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Several intriguing aspects of neutrino oscillation phenomenology like the origin of small neutrino
masses, the absolute neutrino mass scale, the neutrino mass hierarchy, i.e., normal or inverted, and
the nature of neutrinos, i.e., Dirac or Majorana, etc. have been addressed from a general perspective.
We show how the fundamental considerations of unitary transformations, naturalness, and the
seesaw mechanism suffice to determine the texture structure of fermion Yukawa couplings and
discuss the significance of the effective mass in 0νββ decay for the texture structure of these
couplings.
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I. INTRODUCTION

Unlike the quark sector, the recent measurement of large
θ13 [1] along with indications of a nonmaximal θ23 [2],
point towards an absence of symmetry in the lepton sector
[3], indicating that the masses and flavor mixing schemes
for quarks and leptons are significantly different. This
makes the task of constructing the corresponding mass
matrices more challenging, especially if the fermion mass
matrices are to be considered in a unified framework [4].
In the absence of a compelling theory of fermion flavor
dynamics from the “top-down” perspective, several phe-
nomenological “bottom-up” approaches have been widely
adopted [5], including radiative mechanisms, texture zeros,
family symmetries, and the seesaw mechanism, etc. Among
these, the “texture zero” ansatz initiated by Weinberg and
Fritzsch [6] has been quite successful in explaining the
fermion masses and flavor mixing patterns. As a result,
several texture zero possibilities of lepton mass matrices
have been investigated in the literature [7].
Difficulty in implementing this approach arises from

large redundancy in fermion mass matrices in the SM
framework, wherein the flavor structure of these matrices
is not constrained by the gauge symmetry. As a result
these matrices are arbitrary complex matrices involving 36
parameters, which is extremely large compared to the
number of physical observables. This redundancy is related
to the fact that one has the freedom to make weak basis
(WB) transformations under which the fermion mass
matrices change but the gauge currents remain diagonal
and real [8,9].
An inspiring systematic study of these texture zeros

originating from WB transformations was recently dis-
cussed in detail by Branco et al. [8] and also discussed
earlier by Fritzsch et al. [9], wherein it emerged that some
sets of these zeros have, by themselves, no physical
meaning, since these can be obtained starting from arbitrary

fermion mass matrices by making the appropriate unitary
transformations, the so-called WB transformations. This
greatly reduces the number of possible sets of texture zeros
to be studied. It was also observed [8,9] that using the
freedom of such transformations, it is possible to obtain
Hermitian fermion mass matrices involving a “maximum”
of three phenomenological texture zeros “without” having
any “physical” implications. Any “additional” texture zero
is supposed to have physical implications.
Among the several possibilities of texture specific lepton

mass matrices, the Hermitian Fritzsch-type lepton mass
matrices involving six [7,10] texture zeros have been
exhaustively studied due to a lesser number of parameters
involved in these matrices. Such matrices were recently
revisited by Fukugita et al. (FSTY) [10]. They observed
that such matrices are able to explain the current neutrino
oscillations data for the case of Majorana neutrinos
exhibiting normal mass hierarchy (NH). However, as these
matrices involve a greater number of texture zeros, they
may not be considered as the most general lepton mass
matrices in view of the WB transformations.
The purpose of the present paper is to use the

fundamental considerations of unitary transformations,
naturalness, and the seesaw mechanism to obtain lepton
mass textures assuming normal neutrino mass hierarchy
(NH). Following a hierarchical parametrization for these
mass matrices, the exact relations for the lepton mixing
angles have also been detailed, wherein the implications
of neutrino mass hierarchy for neutrino oscillations
are clearly evident. The significance of the effective
mass involved in (0νββ) on the imposition of texture
zeros in the resulting lepton mass matrices has also been
explored.

II. UNITARY TRANSFORMATIONS

In the WB approach [8,9], one may consider a basis
wherein one of the lepton mass matrices among the charged
lepton mass matrix Me and Dirac neutrino mass matrix*rohitverma@live.com
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MνD is real diagonal while the other is an arbitrary

Hermitian mass matrix, e.g.,

Me ¼ De; MνD ¼ VDνDV†

¼

0
BBB@

eνD jaνDjeiανD jfνDjeiωνD

jaνDje−iανD dνD jbνDjeiβνD
jfνDje−iωνD jbνDje−iβνD cνD

1
CCCA: (1)

Here De ¼ diagðme;−mμ; mτÞ and DνD ¼ diagðmν1D;−mν2D;mν3DÞ are real diagonal matrices and V is the
neutrino mixing matrix, also called the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [11,12]. It has been
shown [13] that for the quark sector, the observed
hierarchy among the quark masses as well as the quark
mixing matrix [12] elements get naturally translated
onto the structure of the corresponding quark mass
matrices, i.e.,

e < ðjaj; jfjÞ < d < jbj < c: (2)

Such hierarchical mass matrices have been referred to
in the literature as “natural mass matrices” [14]. However,
it shall be interesting to investigate the conditions under
which the lepton mass matrices emerging through
WB transformations exhibit such a structure, especially
if neutrinos are Majorana type with the seesaw mecha-
nism accounting for the small neutrino masses. In
principle, an exact diagonalization of the mass matrix
given in Eq. (1) is not always possible. In this context,
one can apply a WB transformation [8,9], which is
essentially a unitary transformation U operating simulta-
neously on the mass matrices Me and MνD, defined in
Eq. (1) such that

Me → M0
e ¼ UMeU†;

MνD → M0
νD ¼ UMνDU†: (3)

It is trivial to check that the two representations
ðMe;MνDÞ and ðM0

e;M0
νDÞ are physically equivalent

leading to the same mixing matrix, provided neutrinos
are assumed to be Dirac particles. In such a case, as
discussed in Ref. [9], there is a possible choice of U such
that

ðM0
eÞ13;31 ¼ ðM0

νDÞ13;31 ¼ ðM0
νDÞ11 ¼ 0; (4)

or

ðM0
νDÞ13;31 ¼ ðM0

eÞ13;31 ¼ ðM0
eÞ11 ¼ 0; (5)

with nonvanishing other elements. However, if the
neutrinos are of the Majorana type, the light neutrino
mass matrix is obtained using the seesaw mechanism [15]
as M0

ν ¼ −M0T
νDM

−1
R M0

νD, where MR is the right-handed
Majorana mass matrix. It has been recently shown [10,16]
that for Hermitian lepton mass matrices M0

e and M0
νD and

for a real diagonal MR ¼ mRI, where I is a unit matrix
and mR denotes a very large mass scale, the left diagonal-
izing transformations for M0

νD and M0
ν remain the same,

as shown in Eqs. (9) and (11) below. Such a simple MR
structure allows the two representations ðM0

e;M0
νDÞ and

ðM0
e;M0

νD;M
0
νÞ to be physically equivalent, leading to the

same mixing. However, in general, this may not hold
for a more general MR structure with three different
eigenvalues leading to a greater complexity in the
structure of the light neutrino mass matrix, which may
also deviate from the symmetric mass structure. Note that
the matrices M0

e and M0
νD are texture based [10] with no

such restriction on MR and hence on M0
ν. It therefore

becomes desirable to investigate the implications of the
elements ðM0Þ11;22 in the matrices ðM0

e;M0
νDÞ for neutrino

oscillation data, especially if the condition of naturalness
of Eq. (2) is imposed on these.

III. MATRIX DIAGONALIZATION

It may be noted that for the WB textures of lepton
mass matrices mentioned in Eqs. (4) and (5), one of the
lepton mass matrices is a Fritzsch-like texture two zero
type [9], (eL ¼ 0), whereas the other has the following
form:

M0
L ¼

0
B@

eL jaLjeiαL 0

jaLje−iαL dL jbLjeiβL
0 jbLje−iβL cL

1
CA;

L ¼ e; ν: (6)

In order to construct the PMNS matrix, one needs to
obtain the diagonalizing transformations for this matrix.
It is observed [13,17,18] that for jaLj and jbLj to remain
real, the free parameters get constrained within the
limits

m1 > eL > −m2 and

ðm3 −m2 − eLÞ > dL > ðm1 −m2 − eLÞ: (7)

The above constraints indicate that the condition of
Hermiticity on the texture one zero mass matrix in Eq. (6)
restricts the free parameters eL to have small values only,
consistent with the naturalness condition in Eq. (2). The
exact diagonalizing matrix Oe for M0

e defined through
De ¼ O†

ePeM0
eQeOe is expressed as [18]
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Oe ¼

0
BBBBBB@

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meμð1−ξeÞ
ð1þmμτÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meτmμτðζeþmμτÞð1−ξeÞ

ð1þmμτÞ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meμð1−ξeÞ
ð1þζeÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1þζeÞð1þmμτÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðζeþmμτÞ

ð1þζeÞð1þmμτÞ
q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meμðζeþmμτÞð1−ξeÞ

ð1þζeÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðζeþmμτÞ
ð1þζeÞð1þmμτÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1þζeÞð1þmμτÞ
q

1
CCCCCCA
; (8)

where Pe ¼ diagðe−iαe ; 1; eiβeÞwithQe¼ P†
e (for HermitianM0

e) andme ≪ mμ along withme ≪ mτ have been used for the
charged lepton masses. The free parameters ξeand ζe represent the hierarchy characterizing parameters for the mass matrix
M0

e and are defined as ξe ¼ ee=me, ζe ¼ de=ce whilemeμ ¼ me=mμ, andmeτ ¼ me=mτalong withmμτ ¼ mμ=mτ have been
considered for simplicity.
The diagonalizing transformation OνD for matrix M0

νD, defined through

DνD ¼ O†
νDPνDM0

νDQνDOνD; (9)

is given by

OνD ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þξνDmν12DÞ
ð1þmν12DÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν12Dð1−ξνDÞ

ð1þmν12DÞð1þmν23DÞ
q

κ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν13Dmν23Dðmν23DþζνDÞð1þξνDmν12DÞ

ð1þmν23DÞð1þmν23DÞ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν12Dð1−ξνDÞð1þmν23DÞ

ð1þmν12DÞð1þζνDÞ
q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þξνDmν12DÞ
ð1þmν12DÞð1þζνDÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmν23DþζνDÞ

ð1þmν23DÞð1þζνDÞ
q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν12Dðmν23DþζνDÞ
ð1þmν12DÞð1þζνDÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þξνDmν12DÞðmν23DþζνDÞ

ð1þmν12DÞð1þmν23DÞð1þζνDÞ
q ffiffiffiffiffiffiffiffiffiffiffiffi

1
ð1þζνDÞ

q

1
CCCCCA; (10)

where PνD ¼ diagðe−iανD; 1; eiβνDÞ with QνD¼ P†
νD (for

HermitianM0
νD), κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ξνDÞ=ð1 −mν13DÞ
p

and the free
parameters ξνD, ζνD characterize the hierarchy that is
exhibited by the elements of the Dirac neutrino mass matrix
and are defined as ξνD ¼ eνD=mν1D, ζνD ¼ dνD=CνD, while
mν12D ¼ mν1D=mν2D, mν13D ¼ mν1D=mν3D and mν23D ¼
mν2D=mν3D have again been considered for simplicity.
The condition of naturalness is imposed on the lepton mass
matrices ðM0

e;M0
νDÞ by restricting the parameter spaces of

the free parameters to ðζe; ζνD; ξe; ξνDÞ < 1 and assuming
NH for the Dirac neutrinos, i.e., mν1D < mν2D < mν3D.

IV. SEESAW AND PMNS MATRIX

Noting that the seesaw framework involves more free
parameters than can be obtained from low- energy data, it
would be desirable to keep the structure ofMR as simple as
possible involving the least number of free parameters.
In this context, following FSTY, we have considered
MR ¼ mRI. In such a case, it can be shown [10,16] that
the light neutrino mass matrix takes the following form,

M0
ν ¼ −M0T

νDM
−1
R M0

νD ¼ PνDOνD
ðDνDÞ2
mR

OT
νDPνD

¼ PνDOνDDνOT
νDPνD; (11)

where Dν ¼ diagðmν1;−mν2; mν3Þ, so that the assumption
of a NH for Dirac neutrinos given bymν1D < mν2D < mν3D

automatically translates into a NH for light neutrino
masses, i.e., mν1 < mν2 < mν3, and hence for the neutrino
matrix M0

ν. One can now easily compute the PMNS
matrix [10,16] as

V ¼ O†
eQePνDOνD: (12)

In order that the mixing angles are independent of mR,
we consider the neutrino massesmν1,mν2, andmν3 as input
parameters, so that we make the replacement of mνD withffiffiffiffiffiffiffiffiffiffiffiffi
mνmR

p
in all the terms of OνD in agreement with Eq. (11)

above [10,16]. In such a case, the ratios mν12D, mν13D, and
mν23D get replaced by mν12D →

ffiffiffiffiffiffiffiffiffi
mν12

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν1=mν2

p
and

so on. Likewise, the hierarchy parameters get redefined as
ξνD → ξν ¼ eνD=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν1mR

p ¼ eν=
ffiffiffiffiffiffiffiffi
mν1

p
and ζνD → ζν ¼

ζνD, where ξν < 1 and ζν < 1 are again arbitrary and in
accordance with the condition of naturalness. For the lepton
mass matrices ðM0

e;M0
νD;M

0
νÞ given by the Eqs. (4), (5),

(11), (12), the product QePνD in Eq. (11) is a diagonal
phase matrix given by QePνD ¼ diagðe−iϕ1 ; 1; eiϕ2Þ [16],
where the phases ϕ1 ¼ αe − ανD and ϕ2 ¼ βe − βνD are
also free parameters.

A. Case I

For WB representation ðM0
e;M0

νDÞ given in Eq. (4), the
three lepton mixing angles may be expressed in terms of the
lepton mass ratios meμ, meτ, mμτ,

ffiffiffiffiffiffiffiffiffi
mν12

p
,

ffiffiffiffiffiffiffiffiffi
mν13

p
,

ffiffiffiffiffiffiffiffiffi
mν23

p
,

the free parameters ζe, ζν, ξe and the phases ϕ1 and ϕ2 as
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s12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mν12
p

ð1þ ffiffiffiffiffiffiffiffiffi
mν12

p Þð1þ ffiffiffiffiffiffiffiffiffi
mν23

p Þ

s
; (13)

s13 ¼

��������

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν13

p ffiffiffiffiffiffiffi
mν23

p ð ffiffiffiffiffiffiffi
mν23

p þζνÞ
ð1þ ffiffiffiffiffiffiffi

mν23
p Þð1− ffiffiffiffiffiffiffi

mν13
p Þð1þ ffiffiffiffiffiffiffi

mν23
p Þ

q
e−iϕ1−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

meμð1−ξeÞ
ð1þζeÞð1þ ffiffiffiffiffiffiffi

mν23
p Þð1þζνÞ

q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið ffiffiffiffiffiffiffiffiffi
mν23

p þ ζνÞ
p − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðζe þmμτÞð ffiffiffiffiffiffiffiffiffi

mν23
p þ 1Þp

eiϕ2

�
��������
; (14)

s23 ¼
�����

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1þ ζeÞð1þmμτÞð1þ ffiffiffiffiffiffiffiffiffi
mν23

p Þð1þ ζνÞ

s � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ffiffiffiffiffiffiffiffiffi

mν23
p þ ζνÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðζe þmμτÞð ffiffiffiffiffiffiffiffiffi

mν23
p þ 1Þ

q
eiϕ

������; (15)

where only the leading-order term (first) as well as the next-
to-leading-order terms have been retained in the expres-
sions. It is observed that the above relations hold good
within an error of less than a percent. It is noteworthy that
s12 depends predominantly on the neutrino mass ratioffiffiffiffiffiffiffiffiffi
mν12

p
. Likewise, it is also observed that s23 is independent

of ξe. This is easy to interpret as the parameter ξe does not
invoke any mixing among the second and third generations

of leptons. As a result, it should be interesting to investigate
the implications of ξe, if any, for s13 as well as those of ζe
and ζν for s13 and s23.

B. Case II

For the WB representation ðM0
e;M0

νDÞ given in Eq. (5),
the mixing angles may be expressed as

s12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mν12
p ð1 − ξνÞ

ð1þ ffiffiffiffiffiffiffiffiffi
mν12

p Þð1þ ffiffiffiffiffiffiffiffiffi
mν23

p Þ

s
; (16)

s13 ¼
������

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν13

p ffiffiffiffiffiffiffi
mν23

p ð ffiffiffiffiffiffiffi
mν23

p þζνÞð1þξν
ffiffiffiffiffiffiffi
mν12

p Þð1−ξνÞ
ð1þ ffiffiffiffiffiffiffi

mν23
p Þð1− ffiffiffiffiffiffiffi

mν13
p Þð1þ ffiffiffiffiffiffiffi

mν23
p Þ

q
e−iϕ1

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

meμ

ð1þζeÞð1þ ffiffiffiffiffiffiffi
mν23

p Þð1þζνÞ
q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið ffiffiffiffiffiffiffiffiffi

mν23
p þ ζνÞ

p − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðζe þmμτÞð1þ ffiffiffiffiffiffiffiffiffi
mν23

p Þp
eiϕ2

�
������; (17)

s23 ¼
������

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1þ ζeÞð1þmμτÞð1þ ffiffiffiffiffiffiffiffiffi
mν23

p Þð1þ ζνÞ

s � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ffiffiffiffiffiffiffiffiffi

mν23
p þ ζνÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðζe þmμτÞð1þ

ffiffiffiffiffiffiffiffiffi
mν23

p Þ
q

eiϕ2

�������: (18)

One observes that the mixing angle ðs12Þ2 depends
predominantly on the neutrino mass ratio

ffiffiffiffiffiffiffiffiffi
mν12

p
and the

parameter ξν. As expected, the mixing angle s23 is still
independent of the parameter ξν. As a result, it should be
interesting to investigate the implications of ξν, if any,
for s12 and s13 as well as those of ζe and ζν for s13
and s23.

V. INPUTS

We use the following recent global three neutrino
oscillation data [19] at 1σ C:L: as inputs for our analysis:

δm2 ¼ ð7.32–7.80Þ × 10−5 GeV2;

Δm2 ¼ ð2.33–2.49Þ × 10−3 GeV2;

Sin2θ12 ¼ 0.29–0.33;

Sin2θ13 ¼ 0.022–0.027;

Sin2θ23 ¼ 0.37–0.41; (19)

where the neutrino mass square differences are defined as
δm2¼ m2

ν2 −m2
ν1 and Δm2 ¼ m2

ν3 − ðm2
ν1 þm2

ν2Þ=2 for
NH [19]. The lightest neutrino mass mν1, the parameters
ζe, ζν, ξe, ξν, and phases ϕ1 and ϕ2 are taken to be free
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parameters. It is noteworthy that the neutrino mass ratios
are completely determined if mν1 is known, since

mν12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
ν1

m2
ν1þδm2

s
and

mν13 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
ν1

m2
ν1 þ Δm2 þ ðδm2Þ=2

s
: (20)

In addition, we have imposed the condition of natural-
ness on the lepton mass matrices through the constraints
ðζe; ζν; ξe; ξνÞ < 1 and assumed NH for the neutrino
masses, consistent with the condition of naturalness.
Furthermore, in the absence of any clues for CP violation
in the lepton sector, the phases ϕ1 and ϕ2 have been given
full variation from 0 to 2π.

VI. RESULTS

A. Case I

It is observed that the complete 1σ range of all the
neutrino oscillation parameters given in Eq. (19) can be
reconstructed by the relations (13)–(15). Interestingly, it is
observed that none of the values for ζe, ξe allowed by the
condition of naturalness, i.e., 0 < ðξe; ζeÞ < 1, play any
significant role in fixing the mixing angles depicted in
Fig. 1, with respect to ξe. A similar plot is obtained with
respect to ζe. This is easily understandable for s12 and s23
through Eqs. (13), (15) with respect to ξe. However for s13,
it is noticed that nonzero values of ζe and ξe appear only in
the next-to- leading-order term in Eq. (14), the contribution
of which is very small as compared to the corresponding
leading-order term; as a result the implications of nonzero
ζe and ξe on s13 are largely insignificant. For the mixing
angle s23, the contributions of the free parameter ζν are able
to compensate for the nonzero values of ζe allowed by the
condition of naturalness, without affecting the predicted
values of s23 as shown in Fig. 2.
Since the unique window to verify the Majorana nature

of massive neutrinos is through the neutrinoless double beta

(0νββ) decay, it is also desirable to study the impact of the
parameters ζe and ξe on the effective massmee measured in
(0νββ) defined through [20]

mee¼ mν1jVe1j2 þmν2jVe2j2þmν3jVe3j2: (21)

Interestingly, we find that nonzero ζe and ξe do not
contribute in determining mee, as depicted in Fig. 3 for ζe.
Similar observations are also obtained for ξe indicating that
ξe and ζe may most generally be considered to be redundant
in neutrino oscillations. However, from Eq. (14) we notice
that due to the presence of (

ffiffiffiffiffiffiffiffiffi
mν23

p þ ζν) in the leading-
order term for s13, the phenomenologically allowed range
of ζνis limited from 0 < ζν < 1 to 0 < ζν < 0.70 in order
to regenerate the experimentally measured s13, as illustrated
in Fig. 4, wherein it is also noticed that values of ζν > 0.70
lead to an overshoot in s13 from its experimental range.
On one hand, one is able to regenerate the complete 1σ
range of all the three mixing angles for 0 ≤ ζν < 0.7,
indicating that the parameter ζν, like ζe and ξe, also has no
significant impact on neutrino mixing angles, yielding
corresponding graphs similar to Fig. 1.
On the other hand, interesting observations are obtained

formee. The large values of the parameter ζν appear to have

FIG. 1. Plot showing redundancy of the parameter ξe in
estimating the lepton mixing angles for case I.

FIG. 2. Plot showing redundancy of parameter ζν for ðs23Þ2 in
the case I.

FIG. 3. Plot depicting that the parameter ζe does not contribute
in determination of mee for case I.
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greater implications on the allowed range of mee, as shown
in Fig. 5. On the contrary, all the allowed values of the
remaining parameters ξe and ζe, including zero, have no
impact on mee, signifying that the nonzero values of ζν
imply vital implications especially in the context of mee;
hence, only the parameters ξe and ζe may be considered to
be completely redundant if neutrinos are Majorana particles
leading to Fritzsch-like texture five zero structures of the
corresponding lepton mass matrices, i.e., with (ζe ¼ 0,
ξe ¼ 0, ξν ¼ 0, ζν ≠ 0).

B. Case II

Interestingly, the complete 1σ range of all the neutrino
oscillation parameters given in Eq. (19) can also be
regenerated by the relations (16)–(18). However, using
the Eqs. (16), (17), we notice that due to the
term

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ξνÞ
p

, the phenomenologically allowed range
of ξν is limited from 0 < ξν < 1 to 0 < ξν < 0.50 in order
to regenerate the experimentally measured s12 and s13 and
that the nonzero values of ξν do not play any significant role
in determining the mixing angles. This is obvious from
Eqs. (16), (18) for s12 and s23. However, in the case of
Eq. (17), the effect of increase in ξν on

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ξνÞ
p

in the

leading-order term is compensated by a corresponding
increase in

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ ξνmν12Þ
p

with no significant impact on
s13. Furthermore, the principle conclusions drawn from
Figs. 2–4 in case I are also obeyed for this case due to
similar reasoning, indicating that the parameters ζν, ζe, and
ξν have no observed implications for neutrino mixing angles.
Although the allowed values of the parameter ζe con-

tinue to have no impact onmee for this case, the same is not
observed to be true for the remaining parameters, namely ξν
and ζν. The plot depicting the dependence of mee on ξν is
shown in Fig. 6, while that for mee versus ζν is observed to
be similar to Fig. 5, reinforcing the idea that the nonzero
values of the parameters ξν and ζνhave vital implications
for the allowed range of mee. Interestingly, both the
nonredundant parameters ξν and ζν are involved in the
neutrino mass matrix. As a result, only the parameter ζe
may be considered to be completely redundant for this case,
leading to four texture zeros involved in the resulting lepton
mass matrices, i.e., with (ζe ¼ 0, ξe ¼ 0, ξν ≠ 0, ζν ≠ 0).

VII. CONCLUSIONS

We observe that even though the neutrino mixing pattern
is significantly different from the quark mixing pattern, it
can also be described by natural mass matrices. Using the
considerations of unitary transformations, the seesaw
mechanism, and a hierarchical parametrization for the
lepton mass matrices, through the condition of naturalness,
i.e., ðζe; ζν; ξe; ξνÞ < 1, we have been able to illustrate the
effect of lepton mass hierarchies on lepton mass mixing by
exact relations involving lepton mass ratios, the hierarchy
characterizing parameters, and the phases ϕ1 and ϕ2. It has
been clearly shown that for the recent three neutrino
oscillation data at 1σ C.L., the most general texture three
zero lepton mass matrices of Eqs. (4), (5), obtained through
unitary WB transformations, are physically equivalent to
texture six zero Hermitian lepton mass matrices with
ξe ¼ 0, ξν ¼ 0, ζe ¼ 0 and ζν ¼ 0, when the condition
of naturalness is imposed on these and considerations of

FIG. 5. Plot indicating the strong influence of the nonzero
values of the parameter ζνon mee for case I.

FIG. 6. Plot showing influence of nonzero values of the
parameter ξν on mee for case II.

FIG. 4. Plot showing the dependence of the mixing angle ðs13Þ2
on the parameter ζν for case I.
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mee are not taken into account. In particular, we find that no
additional restrictions are imposed on the three mixing
angles by the inclusion of nonzero values of the additional
free parameters ξe, ξν, ζe, and ζν. For such texture six zero
lepton mass matrices, the relations for the three mixing
angles reduce to the ones derived by FSTY [10], if one
ignores the contributions of

ffiffiffiffiffiffiffiffiffi
mν12

p
,

ffiffiffiffiffiffiffiffiffi
mν23

p
,

ffiffiffiffiffiffiffiffiffi
mν23

p
, and

mμτ as compared to unity and considers ðmν23Þ1=4 > ffiffiffiffiffiffiffiffimμτ
p .

On the contrary, if mee is taken into consideration,
Fritzsch-like texture five zeros with ξe ¼ 0, ξν ¼ 0,
ζe ¼ 0, and ζν ≠ 0 naturally emerge as the most general
(or generic) lepton mass textures involving a maximum
number of texture zeros. It is perhaps desirable to study the
implications of these texture five zero structures for the
possible CP violation in the lepton sector. In view of this,
we investigate, in Fig. 7, the implications of the non-
redundant free parameter ζν for the Jarlskog’s rephasing
invariant CP-violation measure JCP [21] defined through

JCP ¼ Im½Vμ3V�
τ3V

�
μ2Vτ2�: (22)

We find that the current three neutrino oscillation data at 1σ
in Eq. (19) allow JCP ¼ 0 for 0 ≤ ζν < 0.045, but the
higher nonzero values of ζν have vital implications on
the allowed values of JCP, i.e., −0.025 < JCP < 0.025,
thereby reinforcing the nonredundancy of ζν for neutrino
oscillation phenomenology as well as indicating a possible
CP violation in the lepton sector, in agreement with
Ref. [10]. In particular, for such matrices with ξe ¼ 0,
ξν ¼ 0, ζe ¼ 0, and ζν ≠ 0, we obtain the following limits
for mee, mν1, mν2, and mν3, e.g.,

3.7 meV < mee < 5.7 meV;

0.3 meV < mν1 < 2.0 meV;

8.5 meV < mν2 < 9.0 meV;

48.6 meV < mν3 < 50.3 meV; (23)

which are in good agreement with recent analyses by
several authors [7,10,16,22]. These neutrino masses are
stable to the radiative corrections introduced by the
renormalization group equations [23] when the lepton
mass matrices are energy rescaled. It is observed that for
mR ∼Oð1010Þ GeV, these corrections are several orders of
magnitude (10−6 to 10−5 times) smaller [10] than the
neutrino masses in Eq. (23). Such corrections do not appear
to disturb the natural structure of the corresponding lepton
mass matrices and hence the results obtained in this paper
are unaffected by these corrections. Furthermore, the above
values of neutrino masses appear to favor standard lepto-
genesis as the mechanism to produce the baryon asymme-
try in the Universe [24].
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