
Histograms in heavy-quark QCD at finite temperature and density

H. Saito,1,* S. Ejiri,2,† S. Aoki,1,3,‡ K. Kanaya,1 Y. Nakagawa,2 H. Ohno,4 K. Okuno,2 T. Umeda5

(WHOT-QCD Collaboration)

1Graduate School of Pure and Applied Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan
2Graduate School of Science and Technology, Niigata University, Niigata 950-2181, Japan

3Center for Computational Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan
4Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

5Graduate School of Education, Hiroshima University, Hiroshima 739-8524, Japan
(Received 10 September 2013; published 26 February 2014)

We study the phase structure of lattice QCD with heavy quarks at finite temperature and density by a
histogram method. We determine the location of the critical point at which the first-order deconfining
transition in the heavy-quark limit turns into a crossover at intermediate quark masses through a change of
the shape of the histogram under variation of coupling parameters. We estimate the effect of the complex
phase factor, which causes the sign problem at finite density, and show that, in heavy-quark QCD, the effect
is small around the critical point. We determine the critical surface in 2þ 1 flavor QCD in the heavy-quark
region at all values of the chemical potential μ including μ ¼ ∞.
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I. INTRODUCTION

Quantum chromodynamics has a rich phase structure as
a function of temperature T, quark chemical potential μ,
and quark mass mq [1]. Determination of it, in particular
the location of the transition between the confined phase
at low T and μ and the deconfined phase at high T, plays
important roles in a study of early evolutions in the
Universe. From lattice QCD simulations, the transition is
considered to be an analytic crossover at low μ around the
physical point of quark masses but is expected to turn into a
first-order transition when we increase μ or vary the quark
masses. Identification of the critical point where the
crossover turns into the first-order transition is also impor-
tant in understanding the nature of the quark matter created
in high-energy heavy-ion collision experiments [2].
When we increase μ in a lattice simulation of QCD, the

sign problem becomes severe. An extremely high statistics is
required to obtain statistically significant results from
Monte Carlo (MC) simulations when μ is not small enough.
We need to combine various techniques developed at small μ
to extend the range of calculability toward larger μ. One of the
goals of these studies is to find a decisive evidence of the first-
order transition by a MC study to locate the critical point.
To achieve this goal, we are developing a histogram

method in which histograms are used to identify a first-order

signal [3–6]. Our histogram method can be viewed as a
variant of the spectral density methods [7–10].
When the transition is of first order, we expect multiple

peaks in the histogram for observables that are sensitive to
the phase, such as the energy density and chiral order
parameter. We can thus detect the onset of a first-order
transition through a deformation of the histogram. To do
this, however, we need statistically reliable data on the
histogram over a wide range of expectation values. With a
single MC simulation, a correct evaluation of a multiple-
peak histogram at a first-order transition point requires
many flip-flops among different phases, that is computa-
tionally demanding with dynamical quarks. This problem
is remedied by introducing the reweighting technique
[11–13], with which we can combine simulations at dif-
ferent points in the parameter space, and thus with slightly
different support of expectation values, to obtain a reliable
histogram over a wide range of expectation values [3].
In a previous paper [4], we adopted the histogram

method to investigate the quark mass dependence of the
QCD phase transition in the heavy-quark region at μ ¼ 0

and have shown that the histogram method is powerful in
determining the phase structure: Combining a MC simu-
lation in the heavy-quark limit of QCD [SU(3) Yang–Mills
theory] and the hopping parameter expansion, the first-
order deconfining transition of QCD in the heavy-quark
limit is shown to become weaker when we decrease the
quark mass from infinity. The location of the critical point
where the first-order transition turns into a crossover
[14–17] was computed using various observables.
Extending the results to the case of 2þ 1 flavor QCD,
we thus determined the critical line separating the first-order
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and crossover regions around the top-right corner of the
Columbia plot [4].
In this study, we introduce chemical potential μ to the

study of heavy-quark QCD. The critical line in 2þ 1 flavor
QCD becomes a critical surface in the parameter space
including μ. Although the critical surface in the heavy-
quark region is different from that in the light-quark region
[18,19] and thus is not directly relevant to the transition in
the real world, the former provides us with a good testing
ground of the method, since the computational burden is
much lighter. We show that, to the leading order of the
hopping parameter expansion, the complex phase of the
quark determinant is introduced though the imaginary part
of the Polyakov line. By studying an effective potential of
the Polyakov line, we find that the μ dependence of the
critical surface is simple in the phase-quenched theory. We
then take account of the effects of the complex phase by
estimating the phase average using the cumulant expansion
method [3,20] to determine the critical surface in 2þ 1
flavor QCD at finite density.
This paper is organized as follows. We introduce the

histogram method and its combination with a multipoint
reweighing method in Sec. II. QCD in the heavy-quark
region is discussed to the leading order of the hopping
parameter expansion in Sec. III. In Sec. IV, we study the
histogram and its effective potential for the Polyakov line,
as well as those for the plaquette, first at μ ¼ 0. We find that
both give a consistent result for the critical point. In Sec. V,
we estimate the effect of the complex phase on the
Polyakov line histogram at finite chemical potential. We
show that the effect is small around the critical point and the
location of the critical point is well approximated by that in
the phase-quenched theory. We determine the critical
surface in 2þ 1 flavor QCD. In Sec. VI, we calculate
the double-histogram simultaneously for the Polyakov line
and plaquette. By drawing the curves on which the first
derivatives of the effective potential vanish and by tracing
their intersection points, we study the fate of the first-order
transition. The phase diagram thus obtained agrees with
those obtained by the Polyakov line histogram or the
plaquette histogram alone. We summarize our conclusions
in Sec. VII. Appendix A is added to show that the effect of
the next-to-leading terms of the hopping parameter expan-
sion is small on the location of the critical point.

II. HISTOGRAM METHOD

We study QCD with Nf flavors of Wilson-type quarks.
We write the gauge action as

Sg ¼ −6NsiteβP̂; (1)

where β ¼ 6=g2 is the gauge coupling parameter, Nsite ¼
N3

s × Nt is the lattice volume, and P̂ is the (generalized)
plaquette. For the case of the standard plaquette gauge
action, which we study in the next section,

P̂ ¼ 1

18Nsite

X
x;μ<ν

ReTr ½Ux;μUxþμ̂;νU
†
xþν̂;μU

†
x;ν�: (2)

We write the quark action as

Sq ¼
XNf

f¼1

X
x;y

ψ̄ ðfÞ
x Mxyðκf; μfÞψ ðfÞ

y ; (3)

where Mxy is the quark kernel and κf and μf are the
hopping parameter and chemical potential for the fth
flavor, respectively. We denote κ⃗ ¼ ðκ1;…; κNf

Þ and μ⃗ ¼
ðμ1;…; μNf

Þ for the sets of hopping parameters and
chemical potentials. In this study, we assume that Mxy is
independent of β.1

A. Histogram and effective potential

We define the histogram for a set of physical quantities
X ¼ ðX1; X2;…Þ as

wðX;β;κ⃗;μ⃗Þ¼
Z

DUDψDψ̄
Y
i

δðXi−X̂iÞe−Sq−Sg

¼
Z

DU
Y
i

δðXi−X̂iÞe−Sg
YNf

f¼1

detMðκf;μfÞ; (4)

where X̂ ¼ ðX̂1; X̂2;…Þ is the operators for X. Then the
partition function is given by

Zðβ; κ⃗; μ⃗Þ ¼
Z

wðX; β; κ⃗; μ⃗ÞdX (5)

with dX ¼ Q
idXi, and the probability distribution function

of X is given by Z−1wðX; β; κ⃗; μ⃗Þ. The expectation value of
an operator O½X̂� which is written in terms of X̂ is
calculated by

hO½X̂�iðβ;κ⃗;μ⃗Þ ¼
1

Zðβ; κ⃗; μ⃗Þ
Z

O½X�wðX; β; κ⃗; μ⃗ÞdX: (6)

The coupling parameters ðβ; κ⃗; μ⃗Þ in the histogram w can
be shifted by the reweighting technique as

wðX; β; κ⃗; μ⃗Þ
wðX; β0; κ⃗0; 0⃗Þ

¼
�
e6ðβ−β0ÞNsiteP̂

Y
f

detMðκf; μfÞ
detMðκ0f; 0Þ

�
X;ðβ0;κ⃗0;0⃗Þ

≡ RðX; β; κ⃗; μ⃗; β0; κ⃗0Þ; (7)

1For the cases of β-dependent M, see discussions in Sec. 6.5 of Ref. [5].
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where h� � �iX;ðβ0;κ⃗0;0Þ is the expectation value measured at
ðβ0; κ⃗0; μ⃗0 ¼ 0Þ with fixed X,

h� � �iX;ðβ0;κ⃗0;0⃗Þ ≡
h� � �QiδðXi − X̂iÞiðβ0;κ⃗0;0⃗Þ
hQiδðXi − X̂iÞiðβ0;κ⃗0;0⃗Þ

: (8)

The choice μ⃗0 ¼ 0 enables us to carry out a Monte Carlo
simulation of the system. Note that, when we choose
the plaquette P as one of Xi ’s, the β dependence of the
reweighing factor R can be simply factored out as
e6ðβ−β0ÞNsiteP.
For convenience, we define the effective potential as

VeffðX; β; κ⃗; μ⃗Þ ¼ − lnwðX; β; κ⃗; μ⃗Þ: (9)

The shift of ðβ; κ⃗; μ⃗Þ is given by

VeffðX;β; κ⃗; μ⃗Þ ¼ VeffðX;β0; κ⃗0; 0⃗Þ− lnRðX;β; κ⃗; μ⃗;β0; κ⃗0Þ:
(10)

Choosing P as one of Xi ’s, the β dependence of the
effective potential is explicitly given by

VeffðP;X; β; κ⃗; μ⃗Þ ¼ VeffðP;X; β0; κ⃗; μ⃗Þ − 6Nsiteðβ − β0ÞP:
(11)

Here, to make clear that P is chosen as one of Xi ’s, we
explicitly write the argument P and redefine X as remaining
Xi’s. As we will discuss later, the κ⃗ and μ⃗ dependences can
also be handled easily in the heavy-quark region, by
choosing the Polyakov line as one of Xi ’s.
In the left panel of Fig. 1, dVeffðP; βÞ=dP in finite-

temperature SU(3) Yang–Mills theory (heavy-quark limit

of QCD) is shown for several β points around the
deconfining transition point, i.e., β ¼ 5.68, 5.685, 5.69,
5.6925, and 5.70, on an Nt ¼ 4 lattice [4] as a function of
P. At each β, we accumulate 100,000–670,000 configura-
tions, and the total number of configurations is 1,800,000.
We evaluate VeffðPÞ using a Gaussian approximation for
the delta function in Eq. (4), δðPÞ ≈ exp ½−ðP=ΔÞ2�=
ðΔ ffiffiffi

π
p Þ with Δ ¼ 0.000283, and calculate the derivative

numerically fitting the data of VeffðPÞ in the range between
P − ϵ=2 and Pþ ϵ=2 by a linear function with ϵ ¼ 0.0004.
Since the plaquette is distributed in the range 0.543≲ P≲
0.556 almost uniformly with these configurations, the
number of configurations in a range from P − Δ=2 to Pþ
Δ=2 is about 40,000.
The errors are estimated by a jackknife method.

According to Eq. (11), dVeffðP; βÞ=dP at different β should
coincide with each other by a constant shift 6Nsiteðβ − β0Þ.
The left panel of Fig. 1 shows that the data at different β
actually agree well with each other by this shift.
The overall figure S shape of dVeffðP; βÞ=dP corre-

sponds to the fact that the deconfining transition of SU(3)
Yang–Mills theory is of first order. The vertical dashed lines
represent the locations of hPiðβÞ for each β. We note that the
data at each β can suffer from large errors when P deviates
largely from hPiðβÞ. In principle, the reweighting formulas
in Eqs. (7) and (10) should enable us to predict the shape of
w and Veff at different simulation points. In practice,
however, because a statistically reliable data of w and
Veff are available only at X ≈ hXiðβ0;κ⃗0;0⃗Þ of the simulation
point, when hXiðβ;κ⃗;μ⃗Þ at the target point ðβ; κ⃗; μ⃗Þ shifts a lot
from hXiðβ0;κ⃗0;0⃗Þ, it is not easy to obtain a reliable prediction
about the nature of the vacuum at ðβ; κ⃗; μ⃗Þ. This is the
overlap problem. For example, in the left panel of Fig. 1, it
is difficult to conclude about the transition point from the
data at β ¼ 5.685 (green) alone. The overlap problem
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FIG. 1 (color online). Left: dVeff=dP in finite-temperature SU(3) Yang–Mills theory on a 243 × 4 lattice [4]. Simulations are
performed at five values of β around the deconfining transition point βc ≃ 5.692, and the results for dVeff=dP are shifted to β ¼ 5.69
using the reweighing formula Eq. (11). The vertical dashed lines represent the expectation values of P for each β. Right: dVeff=dP by the
multipoint histogram method.
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becomes severe around a first-order transition point on
large lattices.

B. Multipoint histogram method

To overcome the overlap problem and thus to obtain w
and Veff that are reliable in a wide range of X, we make use
of the reweighing formulas to combine data obtained at
different simulation points [13]. In this subsection, we
consider the case to combine data at different values of β
with fixed κ⃗ and μ⃗ and suppress the arguments κ⃗ and μ⃗ for
simplicity of the notations. Extension to the general case is
straightforward.
We combine a set of Nsp simulations performed at βi

with the number of configurations Ni where i ¼ 1;…; Nsp.
Using Eq. (11), the probability distribution function at βi is
related to that at β as

Z−1ðβiÞwðP;X; βiÞ ¼ Z−1ðβiÞe6Nsiteðβi−βÞPwðP;X; βÞ:
Summing up these probability distribution functions with
the weight Ni,

XNsp

i¼1

NiZ−1ðβiÞwðP;X; βiÞ ¼ e−6NsiteβP
XNsp

i¼1

NiZ−1ðβiÞ

× e6NsiteβiPwðP;X; βÞ; (12)

we obtain

wðP;X; βÞ ¼ GðP; β; β⃗Þ
XNsp

i¼1

NiZ−1ðβiÞwðP;X; βiÞ; (13)

with the simulation points β⃗ ¼ ðβ1;…; βNsp
Þ and

GðP; β; β⃗Þ ¼ e6NsiteβPPNsp

i¼1Nie6NsiteβiPZ−1ðβiÞ
: (14)

Note that the left-hand side of Eq. (12) gives a naive
histogram using all the configurations disregarding the
difference in the simulation parameter. The histogram
wðP;X; βÞ at β is given by multiplying GðP; β; β⃗Þ to this
naive histogram.
The partition function is given by

ZðβÞ ¼
XNsp

i¼1

Ni

Z
GðP; β; β⃗ÞZ−1ðβiÞwðP;X; βiÞdPdX ¼

XNsp

i¼1

NihGðP̂; β; β⃗ÞiðβiÞ: (15)

The right-hand side is just the naive sum ofGðP̂; β; β⃗Þ observed on all the configurations. The partition function at βi can be
determined, up to an overall factor, by the consistency relations,

ZðβiÞ ¼
XNsp

k¼1

NkhGðP̂; βi; β⃗ÞiðβkÞ ¼
XNsp

k¼1

Nk

�
e6NsiteβiPPNsp

j¼1Nje6NsiteβjPZ−1ðβjÞ

�
ðβkÞ

; (16)

for i ¼ 1;…; Nsp. Denoting fi ¼ − lnZðβiÞ, these equations can be rewritten by

1 ¼
XNsp

k¼1

Nk

�
1PNsp

j¼1Nj exp½6Nsiteðβj − βiÞP − fi þ fj�

�
ðβkÞ

; i ¼ 1;…; Nsp: (17)

Starting from appropriate initial values of fi, we solve these
equations numerically by an iterative method. Note that, in
these calculations, one of the fi’s must be fixed to remove the
ambiguity corresponding to the undetermined overall factor.
Now, the expectation value of an operator O½P̂; X̂� at β

can be evaluated as

hO½P̂; X̂�iðβÞ ¼
1

ZðβÞ
XNsp

i¼1

NihO½P̂; X̂�GðP̂; β; β⃗ÞiðβiÞ: (18)

Again,
PNsp

i¼1NihOGiðβiÞ in the right-hand side is just the
naive sum of OG over all the configurations disregarding
the difference in the simulation point.
Results of the multipoint histogram method for the

plaquette distribution function Z−1ðβÞwðP; βÞ in SU(3)

Yang–Mills theory is shown in Fig. 2 as a function of P and
β, using the configurations at five simulation points presented
in the left panel of Fig. 1. We see double-peak distribution at
β∼5.69–5.6925. Corresponding dVeffðP;βÞ=dP at β ¼ 5.69
is shown in the right panel of Fig. 1. We obtain a smooth
effectivepotentialwith small statistical errors in awide rangeof
P, automatically suppressing statistically poor data points by
the multipoint histogram method.

III. QCD IN THE HEAVY-QUARK REGION

In this paper, we employ the standard plaquette gauge
action, Eq. (1) with Eq. (2), and unimproved Wilson quark
action, Eq. (3), with
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Mxyðκf;μfÞ¼δxy−κf

�X3
μ¼1

½ð1−γμÞUx;μδy;xþμ̂þð1þγμÞU†
y;μδy;x−μ̂�þeμfað1−γ4ÞUx;4δy;xþ4̂þe−μfað1þγ4ÞU†

y;4δy;x−4̂
�
: (19)

Note that this Mxy does not depend on β.
To investigate the quark mass dependence of the effective potential in the heavy-quark region, we evaluate the quark

determinant by a Taylor expansion with respect to the set of hopping parameters κ⃗ in the vicinity of the heavy-quark limit
κ⃗ ¼ 0. For each flavor, we have

ln

�
detMðκ; μÞ
detMð0; 0Þ

�
¼

X∞
n¼1

1

n!

�∂n ln detM
∂κn

�
κ¼0

κn ¼
X∞
n¼1

Dn

n!
κn; (20)

with

Dn ≡
�∂n ln detM

∂κn
�
κ¼0

¼ ð−1Þnþ1ðn − 1Þ!tr
��

M−1 ∂M
∂κ

	
n
�
κ¼0

¼ ð−1Þnþ1ðn − 1Þ!tr
��∂M

∂κ
	

n
�
; (21)

where ð∂M=∂κÞxy is the gauge connection between the sites x and y. Therefore, the nonvanishing contributions to Dn are
given by Wilson loops and Polyakov lines. Because QCD at κ⃗ ¼ 0 is just the SU(3) Yang–Mills theory, we can easily
perform simulations at κ⃗ ¼ 0.
Because of the antiperiodic boundary condition and gamma matrices in the hopping terms, the leading-order

contributions to the Taylor expansion are given by

ln

�
detMðκ; μÞ
detMð0; 0Þ

�
¼ 288Nsiteκ

4P̂þ 3 × 2Ntþ2N3
sκ

Nt

�
cosh

�
μ

T

	
Ω̂R þ i sinh

�
μ

T

	
Ω̂I

�
þ � � � ; (22)

where Ω̂R and Ω̂I are the real and imaginary parts of the Polyakov line,

Ω̂ ¼ 1

N3
s

X
n

1

3
tr½Un;4Unþ4̂;4Unþ24̂;4…UnþðNt−1Þ4̂;4�; (23)

respectively. Collecting the contributions from all flavors, we have

ln

�YNf

f¼1

detMðκf; μfÞ
detMð0; 0Þ

�
¼ 288Nsite

XNf

f¼1

κ4fP̂þ 3 × 2Ntþ2N3
s

�XNf

f¼1

κNt
f cosh

�
μf
T

	
Ω̂R þ i

XNf

f¼1

κNt
f sinh

�
μf
T

	
Ω̂I

�
þ � � � : (24)

The first term that is proportional to P̂ can be absorbed into
the gauge action by a shift β → β� with

β� ¼ β þ 48
XNf

f¼1

κ4f: (25)

The third term that is proportional to Ω̂I leads to the
complex phase factor eiθ̂, where

θ̂ ¼ 3 × 2Ntþ2N3
sqΩ̂I; (26)

with

q ¼
XNf

f¼1

κNt
f sinh

�
μf
T

	
: (27)

From these expressions, it is natural to take the Polyakov
line as an argument of effective potential.
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FIG. 2 (color online). β dependence of the plaquette distribu-
tion function at κ ¼ 0.
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IV. POLYAKOV LINE EFFECTIVE POTENTIAL
AT ZERO DENSITY

We expect that the Polyakov line Ω̂ is sensitive to the
transition in the heavy-quark region because it is an order
parameter of the confinement-deconfinement transition in
SU(3) Yang–Mills theory, the heavy-quark limit of QCD.
Combining the configurations at five simulation points [4]
used in the left panel of Fig. 1 by the multipoint reweighing
formulas, we compute the Polyakov line histogram in the
heavy-quark region. To reduce statistical fluctuations, we
average Ω over the Z(3) rotations in the original histogram
at κ⃗ ¼ 0 (SU(3) Yang–Mills theory).
We first study the case μ⃗ ¼ 0 in this section. In Fig. 3 we

show the Polyakov line expectation value hΩ̂i and its
susceptibility χΩ ¼ N3

shðΩ̂ − hΩ̂iÞ2i in the case of Nf ¼ 2

QCD (degenerate two-flavor QCD). hΩ̂i is real, but χΩ
includes the fluctuations in the imaginary part too. We
define the transition point as the peak position of χΩ.
Owing to the multipoint reweighting method, these quan-
tities can be calculated in a wide range of β and κ.
To compute the histogram for the Polyakov line, we

approximate δðxÞ ≈ exp½−ðx=ΔÞ2�=ðΔ ffiffiffi
π

p Þ as in the case of
the plaquette histogram, but now with Δ ¼ 0.005 consid-
ering the resolution and the statistical error. The effective
potential forΩR is shown in the left panel of Fig. 4, where β
is adjusted to the transition point at each κ. In this plot, we
vertically shift VeffðΩRÞ by adding a constant at each κ such
that VeffðΩR ¼ 0Þ ¼ 0. We find the critical point where the
first-order transition turns into a crossover at κ4cp ≈ 0.00002
(κcp ≈ 0.0669) in Nf ¼ 2 QCD. In a study of SU(3)
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FIG. 3. Polyakov line expectation value hΩ̂i (left) and its susceptibility χΩ (right) as functions of κ4 and β� at μ⃗ ¼ 0 obtained on an
Nt ¼ 4 lattice in the case of Nf ¼ 2 QCD.
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Yang–Mills theory, the absolute value of the Polyakov line
jΩj is also used to detect the transition. Using the same
approximation for the delta function, we obtain VeffðjΩjÞ
shown in the right panel of Fig. 4, where VeffðjΩjÞ is
vertically shifted such that VeffðjΩjÞ ¼ 0 at jΩj ¼ 0.01. We
find that κ4cp ≈ 0.00002 also in this determination.
In Ref. [4], κcp¼0.0658ð3Þðþ4−11Þwith β�cp ¼ 5.6836ð1Þð5Þ

(βcp ¼ 5.6819ð1Þð5Þ) was obtained for Nf ¼ 2 QCD, com-
bining the results of three different analyses on the plaquette
effective potential, where the first bracket is for the statistical
error and the second bracket is for the systematic error
estimated by the analysis method dependence. Our results of
κcp from the Polyakov line effective potential are consistent

with this estimation. Figure 5 is an update of Fig. 4 in
Ref. [4] by using the multipoint histogram method. In this
plot, β is adjusted to the peak position of the plaquette
susceptibility at each κ, and VeffðPÞ is vertically shifted at
each κ such that VeffðP ¼ hP̂iÞ ¼ 0.
Finally, we show the histogram of the Polyakov line in

the complex Ω ¼ ðΩR;ΩIÞ plane in Fig. 6. At each κ, β is
adjusted to the first-order transition point determined by χΩ.
At κ ¼ 0, we find a peak atΩ ≈ 0 corresponding to the low-
temperature confined phase and three peaks corresponding
to the high-temperature deconfined phase in which the
center Z(3) symmetry is spontaneously broken. At κ ≠ 0,
the Z(3) symmetry is explicitly violated so that the branch
on the real axis of the complex Ω plane is selected.
Before closing this section, let us discuss the effects of

higher-order terms of the hopping parameter expansion.
At higher orders of the expansion, more complicated
loops contribute to the reweighing factor besides the
plaquette and Polyakov line. In Appendix A, we examine
the effects of next-to-leading order κ6 terms on the
evaluation of the critical point at μ ¼ 0. We find that
the effects of κ6 loops are small around the critical point,
and the shift of κcp due to the next-to-leading order terms
is just about 3% at Nt ¼ 4.

V. POLYAKOV LINE EFFECTIVE
POTENTIAL AT FINITE DENSITY

We now study the case of finite μ. As discussed in
Sec. III, to the leading order of the hopping parameter
expansion, finite μ has two effects: (i) the shift of the
effective coupling for Ω̂R and (ii) the introduction of
the complex phase factor. According to Eqs. (7) and
(24), the histogram of ΩR is given by
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FIG. 5 (color online). Plaquette effective potential in Nf ¼ 2
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wðΩR; β; κ⃗; μ⃗Þ ¼ wðΩR; β; 0⃗; 0⃗Þ ×
�
e288Nsite

PNf
f¼1

κ4fP̂ exp

�
3N3

s2
Ntþ2

XNf

f¼1

κNt
f

�
cosh

�
μf
T

	
Ω̂R þ i sinh

�
μf
T

	
Ω̂I

���
ΩR;ðβ;0⃗;0⃗Þ

¼ wðΩR; β
�; 0⃗; 0⃗Þe3N3

s2
Ntþ2hΩR × heiθ̂iΩR;ðβ�;0⃗;0⃗Þ; (28)

with

h ¼
XNf

f¼1

κNt
f cosh

�
μf
T

	
: (29)

β� and θ̂ are defined by Eqs. (25), (26), and (27). We note
that the histogram depends on the coupling parameters only
through β�, h, and q.

A. Phase-quenched finite density QCD

It is convenient to first consider the case of phase-
quenched finite density QCD, in which the complex phase
of the quark determinant is removed. In Nf ¼ 2 QCD, this
corresponds to the case of the isospin chemical potential,
μu ¼ −μd ≡ μ. Neglecting the complex phase factor in
Eq. (28), we find that wðΩR; β; κ⃗; μ⃗Þ in phase-quenched
QCD is just the wðΩR; β; κ⃗; 0⃗Þ with κNt

f replaced by

κNt
f coshðμf=TÞ. Therefore, e.g., VeffðΩRÞ at μ ¼ 0 shown
in the left panel of Fig. 4 can be viewed as that at μ ≠ 0 in
the phase-quenched Nf ¼ 2 theory (QCD with isospin
chemical potential) by the same replacement of κ.
The critical point in the phase-quenched Nf -flavor QCD

is thus given by

XNf

f¼1

½κIf;cpðμfÞ�Nt cosh

�
μf
T

	
¼ 2½κcpð0Þ�Nt ; (30)

where κcpð0Þ is the critical point in Nf ¼ 2 QCD at μ ¼ 0.
For Nf ¼ 2 QCD with isospin chemical potential μ, the
critical point is given by

κIcpðμÞ ¼
κcpð0Þ

½coshðμ=TÞ�1=Nt
: (31)

Using the value of κcpð0Þ determined in the previous
section, we plot κIcpðμÞ in Fig. 7. Note that, with increasing
μ, the critical point approaches κ ¼ 0 where the hopping
parameter expansion becomes exact.

B. Complex phase factor by the
cumulant expansion method

We now calculate the complex phase factor. If eiθ̂

changes its sign frequently, the statistical error becomes
larger than the expectation value, causing the sign problem.
To avoid the sign problem, we evaluate the phase factor by
the cumulant expansion method [3,20],

heiθ̂iΩR;ðβ�;0⃗;0⃗Þ ¼ exp

�X∞
n¼1

in
hθ̂nic
n!

�
; (32)

where hθ̂nic is the nth-order cumulant with fixed ΩR:
hθ̂2ic ¼ hθ̂2iΩR;ðβ�;0⃗;0⃗Þ, hθ̂

4ic¼hθ̂4iΩR;ðβ�;0⃗;0⃗Þ−3hθ̂2i2ΩR;ðβ�;0⃗;0⃗Þ,

hθ̂6ic ¼ hθ̂6iΩR;ðβ�;0⃗;0⃗Þ − 15hθ̂4iΩR;ðβ�;0⃗;0⃗Þhθ̂
2iΩR;ðβ�;0⃗;0⃗Þ þ 30

hθ̂2i3ΩR;ðβ�;0⃗;0⃗Þ, etc. A key observation is that hθ̂nic ¼ 0 for

any odd n due to the symmetry under θ̂ → −θ̂. This implies
that heiθ̂i is real and positive. Therefore, the sign problem is
resolved if the cumulant expansion converges.
The most convergent case, in which the leading term

hθ̂2ic dominates in the expansion, corresponds to the case
of Gaussian distribution. The distribution of the complex
phase was found to be quite close to Gaussian in the light-
quark region of QCD, both with Wilson-type and stag-
gered-type improved quarks up to moderate values of μ,
provided that the phase θ̂ is appropriately defined
[3,20–22]. See also Ref. [23] for a recent study of the
Gaussian dominance. In the present case, θ̂ is given in terms
of Ω̂I,

hθ̂2nic ¼ ð3 × 2Ntþ2N3
sqÞ2nhΩ̂2n

I ic; (33)

with q ¼ PNf
f¼1 κ

Nt
f sinhðμf=TÞ. Figure 8 shows our result

for the distribution of ΩI for fixed ΩR, obtained at κ⃗ ¼ 0
and β at the transition point. The delta function is
approximated by δðxÞ ≈ exp½−ðx=ΔÞ2�=ðΔ ffiffiffi

π
p Þ with Δ ¼

0.005 forΩR andΔ ¼ 0.001 forΩI. The dashed lines in this
plot are Gaussian functions fitted to the data at ΩR ¼ 0.0
and 0.08. We find that the distribution can be well
approximated by a Gaussian function at ΩR ≥ 0. The
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FIG. 7 (color online). Critical point in the phase-quenched
Nf ¼ 2 QCD.
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deviation from Gaussian at ΩR < 0 is due to the Z(3)
symmetry at κ ¼ 0. As shown in Fig. 6, at κ > 0, the Z(3)
symmetry is violated, and the branch at ΩR > 0 on the real
axis is selected. Therefore, in the determination of κcp, only
the ΩR > 0 region is relevant.
We also note that θ̂ is given in terms of the spatially local

operator Ω̂Iðx⃗Þ in Eq. (26), where x⃗ is the spatial coordinate.
Ω̂Iðx⃗Þ has finite correlation length given by the inverse
electric screening mass [24]. We can thus decompose θ̂ into
contributions from approximately uncorrelated spatial
blocks, θ̂ ¼ P

x0 θ̂x0 . We then have [20]

heiθ̂i ≈
Y
x0
heiθ̂x0 i ¼ exp

�X
x0

X
n

in

n!
hθ̂nx0 ic

	
: (34)

This implies the following. First, hθ̂nic is linearly propor-
tional to the system volume for any n, in contrast to a naive

expectation of ðvolumeÞn since θ̂ is proportional to the
volume. Thus, the range in which the cumulant expansion
is applicable is independent of the volume, in spite of the
fact that the sign problem becomes exponentially serious
with the volume. Second, when the system size is much
larger than the correlation length, the distribution of
θ=volume tends to a Gaussian distribution according to
the central limit theorem. The property hθ̂nic ∝ the system
volume at any n can be understood by noting that it is
a sufficient condition to have a well-defined effective
potential VeffðμÞ ¼ Veffðμ ¼ 0Þ − lnheiθ̂i ¼ Veffðμ ¼ 0Þ −P

ni
nhθ̂nic=n! around μ ¼ 0 in the large volume limit,

because Veff is proportional to the volume.
In Fig. 9, we plot hθ̂nic=n! in Nf ¼ 2 QCD at β� ¼ 5.69

and κNt sinhðμ=TÞ ¼ 0.00002 (left) and 0.00005 (right).
The dashed, dot-dashed and two-dot-dashed lines are the
results for n ¼ 2, 4, and 6, respectively. The red solid line
represents −lnheiθ̂iΩR;ðβ�;0⃗;0⃗Þ½¼−lnhcosθ̂iΩR;ðβ�;0⃗;0⃗Þ�, which
is almost indistinguishable from the second-order cumu-
lant. We find that the complex phase factor can be well
described by the Gaussian approximation at these points.
The higher-order contributions become visible at small ΩR
at large μ as shown in the right panel of Fig. 9. However, for
the determination of the critical point, κNt

cp coshðμ=TÞ ≈
0.00002 in the phase-quenched theory, the region at
κNt sinhðμ=TÞ<0.00002 is important because sinhðμ=TÞ <
coshðμ=TÞ. Thus, we can safely adopt the Gaussian
approximation around the critical point in the heavy-quark
region at all values of μ=T including μ=T ¼ ∞. See
Appendix B for a discussion on the application range of
the Gaussian approximation, in which we estimate the
parameter region of κNt sinhðμ=TÞ where the second-order
term dominates over the higher-order terms.
Our results for the effective potential in Nf ¼ 2 QCD

including the effect of the complex phase factor are shown
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in Fig. 10 for various ~κNt ¼ κNt coshðμ=TÞ at Nt ¼ 4. The
solid curves are VeffðΩRÞ in the phase-quenched approxi-
mation at various ~κNt , which are identical to the VeffðΩRÞ at
μ ¼ 0 for each ~κNt ¼ κNt shown in the left panel of Fig. 4.
The dashed curves are VeffðΩRÞ, taking account of the
contribution of the phase factor according to Eq. (28), using
the Gaussian approximation for heiθ̂iΩR;ðβ�;0⃗;0⃗Þ. To estimate
the upper bound of the phase factor effects, we have set
κNt sinhðμ=TÞ ¼ κNt coshðμ=TÞ in θ̂, corresponding to the
case of μ=T ¼ ∞. Because sinhðμ=TÞ < coshðμ=TÞ at
μ=T < ∞, VeffðΩRÞ at finite μ=T is between the solid
and dashed curves.
We find that the contribution from the phase factor is

quite small except at small ΩR. For the determination of the
critical point, the shape of Veff around the point where the
two minima merges is important. Around the values of ΩR
and ~κ relevant to the determination of the critical point, the

dashed curves are quite close to the solid curves. This
means that the contribution from the complex phase to the
location of the critical point is quite small on our 243 × 4
lattice. The critical point κcpðμÞ in the full theory can be
well approximated to that in the phase-quenched theory up
to μ=T ¼ ∞,

κcpðμÞ ≈ κIcpðμÞ; (35)

with κIcpðμÞ given by Eq. (31).

C. Critical surface in 2þ 1 flavor QCD

It is straightforward to extend the discussions to the case
of nondegenerate heavy-quark QCD using Eq. (28). As
discussed in the previous subsection, the effects of the
complex phase factor are negligible in the determination of
the critical point. Therefore, the critical point in non-
degenerate heavy-quark QCD is given well by

hðκ⃗cp; μcpÞ ¼ 2½κNf¼2
cp ð0Þ�Nt ; (36)

where h is defined by Eq. (29) and κNf¼2
cp ð0Þ ¼

0.0658ð3Þðþ4−11Þ at Nt ¼ 4 [4]. In particular, the critical
point in heavy-quark Nf ¼ 2þ 1 QCD is given by

2κNt
udðμud; μsÞ cosh

�
μud
T

	
þ κNt

s ðμud; μsÞ cosh
�
μs
T

	

¼ 2½κNf¼2
cp ð0Þ�Nt (37)

in the coupling parameter space ðκud; κs; μud; μsÞ. The
critical surfaces for the cases (a) μud=T ¼ μs=T ≠ 0 (left)
1and (b) μud=T ≠ 0with μs=T ¼ 0 are shown in the left and
right panels of Fig. 11, respectively. In realistic heavy-ion
collision experiments, because the strange quarks are
hardly prepared in the environment, μs ≈ 0 is realized.
This result is consistent with that of the effective theory in
Ref. [17]. We note that these results are obtained at Nt ¼ 4.
For a precise prediction to be compared with the real world,
it is important to study the lattice cutoff dependence

FIG. 11 (color online). Critical surface separating the first-order transition and crossover regions in the heavy-quark region. Left: The
case μu ¼ μd ¼ μs ≡ μ. Right: The case that may be realized in heavy ion collisions: μu ¼ μd ≡ μud and μs ¼ 0.
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(Nt dependence) of the critical surface. We leave this as a
future work.

VI. EFFECTIVE POTENTIAL FOR ðP;ΩRÞ
In the previous sections, we have studied effective

potentials for P and ΩR separately. Because the gauge
action and quark determinant (22) are given by the
plaquette and Polyakov line in the heavy-quark region,

we may instead consider an effective potential for ðP;ΩRÞ
simultaneously. In heavy-quark QCD, P and ΩR represent
the freedom of gauge and quark free energies, respectively.
Therefore, we expect that the histogram wðP;ΩRÞ and its
effective potential VeffðP;ΩRÞ are sensitive to the phase
transition.
To the leading order of the hopping parameter expansion,

the histogram of ðP;ΩRÞ is given by

wðP;ΩR; β; κ⃗; μ⃗Þ ¼
Z

DUδðP − P̂ÞδðΩR − Ω̂RÞe−SgðβÞ
YNf

f¼1

detMðκf; μfÞ

≈
Z

DUδðP − P̂ÞδðΩR − Ω̂RÞe6NsiteβP̂

× e½288Nsite

PNf
f¼1

κ4fP̂þ3×2Ntþ2N3
s

PNf
f¼1

κNt
f fcoshðμfT ÞΩ̂Rþi sinhðμfT ÞΩ̂Ig�

¼ e6Nsiteðβ�−β0ÞPþ3×2Ntþ2N3
shΩRwðP;ΩR; β0; 0⃗; 0⃗Þ × heiθ̂iP;ΩR;ðβ0;0⃗;0⃗Þ; (38)

where β� and h are given by Eqs. (25) and (29). The
histogram is thus factored into the phase-quenched part and
the complex phase factor part heiθ̂i. The β and κ⃗ depend-
ences in the phase-quenched part are quite simple.
Although the statistical quality of wðP;ΩRÞ is worse than
that for wðPÞ or wðΩRÞ, this simple dependence on the
coupling parameters may help us to investigate the phase
structure in a wide range of the coupling parameter space.

A. Effective potential and critical point at zero density

Let us first study the case μ⃗ ¼ 0 in which the complex
phase factor is absent in Eq. (38). The histogram
wðP;ΩR; β; κ⃗; 0⃗Þ is shown in Fig. 12 in the case of
degenerate Nf ¼ 2 QCD, where β is adjusted to the peak

position of the Polyakov line susceptibility at each κ. Data
are taken from the pure-gauge configurations generated on
a 243 × 4 lattice [4]. Using the multipoint reweighting
method, we combine data at five β points in the range
β ¼ 5.68–5.70. The total number of configurations is
1,800,000. With these configurations, the plaquette and
the Polyakov line are distributed in the range 0.543≲ P≲
0.556 and jΩj≲ 0.15. To evaluate the pure-gauge histo-
gram wðP;ΩR; β; 0⃗; 0⃗Þ, we approximate the delta function
by a Gaussian function δðxÞ ≈ exp½−ðx=ΔÞ2�=ðΔ ffiffiffi

π
p Þ,

where Δ ¼ 0.0005 for P and 0.005 for ΩR by consulting
the statistical stability of the final results, and average over
the Z(3) rotations of Ω. Then, wðP;ΩR; β; κ⃗; 0⃗Þ at finite κ
are computed by the reweighing formula. We see that the
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two peaks at low κ merge into a single peak as we increase
κ, suggesting a critical point beyond which the first-order
transition turns into a crossover.
We now define the effective potential VeffðP;ΩR;β;κ⃗;0⃗Þ¼−lnwðP;ΩR;β;κ⃗;0⃗Þ. The peak position of the histogram

corresponds to the point where the curves ∂Veff=∂P ¼ 0 and
∂Veff=∂ΩR ¼ 0 intersect in the ðP;ΩRÞ plane. When we
have only one peak of the histogram, the two curves intersect
at just one point. On the other hand, when we have two peaks
of the histogram, the two curves intersect at three points,
corresponding to two peaks and one saddle point between
the peaks. Therefore, from a merger of these intersection
points into one, we can detect the critical point where the
first-order transition turns into a crossover.
According to Eq. (38) at μ⃗ ¼ 0, the derivatives of

VeffðP;ΩR; β; κ⃗; 0⃗Þ have simple dependences on β
and κ⃗,

∂Veff

∂P ðP;ΩR; β; κ⃗; 0⃗Þ ¼
∂V0

∂P ðP;ΩR; β0Þ − 6Nsiteðβ� − β0Þ;
(39)

∂Veff

∂ΩR
ðP;ΩR; β⃥; κ⃗; 0⃗Þ ¼

∂V0

∂ΩR
ðP;ΩR; β⃥0Þ − 3 × 2Ntþ2N3

sh;

(40)

where V0ðP;ΩR; β0Þ ¼ VeffðP;ΩR; β0; 0⃗; 0⃗Þ is the effective
potential in the heavy-quark limit and h ¼ PNf

f¼1 κ
Nt
f at

μ⃗ ¼ 0. Note that ∂Veff=∂ΩR and ∂V0=∂ΩR are independent
of β and β0, while ∂Veff=∂P depends on β and κ⃗ only
through β�. From these equations, we find that, in the
derivatives of the effective potential, (i) β and κ⃗ depend-
ences exist only in the additive constant shifts, and
(ii) besides these constant shifts, P and ΩR dependences
appear only in the derivatives of V0 which do not depend on
β and κ⃗. Therefore, a curve for ∂Veff=∂P ¼ 0 at a β� point
is independent of κ⃗ and is given by a contour of ∂V0=∂P,
while a curve for ∂Veff=∂ΩR ¼ 0 at some κ⃗ does not
depend on β and is given by a contour of ∂V0=∂ΩR.
In Fig. 13, we plot ∂V0=∂P and ∂V0=∂ΩR at β0 ¼ 5.69

as functions of ðP;ΩRÞ. We calculate the derivatives by
fitting the data between x − ϵ=2 and xþ ϵ=2 by a linear
function in P and ΩR, where ϵ ¼ 0.0016 for P and 0.016
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for ΩR. The contour curves of ∂V0=∂P and ∂V0=∂ΩR can
be viewed as the curves ∂Veff=∂P ¼ 0 and ∂Veff=∂ΩR ¼ 0
at different ðβ; κ⃗Þ, as shown in Fig. 14. The values of β� and
κ4 in this figure are for the case of Nf ¼ 2 QCD. Recall that
we combined configurations generated at β ¼ 5.68–5.70
with κ ¼ 0 using the multipoint reweighting method.
Therefore, the data in the region sandwiched between
the curves β� ¼5.68 and 5.70 in the left panel of Fig. 14
are trustworthy, while the regions around the upper-left
and lower-right corners of this plot suffer from large
fluctuations due to a poor statistics.22

We then overlay these curves in Fig. 15. At κ4 ¼
0.00001 and β� ¼ 5.678, we find three intersection points
due to the letter S-like shape of the ∂Veff=∂ΩR ¼ 0 curve.
The three intersection points correspond to two local
minima and a saddle point of Veff . This means that we
have two metastable states and thus have a first-order
transition around this point. With increasing κ, the S shape
becomes weaker, and eventually the three intersection
points merge to one intersection point at ðP;ΩRÞ≈
ð0.546; 0.06Þ. This happens at the critical point around κ4 ≈
0.00002 ðκcp ≈ 0.0669Þ and β� ≈ 5.6822 in Nf ¼ 2 QCD.
Taking into account the ambiguities in identifying the shape
of contours, we consider that these values for the critical
point are roughly consistent with those obtained in Ref. [4]
and Sec. IV using VeffðPÞ and VeffðΩRÞ.

B. Effective potential and critical point at finite density

We now turn on the chemical potential. We first study the
phase-quenched theory. The histogram wðP;ΩRÞ in
the phase-quenched theory is given by Eq. (38) with the

complex phase factor suppressed. Then, after absorbing the
plaquette term into the gauge action by replacing β by β�,
the only effect of μ⃗ ≠ 0 in the phase-quenched theory is to
replace the hopping parameter κf in the theory at μ⃗ ¼ 0 by
κf cosh1=Ntðμf=TÞ. Therefore, the discussions in Sec. V A
for wðΩRÞ are applicable to the present case, too, and the
critical point in the phase-quenched theory is given
by Eq. (31).
We then estimate the effects of the complex phase factor.

In Sec. V B, we have seen that the effects are small in
VeffðΩRÞ around the critical point of heavy-quark QCD.We
show that the same is true also for VeffðP;ΩRÞ.
Applying the cumulant expansion method discussed in

Sec. V B, the phase factor heiθ̂iP;ΩR
in Eq. (38) is expanded

as the right-hand side of Eq. (32), where h� � �ic in the
present case is the cumulant with fixed P and ΩR. Because
of the symmetry of QCD under θ to −θ, hθ̂nic ¼ 0 for any
odd n. For the case of fixed ΩR, the dominance of the
leading n ¼ 2 term (Gaussian term) was demonstrated by
Fig. 9 and Appendix B. In the same appendix, we also
study the application range of the Gaussian approximation
with fixing P. By comparing hθ̂2ic and hθ̂4ic in the
expansion of heiθ̂iP;ΩR

, we find that the Gaussian term
dominates in the parameter region near the critical point.
See also Fig. 5 of Ref. [25] for a further confirmation.
Using the Gaussian dominance, the derivatives of

VeffðP;ΩR; β; κ⃗; μ⃗Þ are given by

∂Veff

∂P ¼ ∂V0

∂P − 6Nsiteðβ� − β0Þ þ
ð3× 2Ntþ2N3

sqÞ2
2

∂hΩ̂2
I ic

∂P ;

(41)

∂Veff

∂ΩR
¼ ∂V0

∂ΩR
− 3 × 2Ntþ2N3

shþ ð3 × 2Ntþ2N3
sqÞ2

2

∂hΩ̂2
I ic

∂ΩR
;

(42)
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2In a preliminary version of this study [25], we did not use the
multipoint reweighting method and adopted a simple difference
for the numerical derivative. The multipoint reweighting method
enabled us to evaluate the derivatives in a wider range of P and
ΩR and to vary β and κ more systematically, while the statistical
quality just around the critical point was not improved much.
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where V0ðP;ΩR; βÞ ¼ VeffðP;ΩR; β; 0⃗; 0⃗Þ and q is defined
by Eq. (27). When the last terms in these equations modify
the curves shown in Fig. 15, the critical point may shift
from that of the phase-quenched theory.
Our result of hΩ2

I ic is shown in Fig. 16. The statistics is
not high around the left and right corners. We numerically
differentiate this data with respect to P and ΩR using the
same method as for the derivatives of V0. The results of
∂hΩ2

I ic=∂P and ∂hΩ2
I ic=∂ΩR are shown in Fig. 17. From

the left panel of this figure, we find that ∂hΩ2
I ic=∂P is quite

flat and small around the critical point ðP;ΩRÞ≈
ð0.546; 0.06Þ. According to Eq. (41), this just causes a
small shift of βcp. From the right panel, we find that
∂hΩ2

I ic=∂ΩR is numerically quite small around the critical
point. We estimate that, inNf ¼ 2QCD, the contribution of
the last term in Eq. (42) is at most about 3% of the second
term around the critical point—the effect of the complex
phase on the critical point is quite small in heavy-quark
QCD also in VeffðP;ΩR; β; κ⃗; μ⃗Þ. Thus, e.g., the critical
point in Nf ¼ 2 QCD locates at κNt coshðμ=TÞ ¼
κcpð0ÞNt ≈ 2 × 10−5 at μ ≠ 0 as shown in Fig. 7. Be-
cause κNt sinhðμ=TÞ ≈ 2 × 10−5 × tanhðμ=TÞ < 2 × 10−5
is bounded along the critical curve, the effect of the
complex phase factor is under control up to μ=T ¼ ∞.
Similarly, the critical surface in Nf ¼ 2þ 1 QCD is given
by Fig. 11.

VII. CONCLUSIONS

We have studied the phase structure of QCD in the
heavy-quark region by the histogram method. When we
consider histograms for operators which control the
dependence on some coupling parameters in the action,
the dependence on these coupling parameters in the
histogram becomes in part analytic by the reweighing
method. Because such operators are expected to be sensi-
tive to the phase of the system, we may study the phase
structure through a change of the shape of these histograms
under a variation of the coupling parameters. In this paper,

we have determined the critical point at which the first-
order deconfining transition in the heavy-quark limit turns
into a crossover at intermediate quark masses. We used a
histogram for the real part of the Polyakov line, ΩR, as well
as that for ΩR and the plaquette P simultaneously, and
compared the results with our previous result obtained
using a histogram for P [4]. We found that the location of
the critical point is consistent among different determina-
tions, implying the robustness of our method to determine
the phase structure of the system.
At finite density, the histograms for ΩR and/or P are

factorized into the complex phase factor and phase-
quenched part. To the leading order of the hopping
parameter expansion, the coupling parameter dependence
in the phase-quenched part is quite simple for these
histograms, and thus the critical point in the phase-
quenched theory can be easily computed as a function
of the chemical potential μ. We then estimated the effect of
the complex phase factor by the cumulant expansion
method. It turned out that the effect is quite small around
the critical point even in the large μ limit. Therefore, the
critical point in finite density QCD is almost identical to
that for the phase-quenched theory in the heavy-quark
region. Our results for the critical surface in Nf ¼ 2þ 1
QCD is shown in Fig. 11 as functions of the chemical
potentials.
As a natural step forward, we are now applying the

histogram method to a more realistic case of QCD with
light quarks. Similar to the case of heavy-quark QCD, the
histogram factorizes into the complex phase factor and the
phase-quenched part. Here, however, unlike the case of
heavy-quark QCD, we do expect a significant effect of the
complex phase factor such that the crossover at small μ=T
turns into a first-order transition at μ=T ∼Oð1Þ. A good
control of the complex phase factor is essential to clarify
the phase structure, getting over the sign problem at
μ=T > Oð1Þ. We hope that the cumulant expansion
method tested in this paper is helpful in the light-quark
region too. Combining the techniques developed in this
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paper with Monte Carlo simulations of phase-quenched
QCD, we are challenging the longstanding issues of
finite density QCD. Our preliminary results look
promising [22].
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APPENDIX A: EFFECTS OF THE NEXT-TO-
LEADING ORDER TERMS IN THE HOPPING

PARAMETER EXPANSION

In this paper, we study the phase structure of heavy-quark
QCD using the leading order (LO) of the hopping parameter
expansion, Eq. (22), on an Nt ¼ 4 lattice. In this appendix,
we examine the effects from the next-to-leading-order
(NLO) terms of the hopping parameter expansion, Eq. (20).
On Nt ¼ 4 lattices, the NLO terms areOðκ6Þ and consist

of length-6 Wilson loops and length-Nt þ 2 bended
Polyakov lines with a handle. The former includes rec-
tangular loops, chair-type loops, and parallelogram loops,
which are familiar in the improvement program of the
lattice gauge action. Assuming universality of the lattice
gauge action, the main effects of these length-6 loops will
be to shift the effective gauge coupling and thus will be
effectively absorbed by a redefinition of β�.
We thus concentrate on the effects of the bended

Polyakov lines given by the following expressions:

Ω̂1 and Ω̂2 are normalized such that Ω̂1 ¼ Ω̂2 ¼ 1 in the weak coupling limitUn;μ ¼ 1. Disregarding theWilson loop terms,
which can be absorbed by β�, the quark determinant to the NLO is given by

ln
�
detMðκ; 0Þ
detMð0; 0Þ

�
NLO

¼ 192N3
sκ

4fRe Ω̂þ 24κ2Re Ω̂1 þ 12κ2Re Ω̂2g: (A3)

To estimate the effects of the NLO terms, we carry out simulations of the SU(3) Yang–Mills theory on a 163 × 4 lattice at
β ¼ 5.68, 5.685, 5.69, 5.6925, and 5.70. With a pseudo heat bath algorithm, we generate 59,000 configurations after 1000
thermalization sweeps at each β. Errors are estimated by a jackknife method with the bin size of 100 sweeps. Because the
branch along the positive real axis ofΩ is relevant at κ > 0, we apply a Z(3) rotation toΩ,Ω1, andΩ2 on each configuration
such that argΩ is in the range ð−π=3; π=3Þ.
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In Fig. 18, we show the history of the ratios ReΩ1=ReΩ
and ReΩ2=ReΩ. Because the Polyakov lines distribute
around 0 in the low-temperature phase, the ratios fluctuate
largely at β ≲ 5.690, while in the high-temperature phase
at β ≳ 5.700, the fluctuations are small. In the transition
region at β ∼ 5.690–5.6925, we observe flip-flops
between the two phases. Besides this β-dependence of
the fluctuation, we find that the central values of
ReΩ1=ReΩ and ReΩ2=ReΩ are around 0.8 at all β.
Averages of the ratios are summarized in Table I. For
the calculation of the effective potential VeffðPÞ, the
histogram with fixed plaquette value P is important. In
Fig. 19, we plot the distribution of the ratios with fixed
P. We find that the central values of the ratios are
insensitive to P.
Assuming ReΩ1=ReΩ ≈ ReΩ2=ReΩ ≈ 0.8 indepen-

dent of β and P, we may estimate the effect of the NLO
terms to the location of the critical point. Denoting the
values of κ for the critical point in LO and NLO as κLOcp and
κNLOcp , we obtain

192NfN3
sðκLOcp Þ4ReΩ ≈ 192NfN3

sðκNLOcp Þ4
× ReΩ½1þ 28:8ðκNLOcp Þ2�: (A4)

Using κLOcp ≈ 0.066 for Nf ¼ 2, we find κNLOcp ≈ 0.064; i.e.,
the effect of the NLO terms in κcp is about 3% on our
Nt ¼ 4 lattice. Alternatively, we may estimate the value of
κ at which the NLO contributions become comparable to
those of the LO terms by 24κ2ðRe Ω1=ReΩÞþ
12κ2ðReΩ2=ReΩÞ ∼ 1. Solving this, we find κ ∼ 0.18
for degenerate Nf flavor QCD. Because this is much larger
than the critical point κcp ≈ 0.066 or 0.064, we conclude
that the NLO effects are small around the critical point in
heavy-quark QCD at Nt ¼ 4.
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FIG. 18 (color online). Hstory of ReΩ1=ReΩ and ReΩ2=ReΩ. The horizontal axis is for the configuration number.

TABLE I. Average of ReΩ1=ReΩ and ReΩ2=ReΩ for each β.

β ReΩ1=ReΩ ReΩ2=ReΩ

5.6800 0.8093(6) 0.7756(9)
5.6850 0.8108(8) 0.7772(10)
5.6900 0.8147(6) 0.7823(8)
5.6925 0.8182(2) 0.7871(3)
5.7000 0.82029(2) 0.78992(3)
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FIG. 19 (color online). ReΩ1=ReΩ and ReΩ2=ReΩ vs. P
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APPENDIX B: APPLICATION RANGE OF THE
GAUSSIAN APPROXIMATION FOR THE

COMPLEX PHASE DISTRIBUTION

We estimate the range of coupling parameters where
higher-order terms in the cumulant expansion are smaller
than the leading term in the complex phase distribution in
heavy-quark QCD. The cumulant expansion is introduced
in Sec. V B as

heiθ̂iΩR;ðβ�;0⃗;0⃗Þ ¼ exp

�X∞
n¼1

ð−1Þn hθ̂
2nic

ð2nÞ!
�
; (B1)

where the complex phase θ̂ is given by Eq. (26) in terms of
the imaginary part of the Polyakov line Ω̂I and hθ̂2nic is
given by Eq. (33) with q ¼ PNf

f¼1 κ
Nt
f sinhðμfT Þ. Thus, the

ratio hθ̂2nic=hθ̂2ic is given by

hθ̂2nic
hθ̂2ic

¼ ð3 × 2Ntþ2N3
sqÞ2ðn−1Þ

hΩ̂2n
I ic

hΩ̂2
I ic

(B2)

for n ¼ 2; 3; 4;…. Let us define q2n as the value of q at
which jhθ̂2nicj=ð2nÞ! ¼ jhθ̂2icj=2!:

q−12n ¼ 3 × 2Ntþ2N3
s





 2hΩ̂2n
I ic

ð2nÞ!hΩ̂2
I ic






1

2ðn−1Þ
: (B3)

We first study the case discussed in Sec. V, i.e., the θ̂
distribution with fixingΩR. We plot q−12n as a function ofΩR
in Fig. 20. The solid blue line is for q−14 and the dashed
green line for q−16 . We find that q−14 and q−16 are smaller than
about 3000 in the whole range of ΩR. This means that
jhθ̂4icj=4! and jhθ̂6icj=6! are much smaller than jhθ̂2icj=2!
when q ¼ PNf

f¼1 κ
Nt
f sinhðμf=TÞ ≪ 3 × 10−4. This condi-

tion is well satisfied at q ¼ Nfκ
Nt sinhðμ=TÞ ¼ 4 × 10−5

and 1 × 10−4 in Nf ¼ 2 QCD discussed in Sec. V. In fact,
hθ̂2ic=2! dominates over hθ̂4ic=4! and hθ̂6ic=6! at these
points as shown in Fig. 9. This suggests that the effects
from the higher-order cumulants are small at these points,
as explicitly demonstrated in Fig. 9 by the agreement of the
second-order result (black dashed lines) and the full result
(red solid lines).
We then study the case with fixing P and ΩR simulta-

neously, as studied in Sec. VI. In Fig. 21, q−14 is shown as a
function of P and ΩR. We find that q−14 is small, except for
the regions of small P and large ΩR and large P and small
ΩR, i.e., the top-left and bottom-right corners in Fig. 14, at
which statistics is not sufficiently high.
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