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In this paper,we study theBc-meson exclusive decays to S-wave charmonia and light pseudoscalar or vector
mesons, i.e., π, K, ρ, and K� at the next-to-leading order (NLO) in the QCD coupling. The nonfactorizable
contribution is included, which is absent in traditional naive factorization. Numerical results show that NLO
QCD corrections markedly enhance the branching ratio with a K factor of 1.75 for B�

c → ηcπ
� and 1.31 for

B�
c → J=ψπ� using certain input parameters. And the theoretical uncertainties for their branching ratios are

reduced compared with that of direct tree-level calculation. In order to investigate the asymptotic behavior, the
analytic form is obtained in the heavy quark limit, i.e., mb → ∞. We note that annihilation topologies
contribute trivia in this limit, and the corrections at leading order in z ¼ mc=mb expansion come from form
factors and hard spectator interactions. At last, some related phenomenologies are also discussed.
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I. INTRODUCTION

Bc and its excited states construct the unique meson
family containing two different kinds of heavy flavor. The
studies on the production and decay of Bc can shed light on
the understanding of the strong interaction in such a unique
system. In contrast to other bottom mesons embodying
just one heavy flavor which can be produced remarkably
through the eþe− and ep collisions, the cross section of
Bc is suppressed owing to the associated production of
two additional heavy quarks, c and b̄ [1]. Thus, massive Bc
events can only refer to the hadron colliders.
After the first discovery of Bc was reported by the CDF

Collaboration at Tevatron in 1998 [2], there have been
continuous measurements of its mass in different detectors
via two different channels: B�

c → J=ψl�vl [3,4] and B�
c →

J=ψπ� [5,6]. Especially for the latter exclusive two-body
decay, it takes advantage of a large trigger efficiency. Using
this channel, the LHCb Collaboration have measured the Bc
mass with 6273.7� 1.3ðstatÞ � 1.6ðsysÞ MeV=c2 recently
[7]. However, the exact values of the branching ratios for
B�
c → J=ψl�vl and B�

c → J=ψπ� have not been measured
yet. And more channels should be involved to investigate the
intrinsic properties of Bc. Up to now, the LHCb
Collaboration have successfully observed more channels
beyond the two kinds in question. And they have measured
the new channels, Bþ

c → J=ψπþπ−πþ [8], B�
c → J=ψK�

[9], B�
c → Ψð2SÞπ� [10], and B�

c → J=ψDþ
s [11], for the

first time. The study of the decay properties of Bc from a
multitude of processes can help us to understand the quark
flavor mixing and provide precision determination of the
CKM matrix parameters. Furthermore, according to
Refs. [12–14], the cross section of Bc is expected to
∼40 nb at the pp center-of-mass energy

ffiffiffi
s

p ¼ 14 TeV.
That means that around 1010 Bc mesons per year can be
anticipated at the LHC. Thus, one should expect that a
greater variety of decay channels of Bc will be measurable in
the upcoming experiment.
Theoretically, the exclusive two-body decay of the B

meson is studied within the frame of naive factorization
[15], the pQCD method [16], and QCD factorization
[17–20] in the heavy quark limit. Along with the technique
for the QCD factorization for the exclusive hard processes,
such as π electromagnetic form factors at the large
momentum transfer and B-meson decays to two light
mesons, many theorists believe that the QCD factorization
for B−

c → J=ψπ− holds in the heavy quark limit generally.
However, there are no complete or consistent predictions
based at next-to-leading order (NLO) in αs so far.
Since B−

c contains two kinds of heavy quark, namely b
and c quarks, the heavy quark limit may be realized in the
nonrelativistic QCD (NRQCD) approach. Therein, one lets
mb, mc → ∞ and keeps the ratio z≡mc=mb fixed. Then
the decay amplitude of B−

c → J=ψðηcÞπ− is conjectured to
be factorized:

AðB−
c → J=ψðηcÞπ−Þ ∼Ψcc̄ð0ÞΨbc̄ð0Þ

×
Z

1

0

dxTHðx; μÞϕπðx; μÞ þOð1=mbÞ þOðv2Þ: (1)

Here Ψcc̄ð0Þ and Ψbc̄ð0Þ denote the Schrödinger wave
functions of J=ψðηcÞ and B−

c , respectively, at the origin.
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THðx; μÞ is the perturbatively calculable hard kernel, and
ϕπðx; μÞ is the pion’s light-cone distribution ampli-
tude (LCDA).
The rough arguments of the validity of the above factori-

zation are twofold: (1) The energetic pion ejected from the
heavy quark system cannot sense the surrounded soft and
collinear gluons due to the “color transparency” at the leading
order of heavy quark expansion; the hadronization of the
collinear quark pair into a pion is totally described by the
leading twist LCDA of the pion, as is the case in B → ππ.
(2) The charm quark in Bc needs a large momentum transfer
(typically q2 ∼mbmc ∼ 6 GeV2) to speed up for catching
another energetic charm quark from the b → c weak tran-
sition to form a quarkonium. This large momentum transfer
guarantees the necessary condition for the implementation of
the perturbative QCD in this process; i.e., the transition from
Bc to J=ψðηcÞ at the large recoil can be described by the hard-
gluon exchange, and the hadronization is to be described by
the nonrelativistic wave functions (at the origin) of Bc and
J=ψðηcÞ, as is done in many NRQCD factorizations for the
exclusive quarkonia processes.
In this paper, we will adopt the factorization formula

[Eq. (1)] to calculate Bc → J=ψðηcÞπ at the next-to-leading
order of strong coupling αs. In our calculation, we find that
all the low-energy divergences, including soft, collinear,
and Coulomb divergences, are either canceled with each
other (for the soft interactions) or separated with each other
to be absorbed into the LCDA and the wave functions.
Thus, our work can be treated as a proof for the factori-
zation formula [Eq. (1)] at one-loop level.
The sections are organized as follows: In Sec. II, we

present a brief overview of the effective weak Hamiltonian.
In Sec. III, we present the detailed computation in the
nonrelativistic factorization scheme, and we also deliver
the asymptotic behavior in the limit z ¼ mc=mb → 0. In
Sec. IV, we implement our results to make some phenom-
enological predictions for the branching ratios of various
Bc two-body decays to an S-wave quarkonium and a light
meson, and some detailed discussions are also performed.
At last, we conclude in Sec. V.

II. THE THEORETICAL FRAME

In the Standard Model (SM), B−
c → J=ψπ− occurs

through a W-mediated charge-current process. However,
since mW ≫ mb;c, ΛQCD, a large logarithm arises in
the higher-order strong-interaction corrections. Thus, the
RG-improved perturbation theory must be resorted. In the
community of B physics, this turns out to be the effective
weak Hamiltonian method. The effective weak
Hamiltonian governing B−

c → J=ψπ− is

Heff ¼
GFffiffiffi
2

p V�
udVcbðC1ðμÞQ1ðμÞ þ C2ðμÞQ2ðμÞÞ; (2)

with GF being the Fermi constants, Vud and Vcb the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,

C1;2ðμÞ the perturbatively calculable Wilson coefficients,
and Q1;2ðμÞ the effective four-quark operators

Q1 ¼ d̄αγμð1 − γ5Þuαc̄βγμð1 − γ5Þbβ; (3a)

Q2 ¼ d̄αγμð1 − γ5Þuβc̄βγμð1 − γ5Þbα; (3b)

where α, β are color indices and the summation conventions
over repeated indices are understood. For the conveniences
of our later calculations, we will adopt another operator
basis, i.e.,

Q0 ¼ d̄αγμð1 − γ5Þuαc̄βγμð1 − γ5Þbβ; (4a)

Q8 ¼ d̄αTA
αβγ

μð1 − γ5Þuβc̄ρTA
ρλγμð1 − γ5Þbλ; (4b)

where TA is the generator of the fundamental representation
for SUCð3Þ. Applying the Fierz rearrangement relation

TA
αβT

A
ρλ ¼ − 1

6
δαβδρλ þ

1

2
δαλδρβ; (5)

we have immediately

Q0 ¼ Q1; Q8 ¼ − 1

6
Q1 þ

1

2
Q2: (6)

Consequently, for the Wilson coefficients, we have

C0 ¼ C1 þ C2=3; C8 ¼ 2C2: (7)

Then, the decay amplitude of B−
c → J=ψðηcÞπ− can be

written as

AðB−
c → J=ψðηcÞπ−Þ ¼ hJ=ψðηcÞπ−jHeff jB−

c i

¼ GFffiffiffi
2

p V�
udVcbðC0ðμÞhQ0ðμÞi

þC8ðμÞhQ8ðμÞiÞ: (8)

III. THE NONRELATIVISTIC APPROACH

Systematically, the nonrelativistic QCD effective theory
provides a rigorous factorization formalism for the anni-
hilation and production of heavy quarkonia [21]. In this
framework, the heavy quarkonium’s production comes
from two steps: a Fock state such as jqq̄i, jqq̄gi produced
at short distance by a large momentum transfer process,
followed by it binding to quarkonium at long distance.
In the process of B−

c → J=ψðηcÞπ−, all the nonpertur-
bative blinding effects are attributed to three factors: the
pion’s decay constant and the Schrödinger wave functions
of J=ψðηcÞ and Bc at the origin. The hard kernel, mean-
while, can be calculated perturbatively.

A. Leading order (LO)

The possible quark-level topologies for Bc → J=ψðηcÞπ
are portrayed in Fig. 1, where we assign momentum
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xP to the u quark and ð1 − xÞP to the d quark in the
emitted pion. The leftmost two diagrams in Fig. 1
contribute to hQ0i, and the others contribute to hQ8i.
Along with nonperturbative parameters: the pion’s

decay constant and the Schrödinger wave functions
of J=ψðηcÞ and Bc at the origin, and leaving the
momentum fraction x unintegrated, we have the tree-
level hQii:

hQ0ðηcÞix ¼
8
ffiffiffi
2

p
πfπψηcð0ÞψBc

ð0ÞϕπðxÞCACFαs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mb þmc

p ðmb þ 3mcÞð2mbmc þ 3m2
b þ 3m2

cÞ
m3=2

c Ncðmb −mcÞ3
;

hQ8ðηcÞix ¼
2
ffiffiffi
2

p
πfπψηcð0ÞψBc

ð0ÞφπðxÞCACFαs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mb þmc

p ðmb þ 3mcÞ2ðxmc − ðx − 1ÞmbÞ
m3=2

c N2
cðmc −mbÞððx − 1Þmb þ ð3x − 2ÞmcÞðxmb þ ð3x − 1ÞmcÞ

; (9)

where more detail on fπ , ψηcð0Þ, ψBc
ð0Þ, and the pion’s LCDA ϕπðx; μÞ can be found in Appendix A. Note that the

higher-twist contribution shall come from twist 4. Referring to J=ψ , we see that the corresponding matrix elements are

hQ0ðJ=ψÞix ¼ − 64
ffiffiffi
2

p
πfπψJ=ψ ð0ÞψBc

ð0ÞφπðxÞPBc
· ε�ΨCACFαsðmb þmcÞ5=2

m1=2
c Ncðmb −mcÞ4

;

hQ8ðJ=ψÞix ¼ − 8
ffiffiffi
2

p
πfπψJ=ψð0ÞψBc

ð0ÞφπðxÞPBc
· ε�ΨCACFαsðmb þmcÞ1=2

m1=2
c N2

cðmb −mcÞ2ððx − 1Þmb þ ð3x − 2ÞmcÞðxmb þ ð3x − 1ÞmcÞ
× ð3ð2x − 1Þmbmc þ ðx − 1Þm2

b þ ð9x − 4Þm2
cÞ: (10)

Note that hQ8i in Eqs. (9) and (10) is not symmetrical when we exchange xwith x̄ ¼ 1 − x, because of the nonfactorizable
(NF) contribution from the axial vector current, which brings in an antisymmetrical part. However, the antisymmetrical part
can be easily proved to be insignificant. We define the function VðxÞ to collect the contributions from the axial vector current,
and it satisfies Vðx̄Þ ¼ −VðxÞ. Considering the symmetrical pion LCDA, i.e., ϕπðx̄Þ ¼ ϕπðxÞ, we can easily get the resultZ

1

0

VðxÞϕπðxÞdx ¼ −
Z

0

1

Vðx̄Þϕπðx̄Þdx ¼ −
Z

1

0

VðxÞϕπðxÞdx ¼ 0: (11)

Furthermore, employing the asymptotic LCDA ϕπðx; μ ¼ ∞Þ ¼ 6xx̄, we can obtain the integrated matrix elements hQii:

hQ0ðηcÞi ¼
8
ffiffiffi
2

p
πfπψηcð0ÞψBc

ð0ÞCACFαs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mb þmc

p ðmb þ 3mcÞð2mbmc þ 3m2
b þ 3m2

cÞ
m3=2

c Ncðmb −mcÞ3
;

hQ8ðηcÞi ¼
6
ffiffiffi
2

p
πfπψηcð0ÞψBc

ð0ÞCACFαs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mb þmc

p

m3=2
c N2

cðmb −mcÞðmb þ 3mcÞ
× ½2mbmcðlnðmb þ 2mcÞ

− lnðmcÞ þ 2Þ þm2
cð4 lnðmb þ 2mcÞ − 4 lnðmcÞ þ 3Þ þm2

b�;

hQ0ðΨÞi ¼ − 64
ffiffiffi
2

p
πfπψJ=ψð0ÞψBc

ð0ÞPBc
· ε�ΨCACFαsðmb þmcÞ5=2

m1=2
c Ncðmb −mcÞ4

;

hQ8ðΨÞi ¼ − 24
ffiffiffi
2

p
πfπψJ=ψð0ÞψBc

ð0ÞPBc
· ε�ΨCACFαsðmb þmcÞ1=2 × ½2mbmcðln ðmb þ 2mcÞ

m1=2
c N2

cðmb −mcÞðmb þ 3mcÞ3
− lnðmcÞ þ 2Þ þm2

cð4 ln ðmb þ 2mcÞ − 4 ln ðmcÞ þ 3Þ þm2
b�: (12)

FIG. 1. The quark-level Feynman diagrams at leading order for Bc → J=ψðηcÞπ. The 4-vertex “⊗⊗” denotes the insertion of
a 4-fermion operator Qi.
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Differently fromthe traditional formalisms inRefs. [18,22],
herein we have extracted the hard kernels Ti from Wilson
coefficients separately. And the Wilson coefficients CiðμÞ
contain the contributions from the energy region from mW
tomb, while the hard kernels TiðμÞ include the contributions
from the energy region below mb. They can be calculated
perturbatively order by order.

AðB−
c → J=ψðηcÞπ−Þ

¼ GFffiffiffi
2

p V�
udVcbðC0ðμÞTf;0Mf þ C0ðμÞTnf;0Mnf

þC8ðμÞTnf;8MnfÞ; (13)

Tf;iðμÞ ¼
X∞
k¼0

�
αs
4π

�
k
TðkÞ
f;i ðμÞ;

Tnf;iðμÞ ¼
X∞
k¼0

�
αs
4π

�
k
TðkÞ
nf;iðμÞ; (14)

where Tf means the factorizable hard kernel, Tnf means
thenonfactorizablehardkernel, and theWilsoncoefficientsCi
are

C0 ¼
2

3
Cþ þ 1

3
C−; C8 ¼ Cþ − C−; (15)

where

C� ¼
�
αsðMWÞ
αsðμÞ

� γ�
2β0 ;

γ� ¼ �6
Nc∓1

Nc
;

β0 ¼
11Nc − 2nf

3
: (16)

Fixing MfðηcÞ ¼ hQ0ðηcÞi, MfðJ=ψÞ ¼ hQ0ðΨÞi,
MnfðηcÞ ¼ hQ8ðηcÞi, and MnfðJ=ψÞ ¼ hQ8ðΨÞi, we can

extract the leading-order hard kernel Tð0Þ
i :

Tð0Þ
f;0ðηcÞ¼Tð0Þ

f;0ðJ=ψÞ¼1;

Tð0Þ
nf;0ðηcÞ¼Tð0Þ

nf;0ðJ=ψÞ¼0;

Tð0Þ
nf;8ðηcÞ¼Tð0Þ

nf;8ðJ=ψÞ¼1: (17)

B. Next-to-leading order (NLO)

Now we pay more attention to the NLO correction. The
one-loop diagrams for Bc → J=ψðηcÞπ are classified in
Figs. 2, 3, and 4, where Fig. 2 lays out the one-loop
factorizable diagrams, while the nonfactorizable diagrams
are shown in Figs. 3 and 4. To regularize the ultraviolet and
infrared divergences, we use a dimensional regularization
scheme, but we use a relative-velocity regularization
scheme for Coulomb divergence. The renormalization

constants are listed in Appendix B. In our calculation,
the mathematical package FeynArts [23] was used to
generate the Feynman diagrams, FeynCalc [24] was used
to deal with the amplitudes, and LoopTools [25] was used
to calculate the one-loop integrals. The practicable γ5
scheme is adopted in D-dimensional computation [26,27].

1. Tð1Þ
0

The one-loop diagrams that contribute to hQ0i can be
distributed into two sets: factorizable (see Fig. 2) and non-
factorizable diagrams (see Fig. 3). And the NLO Bc-to-S-
wave-charmonium form factors have been calculated in
Refs. [28–30,49]. For the right two diagrams in Fig. 2, their
UVdivergencecanbecanceledbyexternal-fieldcounterterms.
We analyze the factorizable part at first. In NF, hQ8i

vanishes, and

hJ=ψðηcÞπ−jQ0jB−
c i ≈ hJ=ψðηcÞjc̄γμð1 − γ5ÞbjB−

c i
× hπ−jd̄γμð1 − γ5Þuj0i; (18)

i.e., hQ0i is proportional to the product of the pion decay
constant and the B−

c → J=ψðηcÞ transition form factor.
Conventionally, we adopt the following parameterizations
for the decay constants and B−

c → J=ψðηcÞ transition form
factors:

hπ−ðp0Þjd̄γμγ5uj0i ¼ −ifπp0
μ; (19)

hηcðpÞjc̄γμbjB−
c ðPÞi ¼ fþðq2Þ

�
Pμ þ pμ −m2

Bc
−m2

ηc

q2
qμ
�

þ f0ðq2Þ
m2

Bc
−m2

ηc

q2
qμ; (20)

hJ=ψðp; ε�Þjc̄γμbjB−
c ðPÞi ¼

2iVðq2Þ
mBc

þmJ=ψ
εμνρσε�νpρPσ;

(21)

hJ=ψðp; ε�Þjc̄γμγ5bjB−
c ðPÞi

¼ 2mJ=ψA0ðq2Þ
ε� · q
q2

qμ þ ðmBc
þmJ=ψÞA1ðq2Þ

×

�
ε�μ − ε� · q

q2
qμ
�
− A2ðq2Þ

ε� · q
mBc

þmJ=ψ

×

�
Pμ þ pμ −m2

Bc
−m2

J=ψ

q2
qμ
�
: (22)

FIG. 2. One-loop factorizable diagrams contribute to hQ0i. The
bubble in the first diagram expresses all one-loop form-factor
diagrams, which are displayed in Refs. [28,29].
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FIG. 3. Twelve of 24 one-loop nonfactorizable diagrams contribute to hQ0i. The other 12 partners can be obtained by interchanging
the u and d quarks. Note that the diagrams from N1 to N9 also contribute to hQ8i.

FIG. 4. Twenty-four of the 65 one-loop nonfactorizable diagrams contribute to hQ8i. Another 23 diagrams can be obtained by
interchanging the u and d quarks, and the left 18 come from the diagrams Vertex N1 to Pentagon N9 in Fig. 3 and their symmetrical
partners.
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Here we define momentum transfer q ¼ P − p and ϵ0123 ¼ −1. Note that f0ð0Þ ¼ fþð0Þ.
The tree-level form factors can be obtained easily. They read

fLOþ ðq2Þ ¼
8
ffiffiffi
2

p
CACFπ

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p �
− q2

m2
b
þ 3z2 þ 2zþ 3

�
αsψð0ÞBc

ψð0Þηc�
q2

m2
b
− ðz − 1Þ2

�
2
z3=2m3

bNc

; (23)

fLO0 ðq2Þ ¼
8
ffiffiffi
2

p
CACFπ

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð9z3 þ 9z2 þ 11z − q2

m2
b
ð5zþ 3Þ þ 3Þαsψð0ÞBc

ψð0Þηc�
q2

m2
b
− ðz − 1Þ2

�
2
z3=2ð3zþ 1Þm3

bNc

; (24)

VLOðq2Þ ¼ 16
ffiffiffi
2

p
CACFπð3zþ 1Þαsψð0ÞBc

ψð0ÞJ=ψ�
q2

m2
b
− ðz − 1Þ2

�
2
�

z
zþ1

�
3=2

m3
bNc

; (25)

ALO
0 ðq2Þ ¼ 16

ffiffiffi
2

p
CACFπðzþ 1Þ5=2αsψð0ÞBc

ψð0ÞJ=ψ�
q2

m2
b
− ðz − 1Þ2

�
2
z3=2m3

bNc

; (26)

ALO
1 ðq2Þ ¼

16
ffiffiffi
2

p
CACFπ

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð4z3 þ 5z2 þ 6z − q2

m2
b
ð2zþ 1Þ þ 1Þαsψð0ÞBc

ψð0ÞJ=ψ�
q2

m2
b
− ðz − 1Þ2

�
2
z3=2ð3zþ 1Þm3

bNc

; (27)

ALO
2 ðq2Þ ¼ 16

ffiffiffi
2

p
CACFπ

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð3zþ 1Þψð0ÞBc
ψð0ÞJ=ψ�

q2

m2
b
− ðz − 1Þ2

�
2
z3=2m3

bNc

; (28)

here z≡mc=mb.
When neglecting the mass of the pion, we have the factorizable contribution in NF:

hηcπ−jQ0;fjB−
c i ¼ ifπf0ð0Þðm2

Bc
−m2

ηcÞ;
hJ=ψπ−jQ0;fjB−

c i ¼ −ifπA0ð0Þðm2
Bc

−m2
J=ψÞ; (29)

where we have used the fact that J=ψ is longitudinally polarized, so that

2mJ=ψε
� · P ¼ 2mBc

jp⃗cj ¼ m2
Bc

−m2
J=ψ :

Therefore, we have the LO result

hηcπ−jQ0jB−
c iLO ¼ i

8
ffiffiffi
2

p
παsCACF

ffiffiffiffiffiffiffiffiffiffiffi
zþ 1

p ð9z3 þ 9z2 þ 11zþ 3Þfπψð0ÞBc
ψð0Þηc

ð1 − zÞ3z3=2mbNc
; (30)

and in the heavy quark limit z → 0, we have
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lim
z→0

hηcπ−jQ0jB−
c iLO ¼ i

24
ffiffiffi
2

p
παsCACFfπψð0ÞBc

ψð0Þηc
z3=2mbNc

:

(31)

Actually, the approximation above is not so good.
Numerically, we have

limz→0hηcπ−jQ0jB−
c iLO

hηcπ−jQ0jB−
c iLO

����
z¼1.5=4.8

≈ 0.11; (32)

which is essentially bad. The perturbative series expanded
as Eq. (13), however, can resolve the problem, because the
convergence of hard kernel Ti is well behaved.
Note that the complete analytic expression is too lengthy

to present, and it is possible to derive an asymptotic analytic
formula valid in phenomenological application. Thus, we
present our results in the heavy quark limit, i.e., mb → ∞.
The factorizable hard kernel Tð1Þ

f;0 is identical to the ratio
of the NLO form factor to the tree-level one:

Tð1Þ
f;0ðηcÞ ¼

fð1Þ0 ð0Þ
fð0Þ0 ð0Þ

¼ 1

3
ð11CA − 2nfÞ ln

�
2μ2

zm2
b

�
− 10nf

9
− 1

3
ln z − 2 ln 2

3
þ CF

�
1

2
ln2zþ 10

3
ln 2 ln z − 35

6
ln zþ 2 ln22

3

þ3 ln 2þ 7π2

9
− 103

6

�
þ CA

�
− 1

6
ln2z − 1

3
ln 2 ln z − 1

3
ln zþ ln22

3
− 4 ln 2

3
− 5π2

36
þ 73

9

�
; (33)

Tð1Þ
f;0ðΨÞ ¼ Að1Þ

0 ð0Þ
Að0Þ
0 ð0Þ

¼ 1

3
ð11CA − 2 nfÞ ln

�
2μ2

zm2
b

�
− 10nf

9
þ CF

�
1

2
ln2z − 119

8
þ 7 ln 2 ln z − 21

4
ln zþ 7 ln22þ 15 ln 2

4

�

þ CA

�
− 3

8
ln2z − ln 2 ln z − 9

8
ln z − 7π2

24
þ 67

9
− 9 ln22

4
þ 3 ln 2

8

�
: (34)

Next, we turn to the nonfactorizable part. There are 24
one-loop nonfactorizable diagrams that contribute to hQ0i,
half of which are displayed in Fig. 3. The corresponding
color factors are summed up in Table I. Over 100 of the
one-loop integrals in Figs. 3 and 4 are created, and they can
be reduced into master integrals (MIs) and some two-point
Passarino-Veltman integrals [25]. Our analytic expressions
of MIs are in agreement with what is given in Refs. [31,32].
The numerical one-loop nonfactorizable contributions

for Tð1Þ
nf;0 are

Tð1Þ
nf;0ðηcÞ ¼ 6 ln

�
m2

b

μ2

�
þ 16.75; (35)

Tð1Þ
nf;0ðΨÞ ¼ Tð1Þ

nf;0ðηcÞ: (36)

And the complete results in the heavy quark limit can be
found in Appendix C.

2. Tð1Þ
8

Here, we study the one-loop nonfactorizable contribu-
tions to hQ8i. Twenty-four diagrams are shown in Fig. 4,
another nine diagrams are collected in Fig. 3 from N1 to
N9, and the rest can be obtained by interchanging the u and
d quarks. The corresponding color factors are summed up
in Tables I and II.

TABLE I. Color factors of the corresponding diagrams in
Fig. 3. Therein, the figures from N1 to N9 contribute not only
hQ0i, but also hQ8i.
Diagram N1–2, N6, N8–9 N3–5, N7 N10–12

Color in hQ8i ðC2
A−2ÞCF

4
− CF

2
0

Color in hQ0i CACF
2

TABLE II. Color factors of the corresponding diagrams in
Fig. 4. They contribute only to hQ8i.

Diagram
N13, N15, N17–18,
N27–29, N33–36

N14,
N26

N16,
N24–25

N19–23,
N30–32

Color in
hQ8i

2CACF
3

iC2
ACF

4
− iC2

ACF

4
− CACF

12

Bc EXCLUSIVE DECAYS TO CHARMONIUM AND A … PHYSICAL REVIEW D 89, 034008 (2014)

034008-7



After integrating the fraction, we have the corresponding
Tð1Þ
nf;8:

Tð1Þ
nf;8ðηcÞ ¼

1

3
ð−11CA þ 2nf þ 16Nc − 6Þ ln

�
m2

b

μ2

�

− 12.48
Nc

þ ð9 ln zþ 1ÞCF

−
�
ln2z
2

− 6 ln 2 − 23

3
ln zþ 278.1

�
CA

− 2

9
nfð−3 ln zþ 5þ 3 ln 2Þ

þ ln2z
6

− 8ð3þ ln 2Þ
3

ln zþ 548.9; (37)

Tð1Þ
nf;8ðΨÞ ¼ 1

9
ð−33CA þ 6nf þ 32Nc − 18Þ ln

�
m2

b

μ2

�

− 12.48
Nc

þ ð9 ln zþ 1ÞCF

−
�
ln2z
2

− 6 ln 2 − 23

3
ln zþ 278.1

�
CA

− 2

9
nfð−3 ln zþ 5þ 3 ln 2Þ

þ ln2z
6

− 8ð3þ ln 2Þ
3

ln zþ 542.3: (38)

IV. THE PHENOMENOLOGICAL STUDIES

The decay width can be written as

ΓðBc → J=ψðηcÞπÞ ¼
jpj

8πm2
Bc

jAðBc → J=ψðηcÞπÞj2: (39)

Here, the momentum of final particle satisfies jpj ¼
ðm2

Bc
−m2

ΨÞ=2mBc
in the Bc-meson rest frame, and we

adopt the input parameters as below [33]:

mc ¼ 1.4� 0.1 GeV; mb ¼ 4.9� 0.1 GeV;

ΛQCD ¼ 100 MeV; GF ¼ 1.16637 × 10−5 GeV−2;
jV�

udVcbj ¼ Aλ2ð1 − λ2=2 − λ4=8Þ;
nf ¼ 3; Nc ¼ 3; CF ¼ 4=3;

jV�
usj ¼ 0.2252; jVcbj ¼ 0.0406;

fπ ¼ 130.4 MeV; fρ ¼ 216 MeV;

fK ¼ 156.1 MeV; fK� ¼ 220 MeV;

where A ¼ 0.814, λ ¼ 0.2257. The Schrödinger wave
function at the origin for J=ψ is determined through its
leptonic decay width, Γψ

ee ¼ 5.55 keV[33]. Numerically, we
can obtain jψLO

Ψ ð0Þj2 ¼ 0.0447 ðGeVÞ3 and jψNLO
Ψ ð0Þj2 ¼

0.0801 ðGeVÞ3. For that of Bc, we shall determine its value
to be jψBc

ð0Þj2 ¼ 0.1307 ðGeVÞ3, which is derived under
the Buchmüller-Tye potential [34]. Besides, the one-loop
result for the strong coupling constant is used, i.e.,

αsðμÞ ¼
4π

ð11 − 2
3
nfÞ ln

�
μ2

Λ2
QCD

� :
Within the above input parameters, we can obtain the

decay width of Bc decays to S-wave charmonium and pions
at NLO accuracy. In practice, the renormalization scale μ
may run from 2mc to mb, and the μ dependence of the
branching ratio is shown in Fig. 5. Therein, we plot both
kinds of NLO results: one letting mc=mb → 0 in the heavy
quark limit, and the other fixing the ratio mc=mb to its
physical value. The first one is valid in leading mc=mb,
while the latter is summed to all orders of mc=mb. It turns

FIG. 5. The branching ratios of Bc → ηcπ (left) and Bc → J=ψπ (right) vs the renormalization scale μ. Herein
mc ¼ 1.5 GeV, mb ¼ 4.8 GeV, and for the lifetime of the Bc we take τðBcÞ ¼ 0.453 ps. The results for LO, asymptotic NLO,
and complete NLO are shown.
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out that the leading-order approximation in the mc=mb
expansion, namely the asymptotic NLO result, accounts
for more than 85% of the complete NLO result. That means
that it is enough for us to use this simple and analytic
expression for phenomenological studies in the place of the
complicated NLO expression. The NLO corrections can
reduce the uncertainty, which is explicitly exhibited in Fig. 6.
Apart from the uncertainty of the renormalization scale,

we also study the uncertainty from the quark mass. We find
that both of them are important for the final results. The
vivid figures considering both dependences are drawn in
Fig. 7, in which we also detail the influences from
Gegenbauer polynomials of the light-cone distribution
amplitude of the pion; however, these bring about a slight
influence on the final result.
After considering the uncertainties stated above, we

give out our results based on NRQCD factorization in
Table III and compare them with those calculated from
other models. The LO results are generally close to the
results of the QCD sum rule [35,36], the constituent quark
model [37–40] and the light-front ISGW model [41];

however, they are larger than those of the relativistic
potential model [42] and the relativistic quark model
[43]. Our work showed that the NLO corrections substan-
tially enhance the branching ratios, and the NLO QCD
correction K factors are 1.75þ0.14þ0.18−0.34−0.11 for ΓðBc → ηcπÞ and
1.31þ0.06þ0.18−0.18−0.12 for ΓðBc → J=ψπÞ.
Moreover, we want to study the degree of importance for

the factorizable part at NLO accuracy. After calculation, we
find that the asymptotic factorizable contribution can be
well-represented by the majority of the branching ratio. To
present it more vividly, let us set mc ¼ 1.4 GeV,
mb ¼ 4.9 GeV, and μ ¼ 3 GeV, and we obtain

BrðBc → ηcπÞAsymp: factorizable ¼ 5.10‰;

BrðBc → ηcπÞtotal ¼ 5.20‰;

BrðBc → J=ψπÞAsymp: factorizable ¼ 3.06‰;

BrðBc → J=ψπÞtotal ¼ 2.91‰: (40)

Experimentally, the pp collisions at the LHC have been
performed at a center-of-mass energy of

ffiffiffi
s

p ¼ 8 TeV, and

FIG. 6. The ratios ΓðμÞ=Γð2mcÞ of Bc → ηcπ (left) and Bc → J=ψπ (right) vs the renormalization scale μ. Herein
mc ¼ 1.5 GeV, mb ¼ 4.8 GeV.

FIG. 7. The branching ratios of Bc → ηcπ (left) and Bc → J=ψπ (right) vs the renormalization scale μ, for different choices of quark
mass. LO, NLO, and NNLO Gegenbauer polynomials of Pion’s light-cone distribution amplitude are considered in turn.
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the energy will arrive at
ffiffiffi
s

p ¼ 14 TeV in the future. pp
collisions provide a mass production source for Bc mesons.
Since the B�

c decays into the Bc with a probability of almost
100%, including the contributions from the S-wave excited
states, the cross section of the Bc meson at LHC was
estimated to be around 102 nb. With 10 fb−1 of integrated
luminosity, there are around 109 events for Bc production.
In that case, the measurements of Bc → J=ψπ → μþμ−π
and Bc → J=ψπ → eþe−π are feasible, and the events are
presented in Table IV, in which we have considered the
quark mass dependence.
Finally, let us study some specific channels which

have been measured by the LHCb Collaboration recently.
The LHCb Collaboration have measured BrðBþ

c → J=
ψπþπ−πþÞ=BrðBþ

c → J=ψπþÞ to be 2.41�0.30�0.33,
using0.8 fb−1 dataofppcollisionsat acenter-of-massenergy
of

ffiffiffi
s

p ¼ 7 TeV [8]. Experimentally, the reconstructed invari-
ant mass distribution of the πþπ−πþ combinations favors a
resonance state aþ1 ð1260Þ.
In theoretical aspects, there are mainly two channels

which contribute to the signal of Bþ
c → J=ψπþπ−πþ:

Bþ
c → J=ψaþ1 ð1260Þ followed by aþ1 ð1260Þ → πþπ−πþ,

and Bþ
c → Ψð2SÞπþ followed by Ψð2SÞ → J=ψπþπ−.

Practically, BrðBþ
c → Ψð2SÞπþÞ=BrðBþ

c → J=ψπþÞ ¼
ðA2

0ð0ÞΨð2SÞðm2
Bc

− m2
ψð2SÞÞ3Þ=ðA2

0ð0ÞΨðm2
Bc

− m2
ψÞ3Þ ≈

0.26, and BrðΨð2SÞ → J=ψπþπ−Þ ¼ 33.6% [33]. So the
contribution to BrðBþ

c → J=ψπþπ−πþÞ=BrðBþ
c → J=ψπþÞ

from Ψð2SÞ is 0.08, which explains the experimental data
that favor the resonance state aþ1 ð1260Þ rather than Ψð2SÞ.
In the former section, we have performed a complete

QCDNLO calculation of Bc decays into S-wave charmonia
and light mesons. And we found that the factorizable
contributions account for more than 85% of the total results
at NLO accuracy in the heavy quark limit as Eq. (40). Here
we assume that this also holds in Bþ

c → J=ψaþ1 ð1260Þ; i.e.,
it can reserve a high accuracy just from considering the
factorizable diagrams. So we adopt the naive factorization
scheme. And for the axial-vector meson aþ1 ð1260Þ, the
matrix element for its creation is

haþ1 ð1260Þðp; ϵ�Þjūγμγ5dj0i ¼ −ifa1ma1ϵ
�
μ: (41)

TABLE III. Branching ratios (in‰) of exclusive nonleptonic Bc decays into S-wave charmonium states. For the lifetime of the Bc, we
take τðBcÞ ¼ 0.453 ps. In our work, we choose the quantities mc ¼ 1.4 GeV, mb ¼ 4.9 GeV, and μ ¼ 3 GeV. The uncertainty in the
first column of the value is from varying the renormalization scale μ from 2.5 GeV to 5 GeV, while the uncertainty in the second column
comes from varying the quark mass mc=mb from 1.5=4.8 to 1.3=5.0.

Mode This work (NLO) LO [35,36] [37] [41] [42] [43] [38] [39] [40]

Bþ
c → ηcπ

þ 5.19þ0.44þ0.55−1.01−0.34 2.95 2.0 2.2 1.3 0.26 0.85 1.4 1.9 2.1

Bþ
c → ηcρ

þ 14.5þ1.29þ1.53−2.92−0.95 7.89 4.2 5.9 3.0 0.67 2.0 3.3 4.5 � � �
Bþ
c → ηcKþ 0.38þ0.03þ0.04−0.07−0.02 0.21 0.13 0.17 0.13 0.02 0.06 0.11 0.15 � � �

Bþ
c → ηcK�þ 0.77þ0.07þ0.08−0.16−0.05 0.41 0.20 0.31 0.21 0.04 0.11 0.18 0.25 � � �

Bþ
c → J=ψπþ 2.91þ0.15þ0.40−0.42−0.27 2.22 1.3 2.1 0.73 1.3 0.61 1.1 1.7 2.0

Bþ
c → J=ψρþ 8.08þ0.45þ1.09−1.21−0.73 6.03 4.0 6.5 2.1 3.7 1.6 3.1 4.9 � � �

Bþ
c → J=ψKþ 0.22þ0.01þ0.03−0.03−0.02 0.16 0.11 0.16 0.07 0.07 0.05 0.08 0.13 � � �

Bþ
c → J=ψK�þ 0.43þ0.02þ0.06−0.07−0.04 0.32 0.22 0.35 0.16 0.20 0.10 0.18 0.28 � � �

Bþ
c → ψð2SÞπþ 0.76þ0.04þ0.10−0.11−0.07 0.58 � � � 0.27 � � � 0.19 0.11 � � � � � � � � �

Bþ
c → ψð2SÞρþ 2.11þ0.12þ0.28−0.32−0.19 1.57 � � � 0.77 � � � 0.48 0.18 � � � � � � � � �

Bþ
c → ψð2SÞKþ 0.057þ0.003þ0.008−0.008−0.005 0.042 � � � 0.019 � � � 0.009 0.01 � � � � � � � � �

Bþ
c → ψð2SÞK�þ 0.112þ0.005þ0.015−0.018−0.010 0.083 � � � 0.041 � � � 0.026 0.01 � � � � � � � � �

TABLE IV. The events of Bc → J=ψπ → μþμ−π, Bc → J=ψπ → eþe−π and Bc → ηcπ → γγπ with 10 fb−1 data, using various
values of the c-quark mass mc and fixed b-quark mass mb ¼ 4.8 GeV.

Tevatron (
ffiffiffi
S

p ¼ 2:TeV) LHC (
ffiffiffi
S

p ¼ 14:TeV)

mc (GeV) 1.4 1.5 1.6 1.7 1.8 1.4 1.5 1.6 1.7 1.8
σBc

(nb) 13.4 10.5 8.48 6.89 5.63 214 160 139 114 95.1
μþμ−πð×104Þ 2.54 2.15 1.79 1.56 1.40 40.6 32.8 29.3 25.9 23.6
eþe−πð×104Þ 2.54 2.15 1.79 1.57 1.40 40.6 32.8 29.3 26.0 23.7
γγπ 47 37 32 27 24 754 567 525 459 413
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Then we can obtain the ratio

BrðBþ
c → J=ψaþ1 ð1260ÞÞ

BrðBþ
c → J=ψπþÞ

¼ f2a1λ0
f2πA2

0ð0Þ
½λ1A2

1ðm2
a1Þ þ λ2A2

2ðm2
a1Þ

þ λ3A1ðm2
a1ÞA2ðm2

a1Þ − λ4V2ðm2
a1Þ�;

with

λ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

a1 þm2
Bc

−m2
ψÞ2 − 4m2

a1m
2
Bc

q
4m2

ψ ðmBc
þmψ Þ2ðm2

Bc
−m2

ψ Þ3
; (42)

λ1 ¼ ðmBc
þmψÞ4ð−2m2

a1ðm2
Bc

− 5m2
ψ Þ þm4

a1

þðm2
Bc

−m2
ψÞ2Þ; (43)

λ2 ¼ ð−2m2
a1ðm2

Bc
þm2

ψÞ þm4
a1 þ ðm2

Bc
−m2

ψ Þ2Þ2; (44)

λ3 ¼ 2ðmBc
þmψ Þ2ðm2

a1 −m2
Bc
þm2

ψÞðm2
a1 − ðmBc

−mψÞ2Þ
× ðm2

a1 − ðmBc
þmψ Þ2Þ; (45)

λ4 ¼ −8m2
a1m

2
ψð−2m2

a1ðm2
Bc
þm2

ψÞ þm4
a1 þ ðm2

Bc
−m2

ψ Þ2Þ:
(46)

According to Ref. [44], we assume that Brðaþ1 ð1260Þ →
πþπ−πþÞ is equal to Brðaþ1 ð1260Þ → πþπ0π0Þ and its value
is 50%.We take the input parameters fa1 ¼ 0.22 GeV from
the QCD sum rules [45] and ma1 ¼ 1.23 GeV from the
Particle Data Group [33]. The final result is

BrðBþ
c → J=ψπþπ−πþÞ

BrðBþ
c → J=ψπþÞ ¼ 2.85þ0.03þ0.18−0.05−0.13 :

The uncertainty in the first column of our result comes
from the renormalization scale between 2.5 GeV to 6 GeV,
while the uncertainty in the second column comes from
varying the quark mass mc=mb from 1.5=4.8 to 1.3=5.0. It
is compatible with the experimental data 2.41� 0.30�
0.33 when considering its uncertainty. This channel is also
studied through W� conversion in QCD factorization by

Likhoded and Luchinsky [46], where the ratio is predicted
to be from 1.9 to 2.3.
In order to conveniently compare with the LHCb’s data,

we present our prediction and experimental data in Table V.
For the former three channels, our results can explain the
data perfectly, while for the latter three channels, more data
is needed to investigate the validity of NRQCD factoriza-
tion on Bc decays.

V. CONCLUSIONS

We have performed a comprehensive NLO analysis for
the Bc meson decays into S-wave charmonia and light
mesons such as π, ρ, K and K�. The NLO QCD correction
provides a large K factor, which substantially enhances the
branching ratio, while the μ dependence is reduced corre-
spondingly. Considering uncertainties of sorts of input
parameters, we find out that the largest uncertainty comes
from the masses of bottom and charm quarks.
In the heavy quark limit, the analytic amplitude up to

NLO accuracy is derived. Therein, the logarithm ln z with
z ¼ mc=mb is absent in the contribution for the color-
singlet operator, while this kind of logarithm along with
double logarithm ln2z emerges in that of the color-octet
operator. And the asymptotic NLO result where we only
reserve the leading order in the z expansion can account
for more than 85% of the complete NLO result in which z is
fixed to its physical value. Therefore, it is helpful for us to
use the asymptotic formulas for phenomenological studies.
Numerical results show that the latest LHCb data on Bc

decays can be explained perfectly using NRQCD factori-
zation under their corresponding uncertainties. We have
also predicted another three channels which shall be
checked in the upcoming data. The large branching ratio
and the clear signal of final states make it reliable for
the measurement of the absolute branching ratios for the
processes Bc → J=ψπ, Bc → J=ψρ, and Bc → J=ψK
within the updated LHCb data.
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TABLE V. Branching fraction ratio in comparison with the LHCb data.

Ratio Our work LHCb

BrðBþ
c → J=ψπþπ−πþÞ=BrðBþ

c → J=ψπþÞ 2.85 2.41� 0.30� 0.33 [8]

BrðBþ
c → J=ψKþÞ=BrðBþ

c → J=ψπþÞ 0.075 0.069� 0.019� 0.005 [9]

BrðBþ
c → Ψð2SÞπþÞ=BrðBþ

c → J=ψπþÞ 0.260 0.250� 0.068� 0.014� 0.006 [10]

BrðBþ
c → Ψð2SÞKþÞ=BrðBþ

c → J=ψπþÞ 0.02 � � �
BrðBþ

c → J=ψρþÞ=BrðBþ
c → J=ψπþÞ 2.77 � � �

BrðBþ
c → J=ψK�þÞ=BrðBþ

c → J=ψπþÞ 0.147 � � �
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APPENDIX A: LCDA FOR LIGHT MESONS
AND PROJECTION OPERATORS FOR

HEAVY QUARKONIA

Considering the twist-2 and twist-3 light-cone distribu-
tion amplitudes for the pion, we have the matrix element of
the quark’s hadronization projection operator [47]

ūαaðxPÞΓðx;…Þαβ;ab;…vβbðx̄PÞ

→
ifπ
4Nc

Z
1

0

dxMπðxÞαβΓðx;…Þαβ;aa;…; (A1)

with the decay constant fπ ¼ 130.4 MeV, x̄ ¼ 1 − x, and

MπðxÞαβ ¼
	
Pγ5ϕðxÞ − μπγ5

�
ϕpðxÞ − iσμνnμ−vν

ϕ0
σðxÞ
6

þiσμνPμ ϕσðxÞ
6

∂
∂k⊥ν

�

αβ

: (A2)

Here μπ ¼ m2
π=ðmu þmdÞ, n� are light-cone vectors, ϕðxÞ

is the twist-2 distribution amplitude, and ϕpðxÞ and ϕσðxÞ
are the twist-3 ones. For the Pion, up to twist 2 [48],

ϕπðxÞ ¼ 6xx̄f1þ a1C
3=2
2 ðx̄ − xÞ þ a2C

3=2
4 ðx̄ − xÞg; (A3)

with a1 ¼ 0.44, a2 ¼ 0.25, and the Gegenbauer polyno-
mials are defined by

C3=2
2 ðzÞ ¼ 3

2
ð5z2 − 1Þ;

C3=2
4 ðzÞ ¼ 15

8
ð21z4 − 14z2 þ 1Þ: (A4)

Then, for the vector meson ρ, the corresponding matrix
element of the hadronization projection operator is [47]

ūαaðxP0ÞΓðx;…Þαβ;ab;…vβbðx̄P0Þ

→
ifρ
4Nc

Z
1

0

dxMρðxÞαβΓðx;…Þαβ;aa;…; (A5)

Mρ
αβ ¼ Mρ

αβ∥ þMρ
αβ⊥; (A6)

with

Mρ
∥ ¼ − ifρ

4

mρðε� · nþÞ
2E

En−ϕ∥ðuÞ − if⊥mρ

4

mρðε� · nþÞ
2E

×

	
− i
2
σμνnμ−nνþh

ðtÞ
∥ ðuÞ − iE

Z
u

0

dvðϕ⊥ðvÞ

− hðtÞ∥ ðvÞÞσμνnμ−
∂

∂k⊥ν
þ h0∥

ðsÞðuÞ
2


����
k¼up0

(A7)

and

Mρ
⊥ ¼ − if⊥

4
Eε�⊥n−ϕ⊥ðuÞ

− ifρmρ

4

	
ε�⊥g

ðvÞ
⊥ ðuÞ − E

Z
u

0

dvðϕ∥ðvÞ

− gðvÞ⊥ ðvÞÞn−ε�⊥μ

∂
∂k⊥μ

þ iεμνρσε�ν⊥ nρ−γμγ5

×

�
nσþ

g0⊥ðaÞðuÞ
8

− E
gðaÞ⊥ ðuÞ

4

∂
∂k⊥σ

�
����
k¼up0

: (A8)

Up to twist 2, the LCDA for a longitudinally polarized ρ
meson is

ϕρ;∥ðxÞ ¼ 6xx̄f1þ aρ1C
3=2
2 ðx̄ − xÞg; (A9)

here aρ1 ¼ 0.18.
In addition, the twist-2 LCDA for the K meson

is [48]

ϕKðxÞ ¼ 6xx̄f1þ 0.51ðx̄ − xÞ þ 0.2C3=2
2 ðx̄ − xÞg;

(A10)

and for a longitudinally polarized K� meson, it is

ϕK�;∥ðxÞ ¼ 6xx̄f1þ 0.57ðx̄ − xÞ þ 0.07C3=2
2 ðx̄ − xÞg:

(A11)

At last, using leading Fock states for heavy quarko-
nium, the quark’s hadronizaiton projection operators
are [27]

vðpbÞūðpcÞ →
1

2
ffiffiffi
2

p γ5ðPBc
þmb þmcÞ

×

 
1ffiffiffiffiffiffiffiffiffiffiffi

mbþmc
2

q ψBc
ð0Þ
!

⊗
�

1cffiffiffiffiffiffi
Nc

p
�
;

vðpc̄ÞūðpcÞ →
1

2
ffiffiffi
2

p εðPΨ þmc þmcÞ

×

 
1ffiffiffiffiffiffiffiffiffiffiffi

mcþmc
2

q ψΨð0Þ
!

⊗
�

1cffiffiffiffiffiffi
Nc

p
�
: (A12)

The NLO Schrödinger wave function of J=ψ at the
origin is determined by the leptonic decay width:

jψJ=ψð0Þj2 ¼
m2

J=ψ

16πα2e2c

ΓðJ=ψ → eþe−Þ
ð1þ παsCF=v − 4αsCF=πÞ

:

(A13)
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APPENDIX B: RENORMALIZATION AND
INFRARED SUBTRACTIONS

The renormalization constants include Z2, Z3, Zm, and
Zg, corresponding to the heavy quark field, gluon field,
quark mass, and strong coupling constant g, respectively.
Here in our calculation, Zg is defined in the modified
minimal subtraction (MS) scheme, while for the other
three, the on-shell (OS) scheme is adopted, which tells us
the following:

δZOS
m ¼−3CF

αs
4π

�
1

εUV
− γEþ ln

4πμ2

m2
þ4

3
þOðϵÞ

�
;

δZOS
2 ¼−CF

αs
4π

�
1

εUV
þ 2

εIR
−3γEþ3 ln

4πμ2

m2
þ4þOðϵÞ

�
;

δZOS
3 ¼ αs

4π

�
ðβ0−2CAÞ

�
1

εUV
− 1

εIR

�
þOðεÞ

�
;

δZMS
g ¼−β0

2

αs
4π

�
1

εUV
− γEþ ln 4πþOðεÞ

�
; (B1)

while for light quarks such as u and d quarks, the
corresponding renormalization constant is

δZOS
2 ¼ −CF

αs
4π

�
1

εUV
− 1

εIR

�
: (B2)

In the above, δZi ¼ Zi − 1, and β0 ¼ ð11=3ÞCA −
ð4=3ÞTfnf is the one-loop coefficient of the QCD beta
function; CA ¼ 3 and TF ¼ 1=2 attribute to the SU(3)
group; μ is the renormalization scale.

We write the renormalized operator matrix elements
as [28]

hQiiren ¼ Zψ ẐijhQjibare; (B3)

where i, j ¼ 0, 8, and Zψ ¼ Z1=2
b Z1=2

c Zq contains the quark
field renormalization factors of the massive b quark Zb, the
massive c quark Zc, and the massless quarks Zq, whereas Ẑ
is the operator renormalization matrix in the effective
theory. It reads

Ẑ ¼ 1þ
�
0 6

4
3

−2
�
αs
4π

1

ϵ
: (B4)

All of the soft IR divergences are canceled when
summing them up, and Coulomb divergences can be
canceled by the corresponding counterterm from the
NLO Schrödinger wave function at the origin, while the
left collinear divergences can be removed by the pion wave
function’s subtraction.

APPENDIX C: FORMULAS FOR THE
NONFACTORIZABLE CONTRIBUTION

In this appendix, the asymptotic formulas for the one-
loop nonfactorizable contribution are presented, where x is
the collinear quark’s momentum fraction in the pion and
z ¼ mc=mb is the mass ratio for the charm quark and
bottom quark. The results are valid in the heavy quark limit.

Tð1Þ
nf;0;xðηcÞ ¼ ϕπðxÞ

	
2

x
ln

�
m2

b

μ2

�
þ 2ðx − 1Þln2ðxÞ

3xð2x − 1Þ −
2

�
Li2ðx−1x Þ − Li2ð x

x−1Þ
�

3x

− 1

3ðx − 1Þxð2x − 1Þ f1 −
1

3xð2x − 1Þ f2 þ
1

3ð2x − 1Þ3 f3 þ
1

3ðx − 1Þxð2x − 1Þ3 f4

þ 1

3x2ð2x − 1Þ3 f5 þ
1

3ðx − 1Þx2ð2x − 1Þ3 f6


; (C1)

Tð1Þ
nf;0;xðΨÞ ¼ Tð1Þ

nf;0;xðηcÞ; (C2)

with

f1 ¼ 2ðx2ðlnð2Þ − 4Þ − xð2þ 2 lnð2ÞÞ þ 2þ lnð2ÞÞ lnðxþ 1Þ;

f2 ¼ 2ðx − 1Þ
�
−Li2

�
xþ 1

2x2

�
þ Li2

�
− 1

2x

�
þ 2Li2

�
1

x

�
− Li2ð−2xÞ þ Li2ð2ðxþ 1ÞÞ

�
;

f3 ¼ 8ðx − 1Þ2
�
Li2ð4 − 2xÞ þ 2Li2

�
1

1 − x

�
− Li2

�
− x − 2

2ðx − 1Þ2
�
þ Li2

�
1

2ðx − 1Þ
�
− Li2ð2x − 2Þ

�
;
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f4 ¼ lnðxÞð−4ð2x2 − 3xþ 1Þ2 lnðxþ 1Þ − 8xðx − 1Þ3 lnð2 − xÞ þ 3þ 6 lnð2Þ
þ xð2xð2xð−2xþ 2ð5x − 14Þ lnð2Þ − 3Þ þ 15þ 56 lnð2ÞÞ − 17 − 46 lnð2ÞÞÞ;

f5 ¼ lnð1 − xÞðxðxð4xðx − 10x lnð2Þ þ 5þ 18 lnð2ÞÞ − 37 − 38 lnð2ÞÞ þ 19þ 4 lnð2ÞÞ
þ 2ðx − 1Þxðlnðxþ 1Þ þ 4ðx − 1Þxð2 lnð2 − xÞ þ lnðxþ 1ÞÞÞ − 3Þ;

f6 ¼ −8x2ðx − 1Þ3ln2ð1 − xÞ þ ðx − 1Þðxðxðx2ð20þ 8 lnð2ÞÞ − xð72þ 16 lnð2ÞÞ
þ 79þ 8 lnð2ÞÞ − 32Þ þ 4Þ lnð2 − xÞ þ xð2xð2xð28x2 − 58xþ 45Þ − 31Þ
þ π2ðx − 1Þ2 þ xð103 − 2xð6xð6x − 13Þ þ 83ÞÞ lnð2Þ þ 8 − 33 lnð2ÞÞ þ 4 lnð2Þ;

Tð1Þ
8;nf;xðηcÞ ¼ ϕπðxÞ

	−11CA þ 48xNc þ 2nf − 6

9x
ln

�
m2

b

μ2

�
þ 9ðx − 1Þ lnðzÞ − 5xþ 2

3ðx − 1Þx CF − ð3CA − 1Þln2ðzÞ
18x

− 2ð−3 lnðzÞ þ 5þ 3 lnð2ÞÞ
27x

nf − lnðzÞ
54ðx − 1Þx ðð138x − 144x lnð2Þ − 138þ 90 lnð2ÞÞCA þ 144x

þ 96x2 lnð1 − xÞ − 96x2 lnðxÞ − 96x lnð1 − xÞ þ 96x lnðxÞ þ 372x lnð2Þ − 144 − 210 lnð2ÞÞ

þ 1

Nc

�
2ðLi2ðx−1x Þ − Li2ð x

x−1ÞÞ
3x

− ðx − 2Þðxð10x − 11Þ þ 2Þ lnð1 − x
2
Þ

3ð1 − 2xÞ2x2

þ 1

3xð2x − 1Þ f2 −
1

3ð2x − 1Þ3 f3 þ
1

3ðx − 1Þxð2x − 1Þ3 f7 þ
1

3x2ð2x − 1Þ3 f8 þ
1

3ðx − 1Þxð2x − 1Þ3 f9
�

þ CA

�
− ð2xþ 1ÞðLi2ðx−1x Þ − Li2ð x

x−1ÞÞ
3x

− ðx2Li2ð1−x2 Þ − x2Li2ðx2Þ þ 2xLi2ðx2Þ − Li2ð1−x2 ÞÞ
ðx − 1Þx þ 1

6x
f2

− x − 1

3ð2x − 1Þ3 f3 þ
ð−4x2 þ x − 1Þ lnðxÞ lnð2xþ 1Þ

3xð2x − 1Þ − ðx − 2Þð3x − 2Þð8x2 − 6xþ 3ÞCA lnð1 − x
2
Þ

6ð1 − 2xÞ2ðx − 1Þx

þ lnðxÞ
6ðx − 1Þxð2x − 1Þ3 f10 þ

lnð1 − xÞ
6x2ð2x − 1Þ3 f11 −

1

6ðx − 1Þx2ð2x − 1Þ3 f12 þ
1

108ðx − 1Þx2ð2x − 1Þ3 f13
�

− ðx2 − xþ 2ÞðLi2ð1 − xÞ − Li2ð1 − x
2
ÞÞ

9ðx − 1Þx þ ðx − 3ÞðLi2ðxÞ − Li2ðxþ1
2
ÞÞ

9x
− 3ðx − 2ÞLi2ðx2Þ

x − 1

− 7

3

�
Li2

�
x − 1

x

�
− Li2

�
x

x − 1

��
þ 3ðxþ 1ÞLi2ð1−x2 Þ

x
þ ðx − 2Þð78x2 − 51x − 2Þ lnð1 − x

2
Þ

18ðx − 1Þx2

þ lnðxÞ
18ðx − 1Þx f14 þ

lnð1 − xÞ
9ðx − 1Þx2 f15 þ

6

108ðx − 1Þx f16


; (C3)

Tð1Þ
8;nf;xðΨÞ ¼ Tð1Þ

8;nf;xðηcÞ þϕπðxÞ
	
−16

3
ln

�
m2

b

μ2

�
þ lnðzÞ

�
16ðx− 1Þx lnð1− xÞ− 16ðx− 1Þx lnðxÞ þ 36x lnð2Þ− 18 lnð2Þ

9ðx− 1Þx

− 2ð2x− 1Þ lnð2ÞCA

3ðx− 1Þx
�
þ CA

18ðx− 1Þxf17 þ
1

18ðx− 1Þxf18


; (C4)

with

f7 ¼ lnðxÞð4ð2x2 − 3xþ 1Þ2 lnðxþ 1Þ þ ðxþ 3Þð2x − 1Þ3 þ 8xðx − 1Þ3 lnð2 − xÞ
− 2ð4xðxð5x − 9Þ þ 5Þ − 3Þðx − 1Þ lnð2ÞÞ;

f8 ¼ lnð1 − xÞðxðxð−4xðxþ 5Þ þ 8xð5x − 9Þ lnð2Þ þ 37þ 38 lnð2ÞÞ − 19 − 4 lnð2ÞÞ
þ 2ðx − 1Þxð− lnðxþ 1Þ − 4ðx − 1Þxð2 lnð2 − xÞ þ lnðxþ 1ÞÞÞ þ 3Þ;
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f9 ¼ 24x3 lnð2Þ lnð4 − 2xÞ − 8xðx3 þ 3x − 1Þ lnð2Þ lnð2 − xÞ þ xð4x3ð13 lnð2Þ − 28Þ − 8x2ð−29þ 3 ln2ð2Þ þ 8 lnð2ÞÞ
þ 15xðlnð2Þ − 12Þ þ 62þ 8 lnð2ÞÞ − π2ðx − 1Þ2 þ 8xðx − 1Þ3 ln2ð1 − xÞ þ 2xðxð−4ðx − 3Þx − 13Þ þ 6Þ ln2ðxÞ
− 2 ln2ðxÞ þ 4iπðx − 1Þ2 lnð2Þ þ ð2xðxðxðxð4 lnð2Þ − 16Þ þ 8 − 12 lnð2ÞÞ þ 12þ 13 lnð2ÞÞ
− 2ð5þ 3 lnð2ÞÞÞ þ 2 lnð2ÞÞ lnðxþ 1Þ þ 4 lnðxþ 1Þ − 8 − 3 lnð2Þ;

f10 ¼ ð16xðx − 1Þ4 lnð2 − xÞ þ 4ð2x − 1Þ3ðx − 1Þ2 lnðxþ 1Þ − 2xðx − 1Þð2xð2xð4x − 8 − 7 lnð2ÞÞ þ 10þ 17 lnð2ÞÞ
− 3ð2þ 5 lnð2ÞÞÞ þ 2ð1 − 2xÞ2ðxð4x − 1Þ þ 1Þðx − 1Þ lnð2xþ 1Þ þ 1þ 2 lnð2ÞÞ;

f11 ¼ ð−32x2ðx − 1Þ3 lnð2 − xÞ − 2xð2x − 1Þ3ðx − 1Þ lnðxþ 1Þ þ xðxð4xðxð20x − 37 − 20 lnð2ÞÞ
þ 29þ 30 lnð2ÞÞ − 51 − 52 lnð2ÞÞ þ 12þ lnð16ÞÞ − 1Þ;

f12 ¼
�
−ðx − 2Þxð2x − 1Þð3x − 2Þð8x2 − 6xþ 3Þ ln

�
1 − x

2

�
þ lnð1 − xÞð−32x6 lnð4 − 2xÞ

þ 32ð2xðxð2x − 3Þ þ 2Þ − 1Þx2 lnð2 − xÞ þ xðxðxð4xðxð4xð5þ 2 lnð2ÞÞ − 57

− 20 lnð2ÞÞ þ 66þ 50 lnð2ÞÞ − 167 − 172 lnð2ÞÞ þ 7ð9þ 8 lnð2ÞÞÞ − 13 − 4 lnð2ÞÞ

− 2ðx − 1Þ2ð2x − 1Þ3x lnðxþ 1Þ þ 1Þ − 2ðx − 1Þxðxð4x − 1Þ þ 1Þð1 − 2xÞ2 lnðxÞ lnð2xþ 1Þ
�
;

f13 ¼ ðxð6ðxðxð72x2 − 62x − 23Þ þ 41Þ − 13Þð2x − 1Þ lnð2Þ þ 8ð47x − 20Þð2x − 1Þ3 − 3π2ðxð8xðxð20x − 47Þ þ 39Þ
− 101Þ þ 8Þ þ 36ðxð2xð2xð2xðxþ 3Þ − 17Þ þ 29Þ − 23Þ þ 4Þ ln2ð2ÞÞ þ 18ð16x2ðx − 1Þ4 ln2ð1 − xÞ

þ xðð1 − 2xÞ2ðð2x − 1Þ
�
−6ðx2 − 1Þ ln2

�
xþ 1

2

�
þ ð−2ðx − 2Þx − 3Þ ln2ðxÞ þ 2ðx − 1Þ2 lnð2Þ lnðxþ 1ÞÞ

þ 2ðxðð5 − 4xÞx − 2Þ þ 1Þ lnðxÞ lnð2xþ 1Þ
�
− ðx − 2Þð3x − 2Þð8x2 − 6xþ 3Þð2x − 1Þ ln

�
1 − x

2

�

þ 6ðx − 2Þx
�
2x − 1Þ3 ln2

�
1 − x

2

��
þ ðx − 1Þ lnð1 − xÞð−32x2ðx − 1Þ3 lnð2 − xÞ

− 2xð2x − 1Þ3ðx − 1Þ lnðxþ 1Þ þ xðxð4xðxð20x − 37 − 20 lnð2ÞÞ þ 29þ 30 lnð2ÞÞ − 51

− 52 lnð2ÞÞ þ 12þ 4 lnð2ÞÞ − 1ÞÞ − 288x2ðx − 1Þ4 lnð2Þ lnð4 − 2xÞÞ;

f14 ¼ ðxð180x − 58x lnð2Þ − 139þ 40 lnð2ÞÞ − 2ððx − 1Þxþ 2Þ lnð1 − xÞ þ 2ððx − 1Þxþ 2Þ lnð2 − xÞ
þ 64ðx − 1Þx lnð2xÞ − 2 − 4 lnð2ÞÞ;

f15 ¼ ðxðx2 lnð128xÞ − 32ðx − 1Þx lnð2 − 2xÞ þ ð3 − 4xÞ lnð2xÞ − ðx − 3Þðx − 1Þ lnðxþ 1ÞÞ
þ xðxðxð15þ 22 lnð2ÞÞ − 9 − 28 lnð2ÞÞ − 9Þ þ 3Þ;

f16 ¼ ð13 lnð2Þðlnð32Þ − 6x2Þ þ xð384x − 380þ ð19 − 117 lnð2ÞÞ lnð2ÞÞ þ 20 − 30 lnð2ÞÞ þ 5π2ð12x − 7Þ

þ 6 ln2ðxÞ − 324 ln2
�
xþ 1

2

�
þ 6

�
64ðx − 1Þx ln2ð1 − xÞ þ 2x

�
−27ðx − 2Þ ln2

�
1 − x

2

�
þ 4ð9 − 8xÞ ln2ðxÞ

þ 27x ln2
�
xþ 1

2

��
− 2ððx − 1Þxþ 2Þ lnð2Þ lnð2 − xÞ þ ð2xððx − 4Þ lnð2Þ þ 16Þ

þ 6 lnð2ÞÞ lnðxþ 1Þ
�
þ 192 lnðxþ 1Þ;
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f17 ¼ ð−6ðx − 1Þx ln2ð1 − xÞ þ 6ðx − 1Þx ln2ðxÞ þ 2ð2x − 1Þðπ2 − 3 ln2ð2ÞÞ
þ 24ðx − 1Þx lnð2Þ lnð1 − xÞ − 24ðx − 1Þx lnð2Þ lnðxÞÞ;

f18 ¼ 32ðx − 1ÞxLi2
�
x − 1

x

�
− 32ðx − 1ÞxLi2

�
x

x − 1

�
− 192x2 − 46x2 ln2ð1 − xÞ þ 46x2 ln2ðxÞ

þ 64x2 lnð2 − 2xÞ lnð1 − xÞ − 72x2 lnð2Þ lnð1 − xÞ − 48x2 lnð1 − xÞ þ 72x2 lnð2Þ lnðxÞ − 48x2 lnðxÞ
− 64x2 lnðxÞ lnð2xÞ − 10π2xþ 160xþ 46x ln2ð1 − xÞ − 46x ln2ðxÞ þ 28x ln2ð2Þ − 64x lnð2 − 2xÞ lnð1 − xÞ
þ 72x lnð2Þ lnð1 − xÞ þ 64x lnð1 − xÞ − 72x lnð2Þ lnðxÞ þ 16x lnðxÞ þ 64x lnðxÞ lnð2xÞ
þ 8x lnð2Þ lnð2Þ − 44x lnð2Þ − 16 lnð1 − xÞ þ 4π2 − 18 ln2ð2Þ þ 12 lnð2Þ þ 32 lnð2Þ:
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