rsðzdÞ
DV ð0.73Þ − 0.0592

1
CCCCCCCCCCCCCA

: (B5)

V−1 is the inverse covariance matrix [35,50]. X is a column
vector formed from theoretical values minus observational
values, and Xt denotes its transpose. rsðzÞ is the como-

ving sound horizon size rsðzÞ ¼ c
R
t
0
csdt
a ¼ cffiffi

3
p

R 1=ð1þzÞ
0 ×

da
a2HðaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ3aΩb=ð4ΩγÞ

p . cs is the sound speed of the photon

-baryon fluid, c−2s ¼ 3þ 4
3
× ðΩb

ΩγÞÞa with Ωγ ¼ 2.469×

10−5h−2. zd denotes the drag epoch, zd ¼ 1291ðΩ0mh2Þ−0.419
1þ0.659ðΩ0mh2Þ0.828 ×

½1þ b1ðΩbh2Þb2 � with b1 ¼ 0.313ðΩ0mh2Þ−0.419½1þ
0.607ðΩ0mh2Þ0.674� and b2 ¼ 0.238ðΩ0mh2Þ0.223.

2. XGMF

In observation of XGMF, for the reference model
ΛCDM, parameter fgas is presented as [36]

fΛCDMgas ðzÞ ¼ KAγbðzÞ
1þ sðzÞ

�
Ωb

Ω0m

��
DΛCDM

A ðzÞ
DAðzÞ

�
1.5

: (B6)

A is the angular correction factor, A ¼ ð HðzÞDAðzÞ
½HðzÞDAðzÞ�ΛCDMÞ

η.

Index η is the slope of fgasðr=r2500Þ data with

η ¼ 0.214� 0.022 [36]. Parameter γ denotes permissible
departures from the assumption of hydrostatic equilibrium.
Bias factor bðzÞ ¼ b0ð1þ αbzÞ accounts for uncertainties
in the cluster depletion factor. sðzÞ ¼ s0ð1þ αszÞ
accounts for uncertainties of the baryonic mass fraction
in stars and a Gaussian prior for s0 is employed, with s0 ¼
ð0.16� 0.05Þh0.570 [36]. Factor K is used to describe the
combined effects of the residual uncertainties, such as the
instrumental calibration and certain x-ray modeling issues,
and a Gaussian prior for the “calibration” factor is con-
sidered by K ¼ 1.0� 0.1 [36]. Adopting the data points
published in Ref. [36] and following the method in
Ref. [36], χ2 for the x-ray gas mass fraction analysis is
expressed as

χ2fgas ¼
X42
i¼1

½fΛCDMgas ðziÞ − fgasðziÞ�2
σ2fgasðziÞ

þ ðs0 − 0.16Þ2
0.00162

þ ðK − 1.0Þ2
0.012

þ ðη − 0.214Þ2
0.0222

; (B7)
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where σfgasðziÞ is the statistical uncertainties. As pointed out
in [36], the acquiescent systematic uncertainties have been
considered according to the parameters η, bðzÞ, sðzÞ and K.

3. CMB

For CMB constraint, χ2CMB is [51]

χ2CMBðpsÞ ¼ Δdi½Cov−1ðdiðpsÞ; djðpsÞÞ½Δdi�t�; (B8)

where Δdi;CMBðpsÞ ¼ dtheoryi;CMBðpsÞ − dobsi;CMB is a row vector.
According to the 9-yearWMAP survey thevalue ofdobsi;CMB ¼
½lAðz�Þ ¼ 302:04;Rðz�Þ ¼ 1.7246; z� ¼ 1090:88�, and the
corresponding inverse covariance matrix is [37]

Cov−1 ¼

0
B@

3.182 18.253 −1.429
18.253 11887.879 −193.808
−1.429 −193.808 4.556

1
CA: (B9)

Concretely, z� is the redshift at decoupling epoch
of photons given by z� ¼ 1048½1þ 0.00124ðΩbh2Þ−0.738�×
½1þ g1ðΩ0mh2Þg2 � with g1 ¼ 0.0783ðΩbh2Þ−0.238×
ð1þ 39.5ðΩbh2Þ0.763Þ−1 and g2 ¼ 0.560ð1þ
21.1ðΩbh2Þ1.81Þ−1; lAðps; z�Þ is the acoustic scale
lAðps; z�Þ ¼ ð1þ z�Þ πDAðps;z�Þ

rsðz�Þ ; Rðps; z�Þ is the CMB shift

parameter Rðps; z�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω0mH2

0

p
ð1þ z�ÞDAðps; z�Þ=c.

4. SNIa

Cosmic constraint from SNIa observation can be
determined by a calculation on the likelihood [52–62]

χ2SNIaðpsÞ≡
X557
i¼1

fμthðps; ziÞ − μobsðziÞg2
σ2μi

: (B10)

μthðzÞ is the theoretical distance modulus μthðzÞ ¼
5log10½DLðzÞ� þ 15

4
log10

G
G0

þ μ0 with the Hubble-free

luminosity distance DLðzÞ and μ0 ¼ 5log10ðH
−1
0

MpcÞ þ 25 ¼
42:38 − 5log10h. μobsðziÞ is the observed distance moduli at
different redshift zi, which can be given by SNIa obser-
vation data sets [38].

5. H(z) data

Using the H(z) data listed in Table IV, the model
parameters are determined by minimizing [63–74]

χ2HðH0; psÞ ¼
X24
i¼1

½HthðH0; ps; ziÞ −HobsðziÞ�2
σ2HðziÞ

; (B11)

where Hth is the predicted value for the Hubble parameter
and Hobs is the observed value.
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