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We study the exotic bcq̄ q̄, bcs̄ s̄ and qcq̄ b̄, scs̄ b̄ systems by constructing the corresponding tetraquark
currents with JP ¼ 0þ and 1þ. After investigating the two-point correlation functions and the spectral
densities, we perform QCD sum rule analysis and extract the masses of these open-flavor tetraquark states.
Our results indicate that the masses of both the scalar and axial vector tetraquark states are about
7.1–7.2 GeV for the bcq̄ q̄ system and 7.2–7.3 GeV for the bcs̄ s̄ system. For the qcq̄ b̄ tetraquark states
with JP ¼ 0þ and 1þ, their masses are extracted to be around 7.1 GeV. The masses for the scalar and axial
vector scs̄ b̄ states are 7.1 and 6.9–7.1 GeV, respectively. The tetraquark states qcq̄ b̄ and scs̄ b̄ lie below
the thresholds of Dð�ÞBð�Þ and Dð�Þ

s Bð�Þ
s respectively, but they can decay into Bc plus a light meson.

However, the tetraquark states bcq̄ q̄ and bcs̄ s̄ lie below the Dð�ÞB̄ð�Þ and Dð�Þ
s B̄ð�Þ

s thresholds, suggesting
dominantly weak decay mechanisms.
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I. INTRODUCTION

In the conventional quark model a meson is composed of
a pair of quark and antiquark (qq̄) and a baryon is
composed of three quarks (qqq) [1,2]. However, quantum
chromodynamics (QCD) allows more complicated hadron
configurations. Hadrons with structures different from
qq̄=qqq are sometimes called “exotic” states. Although
none of the exotic states is now unambiguously identified,
more and more unexpected charmoniumlike and bottomo-
niumlike states have been observed in the past several
years. These resonances are considered as important
candidates of exotic hadrons, such as hadronic molecules,
tetraquark states, hybrids, etc.
The possible existence of the tetraquarks (qqq̄ q̄) com-

posed of a diquark and an antidiquark was suggested by
Jaffe in 1977 [3,4]. The frequently discussed candidates of
tetraquark states are the light scalars [3–7]. In the heavy
quark sector, qQq̄ Q̄-type hidden-flavor tetraquarks have
been extensively studied to explain the underlying struc-
tures of the recently observed XYZ states in the relativistic
quark model [8,9], QCD sum rules [10–14] and via bound
diquark clusters [15–18]. The existence and stability of
doubly charmed/bottomed QQq̄ q̄ tetraquark states have
been also studied in the MIT bag model [19], chiral quark
model [20,21], constituent quark model [22–26], relativ-
istic quark model [27], chiral perturbation theory [28],
QCD sum rules [29–32] and some other methods [33–40].

Recently, there have been efforts to understand the open-
flavor (i.e., exotic) tetraquark states bcq̄ q̄ [25,26,41] and
molecular states q̄cb̄q [42–44]. The authors of Ref. [41]
noticed that the tetraquark states bcq̄ q̄ lie below the thresh-
olds of B−Dþ and B̄0D0 by solving the Bethe-Salpeter
equations. In Refs. [43,44], the authors indicated that there
may exist loosely bound Bc-like molecular states. In this
paper, wewill study the open-flavor bcq̄ q̄, bcs̄ s̄ and qcq̄ b̄,
scs̄ b̄ tetraquark states in QCD sum rules. We construct the
corresponding tetraquarkcurrentswithJP ¼ 0þ,1þ byusing
S-wavediquark fields.With these interpolatingoperators,we
calculate the two-point correlation functions and extract the
masses of these possible tetraquark states.
This paper is organized as follows. In Sec. II, we

construct all the scalar and axial vector bcq̄ q̄, bcs̄ s̄ and
qcq̄ b̄, scs̄ b̄ types of tetraquark currents with S-wave
diquark fields and the corresponding antidiquark fields.
In Sec. III, we calculate the two-point correlation functions
and the spectral densities using these interpolating tetra-
quark currents. The expressions for the spectral densities
are listed in the Appendix. We perform QCD sum rule
analysis for these tetraquark systems and extract their
masses in Sec. IV. We also construct mixed interpolating
currents to study mixing effects. In the final section, we
summarize our results and discuss the possible decay
properties of these tetraquark states.

II. TETRAQUARK INTERPOLATING CURRENTS

In this section, we construct the bcq̄ q̄ and qcq̄ b̄ types
of tetraquark interpolating currents using diquark and
antidiquark fields. In general, one can use the diquark
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fields qTaCqb, qTaCγ5qb, qTaCγμqb, qTaCγμγ5qb, qTaCσμνqb,
qTaCσμνγ5qb and the corresponding antidiquark fields to
compose all possible combinations of bcq̄ q̄ and qcq̄ b̄
tetraquark operators, as done in Ref. [30] for the doubly
charmed/bottomed tetraquark states and Refs. [12,13] for
the charmoniumlike and bottomoniumlike tetraquark
states. In Ref. [30], the tetraquark currents which contain
P-wave diquark or antidiquark operators can result in
higher hadron masses than those containing only S-wave
operators. They correspond to the orbitally excited states
while the latter operators correspond to the ground hadron
states. In order to study the lowest lying tetraquark states,
we use only the S-wave diquark fields qTaCγ5qb, qTaCγμqb
and the corresponding antidiquark fields to compose the
tetraquark currents with quantum numbers JP ¼ 0þ, 1þ.
The P-wave diquark fields will not be considered in
this paper.
For the bcq̄ q̄ system, the tetraquark interpolating cur-

rents with JP ¼ 0þ are

J1 ¼ bTaCγ5cbðq̄aγ5Cq̄Tb þ q̄bγ5Cq̄TaÞ;
J2 ¼ bTaCγμcbðq̄aγμCq̄Tb þ q̄bγμCq̄TaÞ;
J3 ¼ bTaCγ5cbðq̄aγ5Cq̄Tb − q̄bγ5Cq̄TaÞ;
J4 ¼ bTaCγμcbðq̄aγμCq̄Tb − q̄bγμCq̄TaÞ; (1)

in which “þ” denotes the symmetric color structure
½6c�bc ⊗ ½6̄c�q̄ q̄ and “−” denotes the antisymmetric color
structure ½3̄c�bc ⊗ ½3c�q̄ q̄. The tetraquark interpolating cur-
rents with JP ¼ 1þ are

J1μ ¼ bTaCγ5cbðq̄aγμCq̄Tb þ q̄bγμCq̄TaÞ;
J2μ ¼ bTaCγμcbðq̄aγ5Cq̄Tb þ q̄bγ5Cq̄TaÞ;
J3μ ¼ bTaCγ5cbðq̄aγμCq̄Tb − q̄bγμCq̄TaÞ;
J4μ ¼ bTaCγμcbðq̄aγ5Cq̄Tb − q̄bγ5Cq̄TaÞ; (2)

where þ again denotes the symmetric color structure
½6c�bc ⊗ ½6̄c�q̄ q̄ and − denotes the antisymmetric color
structure ½3̄c�bc ⊗ ½3c�q̄ q̄.
Similarly, for the cqb̄ q̄ system, the tetraquark interpo-

lating currents with JP ¼ 0þ are

J1 ¼ qTaCγ5cbðq̄aγ5Cb̄Tb þ q̄bγ5Cb̄TaÞ;
J2 ¼ qTaCγμcbðq̄aγμCb̄Tb þ q̄bγμCb̄TaÞ;
J3 ¼ qTaCγ5cbðq̄aγ5Cb̄Tb − q̄bγ5Cb̄TaÞ;
J4 ¼ qTaCγμcbðq̄aγμCb̄Tb − q̄bγμCb̄TaÞ; (3)

in which þ denotes the symmetric color structure ½6c�qc ⊗
½6̄c�q̄ b̄ and − denotes the antisymmetric color structure

½3̄c�qc ⊗ ½3c�q̄ b̄. The tetraquark interpolating currents with
JP ¼ 1þ are

J1μ ¼ qTaCγ5cbðq̄aγμCb̄Tb þ q̄bγμCb̄TaÞ;
J2μ ¼ qTaCγμcbðq̄aγ5Cb̄Tb þ q̄bγ5Cb̄TaÞ;
J3μ ¼ qTaCγ5cbðq̄aγμCb̄Tb − q̄bγμCb̄TaÞ;
J4μ ¼ qTaCγμcbðq̄aγ5Cb̄Tb − q̄bγ5Cb̄TaÞ; (4)

where þ again denotes the symmetric color structure
½6c�qc ⊗ ½6̄c�q̄ b̄ and − denotes the antisymmetric color
structure ½3̄c�qc ⊗ ½3c�q̄ b̄.
Replacing the light quark q by the strange quark s in

Eqs. (3) and (4), we can also obtain the corresponding csb̄ s̄
tetraquark currents with the same quantum numbers.
However, the bcs̄ s̄ system is different. In this system,
the flavor structure of s̄ s̄ pair is symmetric and thus its
color structure is fixed at the same time. The color
structures for the diquark fields sTaCγ5sb and sTaCγμsb
are symmetric 6c and antisymmetric 3̄c, respectively. As
a result, only J1, J4 in Eq. (1) and J2μ, J3μ in Eq. (2) survive
in the bcs̄ s̄ system and all the other currents vanish.

III. TWO-POINT CORRELATION FUNCTION
AND SPECTRAL DENSITY

In the framework of QCD sum rules [45–47], we
consider the two-point correlation functions

Πðp2Þ ¼ i
Z

d4xeip·xh0jT½JðxÞJ†ð0Þ�j0i; (5)

Πμνðp2Þ ¼ i
Z

d4xeip·xh0jT½JμðxÞJ†νð0Þ�j0i; (6)

where JðxÞ and JμðxÞ are the scalar and axial vector
currents shown in Eqs. (1)–(4). Since the axial vector
currents JμðxÞ are not conserved, the two-point correlation
function Πμνðp2Þ has the following structure:

Πμνðp2Þ ¼
�
pμpν

p2
− gμν

�
Π1ðp2Þ þ pμpν

p2
Π0ðp2Þ; (7)

where Π1ðp2Þ and Π0ðp2Þ are the invariant functions
related to the spin-1 and spin-0 intermediate states, respec-
tively. In this paper, we focus on Π1ðp2Þ to study the axial
vector channels.
In QCD sum rules, the correlation functions in Eqs. (5)

and (6) can be obtained at both the hadron level and quark-
gluon level. At the hadron level, we can describe the
correlation function via the dispersion relation
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Πðp2Þ ¼ ðp2ÞN
Z

∞

ðmcþmbÞ2
ρðsÞ

sNðs − p2 − iϵÞ ds

þ
XN−1

n¼0

bnðp2Þn; (8)

in which bn are theN unknown subtraction constants which
can be removed by taking the Borel transform. To obtain
the spectral function ρðsÞ, we write the imaginary part of
Πðp2Þ as a sum over δ functions by inserting intermediate
hadronic states jni with the same quantum numbers as the
interpolating current JðxÞ,

ρðsÞ≡ 1

π
ImΠðsÞ ¼

X
n

δðs −m2
nÞh0jJjnihnjJ†j0i

¼ f2Xδðs −m2
XÞ þ continuum; (9)

where we adopt the pole plus continuum parametrization
of the hadronic spectral density and mX is the mass of
the lowest lying resonance jXi. The scalar and axial vector
interpolating currents JðxÞ and JμðxÞ can couple to the
corresponding hadronic states with the coupling param-
eters fX,

h0jJjXi ¼ fX; (10)

h0jJμjXi ¼ fXϵμ; (11)

where ϵμ is the polarization vector (ϵ · p ¼ 0).
The correlation function can also be evaluated at the

quark-gluon level via the operator product expansion
(OPE) method. We calculate the Wilson coefficients up
to dimension eight at leading order in αs. Utilizing the
same technique as in Refs. [12–14,30,48], we adopt the
coordinate expression for the light quark propagator and
the momentum space expression for the heavy quark
propagator,

iSabq ðxÞ ¼ iδab

2π2x4
x̂þ i

32π2
λnab
2

gsGn
μν

1

x2
ðσμνx̂þ x̂σμνÞ

−
δab

12
hq̄qi þ δabx2

192
hq̄gsσ ·Gqi −mqδ

ab

4π2x2

þ iδabmqhq̄qi
48

x̂ −
imqhq̄gsσ ·Gqiδabx2x̂

1152
;

(12)

iSabQ ðpÞ ¼ iδab

p̂ −mQ
þ i
4
gs
λnab
2

Gn
μν

×
σμνðp̂þmQÞ þ ðp̂þmQÞσμν

ðp2 −m2
QÞ2

þ iδab

12
hg2sGGimQ

p2 þmQp̂

ðp2 −m2
QÞ4

; (13)

in which q represents u, d, or s quark andQ represents c or
b quark. The superscripts a, b are color indices and
x̂ ¼ γμxμ, p̂ ¼ γμpμ. We keep the terms proportional to
mq to study the scs̄ b̄ and bcs̄ s̄ systems. In particular, the
ms corrections are only important for the chiral-violating
condensates; the mq corrections to the gluon condensate
that would arise from an mq term in (12) are numerically
small and are thus ignored (see Fig. 1 below).
By equating the correlation functions at both the hadron

level and quark-gluon level, we can establish the sum rules
for the hadron parameters via quark-hadron duality. Using
the spectral function defined in Eq. (9), the Borel transform
is performed on the correlation function Πðp2Þ obtained at
both levels to remove the unknown constants in Eq. (8),
improve the convergence of the OPE series, and suppress
the continuum contributions

Lkðs0;M2
BÞ ¼ f2Xm

2k
X e−m

2
X=M

2
B ¼

Z
s0

ðmcþmbÞ2
dse−s=M

2
BρðsÞsk;

(14)

where s0 is the continuum threshold parameter and MB is
the Borel mass introduced by the Borel transform. These
two parameters are very important in QCD sum rule
analysis and we will discuss them carefully in the next
section. Then the mass of the lowest lying hadron state can
be extracted as

mXðs0;M2
BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1ðs0;M2

BÞ
L0ðs0;M2

BÞ

s
; (15)

which is a function of the continuum threshold s0 and Borel
mass MB. At the leading order in αs, the spectral densities
for all interpolating currents in Eqs. (1)–(4) are evaluated
and listed in the Appendix up to dimension eight con-
densates. For the nonperturbative contributions, the quark
condensate hq̄qi, gluon condensate hGGi, quark-gluon
condensate mixed hq̄gsσ ·Gqi, four quark condensate
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FIG. 1 (color online). OPE convergence for the current J4 in the
JP ¼ 0þbcq̄ q̄ system.
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and dimension eight condensate contribute to the correla-
tion functions and spectral densities. Using the factoriza-
tion hypothesis, the dimension six and eight condensates
are reduced to hq̄qi2 and hq̄qihq̄gsσ ·Gqi respectively. The
evaluation of the higher dimension condensate contribu-
tions is technically difficult and the violation of the
factorization hypothesis becomes important [49]. In this
paper, we calculate the correlation functions up to dimen-
sion eight.

IV. QCD SUM RULE ANALYSIS

To perform the QCD sum rule analysis, we adopt the
following values of the quark masses and various con-
densates [2,46,50–52] in the chiral limit ðmu ¼ md ¼ 0Þ:

msð2 GeVÞ ¼ ð101þ29
−21Þ MeV;

mcðμ ¼ mcÞ ¼ m̄c ¼ ð1.28� 0.02Þ GeV;
mbðμ ¼ mbÞ ¼ m̄b ¼ ð4.17� 0.02Þ GeV;

hq̄qi ¼ −ð0.23� 0.03Þ3 GeV3;

hq̄gsσ ·Gqi ¼ −M2
0hq̄qi;

M2
0 ¼ ð0.8� 0.2Þ GeV2;

hs̄si=hq̄qi ¼ 0.8� 0.1;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4; (16)

in which the definition of the coupling constant gs has a
minus sign difference compared to that in Ref. [46]. The
charm and bottom quark masses are the running masses in
the MS scheme. Furthermore, we take into account the
scale dependence of these MS masses at leading order:

mcðμÞ ¼ m̄c

�
αsðμÞ
αsðm̄cÞ

�
12=25

; (17)

mbðμÞ ¼ m̄b

�
αsðμÞ
αsðm̄bÞ

�
12=23

; (18)

where

αsðμÞ ¼
αsðMτÞ

1þ 25αsðMτÞ
12π logð μ2M2

τ
Þ
; αsðMτÞ ¼ 0.33 (19)

is determined by evolution from the τ mass using Particle
Data Group values [2]. For the bcq̄ q̄ and qcq̄ b̄ tetraquark
systems, we use the renormalization scale μ ¼ m̄cþm̄b

2
¼

2.73 GeV in our sum rule analysis [53].
After performing the Borel transform, there are two

important parameters in the correlation function: the
continuum threshold s0 and the Borel mass MB. The
stability of QCD sum rules requires a suitable working
region of these two parameters. In our analysis, we choose
the value of s0 to minimize the variation of the extracted

mass mX with the Borel mass M2
B. Using this value of s0,

we can obtain a suitable Borel window by studying the
convergence of the OPE series and pole contribution. The
requirement of the OPE convergence determines a lower
bound on M2

B while the constraint of the pole contribution
leads to its upper bound.
The pole contribution (PC) is defined as

PCðs0;M2
BÞ ¼

L0ðs0;M2
BÞ

L0ð∞;M2
BÞ

; (20)

which is a function of the continuum threshold s0 and the
Borel mass MB. This definition comes from the sum rules
established in Eq. (14) and indicates the contribution of the
lowest lying resonance to the correlation function.

A. bcq̄ q̄ and bcs̄ s̄ tetraquark systems

We begin with the sum rule analysis of the bcq̄ q̄ and
bcs̄ s̄ tetraquark systems in this subsection. For all currents
in the bcq̄ q̄ systems, the quark condensate hq̄qi and quark
gluon mixed condensate hq̄gsσ ·Gqi terms in the correla-
tion functions are proportional to the light quark mass mq.
Both of them vanish in chiral limit mq ¼ 0 and represent a
numerically small contribution to the correlation functions
because of this chiral suppression. For these systems, the
four quark condensate hq̄qi2 is the dominant power
correction to the correlation function. We show the OPE
convergence of the scalar bcq̄ q̄ channel using the inter-
polating current J4 in Fig. 1. It indicates that the dimension
eight condensate hq̄qihq̄gsσ ·Gqi is the next in importance
followed by the gluon condensate hGGi. To ensure the
convergence of the OPE series, we require that the four
quark condensate contribution be less than one-fifth of the
perturbative term, which results in a lower bound on the
Borel mass MB. In Fig. 1, the OPE convergence is very
good in the regionM2

B ≥ 6.1 GeV2. This value is the lower
bound on M2

B for J4 scalar channel of bcq̄ q̄ system.
On the other hand, an upper bound onM2

B is obtained by
studying the pole contribution defined in Eq. (20), which is
also the function of the continuum threshold s0. To study
the variation of PC with MB, one should determine the
value of s0 at first. An optimized choice of s0 is the value
minimizing the variation of the extracted hadron mass mX
with the Borel parameter M2

B. We study this in the left
portion of Fig. 2 for the scalar bcq̄ q̄ channel with the
current J4. Varying the value of M2

B from its lower bound
M2

min ¼ 6.1 GeV2, these mass curves with different value
ofM2

B intersect at s0 ¼ 60 GeV2, which is the most suitable
value under the above constraint. Utilizing this value of s0,
we require that PC be larger than 30% to determine the
upper bound on the Borel mass M2

B. For the current J4 in
the scalar bcq̄ q̄ channel, we obtain the upper bound
M2

max ¼ 6.4 GeV2.
For the JP ¼ 0þbcq̄ q̄ systems, all currents J1; J2; J3 and

J4 have suitable working range of the Borel parameter with
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the above criteria. Within these Borel windows, the mass
sum rules are very stable. In Fig. 2, we show the variation of
mX with the threshold value s0 and Borel parameterM2

B for
the current J4. We obtain the Borel window 6.1 GeV2 ≤
M2

B ≤ 6.4 GeV2 with the continuum threshold value
s0 ¼ 60 GeV2. In this region, we show the stable mass
sum rule in the right portion of Fig. 2 and extract the hadron
mass

mX ¼ 7.23� 0.08� 0.05� 0.06 GeV; (21)

in which the errors come respectively from the continuum
threshold s0, the heavy quark masses mc;mb and the quark
condensates hq̄qi; hq̄gsσ ·Gqi. The errors from the Borel
mass MB and the gluon condensate hg2sGGi are negligible
since the mass sum rules are very stable in the Borel
window (see Figs. 2 and 3) while, as mentioned above, the
gluon condensate contribution to the correlation function is
very small.
After performing the QCD sum rule analyses for all the

interpolating currents, we collect the Borel window, the
threshold value, the extracted mass and the pole contribu-
tion for the JP ¼ 0þbcq̄ q̄ systems in Table I. The results
for the JP ¼ 1þbcq̄ q̄ systems are listed in Table II. As
mentioned above, the errors of mass predictions come from

the uncertainties in s0, the heavy quark masses mc;mb and
QCD condensates hq̄qi; hq̄gsσ ·Gqi respectively.
The above analyses can easily be extended to the bcs̄ s̄

systems by replacing the corresponding parameters such as
the light quark mass and various condensates. We expand
the spectral densities to first order inms becausems is much
larger than mq and thus cannot be omitted. These terms are
very important to the OPE convergence and the mass sum
rule stability for the bcs̄ s̄ systems. As mentioned in Sec. II,
only J1, J4 with JP ¼ 0þ in Eq. (1) and J2μ, J3μ with JP ¼
1þ in Eq. (2) survive in the bcs̄ s̄ system. For the currents J4
with JP ¼ 0þ, we show the variation of the extracted mass
mX with the threshold value s0 and Borel parameter M2

B in
Fig. 3. We obtain the threshold value s0 ¼ 60 GeV2 and the
Borel window 5.6 GeV2 ≤ M2

B ≤ 6.5 GeV2. Compared to
the bcq̄ q̄ system, the Borel window of the bcs̄ s̄ system
becomes broader because the pole contribution of the bcs̄ s̄
channel is larger than that of the bcq̄ q̄ channel and the OPE
convergence becomes better. Finally, we extract the hadron
mass around mX ¼ 7.26� 0.08� 0.06� 0.10 GeV. After
performing the numerical analyses for all currents, we list
the numerical results of the 0þbcs̄ s̄ system in Table I and
the 1þbcs̄ s̄ system in Table II. For the same current and
QCD input parameters, the extracted mass of the bcs̄ s̄ state
is about 0.1 GeV higher than that of the bcq̄ q̄ state.
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FIG. 2 (color online). Variation of mX with s0 and M2
B corresponding to the current J4 for the 0þbcq̄ q̄ system.
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FIG. 3 (color online). Variation of mX with s0 and M2
B corresponding to the current J4 for the 0þbcs̄ s̄ system.
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B. qcq̄ b̄ and scs̄ b̄ tetraquark systems

In this subsection, we study qcq̄ b̄ and scs̄ b̄ tetraquark
systems with JP ¼ 0þ, 1þ. These configurations are very
different from the bcq̄ q̄ and bcs̄ s̄ tetraquark systems. In
the correlation functions and the spectral densities, the
quark condensate hq̄qi and the quark gluon mixed con-
densate hq̄gsσ ·Gqi contain terms proportional to the heavy
quark masses and they cannot be ignored. They give the
most important nonperturbative contributions to the corre-
lation functions. In particular, the quark condensate hq̄qi
term is now the dominant power correction to the corre-
lation function.
To ensure OPE convergence, we require that the pertur-

bative term be larger than 3 times of the quark condensate
to obtain a lower bound on the Borel parameter. Requiring
PC be larger than 10% leads to an upper bound on M2

B.
After studying the pole contribution, we find that the PC in
all channels for the qcq̄ b̄ and scs̄ b̄ tetraquark systems are
much smaller than those for the bcq̄ q̄ and bcs̄ s̄ tetraquark

systems. This means that the Borel windows in the qcq̄ b̄
and scs̄ b̄ systems will be much narrower than those in the
bcq̄ q̄ and bcs̄ s̄ systems.
For the JP ¼ 0þqcq̄ b̄ system, only the current J1 gives a

significant (although narrow) Borel window under the
above criteria. The pole contributions of the currents
J2; J3 and J4 are too small to give a suitable working
region of the Borel mass. In Fig. 4, we show the Borel
curves of the extracted mass with the threshold value s0 and
the Borel parameter M2

B using the interpolating current J1.
For s0 ¼ 55 GeV2, we obtain a very narrow Borel window
7.8 GeV2 ≤ M2

B ≤ 8.0 GeV2. In this region, the mass sum
rule is very stable and the hadron mass is finally extracted
as mX ¼ 7.11 GeV.
However, the scs̄ b̄ systems are much better. The

interpolating currents J1; J2 and J4 can result in stable
mass sum rules and allow reliable extraction of hadron
masses. In Fig. 5, we show the Borel curves for the current
J1 in the scs̄ b̄ system. For s0 ¼ 56 GeV2, the Borel

TABLE I. The threshold value, Borel window, mass and pole contribution for the JP ¼ 0þbcq̄ q̄ and bcs̄ s̄ systems.

System Current s0ðGeV2Þ ½M2
min;M

2
max� ðGeV2Þ mX ðGeVÞ PC (%)

bcq̄ q̄ J1 60� 2 5.4–6.2 7.27� 0.08� 0.06� 0.05 35.5
J2 59� 2 6.1–6.4 7.16� 0.09� 0.06� 0.01 32.9
J3 58� 2 5.4–6.0 7.14� 0.08� 0.05� 0.03 33.9
J4 60� 2 6.1–6.4 7.23� 0.08� 0.05� 0.06 33.5

bcs̄ s̄ J1 61� 2 4.9–6.4 7.35� 0.08� 0.06� 0.03 39.1
J4 60� 2 5.6–6.5 7.26� 0.08� 0.06� 0.10 36.7

TABLE II. The threshold value, Borel window, mass and pole contribution for JP ¼ 1þbcq̄ q̄ and bcs̄ s̄ systems.

System Current s0 ðGeV2Þ ½M2
min;M

2
max� ðGeV2Þ mX ðGeVÞ PC (%)

bcq̄ q̄ J1μ 59� 2 5.5–6.1 7.21� 0.08� 0.05� 0.03 34.7
J2μ 60� 2 5.3–6.2 7.27� 0.09� 0.06� 0.05 37.5
J3μ 60� 2 5.4–6.3 7.26� 0.08� 0.06� 0.05 36.8
J4μ 58� 2 5.3–6.0 7.13� 0.08� 0.06� 0.03 35.7

bcs̄ s̄ J2μ 61� 2 4.9–6.4 7.35� 0.07� 0.11� 0.04 41.2
J3μ 61� 2 4.9–6.4 7.34� 0.07� 0.07� 0.08 42.1

42 47 52 57 62 67 72 77
6.8

7.0

7.2

7.4

7.6

7.8

8.0

s0 GeV2

m
X

G
eV

MB
2 8.1 GeV2

MB
2 8.0 GeV2

MB
2 7.9 GeV2

MB
2 7.8 GeV2

7.8 7.9 8.0 8.1 8.2 8.3
6.4

6.6

6.8

7.0

7.2

7.4

M B
2 GeV2

m
X

G
eV

s0 57 GeV2

s0 55 GeV2

s0 53 GeV2

FIG. 4 (color online). Variation of mX with s0 and M2
B corresponding to the current J1 for the 0þqcq̄ b̄ system.
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window is determined as 6.6 GeV2 ≤ M2
B ≤ 8.1 GeV2,

which is much broader than the corresponding qcq̄ b̄
system for the same current J1. In the expressions
(A10)–(A17), the order ms parts in the perturbative and
quark condensate terms have opposite signs, enhancing the
strange quark contributions and resulting in a smaller lower
bound onM2

B. This is the reason that the OPE convergence
of the scs̄ b̄ system is better than that of the qcq̄ b̄ system.
We collect the numerical results for the scalar and axial

vector qcq̄ b̄ systems in Tables III and IV respectively,
including the continuum threshold values, the Borel win-
dows, the extracted masses and the pole contributions.
As mentioned above, the pole contributions of these

qcq̄ b̄ and scs̄ b̄ systems are very small making it difficult
to obtain a significant Borel window. To improve the pole
contribution and sum rule reliability, one possible way is
using the mixed interpolating currents to calculate the
spectral densities and correlation functions [5]. For both the
JP ¼ 0þ and 1þqcq̄ b̄ systems, J1 and J3 have similar
Lorentz structures, which result in very similar spectral
densities in the Appendix. The same situation exists for J2

and J4. So the reasonable choice is mixing J1 with J2 and
mixing J3 with J4. However, these two mixed currents will
also give the similar results due to their Lorentz structures.
We therefore consider the following mixed currents:

Jm ¼ cos θJ1 þ sin θJ2; (22)

for JP ¼ 0þqcq̄ b̄ system and

Jmμ ¼ cos θJ1μ þ sin θJ2μ; (23)

for JP ¼ 1þqcq̄ b̄ system.
For Jm and Jmμ , we just need to calculate the mixed

parts h0jT½J1J†2�j0i þ h0jT½J2J†1�j0i and h0jT½J1μJ†2ν�j0i þ
h0jT½J2μJ†1ν�j0i in the correlation functions. In the
Appendix, we list the spectral densities of these two mixed
parts. In these expressions, the perturbative terms, the quark
condensate and the four quark condensate give no con-
tributions to the correlation functions. Utilizing these
results and the spectral densities for J1μ and J2μ, we
perform the numerical analysis in the axial vector qcq̄ b̄
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FIG. 5 (color online). Variation of mX with s0 and M2
B corresponding to the current J1 for the 0þscs̄ b̄ system.

TABLE III. The threshold value, Borel window, mass and pole contribution for JP ¼ 0þqcq̄ b̄ and scs̄ b̄ systems.

System Current s0 ðGeV2Þ ½M2
min;M

2
max� ðGeV2Þ mX ðGeVÞ PC (%)

qcq̄ b̄ J1 55� 2 7.8–8.0 7.11� 0.08� 0.06� 0.01 10.2
scs̄ b̄ J1 56� 2 6.6–8.1 7.16� 0.08� 0.06� 0.04 14.4

J2 56� 2 8.8–9.2 7.10� 0.09� 0.04� 0.13 10.6
J4 56� 2 8.8–9.1 7.10� 0.09� 0.06� 0.12 10.9

TABLE IV. The threshold value, Borel window, mass and pole contribution for JP ¼ 1þqcq̄ b̄ and scs̄ b̄ systems.

System Current s0ðGeV2Þ ½M2
min;M

2
max� ðGeV2Þ mX ðGeVÞ PC (%)

qcq̄ b̄ J1μ 55� 2 7.9–8.2 7.10� 0.09� 0.06� 0.01 10.4
J2μ 55� 2 7.9–8.2 7.09� 0.09� 0.06� 0.01 10.7

scs̄ b̄ J1μ 55� 2 6.7–7.9 7.11� 0.08� 0.05� 0.03 14.0
J2μ 56� 2 6.7–8.3 7.15� 0.09� 0.06� 0.05 14.2
J3μ 52� 2 6.7–7.3 6.90� 0.09� 0.02� 0.03 11.6
J4μ 52� 2 6.7–7.3 6.92� 0.09� 0.06� 0.03 11.0
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channel with the mixed current Jmμ . Under the same
criteria of the OPE convergence and pole contribution,
we obtain the Borel window 7.9 GeV2 ≤ M2

B ≤ 8.4 GeV2

with s0 ¼ 55 GeV2. To study the mixing effect, we show
the variation of the pole contribution with the mixing angle
θ in Fig. 6. It shows that there is no significant enhancement
of the pole contribution for all the values of mixing angles.
In Fig. 7, we show the Borel curves of the extracted mass
with s0 and M2

B for the JP ¼ 1þqcq̄ b̄ system with the
mixed current Jmμ . Finally, we extract the ground state mass
around 7.11 GeV. Compared to the numerical results from
the single current in Table IV, the mass, continuum
threshold, Borel window and pole contribution from the
mixed current Jmμ are almost the same. The similar situation
occurs for the mixed current Jm. In other words, the mixed
current does not improve the mass sum rules significantly.

V. SUMMARY

We have constructed the bcq̄ q̄, bcs̄ s̄ and qcq̄ b̄, scs̄ b̄
tetraquark currents with JP ¼ 0þ and 1þ. At the leading
order in αs, we calculate the two-point correlation functions
and the spectral densities including the contributions of the

perturbative terms, quark condensate hq̄qi, gluon conden-
sate hGGi, quark-gluon mixed condensate hq̄gsσ ·Gqi,
four quark condensate hq̄qi2 and dimension eight con-
densate hq̄qihq̄gsσ ·Gqi.
For the bcq̄ q̄ systems, both the quark condensate hq̄qi

and quark-gluon mixed condensate hq̄gsσ · Gqi are propor-
tional to the light quark mass mq and vanish in the chiral
limit mq ¼ 0. The four quark condensate hq̄qi2 is the
dominant power correction to the correlation functions. The
dimension eight condensate hq̄qihq̄gsσ · Gqi also gives an
important contribution. To study the bcs̄ s̄ systems, we
keep the leading-order ms corrections to the spectral
densities. The numerical analysis shows that these terms
can improve the OPE convergence and pole contribution to
enlarge the Borel window of the mass sum rules. The
extracted masses for both the scalar and axial vector bcq̄ q̄
and bcs̄ s̄ tetraquark states are about 7.1 − 7.2 GeV and
7.2 − 7.3 GeV, respectively.
The situation for the qcq̄ b̄ systems is very different from

that of the bcq̄ q̄ systems. The quark condensate hq̄qi and
quark-gluon mixed condensate hq̄gsσ · Gqi are multiplied
by the heavy quark mass mQ and give important contri-
butions to the correlation functions. The quark condensate
is the dominant power correction in these systems. After
performing the numerical analysis, we extract the masses of
both the scalar and axial vector qcq̄ b̄ states around
7.1 GeV. The mass is about 7.1 GeV for the scalar scs̄ b̄
state and 6.9 − 7.1 GeV for the axial vector scs̄ b̄ state.
However, the pole contributions of these qcq̄ b̄ systems are
so small that the corresponding Borel windows are very
narrow. To improve the pole contributions and enlarge the
Borel windows, we investigated the mixed interpolating
currents by introducing a mixing angle θ. Unfortunately,
the numerical analysis shows that these mixed currents give
no significant effects that would expand the Borel window.
The masses of these bcq̄ q̄, bcs̄ s̄ and qcq̄ b̄, scs̄ b̄

tetraquark states are below the open-flavor thresholds

Dð�ÞB̄ð�Þ, Dð�Þ
s B̄ð�Þ

s and Dð�ÞBð�Þ, Dð�Þ
s Bð�Þ

s , respectively. In
other words, these tetraquark states bcq̄ q̄, bcs̄ s̄ and qcq̄ b̄,
scs̄ b̄ cannot decay into the open-flavor modes due to the
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FIG. 6 (color online). Pole contribution as a function of the
mixing angle θ with s0 ¼ 55 GeV2 and M2

B ¼ 8.0 GeV2 for Jmμ .
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kinematics limits. On the other hand, the Bc plus light
meson decay modes for the qcq̄ b̄ states are allowed,
such as Xð0þÞ → Bcπ; Bcη and Xð1þÞ → Bcρ; Bcω. Such
channels are suggested for the future search of these
possible qcq̄ b̄, scs̄ b̄ states. The bcq̄ q̄ and bcs̄ s̄ tetraquark
states cannot decay through these fall-apart mechanisms,
suggesting dominantly weak decay mechanisms. They may
be produced at facilities such as Super-B factories, LHCb,
PANDA and RHIC.
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APPENDIX: SPECTRAL DENSITIES

In this Appendix, we list the spectral densities of the
tetraquark interpolating currents in Eqs. (1)–(4). At leading
order in αs, we calculate the spectral densities including the
perturbative terms, quark condensate hq̄qi, gluon conden-
sate hGGi, quark-gluon mixed condensate hq̄gsσ ·Gqi and
dimension eight condensate hq̄qihq̄gsσ ·Gqi:

ρðsÞ ¼ ρpertðsÞ þ ρhq̄qiðsÞ þ ρhGGiðsÞ þ ρhq̄GqiðsÞ
þ ρhq̄qi2ðsÞ þ ρhq̄qihq̄GqiðsÞ: (A1)

1. The spectral densities for the bcq̄ q̄ and bcs̄ s̄ systems

For the interpolating current J1 with JP ¼ 0þ:

ρpert1 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ3ðm2

1β þm2
2α − 3αβs − 2m1m2Þ

256π6α3β3
;

ρhq̄qi1 ðsÞ ¼ −mqhq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞðm2

1β þm2
2α − 2αβs −m1m2Þ

8π4αβ
;

ρhGGi1a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2

1536π6

�
ð2m2

1β þ 2m2
2α − 3αβsÞ

�
m2

1

α3
þm2

2

β3

�

−
m1m2

αβ

�
4m2

1β þ 3m2
2α − 3αβs

α2
þ 3m2

1β þ 4m2
2α − 3αβs

β2

��
;

ρhGGi1b ðsÞ ¼ −hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

1024π6

×

�
m2

1β þm2
2α − 2αβs −m1m2

αβ
þ ð1 − α − βÞ2ðm2

1β þm2
2α − 2αβs − 2m1m2Þ

2α2β2

�
;

ρhq̄Gqi1 ðsÞ ¼ −
mqhq̄gsσ · Gqi½s − ðm1 −m2Þ2�

32π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

1 ðsÞ ¼ hq̄qi2½s − ðm1 −m2Þ2�
12π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qihq̄Gqi1 ðsÞ ¼ −
hq̄qihq̄Gqi

12π2

Z
1

0

dα

��
m4

2 −m1m3
2

α2
−
m4

2ð1 − αÞ þm2
1m

2
2α

α2ð1 − αÞ
�
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�

−
m2

1αþm2
2ð1 − αÞ

αð1 − αÞ δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
−H

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

��
; (A2)

where αmin ¼ 1
2
f1þ m2

1
−m2

2

s − ½ð1þ m2
1
−m2

2

s Þ2 − 4m2
1

s �1=2g, αmax ¼ 1
2
f1þ m2

1
−m2

2

s þ ½ð1þ m2
1
−m2

2

s Þ2 − 4m2
1

s �1=2g, βmin ¼ αm2
2

αs−m2
1

,

βmax ¼ 1 − α. m1 and m2 are the heavy quark masses. HðαÞ is the Heaviside step function.
For the interpolating current J3 with JP ¼ 0þ:

ρpert3 ðsÞ ¼ 1

2
ρpert1 ðsÞ; ρhq̄qi3 ðsÞ ¼ 1

2
ρhq̄qi1 ðsÞ; ρhGGi3a ðsÞ ¼ 1

2
ρhGGi1a ðsÞ; ρhGGi3b ðsÞ ¼ −ρhGGi1b ðsÞ;

ρhq̄Gqi3 ðsÞ ¼ 1

2
ρhq̄Gqi1 ðsÞ; ρhq̄qi

2

3 ðsÞ ¼ 1

2
ρhq̄qi

2

1 ðsÞ; ρhq̄qihq̄Gqi3 ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi1 ðsÞ: (A3)
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For the interpolating current J2 with JP ¼ 0þ:

ρpert2 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ3ðm2

1β þm2
2α − 3αβs − 4m1m2Þ

64π6α3β3
;

ρhq̄qi2 ðsÞ ¼ −mqhq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
3ðm2

1β þm2
2α − αβsÞðm2

1β þm2
2α − 2αβs − 2m1m2Þ

2π4αβ
;

ρhGGi2a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2

384π6

�
ð2m2

1β þ 2m2
2α − 3αβsÞ

�
m2

1

α3
þm2

2

β3

�

−
2m1m2

αβ

�
4m2

1β þ 3m2
2α − 3αβs

α2
þ 3m2

1β þ 4m2
2α − 3αβs

β2

��
;

ρhGGi2b ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

256π6

×

�
m2

1β þm2
2α − 2αβs − 2m1m2

αβ
þ ð1 − α − βÞ2ðm2

1β þm2
2α − 2αβsÞ

2α2β2

�
;

ρhq̄Gqi2 ðsÞ ¼ −
mqhq̄gsσ ·Gqi½s − ðm1 −m2Þ2 þ 2m1m2�

4π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

2 ðsÞ ¼ 2hq̄qi2½s − ðm1 −m2Þ2 þ 2m1m2�
3π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qihq̄Gqi2 ðsÞ ¼ −
2hq̄qihq̄Gqi

3π2

Z
1

0

dα

��
m4

2 − 2m1m3
2

α2
−
m4

2ð1 − αÞ þm2
1m

2
2α

α2ð1 − αÞ
�
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�

−
m2

1αþm2
2ð1 − αÞ

αð1 − αÞ δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
−H

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

��
: (A4)

For the interpolating current J4 with JP ¼ 0þ:

ρpert4 ðsÞ ¼ 1

2
ρpert2 ðsÞ; ρhq̄qi4 ðsÞ ¼ 1

2
ρhq̄qi2 ðsÞ; ρhGGi4a ðsÞ ¼ 1

2
ρhGGi2a ðsÞ; ρhGGi4b ðsÞ ¼ −ρhGGi2b ðsÞ;

ρhq̄Gqi4 ðsÞ ¼ 1

2
ρhq̄Gqi2 ðsÞ; ρhq̄qi

2

4 ðsÞ ¼ 1

2
ρhq̄qi

2

2 ðsÞ; ρhq̄qihq̄Gqi4 ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi2 ðsÞ: (A5)

For the interpolating current J1 with JP ¼ 1þ:

ρpert1 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ3

1536π6α3β3

× ½6ðm2
1β þm2

2α − 3αβs − 2m1m2Þ − ð1 − α − βÞð3m2
1β þ 3m2

2α − 7αβs − 4m1m2Þ�;

ρhq̄qi1 ðsÞ ¼ −
mqhq̄qi
16π4

Z
αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

αβ

× ½2ðm2
1β þm2

2α − 2αβs −m1m2Þ − ð1 − α − βÞð3m2
1β þ 3m2

2α − 5αβs − 2m1m2Þ�;

ρhGGi1a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2

4608π6

×

��
m2

1

α3
þm2

2

β3

�
½3ð2m2

1β þ 2m2
2α − 3αβsÞ − ð1 − α − βÞð3m2

1β þ 3m2
2α − 4αβsÞ�

−
m1m2ð2þ αþ βÞ

αβ

�
4m2

1β þ 3m2
2α − 3αβs

α2
þ 3m2

1β þ 4m2
2α − 3αβs

β2

��
;
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ρhGGi1b ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

12288π6

�
ð1 − α − βÞ2

×

�ð1 − α − βÞð3m2
1β þ 3m2

2α − 5αβs − 4m1m2Þ
α2β2

−
6ðm2

1β þm2
2α − 2αβs − 2m1m2Þ
α2β2

�

þ
�
2ð1 − α − βÞð3m2

1β þ 3m2
2α − 5αβs − 2m1m2Þ

αβ
þ 4ðm2

1β þm2
2α − 2αβs −m1m2Þ

αβ

��
;

ρhq̄Gqi1 ðsÞ ¼ −
mqhq̄gsσ ·Gqi½s − ðm1 −m2Þ2�

32π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

1 ðsÞ ¼ hq̄qi2½s − ðm1 −m2Þ2�
12π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qihq̄Gqi1 ðsÞ ¼ −
hq̄qihq̄Gqi

12π2

Z
1

0

dα

��
m4

2 −m1m3
2

α2
−
m4

2ð1 − αÞ þm2
1m

2
2α

α2ð1 − αÞ
�
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�

−
m2

1αþm2
2ð1 − αÞ

αð1 − αÞ δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
−H

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

��
: (A6)

For the interpolating current J3 with JP ¼ 1þ:

ρpert3 ðsÞ ¼ 1

2
ρpert1 ðsÞ; ρhq̄qi3 ðsÞ ¼ 1

2
ρhq̄qi1 ðsÞ; ρhGGi3a ðsÞ ¼ 1

2
ρhGGi1a ðsÞ; ρhGGi3b ðsÞ ¼ −ρhGGi1b ðsÞ;

ρhq̄Gqi3 ðsÞ ¼ 1

2
ρhq̄Gqi1 ðsÞ; ρhq̄qi

2

3 ðsÞ ¼ 1

2
ρhq̄qi

2

1 ðsÞ; ρhq̄qihq̄Gqi3 ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi1 ðsÞ: (A7)

For the interpolating current J2 with JP ¼ 1þ:

ρpert2 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ3ðm2

1β þm2
2α − 5αβs − 4m1m2Þ

512π6α3β3
;

ρhq̄qi2 ðsÞ ¼ −mqhq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞðm2

1β þm2
2α − 3αβs − 2m1m2Þ

16π4αβ
;

ρhGGi2a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2

1536π6

�
ðm2

1β þm2
2α − 2αβsÞ

�
m2

1

α3
þm2

2

β3

�

−
m1m2

αβ

�
4m2

1β þ 3m2
2α − 3αβs

α2
þ 3m2

1β þ 4m2
2α − 3αβs

β2

��
;

ρhGGi2b ðsÞ ¼ −hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

12288π6

×

�
6ðm2

1β þm2
2α − 3αβs − 2m1m2Þ

αβ
−
ð1 − α − βÞ2ð3m2

1β þ 3m2
2α − 5αβsÞ

α2β2

�
;

ρhq̄Gqi2 ðsÞ ¼ −
mqhq̄gsσ ·Gqi½2s2 − ðm2

1 − 6m1m2 þm2
2Þs − ðm2

1 −m2
2Þ2�

96π4s

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

2 ðsÞ ¼ hq̄qi2½2s2 − ðm2
1 − 6m1m2 þm2

2Þs − ðm2
1 −m2

2Þ2�
36π2s

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qihq̄Gqi2 ðsÞ ¼ −
hq̄qihq̄Gqi

12π2

Z
1

0

dα

��
m4

2 −m1m3
2

α2
−
m4

2ð1 − αÞ þm2
1m

2
2α

α2ð1 − αÞ
�
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�

−
m2

1αþm2
2ð1 − αÞ

αð1 − αÞ δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
− α �H

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

��
: (A8)

EXOTIC OPEN-FLAVOR bcq̄ q̄, bcs̄ s̄ … PHYSICAL REVIEW D 89, 054037 (2014)

054037-11



For the interpolating current J4 with JP ¼ 1þ:

ρpert4 ðsÞ ¼ 1

2
ρpert2 ðsÞ; ρhq̄qi4 ðsÞ ¼ 1

2
ρhq̄qi2 ðsÞ; ρhGGi4a ðsÞ ¼ 1

2
ρhGGi2a ðsÞ; ρhGGi4b ðsÞ ¼ −ρhGGi2b ðsÞ;

ρhq̄Gqi4 ðsÞ ¼ 1

2
ρhq̄Gqi2 ðsÞ; ρhq̄qi

2

4 ðsÞ ¼ 1

2
ρhq̄qi

2

2 ðsÞ; ρhq̄qihq̄Gqi4 ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi2 ðsÞ: (A9)

2. The spectral densities for the qcq̄ b̄ and scs̄ b̄ systems

For the interpolating current J1 with JP ¼ 0þ:

ρpert1 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ2

256π6

×

�ðm2
1β þm2

2α − 3αβsÞðm2
1β þm2

2α − αβsÞ
α3β3

−
�
m1

α
þm2

β

�
2mqð2m2

1β þ 2m2
2α − 5αβsÞ

α2β2

�
;

ρhq̄qi1 ðsÞ ¼ hq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

8π4αβ

×

�
mqðm2

1β þm2
2α − 2αβsþ 2m1m2Þ −

�
m1

α
þm2

β

�
ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞ

�
;

ρhGGi1a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ð2m2

1β þ 2m2
2α − 3αβsÞ

1536π6

�
m2

1

α3
þm2

2

β3

�
;

ρhGGi1b ðsÞ ¼ −hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞðm2

1β þm2
2α − αβsÞ

1024π6αβ

�
1

α
þ 1

β

�
;

ρhq̄Gqi1a ðsÞ ¼ hq̄gsσ · Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð2m2

1β þ 2m2
2α − 3αβsÞ

32π4

�
m1

α
þm2

β

�
;

ρhq̄Gqi1b ðsÞ ¼ hq̄gsσ · Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

×

�ð1 − α − βÞð2m2
1β þ 2m2

2α − 3αβsÞ
64π4

�
m1

α2
þm2

β2

�
−
mqm1m2

64π4

�
1

α
þ 1

β

��
;

ρhq̄Gqi1c ðsÞ ¼ −
mqm1m2hq̄gsσ ·Gqi

16π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

1 ðsÞ ¼ hq̄qi2
12π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

�
2m1m2 −

mqm1ðm2
1 −m2

2 − sÞ þmqm2ðm2
1 −m2

2 þ sÞ
s

þ mqm1

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m6

2 þm4
2s −m4

1ð3m2
2 þ 2sÞ þm2

1ð3m4
2 þm2

2sþ s2Þ�

þ mqm2

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m4

1ð3m2
2 þ sÞ þm2

1ð3m4
2 −m2

2sÞ − ðm3
2 −m2sÞ2�

�
;

ρhq̄qihq̄Gqi1a ðsÞ ¼ hq̄qihq̄Gqi
12π2

Z
1

0

dα
m1m3

2

α2
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
;

ρhq̄qihq̄Gqi1b ðsÞ ¼ hq̄qihq̄Gqi
48π2

Z
1

0

dα
m1m2

αð1 − αÞ δ
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
: (A10)
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For the interpolating current J3 with JP ¼ 0þ:

ρpert3 ðsÞ ¼ 1

2
ρpert1 ðsÞ; ρhq̄qi3 ðsÞ ¼ 1

2
ρhq̄qi1 ðsÞ; ρhGGi3a ðsÞ ¼ 1

2
ρhGGi1a ðsÞ; ρhGGi3b ðsÞ ¼ −ρhGGi1b ðsÞ;

ρhq̄Gqi3a ðsÞ ¼ 1

2
ρhq̄Gqi1a ðsÞ; ρhq̄Gqi3b ðsÞ ¼ −ρhq̄Gqi1b ðsÞ; ρhq̄Gqi3c ðsÞ ¼ 1

2
ρhq̄Gqi1c ðsÞ; ρhq̄qi

2

3 ðsÞ ¼ 1

2
ρhq̄qi

2

1 ðsÞ;

ρhq̄qihq̄Gqi3a ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi1a ðsÞ; ρhq̄qihq̄Gqi3b ðsÞ ¼ −ρhq̄qihq̄Gqi1b ðsÞ: (A11)

For the interpolating current J2 with JP ¼ 0þ:

ρpert2 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ2

64π6

×

�ðm2
1β þm2

2α − 3αβsÞðm2
1β þm2

2α − αβsÞ
α3β3

−
�
m1

α
þm2

β

�
4mqð2m2

1β þ 2m2
2α − 5αβsÞ

α2β2

�
;

ρhq̄qi2 ðsÞ ¼ hq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

2π4αβ

×

�
mqðm2

1β þm2
2α − 2αβsþ 8m1m2Þ −

�
m1

α
þm2

β

�
ð1 − α − βÞð2m2

1β þ 2m2
2α − 4αβsÞ

�
;

ρhGGi2a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ð2m2

1β þ 2m2
2α − 3αβsÞ

384π6

�
m2

1

α3
þm2

2

β3

�
;

ρhGGi2b ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞðm2

1β þm2
2α − αβsÞ

256π6αβ

�
1

α
þ 1

β

�
;

ρhq̄Gqi2a ðsÞ ¼ hq̄gsσ ·Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð2m2

1β þ 2m2
2α − 3αβsÞ

4π4

�
m1

α
þm2

β

�
;

ρhq̄Gqi2b ðsÞ ¼ −
mqm1m2hq̄gsσ ·Gqi

π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

2 ðsÞ ¼ 2hq̄qi2
3π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

�
4m1m2 −

mqm1ðm2
1 −m2

2 − sÞ þmqm2ðm2
1 −m2

2 þ sÞ
s

þ mqm1

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m6

2 þm4
2s −m4

1ð3m2
2 þ 2sÞ þm2

1ð3m4
2 þm2

2sþ s2Þ�

þ mqm2

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m4

1ð3m2
2 þ sÞ þm2

1ð3m4
2 −m2

2sÞ − ðm3
2 −m2sÞ2�

�
;

ρhq̄qihq̄Gqi2 ðsÞ ¼ 4hq̄qihq̄Gqi
3π2

Z
1

0

dα
m1m3

2

α2
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
: (A12)

For the interpolating current J4 with JP ¼ 0þ:

ρpert4 ðsÞ ¼ 1

2
ρpert2 ðsÞ; ρhq̄qi4 ðsÞ ¼ 1

2
ρhq̄qi2 ðsÞ; ρhGGi4a ðsÞ ¼ 1

2
ρhGGi2a ðsÞ; ρhGGi4b ðsÞ ¼ −ρhGGi2b ðsÞ;

ρhq̄Gqi4a ðsÞ ¼ 1

2
ρhq̄Gqi2a ðsÞ; ρhq̄Gqi4b ðsÞ ¼ 1

2
ρhq̄Gqi2b ðsÞ; ρhq̄qi

2

3 ðsÞ ¼ 1

2
ρhq̄qi

2

1 ðsÞ; ρhq̄qihq̄Gqi4 ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi2 ðsÞ:

(A13)
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For the interpolating current J1 with JP ¼ 1þ:

ρpert1 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ2

512π6

�
4mqm2ðm2

1β þm2
2α − αβsÞ

α2β3

þ ðm2
1β þm2

2α − 5αβsÞðm2
1β þm2

2α − αβsÞ
α3β3

−
�
m1

α
þm2

β

�
4mqð2m2

1β þ 2m2
2α − 5αβsÞ

α2β2

�
;

ρhq̄qi1 ðsÞ ¼ hq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

16π4

�
m2ð1 − α − βÞðm2

1β þm2
2α − αβsÞ

αβ2

þmqðm2
1β þm2

2α − 3αβsþ 4m1m2Þ
αβ

−
�
m1

α
þm2

β

�
2ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞ

αβ

�
;

ρhGGi1a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − 2αβsÞ

1536π6

�
m2

1

α3
þm2

2

β3

�
;

ρhGGi1b ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

×
ð1 − α − βÞðm2

1β þm2
2α − αβsÞ

6144π6αβ

�
3m2

1β þ 3m2
2α − 5αβs

α
−
3m2

1β þ 3m2
2α − 9αβs

β

�
;

ρhq̄Gqi1a ðsÞ ¼ hq̄gsσ ·Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

�
m1ð2m2

1β þ 2m2
2α − 3αβsÞ

32π4α
þm2ðm2

1β þm2
2α − 2αβsÞ

32π4β

�
;

ρhq̄Gqi1b ðsÞ ¼ hq̄gsσ ·Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

�
m2ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞ

64π4β2
−
mqm1m2

64π4β

�
;

ρhq̄Gqi1c ðsÞ ¼ −
mqm1m2hq̄gsσ ·Gqi

16π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

1 ðsÞ ¼ hq̄qi2
24π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

�
4m1m2 −

2mqm1ðm2
1 −m2

2 − sÞ þmqm2ðm2
1 −m2

2 þ sÞ
s

þ 2mqm1

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m6

2 þm4
2s −m4

1ð3m2
2 þ 2sÞ þm2

1ð3m4
2 þm2

2sþ s2Þ�

þ 2mqm2

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m4

1ð3m2
2 þ sÞ þm2

1ð3m4
2 −m2

2sÞ − ðm3
2 −m2sÞ2�

�
;

ρhq̄qihq̄Gqi1a ðsÞ ¼ hq̄qihq̄Gqi
12π2

Z
1

0

dα
m1m3

2

α2
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
;

ρhq̄qihq̄Gqi1b ðsÞ ¼ hq̄qihq̄Gqi
48π2

Z
1

0

dα
m1m2

α
δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
: (A14)

For the interpolating current J3 with JP ¼ 1þ:

ρpert3 ðsÞ ¼ 1

2
ρpert1 ðsÞ; ρhq̄qi3 ðsÞ ¼ 1

2
ρhq̄qi1 ðsÞ; ρhGGi3a ðsÞ ¼ 1

2
ρhGGi1a ðsÞ; ρhGGi3b ðsÞ ¼ −ρhGGi1b ðsÞ;

ρhq̄Gqi3a ðsÞ ¼ 1

2
ρhq̄Gqi1a ðsÞ; ρhq̄Gqi3b ðsÞ ¼ −ρhq̄Gqi1b ðsÞ; ρhq̄Gqi3c ðsÞ ¼ 1

2
ρhq̄Gqi1c ðsÞ; ρhq̄qi

2

3 ðsÞ ¼ 1

2
ρhq̄qi

2

1 ðsÞ;

ρhq̄qihq̄Gqi3a ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi1a ðsÞ; ρhq̄qihq̄Gqi3b ðsÞ ¼ −ρhq̄qihq̄Gqi1b ðsÞ: (A15)
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For the interpolating current J2 with JP ¼ 1þ:

ρpert2 ðsÞ ¼
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − αβsÞ2

512π6

�
4mqm1ðm2

1β þm2
2α − αβsÞ

α3β2

þ ðm2
1β þm2

2α − 5αβsÞðm2
1β þm2

2α − αβsÞ
α3β3

−
�
m1

α
þm2

β

�
4mqð2m2

1β þ 2m2
2α − 5αβsÞ

α2β2

�
;

ρhq̄qi2 ðsÞ ¼ hq̄qi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ðm2

1β þm2
2α − αβsÞ

16π4

�
m1ð1 − α − βÞðm2

1β þm2
2α − αβsÞ

α2β

þmqðm2
1β þm2

2α − 3αβsþ 4m1m2Þ
αβ

−
�
m1

α
þm2

β

�
2ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞ

αβ

�
;

ρhGGi2a ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
ð1 − α − βÞ2ðm2

1β þm2
2α − 2αβsÞ

1536π6

�
m2

1

α3
þm2

2

β3

�
;

ρhGGi2b ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

×
ð1 − α − βÞðm2

1β þm2
2α − αβsÞ

6144π6αβ

�
3m2

1β þ 3m2
2α − 5αβs

β
−
3m2

1β þ 3m2
2α − 9αβs

α

�
;

ρhq̄Gqi2a ðsÞ ¼ hq̄gsσ ·Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

�
m2ð2m2

1β þ 2m2
2α − 3αβsÞ

32π4β
þm1ðm2

1β þm2
2α − 2αβsÞ

32π4α

�
;

ρhq̄Gqi2b ðsÞ ¼ hq̄gsσ ·Gqi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ

�
m1ð1 − α − βÞðm2

1β þm2
2α − 2αβsÞ

64π4α2
−
mqm1m2

64π4β

�
;

ρhq̄Gqi2c ðsÞ ¼ −
mqm1m2hq̄gsσ ·Gqi

16π4

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

;

ρhq̄qi
2

2 ðsÞ ¼ hq̄qi2
24π2

��
1þm2

1 −m2
2

s

�
2

−
4m2

1

s

�
1=2

�
4m1m2 −

mqm1ðm2
1 −m2

2 − sÞ þ 2mqm2ðm2
1 −m2

2 þ sÞ
s

þ 2mqm1

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m6

2 þm4
2s −m4

1ð3m2
2 þ 2sÞ þm2

1ð3m4
2 þm2

2sþ s2Þ�

þ 2mqm2

s½ðm2
1 −m2

2 − sÞ2 − 4m2
2s�

½m6
1 −m4

1ð3m2
2 þ sÞ þm2

1ð3m4
2 −m2

2sÞ − ðm3
2 −m2sÞ2�

�
;

ρhq̄qihq̄Gqi2a ðsÞ ¼ hq̄qihq̄Gqi
12π2

Z
1

0

dα
m1m3

2

α2
δ0
�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
;

ρhq̄qihq̄Gqi2b ðsÞ ¼ hq̄qihq̄Gqi
48π2

Z
1

0

dα
m1m2

α
δ

�
s −

m2
1αþm2

2ð1 − αÞ
αð1 − αÞ

�
: (A16)

For the interpolating current J4 with JP ¼ 1þ:

ρpert4 ðsÞ ¼ 1

2
ρpert2 ðsÞ; ρhq̄qi4 ðsÞ ¼ 1

2
ρhq̄qi2 ðsÞ; ρhGGi4a ðsÞ ¼ 1

2
ρhGGi2a ðsÞ; ρhGGi4b ðsÞ ¼ −ρhGGi2b ðsÞ;

ρhq̄Gqi4a ðsÞ ¼ 1

2
ρhq̄Gqi2a ðsÞ; ρhq̄Gqi4b ðsÞ ¼ −ρhq̄Gqi2b ðsÞ; ρhq̄Gqi4c ðsÞ ¼ 1

2
ρhq̄Gqi2c ðsÞ; ρhq̄qi

2

4 ðsÞ ¼ 1

2
ρhq̄qi

2

2 ðsÞ;

ρhq̄qihq̄Gqi4a ðsÞ ¼ 1

2
ρhq̄qihq̄Gqi2a ðsÞ; ρhq̄qihq̄Gqi4b ðsÞ ¼ −ρhq̄qihq̄Gqi2b ðsÞ: (A17)

For the mixed interpolating currents Jm and Jmμ , we just calculate the mixed parts h0jT½J1J†2�j0i þ h0jT½J2J†1�j0i and
h0jT½J1μJ†2ν�j0i þ h0jT½J2μJ†1ν�j0i in the correlation functions. The mixed part of the spectral density for Jm with JP ¼ 0þ is
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ρpertm ðsÞ ¼ 0;

ρhq̄qim ðsÞ ¼ 0;

ρhGGim ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
5m1m2ðm2

1βþm2
2α− αβsÞ

1024π6αβ
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− 3

�
;
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Z
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Z
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−
2m1 −mq

α
−
2m2 −mq

β

�
;

ρhq̄qi
2

m ðsÞ ¼ 0;

ρhq̄qihq̄Gqim ðsÞ ¼ 5hq̄qihq̄Gqi
48π2

Z
1

0

dα

�
m2

1αþm2
2ð1− αÞ

2αð1− αÞ δ

�
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m2
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2ð1− αÞ
αð1− αÞ

�
þH

�
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m2
1αþm2

2ð1− αÞ
αð1− αÞ

��
: (A18)

For the mixed interpolating current Jmμ with JP ¼ 1þ:

ρpertm ðsÞ ¼ 0;

ρhq̄qim ðsÞ ¼ 0;

ρhGGim ðsÞ ¼ hg2sGGi
Z

αmax

αmin

dα
Z

βmax

βmin

dβ
5m1m2ðm2

1β þm2
2α − αβsÞ

36864π6αβ

×

�ð1 − α − βÞ2ð5þ αþ βÞ
αβ

−
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αβ
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�
;

ρhq̄Gqim ðsÞ ¼ hq̄gsσ ·Gqi
Z
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dα
Z

βmax

βmin

dβ

×
5ð3m2

1β þ 3m2
2α − 5αβsÞ
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��
m1 −mq

α
þm2 −mq
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−
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þm2
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�
;

ρhq̄qi
2

m ðsÞ ¼ 0;

ρhq̄qihq̄Gqim ðsÞ ¼ −
5hq̄qihq̄Gqi

576π2

Z
1

0

dα

�
2½m2

1αþm2
2ð1 − αÞ�

αð1 − αÞ δ

�
s −

m2
1αþm2
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þ3 �H
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��
: (A19)
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