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at next-to-leading order accuracy

Cong-Feng Qiao,"” Peng Sun,”*" Deshan Yang,l’i and Rui-Lin Zhu'?
lDepartment of Physics, University of Chinese Academy of Sciences,
YuQuan Road 19A, Beijing 100049, China
Center for High-Energy Physics, Peking University, Beijing 100871, China
SNuclear Science Division, LBNL, Berkeley, California 94720, USA
(Received 2 December 2013; published 7 February 2014)

In this paper, we study the B.-meson exclusive decays to S-wave charmonia and light pseudoscalar or vector
mesons, i.e., 7, K, p, and K* at the next-to-leading order (NLO) in the QCD coupling. The nonfactorizable
contribution is included, which is absent in traditional naive factorization. Numerical results show that NLO
QCD corrections markedly enhance the branching ratio with a K factor of 1.75 for B — 5.z* and 1.31 for
BY — J/ya™ using certain input parameters. And the theoretical uncertainties for their branching ratios are
reduced compared with that of direct tree-level calculation. In order to investigate the asymptotic behavior, the
analytic form is obtained in the heavy quark limit, i.e., m; — co. We note that annihilation topologies
contribute trivia in this limit, and the corrections at leading order in z = m,/m,; expansion come from form
factors and hard spectator interactions. At last, some related phenomenologies are also discussed.
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I. INTRODUCTION

B, and its excited states construct the unique meson
family containing two different kinds of heavy flavor. The
studies on the production and decay of B, can shed light on
the understanding of the strong interaction in such a unique
system. In contrast to other bottom mesons embodying
just one heavy flavor which can be produced remarkably
through the e*e™ and ep collisions, the cross section of
B, is suppressed owing to the associated production of
two additional heavy quarks, ¢ and b [1]. Thus, massive B.
events can only refer to the hadron colliders.

After the first discovery of B, was reported by the CDF
Collaboration at Tevatron in 1998 [2], there have been
continuous measurements of its mass in different detectors
via two different channels: BX — J/y¢*v, [3,4] and Bf —
J/wr* [5,6]. Especially for the latter exclusive two-body
decay, it takes advantage of a large trigger efficiency. Using
this channel, the LHCb Collaboration have measured the B,
mass with 6273.7 & 1.3(stat) & 1.6(sys) MeV/c? recently
[7]. However, the exact values of the branching ratios for
Bf — J/wt*v, and B — J/wn* have not been measured
yet. And more channels should be involved to investigate the
intrinsic properties of B.. Up to now, the LHCb
Collaboration have successfully observed more channels
beyond the two kinds in question. And they have measured
the new channels, B} — J/yrntn~nt [8], Bf - J/yK*
[9], Bf — ¥(28)z* [10], and Bf — J/wDy [11], for the
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first time. The study of the decay properties of B, from a
multitude of processes can help us to understand the quark
flavor mixing and provide precision determination of the
CKM matrix parameters. Furthermore, according to
Refs. [12-14], the cross section of B. is expected to
~40 nb at the pp center-of-mass energy /s = 14 TeV.
That means that around 10' B, mesons per year can be
anticipated at the LHC. Thus, one should expect that a
greater variety of decay channels of B, will be measurable in
the upcoming experiment.

Theoretically, the exclusive two-body decay of the B
meson is studied within the frame of naive factorization
[15], the pQCD method [16], and QCD factorization
[17-20] in the heavy quark limit. Along with the technique
for the QCD factorization for the exclusive hard processes,
such as 7z electromagnetic form factors at the large
momentum transfer and B-meson decays to two light
mesons, many theorists believe that the QCD factorization
for By — J/wx~ holds in the heavy quark limit generally.
However, there are no complete or consistent predictions
based at next-to-leading order (NLO) in a, so far.

Since B, contains two kinds of heavy quark, namely b
and ¢ quarks, the heavy quark limit may be realized in the
nonrelativistic QCD (NRQCD) approach. Therein, one lets
my,, m. — oo and keeps the ratio z = m./m,, fixed. Then
the decay amplitude of By — J/w(n.)x™ is conjectured to
be factorized:

AB: = J/w(n.)m™) ~¥.:(0)¥,:(0)
x / ATy (x ) (e ) + O(L/my) + O(?). (1)

Here ¥,:(0) and U,;(0) denote the Schrodinger wave
functions of J/w(n.) and B, respectively, at the origin.
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Ty(x,p) is the perturbatively calculable hard kernel, and
¢.(x,u) is the pion’s light-cone distribution ampli-
tude (LCDA).

The rough arguments of the validity of the above factori-
zation are twofold: (1) The energetic pion ejected from the
heavy quark system cannot sense the surrounded soft and
collinear gluons due to the “color transparency” at the leading
order of heavy quark expansion; the hadronization of the
collinear quark pair into a pion is totally described by the
leading twist LCDA of the pion, as is the case in B — 7x.
(2) The charm quark in B, needs a large momentum transfer
(typically ¢g> ~ m,m, ~6 GeV?) to speed up for catching
another energetic charm quark from the b — ¢ weak tran-
sition to form a quarkonium. This large momentum transfer
guarantees the necessary condition for the implementation of
the perturbative QCD in this process; i.e., the transition from
B.toJ/w(n,.) atthe large recoil can be described by the hard-
gluon exchange, and the hadronization is to be described by
the nonrelativistic wave functions (at the origin) of B, and
J/w(n.), as is done in many NRQCD factorizations for the
exclusive quarkonia processes.

In this paper, we will adopt the factorization formula
[Eq. (1)] to calculate B, — J/w (1. ) at the next-to-leading
order of strong coupling «,. In our calculation, we find that
all the low-energy divergences, including soft, collinear,
and Coulomb divergences, are either canceled with each
other (for the soft interactions) or separated with each other
to be absorbed into the LCDA and the wave functions.
Thus, our work can be treated as a proof for the factori-
zation formula [Eq. (1)] at one-loop level.

The sections are organized as follows: In Sec. II, we
present a brief overview of the effective weak Hamiltonian.
In Sec. III, we present the detailed computation in the
nonrelativistic factorization scheme, and we also deliver
the asymptotic behavior in the limit z = m,./m;, — 0. In
Sec. IV, we implement our results to make some phenom-
enological predictions for the branching ratios of various
B, two-body decays to an S-wave quarkonium and a light
meson, and some detailed discussions are also performed.
At last, we conclude in Sec. V.

II. THE THEORETICAL FRAME

In the Standard Model (SM), B, — J/wrn~ occurs
through a W-mediated charge-current process. However,
since my > my ., Agcp, a large logarithm arises in
the higher-order strong-interaction corrections. Thus, the
RG-improved perturbation theory must be resorted. In the
community of B physics, this turns out to be the effective

weak Hamiltonian method. The effective weak
Hamiltonian governing B, — J/yz™ is
G
Her = 7gVZchb(C1 (1) Q1 () + C2 (1) 02(1)), (2)

with Gy being the Fermi constants, V,, and V., the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
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Ci,(u) the perturbatively calculable Wilson coefficients,
and Q;,(u) the effective four-quark operators

Q1 = dyy"(1 —y5)ugCpy, (1 —ys)bg, (3a)

Q> = dy" (1 —y5)upcpy, (1 —vs)bq, (3b)
where @, f# are color indices and the summation conventions
over repeated indices are understood. For the conveniences
of our later calculations, we will adopt another operator
basis, i.e.,

Qo = doy" (1 —v5)uaCpy, (1 —ys)bp, (4a)

Os = C_iaT,g‘/;J’”(l - J’s)u/ﬁpTﬁﬂ’ﬂ(l —7s)b,,  (4b)

where T* is the generator of the fundamental representation
for SUc(3). Applying the Fierz rearrangement relation

1 1
ThTh) = — géaﬂépl + §5a/15p . )
we have immediately
1 1
Qo =01, Q8:_8Q1+§Q2- (6)
Consequently, for the Wilson coefficients, we have
C():CI +C2/3, Cg :2C2 (7)
Then, the decay amplitude of By — J/w(n.)n~ can be
written as
ABZ = J/wn)a™) = (J/wn:)n™ [Hes| BZ)
Gr
=—V*V.,(C
N »(Co(u)(Qo(n))
+Cs(1)(Qs(1)))- (8)

III. THE NONRELATIVISTIC APPROACH

Systematically, the nonrelativistic QCD effective theory
provides a rigorous factorization formalism for the anni-
hilation and production of heavy quarkonia [21]. In this
framework, the heavy quarkonium’s production comes
from two steps: a Fock state such as |¢g), |¢gg) produced
at short distance by a large momentum transfer process,
followed by it binding to quarkonium at long distance.

In the process of By — J/w(n.)n~, all the nonpertur-
bative blinding effects are attributed to three factors: the
pion’s decay constant and the Schrodinger wave functions
of J/w(n.) and B, at the origin. The hard kernel, mean-
while, can be calculated perturbatively.

A. Leading order (LO)

The possible quark-level topologies for B. — J/y(n.)n
are portrayed in Fig. 1, where we assign momentum
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FIG. 1. The quark-level Feynman diagrams at leading order for B, — J/y(5.)n. The 4-vertex “Q®” denotes the insertion of
a 4-fermion operator Q;.
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xP to the u quark and (1 —x)P to the d quark in the  decay constant and the Schrodinger wave functions
emitted pion. The leftmost two diagrams in Fig. 1 of J/w(n,) and B, at the origin, and leaving the
contribute to (Qg), and the others contribute to (Qg).  momentum fraction x unintegrated, we have the tree-
Along with nonperturbative parameters: the pion’s level (Q;):

8\/_ﬂfn'l//m< Wi, (0)p(x)CaCragy/my, +m.(my, + 3m.)(2m,m, + 3mj, + 3m?)
(Qo(ne))y = 32 3
me Nc (mb - mc)

2\/§ﬂf”l//,7€< ) (0) (x)CACFasV my + mc(mb + 3mc>2(xmc - (X B l)mb)
ym%n—mmu—nmﬁﬂﬁ—@mxmyﬂﬁ—nm)

’

<Q8 (’70)>x = ) (9)

where more detail on f, w, (0), wp (0), and the pion’s LCDA ¢,(x, ) can be found in Appendix A. Note that the
higher-twist contribution shall come from twist 4. Referring to J/y, we see that the corresponding matrix elements are

_ 64\/§”an1/1,/ (0)wp, (0)@(x)Pp_-e3,CaCray(m;, + m.)*?
mcl'/ch(mb - mc)4
8\/_7ff7rl//1/1// (O)WB‘ (O)(plt(‘x)PB(. ’ EECACFGS(mb + mc)l/2
mi N2 (my — m )2 ((x — my + (3x — 2)m,) (xm,, + (3x — 1)m,)
x (3(2x — )mpm, + (x — 1)m? + (9x — 4)m2). (10)

(Qo(T/w)), =

’

(Qs(J/w)). = —

Note that (Qg) in Egs. (9) and (10) is not symmetrical when we exchange x with x = 1 — x, because of the nonfactorizable
(NF) contribution from the axial vector current, which brings in an antisymmetrical part. However, the antisymmetrical part
can be easily proved to be insignificant. We define the function V/(x) to collect the contributions from the axial vector current,
and it satisfies V(x) = —V/(x). Considering the symmetrical pion LCDA, i.e., ¢,(X) = ¢,(x), we can easily get the result

1 0 1
/v@%@a:-/v@%@w:—/v@@@w:o (i1
0 1 0
Furthermore, employing the asymptotic LCDA ¢, (x, u = o) = 6xX, we can obtain the integrated matrix elements (Q;):

(o)) Sﬁnfﬂy/m(O)lpBC (0)CyCrag/my, + m(my, + 3m.)(2mym, + 3m3 + 3m2)
o)) = 3/2

me' "N (mb _mc)3

6f”fnwn (0)wp (0)CyCrag/my, +m,

El

<Q8( )> g/zNg(mh — mc)(mb n 3mL) X [Zmbmc(ln(mb + 2mc)
—In(m,) +2) + m2(4 In(m, + 2m.) — 4 In(m,) + 3) + m3],
6432 f 1, (O, (0)Py_ - €3.CaCray(my, + m)5
Qo) = - SRR O O G 7
24\/§”an]/1//< )WBC <O)PB E\IJCACFas(mb + mc)l/z X [Zmbmc(ln (mb + 2mc)
(Qs(V)) = —

me N2 (my, —mc)(my, + 3m,)?
—In(m,) 4+ 2) + m2(4 In (m, + 2m,) —4 In (m,.) + 3) + m3]. (12)
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Differently from the traditional formalisms in Refs. [18,22],
herein we have extracted the hard kernels 7; from Wilson
coefficients separately. And the Wilson coefficients C;(u)
contain the contributions from the energy region from my,
to my,, while the hard kernels T;(u) include the contributions
from the energy region below m,,. They can be calculated
perturbatively order by order.

A(B: = J/w(ne)n™)

G
=— Vi Ver(Co(u)Tp oMy + Co(u)T p0M,f

V2

+Cs(u)TrsMy5), (13)
o0 k
i = () T
k=0
© k
ToriW) = Y (Zﬂ) T, (k). (14)
k=0

where T, means the factorizable hard kernel, 7', means
the nonfactorizable hard kernel, and the Wilson coefficients C;
are

2 1
CO :§C+ +§C,, Cg :C+_C7, (15)
where
Cj: _ |:as(MW):|2V;A:),
ay(u)
N.F1
= =46 s
T+ N,
11N, — an
0 = — 3 (16)

Fixing Mf(ﬂc) = (Qo(nc))> Mf'(]/V/) = (Qo(¥)),
M,¢(n.) = (Qs(n.)), and M, (J /) :(O<)Q8(\I/)>, we can

i

extract the leading-order hard kernel T

0 0
T () =T\ y) = 1.
0 0
quf),o (ne)= Tif),o (J/y)=0,
T () =T\ (JJw) =1. (17)

B. Next-to-leading order (NLO)

Now we pay more attention to the NLO correction. The
one-loop diagrams for B. — J/y(n.)n are classified in
Figs. 2, 3, and 4, where Fig. 2 lays out the one-loop
factorizable diagrams, while the nonfactorizable diagrams
are shown in Figs. 3 and 4. To regularize the ultraviolet and
infrared divergences, we use a dimensional regularization
scheme, but we use a relative-velocity regularization
scheme for Coulomb divergence. The renormalization
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FIG. 2. One-loop factorizable diagrams contribute to (Q,). The
bubble in the first diagram expresses all one-loop form-factor
diagrams, which are displayed in Refs. [28,29].

constants are listed in Appendix B. In our calculation,
the mathematical package FeynArts [23] was used to
generate the Feynman diagrams, FeynCalc [24] was used
to deal with the amplitudes, and LoopTools [25] was used
to calculate the one-loop integrals. The practicable y;
scheme is adopted in D-dimensional computation [26,27].

L

The one-loop diagrams that contribute to (Q,) can be
distributed into two sets: factorizable (see Fig. 2) and non-
factorizable diagrams (see Fig. 3). And the NLO B,_-to-S-
wave-charmonium form factors have been calculated in
Refs. [28-30,49]. For the right two diagrams in Fig. 2, their
UV divergence can be canceled by external-field counterterms.

We analyze the factorizable part at first. In NF, (Qg)
vanishes, and

(J/w(ne)m~|QolB:) = (J/w(ne)|er* (1 —ys)b|B:)
X <7[—|Zi7u(1 —}/5)M|O>, (18)

i.e., (Qy) is proportional to the product of the pion decay
constant and the By — J/w(n,.) transition form factor.
Conventionally, we adopt the following parameterizations
for the decay constants and B — J/w(n,) transition form
factors:

(= (P)|dy,rsul0) = —if P} (19)

2 2
my —m

(ne(p)lerb|B; (P)) = f.(q?) |P* + p* — qu,,

+fol@) BT 0)

N - 2iV(q?) e
Wl (p.e)lerbIBZ(P)) = = o et p, P
2D

(//y(p.€")|er'ysb|B: (P))

*

&
=2my,,A¢(q*) 7

q
q" + (mp, + mJ/y/)Al(‘]2>

*

e -q *
qz CI”:| _AZ(qz)

& - q

mBE + m]/l,,

X [e*” —

2 2
my —m
x [P” 4 — eI - Iy q"] . (22)
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FIG. 3. Twelve of 24 one-loop nonfactorizable diagrams contribute to (Q,). The other 12 partners can be obtained by interchanging
the u and d quarks. Note that the diagrams from N1 to N9 also contribute to (Qg).
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FIG. 4. Twenty-four of the 65 one-loop nonfactorizable diagrams contribute to (Qg). Another 23 diagrams can be obtained by
interchanging the u and d quarks, and the left 18 come from the diagrams Vertex N1 to Pentagon N9 in Fig. 3 and their symmetrical
partners.
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Here we define momentum transfer ¢ = P — p and €°'?3 = —1. Note that f,(0) = f,(0).
The tree-level form factors can be obtained easily. They read

8vV2C,Crmv/z + 1 (— ;— +322+2z+ 3) aa(0)g w(0),

) = . (23)
(E— =)y,
b
i) 8v2CACrny/z + 1(92° +922 + 11z — (52 4 3) + 3)aw (0) 5, w(0),
b
0 q7) = : (24)
(L= (2= 17) 2Bz + DmiN,
b
VLO(g2) = 167/2C,Cpr(3z + 1)a,yw(0)5 w(0),, 25)
2 2 3/2 ’
(%= = 17) () i
LO/ .2 ]6\/§CACFH(Z + 1)5/2asl//(0)3(1//(0)]/y/
AR () = : T, , (26)
(Z—i— (z—1) ) Zm}N.
Lo(g2) 16V/2C,Crry/z + 1(42° + 572 + 6z — ZI—ZZ (2z+ 1) + Dayy(0)5 w(0),,
APP(q7) = 5 L , (27)
CRY Sy
b
ALO(g?) — 16v/2C,Cray/z+ 1324 1) (0)5 w(0),, 08)
2 - 2 s
(% —(z— 1)2) 2?miN,
here z = m,/my,.
When neglecting the mass of the pion, we have the factorizable contribution in NF:
<776”7|Q0.f|Bci> = lflrfO(O)(mlz}L - m%( )’
(J/wr™|QosIBS) = —if zAo(0)(mp, —m3,,). (29)
where we have used the fact that J/y is longitudinally polarized, so that
* _ 2 02 2
2my), € - P =2mp |p.| = my —mj,.
Therefore, we have the LO result
8V2ma,CoCpv/z + 1(92% 4+ 92% + 11z + 3)f,(0) 5 w(0)
(x| QolB)C = i P, (30)

(1—2)3232my,N,

and in the heavy quark limit z — 0, we have
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i24\/§”aSCA CFfﬂW(O)BCl//(O)m
Z3/2thc ’

1if%<’7cﬂ_|Qo|BZ>Lo =
7>
(31

Actually, the approximation above is not so good.
Numerically, we have

lim__o(n.7~|Qo| B )-°

PHYSICAL REVIEW D 89, 034008 (2014)

which is essentially bad. The perturbative series expanded
as Eq. (13), however, can resolve the problem, because the

convergence of hard kernel 7'; is well behaved.
Note that the complete analytic expression is too lengthy

to present, and it is possible to derive an asymptotic analytic
formula valid in phenomenological application. Thus, we

present our results in the heavy q(lljark limit, i.e., m;, — oo.
The factorizable hard kernel T 2) is identical to the ratio

— — 10 ~0.11, (32) 1
(ne7”|QolB: ) :=1.5/48 of the NLO form factor to the tree-level one:
|
(1)
fo (0
7)) =200
fo (0)
1 2u? 10ny 1 2In2 1 10 35 21n?2
——(11C,—2n) () - —L - -2+ Cp(=In2z4+— m2Inz—2 1
311G “f)n<zm§> 9 3 3 F<2“+3 nemzmg ity
77> 103 1 1 1 In2 4In2 522 73
32+ -2 — % —-I2hz—-Inzgt——o o2 2 33
st 6>+CA(6“3HHZ3“+3 3 36 9)’ 33)
(1)
Ay’ (0
i) =250
Ao (0)
1 2u? 10n, 1 119 21 15In2
:3(11CA—2Ilf)ln(Zrnlz))—9+CF<21[122—8+71H21HZ—4 an+7ln22+ 4 >
3 9 77> 67 9In*2 31n2
Ca—2Iz—In2Iz—>Inz— o 4 —— . 34
+A<8nznn28nz 24+9 1 8) (34)
|
Next, we turn to the nonfactorizable part. There are 24 Tilj?,()(\P) _ Ti‘}).o(m). (36)

one-loop nonfactorizable diagrams that contribute to (Q),
half of which are displayed in Fig. 3. The corresponding
color factors are summed up in Table I. Over 100 of the
one-loop integrals in Figs. 3 and 4 are created, and they can
be reduced into master integrals (MIs) and some two-point
Passarino-Veltman integrals [25]. Our analytic expressions
of MIs are in agreement with what is given in Refs. [31,32].

The numerical one-loop nonfactorizable contributions
for T£11f>.0 are

2

1 m
T\o(n.) =61n (,sz> +16.75, 35)

TABLE 1. Color factors of the corresponding diagrams in
Fig. 3. Therein, the figures from N1 to N9 contribute not only

(Qy), but also (Qyg).

Diagram NI1-2, N6, N8-9 N3-5, N7 NI10-12
Color in (Qg) Lrale, e 0
CaCr

Color in (Qy) S

And the complete results in the heavy quark limit can be
found in Appendix C.

2.1

Here, we study the one-loop nonfactorizable contribu-
tions to (Qg). Twenty-four diagrams are shown in Fig. 4,
another nine diagrams are collected in Fig. 3 from N1 to
NO, and the rest can be obtained by interchanging the u and
d quarks. The corresponding color factors are summed up
in Tables I and II.

TABLE II. Color factors of the corresponding diagrams in
Fig. 4. They contribute only to (Qg).

NI13, N15, N17-18, N1l4, N16, N19-23,
Diagram N27-29, N33-36 N26  N24-25 N30-32
Color in 2C,Cr icacp _ icacF _ %
(Os)
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(ﬁ&fter integrating the fraction, we have the corresponding

Tnf,S:
D () = M 11C 420, + 16N, —6) In[ ™2
nf,s(’?c)—g(— a+2n;+16N.—6) In 3
12.48
- +(9IHZ+1)CF
In In2—2
_ (2 _6m2=23 L o7s1)c,
2 3
2
—§nf(—3lnz+5+3ln2)
In2z 8(3+1In2
Iz 8B+In2) sS4z, 37)
6 3
0 = L (33¢, 46, + 32N, — 18) In[ ™
nfs( )—5(— A tong+ c—18)In 2
12.48
N +O9Inz+1)Cr

In%z 6 1n2—23
%—n# 1nz+278.1>CA

|
N

—-ny(-3Inz+5+31n2)

= O

2 In 2
%_@ In z + 542.3. (38)

_|_
IV. THE PHENOMENOLOGICAL STUDIES
The decay width can be written as

d

P(B = Jfwln)n) =<2
mmg,

JAB: = J/w(n)m)P. (39)

----Lo
Asymp. NLO

644 | NLO
6.0
56

52

= 48

ie]

= 44

@ 4.0

£

S 364

g 32 .~

0 28 Tl
244 TTTTeeal
2.0
1.6

T T T T
3 4 5 6
p (GeV)
FIG. 5.
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Here, the momentum of final particle satisfies |p|=

2 2 ;
(mp_—my)/2mp_in the B.-meson rest frame, and we

adopt the input parameters as below [33]:

m,=144+0.1 GeV, m,=4940.1GeV,
Agep = 100 MeV, Gr = 1.16637 x 10~ GeV~2,
ViaVes| = AZ2(1 = 22/2 = 2*/8),

n;=3  N.=3,  Cp=4/3,

Vi ] =02252,  |V.| = 0.0406,
fr=130.4 MeV,  f, =216 MeV,
fx=156.1 MeV,  fx =220 MeV,

where A = 0.814, 1= 0.2257. The Schrodinger wave
function at the origin for J/y is determined through its
leptonic decay width, 'Y, =5.55 keV[33]. Numerically, we
can obtain [y5°(0)]? = 0.0447 (GeV)? and |p}Y0(0)]? =
0.0801 (GeV)?>. For that of B,, we shall determine its value
to be |y (0)* = 0.1307 (GeV)?, which is derived under
the Buchmiiller-Tye potential [34]. Besides, the one-loop
result for the strong coupling constant is used, i.e.,

4r
11 =2 1 (L)
(11 =3n,)In e

Within the above input parameters, we can obtain the
decay width of B, decays to S-wave charmonium and pions
at NLO accuracy. In practice, the renormalization scale y
may run from 2m, to my, and the 4 dependence of the
branching ratio is shown in Fig. 5. Therein, we plot both
kinds of NLO results: one letting m,./m; — 0 in the heavy
quark limit, and the other fixing the ratio m./m, to its
physical value. The first one is valid in leading m./m,,
while the latter is summed to all orders of m./m,. It turns

a,(u) =

----Lo
3.8+ Asymp. NLO
3.6
34+

324

€ |

g 7

T 2.8

— <4

2 261 -

S 244 AN

c i AR

S 2o ] AN

M 1 AN
2.0 Tl
18- Tl
1.6

T T T T
3 4 5 6

1 (GeV)

The branching ratios of B.— 5.z (left) and B, — J/wr (right) vs the renormalization scale u. Herein

m. = 1.5 GeV, m;, = 4.8 GeV, and for the lifetime of the B, we take 7(B,) = 0.453 ps. The results for LO, asymptotic NLO,

and complete NLO are shown.
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FIG. 6. The ratios I'(x)/T'(2m,) of B.— n.x (lefty and B.— J/wr (right) vs the renormalization scale u. Herein

m, = 1.5 GeV, m;, = 4.8 GeV.

out that the leading-order approximation in the m./m,,
expansion, namely the asymptotic NLO result, accounts
for more than 85% of the complete NLO result. That means
that it is enough for us to use this simple and analytic
expression for phenomenological studies in the place of the
complicated NLO expression. The NLO corrections can
reduce the uncertainty, which is explicitly exhibited in Fig. 6.

Apart from the uncertainty of the renormalization scale,
we also study the uncertainty from the quark mass. We find
that both of them are important for the final results. The
vivid figures considering both dependences are drawn in
Fig. 7, in which we also detail the influences from
Gegenbauer polynomials of the light-cone distribution
amplitude of the pion; however, these bring about a slight
influence on the final result.

After considering the uncertainties stated above, we
give out our results based on NRQCD factorization in
Table IIT and compare them with those calculated from
other models. The LO results are generally close to the
results of the QCD sum rule [35,36], the constituent quark
model [37-40] and the light-front ISGW model [41];

6.0 4

5.8 4 N\ —— NNLO Gegenbauer Polynomials
56 \i'\.“ ~~~~~~ NLO Gegenbauer Polynomials
’ RN - - - -LO Gegenbauer Polynomials

54
52
5.0
48]
46
4.4

Branching ratio(%o)

4.2 4
4.0
3.8
3.6

T T T T
3.0 3.5 4.0 4.5 5.0 55 6.0 6.5

1 (Gev)

FIG. 7.

however, they are larger than those of the relativistic
potential model [42] and the relativistic quark model
[43]. Our work showed that the NLO corrections substan-
tially enhance the branching ratios, and the NLO QCD

- 0.140.18
correction K factors are 1.75% 3370} for (B, — n.7) and

L3013 for T(B. > J /ym).

Moreover, we want to study the degree of importance for
the factorizable part at NLO accuracy. After calculation, we
find that the asymptotic factorizable contribution can be
well-represented by the majority of the branching ratio. To
present it more vividly, let us set m,.= 1.4 GeV,

my = 4.9 GeV, and u = 3 GeV, and we obtain
Br(BC - ncﬂ)Asymp' factorizable — 5§ ()9,
Br(B, — n.7)°% = 5.20%o,
Br(B, — J /yx)Asymp. factorizable — 3 069,
Br(B, — J/yx)°@ = 2.91%. (40)

Experimentally, the pp collisions at the LHC have been
performed at a center-of-mass energy of /s = 8 TeV, and

3.5+
3.4
3.3
3.2
3.1
3.0
2.9
2.8
2.7
2.6
2.5
2.4
2.3
2.2
2.1

20 T T T T
3.0 35 4.0 45 5.0 55 6.0 6.5

1 (Gev)

—— NNLO Gegenbauer Polynomials
~~~~~~ NLO Gegenbauer Polynomials
- - - - LO Gegenbauer Polynomials

Branching ratio(%.)

The branching ratios of B, — 5,z (left) and B, — J/wn (right) vs the renormalization scale g, for different choices of quark

mass. LO, NLO, and NNLO Gegenbauer polynomials of Pion’s light-cone distribution amplitude are considered in turn.
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TABLE III.

PHYSICAL REVIEW D 89, 034008 (2014)

Branching ratios (in %o) of exclusive nonleptonic B, decays into S-wave charmonium states. For the lifetime of the B, we

take 7(B,) = 0.453 ps. In our work, we choose the quantities m, = 1.4 GeV, m;, = 4.9 GeV, and y = 3 GeV. The uncertainty in the
first column of the value is from varying the renormalization scale y from 2.5 GeV to 5 GeV, while the uncertainty in the second column
comes from varying the quark mass m,/m, from 1.5/4.8 to 1.3/5.0.

Mode This work (NLO) LO [35,36] (37] [41] [42] 431 [38]  [39]  [40]
Bf = nnt 5191041109 2.95 2.0 2.2 1.3 0.26 085 14 1.9 2.1
Bf = n.p* 1455297052 7.89 4.2 5.9 3.0 0.67 2.0 33 4.5

Bl —n.K+ 0.38 003 +0.04 0.21 0.13 0.17 0.13 0.2 006 011  0.15

Bf — n K" 0.77+597+0-08 0.41 0.20 0.31 021  0.04 0.11 0.8  0.25

Bf — J/yn* 2.91104579%0 2.22 1.3 2.1 073 13 061 1.1 1.7 2.0
Bf — J/yp* 8.08 79971093 6.03 4.0 6.5 2.1 3.7 1.6 3.1 4.9

Bl — J/wK* 0.2270:01+0.403 0.16 0.11 0.16 0.07  0.07 005 008 0.3

Bf — J/wK** 0.431 0071008 0.32 0.22 0.35 0.16  0.20 0.10 0.8 028

Bl — yw(2S)n" 0.76 799010 0.58 0.27 0.19 0.11

Bf — w(2S)p* 2. 1170437038 1.57 0.77 0.48 0.18

Bf - w(2S)KT  0.0577 0003 000 0.042 0.019 0.009  0.01

Bf —» w(2S)K*T  0.1127 000550013 0.083 0.041 0.026  0.01

the energy will arrive at /s = 14 TeV in the future. pp
collisions provide a mass production source for B, mesons.
Since the B} decays into the B, with a probability of almost
100%, including the contributions from the S-wave excited
states, the cross section of the B, meson at LHC was
estimated to be around 10> nb. With 10 fb~! of integrated
luminosity, there are around 10° events for B, production.
In that case, the measurements of B, — J/yn — utu~n
and B, - J/wr — eTe r are feasible, and the events are
presented in Table IV, in which we have considered the
quark mass dependence.

Finally, let us study some specific channels which
have been measured by the LHCb Collaboration recently.
The LHCb Collaboration have measured Br(Bi — J/
wrnta xt)/Br(Bf —» J/yn") to be 2.41+0.30+0.33,
using 0.8 fb~! dataof p p collisions at a center-of-mass energy
of /s =7 TeV [8]. Experimentally, the reconstructed invari-
ant mass distribution of the z*z~z" combinations favors a
resonance state a; (1260).

In theoretical aspects, there are mainly two channels
which contribute to the signal of B} — J/wrtn n™:

Bl — J/ya{ (1260) followed by af (1260) - 'z zn™,
and Bf — ¥(28)z" followed by W(2S) - J/yzxtzn .
Practically, Br(Bf — W (28)z")/Br(Bf — J/wyzn") =
(A%(O)\I/(zs)(mtzec - mi(zs)f)/(A(z)(O)\P(m%C —my)’) ®
0.26, and Br(W¥(2S) —» J/yntn~) = 33.6% [33]. So the
contribution to Br(B — J/yn" 'z x")/Br(Bf — J/yx")
from W(2S) is 0.08, which explains the experimental data
that favor the resonance state a; (1260) rather than W(2S).

In the former section, we have performed a complete
QCD NLO calculation of B, decays into S-wave charmonia
and light mesons. And we found that the factorizable
contributions account for more than 85% of the total results
at NLO accuracy in the heavy quark limit as Eq. (40). Here
we assume that this also holds in Bf — J/ya; (1260); i.e.,
it can reserve a high accuracy just from considering the
factorizable diagrams. So we adopt the naive factorization
scheme. And for the axial-vector meson aj (1260), the
matrix element for its creation is

<aT(126O)(p,€*)|17£)/”}/5d|0> = _ifalmalelt- (41)

TABLE 1V. The events of B, — J/wn — u"u~n, B, = J/wyrn — ee~n and B, — y.x — yyx with 10 fb~! data, using various
values of the c-quark mass m, and fixed b-quark mass m;, = 4.8 GeV.

Tevatron (v/S = 2.TeV)

LHC (/S = 14.TeV)

m, (GeV) 1.4 1.5 1.6 1.7
op, (nb) 13.4 10.5 8.48 6.89
wrpmm(x10%) 2.54 2.15 1.79 1.56
eTe m(x10%) 2.54 2.15 1.79 1.57
yyT 47 37 32 27

1.8 1.4 L5 1.6 1.7 1.8
5.63 214 160 139 114 95.1
1.40 40.6 32.8 29.3 259 23.6
1.40 40.6 32.8 29.3 26.0 23.7
24 754 567 525 459 413
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TABLE V. Branching fraction ratio in comparison with the LHCb data.

Ratio Our work LHCb

Br(B; — J/yn'a x")/Br(BS — J/yn") 2.85 241 +0.30 + 0.33 [8]
Br(Bf — J/wK™")/Br(Bf — J/wxt) 0.075 0.069 + 0.019 + 0.005 [9]
Br(B} — U(28)x+)/Br(B} — J/yr) 0.260 0.250 £ 0.068 = 0.014 % 0.006 [10]
Br(Bf - U(2S)K")/Br(B}f — J/yzn™) 0.02

Br(Bf — J/wp™)/Br(Bf — J/wrn™") 2.77

Br(Bf — J/wK*")/Br(Bf — J/yzn™") 0.147

Then we can obtain the ratio

Br(Bf — J/wa{ (1260))
Br(Bf = J/wrx")
B

f245(0)
+ A3A; (m%l )Az(mgl) - /14V2(m§] ],

(AT (m3,)) + A3 (m7,)

with

2 2 2)\2 2 02
\/(mu] + mp. — ml//) - 4ma1mB,¢

Ao = 4m5,(ch + mu/)Q(m%;ﬁ _ mgj)g ) (42)

Ay = (mp_+my, ) (=2mg, (mf_ — Smy) + mg,
g, =y )%). @)
by = (=2m2 (m} +m) +mg + (my —m2)?)2,  (44)

Ay =2(mp, +my, )*(mg, —mp_+my)(mg, — (mp, —m,)?)

x (mg, — (mp, +my)?), (45)
Ay = —8m2 mZ (—2mZ, (m% + my) + mj, + (m% —ml)?).
(46)

According to Ref. [44], we assume that Br(a; (1260) —
mta~a")is equal to Br(a] (1260) — z*2%2°) and its value
is 50%. We take the input parameters f, = 0.22 GeV from
the QCD sum rules [45] and m, = 1.23 GeV from the
Particle Data Group [33]. The final result is

Br(Bf — J/yrtn n")

— 2.85+0'03+0']8
Br(B} — J/yn")

—0.05-0.13*

The uncertainty in the first column of our result comes
from the renormalization scale between 2.5 GeV to 6 GeV,
while the uncertainty in the second column comes from
varying the quark mass m./m, from 1.5/4.8 to 1.3/5.0. It
is compatible with the experimental data 2.41 + 0.30 +
0.33 when considering its uncertainty. This channel is also
studied through W* conversion in QCD factorization by

Likhoded and Luchinsky [46], where the ratio is predicted
to be from 1.9 to 2.3.

In order to conveniently compare with the LHCb’s data,
we present our prediction and experimental data in Table V.
For the former three channels, our results can explain the
data perfectly, while for the latter three channels, more data
is needed to investigate the validity of NRQCD factoriza-
tion on B, decays.

V. CONCLUSIONS

We have performed a comprehensive NLO analysis for
the B. meson decays into S-wave charmonia and light
mesons such as 7z, p, K and K*. The NLO QCD correction
provides a large K factor, which substantially enhances the
branching ratio, while the 4 dependence is reduced corre-
spondingly. Considering uncertainties of sorts of input
parameters, we find out that the largest uncertainty comes
from the masses of bottom and charm quarks.

In the heavy quark limit, the analytic amplitude up to
NLO accuracy is derived. Therein, the logarithm In z with
z=m./my is absent in the contribution for the color-
singlet operator, while this kind of logarithm along with
double logarithm In?; emerges in that of the color-octet
operator. And the asymptotic NLO result where we only
reserve the leading order in the z expansion can account
for more than 85% of the complete NLO result in which z is
fixed to its physical value. Therefore, it is helpful for us to
use the asymptotic formulas for phenomenological studies.

Numerical results show that the latest LHCb data on B,
decays can be explained perfectly using NRQCD factori-
zation under their corresponding uncertainties. We have
also predicted another three channels which shall be
checked in the upcoming data. The large branching ratio
and the clear signal of final states make it reliable for
the measurement of the absolute branching ratios for the
processes B, — J/wn, B, — J/yp, and B, — J/yK
within the updated LHCb data.
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APPENDIX A: LCDA FOR LIGHT MESONS
AND PROJECTION OPERATORS FOR
HEAVY QUARKONIA

Considering the twist-2 and twist-3 light-cone distribu-
tion amplitudes for the pion, we have the matrix element of
the quark’s hadronization projection operator [47]

tiaa(XP)T(X, - )apab... Vpp(XP)

if !
~ e [ a0 e g

(AD)

c

with the decay constant f, = 130.4 MeV, X = 1 — x, and

M (X)op = {Pmﬁ(x) — Hats (¢,, () — ot P2

6
- ou®a(x) 0
P# .
+ld,,{l/ 6 8kly a/}

(A2)

Here p, = m2/(m, + my), n.. are light-cone vectors, ¢(x)
is the twist-2 distribution amplitude, and ¢,(x) and ¢,(x)
are the twist-3 ones. For the Pion, up to twist 2 [48],

$p(x) = 6xx{1 4+ a;C* (X — x) + a,CY*( — x)}.  (A3)

with a; = 0.44, a, = 0.25, and the Gegenbauer polyno-
mials are defined by

3
G (x) =5 (52 ~1).

15
3 (2) :§(21Z4— 1422 +1). (Ad)

Then, for the vector meson p, the corresponding matrix
element of the hadronization projection operator is [47]

uaa(XP/)F(x’ "')aﬂ,ab,...vﬂb()_cpl)

if/, 1
— N, dxm? (x)aﬂl—‘(x, "')ap’,aa,__,» (AS)
Mg = Mg + Meg, (A6)
with
if,m,(e - n,) if ym,m,(e" - n,)
My =—=F=F Y En — »p
I 4 2E () ==, %

X {—%oﬂun’inﬁrhﬁ’)(n) — iE/OM dv(¢,(v)

0 hﬂ(s)(”)
e ) }

(AT)

!

k=up
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and
=" pen g, ()
et 0w - [ vyt

- gS_U) (Z}))/l,&‘j_ﬂ m + iguupagjfn/inYS
H"

5 [ g’ﬁ:(u) _ Egi“i‘(u) 0 }}
lo

(A8)

k=up’

Up to twist 2, the LCDA for a longitudinally polarized p
meson is

¢, (x) = 6x%{1 + &} CY* (- x)}; (A9)

here a| = 0.18.
In addition, the twist-2 LCDA for the K meson
is [48]

dx(x) = 6xx{1 +0.51(x — x) + 0.2C3*(x — x)},
(A10)

and for a longitudinally polarized K* meson, it is

b (x) = 6x%{1 + 0.57(% — x) + 0.07C3*(x — x)}.
(A11)

At last, using leading Fock states for heavy quarko-
nium, the quark’s hadronizaiton projection operators
are [27]

1
v(py)it(pe) — ﬁ)’s(ﬂpm +my, +m,)

1
X mp+m, Vs
2

_ 1
U(l’i)u(pc) - ﬁé(ﬂpql +me + mc)

x (\/m%ﬂw(m> ® <\/11T> (A12)

The NLO Schrodinger wave function of J/y at the
origin is determined by the leptonic decay width:

2 _
ot My T
i 16za*e? (1 + na,Cp/v — 4a,Cr /)"
(A13)
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APPENDIX B: RENORMALIZATION AND
INFRARED SUBTRACTIONS

The renormalization constants include Z,, Z3, Z,,, and
Z,, corresponding to the heavy quark field, gluon field,
quark mass, and strong coupling constant g, respectively.
Here in our calculation, Z, is defined in the modified
minimal subtraction (MS) scheme, while for the other
three, the on-shell (OS) scheme is adopted, which tells us
the following:

1 47:/42 4
6795 = 3¢, 5 |yt TR LT L 0]
m Far leyy ve+in m? +3+ ()

1 2 dp?
5Z§’S:—Cp& [_+——3yE+3ln ﬂ/; +4+0(6)},
dr leyy  €r m
1 1

5295 =%\ (po—20) [ ———) + 0],
3 4ﬂ{(ﬂ0 A)<€UV €IR)+ (5)}
5Zm:_ﬂ_0& L_}/E—‘,—ll’l4ﬂ+0(€) s (Bl)
g 24z Eyy

while for light quarks such as u and d quarks, the
corresponding renormalization constant is

a; (1 1
sz —cp (Lo L)
T \€yv €IR

(B2)

In the above, 6Z;=Z2;—1, and py=(11/3)C, —
(4/3)T sn; is the one-loop coefficient of the QCD beta
function; C, =3 and Ty = 1/2 attribute to the SU(3)
group; u is the renormalization scale.

|

PHYSICAL REVIEW D 89, 034008 (2014)
We write the renormalized operator matrix elements
as [28]

<Qi>ren = Zl/lzij<Qj>bare’ (B3)

where i, j =0, 8,and Z,, = Z}/zzi/zzq contains the quark

field renormalization factors of the massive b quark Z,, the

massive ¢ quark Z,, and the massless quarks Z,, whereas Z

is the operator renormalization matrix in the effective
a1

theory. It reads
| 6
T\ o) e

All of the soft IR divergences are canceled when
summing them up, and Coulomb divergences can be
canceled by the corresponding counterterm from the
NLO Schrodinger wave function at the origin, while the
left collinear divergences can be removed by the pion wave
function’s subtraction.

Z= (B4)

wis O

APPENDIX C: FORMULAS FOR THE
NONFACTORIZABLE CONTRIBUTION

In this appendix, the asymptotic formulas for the one-
loop nonfactorizable contribution are presented, where x is
the collinear quark’s momentum fraction in the pion and
z=m./my is the mass ratio for the charm quark and
bottom quark. The results are valid in the heavy quark limit.

2 — () 2 <L12 (5 -Li (ﬁ)>

)y 2 (M
Ti0.:(1c) = ¢z (x) {x ln<ﬂ2> + 3x(2x—1)

1 1

3x
1 1

C3(x—1)x(2x — 1)f1 B
1

3x(2x—1

)f2+ 3f4

3(2x— 1)3f3 + 3x—Dx(2x—1)

T3 = 1)3f5 T3

1
Tflf,)o,x(\p) =

with

(x— D)2 (2x—1)° fa},

(CI)

T4 (1), (€2)

f1=2(x*(In(2) —4) = x(2+2 In(2)) + 2 +In(2)) In(x + 1),

fa=2(x—1) <—Li2 <X2szl> +Li, (— %) +2Li, G) — Liy(—2x) + Lir (2(x + 1))) ,

f3=8(x—1) (L12(4 —2x) + 2L12<

) () lat) )
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fa=In(x)(—4(2x*> =3x+1)* In(x + 1) = 8x(x — 1)* In(2 — x) + 3 + 6 In(2)
+x(2x(2x(=2x + 2(5x — 14) In(2) — 3) + 15 + 56 In(2)) — 17 — 46 In(2))).

s = In(1 — x)(x(x(4x(x — 10x In(2) + 5+ 18 In(2)) — 37 — 38 In(2)) + 19 + 4 In(2))
+2(x—=Dx(In(x+1) +4(x — 1)x(2 In(2 — x) + In(x + 1))) — 3),

fo = —8x*(x —1)°In2(1 — x) + (x — 1)(x(x(x*(20 + 8 In(2)) — x(72 + 16 In(2))
+79 + 8 In(2)) — 32) +4)In(2 — x) + x(2x(2x(28x* — 58x + 45) — 31)
+ 7% (x — 1)? + x(103 — 2x(6x(6x — 13) + 83)) In(2) + 8 — 33 In(2)) + 4 In(2),

—CA+48xN, +2n, =6 (mp\  9(x—1)In(z) =5x+2  (3C, —1)In’(z)
TS,nf.x(”c) - ¢7z(x){ 9x In <F> + 3()( — 1))( CF — 13y
2(=3In(z) +5+3 1In(2)) In(z)

((138x — 144x In(2) — 138 + 90 In(2))C,, + 144x

27x T S4(x— D
+96x2 In(1 — x) — 96x? In(x) — 96x In(1 — x) + 96x In(x) + 372x In(2) — 144 — 210 In(2))
1 (2(Liz(%) —Lir(%)) (x—2)(x(10x—11) 4+ 2)In(1 —3)

N, 3x 3(1 —2x)%x?
1 1 1 1
M 1)f2 3(2x— 1)3f3 M 1)3f7 M=y 1)3f8 T 1)3f9>
L, (_ (2x + D(Li(*7) = Lir (%)) (F°Lip('7%) — ¥’Liy(3) + 2xLiy (3) — Lip ('3Y)) LIPS
3x (x—1)x 6x
x—1 (—=4x? +x—1)In(x)In(2x + 1)  (x—2)(3x —2)(8x> — 6x + 3)C, In(1 —3)
3(2x— 1)3f3 N 3x(2x—1) B 6(1 — 2x)%(x — 1)x
In(x) In(1—x) 1 1
+6(x— 1)x(2x — 1)3f‘° +6x2(2x— 1)3f“ S 6(x— 1)2(2x — 1)3f‘2 + 108(x — 1)x%(2x — 1)3f13>

(2 =3+ 2)(Li(1 =9 ~Lis(1=3) | (r=3)(Lio(v) ~Lix(3) _3(x=2)Lir(3)

9(x—1)x 9x x—1
T( . [(x—1 . x 3(x+ DLi,(15%)  (x —2)(78x* = 51x — 2) In(1 — %)
() () T
In(x) In(1 — x) 6
+ 18(x — 1)xf14 +79(x — 1)x2f15 +7108(x — 1)xf16}’ (C3)

10 = 1000+ 0.0 =19 (22 1) (1Ol ) 1606 e o) 1306 2) 18 (D

2(2x —1)In(2)C, Cy 1
B —1)x ) +18(x—1)xf17+18(x—1)xf18}’ ©4)

with

f7=In(x)(42x* =3x+ 1)2 In(x + 1) + (x +3)(2x — 1)* + 8x(x — 1)* In(2 — x)
—2(4x(x(5x —9) +5) —=3)(x — 1) In(2)),

Fo = In(1 — x) (x(x(—4x(x + 5) + 8x(5x — 9) In(2) + 37 + 38 In(2)) — 19 — 4 In(2))
+2(x—Dx(—=In(x+1) —4(x — 1)x(2 In(2 —x) + In(x + 1))) + 3),
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Fo = 24x3 In(2) In(4 — 2x) — 8x(x* + 3x — 1) In(2) In(2 — x) + x(4x3(13 In(2) — 28) — 8x2(—29 + 31n2(2) + 8 In(2))
+15x(In(2) — 12) + 62 + 8 In(2)) — z%(x — 1)> + 8x(x — 1)* In?*(1 — x) + 2x(x(—4(x — 3)x — 13) + 6) In?(x)
—21n%(x) + 4iz(x — 1) In(2) + (2x(x(x(x(4 In(2) — 16) + 8 — 12 In(2)) + 12 + 13 In(2))
—-2(5+3In(2)))+2In(2))In(x+1)+4 In(x+ 1) —8—3 In(2),

fro=(16x(x = 1)* In(2 — x) +4(2x — 1)*(x — 1)? In(x + 1) — 2x(x — 1)(2x(2x(4x — 8 — 7 In(2)) + 10 + 17 In(2))
—3(2+51n(2)) +2(1 —2x)*(x(4x— 1) + 1)(x — 1) In(2x + 1) + 1 + 2 In(2)),

fui=(=322(x—1)3 In(2 — x) — 2x(2x — 1)*(x — 1) In(x + 1) + x(x(4x(x(20x — 37 — 20 In(2))
429 430 In(2)) — 51 — 52 In(2)) + 12 + In(16)) — 1),

fio= (—(x —2)x(2x — 1)(3x — 2)(8x* — 6x + 3) ln(l - g) +1In(1 — x)(=32x° In(4 — 2x)

+32(2x(x(2x —3) +2) — 1)x? In(2 — x) + x(x(x(4x(x(4x(5 + 2 In(2)) — 57
—201n(2)) + 66 + 50 In(2)) — 167 — 172 In(2)) + 7(9 + 8 In(2))) — 13 — 4 In(2))

—2(x—=1)22x—=1x In(x + 1) + 1) = 2(x — Dx(x(4x — 1) + 1)(1 — 2x)? In(x) In(2x + 1)),

f1z = (x(6(x(x(72x* — 62x — 23) +41) — 13)(2x — 1) In(2) + 8(47x — 20)(2x — 1)* — 37%(x(8x(x(20x — 47) + 39)
—101) + 8) + 36(x(2x(2x(2x(x + 3) — 17) +29) — 23) + 4) In?(2)) + 18(16x%(x — 1)*In?*(1 — x)

+x((1 —2x)2((2x—1) (—6()c2 —1)In? <x_—é—1) + (=2(x = 2)x = 3)In?*(x) +2(x — 1)> In(2) In(x + 1))
+2(x((5 — 4x)x — 2) + 1) In(x) In(2x + 1)) — (x—2)(3x — 2)(8x% — 6x + 3)(2x — 1) ln<1 - )2‘)

+6(x — 2)x(2x —1)* In? <1 - g)) + (x = 1) In(1 — x)(=32x%(x — 1)* In(2 — x)

—2x(2x —1)*(x — 1) In(x + 1) + x(x(4x(x(20x — 37 — 20 In(2)) + 29 + 30 In(2)) — 51
—521n(2)) + 12 + 4 In(2)) — 1)) — 288x2(x — 1)* In(2) In(4 — 2x)).

fra = (x(180x — 58x In(2) — 139 +40 In(2)) — 2((x — D)x +2) In(1 — x) +2((x — )x +2) In(2 — x)
+64(x — 1)x In(2x) —2 — 4 In(2)),

f1s = (x(x? In(128x) — 32(x — 1)x In(2 — 2x) + (3 — 4x) In(2x) — (x —3)(x — 1) In(x + 1))
4 x(xe(x(15 +22 1n(2)) — 9 — 28 In(2)) — 9) + 3),

f16 = (13 In(2)(In(32) — 6x?) + x(384x — 380 + (19 — 117 In(2)) In(2)) + 20 — 30 In(2)) + 57%(12x —7)

+ 61n%(x) — 324 1n2 (%) + 6(64(x — DxIn?(1 = x) + 2x (—27(x —2)In? (1 - g) +4(9 — 8x) In2(x)

]
+ 27xIn? (x er

>> —2((x—=1)x+2)In(2) In(2 — x) + (2x((x —4) In(2) + 16)

+61n(2)) In(x + 1)) + 192 In(x + 1),
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f17=(=6(x — D)x1In?(1 — x) + 6(x — 1)xIn?(x) + 2(2x — 1)(2? — 31n?(2))
+24(x — 1)x In(2) In(1 — x) — 24(x — 1)x In(2) In(x)),

—1
f1g = 32(x — 1)xLi, <x_) —32(x — 1)xLi, (%) —192x? — 46x? In?(1 — x) + 46x* In?(x)
X X —

+ 64x? In(2 — 2x) In(1 — x) — 72x% In(2) In(1 — x) — 48x? In(1 — x) + 72x* In(2) In(x) — 48x? In(x)

— 64x? In(x) In(2x) — 107%x + 160x + 46xIn*(1 — x) — 46x In*(x) + 28xIn?(2) — 64x In(2 — 2x) In(1 — x)
+ 72x In(2) In(1 — x) + 64x In(1 — x) — 72x In(2) In(x) + 16x In(x) + 64x In(x) In(2x)

+ 8x In(2) In(2) — 44x In(2) — 16 In(1 — x) + 4z*> — 181n%(2) + 12 In(2) + 32 In(2).
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