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In supersymmetric models, very heavy stop squarks introduce large logarithms into the computation of
the Higgs boson mass. Although it has long been known that in simple cases these logs can be resummed
using effective field theory techniques, it is technically easier to use fixed-order formulas, and many public
codes implement the latter. We calculate three- and four-loop next-to-next-to-leading-log corrections to the
Higgs mass and compare the fixed-order formulas numerically to the resummation results in order to
estimate the range of supersymmetry scales where the fixed-order results are reliable. We find that the four-
loop result may be accurate up to a few tens of TeV. We confirm an accidental cancellation between
different three-loop terms, first observed in S. P. Martin, Phys. Rev. D 75, 055005 (2007), and show that it
persists to higher scales and becomes more effective with the inclusion of higher radiative corrections.
Existing partial three-loop calculations that include only one of the two cancelling terms may overestimate
the Higgs mass. We give analytic expressions for the three- and four-loop corrections in terms of Standard
Model parameters and provide a complete dictionary for translating parameters between the SM and the

MSSM and the MS and DR renormalization schemes.
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I. INTRODUCTION

The discovery of the Higgs boson at the LHC by the
ATLAS and CMS collaborations [1,2] is a landmark
achievement in high-energy physics. Combining the
h — ZZ, yy decay channels, using ~5 fb~! of data at /s =
7 TeV and ~20 fb~! of data at \/s = 8 TeV, the Higgs
boson mass is measured to be [3,4]

ATLAS: 125.5 +0.2792 GeV, (1)

CMS: 125.7+0.3 £0.3 GeV, 2)

where the quoted uncertainties are statistical and system-
atic, respectively.

It is by now well known that a variety of supersymmetric
models can accommodate the observed Higgs mass and
Standard Model (SM)-like couplings [5]. One of the
simplest possibilities for supersymmetry (SUSY) is that
the Higgs boson is the lightest CP-even state h in the
minimal supersymmetric Standard Model (MSSM), and its
mass, which is bounded at tree level by m, receives large
radiative corrections from heavy stop squarks. Exactly how
heavy the stop squarks should be is a function of other
model parameters, but if they are fixed, then the stop scale
can be predicted. Since heavy-stop models are well
motivated, it is of considerable interest to make the
predictions precise, particularly in a handful of benchmark
models. The stop mass scales in these benchmarks provide
interesting targets for future experimental programs.
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Various methods have been employed to compute the
Higgs mass to high precision in the MSSM. Broadly, the
calculations fall into two categories: fixed-order computa-
tions in the full MSSM, and resummed (renormalization
group or “RG”) analyses in effective theories.

Examples of fixed-order computations include the “dia-
grammatic” method and the effective potential method. In
the former, the renormalized self-energies appearing in the
Higgs propagator matrix are evaluated from the complete
set of Feynman diagrams up to a fixed-loop order [6—8]. In
the latter, radiative corrections to the Higgs masses are
computed from derivatives of the MSSM potential
V(H,,H,) evaluated at the vacuum expectation values
(vev) (H,) = vy, (H,) = v, [9-13]. The effective potential
result is obtained from the diagrammatic calculation in
the zero external momentum approximation. Fixed-order
computations have the virtue of being easily incorporated
into numerical codes that accept arbitrary MSSM spectra,
and have now been computed up to partial three-loop order
[14-17].

Effective field theory (EFT) analyses proceed by inte-
grating out MSSM particles at their thresholds, running the
effective theory couplings (most importantly the Higgs
potential quartic couplings) down to the electroweak scale,
and evaluating the Higgs pole mass or its effective potential
approximation in the effective theory [18-22]. This tech-
nique is most efficient in “simplified models,” where the
MSSM decoupling can be performed at one or two scales,
and below those scales the effective theory reduces to the
SM. In the simplest case (“High-Scale SUSY”), the entire
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MSSM, including the second Higgs doublet, is decoupled
simultaneously at a characteristic SUSY scale Mj.
Calculations have been performed in this model using
three-loop SM f functions for the most important couplings
[23]. Furthermore, EFT methods may be used to obtain
fixed-order formulas for the Higgs mass, by solving the RG
equations analytically and perturbatively instead of
numerically.

For low SUSY scales, where logarithmic radiative
corrections are of size similar to the nonlogarithmic
corrections, fixed-order computations are expected to be
the most accurate, since they typically include a larger set
of nonlogarithmic terms. For very high SUSY scales, the
logs become large and fixed-order calculations break down,
while EFT calculations remain trustworthy since they
resum infinitely many large-log terms. For intermediate
scales, where the logs are large enough to dominate but the
perturbative series still exhibits converging behavior, one
would expect both calculations to be valid, particularly if
the fixed-order calculation is performed to high enough
loop order.

One need only perform crude estimates to recognize that
all three ranges of Mg can be accessed by the benchmark
heavy-stop models. Since most public codes utilize fixed
order estimates for the Higgs mass, it is critical to under-
stand the parameter regimes in which these estimates are
trustworthy. The range of validity depends on the loop
order, and for low orders can also depend strongly on the
choice of renormalization scale.

In this paper, we compare fixed-order and resummed
calculations in the cases of high-scale SUSY and a similar
“electrosplit” model where the Higgsinos and electroweak
gauginos are allowed to be light.' By matching the MSSM
onto the SM with two-loop threshold corrections and
perturbatively solving the SM renormalization group equa-
tions (RGEs), we obtain three- and four-loop fixed-order
formulas for m;, that include terms through next-to-next-to-
leading-log in the dominant couplings. We analyze the
regimes of validity for these formulas and the impact of the
higher-order corrections on the m;, — Mg prediction. We
observe that convergence is better when couplings are
evaluated at a renormalization scale equal to the SUSY
scale rather than at the top quark mass, and that four-loop
results fall within 0.5-1 GeV of the resummed calculation
to scales of order a few tens of TeV. Solving the RGEs
numerically, for example at benchmark points with large
tan # and small mixing in the stop sector, we find M~
18 6 TeV and Mg~ 7 42 TeV for the heavy and light
electroweakino cases, respectively. This result is in some
tension with the results of [17]. The discrepancy may be

"This is similar to split SUSY, but we keep the gluino as heavy
as the scalars. We choose this somewhat unusual splitting in the
gaugino sector for phenomenological rather than top-down
reasons; the correction to the Higgs mass is largest for large
M5 and small M|, M,, u.
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due in part to a cancellation between three-loop terms at
order a2a, and a?a, first noticed in [14]; the a?a; terms are
absent from the calculation of [17]. We demonstrate that the
cancellation persists at much higher SUSY scales than
considered in [14] and becomes even more effective with
the inclusion of higher-order corrections.

In addition to our quantitative results, we attempt to
provide a contained dictionary for the translation of the
parameters entering into the radiative corrections between
different renormalization schemes and theories, so that our
three- and four-loop NNLL formulas can be used in
existing two-loop public codes. Although we consider
models with only one or two decoupling scales, these
capture the most significant higher-order corrections, and
the formulas should give good approximations for more
generic spectra.

This paper is organized as follows. In Sec. II, we outline
the matching procedure at the high scale Mg and enumerate
the threshold corrections to the running parameters. In
Sec. III we give a brief overview of the renormalization
group evolution in the SM and describe the perturbative
solution that generates fixed-order analytic expressions for
the radiative corrections to the Higgs mass. Readers
interested primarily in final expressions can jump to
Sec. 1V, where we present the fixed-order formulas for
my,. In this section we also compare the fixed-order
estimates to the integration of the RGEs in benchmark
models with small and large stop mixing and electro-
weakino masses. We study the three- and four-loop con-
tributions in detail. In Sec. V we conclude. Supporting
technical details in Secs. II and II, including parameter
conversion between the MSSM DR and SM MS schemes,
are collected in appendices.

II. INTEGRATING OUT THE HEAVY PARTICLES

We begin with an overview of the threshold corrections
to the running SM parameters in the MS scheme, obtained
by integrating out the MSSM at a scale M. For the Higgs
quartic coupling, we include one-loop gauge, Higgs, and
third generation Yukawa corrections, as well as two-loop
corrections controlled by the top Yukawa and strong gauge
coupling. We pay particular attention to terms arising from
changing the renormalization scheme from DR in the
MSSM to MS.

The quartic coupling in the MSSM is determined at
leading order by the D-terms,

(95 + g7) ¢35 ©)

B —

Atree =

where, in this section, we use the notation 4 = Ayiggm (M)
for the MSSM quartic coupling in the MS scheme at Q =
Mg and cp = cosf, sz =sinf, and t; = tanf = v, /v,
with v, and v, the vacuum expectation values of the MSSM
Higgs doublets. It is well known that 4 receives significant
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nonlogarithmic radiative corrections from the mixing of
heavy SUSY partners at the high scale. In the framework
of effective field theory, these “threshold corrections” are
a result of the decoupling of heavy particles at the
high scale.

The largest effect comes from the top-stop sector. The
squark mass matrix in the MSSM has the form

2
./\/l;
2 2 1 2.2 2
(’";L +mi + cop(3—35%)m3

m, X >
2 2,2 2 2 )’
m,X,; m; +mi +5cop8ymz

“)

where we have followed the notation of [22] with the stop
mixing parameter defined as X, =A, —pcotf and
sy = sin @y, with Oy, the Weinberg angle. We will set
all CP-violating phases in the MSSM to zero.
Diagonalizing this matrix yields the tree-level stop masses
m; , m;, and the stop mixing angle ¢;. Neglecting the terms
proportlonal to mZ and setting m; = m;, = Mgysy,
M?% = M3sy + m?, we obtain the simplified squark mass

matrix
) M% m, X,
Mz = , &)
mX, Mg
with
m? = M2%F |mX,| (6)

5

We choose the scale Mg as our high scale, assuming
that all supersymmetric partners have similar masses;
however, we keep the MSSM p parameter free with
u=M, =M, so that light electroweakinos can be
accommodated.

From [19,22], we include the most relevant one-loop
corrections that include terms from decoupling stops,
sbottoms, and staus:

" 3\ 3 .
( V)= 61<h4s4X2 (1 - E) + 41<hzsﬁ(g2 + gzy)X,zczﬂ,
(7
. 1
Al = — 5 Rhisgit ®)
. 1
A2 = ——khisipt, )

6

where h, (hy, h,) is the MSSM top (bottom, tau) Yukawa
coupling, X, = X,/Mg, ji =u/Ms, and following the
notation of [14], we keep track of loop order via
x = 1/(16x%). Note that the parameters on the right-hand
sides of these equations are MS running couplings

PHYSICAL REVIEW D 89, 055023 (2014)

evaluated at Mg. At tree level, the MSSM Yukawa
couplings are related to the SM Yukawa couplings by
Ve = hocp; (10)

Vi = hysg, Yo = hycg,

however, these couplings are modified at one-loop order at
Mg by [24,25]:

Vi 1
h - 5 11
" sy 1 —«k(Ah, + cot p5h,) (i

Vb 1
h = — ) 12
P ey 1= k(Ahy + 155h,) 12)

ye 1
h="%— 13
’ Cﬂl - K.'l‘/j(Sl’lT ( )

where
8 ,
Aht = §g3m§X,I(m;] s My, m§)

— hypucot pX,1(my, ,my , ), (14)

Sh, = BMop ([Cif(m;;, My, p) + sl (my My, 1))

1
6 M)+ 31, M)

1, (2
+§9YM1 ngfﬁI(mipmizaMl)

1
= L3 M)+ 521 M)
oI5 M) + Gl Ml,m]) as)

— hiutpX I (m; . m;, ),
(16)

8
Ahb = gg%MEXbI(mI;] s m[;z, ma)

Sy — gzMzu([c,um,l Moo pt) + $21(ms,. Myt

i
2

G, M)+ 5o, M) )
1 1

+§9%/M1 —gbeOtﬁI(mi,l,mj,z,Ml)
1

+Eﬂ[C%I(’”BIaM1,ﬂ) + syl (my, My, )]

s, M) + s Mg ). 07
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Sh, = gsMop <I(maf, My, 1)

1
62 M)+ 521 M)

- @M, (XT cot fI(mz , m;,. M)
1 2 2
+ Eﬂ[crl(m%le’/l) + srl(m‘?z’Ml’H)]

— plsI(mz , My, ) + CEI(m;Z,Mn,u)]) (18)

Here X, = A, —uty and X, = A, — uty are the sbottom
and stau mixing parameters, s,, s, s; (c;, ¢, c,) are the
sines (cosines) of the stop, sbottom, and stau mixing angles,
and the function I(a, b, ¢) is defined as

I(a,b,c)
a*b*log(a 2/bz) + b*c?log(b*/c?) + a*c* log(c?/a?)
N (@® =) (b* = ?)(a® = ) '
(19)
We will set all MSSM masses m; = mj = m; = my = Mg

(such that s% =c% =1/2 with X =1, b, 7), assume
A, = A, = A,, and consider the two scenarios M, = M| =
u = Mg (the “high y” case) and M, = M| = pu = 200 GeV
(the “low u” case).” Taking the appropriate limits when
the arguments are degenerate, we have the common
asymptotic forms for /(a, b, ¢):

I(Ms,Mg,Mg) = —, (20)
2M3
11 i? log i
I(Mg, Mg, 1) . {1+ L
$s M%l —i? 1—p?
21)
I(M. i, 1) L1 [ log’q p<1. (22)
|29 2 vy ~2 | U .
s MA1— 1-p2

a 3. N
AGTa = 3y =3 4 607 = 264+ IU@) + L(0) + 473(0) -

17
- —6h? -
+{ > i

13 2

24 3 2

14 e 19 i
+ <?+24K>xt2y’f - <E+8K>X;‘Y%] }

27

(4+3ﬁ2)fz(ﬁ)+(4—6ﬁ2)f1(ﬁ)]5f?+[23+4S,2;+4 L 2() =201 = 281 ()]
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The expressions for the dominant two-loop corrections
of O(a,a,) and O(a?) will depend on the scheme used for
the one-loop corrections. The two-loop finite O(a,q,)
corrections were computed diagrammatically in the on-
shell (OS) scheme in [7], and in the DR scheme using the
effective potential method in [11]. In a followup to the latter
paper [12], the O(a?) corrections were also computed. It
was shown in [12] and [22] that the different expressions
for the O(aa ) corrections in the two schemes are
reconciled once the one-loop O(a;) corrections are written
in the appropriate scheme.

We will express 4 in terms of the MSSM couplings in
the MS scheme given in Egs. (11), (12), (13). To determine
NG At(ff ") in this scheme, let us write the one-loop
correction to the running DR Higgs mass obtained from the

Higgs effective potential in [12]
3ﬁﬁ‘{10g<M2) X <1 1X2>}
27 v m:) Mz 12Mm%) )
(23)

where we have used the notation of Table IV in Appendix A,
i.e. all parameters with a tilde are in the DR scheme and
evaluated at a renormalization scale Q. Here, we have
included the logarithmic contribution; in the effective theory,
this is obtained from the running below M g. Parameters in the
logarithmic term should be converted to the MS scheme in
the SM, i.e. m;(Ms) — m,(Mg), multiplied by the appro-
priate one-loop corrections given in Appendix A. This
substitution produces a finite two-loop correction once the
logarithm is expanded to one-loop order. For the nonlogar-
ithmic terms, we change i, — m,, X, — X,, Mg — Mg, all
at Q = My, to match the threshold corrections in Eq. (7).
After performing the scheme conversion for the one-loop
terms and modifying the two-loop O(a,a,) and O(a?) terms
in [12], we find for the threshold corrections to A:

(@) o2
Aﬁmh =

o los 1o
ALy = 16z<2h;‘s;§g§{—2x, +3% - EX?}’ (24)

il
3

4
2
4

9 4 . A e
— X055+ c,,,[ 5 T 60K + 4 <—— 24/<>X2 6X; — (34 16K)(4X, + V)Y, + 4(1 + 4K)X; Y,

(25)

*We have neglected the threshold corrections from this intermediate scale to 4, y,. They can be found in [26], and involve only gy, g,,
A. We estimate that the corrections to A lower m;, by about 0.5 GeV.
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‘We have b01:r0wed the notation of [12], with the constant K,
parameter Y,, and functions f; defined as

1 /6
K=-— dxlog(2cosx) ~—0.1953256, (26)
V3o (2cosx)
N . 24
Yt:(At_//”/i)/MS: t+m7 (27)
ﬁ2
F1(p) =75 log (28)
f2(R) ! 1+ & log p? (29)
2\H 1-— ~2 1 _ﬁg gH" |,
—1 42>+ 244
f3(h) = —F——55—
’ (1-p%)
2
 log 7 og(1 = 7) + Lia3?) = = g .
(30)
and the dilogarithm function Li, is
1 Jog(l —
Liz(x) = _/ dyM. (31
0 y

We will be interested in the limits of the f; as i — O or 1,
with

2

0,1.%)
(_17%7

Finally, we include one-loop threshold corrections from
converting the tree-level quartic coupling from the DR to
the MS scheme and those from the heavy Higgs bosons,
which are taken from [26]

=
I

0,
(32)
1

f(1,2,3) (ﬁ) = {

-9 A

SC 3 1 1 1
Al(h 2= [<4 6%/;’)92 + Zgygz + 49Y . (33)
1
N T AR (34)

Our final expression for Ayssm(Ms) to which we match the
SM running quartic coupling is

Imssm(Ms) = Airee + At(h A+ At(h )+ A(a’)/l + Ay (@) 5

+ A7+ AL Al (35)

III. RUNNING THE SM DOWN FROM M

Once the heavy sparticles have been integrated out, the
SM parameters can be run down to the electroweak scale

PHYSICAL REVIEW D 89, 055023 (2014)

and the spectrum computed. The g function f; = ‘u for a
generic running coupling A can be written as
00 o plnk)
NP (1)
pilt) =) x> =)k (36)
n=1 k=0
where
_ | _ i)y 46"
K= 62 t=logQ, g () = o (1). (37)

We will also use the shorthand ﬂﬁ”) = ﬁﬁ"’o). We will denote
Q as the high scale, and we define L= T—t=
log(Q/Q) > 0. Integrating from ¢ to 7, we find

nk

~ - Y © ﬂ
Q) =0) =) k" (-} k{H

n=1 k=0

LK1 (38)

Alternatively, we can expand the S-function coefficients
ﬁﬁ'hk) about the low scale Q,

n.k
B0 i
JLE

(39)

To see the equivalence with Eq. (38), we can evolve

the S-function coefficients ﬁf{”’k) () down to the low scale

ﬁﬁ"’m (1) using the same expansion as in Eq. (36). The effect
on the $ functions in Eq. (38) is to remove the tildes and
make all the leading signs negative, which agrees with
Eq. (39).

We use two different methods to perform the renorm-
alization group running. The most precise approach is to
numerically integrate the coupled SM MS RGEs between
Q =M, and Q = Mg for the seven parameters g3, ¢», 9,

TABLEI. Orders of the f functions of SM parameters used in
solving the RGEs in the resummation and fixed-order methods.
The second digit of the 2-tuple in the fixed-order column
indicates at which order electroweak, bottom, and tau contri-
butions are included. See Sec. IV for more details on the
fixed-order calculation. The f functions are taken from [27], and
we have checked them to 2-loop order against [28] with
corrections in [29].

p-function order, p-function order,

Parameter resummation fixed order
93 3 4 4-loop QCD 2, 0)

Vi 3 (CANY)

A 3 3,1

J1> 9 3 1 in Eq. 3)
Vs Ve 2 Vb ¥oi (1, 1) in

Egs. (12)-(13)
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TABLE II.

PHYSICAL REVIEW D 89, 055023 (2014)

SM observables, collected in Table 2 of [27].

Observable

Value

SU(3). MS gauge coupling (5 flavors)
Fermi constant from muon decay

Top quark pole mass

Z boson pole mass

Higgs pole mass

a, (M) = 0.1184 + 0.0007

V = (V2G)™V/? = 246.21971 + 0.00006 GeV
M, =173.36 +0.65 + 0.3 GeV

M, =91.1876 + 0.0021 GeV

M, = 125.66 + 0.34 GeV

Vs Yb» Ve A, With gy = 1/5/3gy the SM hypercharge
coupling expressed in the SU(5) normalization. In the
middle column of Table I we indicate the order of f
function used for each coupling. Observables and electro-
weak scale boundary values for the SM parameters are
taken from Tables 2 and 3 of [27]. We reproduce the
observables and the parameters ¢,, ¢;, V,, and y, in
Tables II and III. The next-to-next-to-leading-order
(NNLO) values of g3 and y, are given in terms of the
observables M, and a,(My) in [27], to which we refer the
reader for further details:

M
=M,) =0.93697 £ 0.00550 L 17335
yt(Q t) <GeV >

a,(Mz) —0.1184
0.00042 0.0007 , (40)
a,(M,) —0.1184
=M,)=1.1 00314
(0 ) 666 + 0.003 50007
0.00046 M, 173.35 41)
’ GeV ’ ’

We note that the central value for y,(M;) quoted here
includes the N*LO pure QCD contribution. The value of
A(M,) is determined by beginning with the approximate
value of A(M,) corresponding to the Higgs pole mass
M, ~125.6 GeV. The numerical integration yields a
value A(Mg). This is compared to Eq. (35) from

TABLE III. Values of SM parameters at Q = M, using two-
loop (NNLO) renormalization group running in the MS scheme,
from Table 3 of [27]. The SU(5) normalization relates g, to the
SM hypercharge coupling gy. We have used the two-loop 5-flavor
MS renormalization group equations in the broken phase from
[28] to run my,, m, from their initial values m;(m;) = 4.18 GeV,
M, = 1.777 GeV [30].

Parameter Value
9 0.6483
gy =/3/5g, 0.3587
Vb 0.0156
v, 0.0100

Sec. II, which is determined by the other couplings at
M. If the difference exceeds a specified tolerance, the
starting value A(M,) is appropriately adjusted. This
procedure is iterated until convergence is achieved. We
find that for a tolerance of 107°, about 10 iterations are
required.

The second method is to solve the RGEs perturbatively
around a reference scale. The result is a fixed-order
expression. We take two values for the renormalization
scale in this approach, Q = My and Q = M,. Since we
know f; up to the three-loop level, we can write an
expansion up to four-loop order excluding only the
four-loop N3LL terms, which we expect are small for
large Mg:

AM,) = AMy) —xp (Mg)L — 2B (M)L

ﬂﬁl’l)(Ms)
2!
(2,1) (1,2)
2ﬂ,1 (MS) 2 ﬂg (Ms)
R T Y
B (M)

+ 3PN (ML - 2 T

K L2 - 30 (Ms)L

L3

L4+ -, (42)

Note that the derivatives ﬁﬁ"’k) , k > 0, contain f functions
for the couplings that appear in ;. The computations
for both choices of renormalization scale are truncated at
four-loop order; however, for Q = Mg, the truncation
occurs before the couplings y,(Mg) [g3(M)] are com-
puted, and vice versa for Q = M,. The results for the two
choices should converge with the addition of higher-
order ﬂl(ln).

Appendix B contains the relevant # functions appear-
ing in Eq. (42). We have included the g, g5, v, ¥, terms

in ﬁy), ﬁg). For larger M, the electroweak terms grow in
importance since the values of g;, g, change much more

slowly compared to y,. Their inclusion in ﬂg) lowers M,

by about 1 GeV, as the dominant term in ﬂl(ll) is
proportional to y?.
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IV. FIXED-ORDER RESULT AND COMPARISON
TO RESUMMATION

In this section we present approximate three- and four-
loop NNLL fixed-order formulas for m,, and compare to the
result of numerical resummation.

The running Higgs mass at M, is given by

mi,(My) = A(M)v*(M,). 43)
We use one-loop running to obtain v(M,) = 246.517 GeV
from v(M,) ~ V (see Table II). The logarithmic factors are
L = log(Mg/M,) and L,, = log(Mg/u) [note that the latter
also includes logs of the form log(Ms/M,,)]. Below, all
parameters are in the MS scheme and should be evaluated
at O = Mg:

PHYSICAL REVIEW D 89, 055023 (2014)

AM;) = A+ K812+ K260+ K030+ &6,0, (44)

and

9
04 = {—12/12 -4 {IZyt2 + 12y 4+ 4y? — 9¢5 — ggﬂ

9 9 27
+12yF 4 12y + 4y —19‘2‘ —Egﬁg% —mgi‘}L

—1—{—6/1[9%—#%9%] + [g§+%g%r

108 54 81
SyA = {144,13 + 12 {21@% —-108g% — —g%] + [—18y;‘ +27g3 + — gt + Eg;‘} + Ay?[-9643 — 81¢3 — 21¢7]

5

102 27

27 81
+ vt {—ISOy? +192g3 + 5445 + —g%} + y? [—93 + =G5+ 59‘1‘] }L2

5 2

5

9 1,12 3 1?2
{12920t ||+ 3t - @+ 1] -aetn -2 bt

1 1 2 3 ]2
Lol fa[or]+ ga| - [+ ] - antn-290) |

+{782% + 722257 + 2y7 (37 — 80g3) — 60y9 + 6443y} L.,

534 = {—17282% — 345623 y2 + 22y2(=576y% + 15364%) + Ay2(1908y* + 480y2g% — 960g?)
+ yH(1548y4 — 4416263 + 294464) } L3 + {—23400% — 35823y + A2)2(=378y? + 201642)
+ Ay2(1521y% 4 1032y2 g% — 24964%) + y* (1476y* — 3744y2 2 + 4064¢4)} L2
+ {—1502.842% — 436.513y? — 12y2(1768.26y% + 160.77¢%) + Ay?(446.7644y* + 1325.73y%¢% — 713.9364%)

+y4(972.596y4 — 1001.98y2¢% + 200.8044%)} L.

+4g5[1 = 2s55¢7] }Lw (45)
5
5
5
(46)
(47)

844 = {2073624° + 518404*y? + 23y2(21600y? — 23040¢3) + A2y?(—30780y7 — 18720¢3y? + 14400g%)
+ Ay} (—22059y0 + 28512¢3y} + 10560g4y? — 1056045) + y#(—8208y¢ + 56016y0 g3 — 84576y7 g4 + 44160¢5) }L*
+ {48672 + 1018084%y? + 2%y?(30546y? — 49152g3y?)A%y?(—50292y% — 40896y7 g% + 4569643)
+ Ay?(—=33903y0 + 41376y} g3 + 35440g%y? — 4518445) + y#(—15588y¢ + 86880y7 g2 — 161632y% g4
+ 112256¢5) }L? 4 {63228.24° + 72058.14%y? + 23y?(25004.6y7 — 11993.563) + A2y?(27483.8y7 — 52858y? g3
+ 18215.3¢3) + Ay?(=51279y¢ — 5139.56y7 g% + 50795.3y% g% — 33858.84%)y7(—24318.2y¢ + 72896y} g3

—73567.3y2g + 36376.5¢8) } L.

To simplify the expression, we have excluded the
¥y, Y, contributions beyond one-loop order, and g, g,
contributions beyond two-loop order, although they
propagate at higher orders in terms that include

1 1
AV Y.

(48)

We use two different calculations of the values of the SM
parameters at the renormalization scale Q = M. In the
simpler, approximate calculation, using Eq. (39), g3(My)
and y,(My) are computed from g3(M,) and y,(M,) using
two- and three-loop fixed-order formulas, respectively:
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gL 9, 9
SL +TL} V(M) = y.(M,) |:1+K<3)’t2_19%_19%>14:|‘ (52)

1
yi(Mg) =y, + K{ﬂ§x)L +
ﬁ(ll)
+ K2 { ﬂf)L 42 L2} +i3 ﬂ;?) L, (49) Inthe tree-level A [Eq. (3)] of the zeroth-order A(My), i.e.
- the first term on the right-hand side of Eq. (44), we have
also approximated g; and g, at Mg using a one-loop fixed-

(1.1) :
93(Ms) = g5 + K{ﬁéi)L + ﬁ%Lz} +x2BPL. (50)  order running:

Parameters on the right-hand sides of Egs. (49) and (50) are gi(Ms) = gi(M,) {1 + 2k (% giL + %g%Lﬂ)] . (53)
evaluated at M,, and the f functions are given in

Appendix B. A(My) is computed using Eq. (35), with 19

y,(Ms) and g;(My) appearing in Eqs. (1)-(16). 24)  g3(My) = B(M,) [1 T <-_ AL+ Zg%LM>] 54
obtained from Egs. (49) and (50). In Eqs. (12)~(13) only, 6

we perform a one-loop fixed-order running with couplings

at M, to approximate y, and y, at My: Elsewhere in the calculation for A(M) and in Egs. (45)-

(48), we use the Q = M, values for g;, g, yp, Vs

3 9 1 . .
yp(Mg)=y,(M,) {1 —|—K<§y,2 -843 _Zg% _Zg%> L} , (51) To convert the running mass into the pole mass, we use
the one-loop formula

M, Org = Ms, Xi/Ms = 0, tanf = 20, u = MS My, Org = Ms, X,/Ms = 0, tanB = 20, u = 200 GeV

130 F 135F
130+
125 | JEBRRG GBI 1 =
10,20 ATLASICMS i //_';ﬁ--

- == = 15[ g
% % To, 20 A ; et
O 120t O =
= S 10f /

115+

115¢
LEP exclusion LEP exclusion
110 £ L 1 1 L L = 110} 1 L 1 f 1 =
5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000
Ms [GeV] Ms [GeV]
My, Qrg = M;, X;/Ms = 0, tanf8 = 20, u = MS My, Orc = M;, X;/Ms = 0, tanf = 20, u = 200 GeV

135F T T T T T 140 F T T T T T

130 +
= 125 =
) ()
o <)
S o) s

115+

1ol I / ILEP exclusi(l)n : / ] 1ok : .LEP exclusi(l)n . : ]

5000 10 000 15 000 20 000 25 000 30 000 5000 10 000 15 000 20 000 25 000 30 000
Mg [GeV] Ms [GeV]

FIG. 1 (color online). Plots of Higgs mass M, versus the SUSY scale M for X, = 0, tan § = 20 with y = M (left column) and
1 =200 GeV (right column). The solid magenta, black dotted, blue dot-dashed, and red dotted lines correspond to the resummed
calculation and the four-, three-, and two-loop fixed-order calculations, respectively. The shaded regions for each calculation indicate the
uncertainty from varying M, by the 1o values. The top (bottom) figure in each column corresponds to the fixed-order calculation for
0 = Mg (Q = M,). The grey (yellow) region corresponds to the approximate 1o (20) values for the Higgs mass M, ~ 125.6 + 0.7 GeV
measured by the ATLAS and CMS collaborations, and the cyan region is excluded by LEP.
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_ o 9
M2 = A(M,)v*(M,) + K{3y,2(4m,2 — m3)By(im,, m;, my) — Eﬂm% [2 -

PHYSICAL REVIEW D 89, 055023 (2014)

T

m2
log —2
V3 g]

Q2

1}2 1}2
-7 393 — 4493 + 44%| By (my, my, my,) — " 3(g5 + gv)> — 4A(g5 + gy) + 44%|Bo(mz, mz. my,)

2

1 1 Z
+ 56 [g% —/1<10g%— 1)} +7(5+a) {(g% +97) —i<logg— 1)] }

where B, is the one-loop Passarino-Veltman integral

Bo(’”b my, m3)

:_/110g[(1—x)m%—i—erné—x(l—x)m%]’ (56)
0

and all quantities appearing at one-loop are MS running
parameters with Q = M,. This correction is a small effect,
of order 0.5 GeV.

Together with the threshold corrections given in Sec. II,
Eqgs. (43)—(55) can be used to compute the Higgs mass to
four-loop NNLL accuracy, in the approximation that one
scale controls the MSSM scalar and gluino masses and a

Mj, Org = Ms, X,/Ms = V6 , tan = 4, u = MS

130 F
>
(%)
<)
<
=
116 ¢
5000 10 000 15 000 20 000 25 000 30 000
M; [GeV]
My, Ora = My, X,/Ms = V6 , tanB = 4, u = MS
140 F T T T T
>
(5
<)
=
=
100 |k P exclnsiongiar i e

15 000 20 000 25 000 30 000

Mg [GeV]

5000 10 000

(55)

|
second (possibly equal) scale controls the electroweakino
masses. We will compare these analytic formulas with the
results from numerically integrating the RGEs, to under-
stand the regimes in which the fixed-order calculation
is good.

To begin the comparison, we plot M, in Figs. 1 and 2
corresponding to two scenarios with the values

(1) tanp =20,X, =0, and

() tanp =4,X, =6,
and we consider the range of Mg between 1 and 30 TeV.
These figures include results for the resummed calcula-
tion and the fixed-order calculations at two-loop, three-
loop, and four-loop with couplings evaluated at Q = My
and Q = M,.

Mj, Qrg = Ms, X,/Ms = V6 , tanB = 4, u = 200 GeV

134 F

M, [GeV]

15 000 20 000 25 000 30 000

Mg [GeV]

5000 10 000

My, Ora = My, X,/Ms = V6, tanB = 4, = 200 GeV

M, [GeV]

LEP exclusion

15 000 20 000 25 000

M; [GeV]

5000 10 000 30 000

FIG. 2 (color online). Plots of Higgs mass M, versus the SUSY scale Mg for X . = V6, tan f = 4 with y = M (left column) and

1 =200 GeV (right column). See Fig. 1 for details.
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For the two-loop fixed-order calculation with couplings
at Q=M, we have used the NLO value for
vinLo(M,) = 0.95096, whereas all other calculations use
the NNLO value y,nnio(M;) = 0.93697 from Eq. (40).
This is responsible for the disagreement between the two-
loop curve and the other curves in the Q = M, plots in
Figs. 1 and 2 for low Mg~ 1 TeV, where the threshold
corrections are more important.

We observe that the Q = M fixed-order results con-
verge approximately monotonically with increasing loop-
order towards the resummed result, whereas the Q = M,
exhibits the alternating behavior and shows significantly
worse agreement for large Mg > 10 TeV. The resummed
method and the Q = M four-loop fixed-order calculation
differ by less than 0.5 GeV in the y = M case, and by just
over 1 GeV in the =200 GeV case; the difference
between the resummed and three-loop results is less than
1.5 GeV and 1 GeV, respectively. The value of the pole
mass M, is the dominant source of parametric uncertainty
for M,,: taking the 1o high and low values for M, changes
M, by about 0.8 GeV. We find that to achieve M, ~
125.6 GeV with y =200 GeV, a SUSY scale of Mg~
7(3.5) TeV is required in scenario 1 (2); for u = My, we

My, Org = Ms, Xi/Ms = 0, tanf = 20, u = MS

130 F
sMEEEEE e
1o, 20 ATLAS+CMS =]

= ”
o
O 120+
=

115

LEP exclusion
110 £ L A . . .
5000 10 000 15 000 20 000 25 000
M;s [GeV]
Mj, Org = Ms, X,/Ms = V6 , tanB = 4, u = MS

130 F T T . . T T
>
[
<

=

=

116

5000 10 000 15 000 20 000 25 000
M [GeV]

FIG. 3 (color online).

30000

30 000

PHYSICAL REVIEW D 89, 055023 (2014)

require Mg ~ 18 (12) TeV for scenario 1 (2). For tan f =
30 and X, = /6, we find Mg~ 1.5(1) TeV for u = My
(200 GeV).

As mentioned above, we have also performed a second
fixed-order calculation, differing in the values taken for the
running parameters at 0 = M. In the second case, we use
the exact running parameters, amounting to a hybrid
calculation, since they are extracted from the same numeri-
cal integration algorithm used to perform the fully
resummed computation of my. The results for the two
scenarios above are shown in Fig. 3. As should be expected,
the analytic approximation now converges monotonically
to the resummed result, and the four-loop result remains
within 0.5 GeV of the resummed result for both y = My
and px =200 GeV in both scenarios. The difference
between the resummed and three-loop results is roughly
2 to 3 times greater, between 1.2 and 1.5 GeV.

From these plots we conclude that the four-loop NNLL
result with Q = M is equal to the resummed result, within
the current top mass uncertainties, for M g as large as tens of
TeV. Unsurprisingly, the three-loop result diverges more
rapidly, and underestimates the Higgs mass in the
case Q = M.

My, Qrg = Ms, Xi/Ms = 0, tang = 20, u = 200 GeV

135F

130+

125

lo, 20 A

M, [GeV]

120r 4

1151

LEP exclusion

110t

15000 20000 25000 30000

MS [GCV]
My, Org = Ms, X,/Ms = V6 , tanB = 4, yu = 200 GeV

5000 10000

134 F

M, [GeV]

15 000 20 000 25 000 30 000

Mg [GeV]

5000 10 000

Plots of Higgs mass M, versus the SUSY scale My using the fixed-order calculation with couplings at Mg

obtained from the full numerical integration. We use the values X . = 0,tan # = 20 (top row) and X , = V6, tan § = 4 (bottom row), with
1 = My (left column) and p = 200 GeV (right column). See Fig. 1 for details.
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3—100p AM,, Org = Mg, X;/Ms = 0, tanS = 20, u = My

PHYSICAL REVIEW D 89, 055023 (2014)
3—loop AM,, Qg = Ms, X,/Ms = 0, tanB = 20, u = Mg
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4-loop AM, Org = Ms, Xi/Ms = 0, tanf = 20, u = My
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FIG. 4 (color online).  Plots of the separate contributions of terms at n-loop order proportional to g3*, 0 < k < n — 1. For the three-loop
figures (top row), the blue dashed (red dot-dashed) lines include the terms proportional to g%‘y? (g%y?) The green dotted line is the
remainder, and the black solid line is the total difference from the two-loop result. Similarly, for the four-loop figures (bottom row),
the blue dashed (red dot-dashed, green dotted) lines include the terms proportional to g5y} (g3y%, g3y%). and the yellow dotted line is the

remainder.

On the other hand, it is also possible to overestimate
corrections to the Higgs mass by considering only a subset
of the three-loop terms. This is due to a striking accidental
cancellation at leading log in 634 (544) between leading
g3yt (¢3y7) and subleading g3y? and y} (g3y7, ¢3¢, and
y,lo) contributions; these are the last three (four) terms
before the large closing curly braces in Eqgs. (47) and (48).
We note that the cancellation persists to a lesser degree at
each subleading log order in L. The cancellation at leading
log was first noted in [14], the result of which we extend to
higher values of Mg and improve by including subleading
log corrections. Our result is exhibited in Fig. 4. Although
the individual contributions to the radiative corrections are
about 50% larger in magnitude than was found in [14], our
cancellation is more efficient, in part because we are using
higher values for M, and M;, and have included subleading
log orders.

Figure 4 raises the concern that a partial three-loop fixed-
order computation that includes only g3y} corrections and
not g3y? terms may overestimate the Higgs mass by several
GeV for M of order 10 TeV. This may explain in part the

discrepancy between the required stop scales found with
resummation and those found in the analysis of [17].

In Fig. 5, we show contours of the central, 1o, and 20
values for M, in the (Mg, tan ) plane for X, = 0,/6 and
u = Mg, 200 GeV. For X, =0andy = Mg (200 GeV), we
see again that for large tanp > 20, we require Mg ~
18 (7) TeV to achieve M, ~ 125.6 GeV, although within
uncertainties, this scale can vary by a few TeV. For a fixed
value of moderate to large tan 2 10, the relatively large
spread in Mg required to obtain M, ~ 125.6 0.7 GeV
corresponds to the shallow slope of M), in Fig. 1 at large
Mg; the central value, however, constrains Mg to the
range 18 TeV < Mg <24 TeV (6.5 TeV < Mg <8 TeV).

For maximal mixing, M, greatly constraints the param-
eter space. The central value favours Mg < 2 (1) TeV for
tan # > 10 for y = Mg (200 GeV). Here, we again see the
larger spread in Mg at low tan . As in the case for zero
mixing, this allowed range of a few TeV can be mapped to
the equivalent shallow slope in Fig. 2.

We can also plot the Higgs mass as a function of the
normalized stop mixing parameter X,, fixing the scale M,
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FIG. 5 (color online).

Mg [GeV]

Plots of central (solid), 1o (dashed), and 26 (dotted) contours of the Higgs mass M), in the tan # vs M g plane for

values of X , =0, NG (top, bottom rows) and y = Mg, 200 GeV (left, right columns).

tan 5, and p. This is shown in Fig. 6, where we have chosen
tan f# = 20, 4 = 200 GeV, and plotted three curves for
Mg =1, 2,4 TeV. The asymmetry in X ;» which was noted
in [22] and [12], is due to the odd powers of X, in the O(a,a,)
threshold correction to Ayssm (M), Eq. (24). For large tan 8
and Mg = 1 TeV, it is possible to obtain M) = 125.6 GeV
with X, > 0 and near the maximal value. For M s =2 TeV,
we require |X,|~ 1.5 TeV. We note that even for
Mg =4 TeV, M, = 125.6 GeV is not achieved for zero
mixing, which was also shown in the top-left plot of Fig. 5.
Lastly, we comment on some comparisons with existing
calculations. We have generally presented Higgs masses
which are lower than those computed by, e.g. CPSUPERH
[31], FEYNHIGGS [32], SOFTSUSY [33], SPHENO [34], and

H3M [16] for Mg~ 1 TeV. There are three differences
between the calculations. First, we have used the NNLO
value of y,, which leads to a running top quark mass /m,(m,)
that is 2 GeV lower than the NLO value. Second, the
electroweak running of y, has a large effect, since the ¢3
contribution to Ay, is about 10% that of the g3 contribution.
Since y, appears to the fourth power in both the one-loop
ﬂy) and threshold corrections to Aysgy, these differences
are significant. At higher scales, the running of gy, ¢, in the
tree-level Aygsm(Ms) will also result in a lower Higgs
mass. Together, these three effects can lead to disagree-
ments of the order of a few GeV in M, from other
approaches. We acknowledge that our calculation may still
be missing important nonleading-log corrections.
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My, tang = 20, 1 = 200 GeV

130F  em=e - 1
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115r

FIG. 6 (color online). Plot of Higgs mass M, vs stop mixing
parameter normalized by the SUSY scale, X . = X,/Mg. We have
fixed the values tan f = 20, u = 200 GeV, and the (solid black,
blue dot-dashed, red dashed) contours correspond to Mg=
(1,2,4) TeV.

V. CONCLUSION

In this work we have presented three- and four-loop next-
to-next-to-leading-log corrections to the lightest Higgs
boson mass in the MSSM, in the approximation where
the other MSSM scalars and gluino are heavy and con-
trolled by a common scale Mg. We have compared the
fixed-order result to the full resummation method for
computing the Higgs mass and found that our four-loop
formula with renormalization scale Q = M is accurate up
to scales of order a few tens of TeV. Using lower-loop
truncations or the renormalization scale Q = M, leads to
worse agreement with the more accurate resummed result.
We also revisit a known accidental cancellation that appears
in the three- and four-loop terms and conclude that partial
three-loop results may overestimate the Higgs mass by a few
GeVatlarge M g due to the absence of some of the cancelling
terms. Our results include relevant corrections that were not
present in previous calculations and become relevant when
one computes the Higgs mass with greater precision at
higher SUSY scales. In fact, even for Mg ~ 1 TeV, we find
that these lower the Higgs mass by 2—4 GeV depending on
the parameters of the stop sector. This has important
implications for the definition of the soft supersymmetric
breaking parameters in different SUSY scenarios.
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Note added.—While we were finishing this work,
Ref. [35] appeared that deals with similar issues in the
diagrammatic approach. In their analysis, the three coupled
SM RGE’s for y,, g3, and 1 were numerically integrated
from Mg to m,, with the values my; = 1.6 TeV, u=
M, =1 TeV, and tanf = 10 for the MSSM parameters.
Our results agree for values of 1 < Mg < 1.5 TeV; how-
ever, in the case of maximal mixing, we do not reproduce
the steep positive slope in the upper plot of Fig. 1 of [35].
Further investigation is needed to resolve this discrepancy.

APPENDIX A: CONVERSION BETWEEN DR
AND MS SCHEMES

In this appendix, we present the conversions between the
DR and MS schemes used in the literature for parameters
appearing in the threshold corrections to 4. Notation used in
this appendix is summarized in Table IV. We note that the
one-loop a,, @, conversions between the DR and the OS
schemes are presented in [12].

From [12], we express the MSSM running top quark
mass 717, in the DR scheme and the SM running top
quark mass 77, in the MS scheme in terms of the top quark
pole mass M,:

- 8 . 0* My X
m?(Q :M2{1——K92{5+310g~—+10g——~—’
t( ) 1 3%9%3 mtz Qz My
3 -, 1 M?
+§K‘h, [(lﬂ—cﬁ)(i—logg)
0\ ., .
+S§<§+10g~—2> —szz(ﬂ))} } (AD)
t
8 2
m%(Q):M,Z{l—glcg%[4+3log 2}
t
1 2
+=ky? 8—|—3logQ—2 , (A2)
2 m;
where
() = : 1+ i log 2% |, (A3)
-2 "1

and the parameters in the one-loop corrections are actually
scheme independent in our approximation, as any correc-
tions would be of higher order. Using these two equations

TABLE IV. Notation for parameters in different schemes.

Parameter DR MS, (w/, w/o) thresholds
Top quark mass i, (m,, m;)

Stop mixing parameter X, (X,.X,)

SUSY scale Mg (Mg, My)

Top quark Yukawa h, (hysy,)

SU(3), gauge coupling 95 (95.93)

Higgs vev v (v, )
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with Yy, = iltSﬂ, ‘63 = g3, and Xt/MS = Xt/MS E}A(t to
leading order, we can derive the relation between the top
quark mass in the DR and MS schemes at Q = My:

= mp(va5) {1 - Sxl - &,

2 (M)
3 y2[1 N A
A [E(Hc,%)—ﬂzfz(ﬂ)]}- (A4)

To convert this expression into a relation between Yukawa
couplings, we use

- ~ v _ v
= htsﬂjiv m, = yt7§v (A5)
1
20 =P 1450030 o
so that
2
i2(Mg) =1 Ms) {1 Sedn-x)
Ly 3 7
3 y2 1 1 N
#3050+ 8| |
(A7)

The result for the top quark Yukawa at Q = M can be
checked with the expression found in [14], for which we
obtain, in Martin’s notation,

. X2
c, = 12X,2<1 —1—é>

1
cﬂ3:_§’
4 .
Cyrzg(l—Xt),
31+c2 1., 3 p2 2
/ B 2 H H a2
=2 _F_ - 1 1 ,
G TTR T Al 4s,%1—,22< +1—ﬁ2°g”>
)"(2
cy:T’. (A8)

These coefficients yield

. 1 .
93_93{14'5"9%}’

- 4 N ~ (3
y,—htsﬂ{1+§Kg§(1—X,)—Kh,2[—

8
2 n2
O
1—p

-2 logfﬂ)]},
v—v{l—i— Kh2 }

1,
(1 +c§)+ZX$s§

‘:>

(A9)
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The correction to g5 is less than 0.5% across the range of
Mg considered in this paper, and is neglected since g3
appears at two-loop order in Aygsy(M). These agree with
the previous relations.

The top quark mass at Q = M used in Secs. 4 and 5 of
[22] will be denoted m, (M), and it is related to m,(M) by

) = i) {14338 L (a10)

i.e. m,(My) includes the one-loop term proportional to g2 X,
in Eq. (A4). We have checked that the g% terms in these
expressions agree with those of [22]. The top quark Yukawa
coupling associated with this m;, is h;sg, where h, is given
in Eq. (11) in Sec. II, with additional corrections. We can
then write

- 8
iots) = 20t 1= Sk

3 321 1
+2Kyﬂ [2(1+ )+3X2sﬁ P2 fo (o )]}
(A11)

Let us now examine the MSSM parameters M g and X,. If
we include radiative corrections, the relation between on-
shell stop masses M;; and the DR running parameters
Mg, X,, m, are

P
M3 = M5 —in X, ~ S Re[I; 7, (M3) + T, (M)
+ Relly ;, (M2), (A12)
P
M = M5 + i X, — 5 Re[lT; 5, (M2) + Thy 5, (M2 )]
— Rell; 7, (M3). (A13)

The self-energies II, which can be found in [12,36,37],
contain one-loop corrections and are the same in both MS
and DR schemes. From this, we find

(Al4)

(A15)

3 .1 m?
+§Kh% [§+7/}—M2f2(ﬂ))} <1 +m)} (A16)

We will ignore the m?/M?% corrections here, as these terms
appear at two-loop order. If we elect to use the SM MS top
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quark mass 77, in lieu of m,, then X,, M are obtained from
X,, Mg using the above equations and replacing m, — m,
where it appears:

X, )_(t{ 4 ( 5(,)( ﬁﬁ)
—— = = 1+—Kg2 1——= 1+—=
My Mg 373 Mg M3
3 er 1 C%f 2 Vhtz
—K—> |+ —[i fi 1+=],. (Al17

APPENDIX B: f FUNCTIONS FOR THE FIXED-
ORDER COMPUTATION

The two-loop SM p functions were first computed in
[38—40]; we have used the equatlons from Appendix A of
[28], with corrections to ﬁz in [29 r‘k ,B/1 | the one-loop
electroweakino contribution to ﬁ s can be found in
Appendix C of [10], and together with ﬂ), |}( also in in
[26]. The two- 100}) p functions with just 4, g3, y, can also be
found in [14]. ,B/1 was computed in [15,16,41]. We use the
expressions for the three-loop f functions for g3, y;, 4 from
[27], which also contains references to their computations.

When comparing the f functions in these references,
one must be careful of conventions for A and v. We have
adopted those of [28], with a Higgs potential of the
form

2 A
V(®) = —’"7|<1>|2 +5 19, (B1)

and a Higgs doublet in the broken phase of the form

o= ().

For the case m, ~ Mg, we include here the SM MS S
functions for 4, g, y, used in the fixed-order computation
for performing the RG running between g M,and Q =
M. We include y;,, y,, ¢», and g; only mﬁx ,for X = g3, A
We have assumed that the electroweak couplings do not
run. The one- loop electroweakino contribution to f; is
denoted by ﬁa and will be multiplied by a different

|

0
v+h

V2

v~ 246 GeV. (B2)

s
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logarithmic enhancement,
log(Mg/M, ).

namely L, = log(Mg/u) =

B =122 + 42(3y? + 3y} + y2) — 43y + 3y} +3?)
1 9 2 3
—9/1<g§+3g%> +4(g‘2‘+5g%g§+25g‘1‘>, (B3)
(1) 1 2 2
By = |64 92"‘591 - +za
4g4(1 = 253¢2) Ly B4
- gZ - sﬂcﬁ L ’ ( )
di
ﬂﬁl'l)Ia [ 224+ y7) - <92+ 91)
1 L, dy
+6(g§+§g%> L] +ytd—' 24(2—2y?), (B5)
02 9 iy —o( g+l
B ~ 1 (2A+y7) - 92+§91
1 \L da\2
6 “ ) 4
roa ) 7]+ ()
dA dy, d?y, 5
e .48 24(1 =2
+dt( dt> +td2 ( vi)
d
n (%) L2402 — 6y?), (B6)
d3a
p = 3 [12(2/1+y, <92+ 91)
1L\ L] &2 [dr | dy,
6(R2+-g? )=t +=-2. 7212 !
* <92+591) } dr? [dz “dr
da dy, dz)’t dYt
.7 il =2 04() = 2y?
+dt [(dl) + ¥ a7 + ¥ dr ( yt)

_|_

d v dy, dYt 3
—-72(1 -6y — ] -288, B7
dr? dr ( 0= dt (B7)

ﬂgm ‘ﬁ [12(2/1+yt) 9<g2 += gl> +6<g§ +— 92> } :i_f [i’j+ ,(:jyt’]
i Pla (@) @] e
+yfiif{ 24(A =2y )#?{% 96(1 — 6y?) + @ty;) “72(A = 6y?)
-y, ‘;ty; (%)2 1728 — <%>4 - 288. (BS)
B = —7843 = 7202)2 + 80Ag3y? — 3Ay* — 6462y + 60y, (B9)
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i dgs dy,
PR = g (F23427 — 144057 + 80g3yF = 3y1) g5~ 32R(SA—4yD) iy
4(=3642 + 40Ag3 — 34y? — 64g3y? + 90y}), (B10)
d22 da [d2 dgs
p? = 7 (<2342 — 144257 + 8063 ~ 3y!) + [ 1 (F36)(130 4 42) + g5 - 3207
- 8(=724 + 402 — 32 PG5 3502050 4y 49517 30y2(50 — 4y2
+ (=724 4 40g5 - 3y7) +gzd2 yi( 7)+ o) 3=y

dr?

Ye—,

d d d?
( 93)( y’) 128(54 — 8y2) + y, —2L - 4(=361% + 40462 — 3Ay? — 64¢2y? + 90y*)
“(

d
%) 4(=361% + 40162 — 92y? — 192¢2y? + 450y?). (BI11)

/13
pY = (6011 355+ 873y%) + A2y2(1768.26y% + 160.772) + 24y (—223.382y — 662.866¢2y? + 356.9684%)

+ 4y%(—243.149y% + 250.494¢2y2 — 50.201 %), (B12)
di 3
— 5 {6011 352° + 3 - 873057 + 297 (1768.26y7 + 160.77g3) + 2y (~223.382y{ ~ 662.866747 + 356.96847)

dy,
+y,— 4 L[87323 + 24%(2 - 1768.26y7 + 160.773) + 4A(3 - (=223.382)y¢ + 2 - (—=662.866)y? g% + 356.9684%)
+ 8y?(4 - (—243.149)y} + 3 - 250.494y? g3 + 8 - (—50.201)g3)]

d
+ 93 % [2-160.7742y2 + 44y2((—662.866)y? + 2 - 356.968¢2) + 8y+(250.494y2 + 2 - (=50.201)g3)].
(B13)

The above couplings are evaluated at the scale Mg, and £ d dovd
we use the following f functions to evolve g3, y, from Mg ﬁ§} 2) [ tg;’ + ( g: 3) } 16y, — g3 €93 e 32

down to M,. d dr dr dr
dy, 27, 9, 17
I P -8 2_~2__-" 2
ﬂg)z—gg[ll—gNﬂ}, (B14) T [2” VLT
1 L dy,\ 2
. , + (g% +§g%> f“] + <%> 27y, (B20)
P = =23 {11—3Nﬂ], (B15)
3
(13) dgs d*g; dgs
38 Py, ——[ — 43— ] 16y
g dg3% dgs 2%+g %dzy’ .48
W 9, 3, o o, 9, 17, di de  \dr) dr P dr dP
ﬁY/ :yt|:§yt +§yb +y‘r_8g3_zgz_ﬁglj|, (B17) d3yl 27 ) ) 9 ) 17 | L
ar 7)’:‘893—192 20 g+ 92"’591 T
(1) 3 , 1o\ Ly 5
=15 g )| Bl dy,d d
Pyl {2)’:<92+591>} 7 (B18) + ¥ dtyzf%'SH(%) 7 B21)
dgs dy, (27 9, 17
Pr = =gy 16y + == |yt =83 — 2 g5 — o501
' dr dr |2 S 4 20 3 404 40
| L ﬂf):)’t{zlz—ﬁ)’tz—(?) 9Nﬂ g3+36ggy,—l2y;‘ )
2, - 2\ TH
+ <92+591> L], (B19) B22)
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21 dA dg; 404 40 dy
ﬂ§n >:a'3yt(/1—2)’12)+93w'4)’t - T_ENﬂ g§+18)’z2 +d_tt
3 404 40
: [2/12 — 181y — <3 - 9Nﬂ> g1 + 108g3y? — 60y§‘] ) (B23)
(3) 9 3 15,5 2 2 2 6 ) 2.4 6
By, =y —5/1 + Ri yi + A7 (99y7 + 8g3) + 58.6028y) — 157y} g5 + 363.764y; g5 — 619.3543]. (B24)

We set the number of active quark flavors Ny = 6 for running above the scale M,. Note that A(M,) appears in

§?’,ﬁ§f'”, ﬁg). We approximate it using the tree-level MSSM value, Eq. (3), in ﬂ&z’l) , ﬂS), and an effective one-loop value

in ﬂ§f) that also includes the one-loop stop thresholds and one-loop running with ﬁﬁl), with all parameters evaluated

at Q =M,.
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