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Torsional Newton-Cartan geometry and Lifshitz holography
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We obtain the Lifshitz UV completion in a specific model for z = 2 Lifshitz geometries. We use a
vielbein formalism which enables identification of all the sources as leading components of well-chosen
bulk fields. We show that the geometry induced from the bulk onto the boundary is a novel extension of
Newton-Cartan geometry with a specific torsion tensor. We explicitly compute all the vacuum expectation
values (VEVs) including the boundary stress-energy tensor and their Ward identities. After using local
symmetries or Ward identities the system exhibits 6+6 sources and VEVs. The Fefferman-Graham
expansion exhibits, however, an additional free function which is related to an irrelevant operator whose

source has been turned off. We show that this is related to a second UV completion.
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I. INTRODUCTION

The field of gauge/gravity duality has witnessed the rise
of a new paradigm in the form of the AdS/CMT corre-
spondence. By and large the focus of this line of research
has been on systems that are described by some strongly
coupled conformal field theory. There are however many
systems that in the neighborhood of some quantum critical
regime are well described by a scale invariant theory with
dynamical exponent z > 1. Such systems are typically
invariant under the Lifshitz symmetry group that contains
z-dependent scale transformations, space-time translations
and spatial rotations. The space-time that has these sym-
metries as its isometries is known as the Lifshitz space-time
and the goal is to develop holographic techniques for space-
times that become Lifshitz in some asymptotic region [1,2].

An important objective in this endeavour is the compu-
tation of quantities like boundary correlators in various
asymptotically Lifshitz backgrounds such as Lifshitz black
holes. This requires that we have an understanding of the
boundary geometry and that we control the solutions to the
equations of motion near the boundary [in the spirit of
Fefferman-Graham (FG) expansions] in order to apply the
usual holographic correspondence in which the boundary
values of the bulk fields act as sources in the dual field
theory partition function. So far, one has almost exclusively
studied such questions in the context of the massive vector
model [3—7] because it is simple in matter content (metric
and massive vector) and rich in solutions (all values of
z>1 can be accounted for). However the analogue FG
expansions have proven hard to obtain and consequently
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many features of Lifshitz holography have remained
elusive.

The purpose of this paper is to solve this problem in
a specific z =2 Lifshitz model, allowing us to expli-
citly address the holographic dictionary, including the
corresponding boundary geometry, the identification of
sources + vacuum expectation values (VEVs) and compu-
tation of Ward identities. While being the first example that
allows such detailed analysis, it is expected that some of the
results and methods, in particular the appearance of tor-
sional Newton-Cartan (TNC) geometry on the boundary,
may serve as important input in the treatment of more
general Lifshitz models. The advantage of focusing on
z = 2 is that one avoids having to derive the full space of
asymptotic solutions to the equations of motion since a
z = 2 Lifshitz space-time can be uplifted to an asymptoti-
cally AdS space-time in one dimension higher [8,9]. This
observation has led one to look for Lagrangians that in four
dimensions admit z = 2 Lifshitz solutions and that can be
uplifted to five dimensions where they admit asymptoti-
cally AdS solutions [10-12]. The idea is then to construct
the FG expansions of the solutions in five dimensions and
to reduce this to four dimensions. A first step in this
direction was taken in [13] where the focus was on deriving
the counterterms in four dimensions.

II. THE MODEL

More concretely we study the following model:

1 R 1 =
Sy = F/ dSxLs) + —2/ d*xV-hKk + S, (1)
K3 J M oM

Ks

where the 5D bulk Lagrangian ﬁ<5) reads
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and where the counterterm action (we use minimal
subtraction) is

1
Se == d*x <_
K5 Jom

in which 2(4) is the 4D version of Z',(S) with metric i‘ai;

defined via d5? = r2dr? + h, ;dx*dx? and where A is
an anomaly counterterm whose explicit form we do not
need. Our notation is as follows: 5D quantities and indices
are hatted while 4D quantities do not have a hat. Further,
a, b-type indices refer to the boundary space-time and
underlined indices denote tangent space.

The FG expansion of the solution to the equation of
motion near the boundary at r = 0 is given by [13,14]

~L + V-hAlog r), 3)

X = I"_l(j((o) + }"25((2) + r lOg rX(4.l) + 7”45((4) =+ - '),

“4)
where X stands for any of the fields ha B qﬁ 4 and where

1=2,0,0, respectively. The X< 4) coefficients contain the
VEVs, i.e. symbolically

<O’/’> 20
2 b

X (Oy)
X(4) D - 5
®)

Here, the VEVs are defined in the usual way as

o 2% 5 &
(t&A,<C9A>,((9~>)—K< = - >S?esm (6)
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where k= —«2(~h))""/?> and where S%, is the on-
shell version of (1) and they satisfy the following Ward
identities:

= Ao, (7

N
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with ./21(0)
explicit form of A,

the leading term in A. Here we will not need the
(for this see [15]).

III. REDUCTION AND SOURCES

As shown in [13] there is a subset of the full set of
solutions of the 5D theory that can be reduced to 4D
asymptotically Lifshitz geometries. This subset involves a
Scherk-Schwarz reduction in which the 5D axion has the
form y = ku + y with y a 4D axion and where u ~ u +
2zL parametrizes the reduction circle. All other fields
satisfy the ordinary Kaluza-Klein (KK) ansatz for a circle
reduction. We write the 4D Einstein frame metric in
vielbein basis as follows:
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d 2 i
ds? = e‘I’r—r2 + (—efleé + 5£Ze‘aei)dx“dxb, 9)

where i = 1,2. Defining 5D vielbeins as follows A, ;

—e e~ + 6,[;@5;, the KK ansatz reads
U S N Ny
e, =——e, —7§€ s eu—O, €y —¢€ ea’ (10)
At 1 o —30/2
er = j:\/—Ee (A, £ e7%%ey), (11)

where A, is the 4D bulk gauge field with A, = 0. For k # 0
the set of 4D solutions consists of two branches: (i) those
that are asymptotically Lifshitz and (ii) those that are
asymptotically conformally AdS [16] with hyperscaling
exponent 6 = —1 [17,18]. From a 5D perspective the
former has the constraint h< 0w = 0 and the latter has
h< 0juu > 0. When we take h( 0juu = 0 the leading behavior
of the bulk fields reads

A, + —3@/26_ _ 2,.—26—‘1’(0)/2,[(0)“ 4+ (12)
Ay — e = A+ (13)
el = r1e®0 /zefo)adxa + ey (14)
and the constraint il(O)uu = 0 implies
. 1 K
220 — Ry = _Z( gaber 0057 (0 C) +Ze 20, (15)

where eg’g) o | ¢@b¢ with €7¢ the Levi-Civita symbol and
e(0) = det(z(g)4 ’( )a) the boundary determinant. We have
thus identified the following sources: 7(g),, eéo)a, A(0)as
). b0): 20)-

IV. BOUNDARY GEOMETRY

For the leading components in the expansion of the

inverse vielbeins we introduce U?O) and e( . defined via
T(O)aﬂl(lo) = —1, T(O)ae(aO)i = 0, (16)
¢0atl) =0 €0)acfoy = - a7

We then transform from frame to coordinate components
on the boundary using X = —X(O)avﬁ)), Xy =

= Xo)0)a T X(0)i€(0)a
understand better the metric structure of the boundary we
perform a bulk local Lorentz transformation that leaves
dr/r invariant and expand this for small r so that we can
read off the induced transformation on the boundary
vielbeins. The result is that they transform under the

X(0>ae?0>i and X g), In order to

061901-2



TORSIONAL NEWTON-CARTAN GEOMETRY AND LIFSHITZ ...

contracted Lorentz group consisting of rotations and
Galilean boosts as

i i i
5t(0)a = 0, 0€i)y = T(O)aAf’o)eEo)b + AZo)ffo)a’ (18)

Set AL oo (19)

= Af (0 = ~No)€lo)

o) = Aoy

(0)
where AE’O) = AZo)e(o)g
Ao)ij = =) to local SO(2) rotations. The flat index

i can be raised and lowered with §;

corresponds to local boosts and

j- There are two
degenerate metrics invariant under the local tangent space
group: 79,7 (o), and H(“é’) = 5516?0)1.6?0)1.. Further the boun-
dary determinant e is an invariant as well. Hence we
cannot raise and lower indices.

Let us construct covariant derivatives D(T())a that trans-
form covariantly under (18):

= V70 =0, (20)

i i i )
Dyl = V(0o T Pi0)at0p + @0’ €0 2D

Dloyat(o) = V{0ya¥(0) T 0100y (22)
Dgz))aeé}o)i = V(To)aeé’on - a)(o)ull.eﬁ))j, (23)

where V(To)a contains some not necessarily symmetric

connection I%C)uh that we assume to be invariant under
local SO(2) rotations and 7). 5F<TC) = 0 under boosts so
that  8(D{,),7()») = 0. The condition V{y 710, =0
restricts 1“(T0")u but this condition will hold in all our cases.

From demanding that (S(YD(TO)aeZ )=1 et

(0)b
A%o)zDﬂ))aef()) , We can derive the transformation properties

0620 Do)

of w(o)ai'lj and wfo)a under boosts and SO(2) transforma-

tions. We impose the vielbein postulate D(To)aefo)b =

Dly, ()— D(T) i = 0 to relate the boost a)z 0)a and

SO( ) connection wg),*, to the affine connection F(L)
We will choose the symmetrlc part of F(0>ab to take

the same functional form as it does for Newton-Cartan
geometry [19,20]:

1
F(CO)ab = 2 U(CO)(aaT(O)b + abT(O)a)
1
+ 2HCd (0T (0)pq + OpTL(0)aq — Oall(0)ar)
|
5 16 (Foyaamop + F0)an(0)a)- 24)
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TABLE L. Indicated are the three different boundary conditions.
The last column indicates the type of boundary geometry.

Asymptotics 7(0) A d7(0) dz (o) Boundary geometry
ALif 0 0 NC
AlLif 0 #0 TTNC
Lif UV #0 #0 TNC

i
with F 0)ab = 8 A 0)b — ('9,)A(0>a and H(O)ab = 5£.Ze£(0)ae&))h'

This choice is naturally suggested by the null reduction
[21,22] of the 5D boundary metric.
Equation (20) then implies that the torsion is

1

(O)ub = —E’U (8 T 81,1'(0)“). (25)

These two choices define what we mean by TNC. It has the
property that the degenerate metrics satisfy V op =0

and VT Hb‘ = 0. An important special case is when T(0)a
is hypersurface orthogonal, i.e. 7(g),Ip7(0) =0, that

we refer to as temporal or twistless Newton-Cartan
geometry (TTNC).

V. BOUNDARY CONDITIONS

We distinguish three types of asymptotically Lifshitz
space-times depending on the behavior of 7(,. When
dzrg) =0 the boundary geometry is ordinary Newton-
Cartan i.e. no torsion. In this case there is an asymptotic
scale symmetry and locally (o), = 9,1, where ¢ is absolute
time. We call these solutlons asymptotically Lifshitz
(ALif). When 7g)Adz(g) =0 we call, following [4], the
solutions asymptotically locally Lifshitz (AlLif). In this
case 7(g), defines hypersurfaces of absolute simultaneity
but there is no absolute time. Finally, since the equations of
motion also admit solutions with 7o) Adz(g) # 0 we refer to
these as the Lifshitz UV (see Table I).

VI. VEVS AND WARD IDENTITIES

Computing the variation of the renormalized 4D on-shell
action, obtained from (1) by our dimensional reduction,
we find

2L

OSten = — >
K35 Jom

tov?
=770 z
X <_S(O)a +S(

d3X€(0)

o8¢0 To 0710y, + T 8A0);

L i
{Op)0¢0) 5 (S0), = S0y
1 i 51”
AT (o) = A0iT (o) + 2(02))6%(0)=A) r) ’

(26)
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where we varied with respect to the inverse vielbeins. The
term proportional to 6P ) contains contributions involving
other VEVs due to the appearance of g, in (12)-(14). By
reducing the variation of the 5D action (1) and going on shell
we obtain the following relation between 5D and 4D VEVs:

ib i i s
eolar = S0 T A0S0 e =Ser 27
b= Tl (0 = (0. (0)=(0,). (8

together with the relations

0= S%O)z - SL(())Z + A(O)LTE()) - A<0)£-TL(O) +2(0g), (29)
it 14 i

0= Al T, +e< )S() + T, (30)

0= S5 +Aly S, — (i<>)). 31)

ij ja i tJ ja .t
where 5(6) = e(o)SEO)a and S((;) = efo)SZo)a'

Equations (30) and (31) are the Ward identities asso-
ciated with local boosts (under boosts the boundary gauge
field transforms as 6A o), = —A(g), as follows by relating
the four- to the five-dimensional sources) and SO(2)
rotations. Relation (29) is a Ward identity associated with
the local dilatation 6@ ) = A(g). By going to five dimen-
sions this transformation can be viewed as a local dilatation
leaving the asymptotically locally AdS boundary metric
with il(O)uu = 0 invariant. The transformation 5@ ) = A,
is only a leading order symmetry of the full FG expansion,
which is enough to derive a Ward identity. By substituting
(29) in (26) the variation of the remaining sources become
unconstrained.

We derive the remaining Ward identities by reducing the
5D Penrose-Brown-Henneaux transformations [23,24] that
leave the FG expansion form invariant. This leads to three
sets of local symmetries: boundary diffeomorphisms
obtained by transforming the sources as boundary tensors,
gauge transformations

éA(O)a = 8,12(0) 5}((()) = kZ(O), (32)

and anisotropic Weyl transformations [25]
X () = lf?o)x(o), (33)

where X o) is any of the sources listed in the first row of
Table II and A is the weight.

To obtain the transformation properties of the 4D
VEVs we use (27) and (28) together with the Penrose-
Brown-Henneaux transformation of 7,;. The boundary
stress-energy tensor is

.t Tb aa;( (34)
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TABLE II. Scaling dimensions of the 4D sources and VEVs.
Vo) Cop  Aox Ao Po o) X
A 2 1 2 1 0 0 0
t i f i
Soa Soa Ty T (Op)  (O4)  (0,)
4-2 2 3 2 3 4 4 4

which is gauge invariant (see also [3,26]). The scaling
dimensions (obtained by taking 5’0) constant) for the 4D
VEVs are listed in the second row of Table II.

The boundary covariant form of the Ward identities for
gauge, anisotropic Weyl and diffeomorphism invariance are
then given by

k<0;(> = e(_ol)aa(e(O)T?o))v (35)

A(o) = 27‘ + 2B, T + T‘ (0)i T

) (36)

VT 00 = =T {00 (=70 Vio{0) T €01 V(0a(o)

c c £
+ 27000 T oo + 2T (oype T 0)0 = T(0)PaB o)t
- Tl(o)aaB(O)t - <0¢>8a¢(0)’ (37

where V(To)a is defined just below (23) and where B, =

Ao)a — %86,;((0) is the boundary massive vector field. Using
a TNC analogue notion of boundary conformal Killing
vectors it is possible to define boundary conserved currents
[15]. The anisotropic Weyl anomaly A, takes the form
of a Horava-Lifshitz action on TNC (as opposed to a
Lorentzian) geometry [15]. Counting all sources and VEVs
and subtracting local symmetries and Ward identities we
end up with 6 + 6 sources and VEVs.

VII. A SECOND UV COMPLETION

The 4D FG expansion contains the extra free function

1., which does not appear in (27). This is the VEV

0% an 1rrelevant operator h( 0)ux that had to be switched off in

order to have a z = 2 Lifshitz UV. Switching it on modifies
the UV but not the IR as can be seen from the solution

1 k? -1
ds* = e® {— <1 + Zg%r2> dr> + dx* + dy* + drz} ,
r
k2 k2 -1
e =r2(14+—g2r7 |, A= (14+-—g>r*) dt,
4 4
(38)
with y and ¢ = log g, constant. For small r (UV) this is a

0 = —1 and z = 1 hyperscaling geometry and for large r
(IR) this is our z = 2 Lifshitz geometry. Expanding around
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r = oo an irrelevant mode with fall off r~2 appears. The 5D
uplift has h(O)uu > 0.

VIII. DISCUSSION

We expect the TNC boundary geometry to be universal
in Lifshitz holography for all values of z > 1 since the
argument of the contraction of the bulk local Lorentz group
works for any z > 1. Further, many other features of our
setup, such as the role of the boundary gauge field and the
benefit of using a nonradial gauge could play an important
role in the development of Lifshitz holography. Finally,
we expect these results to be relevant for a fluid/gravity
type derivation of Lifshitz hydrodynamics [27] which has
potential applications to holographic realizations of Son’s
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model for the effective theory of the fractional quantum
Hall effect that relies on Newton-Cartan geometry [28].
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