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Exotic open-flavor bcg g, bess and geg b, sci b tetraquark states
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We study the exotic bcg g, bes § and geg b, scs b systems by constructing the corresponding tetraquark
currents with J* = 0% and 1*. After investigating the two-point correlation functions and the spectral
densities, we perform QCD sum rule analysis and extract the masses of these open-flavor tetraquark states.
Our results indicate that the masses of both the scalar and axial vector tetraquark states are about
7.1-7.2 GeV for the bcg g system and 7.2-7.3 GeV for the bcs 5 system. For the gcg b tetraquark states
with J = 0T and 1%, their masses are extracted to be around 7.1 GeV. The masses for the scalar and axial
vector sc5 b states are 7.1 and 6.9-7.1 GeV, respectively. The tetraquark states gcg b and sc3 b lie below
the thresholds of D*)B®*) and Dg*)Bg*) respectively, but they can decay into B. plus a light meson.
However, the tetraquark states bcg g and bc5 5 lie below the D*)B®) and D{” B\ thresholds, suggesting

dominantly weak decay mechanisms.
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I. INTRODUCTION

In the conventional quark model a meson is composed of
a pair of quark and antiquark (¢g) and a baryon is
composed of three quarks (¢gqq) [1,2]. However, quantum
chromodynamics (QCD) allows more complicated hadron
configurations. Hadrons with structures different from
qq/qqq are sometimes called “exotic” states. Although
none of the exotic states is now unambiguously identified,
more and more unexpected charmoniumlike and bottomo-
niumlike states have been observed in the past several
years. These resonances are considered as important
candidates of exotic hadrons, such as hadronic molecules,
tetraquark states, hybrids, etc.

The possible existence of the tetraquarks (¢gg g) com-
posed of a diquark and an antidiquark was suggested by
Jaffe in 1977 [3,4]. The frequently discussed candidates of
tetraquark states are the light scalars [3-7]. In the heavy
quark sector, gQg Q-type hidden-flavor tetraquarks have
been extensively studied to explain the underlying struc-
tures of the recently observed XYZ states in the relativistic
quark model [8,9], QCD sum rules [10-14] and via bound
diquark clusters [15-18]. The existence and stability of
doubly charmed/bottomed QQg g tetraquark states have
been also studied in the MIT bag model [19], chiral quark
model [20,21], constituent quark model [22-26], relativ-
istic quark model [27], chiral perturbation theory [28],
QCD sum rules [29-32] and some other methods [33—40].
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Recently, there have been efforts to understand the open-
flavor (i.e., exotic) tetraquark states bcg g [25,26,41] and
molecular states Z]Cl_yq [42—44]. The authors of Ref. [41]
noticed that the tetraquark states bcg g lie below the thresh-
olds of B~D* and B°D° by solving the Bethe-Salpeter
equations. In Refs. [43,44], the authors indicated that there
may exist loosely bound B_-like molecular states. In this
paper, we will study the open-flavor bcg g, bes 5 and geg b,
sc5 b tetraquark states in QCD sum rules. We construct the
corresponding tetraquark currents with J* = 0%, 1* by using
S-wave diquark fields. With these interpolating operators, we
calculate the two-point correlation functions and extract the
masses of these possible tetraquark states.

This paper is organized as follows. In Sec. II, we
construct all the scalar and axial vector bcg g, bcs s and
gcg b, scsb types of tetraquark currents with S-wave
diquark fields and the corresponding antidiquark fields.
In Sec. 111, we calculate the two-point correlation functions
and the spectral densities using these interpolating tetra-
quark currents. The expressions for the spectral densities
are listed in the Appendix. We perform QCD sum rule
analysis for these tetraquark systems and extract their
masses in Sec. IV. We also construct mixed interpolating
currents to study mixing effects. In the final section, we
summarize our results and discuss the possible decay
properties of these tetraquark states.

II. TETRAQUARK INTERPOLATING CURRENTS

In this section, we construct the bcg g and gcg b types
of tetraquark interpolating currents using diquark and
antidiquark fields. In general, one can use the diquark
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fields q;Cqp. 44 Cr5qp, 40 Cruqp: 46CruY5qps 40 COWap,

qr'Co wYsq, and the corresponding antidiquark fields to
compose all possible combinations of bcg g and gcgb
tetraquark operators, as done in Ref. [30] for the doubly
charmed/bottomed tetraquark states and Refs. [12,13] for
the charmoniumlike and bottomoniumlike tetraquark
states. In Ref. [30], the tetraquark currents which contain
P-wave diquark or antidiquark operators can result in
higher hadron masses than those containing only S-wave
operators. They correspond to the orbitally excited states
while the latter operators correspond to the ground hadron
states. In order to study the lowest lying tetraquark states,
we use only the S-wave diquark fields g’ Cysq,, ¢~ Cyﬂqb
and the corresponding antidiquark fields to compose the
tetraquark currents with quantum numbers J” = 0F, 1+,
The P-wave diquark fields will not be considered in
this paper.

For the bcg g system, the tetraquark interpolating cur-
rents with J¥ = 0T are

(2a75Caj, + @prsCaL).
Jy = bl Cy,cy(q.r"Cay, + 3pr* Cal).
( J’SC% Qb}’SCQa)’
Ty = bl Cy,c(q,r"CTL — G,r" CTL), ()

in which “+” denotes the symmetric color structure
6], ® [6_c} 77 and “=" denotes the antisymmetric color
structure [3],. ® [3c];4
rents with J¥ = 17 are

. The tetraquark interpolating cur-

Jiu = bl Cyscy(7.7,Cah + 47,Cal).
Jou = by Cr,c(3,75Ca5, + GprsCay).
T3y = biCrsci(@ar,Cay, — 3v7,Cql).
Ja = by Cy,c(3.v5Cay, — GprsCay). (2)

where + again denotes the symmetric color structure
[6c]p. ® [6c];; and — denotes the antisymmetric color
structure [3.],, @ [3c)55-

Similarly, for the cgb g system, the tetraquark interpo-
lating currents with J¥ = 0% are

J1 = 44, Cyscy(GaysChy + GysChy),
J2 = gL Cy,cy(@ar" Ch + gy ChY),
)
)

J3 = gL Cyscy(qaysCh] — G,ysChb!,
Jy = g1 Cy e (3" Ch] —

)

gpr"Ch?), 3)

in which + denotes the symmetric color structure [6.],. ®

6] 75 and — denotes the antisymmetric color structure
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3c],c ® [3c]55- The tetraquark interpolating currents with
JP =17 are

J1u = 45Crseu(qaruChy + @y, Chy),
Jou = 45Cruco(@aysChy + qpysChY),
T3 = 45Cr5¢s(qay,Ch} — Gy, ChY),
Jay = 44, Crucp(GarsChy — g,ysChY), “4)

where 4+ again denotes the symmetric color structure
(6], ® [(_Sc]q 5 and — denotes the antisymmetric color
structure [3],. ® [3c];5-

Replacing the light quark ¢ by the strange quark s in
Egs. (3) and (4), we can also obtain the corresponding csb 5
tetraquark currents with the same quantum numbers.
However, the bcss system is different. In this system,
the flavor structure of 55 pair is symmetric and thus its
color structure is fixed at the same time. The color
structures for the diquark fields s7Cyss, and s!Cy,s,
are symmetric 6, and antisymmetric 3., respectively. As
aresult, only J, J, in Eq. (1) and J,,, J3, in Eq. (2) survive
in the bcs s system and all the other currents vanish.

III. TWO-POINT CORRELATION FUNCTION
AND SPECTRAL DENSITY

In the framework of QCD sum rules [45-47], we
consider the two-point correlation functions

NG = [ e oo, ©

M, (p?) =i / e O[T1, () 50)0). ()

where J(x) and J,(x) are the scalar and axial vector
currents shown in Egs. (1)-(4). Since the axial vector
currents J,(x) are not conserved, the two-point correlation
function I1,,(p?) has the following structure:

Pub Pub
,,(p?) = ( i —gﬂu)nmp% 2y (p%). )

where IT;(p?) and IIy(p?) are the invariant functions
related to the spin-1 and spin-0 intermediate states, respec-
tively. In this paper, we focus on IT; (p?) to study the axial
vector channels.

In QCD sum rules, the correlation functions in Egs. (5)
and (6) can be obtained at both the hadron level and quark-
gluon level. At the hadron level, we can describe the
correlation function via the dispersion relation
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Ny [T Pl
N =) [ e
N—-1
+> b, ®)
n=0

in which b,, are the N unknown subtraction constants which
can be removed by taking the Borel transform. To obtain
the spectral function p(s), we write the imaginary part of
I1(p?) as a sum over § functions by inserting intermediate
hadronic states |n) with the same quantum numbers as the
interpolating current J(x),

Z&s—

= f%58(s — m%) + continuum, )

p(s )——ImH )(01|n)(n|J7|0)

where we adopt the pole plus continuum parametrization
of the hadronic spectral density and my is the mass of
the lowest lying resonance |X). The scalar and axial vector
interpolating currents J(x) and J,(x) can couple to the
corresponding hadronic states with the coupling param-
eters fy,

(Ol[X) = fx. (10)

<O|J;¢|X> :er;w (11)
where ¢, is the polarization vector (e - p = 0).

The correlation function can also be evaluated at the
quark-gluon level via the operator product expansion
(OPE) method. We calculate the Wilson coefficients up
to dimension eight at leading order in a,. Utilizing the
same technique as in Refs. [12-14,30,48], we adopt the
coordinate expression for the light quark propagator and
the momentum space expression for the heavy quark
propagator,

I R
iS7() = 5 zat t 3525 G a
5ab 5abx2
— 2 laa) + oy 4n2 2
i6"mg(qq) 5 imglag,o- Gq)5°x*%
48 1152 ’
(12)

(6"'X + Xo™)

m 5ab
(a9,0 - Gq) — 2

i i,
— ° a Gn
p—mg 4772
o (p+mg) + (P +mg)o"
X
(p* —mg)?
pz + mQﬁ
C(p*—mH)Y

iS¢y (p)

i5ab

+12

(g:GG)m (13)
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FIG. 1 (color online).
JP = 0%bcg g system.

OPE convergence for the current J, in the

in which ¢ represents u, d, or s quark and Q represents ¢ or
b quark. The superscripts a, b are color indices and
X =y, X, p=y.p". We keep the terms proportional to
m, to study the sc5s b and bcs 5 systems. In particular, the
my corrections are only important for the chiral-violating
condensates; the m, corrections to the gluon condensate
that would arise from an m, term in (12) are numerically
small and are thus ignored (see Fig. 1 below).

By equating the correlation functions at both the hadron
level and quark-gluon level, we can establish the sum rules
for the hadron parameters via quark-hadron duality. Using
the spectral function defined in Eq. (9), the Borel transform
is performed on the correlation function IT(p?) obtained at
both levels to remove the unknown constants in Eq. (8),
improve the convergence of the OPE series, and suppress
the continuum contributions

Lulso M3) = Fonife i — [ dsemiiip(s)s

(mc+mb)2
(14)

where s, is the continuum threshold parameter and Mp is
the Borel mass introduced by the Borel transform. These
two parameters are very important in QCD sum rule
analysis and we will discuss them carefully in the next
section. Then the mass of the lowest lying hadron state can
be extracted as

Ly(sg. M3)

mX(SO’M%’) = £0<S0 MZ)’
s My

(15)

which is a function of the continuum threshold s, and Borel
mass Mp. At the leading order in «j, the spectral densities
for all interpolating currents in Egs. (1)-(4) are evaluated
and listed in the Appendix up to dimension eight con-
densates. For the nonperturbative contributions, the quark
condensate (gq), gluon condensate (GG), quark-gluon
condensate mixed (gg,o-Ggq), four quark condensate
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and dimension eight condensate contribute to the correla-
tion functions and spectral densities. Using the factoriza-
tion hypothesis, the dimension six and eight condensates
are reduced to (gq)? and (gq){(Gg,o - Gq) respectively. The
evaluation of the higher dimension condensate contribu-
tions is technically difficult and the violation of the
factorization hypothesis becomes important [49]. In this
paper, we calculate the correlation functions up to dimen-
sion eight.

IV. QCD SUM RULE ANALYSIS

To perform the QCD sum rule analysis, we adopt the
following values of the quark masses and various con-
densates [2,46,50-52] in the chiral limit (m, = m,; = 0):

m,(2 GeV ( 1+§19) MeV,
= (1.28 +0.02) GeV,
= (4.17 £ 0.02) GeV,
(o 23 4+ 0.03)> GeV?,
~-M§(aq).
(0.8 +0.2) GeV?,
=0.8+0.1,

(0.48 + 0.14) GeV*, (16)

) =
me(u=m.) =
my,(p = my,) =
(qq) =
(q9,0 - Gq) =
MG =
(ss)/(aq)
(9:GG) =

in which the definition of the coupling constant g, has a
minus sign difference compared to that in Ref. [46]. The
charm and bottom quark masses are the running masses in
the MS scheme. Furthermore, we take into account the
scale dependence of these MS masses at leading order:

) = (200 ) a7
where
a, (1) = 25:“("(MT) . a(M)=033  (19)

1+ =5 log(3; )

is determined by evolution from the z mass using Particle
Data Group values [2]. For the bcg g and gcg b tetraquark
systems, we use the renormalization scale y = 2t —
2.73 GeV in our sum rule analysis [53].

After performing the Borel transform, there are two
important parameters in the correlation function: the
continuum threshold s, and the Borel mass Mp. The
stability of QCD sum rules requires a suitable working
region of these two parameters. In our analysis, we choose
the value of s, to minimize the variation of the extracted
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mass my with the Borel mass M%. Using this value of s,
we can obtain a suitable Borel window by studying the
convergence of the OPE series and pole contribution. The
requirement of the OPE convergence determines a lower
bound on M?% while the constraint of the pole contribution
leads to its upper bound.

The pole contribution (PC) is defined as

Lo(sg. M%)

PC(S07M%3) :,CO(OO MZ)’
» My

(20)

which is a function of the continuum threshold s, and the
Borel mass M. This definition comes from the sum rules
established in Eq. (14) and indicates the contribution of the
lowest lying resonance to the correlation function.

A. bcg g and bcs § tetraquark systems

We begin with the sum rule analysis of the bcg g and
bcs s tetraquark systems in this subsection. For all currents
in the bcg g systems, the quark condensate (gg) and quark
gluon mixed condensate (gg,o - Gg) terms in the correla-
tion functions are proportional to the light quark mass m,.
Both of them vanish in chiral limit m, = 0 and represent a
numerically small contribution to the correlation functions
because of this chiral suppression. For these systems, the
four quark condensate (gq)? is the dominant power
correction to the correlation function. We show the OPE
convergence of the scalar bcg g channel using the inter-
polating current J, in Fig. 1. It indicates that the dimension
eight condensate (gq){(gg,c - Gq) is the next in importance
followed by the gluon condensate (GG). To ensure the
convergence of the OPE series, we require that the four
quark condensate contribution be less than one-fifth of the
perturbative term, which results in a lower bound on the
Borel mass Mp. In Fig. 1, the OPE convergence is very
good in the region M% > 6.1 GeV?. This value is the lower
bound on M% for J, scalar channel of hcg g system.

On the other hand, an upper bound on M?% is obtained by
studying the pole contribution defined in Eq. (20), which is
also the function of the continuum threshold s,. To study
the variation of PC with My, one should determine the
value of s, at first. An optimized choice of s, is the value
minimizing the variation of the extracted hadron mass my
with the Borel parameter M%. We study this in the left
portion of Fig. 2 for the scalar bcg g channel with the
current J,. Varying the value of M% from its lower bound
M2, = 6.1 GeV?, these mass curves with different value
of M% intersect at s, = 60 GeV?, which is the most suitable
value under the above constraint. Utilizing this value of s,
we require that PC be larger than 30% to determine the
upper bound on the Borel mass M%. For the current J, in
the scalar bcg g channel, we obtain the upper bound
M2, = 6.4 GeV2.

For the /¥ = 0% bcg g systems, all currents J,, J,, J5 and
J4 have suitable working range of the Borel parameter with
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FIG. 2 (color online).

the above criteria. Within these Borel windows, the mass
sum rules are very stable. In Fig. 2, we show the variation of
my with the threshold value s, and Borel parameter M?% for
the current J,. We obtain the Borel window 6.1 GeV? <
M3 < 6.4 GeV? with the continuum threshold value
so = 60 GeV?2. In this region, we show the stable mass
sum rule in the right portion of Fig. 2 and extract the hadron
mass

my = 7.23 +0.08 £ 0.05 £ 0.06 GeV, (21)
in which the errors come respectively from the continuum
threshold s, the heavy quark masses m,, m;, and the quark
condensates (gq), (Gg,0 - Gq). The errors from the Borel
mass My and the gluon condensate (g?GG) are negligible
since the mass sum rules are very stable in the Borel
window (see Figs. 2 and 3) while, as mentioned above, the
gluon condensate contribution to the correlation function is
very small.

After performing the QCD sum rule analyses for all the
interpolating currents, we collect the Borel window, the
threshold value, the extracted mass and the pole contribu-
tion for the J¥ = 0*bcg g systems in Table 1. The results
for the J* = 17bcq g systems are listed in Table II. As
mentioned above, the errors of mass predictions come from

8.1
781 ,
— ¥ S5
E 7.5 r‘\\ ”{/ﬁ' rrrrrrr M3=5.6 GeV?
© 1y e b= = — M3=59GeV?
> RS
g 72 1\\\\\, // —  — M}=62GeV?
ol sy
6.6 ‘ ‘ ‘ ‘ ‘
40 48 56 64 72 80 88
so [GeV?]

FIG. 3 (color online).
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Variation of my with s, and M% corresponding to the current J, for the 0*bhcg g system.

the uncertainties in s, the heavy quark masses m,, m; and
QCD condensates (gq), (ggso - Gq) respectively.

The above analyses can easily be extended to the bcs s
systems by replacing the corresponding parameters such as
the light quark mass and various condensates. We expand
the spectral densities to first order in m, because m, is much
larger than m,, and thus cannot be omitted. These terms are
very important to the OPE convergence and the mass sum
rule stability for the bc5 5 systems. As mentioned in Sec. 11,
only Jy, J, with J¥ = 0% in Eq. (1) and J,,,, J5, with J© =
17 in Eq. (2) survive in the bc5 5 system. For the currents J,
with J® = 0%, we show the variation of the extracted mass
my with the threshold value s, and Borel parameter M% in
Fig. 3. We obtain the threshold value s, = 60 GeV? and the
Borel window 5.6 GeV? < M% < 6.5 GeV?2 Compared to
the bcg g system, the Borel window of the bcs s system
becomes broader because the pole contribution of the bcs s
channel is larger than that of the bcg g channel and the OPE
convergence becomes better. Finally, we extract the hadron
mass around my = 7.26 £+ 0.08 £+ 0.06 £+ 0.10 GeV. After
performing the numerical analyses for all currents, we list
the numerical results of the 0" bc5 5 system in Table I and
the 17hcs s system in Table II. For the same current and
QCD input parameters, the extracted mass of the bcs § state
is about 0.1 GeV higher than that of the bcg g state.

7.6

74 r
o
<)
o I SRR 50=58 GeV?
g 70

F— == 50=60 GeV?
6.8 [ - = 50=62GeV?
6.6 1 1 1 1
5.6 5.8 6.0 6.2 6.4 6.6
M2 [GeV?]

Variation of my with s, and M% corresponding to the current J, for the 0*hc5 5 system.
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The threshold value, Borel window, mass and pole contribution for the J* = 0*bcg g and bcs s systems.

System Current 50(GeV?) M2, M2, ] (GeV?) my (GeV) PC (%)
bcg g J 60 +2 5.4-6.2 7.27 +0.08 £+ 0.06 £ 0.05 355
J, 59+2 6.1-6.4 7.16 £+ 0.09 £+ 0.06 £ 0.01 329
J3 58+2 5.4-6.0 7.14 £ 0.08 £ 0.05 £ 0.03 339
Jy 60£2 6.1-6.4 7.23 £0.08 £ 0.05 £ 0.06 335
bcss J 61+2 4.9-64 7.35+0.08 £+ 0.06 £+ 0.03 39.1
J4 60+2 5.6-6.5 7.26 +0.08 + 0.06 £ 0.10 36.7
TABLE II. The threshold value, Borel window, mass and pole contribution for J¥ = 1*bcg g and bc5 5 systems.
System Current 50 (GeV?) M2, M2.,] (GeV?) my (GeV) PC (%)
bcqg g Jiy 59+£2 5.5-6.1 7.21 £0.08 £ 0.05 £ 0.03 34.7
Joy 60 £2 5.3-6.2 7.27 £0.09 £+ 0.06 £ 0.05 37.5
J3 60 £2 5.4-6.3 7.26 £ 0.08 £ 0.06 £ 0.05 36.8
Jay 58£2 5.3-6.0 7.13 £0.08 + 0.06 £ 0.03 35.7
bcss Jou 61 £2 4.9-64 7.35+0.07+£0.11 £0.04 41.2
I3y 61 £2 4.9-6.4 7.34 £0.07 +£0.07 £ 0.08 42.1

B. gcgb and sc5 b tetraquark systems

In this subsection, we study gcg b and sc5s b tetraquark
systems with J© = 0, 17. These configurations are very
different from the bcg g and bcss tetraquark systems. In
the correlation functions and the spectral densities, the
quark condensate (gg) and the quark gluon mixed con-
densate (gg,0 - Gg) contain terms proportional to the heavy
quark masses and they cannot be ignored. They give the
most important nonperturbative contributions to the corre-
lation functions. In particular, the quark condensate (gq)
term is now the dominant power correction to the corre-
lation function.

To ensure OPE convergence, we require that the pertur-
bative term be larger than 3 times of the quark condensate
to obtain a lower bound on the Borel parameter. Requiring
PC be larger than 10% leads to an upper bound on M%.
After studying the pole contribution, we find that the PC in
all channels for the gcg b and sc5 b tetraquark systems are
much smaller than those for the bcg g and bcs s tetraquark

8.0

4 el
‘s
7.8H e
! il
7.6F
% l A M2=7.8 GeV?
O 741} A - o M2=79GeV?
> 4 /
g 79k %. P — — M}=80GeV’
t‘ // R M}=8.1 GeV?
70} //
: N,
N’
68 1 L L L L L
42 47 52 57 62 67 72 71
5o [GeV?]

systems. This means that the Borel windows in the gcg b
and sc3 b systems will be much narrower than those in the
bcg g and bcs s systems.

For the J* = 0% gcg b system, only the current J, gives a
significant (although narrow) Borel window under the
above criteria. The pole contributions of the currents
Jy,J3 and J, are too small to give a suitable working
region of the Borel mass. In Fig. 4, we show the Borel
curves of the extracted mass with the threshold value s, and
the Borel parameter M?% using the interpolating current J ;.
For 5, = 55 GeV?, we obtain a very narrow Borel window
7.8 GeV? < M% < 8.0 GeV?. In this region, the mass sum
rule is very stable and the hadron mass is finally extracted
as my = 7.11 GeV.

However, the scsb systems are much better. The
interpolating currents J;,J, and J, can result in stable
mass sum rules and allow reliable extraction of hadron
masses. In Fig. 5, we show the Borel curves for the current
J, in the sc5b system. For sy =56 GeV?, the Borel

7.4

T2 m

7.0F

rrrrr 50=53 GeV?

my [GCV]

6.8r
——— 50=55GeV?

6.6F —-—- 5=57GeV*

6.4 : : :
7.8 7.9 8.0 8.1 8.2 83

M2 [GeV?]

FIG. 4 (color online). Variation of my with s, and M% corresponding to the current J, for the 0¥ gcg b system.
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FIG. 5 (color online). Variation of my with s, and M3 corresponding to the current J; for the 0% sc5 b system.

window is determined as 6.6 GeV? < M% < 8.1 GeV2,
which is much broader than the corresponding gcg b
system for the same current J;. In the expressions
(A10)—(A17), the order m, parts in the perturbative and
quark condensate terms have opposite signs, enhancing the
strange quark contributions and resulting in a smaller lower
bound on M%. This is the reason that the OPE convergence
of the sc5 b system is better than that of the gcg b system.
We collect the numerical results for the scalar and axial
vector gcg b systems in Tables III and IV respectively,
including the continuum threshold values, the Borel win-
dows, the extracted masses and the pole contributions.
As mentioned above, the pole contributions of these
gcg b and sc5 b systems are very small making it difficult
to obtain a significant Borel window. To improve the pole
contribution and sum rule reliability, one possible way is
using the mixed interpolating currents to calculate the
spectral densities and correlation functions [5]. For both the
JP =0" and 17gcgb systems, J, and J; have similar
Lorentz structures, which result in very similar spectral
densities in the Appendix. The same situation exists for J,

and J4. So the reasonable choice is mixing J; with J, and
mixing J3 with J4. However, these two mixed currents will
also give the similar results due to their Lorentz structures.
We therefore consider the following mixed currents:

J" =cos@J, + sin6J,, (22)
for J¥ = 07 qcg b system and
Ji =cos8Jy, +sin0J,,, (23)

for J* = 17qcg b system.

For J™ and JZ‘, we just need to calculate the mixed
parts (07[J1/3][0) + (0|T[J577]|0) and (O|T[J,,J3,)|0) +
(O|T[J5,J},]|0) in the correlation functions. In the
Appendix, we list the spectral densities of these two mixed
parts. In these expressions, the perturbative terms, the quark
condensate and the four quark condensate give no con-
tributions to the correlation functions. Utilizing these
results and the spectral densities for J;, and J,,, we
perform the numerical analysis in the axial vector gcg b

TABLE III. The threshold value, Borel window, mass and pole contribution for J* = 0" ¢cg b and sc5b systems.
System Current 50 (GeV?) M2, M2.,] (GeV?) my (GeV) PC (%)
qc?]_l_) Ji 55+£2 7.8-8.0 7.11 £0.08 + 0.06 £ 0.01 10.2
scsb Ji 56+2 6.6-8.1 7.16 £ 0.08 £ 0.06 £ 0.04 14.4
Js 56+2 8.8-9.2 7.10 £ 0.09 £ 0.04 £0.13 10.6
J4 56 £2 8.8-9.1 7.10 £0.09 +0.06 £ 0.12 10.9
TABLE IV. The threshold value, Borel window, mass and pole contribution for J* = 17gcg b and sc5 b systems.
System Current 50(GeV?) (M2, M2..] (GeV?) my (GeV) PC (%)
qcqb Jiy 55£2 7.9-8.2 7.10 £ 0.09 £+ 0.06 £ 0.01 104
B Joy 55+2 7.9-8.2 7.09 £ 0.09 £+ 0.06 £ 0.01 10.7
scsb Jiy 55+2 6.7-7.9 7.11 £0.08 £ 0.05 £ 0.03 14.0
Jo 56+2 6.7-8.3 7.15 £ 0.09 + 0.06 £ 0.05 14.2
J3 52+2 6.7-1.3 6.90 £ 0.09 + 0.02 £ 0.03 11.6
Jay 52+2 6.7-1.3 6.92 4+ 0.09 + 0.06 £ 0.03 11.0
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FIG. 6 (color online). Pole contribution as a function of the
mixing angle 6 with so = 55 GeV? and M3} = 8.0 GeV? for J.

channel with the mixed current Jj!. Under the same
criteria of the OPE convergence and pole contribution,
we obtain the Borel window 7.9 GeV? < M3 < 8.4 GeV?
with s, = 55 GeV?. To study the mixing effect, we show
the variation of the pole contribution with the mixing angle
0 1in Fig. 6. It shows that there is no significant enhancement
of the pole contribution for all the values of mixing angles.
In Fig. 7, we show the Borel curves of the extracted mass
with sy and M% for the J¥ = 17gcg b system with the
mixed current J);'. Finally, we extract the ground state mass
around 7.11 GeV. Compared to the numerical results from
the single current in Table IV, the mass, continuum
threshold, Borel window and pole contribution from the
mixed current J' are almost the same. The similar situation
occurs for the mixed current J”. In other words, the mixed
current does not improve the mass sum rules significantly.

V. SUMMARY

We have constructed the bcg g, bess and geg b, scsb
tetraquark currents with J* = 0% and 1. At the leading
order in a,, we calculate the two-point correlation functions
and the spectral densities including the contributions of the

80 e X
i P
i A
_!"; .’)’“/'
7.7 ' L
— 7518
> 731 // rrrrrrr M3=7.9 GeV?
O i
73 wg“ / F— — — M}=8.1 GeV?
: 71 i3 /// —  — M3=83GeV?
' \k pd P M3=8.5 GeV*
69F N
6.7 1 1 1 1 1 1
42 47 52 57 62 67 72 77
50 [GeV?]

PHYSICAL REVIEW D 89, 054037 (2014)

perturbative terms, quark condensate (g¢q), gluon conden-
sate (GG), quark-gluon mixed condensate (gg,0-Gq),
four quark condensate (gg)*> and dimension eight con-
densate (gq){(gg,0 - Gq).

For the bcg g systems, both the quark condensate (gq)
and quark-gluon mixed condensate (gg,o - Gq) are propor-
tional to the light quark mass m, and vanish in the chiral
limit m, = 0. The four quark condensate (gg)* is the
dominant power correction to the correlation functions. The
dimension eight condensate (gq)(gg,0 - Gq) also gives an
important contribution. To study the bcss systems, we
keep the leading-order my corrections to the spectral
densities. The numerical analysis shows that these terms
can improve the OPE convergence and pole contribution to
enlarge the Borel window of the mass sum rules. The
extracted masses for both the scalar and axial vector bcg g
and bcss tetraquark states are about 7.1 — 7.2 GeV and
7.2 —1.3 GeV, respectively.

The situation for the gcg b systems is very different from
that of the bcg g systems. The quark condensate (gq) and
quark-gluon mixed condensate (gg;o - Gg) are multiplied
by the heavy quark mass mg and give important contri-
butions to the correlation functions. The quark condensate
is the dominant power correction in these systems. After
performing the numerical analysis, we extract the masses of
both the scalar and axial vector gcgb states around
7.1 GeV. The mass is about 7.1 GeV for the scalar sc5 b
state and 6.9 — 7.1 GeV for the axial vector sc5b state.
However, the pole contributions of these gcg b systems are
so small that the corresponding Borel windows are very
narrow. To improve the pole contributions and enlarge the
Borel windows, we investigated the mixed interpolating
currents by introducing a mixing angle 6. Unfortunately,
the numerical analysis shows that these mixed currents give
no significant effects that would expand the Borel window.

The masses of these bcgg, bess and gcgb, scsb
tetraquark states are below the open-flavor thresholds

DWBH, pYBY and DB, pt gt respectively. In
other words, these tetraquark states bcg g, bcs 5 and geq b,
sc5 b cannot decay into the open-flavor modes due to the

7.4

28
S
[}
) .
§ sl 50=53 GeV

- == 5)=55GeV?
6.6 —- =~ 5)=57 GeV?
64 L L L L L
7.9 8.0 8.1 8.2 8.3 8.4

M3 [GeV?]

FIG. 7 (color online). Variation of my with sy and M% corresponding to the mixed current Jy! for the 1*qcg b system.
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kinematics limits. On the other hand, the B, plus light APPENDIX: SPECTRAL DENSITIES
meson decay modes for the gcgb states are allowed,
such as X(0") - Bz, B.; and X(1") - B.p, B.w. Such
channels are suggested for the future search of these

possible gcg b, sc5 b states. The beg g and bes 5 tetraquark perturbative terms, quark condensate (Gg), gluon conden-

states Cfinnot de.:cay through these fall- apa.rt mechanisms, sate (GG), quark-gluon mixed condensate (g0 - Gg) and
suggesting dominantly weak decay mechanisms. They may  {imension eight condensate (§¢)(gg,0 - Gq):
be produced at facilities such as Super-B factories, LHCb,

PANDA and RHIC. p(s) = pPr(s) + plaa) () 4 pl@0) (5) 4 plaGa ()

In this Appendix, we list the spectral densities of the
tetraquark interpolating currents in Eqgs. (1)—(4). At leading
order in a,, we calculate the spectral densities including the

(a9)? (@9)(aGa) (). Al
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|

(s /amax /ﬂmax (1 —a—p)(mip+ mia — afs)?(miB + mia — 3afs — 2m;m,)
amln ﬁ

- 256700 '
- _ bu (M3P + msa — afs)(mif + msa — 2afs — mm
pgqm(s) _ —mq<qq>/ / dﬁ 2 )(m 81 - 2 1 2)’
amln ﬂmm 7[ aﬂ
< > /}max - — ﬂ) 2 m%
Pla 72GG) /amm me 1536 e {(Zmlﬂ + 2m3a — 3aps) ( i
_m m2 Amip + 3m2a 3afs  3mif + 4mia —3aps
+ ﬂ2 9
m2 2
<GG> ‘max ﬂmax I‘B —|— mza - O!ﬂs)
7>GG) d
p 1 ( Amm zmm ﬁ 1 02477:6
" mip + mia — 2afs — mym, N (1 —a—p)*(mip + msa —2afs — 2m;m,)
ap 20 '
(i) ) _ _Ma$29:0 - Ga)ls — i - ml [ () Lmi=m3)? _4mi]'/2
Al 327* s s ’
(9)* (@q)*[s = (m) —my)’] mi —my\? _4mi|'/?
= | B}
i (s) 1277 R s ’
plaaaca) (o) _ _ <514><512GCI> /1 » mi — Z’llm% _ms(1 —2a) + mimja sl mia+ m3(1 —a)
127 0 a a(l—a) a(l —a)
_m%aer%(l—a)(s _m%aer%(l—a) y S_m%a+m%(1—a) ’ (A2)
a(l —a) a(l —a) a(l —a)

m —m m2 m mz—mz m am
where ay = {1+ 757 = (14" -5 = {0 M [0 M ) g, =
Pmax = 1 —a. m; and m, are the heavy quark masses. H(a ) is the Heav151de step function.

For the interpolating current J5 with J¥ = 07:
. 1 e 7 1 GG l G GG GG
A =56, ) =50, AT =507 ) e () = =7 (s).
qgG 1 aG aa)? 1 2 _ G 1 /- iG
pgq q) (s) = Epiq ) (s), pgzm (s) = 5p§qq> (s), gqq><q q)( ) = 5p§q/q><q ) (s). (A3)
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For the interpolating current J, with J¥ = 07:

s /amdx /ﬂmdx (1 —a—pB)2(m3p + mia — afs)*(mif + m3a — 3afs — 4m;m,)
aln]n ﬁn“n

64r5a 3 ’
7(5) = =myfaa) [ da [ ap* e )bt e 2 =2
(lm n /}mln 27[4 aﬁ |
amwx /max 1 - a— ﬂ m2 mz
P399 (5) = (g2GG) A /,3 EETyr i [(2m2/3 + 2m3a — 3aps) < ﬂ32>
2m1m2 4mip + 3m2a 3aps 3m1ﬂ +4m3a — 3afs
s ’
(lm|ﬂ ﬁmm 256ﬂ
» %ﬂ+m2a—2aﬂs—2m1m2+(l —a—p)}(m3p + mia — 2afs)
af 2a°4° '
p§q0q> (s) = — m,(qg,0 - Gq)ls — (m41 —my)? + 2mymy)] Kl n mi — m%>2 4mi ]1/2’
4 s s
P17 (5) = 2(gq)°[s — (m —2m2)2 + 2mymy] [(1 i mi — m%)z 4my ] 1/2’
3z s s
9y = 20D [ [ 21— i it
2 3n? 0 o’ a*(1—a) a(l —a)
_ mia+m5(1 —a)(s s_m%a—l—m%(l —a) y s_m%a%—m%(l —a) (Ad)
a(l —a) a(l —a) a(l —a) ’

For the interpolating current J; with J¥ = 0*:

1 e ; 1 1
PET(s) =585 A (s) =38 () P79 =305 () P s) = =p 7 ().
. 1 )2 1 (g0 . | R
piOs) =38 (5, Py =3 s) p I (s) = 5pP I () (AS)

For the interpolating current J; with J¥ = 17:

s /amx /ﬁmax (1 —a—p)*(m2f + mia — aps)?
- n 153672°a3 33

[6(m2B + mia —3afs —2mym,) — (1 —a— B)(3m3f + 3msa — Tafs — 4m;m,)],
7 m qq amdx ﬂmdx 2ﬁ + mza - (Xﬂs
p§qq>( _ q / /ﬂ dﬂ my 2 )

167* af
X [2(m3p + mia = 2aBs — mymy) — (1 —a — B)(3mip + 3msa — 5afs — 2m;m,)],
< 2 ﬂmax 1 - a— ﬂ)z
2GG) L-ezp)
pla g \/(lvm"l \//}‘mm 46087[6

) { (ml + '; ) 3(2mip + 2mda —3aps) — (1 —a— p)(3mip + 3mda — 4aps)]

mimy(2+a+p) (4m3if +3mia—3aps 3mip + 4mia — 3apfs
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m2 2
< max ﬂmax 1ﬂ + mza - aﬁs) 2
7>GG) l1—a—
plb /amm /ﬁmm 12288”6 ( “ ﬂ)
" {(1 —a—p)Bmip +3mia—Saps — 4mymy)  6(mip + mia — 2afs — 2mym;)
P - 2B
N [2(1 —a—B)Bmip +3mia — Saps — 2mym,) N 4(m3p + m3a — 2afs — mlmz)} }
ap ap ’
(gGq) o mq<qgs6 : G('Z>[s - (ml - m2>2] m% B m% : 4m2 12
1
o) == 327 + s s '
p<<‘m>2(s) _ (q9)*[s — (m1 —my)?] 1+ mi —m3\? _4mi 2
! 1222 s s '
pla0a8) (o) _ _ (qq9)(qGq) /l " my —mymy  m5(1 = a) + mimia sl mia+m3(1 —a)
! 1222 Jo o’ a*(1 —a) a(l—a)
_m%a+m%(1—a)5 _m%aer%(l—a) _Hs_m%aer%(]—a) (A6)
a(l —a) a(l —a) a(l —a) )
For the interpolating current J; with J¥ = 1%
er L e 7 1 GG l G GG GG
AN =576 ) =50 T = 50006 e ) =7 ).
! | N e 1 tooria
pqu!ﬁ( ) = zpqulﬁ( 5), péqw (s) = ipiq@ (s), pgqu(quI)(s) 5pglﬂi)(qG!D (s). (A7)
For the interpolating current J, with J¥ = 17:
P o ﬁm 1 —a—p)X(m3p + mia — afs)* (m2p + mia — Safis — 4m;m,)
(S amln ﬂln]n 512”6a3ﬂ3 '
2 2 2
@)y _ s Brmax 4 (m3p + mia — aps)(m3p + mia — 3afs — 2m;m,)
pz (S) mq<qq> Amm a//}'mm ﬂ 16ﬂ4aﬁ ’
/1m;.x (l—a-p m?  m3
pm (s (?GG) / /ﬂ T )? [( 2B + mia — 2aps) ( /532>
m1m2 Amip +3mia —3afs  3mif+ dmia — 3afs
> 1 2
+ ﬁz 9
p >( GG / /ﬂmax %ﬂ + m%a - (ZﬂS)
2b {lmln ﬂmln 12288ﬂ6
" 6(m3p + mia — 3afs — 2m;m,) _(-a- B)?(3m3p + 3mia — Saps)
aﬂ a2ﬁ2 ’
g el G122 = ot ~mms e o= =)
967*s s s ’
@, (aq)*[2s* = (m} — 6mymy 4+ m3)s — (m} — m3)?] m? —m3\? 4m 172
py (s) = 3 I+ —7-= ;
367°s s s
plaaada) gy — _ (29)(qGq) /1 " my —mmy  m5(1 = a) + mim3a sl mia+m3(1 —a)
2 1222 Jo o? (1 —a) a(l —a)
_mia+mj(1 —a)é S_m%a—l—m%(l —a) o s_m%a+m%(l —a) ‘ (A8)
a(l —a) a(l —a) a(l —a)
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For the interpolating current J, with J* = 17:

€] 1 er q 1 1
A(s) =55 s) A0 =) e ) =505 ) Rl () = o (s).
i 1 o _\2 1 /502 G\ aG 1 G
piq ) (s) = Epéq q) (s), piqq> (s) = Epéq@ (s), piqqﬂq q><s) _ 2p§qq)<q q)( ). (A9)

2. The spectral densities for the gcgb and scsb systems
For the interpolating current J; with J¥ = 0:

(s /amx /ﬂmdx (1—a—=p)2(m3ip + mia— aps)?
{lmln /))mln

25678
[0 4 = 3aps) (3 4 mda—as) _ (my o 2, (23p -+ 2ok = Sap)
a3ﬂ3 a ﬂ aZﬁZ ’
amln ﬁmm 8ﬂ4aﬁ
X [mq(m%ﬂ + mia — 2afs + 2mymy) — (% 5 ) (1—a—p)(mip+ mia— 2aﬂs)] ,
2 2
G6) () — (2GG /amax i /ﬁmux J (1 —a—p)*(2mip + 2m3a — 3aps) m1 m3
Pla (S) <gs > . a n ﬁ 15367[ +5 ﬂ3
S99 () = _(2GO) / ™ da / (1= o= f)(mif + mia 2aﬁs><m%ﬁ +mia=afs) (11
v U e i 10247°ap a' p)

Omax Prnax 2m2 —|— 2m2a— 3a Ky m m
p§c¢Iqu>( ) = <égs0'Gq>/ da/ dﬂ 14 2 Ps) <1+2>’
amln ﬂﬂ\ln

327* a B
G Qmax ﬂmax
P57 (s) = (ag,0 - Ga) / da/ﬂ
Xmin ‘min

(1 —a—p)(2m3p + 2mia — 3aps) m, mgmymy (11
X 7 St ) e o) |
64n Vi 647 a p
((}Gq>(s) __ mqmlm2<‘_]gs0 : Gc]> 1+ m% - m% 2 4m 172
plc 16774 s )
. = \2 2 _ 2\ 2 4 1/2 22 5+ 22y
pgqq) (s) = <CI‘Z>2 14 miy — m; ml 2y — mqm1(m1 ms —s) mqmz(m1 m3 +s)
127 s s s
+ Tqml [m§ — m$ + m3s — m}(3m3 + 2s) + mi(3m3 + m3s + s2)]

s[(m? —m3 — 5)? — 4m3s]

mqmz

T = (9 Gt = ) = = s ]

(@9)(aGa) () — (49)(aGq) /1 damlmi 5 [s _ mja+ my(1 —a)]
0

Pla 1271.2 (12 (1(1 _a)
(a4)(aGa) (99)(aGq) /1 do T mia+ms(1 - a)
- o= A10
Pib (s) 4872 0 a(l-a) a(l — a) ( )
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For the interpolating current J5 with J¥ = 07:

S L e ] 1 GG 1 66
() =5A). ) =50 s). T )=o) = =l (s).

1 1 )2 1 (7002
) =300 AT =), A6 =5l 0) ) =50 ()

1
P§Zq><ch>( ) = ZpgflzlquGq) (s), p%q)(qu)( ) = p%q)(qu) (s). (A11)
For the interpolating current J, with J¥ = 07:
pen /amax /ﬁmax 1 - a— ﬂ) ( Zﬁ + mza aﬂs)
(ln]lﬂ /}mm 6471-6
. [0 + i = 3as)(mif + w3 — as) _ (my iy 4mqy(2mip + 2mia — Saps)
a3ﬂ3 a ﬂ a2ﬁ2 ’
Qmax ﬂmax (mzﬂ + mza - aﬂs)
= (g d dp-— :
<qq> Amin ¢ /ﬂmin ﬂ 2”4aﬂ
m, m
X [mq(m%ﬁ + mia — 2apfs + 8mym,) — <;] + 72> (1—a-p)2m3p + 2mia — 4aﬂs)] ,
(GG> ) QAmax Prnax (1 —-—a— ﬁ)2(2m%ﬂ —|— 2m%a - 3aﬂs) m% m%
— (GG d d mLmy,
P2q (S) <g >/erm aAmm ﬂ 38471'6 a3 + ﬂ3
,(60) 2GG) / Ja /ﬁmax (1 —a—p)(mip + mia — 2aps)(m3p + mra — aps) 1 +l
? twn o 256x°ap a' p)
(5Gq) _ ‘max Pmax 2m%ﬁ —+ Zm%a - 3aﬂs) mg my
P (8) = (qg50 - Gg) L da ﬁ e «
(@Ga), N m,mymy(qg,o - Gq) m? —m3\? 4m2 1/2
pqu ! ( ) - ”4 1 + s s ’
~ 2Haa)2 2 _m2\2  4m211/2 2 _m2—s)+ 2 _m?+
pé‘mz(s) _ <3qqz> Kl n mj m2> B ﬂ} {4m1m2 B mymy(my —m3 = s) + mymy(my —m3 +s)
r s s s
Mgy 6 6 4 402,72 2024 2 2
+ S —nE — 57 — s [m§ — m$ + m3s — mj(3m35 + 2s) + mi(3m3 + m3s + 5%)]
1 2
Mgy 6 _ d(2,2 2034 _ 2 3 2
+ s[(m? = m2 = 5)2 = dmZs] [m} —mi(3m3 + s) + mi(3m3 — m3s) — (m3 — mys) ]}
aa)aca) o, _ 4a9)(aGq) /' g3 [ miat mi(1-a) D
%) (S) 3”2 0 a a2 s a(l _ a) . ( )
For the interpolating current J, with J¥ = 0:
1 3 1 GG GG
P (s) = 5p56“<s>, P05 = 2pF0(s), PS5 = 3T ), Es) = ),
(@Gq) (G 4G l @6 3q)° 1 (Gq2 49)(aG 1 (ag)(aG
P () = 2o (). P05 = 3 0Ns) () = g (s) p{II (5) = pfiE ).
(A13)
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For the interpolating current J; with J¥ = 17:

s /amax /ﬁmax (1 —a—p)*(mip + mia — aps)? {4mqm2(m%ﬁ + mia — aps)
amln ﬁ

5127 2
| (miB+ mia = Saps)(mip + mia—aps) - (my  my\ dm(2mip + 2mia — Saps)
P a B T |
/amax /ﬂmax (m?p + mia — aps) [my(1 —a—B)(m?B + mia — aPs)
qq {lm"’l ﬂmln 6ﬂ4 aﬂz
m(m2p + mza - 3aﬁs +4mym,) <m1 N @) 2(1 —a—=p)(miB+ mia — 2aﬂs)}
p afp ’
p( GG / ‘max /ﬂmdx 1 - a— ﬂ)z(m ﬂ + mza 2aﬂs) my + m_%
la {lrnl“ ﬁmln 15367[ ﬁ3 ’

ma: ﬂmax
P89 (s) = (2GG) / da /ﬁ dp

. (1 —a—p)(mip + mia — aps) <3m%ﬂ +3m3a —5afs  3mif+ 3mia— 9aﬂs>

614475ap a B
2 2 2 2

@50 () — (70.0. G B /ﬂmax a5l (2mip +2m3a —3apfs)  my(mif + mza —2apfs)
Pia " (s) =(g9,0- Gq) / da p e + 25 :

(3Gq) _ Qmax Prnax m2<1 e ﬂ)(m%ﬂ + m%a — Zaﬁs) mqmlm2

= -G d d, - ,
plb ( ) <qgso- q> Amin “ /ﬂ'min ﬁ|: 64ﬂ4ﬂ2 64ﬂ4ﬂ
ngq)( ) = _mqmlmz@ﬂi‘sﬁ -Gq) . mi —m3\? 4m 1/2’
l6x s s
. gq)? 2 _m?\? 1/2 2 (m? —m3 —s) + mymy(m? —m3 + s)
2 qq my —m 4m7 m,m 2
1y (1) ], it
2mgm,

_|_

S = n = 5)7 = dnids] [m$ —mS + m3s — m}(3m3 + 2s) + m3(3m3 + mis + s?)]

2m,my

s[(m% _ m% _ s)2 _ 4m%s] [m? - ml(3m2 +5) + m; (3”12 - m%s) (m% - mzs)z]}v

(34)(3Ga) (@9)(aGq) / g [ miat mi(l —a)
= —5 —_ s
g ) 122 Jo 2 a(l - a)
(a4)(aGa) (29)(aGq) /l do M2 mia + m3(1 — a)
SEACLVAV AL YA T sl — . Al4
Plb (s) 487° 0 “a g a(l —a) (A1)
For the interpolating current J; with J¥ = 17:
e e 1 GG l (6 GG GG
E(s) = 2 s) p¥ ) =50 () P () =5p0 T () P (s) = =l (s).
G 1 g6 G G 3G 1 6 1 (gg2
) = 3o ) AT =), A0 =5l 0) ) =50 ()
G 1 G G G
p<ciq><q q>( ) = 2p§r£11q><q q)(s)’ p<%q><q 11>( ) = p<%q><q q>(s). (A15)
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For the interpolating current J, with J¥ = 17:

s /ozmax /ﬁmax (1 —a—=p)2(m3p + mia — aps)? {4mqm1 (m3p + m3a — aps)
amm ﬂmm

5127 o> p?

N (mif + m3a = Safis)(mif +msa—afs)  (m LM 4m, (2mip + 2m3a — Saps)

3ﬂ3 a ﬂ 0{2/7)2 ’
/amx //max (m?p + mia — aps) {ml (1 —a—p)(m3p + mia — aps)
. B 167* a*p

my(m3p + mza - 3aﬂs +4mm,) <m1 N @) 2(1 —a— ) (m?B + mia — Zaﬁs)}

p ap ’
(GG 5 /)’max (1 —a—p)2(m>f + ma —2aps) (_ m_%)
P (s) = 9:GG) / /,,m 15367° TF)

an‘lﬂx ﬂmax
P59(s) = (2GG) / da A dp

" (1 —a—p)(m3p + mia — aps) (3m%ﬂ +3m3a = 5afs  3mif + 3mra — 9aﬁs>

61447°ap p a
2 2 2
(4Ga) ﬁmax my(2m3p + 2mia — 3apfs)  m;(m3p + mia — Zaﬁs)
-Gq) d
P2a ( ) qgs q lmm a/mm |: 3271'4,6 + 3271. a

(@Ga) o\ — (7 max bows  [my(1 —a—p)(mip+ msa—2afs) m mym,
o (8) = a0 Gl L da / . dﬁ[ 64n*a’ ~ear'p |’

p(qu)( ) _ _mqm1m2<qgs6 : Gq> 1+ m% - m% 2 4m 1/2
2 167[4 S Ky ’
P (s) = (gq)” K] +M>2 4mi ] l/2{4m1m2 _mgm, (mf —m3 = 5) + 2mymy(mi — m3 + s)
247? s s p
2m,m
+ ! [m$ — m$ + mis — m}(3m3 + 2s) + m3(3m3 + m3s + 52)]

s[(m? —m3 — 5)? — 4m3s]
2mgm;

s[(m% - m% —5)? - 4m%s]

(3950 () — (29)(aGq) / L mm o {s _mla+md(1- a)]
0

+

S — (33 + ) + 3 (3 — mds) — (md mzsm}

2a - 1272 a2 a(l — (Z)
(2a)(aGa) ¢ o\ _ WQG@/I da MM ol o mia+ m3(1 —a) Al6
Y e A (e | (A10)

For the interpolating current J4 with J¥ = 1%

o I e g I GG 1 e (GG)
PE(s) = b (s),  pl(s) =2 pl(s),  plS(s) =2 p9s), Pl (s) = =pi(s),

2 2 2/"2a
1 ; 1 e | e
P’ ) = 3o ) A6 =), () =5 0) () =58 ()
1 as
p‘(ltgququ) (s) = Epéququ) (s), pﬁqﬂqG@( ) = p%qﬂqu) (s). (A17)

For the mixed interpolating currents J” and J%', we just calculate the mixed parts (0|T[J,J3]|0) + <0|T[12JT]|0> and
O|T[J,,J 2 10Y + (o|T[J oud T 110) in the correlatlon functions. The mixed part of the spectral density for J” with J* = 0* is
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i (s) =0,
p<QQ> (s) =0,
209 (5) _ (£GG) / da/ﬂmx 5m1m2 %ﬂ—i—Gm%a—a/)’s) 1—ﬂ+1—a_(1—a—ﬁ)2_3 |
i Broin 10247°af a p 2af
2
(4Ga) Ga) s ﬂmdx 5(2mip+2mia=3aps) [m(1=p) my(l-a) 2mi—m, 2my—my,
pu " (s) = (qg,0- Gq me /ﬁmm 8" Z T g , ik
2
P (s) =0,
(ga){aGa) 5<514>(@G61>/’ Jod et mi(1—a) mia+mj3(1 —a) mia+m3(1 —a)
(@ _ S5ls— H|s— ) Al8
P (s) 487? 0 “ 2a(1 —a) g a(l—a) T a(l—a) (A18)
For the mixed interpolating current J;; with J P =1+
P (s) =0,
Pt (s) =0,
299 2GG) / Ja /ﬁmdx 5m1m2 (m}p + m3a — aps)
amm mm 36864”6aﬂ
(1- 1-
[ a- ﬂ) 5+a+ﬂ) 3 -a-pB+atphlatp) . L6l +a+ﬁ)],
ap
amax ﬂmax
P (s) = (ag. - Ga) / da [ ap
53m3p +3mia —5aps) [ (my —m, my—m, ml
— 1—
7687 a T p +ﬂ2 (1-a=p)|.
pil? (s) = 0.
plaataca (g _ _3(39)(3Ga) /1 dod Amiat mi(l—a)] [ mia+mi(l—a)
576x 0 a(l —a) a(l —a)
2 2 1—
3ep|s—metmZa)ll (A19)
a(l —a)
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