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We present an effective field theory study of radiation and radiation reaction effects for scalar and
electromagnetic fields in general spacetime dimensions. Our method unifies the treatment of outgoing
radiation and its reaction force within a single action principle. Central ingredients are the field doubling
method, which is the classical version of the closed time path formalism and allows a treatment of
nonconservative effects within an action, action level matching of system and radiation zones, and the use
of fields which are adapted to the enhanced symmetries of each zone. New results include compact
expressions for radiative multipoles, radiation, and radiation reaction effective action in any spacetime
dimension. We emphasize dimension-dependent features such as the difference between electric and
magnetic multipoles in higher dimensions and the temporal nonlocality nature of the effective action for
odd spacetime dimensions, which is a reflection of indirect propagation (“tail effect”) in the full theory.
This work generalizes the method and results developed for four dimensions in Phys. Rev. D 88, 104037

(2013) and prepares the way for a treatment of the gravitational case.
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I. INTRODUCTION

While extensive work has been done on the post-
Newtonian (PN) two-body problem in general relativity
(GR) in four spacetime dimensions (see Sec. I of paper I [1]
for a comprehensive review of existing literature), much
less is known in general spacetime dimensions (d). In this
paper we study PN radiative effects, namely radiation and
radiation reaction (RR), for (massless) scalar and electro-
magnetic (EM) theories in general d. We work within an
effective field theory (EFT) approach, which was intro-
duced in [2] to the PN limit of GR and applied to the study
of dissipative effects in four-dimensional GR also in [3-8].
Our study of nonconservative effects in scalar and EM
theories gives new results and insights into the problem
already in these physically important cases and lays
foundations for a comprehensive treatment of these effects
in higher d GR (see [9] for the first treatment of gravita-
tional radiation in higher d within the EFT approach),
where the main additional complication is the theory’s
nonlinearity.

The well known 4d Abraham-Lorentz-Dirac (ALD)
formula [10-13] gives the EM self-force on a point charge
in flat spacetime in a covariant manner. There has been an
extensive effort to generalize ALD to any d undertaken by
Kosyakov, Gal’tsov, Kazinski and others [14-22]. Joint
treatment of self-force under scalar, vector and tensor fields
has been given by [23-26]. As is well known, in even d
waves exhibit direct propagation, that is the Green’s
function is supported only on the light cone, while in
noneven d waves propagate also indirectly—exhibiting the
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so-called tail effect. These features appear also in the above
treatments of RR, but to our knowledge a closed-form
formula for generalized ALD is available currently only for
EM in even d [16]. The very regularizability of RR in high
d is sometimes put to question in the above treatments.

Our method divides the problem into two zones, the
system and radiation zones (Fig. 1). Each zone has an
enhanced symmetry, namely a symmetry that is not a
symmetry of the full problem. Different symmetries emerge
when zooming out to the radiation zone or in to the system
zone. The system zone is approximately stationary (time
independent) since by assumption (of the PN approxima-
tion) all velocities are nonrelativistic. The radiation zone is
approximately spherically symmetric since the system
shrinks to a point at the origin and hence rotations leave
it invariant. Identifying symmetries is central to making
fitting choices for the formulation of a perturbation theory
in each zone, including the choice of how to divide the
action into a dominant part and a perturbation, the choice of
field variables and—when relevant—the choice of gauge.
Hence we insist on using spherical field variables (in fact,
symmetric trace-free tensors), following paper I and [27],
and unlike the more common plane-wave and wave-vectors
approach used in many EFT works [3-7].

As is well known, Hamilton’s traditional action formal-
ism is not compatible with dissipative effects. In order to
account for nonconservative effects within the action we
use the method of field doubling (see [8] for a crisp general
formulation) which is the classical version of the closed
time path or in-in formalism [28] introduced in the quantum
field theory context in the 1960s. In this method each
degree of freedom in the system is doubled and a
generalized action principle for the whole system (includ-
ing doubled fields) is constructed from the original action.

© 2014 American Physical Society
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FIG. 1 (color online).
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Schematic sketch of the two relevant zones. On the left side is the system zone, with a typical stationarylike field

configuration. On the right side is the radiation zone with its typical outspiraling waves.

Only after deriving equations of motion (EOM) from this
generalized action, one enforces the so-called physical
condition, identifying each field with its doubled counter-
part. The resulting forces in the EOM can be dissipative.

In order to formulate the whole problem within a single
action principle, we introduce new matching fields which
couple to system and radiation zone fields at an appropriate
boundary. We call these fields “two-way multipoles.” We
physically interpret them as the multipole moments of the
system (living at the origin of the radiation zone and at
infinity of the system zone), but they are treated as any
other field in the theory. Thereby, matching is lifted to the
level of the action.

The main goal of this paper is to compute, in general d,
the radiative multipoles, outgoing radiation, RR effective
action, dissipated energy and RR force in the cases of scalar
and electromagnetic fields, thereby generalizing the
method devised in paper I to general d. We comment that
this paper is not intended to be self-contained: the main
ideas and ingredients of our formulation are thoroughly
elaborated on in paper I, and here we generalize and apply
them to obtain new results in higher dimensions. The ability
to generalize the machinery set up in paper I in order to
obtain new results demonstrates the method’s efficiency.
Moreover, this generalization is natural since a central step
in the method is a reduction to one dimension (correspond-
ing to the radial coordinate)—and from there on the
treatment is very similar to the one done in 4d.

This paper is organized as follows: In Sec. 2 we treat the
scalar field case, which already contains most of our
formulation’s main ingredients. In particular this section
contains a thorough discussion of the tail effect in noneven
spacetime dimensions. In Sec. 3 we treat the EM case,
where one must account for the additional polarizations
available for general dimensional vector fields. In both
sections we also show explicitly successful comparisons to
known results in 4d and 6d. Sections 2 and 3 contain
detailed derivations of our results, intended to maximally
clarify our computations for interested readers. In Sec. 4 we
briefly summarize our main results and definitions. In

Sec. 5 we discuss these results and elaborate on future
directions.

A. Conventions and nomenclature

We use the mostly plus signature for the flat d-dimensional
spacetime metric 7,,, as well as ¢=1. We denote
D:i=d—1,d:=d-3, and Q;,, is the volume of a unit
d + 1-dimensional sphere. Lowercase Greek letters denote
{0,1,...,D} spacetime indices, lowercase Latin letters
denote {1...D} spatial indices, uppercase Greek letters
denote {1...(d+ 1)} indices on the sphere, uppercase

Latin letters are spatial multi-indices, and Hebrew letters
(®) enumerate different vectorial harmonics on the sphere.

B. Field doubling conventions

We work in the Keldysh [28] representation of the field
doubling formalism, where for every field ¢ (and source
function) in the original action, we introduce a counterpart
(?), interpreted as the difference between the doubled
degrees of freedom, and with it a new EOM:

88
5
S is always linear in the hatted fields, so enforcing the
so-called physical condition ¢ = 0 (after the derivation of
EOM) is trivial. A
We write the RR effective action S in terms of the

system’s multipoles and their doubled counterparts, which
are defined as

0. (1.1)

~ 00,
Q—gﬂ-

(1.2)
In particular, for a source composed of point particles the
doubled multipoles are given by

Q = Z@@x,

(1.3)
a1 5xA
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55 =0. For a
detailed survey of the doubling formahsm used in this
paper, see Sec. IID of paper 1.

II. SCALAR CASE

A. Spherical waves and double-field action

We start with a massless scalar field coupled to some
charge distribution in arbitrary spacetime dimension d. We
take the action to be

1
Sp = 8,®)2r drdQ;, | di
® 29d+1G/( ) Fasein
—/p@rd“drdgaﬂdt, (2.1)
which leads to the usual field equation
Op = —Qg. ,Gp. (2.2)

1. Spherical waves: Conventions

We shall work in the frequency domain and use a basis of
spherical decomposition to multipoles. We note that any
symmetric trace-free tensor ¢, (£ being given) can be
represented equivalently using the standard (scalar) spheri-
cal harmonic representation ¢, [which form a basis of
dimension D,(d + 1,0)'] or using functions on the unit
sphere ¢,(Q;, ), with the different forms related by

Zq)fm Yfm d+l

We found it convenient to use the ¢; decomposition, which
is similar to the Maxwell Cartesian spherical multipoles
[31-34]. We thus decompose the field and the sources as

(1) ¢L,; (2.3)

N dw i
D(F 1) = / Z;e i, (r)xt, 2.4)
do .

_ / Z;e_’“”pr(r)xL 2.5)
where L = (kyk,...k;) is a multi-index and x* is the
corresponding symmetric-trace-free (STF) multipole

xb = (xhixk, xke)STF = y7pl (2.6)

With ¢ the metric on the d + 1-dimensional unit sphere,
the x are eigenfunctions of the Laplacian operator on that
sphere:

'D,(n, s) is the number of independent spherical harmonics of
degree # and spin s on the n sphere. We use Dy(d + 1,0) =

26+d)(£+d—1)!
% [29,30].
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Ag, xE=—cxt =—£(¢+ d)x- (2.7)

d+1

For any dimension d, an orthogonal basis can be con-
structed from the multipoles, satisfying

/XL/(’"’ QEJH)XL”/&/(”’ Q. 1)dQ

= Nf,;,r”gaﬂéfﬂéw%,, (2.8)
/gﬂg/agxlaf(’"v Qaﬂ)@Qfo’ (r.Qy,1)dQy,
=c,- Nf,;,r”szaﬂamrsw% . (2.9)
r(1+d/2 d!!
N, —_1a+d2) (2.10)

PR+ 14 d2) 20+

We use the summation conventions and definitions follow-
iAng [1] (see Appendix B.1) and note that d = 4 implies
d=1, N,y =2+ 1)1, We also use the inverse
transformation

pralr) = [ pulPn

d+1
Ny oy

: dQ.
= dre®p(F, t)x, —— — . (2.11)
/ / Nf,ZIQZHIrM

2. Spherical waves: Dynamics

20

In the new notation, using ®; ,, = ®; ,, the action (2.1)
becomes

2f+d+1N
e

20 +d+1
+7

. a,><I>L(,,—(p§wq>zw+c.c.)], (2.12)

with the source term defined as

pr(r) Nf dQA+l r2£+d+1pr(r) =it /dQ&+lp(:)(f)xL-

(2.13)
From (2.12) we derive the EOM
oS
0 pr—
o®;,
N, yr v 20+d+ 1
= MT (602 + 07 + +r+8r) Dry = Pl
(2.14)

Defining x := wr the homogenous part of this equation is

20 +d+1
[ai prraet 2.15)
X

o, + ]:|l//f.;1 =0,
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and its solutions y, ; =y, = ;’a, Vo izf (witha =7+ &’/ 2) are Bessel functions up to normalization (see Appendix B.2).
Thus the propagator for spherical waves is

L " . R B
=G2,(,r) = —iw2€+dM€’dAGja(wr1) hit(wrs);
r1 = min{r’,r}, ro := max{r’,r}, (2.16)
where
M,, i z 2.17)

4T HIN T at 1) 201+ A/ 20 + 1+ d)2)

which we notice is equal to [d!!(2¢ + d)!!]™" for odd d and to Z [d!!(2£ + d)!!] ™" for even d. We turn to derive the source
terms (vertices) in the radiation zone. This is done through matching with the system zone according to the diagrammatic
definition

EXI .
Lw - — -=

(2.18)

From the radiation zone point of view the sources Q;, are located at the origin or » = 0. Hence the radiation zone field can
be written as

r

ol (r) = = —Qro (G M, ) Rk (wr) (2.19)

In the full theory (or equivalently in the system zone), on the other hand, we can also use spherical waves to obtain the field
outside the source as

By, () = — / dr'l, (P)GE(F.r) = —[ / dﬂja(a)r/)p%w(r’)] (—iGw M, )it (wr)
=— {/ de’;'a(a)r')pw(?’)x’L](—iGa)ZH‘AiMf’a)il; (wr). (2.20)

By comparing the above expressions for the field (2.19) and (2.20) and using (2.11) to return to the time domain we find that
the radiation source multipoles are

0, = / dPxj,(ird,) xS p(7. 1). (2.21)

We note that from the series expansion of j, (B8) it can be seen that QF includes only even powers of id,, for every
¢, d, and is thus well defined and real. A simple test of substituting d = 4 shows these multipoles coincide with the
multipoles given by Ross [35] and by paper I. We can think of this process as a “zoom out balayage” (French for sweeping
or scanning—see paper I) of the original charge distribution p(7) into Q; carried out through propagation with }'a(a)r). A
useful representation of this result is
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1
0, = / P ST / dz8, ()p(F.u + 27), (2.22)
e,

where (inspired by [36,37]) we have implicitly defined the d-dimensional generating time-weighted function

| e (2¢ + d)!!
dzs () f(F,u+zr) = — (r0,)*P f(F,u), 2.23
/—1 @I ) ;(Zp)!!(2f+2p+d)!!( JEIEu) (2:23)
remarking that for odd d (even spacetime dimension),
(22 + ) o
5 (z) =——— (1=t 2.24
“( ) 2(2f+d—1)!!( ) @24)

Altogether the Feynman rules in the radiation zone for the propagator and vertices are

= Q5 = -Q1 (2.25)
p ' 204d = 7
=G r) = —iw* T M&J RS G jo(wry) B (wro) r <71y, (2.26)

where for future use we allowed for a possible polarization label ¢ and a rational Z, El—dependent factor RS which is absent in
the scalar case, namely R|,_, = 1.

B. Outgoing radiation and the RR effective action

We can now use these Feynman rules to compute central quantities.
Outgoing radiation can now be found diagrammatically as

e G . d—1 QLw eiWT
Pr,(r) = = —QrwGre (0,7 - = —iw) —_,
L(r) s Grea(0,7) = V 2d+1r(1 +d/2)( ) e

(2.27)

where we used the asymptotic forms of /1, (x) (B9) and j,(wr')|,_, = 1 for the source at ¥/ = 0, and (2.17). In odd d we can
use (2.5) to find that (as r — oo) the outgoing radiation is

70, (1= ). (2.28)

For d = 4 this coincides with paper_ I [Eq. (3.20)] and with [35] [Eq. (21); note our normalizations differ by 4z]. While
(2.28) is valid and local for all odd d, for nonodd d (noneven spacetime dimension), the corresponding expression in the
time domain would include a noninteger number of time derivatives, implying nonlocality (see more below).
Equation (2.27) is, of course, valid in every dimension.
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1. Dissipated power
The power carried away by the radiation field (2.27) is

1 [ 1 [do . '
E :6/(1) rd+lde+l :6/ o= LLI/ d+1an+]w2¢)waLxL/(I)L
— Z / 7GNea S — T R Yo Yo T
27 24H1T2(1 4 d/2)

[d!(2¢ +d)!]™! d odd,

%
[d!(2¢ + a)) ™! d even, (2.29)

dw 5
=3 [ SR G 0w
L

ﬂ[2z+a+lr(f +14+ %1)1“(1 + g)Tl d noninteger,

where we have used (2.4), (2.8), and (2.10). We note in particular that in even dimension d we can find the symmetric time-
domain form:

- G er'H L G f+— STF 2
E= ZL:an(szrZz)!!« 0%%) = Zf!a!z(2f+3)!z<( " Qi) - (230)

We remark that in 4d this matches (3.22) of [1] and (15) of [35] (note normalization and summation conventions).
Radiation reaction effective action encodes the RR force and is given formally by

Sp = /dwz Q1) GRa(0,0) (@, ) + coc.

L,L'

d Z A
/ - 26+d GO& : QLWQEUJ c.c ,
(2.31)

Ga = }(l(a)r)|r—>0 ’ [}(I(wr/) + ij}a(a)r/)”r’—%)’ (2.32)

where now both vertices are taken at r = ¥ = 0. For noneven d (odd or noninteger), we use ;’a(O) = 1, and (B8) and (B10)
for j,, ¥, to find

=100 10+ { Tl W) eton) 1)

sin(am)x* 0
. iT(a+1)2% [ & (=)PH (o + 1)x2P+24 cos(ar) Dy —2a o)
sin(ar) =271 2p)N(2g' (g +a+1) 2°T(p+a+1) T(p—a+1) . '

The contribution from the 53(0) = 1 term is simple and independent of dimension. The jaj)a contributes both a Taylor series
x2*24 and a Laurent series x2P724-2¢, We note that for every d, the number of terms divergent as x — 0 is finite
€+ L%J), and these amount to renormalizations of the different multipole moments. The Taylor series consists of an
infinite number of zeros (p + ¢ > 0), and a single (p = g = 0) imaginary numerical correction, i cot(ax). Therefore for
noneven d we are left with

G, = 1 + i cot(za) = isin™! (za)[cos(za) — i sin(za)] = [+~ sin(za)] . (2.34)

Substituting in (2.31), we find
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- G [dw (—iw)2+d A
S = / - M, 003, +c.c.,
2) 2n EL: sin(£7 4 %) r -
(2.35)
in all noneven d. In odd integer d, using (2.11) and (2.17)

we return to the time domain, finding the radiation reaction
effective action to be

5, = (O s

where Q; was given by (2.21) and
|

T sin(ér+ %)) 2

T sin(fﬂ—i-%
Mya

T T(b)sin(¢x + %

PHYSICAL REVIEW D 89, 045003 (2014)
aQt . oQF . 00F .
Sp ox' ox' ov' oa'

a
(2.37)

We remark especially that this action, and as we shall see
the dissipated energy and the self-force, are given by
regular, local and real expressions for all odd d. The
computation itself reduces to mere multiplication: vertex-
propagator-vertex. The expression (4.6) contains an odd
number of time derivatives, matching our expectation of a
time-asymmetric dissipative term.

In fractional dimensions, transforming (2.35) back to the
time domain introduces the Fourier transform of a frac-
tional derivative, yielding

M g d A . A P,
rd / w(—iw)””/dtelw‘QL(t)/dt’el“” Q.(t) +c.c.

M p A . /
rd ) / drQ" (1) / dr'Q (10" / ‘é—:(—iw)—belw@—ﬂ +c.c.

O(t—17)

)/dtQL(f)/df/QL(f')a?m

(2.38)

_ G Z T
L(b) 7 241490 (1 + T(2 + 1 + Y sin(f7 + %)

where n=2¢+[d], b= [d] —d. Thus in fractional
dimensions, the self-force has a nonlocal (tail) contribution,
originating from transforming (—iw)~". We note that this
tail integral converges at 1 — ¢t and under reasonable
assumptions regarding O (¢) at very early times converges
at ¥ > —oo as well. As shown earlier, in even integer
dimensions » = 0 and the transformation produces a delta
function in time, indicating locality. However, the same
form does not apply at odd integer d, because the Bessel
functions and G, assume a different form. Using a limiting
process over d' =d+¢ for ¢ - 0", corresponding to
n=20+d+1,b=1—¢, we expect a In term to appear
as b — 17; we treat it separately.

C. Odd spacetime dimensions

Radiation in odd spacetime dimensions—as in any
dimension—is given in the frequency domain by
Eq. (2.27). However, radiation in the time domain will
look essentially different, as we know that in odd d an
additional effect of indirect (off the light cone) propagation
comes into play. In our analysis, this effect appears in (2.27)
via nonanalyticity of the frequency domain solution for the
field, in the form of a branch cut. An inverse Fourier
transform of the solution can now have two distinct
contributions (see Fig. 2): one from the integral along
the branch cut, which gives rise to a tail term, and the other
from the arc at || - —oo(J@ < 0), which may give rise to

/“m@m/”wawwm—wbh

[Se]

a local term. Fourier transforming as described gives the
radiation at infinity

- =G i Lortd [ 0(r) p
@(r,t)—\/ﬂ&”r 2;” 8, . mdt,

(2.39)

which converges at both integration limits under reasonable
assumptions for Q; (7).

FIG. 2 (color online). Contour integration in the complex @
plane, avoiding the branch cut along @ = —ioc. Different possible
contours are represented by dashed (green) and solid (blue) lines.
The branch cut is represented by the zigzag (red) line.
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In the case of odd spacetime dimensions (even El), a=
£+ %1 = n is an integer, and (B10) for y, must be replaced
with (B11). This is of importance in the analysis of the RR
effective action (2.31,2.32). Multiplying the Bessel func-
tions j,(@r), j,(wr) + i¥,(wr') and taking the limit r,
¥ — 0 at the same rate,” we again regularize the finite
number of terms of joint negative degree, ignore the infinite
number of positive degree terms (each giving zero), and are
left only with a In term and with constant terms:

wr
e=t+zem ()],

‘Zm<n+m v?:— J

r/
— 1422w (%)
(2.40)

where H(n) is the nth harmonic number. In the frequency
domain, therefore, the RR effective action is given by (2.31)
with G, given in (2.40). To obtain the time-domain repre-
sentation of the RR effective action, we integrate over .
Again, we are presented with the branch-cut discontinuity of
the In term, absent from the even-dimensional case. Placing
the branch cut along the negative imaginary w axis (o = —io,
with 6 € R, o > 0), we use contour integration (as shown in
Fig. 2) to find the (dimensionally regularized) identity

d .
/a) ln(wr/)efm)(tft/)
2
o(t—7 !
= _(—/)+ <ig—y—|—ln <£>>5(I—ﬂ), (2.41)
u

— () +y(r+1)

+2y+ H(2n) — ZH(n)} ,
=0

r—r
where p is some arbitrary time scale of the system. Using the
definition of the Fourier transform Q;,, = [*% ™' Q, (1)dt,
the integral (2.41) and the expressions (2.40) and (2.17), from
(2.31) we obtain the odd-dimensional radiation-
reaction effective action in the time domain:

o [ SRIIPYINIG ;
S‘I’G/_oodtzL:EZ!!(zf+21)!!QL(t)KEH(%M)

_ éi 1/ 20+d
a(e+5)+m (5)],,)A e

—/_;dt (t ! g, (t’))}

*This makes sense from the point of view of the effective
radiation zone theory, since the “zoom out” procedure out to the
radiation zone affects both hatted and unhatted sources in the
same manner. From the point of view of the full theory, for a
single point source and its hatted counterpart obviously r = 7.
For a composite source, however, there is no unique radial
position of the source. This is strongly related to the fact that in
general the local term in the RR effective action depends on the
source’s short-distance details.

(2.42)

PHYSICAL REVIEW D 89, 045003 (2014)

Theln (7//u) term acts as a regulator for the integral—it takes
care of its divergence near the coincidence limit /' — ¢, as the
size of the system (¢ = 1) is also roughly the natural cutoff for
the ¢ integration. However, it also generically adds a finite
local term of the same form as the local terms already present
in (2.42). The value of this additional term depends on the
short-scale structure of the sources (as, for example, in [6]).
In principle it should be determined through matching to the
full theory (cf. [2]). It would be interesting to start by
analyzing the simple case of a single point particle in the
full theory, which would also require Detweiler-Whiting [38]
regularization.

One can write the RR effective action,
implicitly as

therefore,

(=)

o [ . 1 .
Sq,—G/mdtzmQ () [<§H(2f+d)

e
Lol

Thus we find that in odd spacetime dimensions the action
includes both a local (purely conservative) term and a
nonlocal term, which is responsible for dissipative effects.
The nonlocal (but causal) term is a manifestation, in our
effective theory of multipoles, of field propagation inside
the light cone (the so-called tail effect) in the spacetime
picture. It is known that integrating out a massless degree of
freedom generically leads to a nonlocal effective action
[22,39,40], as was shown to be the case in odd spacetime
dimensions. The even-dimensional case turns out to be the
special case where the effective action is still local after this
elimination.

(2.43)

regularized:|

D. Applications and tests

1. Perturbative expansion of the RR force

Consider the case of a single charged body with a
prescribed trajectory (‘“being held and waved at the tip of a
wand”) interacting with a scalar field. In this case the notion
of RR force and self-force coincide. For 4d, the fully
relativistic force expression is given analogously to the
ALD self-force [11,12] familiar from electromagnetism:

dp" lG 2<d3x" d*x* dx, dx"

Fap=——=
ALD di  do dr dr

. (244
o ) (2.44)
Expansion of this equation to leading and +1PN orders
yields

1 1
Fuap=Gqg? {§a+3v a+ (- d)a+ (v- c?)v} (2.45)

045003-8
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Upon substituting d=1, all the expressions given in
Secs. 2.1 and 2.2 can be seen to yield expressions identical
to those given in paper I (Section III A 2) for the scalar
field; in particular, the 4d ALD force at leading and next-
to-leading order (2.45) is recovered immediately. We
derive the formula for the RR force in general even
dimensions, and also check explicitly d = 6, for which an
ALD-like radiation-reaction 4-force on a scalar charge was

PHYSICAL REVIEW D 89, 045003 (2014)

developed by Galt’sov [25,26]. Our method derives the
RR force from the action and multipoles (2.21,4.6)) in
three stages: by using a source term of a point particle for
p, by matching the appropriate p, and by finally calculat-
ing the contribution from generalized Euler-Lagrange (E-
L) equation 65/8&'. The source term corresponding to a
scalar-charged point particle with a trajectory x(¢) in d
spacetime dimensions is

® (25 —3)!!
p(?’t)_q/é(d)(x e v ) Z s2 T ) (2.46)
s)
Thus we find
N (25 —3)1 )
—(2¢ 4 d)!! 2P (25 2P xL ),
o* ;; @p)(2¢ +2p + d)2s)!1 ( 7r)
~ © 2S—3) ; 5 - |
—(2¢ + d)!! PP (23,2 L V#i 5 47
o Z; 2p)( 2f+2p+d)n( s ¢ éx’( TF) ( )

Accordingly we obtain the Lagrangian, which after moving 2p time derivatives from the %’ multipoles to the x*

multipoles by partial integration becomes

(2s =3)!

(25 —3)1

. 0 5.0% 2(£+p+p)+d
szg(vzsrsz%)at( p+p) (vzsrszL).

(2D S S S E I

f d+1

o T ZZZZ T H(2s)!1 (2p)1 B+ d)25N
d! =050 2p)N(2c +2p +d)!1(25)1 (2P)1N(26 + 2p + d)!1(23)!!

(2.48)

In the EOM, the RR force contribution is given by the variation by i/:

-85 [oL d oL
Fl=—= — . (2.49)
o’ %l %’
The leading order arises from the same term (the leading
dipole term Z =1, p = p =5 =5 =0) in every (even)
dimension and is given by

2 _ ()G
FLdO_(d—l)!!(d—3)!!

The term for d = 6 (Zi = 3) is shown in Table I. Out of the
15 possible action terms in the next-to-leading order (for
different 7, p, p, s, §), we find using the E-L equation nine
nonzero contributions to the force (recorded in Table II for
d = 6). Adding these contributions we find

9415

(2.50)

, 1 2 i 2 o 2 n

Fip = —Gq? 45a +45 +§(v-a)a +§(v~a)a
1 - | TN IOV B
5( d)a' —|—45( -a)v’+§(a-a)a’+§a2a’

(2.51)

We compared this result (2.51) to Galt’sov’s expression for
the six-dimensional scalar d force in flat space. We seem

to find sign mismatches between his results from 2007
[25] and 2011 [26]; we assume an expression identical to
his up to the signs of two subleading terms ((¥i)#, ¥%¥ ),

1 2
H " e (5) _1.o.. L
S =—(" + 3% )LSX g% xf,} +9(xx)x . (2.52)

where 7, is the flat (mostly plus) metric and with the
derivatives taken with respect to proper time. Expansion of

this expression up to 1PN (next-to-leading) order to find
the D force gives

1 2 2
FlGalt’sov _[Ea +EU <U L?)Cl +3 (U dja
1 1 1 1
v[f)a+45 @) +— (ad)a+9aa
(2.53)
TABLE I. Leading-order contribution to the scalar self-force.
£ppss L/(Gq) FI/(Gq®)
10000 — L3O —kad
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TABLE II. Next-to-leading-order contribution to the scalar self-force.

£ppss L/(Gg) F//(Gg?)
20000 o X S [ xd — 125107 (xx;) 513 (07 (x5 ) x; — L O] (x2)x]
11000 — ko #0] (x2x;) — 3001 ()
10100 —6é—0 k(si[ x'x?) 9] x; —6;0[ 207 %7 + 2x/ x,;0] ]
10010 +91_0;C P (v2x;) + o5 85 (v2x)
10001 + & 2 [02x)0 + 96 0207 — 350, [0/ X100 x;)
01100 + 385 4/ x;0] + o ¥ TR
01001 — ok 7,052 +50:[v/02x%]
00110 — kx50 — 5o X/ 070
00011 + 55 90,07 v — 15 0,[v10}v?]

where all derivatives are now with respect to #, namely
vi=dx'/dt, a' == d’x'/dr*, etc. This result coincides
exactly with our result (2.51) to +1PN order.

We can also use the multipole formulation [(4.6), (2.37),
(2.48), and (2.49)] to calculate the power dissipated by the
RR force in even dimension d:

p s p_ 5L
= —7 -
RE dt 63|z ;
(—)ﬂr% 50" dx' o d
=G)) = = + 2.54
ZL:dz!(szrd)!! o arr 9 (239
The time-averaged power is found using
dx' 5QF do*
dt——= [ dt——, 2.55
/ dt ox' / dt ( )
followed by Z + % integrations by parts, to be
. G La+zl+1
E = (Prr) = T L 2.56
(Prr) zL:d!!(2f+d)!!<( 20N, (2.56)

which agrees with (2.30). In 6d, we record the radiated
power to +1PN order:

. 1 1 IR | Y

E =G¢q? |:4561 JrEv (v-a)+§(11 a)(v-a)

1 [ N 1 2/ = 2 - 5\
+§(a-a)(v~a)+§a (v-a)+§(v ) (2.57)

We note the special case of 2d, where the only STF
multipoles are {1,x}; the leading order remains (2.50),
while at higher orders the sum over L trivializes.

III. ELECTROMAGNETISM
The EM action is given by

S:

o/
F, F* r drdQ.,  dt
4Qd+1 d+1

—~ / AJ T drd€Qy, dr. 3.1)

Working in spherical coordinates (7, r, ), we reduce over
the sphere as in (2.4) and (2.5). The EM field and sources
are decomposed as

dw i
dw I it
Ag = Z(A “dox, + AYRx§)e ™
Jt/r — /dw ZJ’/" L 71(1)1
/ Z Ji anL+JVR NQ) —ta)t
®

(3.2)

where the scalar multipoles x* [(2.8) and (2.9)] are
now supplemented by the divergenceless vector multipoles
xko, enumerated by an antisymmetric multi-index X taken
from the Hebrew alphabet, representing D — 3 spherical
indices:

L_d+1QL (D) bac.L a (D) b XL
Xxa = Enag 07 X" = €xgpeX 0°X" = GGy X" 0X

= (*(FAV))goxt, (3.3)

(d+1)
where ¢ 9,

(e(a?_),,an) is the complete antisymmetric
tensor on the Qg sphere (in D spatial dimensions), A is
the exterior product and = is the Hodge duality

operator [41-47]. The dimension of this independent

. . . ~ (+d)(20+d) (£+d-2)!
vectorial basis is Dy(d+1,1) =% +(gl(_21;{(;il; 2)
[29,30]3 . The complete normalization conditions in d

dimensions are [29,30]

These are generalizations of the single 4d d=1) multipole
family x5 =eqd¥xl=("xV xl)q. In 4d, Dy(d+1,1)=
20 + 1 :Df(fi—i— 1,0), and thus these indeed form a single
family; N is then an empty string.
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/ xp X0 dQy = N yr Q18000111
/ ggg/angfaQ’xL;’ d98+1 =c¢ N car MQEJH‘SM"SML;,’
/ g xéfzxx'g’dgdﬂ =cy Npgr MQ&H‘SM"SLM;,&NW’

/ 7 9"V Xy W, )91 = 26,65+ N g, 77 8081,1, 8w (3.4)

where ¢, := £(£ + d) c, = Cy+ d — 1 and the semicolon *;” ;” represents the covariant derivative on the sphere. The inverse
transformations are given by

Ialr) = (N9, 7 [ @iy = (N, 029,07 [ [ diep(G 0.,
Jio(r) = (Npar*’Q;,,)7" /7w(7) i dQy = (Npgr Q)™ //dte"“”f(ﬁ 1) - ix dQ,
IS0 = (e ar Q) [T - (ATt
= (€N g Q1) / / d1e ' J(F,1) - (+(FAV"))yxtdQy, . (3.5)
We note that only three inverse transformations are required, as we henceforth replace J§  using current conservation
0=D,J;, =iwl;, + (8, + f+—c;i+1) Jr =3, (3.6)
We plug (3.2) into the action (3.1) to obtain

1 [dw
S = E/E;Nﬁasm,

SLa) — /drr2f+a+]{ |:

Cs

I%

. 1 2 1
la)A,@w _ ? (rfAtLa))/ -8 7( fAém)/ _ Afw

+%|iwA§(‘) ALw|2

2 2
w Cy Lavi2
tc,| = —— ) |ALe
s 1"2 1"4 | V&l

1 2
z (r AR’ ] = Qg [AFOT T, + ALOTT, + ¢ ASOT, + e AV + C-C-]}7 3.7

where/:= 4 andweuse A, ,, = A}, ., = J}, since A,(x), J*(x) are real. In the spirit of [27], we notice that AL is an
auxiliary field, a field whose derivative A’. does not appear in (3.7). Therefore, its EOM is algebraic and is solved to yield

1 i c
AZw = 6()2 A ? (}"KA;‘(”)/ + rfiz (rngm)/ - QZI+1JZQ):| . (38)
2

Substituting the solution into the action, it is seen that the action can be separated into independent fields, corresponding to
the different possible polarizations. We distinguish between the vectorial AL’” fields, as they appear already in (3.7), coupled
to the vector source terms

pry =78, (3.9)
and the scalar fields
A§” = Al — iwAL®, (3.10)

which are coupled to the corresponding source terms
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S . _qt i L4d+1 A Y
Ploy=—d1, T gz <r = 1JL0)> , (3.11)

“’;’2 and we have used (3.6). The action can now be concisely decoupled to scalar and vector parts [omitting

hereafter the indices (Lw) for brevity]:

where A :=

1 dw Lw Lo
SEM = E/Z; [Ss + E};va}’ (3.12)

with
» (R I R LR _
S§" =Nea / r”*‘”‘dr{m = (A +;|As\2+93+1(Aspiw+c-c.>], (3.13)
SLo — N . 2f+cAl+ld 22_& A 2 _ 1 fA /Z_QA A VR 3.14
v = Nea [ T resi\ 2 =4 |Ayx| s (r*Avy) a01(AvnpLe + 0.0 (3.14)

and we treat them separately. Note that for # = 0 we have p5 = 0 [see Egs. (3.6) and (3.11)] as well as Sy = 0; thus, only
¢ > 1 need be considered.

The scalar part of the EM action _

We derive the equation of motion for the scalar action from Sé’” (3.13) by treating (r“Ayg) as the field and finding
equations for its conjugate momentum (N, arf I1y):

oL Noo o
ol — _ Zd d+1(.,.¢ !
(N gr' 1) = oAy T-A" (rAs)’s (3.15)
oL o .
(NarTly) = 7O FN (T AS) + Ny g 7 T, (3.16)
S

Differentiating (3.16) with respect to r, substituting (3.15), and renaming the field Ag and source term p?fj) [recalling (3.5)
and (3.11)] as

AE = (fr;i)_lns,

C+d(£42 .8 d : / !
A et 2pd ) / rix; [ i < g A= _>> s ]
=N, Qy  —————= [ dQ, = - r Jo(r)-n) —rp,(r)|, 3.17
pL(u £.d=%d+1 f d d+1f+d a)rd_l A—l (_V) 1% (_') ( )

we find the equation

L 204+d+1
0= N, rtit] 753 <w2 + 0%+ %a,)ms —ppE. (3.18)

This equation is of the same form as (2.14), up to the replacement of G by

£+d
R = — (3.19)
and thus we find a propagator similar to (2.16):
Gfef(r', r)=R;G2(r,r)= —ia)z”pJ"}MﬂaRT}a(a)rl)izz(a)rz)@‘,_r; ri: = min{r, r}, ry==max{r,r}.  (3.20)

We again present the EFT Feynman rules following the steps (2.19-2.21). In the radiation zone, the field can be written as
AR (r) = (—0F,) (—i0* M, 4R b (wr)), (3.21)

where Qfm are the sources [Eq. (2.18)]. In the full theory the solution outside the sources is given (see (3.18)) by
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Af(r) = / dr'pyf, ()G (r'.r) = [— / dr'}a<wr'>p/25,<r’>] (i M 4R (). (3:22)
and the sources can be read off and identified [using (3.5) and (3.17), integrations by parts and (2.15)] to be

o) = / drGo(or )l ()

i

. A - .\
dr Ja(a)r)/inle’dx’L{ 2p,(X) + i <r’d+] 11 le(x’) . n’> }

f +d
1 . ~ 5
D/ o/ 1e4+d AN AN / v AN
o [P ) () = il 7 623)
We return to the time domain using (3.5) to find the electric type radiation source multipoles [compare (2.21)]
I I e
O =7 3 dPxxp [ml (ra(ird,)) p(E) = ulird,) 9, J (%) -x], (3.24)
A 0L .. 80k .
L Eqi _ E »~i
Oy =55/ =57 % (3.25)

We note here that an expansion of ;’a according to (B8) reproduces, for d = 4, Eq. (47) of [35] [after using current
conservation, Eq. (49) there].

The vector part of the EM action

For the vector sector of the action, we rewrite (3.14) in a form similar to (2.12):

N Ar21f’+21+1 2f+&,+1
Ske — / dr [MTA;'N <w2 + 2+ fa’) Ay — (PP AL + e | (3.26)
where we have defined [recalling (3.5)] as
4
Ry = —, (3.27)
(Z+d)
CA ” p - .
Ayy =—2,  pp =¢N, a2 ), (r) = ! /Jw(;') C((FAVT) ) gxpdQy ;. (3.28)
, :

The action (3.26) is again identical to (2.12) up to a prefactor of R}, with a source similar to (2.13). The propagator,
therefore, is [compare (2.16) and (3.20)]

G?J{“(r’, r) = —ia)Z‘a*aMf aRl’}'a(a)rl)iz;’(a)rz)(SLL/; ry == min{r, r}, ry == max{r, r}. (3.29)

We find these sources Q Lo by again matching P 7% (r) for large r and from the diagrammatic representation [in analogy
with (2.19), (2.20), (2.21), (3.21), (3.22), and (3.24)], to find

oY = / dPxjo(r) (<(FAT (), - (3.30)

where we have used (3.5) and (3.9). In the time domain, we find the magnetic radiation source multipoles [compare (2.21)
and (3.24)]

~ . R xL~1,STF
Ohuyy = [ o) (AT 631
L L
Dy = 1) 50 _ Ol (3.32)
MX) 5 Sx' -

Presenting }‘a as a series expansion using (B8), these coincide with Eq. (48) of [35].
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A. Outgoing EM radiation and the RR effective action

Outgoing EM radiation can now be found diagrammatically [compare (2.27)] as

Agp r - R+ - %w) eA wr
AR(r) = = —QLIWGAE r)=4/— L _iw)tr T 2 ;
E() (E) Tet( ) 2d+1F(1+d/2)( ) rt 7«%
A}\[ " Q -
R_ wr
Afiu(r) = = QUGN 0,r) = [ (i) T SN E
21 T(1 + d/2) Sl dg
(3.33)
In the time domain, for even d, we find [where € is (+)/(—, R) for the electric/magnetic part/s]
A(F.r) = "“ZRG AR (3.34)

d!!

The EM double field effective action is a sum of the scalar and vector action diagrams and can be written using our Feynman
rules, similarly to (2.31) and (2.33),

Ap Ay
Seum = =+

5[5 3 [(-a) Gr.0) (-0 )+ (-l G 0.0) (- QUEY) e

L,L'

- 20+d

dw Bad MZ,J‘Ga(W) E)* w  AMR)«

[eY (REQUEQIE + R Qling Q0] + e
L

(3.35)

where Q Q (E)> Q Q (v) Were given by (3.24), (3.25), (3.31), and (3.32), respectively. In even d, we can transform to
the time domaln and use (2.17), (3.19), (3.27), and (2.33) explicitly to find

Y e+ d ; 2d R ;
S — 62f+d Lo 4 _ (M) 9+l i 3.36
" / Zd” 20+ d)! [ 01 37ty Cinera—nt o Cm (-30)

where we have also summed over the R indices, defining the bivector multipoles

Ol = [ @Pxulird) A (7). 3.7

defining Q<LM> accordingly, and incurring a factor of

D, d+1,1)  2d(£+Q) (3.38)
) .

D, (d+1,0) (£+1)(f+d—1)
from summing over the different X combinations.

The case of the EM field in noneven (and in particular odd) spacetime dimensions is treated in a similar manner to the
scalar case (Sec. 2.3), and similar nonlocal tail expressions appear [compare with (2.43)]:
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5 TP 4 £2d
S — SE(1) + i SW)z], 3.39
M /Zd”2£+d)"[ ) +0)(+d—1) 2 (539

SEM) (1) = OIEM (p) K%H(zf +d)— H( >>82”ﬂ+dQ (/) (1)— /_t df’( : /5tz/f+d (LE/M)@/))

regularized:| '
(3.40)

B. Applications and tests

1. Perturbative expansion of the RR force and comparison with ALD

For the RR force on a single accelerating electric charge we have the ALD formula [11] in 44,

dp* 2 2<d3x" d3x"dx,/dx”>. (3.41)

O _4x axaxr
AD =" T3\l T as dr dr

Our expressions, specialized to d = 4, can be seen to be identical to those given in paper I (Sec. III B 2), already shown to
reproduce the ALD result. We test here for d = 6, comparing the force with Galt’sov’s result [25]:

4 2 2
fho= = + 3 (E P §x2s‘<y> +3 (kD)3 (3.42)
Expanded to leading and next-to-leading order, we find
i 4 i 8 i 8 = a3 Al 8 i 4 Pt e 4 Pt e 2 i 2\ 0
Floveon =— 45a”’+Evza’”+9(v~ )a”+9( )a’+45( a"- v +9( a'-v) +3a2 a' +-(a -a)d'|,
(3.43)
from which we also find an expression for the emitted power:
PGairsor = — - ﬁGalt’sov
4'->—>/// 4-’2-’-7// 4->-'->->// 8-'-72 2*2-’1-’ 2->/—>->->
=—(7- - (7. . 2(7- z . (- . a). 44
45(1) a)+1511(va)+3(v a)(v a)+9(v a)+3a(a v)+3(a a)(v-a). (3.44)

For our RR force calculation on a point charge ¢ along a path x(z), we rewrite the action

~ /\

Sem = /dtifEM, Ly = L3y + L (3.45)

as a PN series expansion. With (3.24), (3.31), (3.35), and (B8) we find for every (even) dimension

Qe DN o 5 .
) N (=) AL ! ——Q2p+ 4+ d)r*Px; — O, (r*Px; v - )&
em =4 ; £(¢ + d)d! Zzo(z,s)s!(zf+2ﬁ+d)!!5x’ @ o = Brted v)

L& Ford N -
e sy a2 D =0T AT (3.46)
p=0

for the scalar part and

() 200+ a;? 5
LY, =q* £ =[P (FAD) ke xL=D)
Em qz —1Hf+ e+d—1) Z Sz s 2p LA ed T AT }
26+d 82]7 2 (ke yL—1)1STF
-0 ) R ] 3.47
Z2p MN2Z +2p 4 d)!! [ (FAD) } 47

for the vector part.
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TABLEIII. Leading-order contribution to the 6d EM self-force
(only electric € = +).

£pp Src L/g? Fi/q?
100 pp — AR, —ia

Similarly to the scalar RR computation, we integrate by
parts to move the 2p (or 2p + 1) time derivatives from the &*
multipoles to the x* multipoles, and use the EOM (2.49)
found from variation with respect to %/. We thus find the
leading RR force, arising from the electric dipole term (£ = 1,
p = p = 0, sources p, p) at every (even) dimension d to be

(-)id—2)
(d—1)11(d—3)!1

2(d
A=

941X, (3.48)
The term for d = 4 of course matches ALD; the term for
d = 6isrecorded in Table Il and matches that expected from
Galt’sov (3.43). In fact, in every even dimension this
expression matches exactly the leading-order PN (£ < 1)
which can be derived from Kazinski, Lyakhovich and
Sharapov [[16], Egs. (26) and (30)], found in a very different
method [17,18]. We find the exact match to significantly
support the validity of both our method and Kazinski,
Lyakhovich and Sharapov’s.

The next-to-leading order includes five contributions to
the scalar sector, summarized for 64 in Table IV, as well as the
leading vector contribution (Table V). Their sum is identical
with Galt’sov’s result (3.43)4. We have also tested these
expressions using MATHEMATICA code [48] for dimensions
(8, 10, 12, 14, 16), finding in every case nontrivial cancella-
tions of all nonphysical terms (the terms involving explicit
position coordinates, breaking translation invariance).

We remark also that at d = 2 the only STF tensor is x
(Z = 1), and we reproduce the expected null result for the
action, radiation and self-force identically to any order.

2. Dissipated power

Similarly to (2.54), we compute the power of the RR
force on the accelerating charge, now using (3.35):

» s B dx' 5L
= —7 - _ -
Rk dt 6x'|a_;
d ~ i L
_ Z I dd_xéQ({E) L HaQE)
—~Qf+anan| ¢ dr ad Tt <h

A l. L
N 2d  dx' Q) azﬁ&Q(M)}
(C+0)(f+d—1)dr dd ' TR
(3.49)

“Kosyakov [21] gives a result for the power at d = 6 that
seems to agree at LO but disagree at NLO with our and with
Galt’sov’s result.

PHYSICAL REVIEW D 89, 045003 (2014)

The time-averaged power is found using

dr oxt dt
/ 4y 9% _ / a2
dt &x' dt

followed by £ + % integrations by parts (and recalling dis
odd), to be

(3.50)

1 £ydel 2
P = - RHO 7 oL
(Pre) ;(2K+d)!!d!!< 107 Q)

Dy(d+1,1 a1 2
Ry DACT L <LM>)>
D,(d +1,0)
-y (¢ +4d)
— £(2¢ + d)!'d!!

d+1 2

(07 h))

£2
+EL:(H (£ +d—1)2¢ + d)"'(d —1)!!

d+1 2
R (CARE

=P, 3.51)

In the 4d case, we recognize this result as Ross’ Eq. (52)
[35] (with a 4z normalization factor, and reintroducing the
% factor for comparison, see Appendix (B1)).

IV. SUMMARY OF RESULTS

In this section we summarize the essential definitions
and main results obtained in the paper. We use Bessel-like
functions defined (B8) as

- J
ju=T(a+1)2¢ “(x):1+...,

xa

4.1)

where J,(x) is the Bessel function of the first kind. x7F =
[xki...xk]TF are trace-free tensor products of spatial posi-
tion vectors (2.6), using the summation conventions of
(B1). We write the RR effective action S in terms of the
system’s multipoles O and their doubled counterparts
0 =%2p (1.2) and find the EOM by variation of § with
respect to hatted fields (1.1).
For a massless scalar field coupled to sources

1
Sq, -
20;.,6

/ (0,®)*dx — / p®dix, (4.2)

we find the radiative multipoles to be
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TABLE IV. Next-to-leading-order contribution to the 6d EM self-force, scalar (electric € = +) sector.

£pp Src L/¢? Fi/q?

200 'y 555 & 25 [0 ) 0] [xixk — £ 26 136 [%:0] (x'x7) — Lx 9] x?]

110 PP —#)Ac/ 3 [x%x }87 — 105 [F201 %7 + 2x7 x;0] X

101 pp — 153 2,07 (x'x?) — 15501 (x*x))

100 ) 15 X108 [vpxtx;] 2508 (X x;0")

100 P 7, — 35 & 2 [oex* X0 x — 25 [x 0" 8T + vx;00xT — 4 (X x O x; )]

TABLE V. Next-to-leading-order contribution to the 6d EM self-force, from vector (magnetic € = —) sector.
Zpp

L/ Fi/q*
100 —d

s & 52 [rvi] 0 (r vk — rkod) — a5 (20, ¥ v — x'vI] 4+ x,07 [ a' — x'al))

0. = [, gliroal ol @

In even-dimensional spacetime, outgoing radiation is
given by

- G d+ a1
B(F 1) = o r S "0l d T, (- 1),

Elimination of system and radiation zone fields gives the
RR effective action

(-

§o=G [ aiS —— " pLorrtip, . (46
® /zL:dzz(zf+d)!!Q’ Q. (46)

0 (4.4)  In odd-dimensional spacetime, frequency domain results
all L are similar to those of the even-dimensional case. In the
time domain, outgoing radiation is given by
and the power dissipated through it is
> d+l f+— QL lJ) ,
. G B(7.1) = #3 o) / Gl gy
E= I — 2L \/2727d” - |I—V l|/
Zd"2f+d)”<( Q )>
i ) 4.7)
44l
=2 e @ O L)) 49
L + and the RR effective action by
|
S‘ _ / Z f+2 AL(I)|:<1H(2Lﬂ+a)_H<f+é)>82f+ZlQL(t)_/ dl ( 1 82/f+dQ (t/)> :|
—o T Zf—f—d 2 2 ! —o0 7t regularized ’
(4.8)

where the regularization is discussed in Sec. 2.3. The coefficient of the local term in (4.8) above is not universal but depends

on the short-distance details of the system.
For an EM field coupled to sources

1 . .
S = /FWF””rd“ddx — /A,,J”rd“ddx, 4.9)
4Qd+1
we find the following electric and magnetic multipoles:
L 1 DL 1 f+d ~ 2 o
Q) =5 ) e | o (7o (i10,)) p(X) = Jalir0,)0,J (3) - X
oG = /d )C]f+d_1(lra)[£ NpabyL=1STE (4.10)

where R is an antisymmetric multi-index (3.3). Radiation in even spacetime dimensions is given by
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AF.1) =

where ¢ is (+) for the electric sector and (—
£+d
f 2

The RR effective action in even spacetime dimensions is

R} =

f+d+l

SEM_/ Zd” 2¢ +d)!

[f+d

dHZRE Laf+ 7 QL(I_ r)

O - ok, +
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,R) for the magnetic sectors and

4.11)
4
RT = =. 4.12
'rta 12
’d NN
- LQF QL ] 4.13
(f+1)(f+d—1)QL Q) 1)

The case of the EM field in noneven (and in particular odd) spacetime dimensions is treated in a similar manner to the scalar

case, and similar nonlocal tail expressions appear:

) r+4L

. (— [f +d
Sem= [ dty = - SE) (¢
. / ZL:d!!(25+d)!! ¢

A

5<E/M>(,):Q<LE/M>(t)[GH(%M)—H( ))8”*‘@ /) (D)~ /_ t dt’( 1,0,2'”[’ fE/M>(f')>
|

V. DISCUSSION

In this paper we formulated an EFT describing radiative
effects in scalar and EM theories in general spacetime
dimensions and applied it to solve for the radiation and
radiation reaction effective action in these cases, thereby
generalizing the 4d treatment of paper I. We found that the
method devised there naturally generalizes to higher dimen-
sions, providing new results even in these linear, well studied
theories (see Sec. 4) and laying a solid foundation for the
study of such effects in higher dimensional GR.

Some dimension-dependent issues that need to be
handled with care appeared. One of them is the tail effect
in odd spacetime dimensions (and, formally, in all noneven
d), which is due to indirect propagation—propagation not
restricted to the light cone. We found that while frequency
domain analyses of any spacetime dimensions are similar,
time-domain results are substantially different. From our
analysis’ point of view, the difference is all due to different
analytic properties of the fields and effective actions in the
complex frequency plane. It appears only when trans-
forming the results into the time domain. In particular, we
find that in odd d the RR effective action is composed of a
nonlocal part, which contains all the dissipative effects, and
a local conservative part, while in even d the RR effective
action contains only a local part which is purely dissipative.

We remark that there has been debate [14—19,21,22] over
the very possibility of defining and regularizing self-force
and radiation reaction even in general even dimensions. We
hope our independent method and results for scalar and EM
fields in any dimension help shed new light on the matter.

(4.14)

2d
. _ S(M)(I):| ,

(4.15)

rcgularized:|

Another important issue appeared when treating fields
with nonzero spin, namely the issue of having multiple
fields, and the associated question of gauges. Here these
arose in the case of the EM field of spin 1. One of the main
ideas of our method is the use of gauge-invariant spherical
fields and the reduction of the problem to 1d. This was
done with a vector spherical harmonic decomposition. In
4d, the electric field (which behaves like a scalar on the
sphere) and magnetic field (which behaves like a vector on
the sphere) are very similar—one is a vector field and the
other an axial vector field. However, the magnetic field is
more generally a two-form field. This is more visible when
working in d > 4, where for example one obtains essen-
tially different multipoles for these two sectors, which live
in different representations of the rotation group. Going to
higher spins in higher dimensions, more sectors appear—a
rank-2 tensor sector in GR, etc.

The main complication that arises in the gravitational
case is the theory’s nonlinearity. Although for the leading
order the linearized theory suffices, just as in 4d, going to
higher order one would need to include nonlinear
interactions—a + 1PN correction from first system zone
nonlinearities, +1.5PN from first radiation zone nonlinear-
ities, and so on. Also, there is a PN order hierarchy between
the different sectors: only the scalar sector is needed for
leading order, for next-to-leading (41PN) order the vector
sector must also be accounted for, and at next-to-next-to-
leading (+2PN) order the tensor sector also begins to
contribute. We treat the general d gravitational two-body
problem and its nonlinearities separately in [49].
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It would be interesting to use and enhance our method in
the study of higher order radiation zone effects (first in 4d).
For example, one can replace the Bessel functions in our
propagators with Regge-Wheeler or Zerilli functions (sol-
utions for gravitational perturbations around nonrotating
black holes) and compare results for an observable—e.g.,
emitted radiation—to those obtained by the usual EFT sum
of diagrams for scattering of waves off the total mass of the
system. This could both improve the EFT and give insight
on the problem from a new angle.
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APPENDIX A: SOLUTION WITHOUT ZONE
SEPARATION

1. Scalar field

Looking back at the field equation for a scalar field ®
(2.2) using the spherical decomposition (2.4), (2.5), (2.10),
(2.11), and (2.13), we see that it can be solved using the
propagator (2.16), yielding (r > r’)

B = 3 (r) = 3 [ a6t )

= —iGZa)zﬂde_axL h (wr)
L

X /de’ja(a)r’)x’Lp,,,(?’). (A1)

Restricting to even integer spacetimes d (odd d), the self-
force arises only from the time-asymmetric part of the
propagator. Since y, contains only odd powers of @ and }‘a
only even powers, by expanding the spherical Bessel
functions as series we find the time-asymmetric propagator
is given by

lGZa}2f+dM X j o (or)jo(or)x),

(—i )2f+2p+2;;+21 Zﬁer/pr/L

(A2)

2p)1(26 +2p + )N 2p)NNQ2E +2p + )

(A3)

Here we find it more direct to use the {r, 7'} basis rather than the Keldysh basis. The Lagrangian for the self-interactions of a
scalar-charged point particle ¢ described by (2.46) is given by

L{u_/dD'xpW

_quz( 2

(25 — 3)11(25 — 3)1!

o) = / A3, (7GR 7.7 ) ()

)” [6e] [6e] (s8] [6e] A A R R
SN NS OO (iR (2l ) (5, ),

(A4)

CPPSS —

£d T (2pIN(2E 4+ 2p + d)!N(2p) 1126 + 2p + d)!1(28)11(2s)!1

(A5)

similarly to the one given by (2.48), and where an #!~! is implied by the summation convention. The self-force on the
particle is found using the E-L equation by first varying according to the difference in trajectories » — 7’ (equivalent to the
hatted trajectory of the Keldysh basis) and then setting ' — r; we see immediately that the force found in (2.49) is
recovered exactly.

2. Electromagnetic self-force in the Lorentz gauge

We examine the EM action for the field A* in d spacetime dimensions (3.1), with a source d current:

(A6)
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TABLE VI. Leading-order contributions from A° and A*.

a2 p P Ag=¢/q Flq

: 0 0 (=) ) ) (" g ()
At/q Fl/q*

0 0 0 (=) i 0@ (=) 7 ()

TABLE VII. Next-to-leading-order contributions from A°.

a2 p p Alqg=¢/q Flq

0 1 1 (;If; XZ(X%)([H»I) 2(1>Hd” xp(x )(@+1)

1 0 1 Wflwxzxi(x;)“’“) de,(dH - (21} P () (@D 2 (o)) (@]

1 1 0 %xi(x%x;)(dﬂ) 22]521:)” (xéxlz;)(dﬁ)

2 0 0 ﬁ i (o) D — o (a ) Y] T e () ) = ) (a2 (4]

TABLE VIII. Next-to-leading-order contributions from AF.

‘ p p Av/q Fi/g*

0 0 : 2(1_)3?2;;!’52(”];7)(1)) 2D”d” [le’ 1’kl’]13( _x%”yd) —2(F, - Ep)”{>(0)]

0 1 0 % (x2 vf,)w) 2(D”)j’ (x v,,)<‘1>

1 0 0 D(“Lj|x (xh, 0k ) (@) lg;:” [v pk(vkxl’,)(D) —x,, (0hpxi)) @D — v, (vhxi,)(P)]

p = qo®) (x — x,(1)). (A7) zclircl)211111;1;;(1),uz;rll}(ll :(r)alzzfg)r:m back to find the d EM components,
f:qﬁpéw)(x—xp(t)). (A8)

Under the Lorenz gauge condition, the wave equation (2.2)
is replaced for the electromagnetic field A¥ = (¢, A) by

UA* = Qy  jH. (A9)
These d independent equations are each of the form (2.2),
except for an opposite overall sign (and G = 1). We can
thus use the same propagator (A2), and we solve the d
equations using the same method as in the scalar case: we
Fourier transform each equation along with its source,
integrate using this propagator G° in the frequency

il

Godd g X

w ’

) Jw(X). (A10)

Aﬂ ’-.’) / del

We note that for the scalar potential term A = ¢, this is just
Eq. (A3) again, where the only difference from the scalar
case is the simpler source term (A7) instead of (2.46), or in
other words the absence of the y term. This means we will
find the same contributions to this potential term as we have
found for the scalar potential, but without s > O correc-
tions. For AF (k =1...D), solving (A10) is similar to
solving (A3), but with an additional »’¥ present in j*:

: )2f+2p+2fz+21 2;3x r2” L

2+ NS & - xk
bR = g3 f,, ) > > - ; (AL1)
B d!! 355 2p)(2 +2p + A)!(2p)11(2¢ +2p + d)!!
% PN TR o N2642p+2p+d P2y 2P Lk
A (7) = qz d)zz (—iw) xp 1y X5y, ’ (A12)
£ 52 (2p)11(2 + 2p + d)!'(2p) 11 (2¢ + 2p + d)!!

and an #!~! is implied by the summation convention.
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We again solve order by order. The leading and next-to-
leading orders are recorded in Tables VI-VIIIL.

We derive the EM force from the action for the particle
trajectory in the EM field:

S = Sworldline + SEM = —m/dr— / deﬂA”. (A13)

When deriving the E-L equation, the first part introduces
the mXx term, while

gives the EM force. We thus find

4 0AF .. O¢ 4 .

Fry = Q<vka—xj—A’ —a—x]) =Fj+F) (Al5)
The leading and next-to-leading contributions to the self-
force are recorded in Tables VI-VIII. Summed together, we
find the two leading orders of the total self-force on an EM
charge ¢ in d spacetime dimensions to be

= d D—l D

Fro=( )2mq25§7 ), (A16)
e 2 p - - 2 - 5 -
F§£g=+qz [gvf,ap—i-Z(vp ap)ap—i-g(vp-ap)vp}, (A17)

We see that the leading order matches ALD for d = 4 and
Galt’sov for d = 6 (the numerical factors are + % and — &,
correspondingly) and that the next-to-leading order also
exactly matches the expected ALD result for d =4 and
Galt’sov’s result for d = 6 (3.43) [25]. We also record the

emitted power for d = 6 (LO and NLO):
oo =i (gt + Fgh)
4 w2 - 2 oo
=q’ B<77‘57+552(5‘®+§(5'5)(a‘@

+§(5-d)(i-5’)+§(5-5)2+%172(17-5') . (A19)

The code for computing the self-force for any even
dimension is available on our Web server [48].
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APPENDIX B: USEFUL DEFINITIONS AND
CONVENTIONS

In this Appendix we collect several definitions and
conventions used in this paper.

1. Multi-index summation convention

Multi-indices are denoted by uppercase Latin letters:

I=1;:=(i)...ip). (B1)
Here each iy = 1, ..., D is an ordinary spatial index, and

¢ is the total number of indices. We define a slightly

modified summation convention for multi-indices by

1
PiQy=) P,Qs =) oPi i Qe (B
1 4 :

so repeated multi-indices are summed over as in the
standard summation convention, but an additional division
by #! is implied. When ¢ is unspecified the summation is
over all 7.
In addition a multi-index deltalike function is defined
through
5] P = lxﬂ 16

0 (B3)

ivj1Yigjer
These definitions are such that factors of 7! are
accounted for automatically.

2. Normalizations of Bessel functions

We find it convenient to define an origin-biased nor-
malization of Bessel functions. We start with convention-
ally normalized solutions of the Bessel equation

2

]
a§+;ax+1—% B,(x) = 0, (B4)

where B = {J, Y, H*}, namely B represents Bessel (of the
first or second kind) and Hankel functions, and v denotes
their order. Given a, we define

~ B
ba = F(a -+ 1)20 HSXX) 5
X

(BS)

the “origin normalized” Bessel functions b,,, which satisfy
the equation [compare (2.15)]

200+ 1

>+ O, +1|b,(x) = 0.

(B6)

The purpose of this definition is to have a simple behavior
of j, in the vicinity of the origin x = O:

Ja(x) = 1+ 0(3). (B7)
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More precisely, the series expansion for ja(x) around x = 0 is given by the even series

o0 P (2a)!! 5
«(X) = P B8
Jal pz: 2p + 2a)!! (B8)
The asymptotic form of our solutions for x — oo is best stated in terms of Hankel functions h™ = j + iy:
- 2(t+l/2r(a+ 1) etix
+ HNa+1/2
ha () ~ (F)H 2= . ®B9)
Around x = 0 the Bessel function of the second kind for a noninteger is
. [(a + 1)2% cos(am)J o, (x) — J_o(x 1)2% & cos(arn 2ax2
Fa(x) = ( u) ( ).() (x) _ I Z _ (am) . (®B10)
X sin(ar) sin(ar) p:O p ) 2’7 2T (p+a+1) T(p—a+1)
while for integer @ = n, using [cf. Eq. (9.1.11) of [50]] it is given by
- 22n)!' & Cm=2)10 2 X\~ 2n)! & (—)k
_ Il P e — k+1 k+1 2k,
() 7 ;;Qn—mex e g)nw - Z;W(*‘)+WW+'+ IR
(B11)

where y is the digamma function, defined for integers using the harmonic numbers H(N) and the Euler-Mascheroni

constant y:

y(N+1) =

H(N)—y.

(B12)
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