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Considering that the effective theory of closed string tachyons can have world sheet supersymmetry, as
shownbyVafa,we study aworldline supersymmetric action in aFriedmann–Robertson–Walker background,
for which the superpotential originates a tachyon scalar potential. There are such potentials with
spontaneously broken supersymmetry at the instability and supersymmetry after tachyon condensation.
Furthermore, given a tachyonic potential, the superpotential canbe computed by a power series ansatz andhas
a free parameter that can be chosen such that complex solutions become real.
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I. INTRODUCTION

Many phenomena in physics are related to the transition
or decay from an unstable state to another stable one. The
corresponding evolution is described frequently by a
tachyonic potential, with a “negative” mass term, like in
the case of the Higgs potential or in the Landau– Ginzburg
theory. String theory has in its lowest mode tachyons.
However, the inclusion of supersymmetry is consistent
because tachyons can be eliminated by the Gliozzi-Scherk-
Olive truncation. Nevertheless, a better knowledge of string
theory requires the understanding of the unstable configura-
tions, for which the evolution can be described by the
condensation of the tachyonic modes. The complexity of
string theory has made this study rather difficult, and it was
first performed in the somewhat simpler instance of open
strings, resumed by the well-known Sen conjectures [1]. For
closed strings the situation is more complicated, in particular
because it involves the structure of spacetime, see e.g., [2]. An
interesting fact in this case is that closed string tachyons,
which are nonsupersymmetric in target space, can have
worldsheet supersymmetry [3]. In this sense we address the
question of supersymmetric tachyons in the simplified frame-
workofaFriedmann–Robertson–Walker (FRW)background,
with“worldline” local supersymmetry, i.e., the timevariable is
extended to the superspace of supersymmetry.
Supersymmetric quantum cosmology has been studied in

various formulations. As usual for uniform spaces, it
can be obtained as the “minisuperspace” reduction [4] of
four-dimensional supergravity [5]; see also Ref. [6]. The
Wheeler–deWitt equation is traced back to the “square
root" of the Hamiltonian constraint, i.e., the supersymmet-
ric charge constraints. Additionally to these constraints,
there are also the Lorentz transformations of the fermionic
fields [5], which strongly restrict the solutions for the

wave function of the Universe [7]. An alternative
supersymmetrization of these models has been given in
Ref. [8], by a worldline one-dimensional superfield
approach, where the time variable is extended to a
(supersymmetry) superspace. It has been worked out for
the Bianchi models [9] and matter has been included as
well [8]; see also Ref. [10]. This formulation has the
advantage that its one-dimensional supersymmetric struc-
ture is much simpler and does not require four- or higher-
dimensional supergravity as a starting point. We follow an
approach of this type, by means of the covariant formu-
lation of one-dimensional supergravity, given by the so-
called “new” Θ variables [13,14], which allows us in a
systematic and straightforward way to write local super-
symmetric invariant actions. One of the interesting features
of the worldline superfield approach is that its fermionic
sector has fewer degrees of freedom than the fermionic
sector of the minisuperspace of four-dimensional super-
gravity. On the other side, the Lorentz constraints, which do
not occur in the superfield approach, restrict the wave
function of the Universe in such a way that it appears to
have only two independent components [7], as in the case
of the superfield approach [11].
The action we are considering contains two real scalars:

one of them is the dilaton, and the other one has a tachyonic
potential VðTÞ [16], coupled to FRW supergravity. We
formulate one-dimensional N ¼ 2 superspace supergravity
following Ref. [14], and the superfield form of the action is
taken from Ref. [8]. The final action is obtained after a
rescaling and the elimination of the auxiliary fields. For
completeness we give also the Hamiltonian formulation,
which closes consistently without further complications. As
usual in supergravity, the superpotential is related to the scalar
potential byadifferential equation that is not positivedefinite.
To solve this equation, we consider the case k ¼ 0 and make
an ansatz of separation of variables. We look for super-
potentials corresponding to tachyonic potentials VðTÞ, in
particular such that both supersymmetries are spontaneously

*cramirez@fcfm.buap.mx
†manuel.vazquez@correo.buap.mx

PHYSICAL REVIEW D 89, 043501 (2014)

1550-7998=2014=89(4)=043501(11) 043501-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.89.043501
http://dx.doi.org/10.1103/PhysRevD.89.043501
http://dx.doi.org/10.1103/PhysRevD.89.043501
http://dx.doi.org/10.1103/PhysRevD.89.043501


broken at the maximum, and after condensation they are
restored. We look also for a general solution of this differ-
ential equation by a power series ansatz. With this ansatz,
depending on the potential, the superpotential can be com-
plex, with complex values for quantities like the mass.
However, there is a parameter that can be chosen in such a
way that the solutions are real. In the second section of this
work, we give our starting point bosonic action; in the third
section, we give the one-dimensional superspace supergrav-
ity formulation; in the fourth section, we give the super-
symmetric tachyon action; in the fifth section, the
Hamiltonian is formulated; in the sixth section, we study
the solutions for the superpotential; and in the last section,we
sketch conclusions. There are three appendices, the first one
on the newΘ-variables formulation; in the second one, there
are details of the power series solutions; and in the third one,
some computations on one of the solutions are given.

II. CLOSED STRING TACHYON
EFFECTIVE ACTION

The closed string tachyon effective action in the bosonic
sector is given according to Ref. [16] as

S ¼ 1

2κ2D

Z ffiffiffiffiffiffi−gp
e−2ϕ½Rþ 4ð∂ϕÞ2 − ð∂TÞ2 − 2VðTÞ�dDx;

(1)

where T is the closed string tachyon field, VðTÞ is the
tachyon potential, and ϕ is the dilaton field. This action
can be written in the Einstein frame by means of
gstringμν ¼ eϕgEinsteinμν , which is more suitable for our cosmo-
logical approach. For a four-dimensional FRW metric and
in the Einstein frame, the Lagrangian takes the form

S ¼
Z �

− 3a
: 2a

κ2N
þ 3Nka

κ2
þ a3

κ2N
ϕ
:
2

þ a3

2κ2N
T
: 2 − a3Ne2ϕVðTÞ

κ2

�
dt; (2)

where N is the lapse function and a is the scale factor. This
Lagrangian is invariant (up to a total derivative) under time
reparametrizations of the form t → fðtÞ. This invariance
under time reparametrization is extended to supersymmetry
by the introduction of a Grassmann superspace associated to
the bosonic time coordinate t (see Tkach et al. in Ref. [8]).
As usual, the Hamiltonian of the bosonic theory has the

form H ¼ NH0, where N is the lapse function. Then, the
associated equation of motion ∂H=∂N ¼ 0 implies the first
class constraint

H0 ¼ − κ2

12a
π2a − 3ka

κ2
þ κ2

4a3
π2ϕ þ

κ2

2a3
π2T þ a3e2ϕVðTÞ

κ2

¼ 0; (3)

where πi are the canonical momenta of the coordinates
i ¼ a, T, ϕ.

III. SUPERSPACE SUPERGRAVITY

Superspace is the natural framework for a geometrical
formulation of supersymmetry and supergravity [12]. It
extends spacetime by anticommuting Grassmann variables,
xm → ðxm; θμÞ. The field content of the superfields is givenby
the Grassmann power expansion in the anticommuting vari-
ables ϕðzÞ ¼Pn1=n!θ

μ1 � � � θμnϕμ1���μnðxÞ. Supergravity is
invariant under local supersymmetry transformations
ξm → ξmðxÞ,ξμ → ξμðxÞ,whereξm arespacetime translations
and ξμ supersymmetry transformation parameters. It
can be generalized to superspace diffeomorphisms [13],
zM ≡ ðxm; θμÞ → z0M ¼ zM þ ξMðzÞ. This generalization
actually amounts to introducing additional “superspace”
gauge degrees of freedom corresponding to the θ components
of the Grassmann expansion of ξMðx; θÞ. To formulate such a
theory, the vierbein and spin connection are generalized to
superspace tensors, the vielbein EM

AðzÞ, and the supercon-
nectionϕMA

B,whereA ¼ ða; αÞ are local Lorentz indices and
M ¼ ðm; μÞ are superspace world indices [13]. If VA is a
Lorentz supervector, its covariant derivatives are DAVB ¼
EA

Mð∂MVA − ϕMB
CVCÞ and satisfy the graded (anti)-

commutators ½DA;DB��VC ¼ −TAB
DDDVC − RABC

DVD,
where EA

MðzÞ is the inverse vielbein and the torsion and
curvature tensors satisfy thegradedBianchi identitites. For the
construction of the Lagrangian, inRef. [8] a somewhat ad hoc
superspace formulation was proposed. Here we will use the
“new" superspace formulation, see Apendix A, that follows
from general superspace covariance, by a consistent elimina-
tion of the superspace gauge degrees of freedom [13–15],
without requiring a gauge fixing. This parametrization corre-
sponds to a field redefinition of the superfield components
ϕμ1���μnðxÞ → D½α1 � � �Dαn�ϕðzÞjθ¼0

, and the superfields are
givenbyΦðx;ΘÞ ¼ eΘ

αDαφðzÞjθ¼0,whereΘ areanticommut-
ing Lorentz spinor variables. Full manifest covariance can be
mantained by keeping the full old-θ dependence, Φðz;ΘÞ ¼
eΘ

αDαϕðzÞ andsettingθ ¼ 0 at the endof the computations. In
this formulation the supergravity multiplet contains the vier-
bein, the spin conection, and certain components of the
curvature and torsion tensors, constrained by the Bianchi
identities. InAppendixA this formulation is reviewed follow-
ing Ref. [14]. Superfields transform by field dependent
transformations (A10), and covariant derivatives can be
definedconsistently (A14) insuchaway that there is avielbein
for which the superdeterminant is an invariant density (A19)
and allows us to construct invariant supergravity actions. We
use these results for a superspace formulation of one-
dimensional supergravity. To set conventions, we first
observe that simple one-dimensional supersymmetry has
the Grassmannian variables θ and θ̄ ¼ θ†. The integration
properties for these variables are

R
dθ ¼ 0,

R
θdθ ¼ 1.

Generic superfields are real and are given by
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ϕðt; θ; θ̄Þ ¼ AðtÞ þ θψðtÞ − θ̄ ψ̄ðtÞ þ θθ̄BðtÞ, where AðtÞ
and BðtÞ are real and ψ† ¼ ψ̄ . The representation of super-
symmetric charges is Q ¼ d

dθ − iθ̄ d
dt and Q̄ ¼ − d

dθ̄
þ iθ d

dt,
which satisfy fQ; Q̄g ¼ 2i d

dt; the covariant derivatives are
D ¼ d

dθ þ iθ̄ d
dt and D̄ ¼ − d

dθ̄
− iθ d

dt. There are also chiral
superfields that arecomplexandsatisfy D̄ϕ ¼ 0andthat in the
chiral base have the expansion ϕðt; θÞ ¼ AðtÞ þ θψðtÞ.
Supergravity in one dimension, as well as gravity, is

trivial, and there is no curvature tensor, and in a minimal
version, the torsion tensor is thesameas inflat superspace; i.e.
its only nonvanishing component is Tθθ̄

t ¼ 2i, consistent
with the Bianchi identities, as can be easily verified by
dimensional reduction from minimal supergravity in four
dimensions [13] or by direct computation in one dimension.
For theone-dimensional newsuperspace formulation, unlike
Appendix A, we will denote zM ¼ ðt;Θ; Θ̄Þ, and for sim-
plicity we will omit the tildes. Thus, superfields ΦðzÞ ¼
AðtÞ þ ΘχðtÞ − Θ̄ χ̄ðtÞ þ ΘΘ̄BðtÞ transform as

δξΦðzÞ ¼ ηξ
MðzÞ∂MΦðzÞ

≡ ξMðxÞ
�
ηtMðzÞ

∂ΦðzÞ
∂t þ ηθMðzÞ

∂ΦðzÞ
∂Θ

þηθ̄MðzÞ
∂ΦðzÞ
∂Θ̄

�
: (4)

Thus, from Eq. (A12) it turns out that

ηξ
t ¼ −ξ − ie−1ðΘζ̄ þ Θ̄ζÞ þ 1

2
e−2ΘΘ̄ðζ̄ψ − ζψ̄Þ; (5)

ηξ
θ ¼ −ζ þ i

2
e−1ðΘζ̄ þ Θ̄ζÞψ − 1

4
e−2ΘΘ̄ζψψ̄ ; (6)

where the supersymmetry parameters are ξMðxÞ ¼
ðξt; ξθ; ξθ̄Þ≡ ðξ; ζ; ζ̄Þ and ηξ

θ̄ ¼ ðηξθÞ†. The resulting com-
ponent transformations are

δξA ¼ −ξA: − ζχ þ ζ̄ χ̄; (7)

δξχ ¼ −ξχ: − ie−1ζ̄ A
: þ i

2
e−1ζ̄ðψχ − ψ̄ χ̄Þ þ ζ̄B; (8)

δξχ̄ ¼ −ξχ̄: þ ie−1ζA
: − i

2
e−1ζðψχ − ψ̄ χ̄Þ þ ζB; (9)

δξB ¼ −ξB: − ie−1ðζχ: þ ζ̄ χ̄
: Þ þ 1

2
e−2ζψ̄ðA

:
þ iBÞ

− 1

2
e−2ζ̄ψðA: − iBÞ − 1

12
e−2ðζχ − ζ̄ χ̄Þψψ̄ (10)

as well as one of the χ̄, obtained from Eq. (8) by complex
conjugation. Further, the vielbein corresponding to

transformations (4), which transforms as δξ∇M
A ¼

∂Mη
N
ξ ∇N

A þ ηNξ ∂N∇M
A, can be obtained from (A17)

∇M
A ¼

 eþ iðΘΨ̄þ Θ̄ψÞ 1
2
ψ 1

2
ψ̄

−iΘ̄ 0 −1
iΘ 1 0

!
; (11)

and from its transformation law, we get

δξe ¼ − d
dt

ðξeÞ þ iðζψ̄ þ ζ̄ψÞ; (12)

δξψ ¼ −2 d
dt

�
ζ þ 1

2
ξψ

�
; (13)

which can beverified to be consistent with the usual vielbein
transformations [13]. The invariant density is obtained
as usual from the superdeterminant E ¼ Sdetð∇M

AÞ and
transforms as δξE ¼ ð−1Þm∂MðξMEÞ,

E ¼ −e − i
2
ðΘΨ̄þ Θ̄ψÞ: (14)

TheinversevielbeincanbecomputedfromEq.(11),andfrom
it we get the covariant derivatives that will be needed for the
Lagrangian of the next section:

∇θΦ ¼ χ þ ie−1Θ̄
�
A
: − 1

2
ðψχ − ψ̄ χ̄Þ − ieB

�

þ e−1ΘΘ̄
�
−iχ: − 1

2
e−1ψ̄ A

: − 1

4
e−1ψψ̄χ þ i

2
ψ̄B

�
;

(15)

∇θ̄Φ ¼ χ̄ − ie−1Θ
�
A
: − 1

2
ðψχ − ψ̄ χ̄Þ þ ieB

�

þ e−1ΘΘ̄
�
iχ̄
: − 1

2
e−1ψA

: − 1

4
e−1ψψ̄ χ̄ − i

2
ψB

�
:

(16)

IV. SUPERSYMMETRY CLOSED
TACHYON MODEL

The supersymmetric cosmological model is obtained
upon an extension of the time coordinate into a super-
multiplet t → ðt;Θ; Θ̄Þ. Thus, the fields of the model are
generalized as superfields, and we write their expansions as

Aðt;Θ; Θ̄Þ ¼ aðtÞ þ iΘλ̄ðtÞ þ iΘ̄λðtÞ þ BðtÞΘΘ̄;
T ðt;Θ; Θ̄Þ ¼ TðtÞ þ iΘη̄ðtÞ þ iΘ̄ηðtÞ þGðtÞΘΘ̄;
Φðt;Θ; Θ̄Þ ¼ φðtÞ þ iΘχ̄ðtÞ þ iΘ̄χðtÞ þ FðtÞΘΘ̄; (17)

where, A, T , and Φ are the superfields of a, T, and ϕ.
The supersymmetric generalization of the action is

given by
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S ¼ SRsusy þ SMsusy; (18)

where SRsusy is the cosmological supersymmetric generali-
zation of the free FRW model,

SRsusy¼
Z �

3E
κ2

A∇θ̄A∇θA−3
ffiffiffi
k

p

κ2
EA2

�
dΘdΘ̄dt; (19)

and the supersymmetric matter term is

SMsusy ¼
1

κ2

Z �
−EA3∇Θ̄Φ∇ΘΦ − 1

2
EA3∇Θ̄T ∇ΘT

þEA3WðΦ; T Þ
�
dΘdΘ̄dt; (20)

where WðΦ; T Þ is the superpotential. The super-
potential expansion can be written as WðΦ; T Þ ¼
Wðϕ; TÞ þ ∂W

∂φ ðΦ − ϕÞ þ ∂W
∂T ðT − TÞ þ 1

2
∂2W
∂T2 ðT − TÞ2þ

1
2
∂2W
∂ϕ2 ðΦ − ϕÞ2 þ ∂2W

∂T∂ϕ ðT − TÞðΦ − ϕÞ. This expansion is

finite because the terms ðT − TÞ and ðΦ − ϕÞ are purely
Grassmannian. Upon integration over the Grassmann
parameters, we find the supersymmetric cosmological
Lagrangian in the gravity sector,

LFRWsusy ¼ − 3aa
: 2

eκ2
þ 3ia

κ2
ðλλ̄

:

− λ
:
λ̄Þ þ 6e

ffiffiffi
k

p
λλ̄

κ2

þ 3aa
:

eκ2
ðψλ − ψ̄ λ̄Þ þ 3ia

ffiffiffi
k

p

κ2
ðψλþ ψ̄ λ̄Þ

−
3aB2e
κ2

þ 6aBe
ffiffiffi
k

p

κ2
− 3Beλλ̄

κ2
− 3a
2eκ2

λλ̄ψψ̄ ;

the dilaton sector of the matter Lagrangian is given by

Lϕsusy ¼
a3ϕ

: 2

eκ2
þ a3ϕ

:

eκ2
ðψ̄ χ̄ −ψχÞ þ ia3

κ2
ðχ: χ̄ −χχ̄: Þ

þ 3ia2ϕ
:

κ2
ðλχ̄ þ λ̄χÞ þ a3eF2

κ2
þ 3a2eF

κ2
ðλχ̄ − λ̄χÞ

− 3a2Beχχ̄
κ2

þ a3χχ̄ψψ̄
2eκ2

− 6aeλλ̄χχ̄
κ2

;

while for the tachyonic sector, we find

LTsusy ¼
a3T

: 2

2eκ2
þ a3T

:

2eκ2
ðψ̄ η̄−ψηÞ þ ia3

2κ2
ðη: η̄−ηη̄: Þ

þ 3ia2T
:

2κ2
ðλη̄þ λ̄ηÞ þ a3eG2

2κ2
þ 3a2eG

2κ2
ðλη̄ − λ̄ηÞ

− 3a2Beηη̄
2κ2

þ a3ηη̄ψψ̄
4eκ2

− 3aeλλ̄ηη̄
κ2

and the superpotential term

LW ¼ − 6aeWλλ̄

κ2
− 3ia2W

2κ2
ðψ̄ λ̄þψλÞ − 3a2BeW

κ2

þ 3a2eWT

κ2
ðλ̄η − λη̄Þ − ia3WT

2κ2
ðψ̄ η̄þψηÞ

− a3eGWT

κ2
þ 3a2eWϕ

κ2
ðλ̄χ − λχ̄Þ

− ia3Wϕ

2κ2
ðψ̄ χ̄þψχÞ − a3eFWϕ

κ2
− a3eχχ̄Wϕϕ

κ2

þ a3eWTϕ

κ2
ðχ̄η − χη̄Þ − a3eηη̄WTT

κ2
:

Thus, the total Lagrangian is

L ¼ − 3aa
: 2

eκ2
þ 3aa

:

eκ2
ðψλ − ψ̄ λ̄Þ þ a3T

:
2

2eκ2
− a3T

:

2eκ2
ðψη − ψ̄ η̄Þ þ 3ia2T

:

2κ2
ðλη̄þ λ̄ηÞ þ a3ϕ

: 2

eκ2
−
a3ϕ

:

eκ2
ðψχ − ψ̄ χ̄Þ

þ 3ia2ϕ
:

κ2
ðλχ̄ þ λ̄χÞ þ 3ia

κ2
ðλλ̄

:

þ λ̄ λ
:
Þ − ia3

2κ2
ðηη̄: þ η̄ η

: Þ − ia3

κ2
ðχχ̄: þ χ̄ χ

: Þ þ 6e
ffiffiffi
k

p
λλ̄

κ2
þ 3ia

ffiffiffi
k

p

κ2
ðψλþ ψ̄ λ̄Þ − 6aeWλλ̄

κ2

− 3ia2W
2κ2

ðψλþ ψ̄ λ̄Þ − ia3WT

2κ2
ðψηþ ψ̄ η̄Þ þ 3a2eWT

κ2
ðλ̄η − λη̄Þ − ia3Wφ

2κ2
ðψχ þ ψ̄ χ̄Þ þ 3a2eWϕ

κ2
ðλ̄χ − λχ̄Þ

− a3eWTT

κ2
ηη̄þ a3eWTϕ

κ2
ðχ̄η − χη̄Þ − a3eWϕϕ

κ2
χχ̄ − 3aψψ̄λλ̄

2eκ2
þ a3ψψ̄ηη̄

4eκ2
þ a3χχ̄ψψ̄

2eκ2
− 3aeλλ̄ηη̄

κ2
−
6aeλλ̄χχ̄

κ2
− 3aB2e

κ2

þ 6aBe
ffiffiffi
k

p

κ2
− 3Beλλ̄

κ2
− 3a2Beηη̄

2κ2
− 3a2Beχχ̄

κ2
− 3a2BeW

κ2
þ a3eG2

2κ2
þ 3a2eG

2κ2
ðλη̄ − λ̄ηÞ − a3eGWT

κ2
þ a3eF2

κ2

þ 3a2eF
κ2

ðλχ̄ − λ̄χÞ − a3eFWϕ

κ2
;

where the subscripts inW denote partial differentiation with respect to ϕ and T, respectively. When we perform the variation
of the Lagrangian with respect to the fields B, F and G, as usual the following algebraic constraints are obtained:
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B ¼
ffiffiffi
k

p − aW
2

− 1

2a
λλ̄ − 1

4
aηη̄ − 1

2
aχχ̄;

G ¼ WT − 3

2a
ðλη̄ − λ̄ηÞ;

F ¼ Wϕ

2
− 3

2a
ðλχ̄ − λ̄χÞ; (21)

that is B, F, and G play the role of auxiliary fields, and
they can be solved and eliminated from the Lagrangian.
When we solve for the auxiliary fields and make the
rescalings λ → κa−1=2λ, λ̄ → κa−1=2λ̄, η → κa−3=2η,
η̄ → κa−3=2η̄, χ → κa−3=2χ, χ̄ → κa−3=2χ̄, we find the
Lagrangian

L ¼ − 3aa
: 2

eκ2
þ 3

ffiffiffi
a

p
a
:

eκ
ðψλ − ψ̄ λ̄Þ þ 3eka

κ2
þ T

: 2a3

2eκ2
−

ffiffiffiffiffi
a3

p
T
:

2eκ
ðψη − ψ̄ η̄Þ þ 3iT

:

2
ðλη̄þ λ̄ηÞ þ ϕ

: 2a3

eκ2
−

ffiffiffiffiffi
a3

p
ϕ
:

eκ
ðψχ − ψ̄ χ̄Þ

þ 3iϕ
:
ðλχ̄ þ λ̄χÞ þ 3iðλλ̄

:

þ λ̄ λ
:
Þ − i

2
ðηη̄: þ η̄ η

: Þ − iðχχ̄: þ χ̄ χ
: Þ þ 3e

ffiffiffi
k

p
λλ̄

a
− 3e

ffiffiffi
k

p
ηη̄

2a
− 3e

ffiffiffi
k

p
χχ̄

a
þ 3i

ffiffiffiffiffi
ak

p

κ
ðψλþ ψ̄ λ̄Þ

þ 3eW2a3

4κ2
− 3e

ffiffiffi
k

p
a2W

κ2
− eW2

Ta
3

2κ2
− eW2

ϕa
3

4κ2
− 9

2
eWλλ̄þ 3

4
eWηη̄þ 3

2
eWχχ̄ −

3ia3=2W
2κ

ðψλþ ψ̄ λ̄Þ

− i
ffiffiffiffiffi
a3

p
WT

2κ
ðψηþ ψ̄ η̄Þ þ 3eWT

2
ðλ̄η − λη̄Þ − i

ffiffiffiffiffi
a3

p
Wϕ

2κ
ðψχ þ ψ̄ χ̄Þ þ 3eWϕ

2
ðλ̄χ − λχ̄Þ − eWTTηη̄þ eWTϕðχ̄η − χη̄Þ

− eWϕϕχχ̄ þ
3eκ2

4a3
ηη̄χχ̄ − 3

2e
ψψ̄λλ̄þ 1

2e
ψψ̄χχ̄ þ 1

4e
ψψ̄ηη̄:

Substituting the equations of motion of the auxiliary
fields (21) into the supersymetry transformation of the
fermions λ, η, and χ from Eq. (8), we get
δζλ ¼ ζ̄ð ffiffiffi

k
p − aW=2Þ þ � � �, δη ¼ ζ̄WT þ � � �, and

δχ ¼ ζ̄Wϕ þ � � �. Therefore, if any of the fields on the
rhs of these equations has a nonvanishing vacuum
expectation value, the corresponding fermion is a
Goldstino, and supersymmetry is broken. In the case of
λ, the breaking can be due to the cosmological constant
or to a nonvanishing W. In fact, if the superpotential
has the form W ∼ eϕfðTÞ, as in the examples in the next
section, then Wϕ ¼ W; i.e., χ contributes to the Goldstino
if W ≠ 0.

V. HAMILTONIAN ANALYSIS

The canonical momenta are

πa ¼ − 6aa
:

eκ2
− 3

ffiffiffi
a

p
ψ̄ λ̄

eκ
þ 3

ffiffiffi
a

p
ψλ

eκ
;

πT ¼ a3T
:

eκ2
þ

ffiffiffiffiffi
a3

p
ψ̄ η̄

2eκ
−

ffiffiffiffiffi
a3

p
ψη

2eκ
þ 3a3=2iλη̄

2
ffiffiffiffiffi
a3

p þ 3a3=2iλ̄η

2
ffiffiffiffiffi
a3

p ;

πϕ ¼ 2a3ϕ
:

eκ2
þ

ffiffiffiffiffi
a3

p
ψ̄ χ̄

eκ
−

ffiffiffiffiffi
a3

p
ψχ

eκ
þ 3a3=2iλχ̄ffiffiffiffiffi

a3
p þ 3a3=2iλ̄χffiffiffiffiffi

a3
p ;

πλ ¼ −3iλ̄; πλ̄ ¼ −3iλ;
πη ¼

i
2
η̄; πη̄ ¼

i
2
η;

πχ ¼ iχ̄; πχ̄ ¼ iχ:

As usual, we can see the appearance of the fermionic
constraints

Ωλ ¼ πλ þ 3iλ̄; Ωλ̄ ¼ πλ̄ þ 3iλ;

Ωη ¼ πη − i
2
η̄; Ωη̄ ¼ πη̄ − i

2
η;

Ωχ ¼ πχ − iχ̄; Ωχ̄ ¼ πχ̄ − iχ: (22)

According to the Dirac formalism, the previous
constraints are second class, and the dynamics of the
system is obtained when we impose the set of
constraints (22) and introduce the Dirac brackets, and
we obtain

fa; πagD ¼ 1; fφ; πφgD ¼ 1; fT; πTgD ¼ 1;

fλ; λ̄gD ¼ − 1

6i
; fχ; χ̄gD ¼ − i

2
; fη; η̄gD ¼ −i: (23)

Using the standard definition for the Hamiltonian and
imposing the constraints (22), we can write the
Hamiltonian of the theory as

H ¼ NH0 þ
1

2
ψS − 1

2
ψ̄ S̄; (24)

where
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H0 ¼ − κ2π2a
12a

þ κ2π2T
2a3

− 3iκ2πT
2a3

ðλη̄þ λ̄ηÞ þ κ2π2ϕ
4a3

− 3iκ2πϕ
2a3

ðλχ̄ þ λ̄χÞ − 3a3

4κ2
W2 þ 3

ffiffiffi
k

p
a2

κ2
W − 3ka

κ2

þ a3

2κ2
W2

T þ a3

4κ2
W2

ϕ þ
9

2
Wλλ̄ − 3

4
Wηη̄ − 3

2
Wχχ̄

þ 3

2
WTðλη̄ − λ̄ηÞ þ 3

2
Wϕðλχ̄ − λ̄χÞ þWTTηη̄

þWTϕðχη̄ − χ̄ηÞ þWϕϕχχ̄ − 3
ffiffiffi
k

p

a
λλ̄þ 3

ffiffiffi
k

p

2a
ηη̄

þ 3
ffiffiffi
k

p

a
χχ̄ − 9κ2

2a3
λλ̄χχ̄ − 9κ2

4a3
λλ̄ηη̄ − 3κ2

4a3
ηη̄χχ̄;

(25)

S ¼ κπaffiffiffi
a

p λþ κπTffiffiffiffiffi
a3

p ηþ κπϕffiffiffiffiffi
a3

p χ − 6i
ffiffiffiffiffi
ak

p

κ
λþ 3i

ffiffiffiffiffi
a3

p

κ
Wλ

þ i
ffiffiffiffiffi
a3

p

κ
WTηþ

i
ffiffiffiffiffi
a3

p

κ
Wϕχ þ

3iκ

2a3=2
ληη̄þ 3iκ

a3=2
λχχ̄;

(26)

S̄ ¼ κπaffiffiffi
a

p λ̄þ κπTffiffiffiffiffi
a3

p η̄þ κπϕffiffiffiffiffi
a3

p χ̄ þ 6i
ffiffiffiffiffi
ak

p

κ
λ̄ − 3i

ffiffiffiffiffi
a3

p

κ
Wλ̄

− i
ffiffiffiffiffi
a3

p

κ
WT η̄ − i

ffiffiffiffiffi
a3

p

κ
Wϕχ̄ − 3iκ

2a3=2
λ̄ηη̄ − 3iκ

a3=2
λ̄χχ̄

(27)

satisfy the Dirac algebra fS; S̄gD ¼ 2H0,
fH0; SgD ¼ fH0; S̄gD ¼ 0.

VI. SUPERPOTENTIAL SOLUTIONS

From H0, Eq. (25), we identify the scalar potential

Uða;ϕ; TÞ ¼ − 3k
a2

þ e2ϕVðTÞ; (28)

which is related to the superpotential Wðϕ; TÞ by

U ¼ − 3W2

4
þ 3

ffiffiffi
k

p

a
W − 3k

a2
þ 1

4

�∂W
∂φ
�

2

þ 1

2

�∂W
∂T
�

2

:

(29)

The form of the scalar potential (28) of a FRW geometry is
consistent with k ¼ 0; hence, we restrict ourselves to this
geometry, and we get the equation

e2ϕVðTÞ ¼ − 3W2

4
þ 1

4

�∂W
∂φ
�

2

þ 1

2

�∂W
∂T
�

2

: (30)

This suggests to us a separation of variables of the form
Wðφ; TÞ ¼ 1ffiffi

2
p eϕfðTÞ. With this ansatz we obtain the

relation between the tachyon potential and the tachyonic
component of the superpotential,

ðf0Þ2 − f2 ¼ VðTÞ; (31)

where the prime denotes differentiation with respect to T.
To find solutions to this equation, we must fix the function
VðTÞ. For example, if VðTÞ ¼ 0, the solution is fðTÞ ¼ eT .
Further, for

VðTÞ ¼ m2

2

�
−T2 þ 1

4
T4

�
; (32)

which according to the analysis of Zwiebach et al. produces
a big crunch scenario as the final state of the Universe [16],
there is an imaginary solution fðTÞ ¼ imT2=ð2 ffiffiffi

2
p Þ, for

which the superpotential is

WðTÞ ¼ i
4
meϕT2; (33)

which generates complex fermion masses. However, as we
show in Appendix B, there is also a real solution given by
an infinite power series, which can be written as (B5)

WðTÞ ¼ 1ffiffiffi
2

p eϕ
�
eT − 1

12
m2T3

�
1 − 1

2
T

þ 1

20

�
1þ 3

2
m2

�
T2 þOðT3Þ

��
: (34)

Other proposals are potentials of the form VðTÞ ¼
expðνTÞ [16]; they are known to prevent the tachyon
from reaching infinity in certain cases; with ν ≥ 2 there
is no initial (positive) tachyon velocity for which the
tachyon can reach T ¼ ∞. For this potential we find
fðTÞ ¼ �2ðν2 − 4Þ−1=2 expðνT=2Þ, and the superpotential
is in this case

Wðϕ; TÞ ¼ � 2ffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2 − 4

p exp

�
ϕþ ν

2
T

�
; ν ≠ 2. (35)

Another interesting proposal is, for instance,

Wðϕ; TÞ ¼ eϕfðTÞ ¼ ieϕ½ðT − τÞðτ þ TÞ þ 2�
2τ2

: (36)

As in the case of Eq. (33) this superpotential generates
complex fermion masses; however, it can be made to be real
in complete analogy with Eq. (34). The tachyon potential
corresponding to Eq. (36) is
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VðTÞ ¼ 1

4τ4
½ðτ2 − 2Þ2 þ T4 − 2τ2T2�: (37)

This potential, shown in Fig. 1, has a maximum at T ¼ 0,
with Vð0Þ ¼ 1=4 − 1=τ2 þ 1=τ4, and minima at T ¼ �τ,
with VðτÞ ¼ Vð−τÞ ¼ −1=τ2 þ 1=τ4; it also holds that
Vð0Þ − Vð�τÞ ¼ 1=4. Thus, if we let τ → ∞, the potential
difference will remain the same, as in the case of
Sen’s conjectures. If we compute the superpotential cor-
responding to Eq. (37) following Appendix B, it can be
shown that WTðϕ; 0Þ ¼ eϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 − τ2Þ þ τ4ðA2 − 1Þ

p
=τ2,

where A ¼ fð0Þ. Further, at the minimum, i.e., at T ¼ τ,
we make the power expansion around this point, and
we get WTðϕ; τÞ ¼ eϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 − τ2Þ þ τ4ðB2 − 2Þ

p
=τ2, where

B ¼ fðτÞ, which in the limit τ → ∞ gives
WTðϕÞ ¼ eϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 2

p
, which can be set to zero if in this

limit B ¼ ffiffiffi
2

p
.

An interesting question regards potentials with suitable
supersymmetric properties, of the type of Sen conjectures.
For instance, the potential

VðTÞ ¼ expð−nTÞ½α0 þ α1T þ α2T2 þ α3T3 þ α4T4�:
(38)

In this case we have fðTÞ¼ðaþbTþcT2Þexp ð−nT=2Þ;
from which we obtain

WðT;ϕÞ ¼ ðaþ bT þ cT2Þ exp ðϕ − nT=2Þ; (39)

the explicit coefficients αi depend on the free parameters a,
n, and V0. In fact we demand the presence of a maximum
for T ¼ 0, and this provides us with two equations that can
be solved for b and c in Eq. (39), and with the condition
Vð0Þ < 0, details of the calculations are given in
Appendix C; see Fig. 2. At the maximum of this potential,
WTð0;ϕÞ ≠ 0 and Wϕð0;ϕÞ ≠ 0; hence, supersymmetry is

broken. Further, after condensation supersymmetry is
restored because WT → 0 and Wϕ → 0, when T → ∞.

VII. CONCLUSIONS

We have studied a worldline supersymmetric theory in a
FRW background, with a closed string tachyon. We have
constructed the action in the formalism of the new Θ
variables in one dimension, which allows us to systemati-
cally construct supergravity actions. For given tachyonic
potentials, we considered the solutions of the differential
equation of the superpotential. We show that there are
solutions with broken supersymmetry at the unstable,
tachyonic, configuration, and supersymmetric at the stable
minimum. Furthermore, the superpotentials can have sim-
ple forms but correspond to complex fermionic masses.
These superpotentials can be obtained as well by a power
series ansatz, for which the general solution depends on a
real parameter that can be chosen such that the complex
solutions can be mapped to real solutions. Potentials like
these have been considered in cosmological models, e.g. in
Ref. [16,19] where inflationary and big crunch scenarios
are given, and it would be interesting to consider super-
symmetric versions, in particular their quantization [20].
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APPENDIX A: SUPERSPACE SUPERGRAVITY

In this appendix we shortly review the new superspace
formulation of supergravity following Ref. [14].
Superfields are defined as

ϕðzÞ → ΦðzÞ ¼ eΘ
αDαϕðzÞjθ¼0; (A1)

1 2 3 4 5
T

1

2

3

4

5

6

V T

FIG. 2 (color online). Tachyon potential V(T) produced by
fðTÞ in Eq. (C1) for a ¼ 10, n ¼ 3, and V0 ¼ 5.
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FIG. 1 (color online). Tachyon potential V(T) from Eq. (37) for
τ ¼ 1=2.
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where Θ are anticommuting Lorentz [SLð2; CÞ] covariant
spinorial variables. To ensure full covariance for these new
superfields, the whole “old” superspace can be kept,
setting θ ¼ 0 at the end of the computations,
i.e., Φðz;ΘÞ ¼ eΘ

αDαϕðzÞ.
The preceding redefinition of superfields is comple-

mented by the usual redefinition of local supersymmetry
transformations in such a way that Lorentz covariance is
kept. The way is to add a local Lorentz transformation to
the local superspace translations as follows [17]:

δξϕAðzÞ ¼ −ξBEB
Mð∂MϕA − ϕMA

BϕBÞ ¼ −ξBDBϕAðzÞ;
(A2)

hence, the new superfields, for which the components are
Lorentz covariant, transform as δξΦðz;ΘÞ¼−ξADAΦðz;ΘÞ,
i.e.,

δξΦAðz;ΘÞ ¼ −ξBDBϕA − ΘβξBDBDβϕA

− 1

2
Θβ1Θβ2ξBDBDβ1Dβ2ϕA þ � � � (A3)

The computation of this expression is done taking into
account the fact that the multiple covariant derivatives
arising from the exponential in Eq. (A1) appear as fully
antisymmetrized products. Thus, when a further derivative
is applied on this product, the result must be antisymme-
trized, e.g.,

DαDβϕA ¼ 1

2
fDα;DβgϕA þ 1

2
½Dα;Dβ�ϕA

¼ −Tαβ
CDCϕA − RαβA

BϕB þD½αDβ�ϕA; (A4)

where the last term is precisely the second-order term of
Φðz;ΘÞ. Following these lines it can be shown that
Eq. (A3) can be cast into the form

δξΦAðz;ΘÞ ¼ ηξ
αðz;ΘÞ ∂

∂ΘαΦAðz;ΘÞ
þ ηξ

aðz;ΘÞDaΦAðz;ΘÞ
þ ηξA

Bðz;ΘÞΦBðz;ΘÞ; (A5)

where the coefficients ηξAðz;ΘÞ and ηξA
Bðz;ΘÞ depend on

components of the curvature and torsion tensors and their
covariant derivatives.
To have a geometric formulation in the new superspace,

following the Wess–Zumino gauge [18], which eliminates
the gauge degrees of freedom introduced by the generali-
zation of local supersymmetry to superspace diffeomor-
phisms, a new vielbein is introduced. Let us consider a
vector field, Vm ¼ Em

aVa þ Em
αVα; this relation can be

inverted to

Va ¼ Eð−1Þm
a ðVm − Em

αVαÞ ¼ ~E
~M
a V ~M; (A6)

where the indices ~M≡ ðm; αÞ contain a spacetime
world index and a spinorial local index, i.e.,
~E
~M
a ¼ ð ~Em

a ; ~E
α
aÞ≡ ðEð−1Þm

a ;−Eð−1Þm
a Em

αÞ. With this defini-

tion and ~E
~M
α ¼ δ ~M

α , an inverse vielbein ~E
~M
A can be defined.

The corresponding vielbein is then

~E ~M
B ¼

�
Em

b Em
β

0 δα
β

�
;

i.e., ~E
~M
A
~E ~M

B ¼ δBA and ~E ~M
A ~E

~N
A ¼ δ ~N

~M
. Even if this vielbein

seems to correspond to the Wess–Zumino gauge, full
covariance can be kept by considering certain components
of the torsion and curvature as independent degrees of
freedom of the supergravity multiplet. If we define in this
basis covariant derivatives as usual by DAV ~M ¼
ð−1ÞðmþbÞa ~E ~M

BDAVB and DAV
~M ¼ DAVB ~E

~M
B , then

½D ~M;D ~N ��VA ¼ −T ~M ~N
~PD ~PVA − R ~M ~N A

BVB; (A7)

which supplemented by the corresponding Bianchi iden-
tities contains all the information of supergravity. As
Eq. (A7) does not contain derivatives of the old θ variables,
the different levels in the θ expansion decouple, and the
limit θμ ¼ 0 does not require gauge fixing. Actually,
supergravity transformations can be written as

δξΦðz;ΘÞ ¼ −~ξ
~M ~D ~MΦðz;ΘÞ, and following the same lines

as for Eq. (A5), we get

δξΦðz;ΘÞ ¼
�
~ηξ

αðz;ΘÞ ∂
∂Θα þ ~ηξ

mðz;ΘÞDm

�
Φðz;ΘÞ:

(A8)

Further, the covariant derivative Dm on the rhs of this
expression acts on the components of the superfield
Φðz;ΘÞ as in Eq. (A3), which can be written as

DmΦðz;ΘÞ¼∂mϕþΘβð∂m−ωγ
mβÞDγϕ

−2

2
Θβ1Θβ2ð∂m−ωγ

mβ1
ÞDγDβ2ϕþ���

¼∂mΦðz;ΘÞþΘβωγ
mβ∂γΦðz;ΘÞ: (A9)

Therefore, including a Lorentz index, Eq. (A8) can be
written as

δξΦAðz;ΘÞ ¼ η̂ξ
~Mðz;ΘÞ∂ ~MΦAðz;ΘÞ

þ η̂ξA
Bðz;ΘÞΦBðz;ΘÞ; (A10)

where η̂αξ ¼ ~ηαξ − ~ηmξ Θβϕα
mβ, η̂ξ

m ¼ ~ηξ
m and η̂ξA

B is Lie

algebra valued. Further, ~ηξ
~M ¼ ~ξ

~N ~η ~N
~M and ~ηm

~N ¼ δm
~N ,
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~ηmD
B ¼ 0 and ~η0 ~Nα ¼ ~η ~N

α − δ ~N
α can be obtained from the

recursion relation

�
1þ Θβ ∂

∂Θβ

�
~η0 ~Nα ¼ ΘβDβ ~η

~N
α

þ Θα1ð−Θα2Rα2αα1
~N þ Tαα1

~L ~η ~N
~L
Þ

þ ~ηmαΘα1ð−Θα2Rα2mα1
~N þ Tmα1

~L ~η ~N
~L
Þ

− ~ηα
0γ ~ηγ 0

~N (A11)

and a similar one for ~ηξAB. It turns out that

~ηξ
~Mðz;ΘÞ ¼−~ξ

~M þΘγ

�
1

2
~ξβTγβ

~M þ ~ξnϕnγ
~M

�

−
1

2
ΘγΘδ

�
−2

3
~ξβRδβγ

~M þ 1

3
DδTγβ

~M þTδβ
~nϕnγ

~M

−1

3
Tδβ

~nTnγ
~M þ 1

6
Tδβ

~ϵTϵγ
~M

�
þ� � � (A12)

Consistently with these ideas, covariant derivatives can be
defined as

∇A ¼ eΘ
αDαDAe−Θ

αDα : (A13)

Following a similar reasoning as that which lead to
Eq. (A10), it can be shown that

∇AΦB ¼ ∇A
~M∂ ~MΦB þ∇AB

CΦC; (A14)

where ∇A
~M is the inverse vielbein of the new superspace,

and if we write it as ∇A
~M ¼ ~EA

~N∇ ~M
~N
, it can be obtained

from the recursion relations

�
δ ~M

γδγ
~L þ δ ~M

~LΘβ ∂
∂Θβ

�
∇0

~L
~N

¼ −T ~M
~L∇ ~L

~N − ∇0
~M
γ∇0

γ
~N − ð−1ÞmΘα1∇ ~Mα1

γ∇γ
~N

(A15)

and a similar one for ∇AB
C. The vielbein ∇ ~M

A, i.e.,

∇ ~M
A∇A

~N ¼ δ ~N
~M
, transforms as

δξ∇ ~M
A ¼ ∂ ~Mη̂

~N
ξ ∇ ~N

A þ η̂ ~N
ξ ∂ ~N∇ ~M

A − ∇ ~M
Bη̂ξB

A (A16)

and to second order is given by

∇m
B ¼ Em

B þ ΘγðTγm
B þ ϕmγ

BÞ

þ 1

2
ΘγΘδð−Rmδγ

B þDδTγm
B

þTmδ
ATAγ

B − ϕmδ
βTγβ

BÞ þ � � �

∇α
B ¼ δα

B þ 1

2
ΘγTγα

B þ 1

6
ΘγΘδð−Rδαγ

B þ 2DδTγα
B

þTδα
DTDγ

BÞ þ � � � (A17)

As in ordinary supergravity, the superdeterminant of the
vielbein is an invariant density

E ¼ Sdetð∇ ~M
AÞ

≡ det ð∇m
a − ∇m

β∇ð−1Þ
β
γ∇γ

aÞ= detð∇α
βÞ; A18

which transforms as

δξE ¼ ð−1Þm∂ ~Mðη ~M
ξ EÞ; (A19)

and the superspace integral of the product of the
invariant density with any Lorentz invariant superfield
will be by construction invariant under supergravity
transformations.
Therefore, local supersymmetry can be formulated in

the new superspace in a geometrical way, with the only
difference that now the transformation parameters are
field dependent, depending on components of the torsion
and curvature and their covariant derivatives, subject to
the Bianchi identities. This formulation is manifestly
covariant in the framework of the highly redundant
superspace ðz;ΘÞ. However, as in the transformations,
(A7), (A10), (A16) and (A19), there are no derivatives of
the old θμ variables, they can be set to zero without loss
of generality.

APPENDIX B: POWER SERIES ANSATZ

Equation (31) can be solved by a power series ansatz.
Let us set VðTÞ ¼Pl≥0vlT

l and fðTÞ ¼Pl≥0flT
l;

then

VðTÞ ¼
X
l≥0

"Xlþ2

m¼0

mðl −mþ 2Þfmfl−mþ2Tl

−Xl
m¼0

fmfl−m

#
Tl; (B1)

that is

vl ¼ 2ðlþ 1Þf1flþ1 þ
Xl
m¼2

mðl −mþ 2Þfmfl−mþ2

−Xl
m¼0

fmfl−m; (B2)
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which can be solved as follows. If f1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v0 þ f20

p
does not vanish, then for l > 1, flþ1 can be obtained in
terms of vl and fl,

f2 ¼ 1
4f1

ð2f0f1 þ v1Þ;
f3¼ 1

6f1
ðf21 þ 2f0f2 − 4f22 þ v2Þ;

f4¼ 1
6f1

ð2f1f2 þ 2f0f3 − 12f2f3 þ v3Þ:
..
.

(B3)

This solution depends on the free parameter f0 and in
general is singular in f1. For example, in the case of
the exponential potential, VðTÞ ¼ e2κT , it can be verified
that Eq. (B3) coincides with fðTÞ ¼ 1ffiffiffiffiffiffiffiffi

κ2−1p eκT , with

f20 ¼ 1=ðκ2 − 1Þ. Further, in the singular case when
f1 ¼ 0, which corresponds to f0 ¼ � ffiffiffiffiffiffiffiffi−v0p

, we see
from the first equation of Eq. (B3) that there are
solutions only if v1 ¼ 0. In this case we get

f2¼ 1
4

�
f0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f20 þ 4v2

p �
;

f3 ¼ − v3
2ðf0−6f2Þ ;

f4 ¼ 1
2ðf0−8f2Þ ð−f22 þ 9f23 − v4Þ:

..

.
(B4)

The square roots in these solutions can lead to imagi-
nary terms, similarly to the “imaginary mass” of the

tachyon. Such problems can be avoided if the integra-
tion constant f0 is suitably chosen, as can be seen for
the potential VðTÞ ¼ v2T2 þ v4T4. In this case f1 ¼ f0
and f0ð2f2−f0Þ¼0, and if we choose f0 ¼ 0, then
f1¼0, f2¼�1

2

ffiffiffiffiffi
v2

p
, f3¼ 1

12f2
v3, f4¼ 1

16f2
ðf22−9f23þv4Þ,

f5 ¼ 1
20f2

ðf2f3 − 24f3f4 þ v5Þ, etc. This is the situation
of Eq. (32), where v2 < 0 and v4 ¼ −v2=4; hence, f2
becomes imaginary, and fl ¼ 0 for l > 3, as in Eq. (33).
However, if we keep f0 ≠ 0, then f1 ¼ f0, and from
Eq. (B3) we get another solution that, setting
v2 ¼ −m2=2, is given by an infinite series:

fðTÞ ¼ f0

�
1þTþ 1

2
T2þ 1

3!

�
1− m2

2f20

�
T3

þ 1

4!

�
1þm2

f20

�
T4þ 1

5!

�
1− m2

2f20
− 3m4

4f40

�
T5þ� � �

�
:

(B5)

APPENDIX C: POTENTIAL (38)

We are interested in potentials fulfilling the type of
requirements of Sen’s conjectures. We start from a super-
potential of the form fðTÞ¼ exp ½−nT=2ðaþbTþcT2Þ�;
i.e., it rolls down to zero when T → ∞. By means of
Eq. (31), we compute the corresponding scalar potential,
which has the form VðTÞ ¼ expð−nTÞ½α0 þ α1Tþ
α2T2 þ α3T3 þ α4T4�. Imposing the conditions that
Vð0Þ ¼ V0 > 0 and V 0ð0Þ ¼ 0, we get

f�ðTÞ ¼ e−1
2
ðnxÞ
�
aþ 1

2

�
an� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

q �
xþ an2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p
þ 4a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p
� 4nða2 þ V0Þ

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p x2
�
: (C1)

If we choose f−ðTÞ (it would be similar for fþ), we get for the parameters of VðTÞ:

α0 ¼ V0;

α1 ¼ nV0;

α2 ¼

8><
>:

n2V2
0

a2þV0
þ 1

8
an3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p
þ 2a2n2V0

a2þV0
þ 5

2
an

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p
− anV0ffiffiffiffiffiffiffiffiffiffi

a2þV0

p − 7a2n2
4

− a2 þ a4n2

a2þV0
− a3nffiffiffiffiffiffiffiffiffiffi

a2þV0

p − 5n2V0

4
− V0;

α3 ¼

8><
>:

−nV0 þ n3V0

4
− n3V2

0

2ða2þV0Þ − 1
16
an4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p
þ an4V0

8
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p − a2n3V0

a2þV0

þ 3an2V0

2
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p þ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ V0

p − 2a2n − a4n3

2ða2þV0Þ þ
a3n4

8
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p þ 3a3n2

2
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p ;

α4 ¼

8><
>:

n4V2
0

16ða2þV0Þ −
n2V2

0

4ða2þV0Þ − an5V0

32
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p þ a2n4V0

8ða2þV0Þ − a2n2V0

2ða2þV0Þ þ
anV0

2
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p þ a2n6
256

þ a2n4
64

− a2n2
16

− a2
4
þ a4n4

16ða2þV0Þ − a4n2

4ða2þV0Þ − a3n5

32
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p þ a3n
2
ffiffiffiffiffiffiffiffiffiffi
a2þV0

p .
: (C2)
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Now we look for a potential of the form of Fig. 2, so we must have n > 0. We require also that V 00ð0Þ < 0, and in
addition, for convenience, we set αi > 0, resulting in the following constraints for the parameters a, n, and V0:

n > 2; a > 0;
a2n6 − 12a2n4 þ 48a2n2 − 64a2

36n4 þ 96n2 þ 64
< V0 <

a2n4 − 8a2n2 þ 16a2

16n2
:

Within this rank are located the potentials with profiles like the one in Fig. 2.
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