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Histograms in heavy-quark QCD at finite temperature and density
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We study the phase structure of lattice QCD with heavy quarks at finite temperature and density by a
histogram method. We determine the location of the critical point at which the first-order deconfining
transition in the heavy-quark limit turns into a crossover at intermediate quark masses through a change of
the shape of the histogram under variation of coupling parameters. We estimate the effect of the complex
phase factor, which causes the sign problem at finite density, and show that, in heavy-quark QCD, the effect
is small around the critical point. We determine the critical surface in 2 + 1 flavor QCD in the heavy-quark
region at all values of the chemical potential y including y = oo.
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I. INTRODUCTION

Quantum chromodynamics has a rich phase structure as
a function of temperature 7, quark chemical potential y,
and quark mass m, [1]. Determination of it, in particular
the location of the transition between the confined phase
at low T and u and the deconfined phase at high 7, plays
important roles in a study of early evolutions in the
Universe. From lattice QCD simulations, the transition is
considered to be an analytic crossover at low p around the
physical point of quark masses but is expected to turn into a
first-order transition when we increase y or vary the quark
masses. Identification of the critical point where the
crossover turns into the first-order transition is also impor-
tant in understanding the nature of the quark matter created
in high-energy heavy-ion collision experiments [2].

When we increase u in a lattice simulation of QCD, the
sign problem becomes severe. An extremely high statistics is
required to obtain statistically significant results from
Monte Carlo (MC) simulations when y is not small enough.
We need to combine various techniques developed at small y
to extend the range of calculability toward larger u. One of the
goals of these studies is to find a decisive evidence of the first-
order transition by a MC study to locate the critical point.

To achieve this goal, we are developing a histogram
method in which histograms are used to identify a first-order
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signal [3-6]. Our histogram method can be viewed as a
variant of the spectral density methods [7-10].

When the transition is of first order, we expect multiple
peaks in the histogram for observables that are sensitive to
the phase, such as the energy density and chiral order
parameter. We can thus detect the onset of a first-order
transition through a deformation of the histogram. To do
this, however, we need statistically reliable data on the
histogram over a wide range of expectation values. With a
single MC simulation, a correct evaluation of a multiple-
peak histogram at a first-order transition point requires
many flip-flops among different phases, that is computa-
tionally demanding with dynamical quarks. This problem
is remedied by introducing the reweighting technique
[11-13], with which we can combine simulations at dif-
ferent points in the parameter space, and thus with slightly
different support of expectation values, to obtain a reliable
histogram over a wide range of expectation values [3].

In a previous paper [4], we adopted the histogram
method to investigate the quark mass dependence of the
QCD phase transition in the heavy-quark region at u = 0
and have shown that the histogram method is powerful in
determining the phase structure: Combining a MC simu-
lation in the heavy-quark limit of QCD [SU(3) Yang—Mills
theory] and the hopping parameter expansion, the first-
order deconfining transition of QCD in the heavy-quark
limit is shown to become weaker when we decrease the
quark mass from infinity. The location of the critical point
where the first-order transition turns into a crossover
[14-17] was computed using various observables.
Extending the results to the case of 2+ 1 flavor QCD,
we thus determined the critical line separating the first-order
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and crossover regions around the top-right corner of the
Columbia plot [4].

In this study, we introduce chemical potential y to the
study of heavy-quark QCD. The critical line in 2 + 1 flavor
QCD becomes a critical surface in the parameter space
including p. Although the critical surface in the heavy-
quark region is different from that in the light-quark region
[18,19] and thus is not directly relevant to the transition in
the real world, the former provides us with a good testing
ground of the method, since the computational burden is
much lighter. We show that, to the leading order of the
hopping parameter expansion, the complex phase of the
quark determinant is introduced though the imaginary part
of the Polyakov line. By studying an effective potential of
the Polyakov line, we find that the x4 dependence of the
critical surface is simple in the phase-quenched theory. We
then take account of the effects of the complex phase by
estimating the phase average using the cumulant expansion
method [3,20] to determine the critical surface in 2 + 1
flavor QCD at finite density.

This paper is organized as follows. We introduce the
histogram method and its combination with a multipoint
reweighing method in Sec. II. QCD in the heavy-quark
region is discussed to the leading order of the hopping
parameter expansion in Sec. III. In Sec. IV, we study the
histogram and its effective potential for the Polyakov line,
as well as those for the plaquette, first at 4 = 0. We find that
both give a consistent result for the critical point. In Sec. V,
we estimate the effect of the complex phase on the
Polyakov line histogram at finite chemical potential. We
show that the effect is small around the critical point and the
location of the critical point is well approximated by that in
the phase-quenched theory. We determine the critical
surface in 2+ 1 flavor QCD. In Sec. VI, we calculate
the double-histogram simultaneously for the Polyakov line
and plaquette. By drawing the curves on which the first
derivatives of the effective potential vanish and by tracing
their intersection points, we study the fate of the first-order
transition. The phase diagram thus obtained agrees with
those obtained by the Polyakov line histogram or the
plaquette histogram alone. We summarize our conclusions
in Sec. VIL. Appendix A is added to show that the effect of
the next-to-leading terms of the hopping parameter expan-
sion is small on the location of the critical point.

II. HISTOGRAM METHOD

We study QCD with N; flavors of Wilson-type quarks.
We write the gauge action as
|

w(X; f, K, i)
w(X; fo. Ko» 0)

det M (x
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= —6N P, (1

where # = 6/¢7 is the gauge couphng parameter, N, =
N3 x N, is the lattice volume, and P is the (generalized)
plaquette. For the case of the standard plaquette gauge
action, which we study in the next section,

1
18N

site x yu<v

i):

> ReTr[U, Uy, ULy, UL (2)

X+D.p

We write the quark action as

Sq = ZZ% ok, 3)

where M,, is the quark kernel and x; and u, are the
hopping parameter and chemical potential for the fth
flavor, respectively. We denote K = (ki ...,ky,) and fi =
(1, ....puy,) for the sets of hopping parameters and
chemical potentlals In this study, we assume that M,,
independent of ﬁ

A. Histogram and effective potential

We define the histogram for a set of physical quantities
X =(X,X,,...) as

W= [ DUDYDR]Jox,~K)e 5

/DUH5 (Xi—X,)e™5 HdetM Kpopip)s (4)

where X = (X,.X,,...) is the operators for X. Then the
partition function is given by
2.7 = [ wix:p. R iax )

with dX = [];dX;, and the probability distribution function
of X is given by Z~ "w(X; B, &, ii). The expectation value of
an operator O[X] which is written in terms of X is
calculated by

N

1 N
(OIX]) (5.0 :W/O[X]W(X;ﬂ%ﬂ)dx- (6)

The coupling parameters (f3, k, ji) in the histogram w can
be shifted by the reweighting technique as

det M (kp, pu N -
fr ﬁ /j() Ns!luPH f f ER(X;)BsK7/’t;)BO’KO)’ (7)
d -0)/ xipoo
0-Ko

'For the cases of -dependent M, see discussions in Sec. 6.5 of Ref. [5].
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where < VX:(po50,0) 18 the expectation value measured at
(Bos Ko o = O) with fixed X,

(- TLis(X; ??)>< V)
(TT:5(X; — %) '

 Dxitpozd) ®)

> (Bo-#0.-0

The choice 4, = 0 enables us to carry out a Monte Carlo
simulation of the system. Note that, when we choose
the plaquette P as one of X;’s, the f dependence of the

reweighing factor R can be simply factored out as
(/} /}0) site P

For convenience, we define the effective potential as
Verr (X: . K. i)

The shift of (B, k, i) is given by

= —Inw(X: f.%. /). ©)

Vst (X5 8.6, ) = Vgt (X5 B0, Ko, 0 )—lnR(X B K. o Kp).
(10)

Choosing P as one of X;’s, the  dependence of the
effective potential is explicitly given by
= Ve (P, X; fo. K, ji)

Veff(P7X;ﬁa’?’/’7) _6Nsite(ﬂ_ﬂ0)P

(I

Here, to make clear that P is chosen as one of X;’s, we
explicitly write the argument P and redefine X as remaining
X;’s. As we will discuss later, the K and z dependences can
also be handled easily in the heavy-quark region, by
choosing the Polyakov line as one of X;’s.

In the left panel of Fig. 1, dV.(P;p)/dP in finite-
temperature SU(3) Yang-Mills theory (heavy-quark limit
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of QCD) is shown for several f points around the
deconfining transition point, i.e., f = 5.68, 5.685, 5.69,
5.6925, and 5.70, on an N, = 4 lattice [4] as a function of
P. At each S, we accumulate 100,000-670,000 configura-
tions, and the total number of configurations is 1,800,000.
We evaluate Vg (P) using a Gaussian approximation for
the delta function in Eq. (4), 8(P)~exp[—(P/A)?]/
(Ay/7) with A =0.000283, and calculate the derivative
numerically fitting the data of V(P) in the range between
P —¢€/2 and P + ¢/2 by a linear function with ¢ = 0.0004.
Since the plaquette is distributed in the range 0.543 < P <
0.556 almost uniformly with these configurations, the
number of configurations in a range from P — A/2 to P +
A/2 is about 40,000.

The errors are estimated by a jackknife method.
According to Eq. (11), dV 4 (P; 8)/dP at different # should
coincide with each other by a constant shift 6N (8 — fy).
The left panel of Fig. 1 shows that the data at different
actually agree well with each other by this shift.

The overall figure S shape of dV.i(P;f)/dP corre-
sponds to the fact that the deconfining transition of SU(3)
Yang—Mills theory is of first order. The vertical dashed lines
represent the locations of (P) 4 for each 8. We note that the
data at each f can suffer from large errors when P deviates
largely from <P>(ﬁ>. In principle, the reweighting formulas
in Egs. (7) and (10) should enable us to predict the shape of
w and V.4 at different simulation points. In practice,
however, because a statistically reliable data of w and
Vs are available only at X ~ (X >( so7 0 Of the simulation
point, when (X >(ﬁ;< ;) at the target point (B, &, i) shifts a lot
from (X) (0., 118 MOt €asy to obtain a reliable prediction
about the nature of the vacuum at (f,K,f). This is the
overlap problem. For example, in the left panel of Fig. 1, it
is difficult to conclude about the transition point from the
data at = 5.685 (green) alone. The overlap problem

8000 : : 8000
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4000 — 4000
2000 |- 2000
B u‘r-

or 1 0
2000 e pses ] 2000
4000 T PSS L 000
- e p=569 |

B=5.6925
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P

FIG. 1 (color online).

P

Left: dV/dP in finite-temperature SU(3) Yang-Mills theory on a 243 x 4 lattice [4]. Simulations are

performed at five values of f around the deconfining transition point . = 5.692, and the results for dV . /dP are shifted to f = 5.69
using the reweighing formula Eq. (11). The vertical dashed lines represent the expectation values of P for each f. Right: dV ./ dP by the

multipoint histogram method.
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becomes severe around a first-order transition point on
large lattices.

B. Multipoint histogram method

To overcome the overlap problem and thus to obtain w
and Vg that are reliable in a wide range of X, we make use
of the reweighing formulas to combine data obtained at
different simulation points [13]. In this subsection, we
consider the case to combine data at different values of
with fixed & and ji and suppress the arguments & and j for
simplicity of the notations. Extension to the general case is
straightforward.

We combine a set of Ny, simulations performed at f3;
with the number of configurations N; where i = 1, ..., N,.
Using Eq. (11), the probability distribution function at f3; is
related to that at § as

TBw(P. X ) = 271 (B) SN VPP w(P X1 ).
Summing up these probability distribution functions with
the weight N,

Ny
=Y N, [ G pz (P xip)apax = > NG
=1 =1
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6Ng,lc/}P Z N Z

=

Sp

> NZT(Bw(P, X )

i=1

x eNieliPy(P X; B),  (12)
we obtain
w(P.X: ) = G(P; . f) ZNZ Ww(P.X;5,).  (13)
with the simulation pomts ﬂ = (B, ---.Bn,,) and
- e6NsileﬂP
G(P;p.p) = . (14)

Ny BP—
Zizpl Nie6Nm/”,PZ l(ﬂi)

Note that the left-hand side of Eq. (12) gives a naive
histogram using all the configurations disregarding the
difference in the simulation parameter. The histogram
w(P,X; ) at § is given by multiplying G(P; f3, /)’) to this
naive histogram.
The partition function is given by

N

(P:.B)) - (15)

The right-hand side is just the naive sum of G (f’; b, ﬁ) observed on all the configurations. The partition function at f3; can be
determined, up to an overall factor, by the consistency relations,

z<ﬁi>:§ (G p ),

fori=1,...,Ng,. Denoting f; =

Ny 1
IZZNk

=Y

—1InZ(p;), these equations can be rewritten by

Nb
k=1 <Z =1 N exp[6Niee (B

Starting from appropriate initial values of f;, we solve these
equations numerically by an iterative method. Note that, in
these calculations, one of the f,;’s must be fixed to remove the
ambiguity corresponding to the undetermined overall factor.

Now, the expectation value of an operator 0[13, X] at
can be evaluated as
(O[P.X]), ZN 0P, X|G
Again, Zi:l N i<OG>(/}i) in the right-hand side is just the
naive sum of OG over all the configurations disregarding
the difference in the simulation point.

Results of the multipoint histogram method for the
plaquette distribution function Z~!'(8)w(P;f) in SU(3)

G(P:B. By (18)

€6Nsileﬂip
6N P 7—1 > ’ (16)
Pl Nj e sllcﬂj Z (lﬁj) (/}k)
> P= 1. Ny, (7)
_ﬂi)P_fi+fj] ()

|

Yang—Mills theory is shown in Fig. 2 as a function of P and
p, using the configurations at five simulation points presented
in the left panel of Fig. 1. We see double-peak distribution at
B~5.69-5.6925. Corresponding dV .i(P;f3)/dP at § = 5.69
is shown in the right panel of Fig. 1. We obtain a smooth
effective potential with small statistical errors in a wide range of
P, automatically suppressing statistically poor data points by
the multipoint histogram method.

III. QCD IN THE HEAVY-QUARK REGION

In this paper, we employ the standard plaquette gauge
action, Eq. (1) with Eq. (2), and unimproved Wilson quark
action, Eq. (3), with
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3
Mxy(Kf’#f):5xy_’<f{2[(1_7y)Ux,y5y,x+/4 (1+yp)Ux/45yx p]+eﬂfa(l 74)Ux45yx+4+e ”fa<1+74)Uy4 y.x— 4} (19)
p=1

Note that this M, does not depend on f.

To investigate the quark mass dependence of the effective potential in the heavy-quark region, we evaluate the quark
determinant by a Taylor expansion with respect to the set of hopping parameters & in the vicinity of the heavy-quark limit
K = 0. For each flavor, we have

det M (x,p) 2.1 [0"IndetM =D,

In|———22| = —— "= — K", 20
n{detM(O, 0)] Zn'[ " ]K_OK . 20)

with

0" Indet M

D, = {TLO — (—1) (- 1)!tr[(M I%Az) LO — (=) (n— 1)!tr[<%—1‘:)n], 21

where (OM/ 61() is the gauge connection between the sites x and y. Therefore, the nonvanishing contributions to D,, are
given by Wilson loops and Polyakov lines. Because QCD at ¥ = 0 is just the SU(3) Yang—Mills theory, we can easily
perform simulations at K = 0.

Because of the antiperiodic boundary condition and gamma matrices in the hopping terms, the leading-order
contributions to the Taylor expansion are given by

i [detM(K,,u)

n WT(O,O)} = 288N k* P + 3 x 2NH2 N3N {cosh( )QR +i smh< )QI} 4 (22)

where Qg and € are the real and imaginary parts of the Polyakov line,

o 1 1
Q= m Zg tr[Un,4Un+ft,4Un+2?L4‘"Un+(N,—1)2,,4]’ (23)
S n

respectively. Collecting the contributions from all flavors, we have

Ne det M (ks pyr) als il

M) 4% N2 773 .

n L”lidetM(0,0) ] = 288N (e fEZl KfP+3 X 2 Ns{fglk cosh< )QR+1 E Ky smh( )QI} .24
|

The first term that is proportional to P can be absorbed into
the gauge action by a shift f — f* with

N
pr=p+48> «i. (25)
f=1

500 -
450 - h~ The third term that is proportional to £ leads to the
400 - , \ /’ ’ ” ” complex phase factor e, where
350 |
228 I ,lll ,,, I “ WW” 57 0 =3 x 2N HF2N3 Q) (26)
200 | "':t’ ’,,"' lm ‘M" ” ~ 5.695 )

150 |- ",',',',',m, ,‘,l‘ l/ Wl 5.69 with
100 - i "‘m w ‘ 5.685 P
50 HI T ,",l"‘ & H 5.68 N; u
177 N’ .
55 0548054605440542 052675 q:ZKf s1nh<?f>. (27)
p 7=

FIG. 2 (color online). f dependence of the plaquette distribu- ~ From these expressions, it is natural to take the Polyakov

tion function at x = 0. line as an argument of effective potential.
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IV. POLYAKOYV LINE EFFECTIVE POTENTIAL
AT ZERO DENSITY

We expect that the Polyakov line Q is sensitive to the
transition in the heavy-quark region because it is an order
parameter of the confinement-deconfinement transition in
SU@3) Yang—Mills theory, the heavy-quark limit of QCD.
Combining the configurations at five simulation points [4]
used in the left panel of Fig. 1 by the multipoint reweighing
formulas, we compute the Polyakov line histogram in the
heavy-quark region. To reduce statistical fluctuations, we
average € over the Z(3) rotations in the original histogram
at K = 0 (SU(3) Yang-Mills theory).

We first study the case i = 0 in this section. In Fig. 3 we
show the Polyakov line expectation value (Q) and its
susceptibility yo = N3((Q — (Q))?) in the case of Ny = 2

PHYSICAL REVIEW D 89, 034507 (2014)

QCD (degenerate two-flavor QCD). (Q) is real, but yq
includes the fluctuations in the imaginary part too. We
define the transition point as the peak position of yq.
Owing to the multipoint reweighting method, these quan-
tities can be calculated in a wide range of f§ and «.

To compute the histogram for the Polyakov line, we
approximate 5(x) = exp[—(x/A)?]/(A\/7) as in the case of
the plaquette histogram, but now with A = 0.005 consid-
ering the resolution and the statistical error. The effective
potential for Qg is shown in the left panel of Fig. 4, where
is adjusted to the transition point at each . In this plot, we
vertically shift V¢ (Qg) by adding a constant at each k such
that V. (Qg = 0) = 0. We find the critical point where the
first-order transition turns into a crossover at K‘C‘p =~ 0.00002
(kep 2 0.0669) in Ny =2 QCD. In a study of SU(3)

FIG. 3. Polyakov line expectation value (Q) (left) and its susceptibility y, (right) as functions of k* and #* at & = 0 obtained on an

N, =4 lattice in the case of N; =2 QCD.

8 T T

Veff(QR)
61— — «"=0.000000
— '=0.000005
— '=0.000010
41— — "=0.000015
— «*=0.000020
.

— % =0.000025

8 T T

6

)

— «"=0.000000
— x*=0.000005
-0.000010
20.000015
20.000020
— "=0.000025

4
4
4
4

Il Il Il
0.02 0.04 006 008 01 0.2 0.14 0.16

FIG. 4 (color online).
at the transition point in Ny =2 QCD at u = 0.

0 0.02 004 0.06 0.08 0.1

1€2|

Distribution function of the real part of the Polyakov line (left) and the absolute value of the Polyakov line (right)
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i T \ ‘ \ ‘ \ ‘
4 \ ]
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— 0.000020
0 — 0.000015—
— 0.000010
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-0.004 -0.002 0 0.002 0.004

AP

FIG. 5 (color online). Plaquette effective potential in Ny = 2
QCD at p = 0. The horizontal axis is for AP = P — (P). f is
adjusted to the peak position of the plaquette susceptibility at
each «.

Yang—Mills theory, the absolute value of the Polyakov line
|| is also used to detect the transition. Using the same
approximation for the delta function, we obtain Vg (|Q|)
shown in the right panel of Fig. 4, where V (|Q|) is
vertically shifted such that V.4 (|Q|) = 0 at |Q| = 0.01. We
find that K‘C‘p ~ (0.00002 also in this determination.

In Ref. [4], ch:0.0658(3)(f‘1‘1) with B¢, = 5.6836(1)(5)
(Bep = 5.6819(1)(5)) was obtained for Ny = 2 QCD, com-
bining the results of three different analyses on the plaquette
effective potential, where the first bracket is for the statistical
error and the second bracket is for the systematic error
estimated by the analysis method dependence. Our results of
K¢p from the Polyakov line effective potential are consistent

0.000000 1500

1000

0.000015 1000
900
800
700
600
500

400
300

FIG. 6 (color online).
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with this estimation. Figure 5 is an update of Fig. 4 in
Ref. [4] by using the multipoint histogram method. In this
plot, f is adjusted to the peak position of the plaquette
susceptibility at each «, and V(P) is vertically shifted at
each « such that V(P = (P)) = 0.

Finally, we show the histogram of the Polyakov line in
the complex Q = (Qg, Q) plane in Fig. 6. At each «, f§ is
adjusted to the first-order transition point determined by yq.
Atk = 0, we find a peak at Q = 0 corresponding to the low-
temperature confined phase and three peaks corresponding
to the high-temperature deconfined phase in which the
center Z(3) symmetry is spontaneously broken. At x # 0,
the Z(3) symmetry is explicitly violated so that the branch
on the real axis of the complex Q plane is selected.

Before closing this section, let us discuss the effects of
higher-order terms of the hopping parameter expansion.
At higher orders of the expansion, more complicated
loops contribute to the reweighing factor besides the
plaquette and Polyakov line. In Appendix A, we examine
the effects of next-to-leading order x® terms on the
evaluation of the critical point at y = 0. We find that
the effects of x° loops are small around the critical point,
and the shift of k., due to the next-to-leading order terms
is just about 3% at N, = 4.

V. POLYAKOYV LINE EFFECTIVE
POTENTIAL AT FINITE DENSITY

We now study the case of finite p. As discussed in
Sec. III, to the leading order of the hopping parameter
expansion, finite p has two effects: (i) the shift of the
effective coupling for QR and (ii) the introduction of
the complex phase factor. According to Egs. (7) and
(24), the histogram of Qp is given by

0.000005 54 0.000010

1000

} imaginary

0.000020 1200

1000

0.000025

Polyakov line histogram in heavy-quark QCD at £ = 0 in the case of Ny = 2 QCD. At each «, § is adjusted to the

transition point determined by yq. The value of x* is shown in the upper right corner of each plot.
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w(Qg; B. K. i) = w(Qg;$.0,0) x < 288N, 5" 1P exp [3N32N +22K {cosh( )QR —|—zsmh< )QIH>

_ W(QR;ﬂ*’ (_)” 6)83N§2M+2hQR X <ei9>

with

h_z cosh< > (29)

p* and 0 are defined by Egs. (25), (26), and (27). We note
that the histogram depends on the coupling parameters only
through #*, h, and gq.

A. Phase-quenched finite density QCD

It is convenient to first consider the case of phase-
quenched finite density QCD, in which the complex phase
of the quark determinant is removed. In Ny = 2 QCD, this
corresponds to the case of the isospin chemical potential,
U, = —pg = u. Neglecting the complex phase factor in
Eq. (28), we find that w(Qg;f, K, i) in phase-quenched
QCD s just the w(Qg:4.%.0) with «}’
ijt cosh(us/T). Therefore, e.g., Ve;(Qr) at 4 = 0 shown
in the left panel of Fig. 4 can be viewed as that at y # 0 in
the phase-quenched N; =2 theory (QCD with isospin
chemical potential) by the same replacement of «.

The critical point in the phase-quenched N¢-flavor QCD
is thus given by

replaced by

Ny

D ey )" cosh </¥> =2l (0)".,  (30)

f=1
where k,(0) is the critical point in Ny = 2 QCD at u = 0.
For Ny =2 QCD with isospin chemical potential y, the

critical point is given by

0.08

0.06

0.04

0.02

0 2 4 6 8 10
w/T

FIG. 7 (color online).
N; =2 QCD.

Critical point in the phase-quenched

Qg:(f*.00)°
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Qg;(8.00)
(28)

Kep(0)

%20 = Feoshiu/ T

€2y

Using the value of k., (0) determined in the previous
section, we plot kf, () in Fig. 7. Note that, with increasing
u, the critical point approaches k = 0 where the hopping
parameter expansion becomes exact.

B. Complex phase factor by the
cumulant expansion method

We now calculate the complex phase factor. If e’
changes its sign frequently, the statistical error becomes
larger than the expectation value, causing the sign problem.
To avoid the sign problem, we evaluate the phase factor by
the cumulant expansion method [3,20],

. (P
(€”) a0 = XP {Z i <n—v>c] ’ (32)

n=1

where (0"), is the nth-order cumulant with fixed Qg:

(0)e = (s 50 01)e=(0 0500~ 3o 5 55
(). = ( 6> ) — 15(0%)q ﬁ*00<9> (400 + 30
<92>§2R,( 500 ©tC A key observatlon is that (8"), = 0 for

any odd n due to the symmetry under 6 — —0. This implies

that (') is real and positive. Therefore, the sign problem is
resolved if the cumulant expansion converges.

The most convergent case, in which the leading term
<@2>C dominates in the expansion, corresponds to the case
of Gaussian distribution. The distribution of the complex
phase was found to be quite close to Gaussian in the light-
quark region of QCD, both with Wilson-type and stag-
gered-type improved quarks up to moderate values of y,
provided that the phase 0 is appropriately defined
[3,20-22]. See also Ref. [23] for a recent study of the
Gaussian dominance. In the present case, 0is given in terms
of QI,

(6", = (3 x 2V 2N3g) (O, (33)
with g = Zf ! K'f "sinh(u;/T). Figure 8 shows our result
for the distribution of € for fixed Qg, obtained at K = 0
and f# at the transition point. The delta function is
approximated by 8(x) = exp[—(x/A)?]/(Ay/7) with A =
0.005 for Qg and A = 0.001 for ;. The dashed lines in this
plot are Gaussian functions fitted to the data at Qg = 0.0
and 0.08. We find that the distribution can be well
approximated by a Gaussian function at Qi > 0. The
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FIG. 8 (color online). The distribution of Q; for fixed Qy at
K =0 and f at the transition point.

deviation from Gaussian at Qp < 0 is due to the Z(3)
symmetry at k = 0. As shown in Fig. 6, at k > 0, the Z(3)
symmetry is violated, and the branch at Qg > 0 on the real
axis is selected. Therefore, in the determination of Keps only
the Qr > 0 region is relevant.

We also note that 6 is given in terms of the spatially local
operator € () in Eq. (26), where ¥ is the spatial coordinate.
Q(¥) has finite correlation length given by the inverse
electric screening mass [24]. We can thus decompose 0 into
contributions from approximately uncorrelated spatial
blocks, 0 = 3 .6,,. We then have [20]

@~ Tt = ex (Z Enj;—",@;»c). (34

This implies the following. First, (8"), is linearly propor-
tional to the system volume for any 7, in contrast to a naive

PHYSICAL REVIEW D 89, 034507 (2014)

expectation of (volume)” since 0 is proportional to the
volume. Thus, the range in which the cumulant expansion
is applicable is independent of the volume, in spite of the
fact that the sign problem becomes exponentially serious
with the volume. Second, when the system size is much
larger than the correlation length, the distribution of
6/volume tends to a Gaussian distribution according to
the central limit theorem. The property (6"), « the system
volume at any n can be understood by noting that it is
a sufficient condition to have a well-defined effective
potential V(i) = Vegr(u = 0) — In{e®®) = Vg (u = 0) —
> ,0"(0") /n! around g =0 in the large volume limit,
because V. is proportional to the volume.

In Fig. 9, we plot (§"),/n!in Ny = 2 QCD at #* = 5.69
and «Vrsinh(u/T) = 0.00002 (left) and 0.00005 (right).
The dashed, dot-dashed and two-dot-dashed lines are the
results for n = 2, 4, and 6, respectively. The red solid line

represents —ln<eié>QR;(ﬂ*.ﬁ(»[z—ln(cos@QR;(ﬂ*ﬁ@], which
is almost indistinguishable from the second-order cumu-
lant. We find that the complex phase factor can be well
described by the Gaussian approximation at these points.
The higher-order contributions become visible at small Qg

at large u as shown in the right panel of Fig. 9. However, for
the determination of the critical point, K'[C\g cosh(u/T) ~
0.00002 in the phase-quenched theory, the region at
kNesinh(u/T) < 0.00002 is important because sinh(u/T) <
cosh(u/T). Thus, we can safely adopt the Gaussian
approximation around the critical point in the heavy-quark
region at all values of u/T including u/T = co. See
Appendix B for a discussion on the application range of
the Gaussian approximation, in which we estimate the
parameter region of k"' sinh(u/T) where the second-order
term dominates over the higher-order terms.

Our results for the effective potential in Ny =2 QCD
including the effect of the complex phase factor are shown

1— :
I I I I I I I I I I
4.
«'sinh(W/7)=0.00002 o | el x'sinh(w7)=0.00005 P
08 — -ln<e> | — -In<e >
: 2.
I —-— <o>p0 | R —— <>
4
0.6 =<0 a o Al - <B> /4L o
I - <60 ] L - <0%60 ]
0.4
02
0f=
02 Lo L1 2 Lo \ L1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
Q Q

FIG. 9 (color online). Exponent of the average phase factor, — In{e

ié), compared with the contributions from the second-, fourth-, and

sixth-order cumulants. The expectation values are calculated at f* = 5.69 and S sinh(y/ T) =~ 0.00002 (left) or 0.00005 (right) in
Ny =2 QCD with fixed Q. In both cases, —In(e) is almost indistinguishable with (6%),/2!.
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FIG. 10 (color online). Effective potential of the Polyakov line

in N; = 2 heavy-quark QCD on a 24 x 4 lattice. Solid curves are

Vet (Qg) in the phase-quenched approximation at various * =

k* cosh(u/T) where f is adjusted to the transition point at each .
Dashed curves are the results for V;(Qg) including the effects of
the phase factor at u/T = oo. V4(Qg) at finite /T are between
the solid and dashed curves.

in Fig. 10 for various ¥V = x™: cosh(u/T) at N, = 4. The
solid curves are V4(Qg) in the phase-quenched approxi-
mation at various V1, which are identical to the Vg (Qg) at
u = 0 for each ¥V = k™ shown in the left panel of Fig. 4.
The dashed curves are V.;(Qg), taking account of the
contribution of the phase factor according to Eq. (28), using
the Gaussian approximation for (eig)QR;(ﬂ*m). To estimate
the upper bound of the phase factor effects, we have set
Ve sinh(u/T) = k™t cosh(u/T) in 8, corresponding to the
case of u/T = co. Because sinh(u/T) < cosh(u/T) at
u/T < oo, Vue(Qg) at finite u/T is between the solid
and dashed curves.

We find that the contribution from the phase factor is
quite small except at small Q. For the determination of the
critical point, the shape of Vg around the point where the
two minima merges is important. Around the values of Qg
and k relevant to the determination of the critical point, the

-

O=NWAUIDONDWOO

FIG. 11 (color online).

PHYSICAL REVIEW D 89, 034507 (2014)

dashed curves are quite close to the solid curves. This
means that the contribution from the complex phase to the
location of the critical point is quite small on our 243 x 4
lattice. The critical point k() in the full theory can be
well approximated to that in the phase-quenched theory up
to u/T = oo,

Kep (1) & Ky (1), (35)

with «{,(u) given by Eq. (31).

C. Critical surface in 2 + 1 flavor QCD

It is straightforward to extend the discussions to the case
of nondegenerate heavy-quark QCD using Eq. (28). As
discussed in the previous subsection, the effects of the
complex phase factor are negligible in the determination of
the critical point. Therefore, the critical point in non-
degenerate heavy-quark QCD is given well by
h(Rep pep) = 2l (0)], (36)
where h is defined by Eq. (29) and Ké\;{:z(O) =
0.0658(3)(*,) at N, =4 [4]. In particular, the critical

point in heavy-quark Ny =241 QCD is given by

ZKUNé (tua: ) cosh (%) + Ky (Hud- Hs) cosh (?)

=2l (0)]" (37)
in the coupling parameter space (kug,Ks,Huds Hs)- The
critical surfaces for the cases (a) puq/T = us/T # 0 (left)
land (b) pyq/T # O with /T = 0 are shown in the left and
right panels of Fig. 11, respectively. In realistic heavy-ion
collision experiments, because the strange quarks are
hardly prepared in the environment, p, ~0 is realized.
This result is consistent with that of the effective theory in
Ref. [17]. We note that these results are obtained at N, = 4.
For a precise prediction to be compared with the real world,
it is important to study the lattice cutoff dependence

O=NWAUIONOOO

Hud

Critical surface separating the first-order transition and crossover regions in the heavy-quark region. Left: The

case y, = pg = Uy = pu. Right: The case that may be realized in heavy ion collisions: p, = py = pyq and p, = 0.
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Histogram w(P, Qg; B, x,0) as function of ¥* in Ny = 2 QCD. The value of x* is shown in the upper right

corner of each plot. f is adjusted to the peak position of the Polyakov line susceptibility at each «.

(N, dependence) of the critical surface. We leave this as a
future work.

VI. EFFECTIVE POTENTIAL FOR (P,Qg)

In the previous sections, we have studied effective
potentials for P and Qg separately. Because the gauge
action and quark determinant (22) are given by the
plaquette and Polyakov line in the heavy-quark region,

|

ma%mﬁm:/pww—mmz — e

we may instead consider an effective potential for (P, Qg)
simultaneously. In heavy-quark QCD, P and Qg represent
the freedom of gauge and quark free energies, respectively.
Therefore, we expect that the histogram w(P, Q) and its
effective potential V (P, Qg) are sensitive to the phase
transition.

To the leading order of the hopping parameter expansion,
the histogram of (P, Qg) is given by

HdetM K'f ,Llf)
f=1

~ / DUS(P — P)s(Qg — Qg)eNseh?

x ¢[288Veie

s Ny+2 7n73 = :
= BNl AP N0 (P, O . 0.0) < (€) 5. 5,00

where f* and h are given by Egs. (25) and (29). The
histogram is thus factored into the phase-quenched part and

the complex phase factor part (¢?). The 8 and K depend-
ences in the phase-quenched part are quite simple.
Although the statistical quality of w(P, Q) is worse than
that for w(P) or w(Qg), this simple dependence on the
coupling parameters may help us to investigate the phase
structure in a wide range of the coupling parameter space.

A. Effective potential and critical point at zero density

Let us first study the case 4 = 0 in which the complex
phase factor is absent in Eq. (38). The histogram
w(P, Qg; B, K, 6) is shown in Fig. 12 in the case of
degenerate Ny = 2 QCD, where S is adjusted to the peak

Ny o4 N+2 73 Nt
JE KpP3x2VNY S T

K];,’ {COSh(?/)QR-H smh(Tf)Ql H

-

(38)

I

position of the Polyakov line susceptibility at each k. Data
are taken from the pure-gauge configurations generated on
a 243 x 4 lattice [4]. Using the multipoint reweighting
method, we combine data at five f points in the range
p =5.68-5.70. The total number of configurations is
1,800,000. With these configurations, the plaquette and
the Polyakov line are distributed in the range 0.543 < P <
0.556 and |Q| < 0.15. To evaluate the pure-gauge histo-
gram w(P, Qg; f3, 0, 6), we approximate the delta function
by a Gaussian function &(x) ~ exp[—(x/A)%]/(Av/7),
where A = 0.0005 for P and 0.005 for Qg by consulting
the statistical stability of the final results, and average over
the Z(3) rotations of Q. Then, w(P, Qg; S, K, 6) at finite x
are computed by the reweighing formula. We see that the
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FIG. 13 (color online). 9V,/dP (left) and 9V /IQx (right) at f; = 5.69 as functions of (P, Q). Their contour curves are given at the
bottom of the plots.
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FIG. 14 (color online). Curves of dV.;/OP = 0 (left) and OV /0Qgr = O (right) at i = 0, Values of #* (left) and x* (right) are for the
case of Ny =2 QCD. The curves are identical to the contour curves of 0V,/0P and 0V,/0Qg shown in Fig. 13.

two peaks at low k merge into a single peak as we increase 5y, oV
. s : : ot eff wea =2v0 R N+2 773
Kk, suggesting a critical point beyond which the first-order 50 (P,Qg;R,x,0) = o (P,Qg;R0) — 3 x 2NT2N7h,
transition turns into a crossover. R R
We now define the effective potential Vg (P,Qpg;3,,0)= (40)

—Inw(P,Qg;B.5.0). The peak position of the histogram
corresponds to the point where the curves OV /0P = 0and  where V (P, Qg: fy) = Verr(P. Qr: fo. 0, 0) is the effective
OV i/ 0Qg = 0 intersect in the (P,Qg) plane. When we  potential in the heavy-quark limit and h = Z?I;] K}V‘ at
have only one peak of the histogram, the two curves intersect 7 = (. Note that OV .;/0Qg and OV/ Qg are independent
at just one point. On the other hand, when we have two peaks of # and f,, while OV.;/OP depends on f and K only
of the histogram, the two curves intersect at three points,  through f*. From these equations, we find that, in the
corresponding to two peaks and one saddle point between  derivatives of the effective potential, (i) # and K depend-
the peaks. Therefore, from a merger of these intersection  ences exist only in the additive constant shifts, and
points into one, we can detect the critical point where the  (ii) besides these constant shifts, P and Qy dependences
first-order transition turns into a crossover. appear only in the derivatives of V, which do not depend on
According to Eq. (38) at ji =0, the derivatives of g and k. Therefore, a curve for OV /0P = 0 at a #* point
Veie(P,Qg;B,x,0) have simple dependences on B s independent of & and is given by a contour of dV,/dP,

and K, while a curve for OV ;/0Qr =0 at some K does not
depend on g and is given by a contour of 9V/0Q%.
OV ot 9V, In Fig. 13, we plot 9V/OP and OV,/0Qx at f, = 5.69

(P,Qg;p.K.0) = 8—P(P Qg3 fo) — 6N (B — Bo).  as functions of (P,Qg). We calculate the derivatives by
39 fitting the data between x —¢/2 and x + ¢/2 by a linear
(9" function in P and Qg, where € = 0.0016 for P and 0.016

oP
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FIG. 15 (color online). OV./OP =0 (blue curves) and
OV i/ 0Qr = 0 (red curves) shown in Fig. 14, around the critical
point.

for Qg. The contour curves of dV,/OP and JV,/0Qx can
be viewed as the curves OV /0P = 0 and OV o5/ 0Qg = 0
at different (3, k), as shown in Fig. 14. The values of #* and
«* in this figure are for the case of Ny = 2 QCD. Recall that
we combined configurations generated at f = 5.68-5.70
with x =0 using the multipoint reweighting method.
Therefore, the data in the region sandwiched between
the curves f*=5.68 and 5.70 in the left panel of Fig. 14
are trustworthy, while the regions around the upper-left
and lower-right corners of this plot suffer from large
fluctuations due to a poor statistics.*

We then overlay these curves in Fig. 15. At «
0.00001 and p* = 5.678, we find three intersection points
due to the letter S-like shape of the OV /0Qg = 0 curve.
The three intersection points correspond to two local
minima and a saddle point of V ;. This means that we
have two metastable states and thus have a first-order
transition around this point. With increasing «, the S shape
becomes weaker, and eventually the three intersection
points merge to one intersection point at (P,Qg)~
(0.546,0.06). This happens at the critical point around x* ~
0.00002 (k., ~0.0669) and f* ~ 5.6822 in Ny =2 QCD.
Taking into account the ambiguities in identifying the shape
of contours, we consider that these values for the critical
point are roughly consistent with those obtained in Ref. [4]
and Sec. IV using Vg (P) and V4(Qg).

4:

B. Effective potential and critical point at finite density

We now turn on the chemical potential. We first study the
phase-quenched theory. The histogram w(P,Qg) in
the phase-quenched theory is given by Eq. (38) with the

Ina preliminary version of this study [25], we did not use the
multipoint reweighting method and adopted a simple difference
for the numerical derivative. The multipoint reweighting method
enabled us to evaluate the derivatives in a wider range of P and
Qp and to vary f and k more systematically, while the statistical
quality just around the critical point was not improved much.

PHYSICAL REVIEW D 89, 034507 (2014)

complex phase factor suppressed. Then, after absorbing the
plaquette term into the gauge action by replacing S by %,
the only effect of i # 0 in the phase-quenched theory is to
replace the hopping parameter « in the theory at i = 0 by
ks cosh!/Ni(u/T). Therefore, the discussions in Sec. V A
for w(Qg) are applicable to the present case, too, and the
critical point in the phase-quenched theory is given
by Eq. (31).

We then estimate the effects of the complex phase factor.
In Sec. V B, we have seen that the effects are small in
Ve (Qg ) around the critical point of heavy-quark QCD. We
show that the same is true also for Vg (P, Qg).

Applying the cumulant expansion method discussed in
Sec. V B, the phase factor (e) .o, In Eq. (38) is expanded
as the right-hand side of Eq. (32), where (---), in the
present case is the cumulant with fixed P and Qg. Because
of the symmetry of QCD under  to —0, (§"), = 0 for any
odd n. For the case of fixed Qg, the dominance of the
leading n = 2 term (Gaussian term) was demonstrated by
Fig. 9 and Appendix B. In the same appendix, we also
study the application range of the Gaussian approximation
and (6%)
expansion of (e), ., we find that the Gaussian term
dominates in the parameter region near the critical point.
See also Fig. 5 of Ref. [25] for a further confirmation.

Using the Gaussian dominance, the derivatives of
Vit (P, Qg; B, K, ji) are given by

with fixing P. By comparing (6%) . in the

c

Ve OV (3 x 2V 2N3g)? 8(@12) -
=20 6N (B — c
OP OP s1te(ﬂ ﬁO) + 2 OP
(41)
A2
aVeff _ aV() —3x 2N‘+2N?h + (3 X 2N'+2N3‘1)2 a<QI>c )
0 0 2 Q%
(42)
0.00025
S

0 0.542

FIG. 16 (color online). (Qf), with fixed P and Qg.
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where Vo (P, Qg: ) = Ve (P, Qg:$.0,0) and ¢ is defined
by Eq. (27). When the last terms in these equations modify
the curves shown in Fig. 15, the critical point may shift
from that of the phase-quenched theory.

Our result of (Q?), is shown in Fig. 16. The statistics is
not high around the left and right corners. We numerically
differentiate this data with respect to P and Qg using the
same method as for the derivatives of V(. The results of
0(Q3)./OP and 0(Q),./0Qg are shown in Fig. 17. From
the left panel of this figure, we find that 9(Q?) ./OP is quite
flat and small around the critical point (P,Qg)~
(0.546,0.06). According to Eq. (41), this just causes a
small shift of f.,. From the right panel, we find that
0(Q}),/0Qg is numerically quite small around the critical
point. We estimate that, in Ny = 2 QCD, the contribution of
the last term in Eq. (42) is at most about 3% of the second
term around the critical point—the effect of the complex
phase on the critical point is quite small in heavy-quark
QCD also in V (P, Qg;p, i, i). Thus, e.g., the critical
point in Ny=2 QCD locates at «x"'cosh(u/T)=
Kep(0)Vi~2x 1075 at pu#0 as shown in Fig. 7. Be-
cause «Visinh(u/T) ~2 x 107> x tanh(u/T) <2 x 1073
is bounded along the critical curve, the effect of the
complex phase factor is under control up to u/T = co.
Similarly, the critical surface in Ny =2 + 1 QCD is given
by Fig. 11.

VII. CONCLUSIONS

We have studied the phase structure of QCD in the
heavy-quark region by the histogram method. When we
consider histograms for operators which control the
dependence on some coupling parameters in the action,
the dependence on these coupling parameters in the
histogram becomes in part analytic by the reweighing
method. Because such operators are expected to be sensi-
tive to the phase of the system, we may study the phase
structure through a change of the shape of these histograms
under a variation of the coupling parameters. In this paper,

we have determined the critical point at which the first-
order deconfining transition in the heavy-quark limit turns
into a crossover at intermediate quark masses. We used a
histogram for the real part of the Polyakov line, Q, as well
as that for Qg and the plaquette P simultaneously, and
compared the results with our previous result obtained
using a histogram for P [4]. We found that the location of
the critical point is consistent among different determina-
tions, implying the robustness of our method to determine
the phase structure of the system.

At finite density, the histograms for Qp and/or P are
factorized into the complex phase factor and phase-
quenched part. To the leading order of the hopping
parameter expansion, the coupling parameter dependence
in the phase-quenched part is quite simple for these
histograms, and thus the critical point in the phase-
quenched theory can be easily computed as a function
of the chemical potential . We then estimated the effect of
the complex phase factor by the cumulant expansion
method. It turned out that the effect is quite small around
the critical point even in the large u limit. Therefore, the
critical point in finite density QCD is almost identical to
that for the phase-quenched theory in the heavy-quark
region. Our results for the critical surface in Ny =2+ 1
QCD is shown in Fig. 11 as functions of the chemical
potentials.

As a natural step forward, we are now applying the
histogram method to a more realistic case of QCD with
light quarks. Similar to the case of heavy-quark QCD, the
histogram factorizes into the complex phase factor and the
phase-quenched part. Here, however, unlike the case of
heavy-quark QCD, we do expect a significant effect of the
complex phase factor such that the crossover at small u/T
turns into a first-order transition at u/T ~ O(1). A good
control of the complex phase factor is essential to clarify
the phase structure, getting over the sign problem at
u/T > O(1). We hope that the cumulant expansion
method tested in this paper is helpful in the light-quark
region too. Combining the techniques developed in this
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paper with Monte Carlo simulations of phase-quenched
QCD, we are challenging the longstanding issues of
finite density QCD. Our preliminary results look
promising [22].
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APPENDIX A: EFFECTS OF THE NEXT-TO-
LEADING ORDER TERMS IN THE HOPPING
PARAMETER EXPANSION

In this paper, we study the phase structure of heavy-quark
QCD using the leading order (LO) of the hopping parameter
expansion, Eq. (22), on an N, = 4 lattice. In this appendix,
we examine the effects from the next-to-leading-order
(NLO) terms of the hopping parameter expansion, Eq. (20).

On N, = 4 lattices, the NLO terms are O(k®) and consist
of length-6 Wilson loops and length-N, +2 bended
Polyakov lines with a handle. The former includes rec-
tangular loops, chair-type loops, and parallelogram loops,
which are familiar in the improvement program of the
lattice gauge action. Assuming universality of the lattice
gauge action, the main effects of these length-6 loops will
be to shift the effective gauge coupling and thus will be
effectively absorbed by a redefinition of f*.

We thus concentrate on the effects of the bended
Polyakov lines given by the following expressions:

U
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Ql and flz are normalized such that Ql = Qz = 1 in the weak coupling limit U}, , = 1. Disregarding the Wilson loop terms,
which can be absorbed by f* the quark determinant to the NLO is given by

= 192N3k*{Re Q + 24x?Re Q| + 12k2Re Q, }.

n [detM(K, 0) (A3)

det M (0, 0)} NLO

To estimate the effects of the NLO terms, we carry out simulations of the SU(3) Yang—Mills theory on a 16* x 4 lattice at
B =5.68,5.685,5.69, 5.6925, and 5.70. With a pseudo heat bath algorithm, we generate 59,000 configurations after 1000
thermalization sweeps at each f. Errors are estimated by a jackknife method with the bin size of 100 sweeps. Because the
branch along the positive real axis of Q is relevant at k > 0, we apply a Z(3) rotation to €2, Q;, and Q, on each configuration
such that arg Q is in the range (—z/3,7/3).
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FIG. 18 (color online).

In Fig. 18, we show the history of the ratios ReQ; /ReQ
and ReQ,/ReQ. Because the Polyakov lines distribute
around O in the low-temperature phase, the ratios fluctuate
largely at < 5.690, while in the high-temperature phase
at # 2 5.700, the fluctuations are small. In the transition
region at f~5.690-5.6925, we observe flip-flops
between the two phases. Besides this f-dependence of
the fluctuation, we find that the central values of
ReQ;/ReQ and ReQ,/ReQ are around 0.8 at all f.
Averages of the ratios are summarized in Table 1. For
the calculation of the effective potential V.« (P), the
histogram with fixed plaquette value P is important. In
Fig. 19, we plot the distribution of the ratios with fixed
P. We find that the central values of the ratios are
insensitive to P.

Assuming ReQ;/ReQ~ReQ,/ReQ~0.8 indepen-
dent of # and P, we may estimate the effect of the NLO
terms to the location of the critical point. Denoting the
values of « for the critical point in LO and NLO as kg and

041 B
Re Q,
Re Q

Il Il Il Il
2000 3000 4000 5000

Monte Carlo Sweeps

0 Il
0 1000 6000

Hstory of Re Q;/ReQ and ReQ,/Re Q. The horizontal axis is for the configuration number.

192N¢N3 (kE0)*Re Q & 192N N3 (kN-0)*

x ReQ[l +28.8(x°)%].  (A4)
Using kg ~ 0.066 for Ny = 2, we find x© ~ 0.064; i.e.,
the effect of the NLO terms in k., is about 3% on our
N, = 4 lattice. Alternatively, we may estimate the value of
x at which the NLO contributions become comparable to
those of the LO terms by 24x*(Re Q;/ReQ)+
12x*(Re Q,/Re Q) ~ 1. Solving this, we find x~0.18
for degenerate N; flavor QCD. Because this is much larger
than the critical point k., ~ 0.066 or 0.064, we conclude
that the NLO effects are small around the critical point in
heavy-quark QCD at N, = 4.

0.54:

kN-C, we obtain

TABLEI Average of Re Q;/ReQ and Re Q,/Re Q for each /.

p ReQ;/ReQ Re,/ReQ et
5.6800 0.8093(6) 0.7756(9) P '__: o
5.6850 0.8108(8) 0.7772(10) b
5.6900 0.8147(6) 0.7823(8) 0

5.6925 0.8182(2) 0.7871(3)

5.7000 0.82029(2) 0.78992(3)

FIG.
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FIG. 20 (color online). q;' (blue) and gg ! (green) as a function
of Qp.

APPENDIX B: APPLICATION RANGE OF THE
GAUSSIAN APPROXIMATION FOR THE
COMPLEX PHASE DISTRIBUTION

We estimate the range of coupling parameters where
higher-order terms in the cumulant expansion are smaller
than the leading term in the complex phase distribution in
heavy-quark QCD. The cumulant expansion is introduced
in Sec. V B as

i0 = (07,

n=1

where the complex phase @ is given by Eq. (26) in terms of
the imaginary part of the Polyakov line & and (6"), is
given by Eq. (33) with ¢ = >}, }" sinh(%/). Thus, the
ratio (6*")./(6%), is given by

2n A2n
<9A2 Je _ (3 x 2N H2N3 )21 <%2 Je (B2)
<9 >c ‘ <QI>C

for n =2,3,4,.... Let us define g,, as the value of g at
which [(6°") ]/ (2n)! = |(6°),/2":
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We first study the case discussed in Sec. V, i.e., the 0
distribution with fixing Q. We plot ¢! as a function of Qg
in Fig. 20. The solid blue line is for ¢;' and the dashed
green line for g5 !. We find that ¢; ! and gg ! are smaller than
about 3000 in the whole range of €. This means that
[(6*),|/4! and |(6°),|/6! are much smaller than |(6%).|/2!
when g = >} k)" sinh(u;/T) < 3 x 107*. This condi-
tion is well satisfied at ¢ = Nk sinh(u/T) =4 x 1072
and 1 x 10~ in N; = 2 QCD discussed in Sec. V. In fact,
(6%)./2! dominates over (6*)./4! and (6°),/6! at these
points as shown in Fig. 9. This suggests that the effects
from the higher-order cumulants are small at these points,
as explicitly demonstrated in Fig. 9 by the agreement of the
second-order result (black dashed lines) and the full result
(red solid lines).

We then study the case with fixing P and Qp simulta-
neously, as studied in Sec. VL. In Fig. 21, ¢; ! is shown as a
function of P and Q. We find that ¢;' is small, except for
the regions of small P and large Qp and large P and small
Qp, i.e., the top-left and bottom-right corners in Fig. 14, at
which statistics is not sufficiently high.
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