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The results of our new QCD analysis of helicity parton distributions of the nucleon at full next-to-leading
order accuracy in the fixed-flavor number scheme are presented. Performing a combined QCD fit on the
global sets of latest inclusive and the semi-inclusive polarized deep inelastic scattering data, we are able to
extract new polarized parton distribution functions (PPDFs) at the input scale Q2

0 ¼ 1 GeV2. Particularly,
we calculate PPDFs considering light sea-quark decomposition, and the results are compared with the
experimental data and the most precise theoretical models obtained by recent analyses. The latest
COMPASS2010 SIDIS data, which were not used in the combined analyses before 2010, are employed in
the current analysis, and the effect of COMPASS SIDIS data is studied in detail. Also, the uncertainties of
PPDFs are determined using the standard Hessian technique.
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I. INTRODUCTION

In recent years, the determination of nucleon partonic
composition and their spin projections from high energy
experimental data has improved remarkably, and the
extracted polarized and unpolarized partonic distributions
have a very essential role in the study of hard scattering
processes phenomenology. For the case of polarized parton
distributions, the experimental discoveries of nucleon spin
in the late 1980s [1,2] proved that the spin contribution of
valence quarks is anomalously small. They also showed
that the predictions are far from the reality, and then the
theoretical assumptions on perturbative QCD were applied
to interpret theses experimental results [3–7].
In recent decades, the determination of polarized

parton distribution functions (PPDFs) and their uncer-
tainties from deep inelastic scattering (DIS) experiments
performed at CERN, SLAC, DESY, and JLAB [1,2,8–19]
spread very fast [20–45], and recently semi-inclusive
deep inelastic scattering (SIDIS) experimental data
[15,46–48] have also been included by some of the
theoretical groups [49–53]. The only theoretical group
which performed a combined NLO analysis of DIS,
SIDIS, and polarized proton-proton collision data was
DSSV in 2008 [54]. The extracted PPDFs of valence
quarks lightly differ, but the PPDFs of sea quarks and
gluons have larger differences caused by data set selec-
tion, parametrization forms of PPDFs, and the methods of
evolution and QCD analysis. The effects of different
PPDFs and the spin physics on the determination of

fragmentation functions (FFs) have been studied recently
in Ref. [55].
In our latest analysis, we studied the impact of inclusive

DIS data on the determination of PPDFs based on Jacobi
polynomials with flavor symmetric light sea distribution,
i.e., δū ¼ δd̄ ¼ δs̄ ¼ δs [21], and now we consider light
sea-quark decomposition and include additional SIDIS data
[15,46–48,56]. In fact, fully inclusive DIS data from many
different experiments are just as impressive at determining
the sum of the quark and antiquark distributions, while
SIDIS data help to tell the difference between quarks and
antiquarks as well. Here we focus on the effect of SIDIS
data on the determination of PPDFs, especially the sea
quarks’ distribution separation which was not considered in
our last DIS data analysis, and we present a comparison of
both results. The impact of RHIC polarized proton-proton
collision data will be studied in a separate publication in the
near future.
In the present analysis, we utilize the full sets of proton

and deuteron SIDIS asymmetry data from the COMPASS
group at CERN [47,48,56] which were partially considered
by the last analysis on SIDIS data [49,54]. In particular, we
use the new semi-inclusive asymmetries’ COMPASS2010
proton data for charged pion and kaon production from a
polarized proton target, Ap;π�

1 and Ap;k�
1 [56]. These data

were not available for the analysis before 2010, and they are
helpful to study δs and δs̄ distributions due to kaon
detection from polarized protons for the first time [56].
In order to discuss more about the effect of COMPASS
SIDIS data on polarized ū, d̄, and s ¼ s̄, we perform an
extra analysis excluding these data sets. The comparison of
results shows the effect of their inclusion clearly.
The current study presents a new next-to-leading order

(NLO) QCD analysis of the polarized DIS and SIDIS data,
and we extract new parametrization forms of PPDFs in
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flavor SU(2) and SU(3) symmetry breaking. Here we also
propose a simplified form of double Mellin convolution
expressions which saves time during the fitting procedure.
Also, the behavior of Δχ2 and the uncertainty of PPDFs are
calculated using the standard Hessian method.
This paper is organized as follows. In Sec. II we present

the relationship between polarized structure functions and
asymmetry data as observables, and then we review the data
sets used in our analysis on PPDFs. QCD analysis includ-
ing parametrization, evolution, and the simplification of
double Mellin convolution are discussed in Sec. III.
Section V presents the fitting procedure and global χ2

minimization for asymmetry data and the investigation of
the χ2 neighborhood and error calculation by the standard
Hessian method. We present the full results of our fit to the
data, comparison with other models, and sum rules in
Sec. VI, and finally Sec. VII contains the summary of the
whole work.

II. EXPERIMENTAL OBSERVABLES
AND DATA SETS

A. Polarized asymmetries

Perturbative QCD can predict the polarized structure
function g1ðx;Q2Þ in terms of PPDFs and the strong
coupling constant up to a NLO approximation. However,
experimental groups measure cross section asymmetries A∥
and A⊥, defined by the following ratios:

A∥ ¼
dσ→⇒ − dσ→⇐

dσ→⇒ þ dσ→⇐ ; A⊥ ¼ dσ→⇑ − dσ→⇓

dσ→⇑ þ dσ→⇓ ; (1)

where dσ→⇒ and dσ→⇐ are cross sections for longitudinal
polarized lepton scattering of a parallel or antiparallel
polarized target hadron, and dσ→⇑ and dσ→⇓ are the same
for a transversely polarized hadron.
The ratio of polarized andunpolarized structure functions,

g1 and F1, is related to the measurable asymmetries by

g1ðx;Q2Þ
F1ðx;Q2Þ¼

1

ð1þγ2Þð1þηζÞ
�
ð1þγζÞA∥

D
−ðη−γÞA⊥

d

�
;

(2)

and the definitions of kinematic factors are given by

γ ¼ 2Mxffiffiffiffiffiffi
Q2

p ; (3)

d ¼ D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y − γ2y2=4

p
1 − y=2

; (4)

D ¼ 1 − ð1 − yÞϵ
1þ ϵRðx;Q2Þ ; (5)

η ¼ ϵγy
1 − ϵð1 − yÞ ; (6)

ζ ¼ γð1 − y=2Þ
1þ γ2y=2

; (7)

ϵ ¼ 4ð1 − yÞ − γ2y2

2y2 þ 4ð1 − yÞ þ γ2y2
; (8)

where M denotes the nucleon mass and y ¼ ðE − E0Þ=E
describes the normalized energy fraction transferred to the
virtual photon, withE the energy of the incoming lepton and
E0 the energy of the scattered lepton in the nucleon rest
frame. The unpolarized structure function F1 is expres-
sed by its expression in terms of measured unpolarized
structure function F2 extracted from unpolarized DIS
experiments [57],

F1ðx;Q2Þ ¼ ð1þ γ2Þ
2xð1þ Rðx;Q2ÞÞF2ðx;Q2Þ; (9)

and R is the ratio of the longitudinal to transverse photon-
nucleon unpolarized structure function, which is determined
in Ref. [58]:

Rðx;Q2Þ ¼ FLðx;Q2Þ
F2ðx;Q2Þ − FLðx;Q2Þ : (10)

The asymmetries A∥ and A⊥ can be expressed in terms of
A1 and A2, which are the virtual-photon longitudinal and
transverse asymmetries, by

A∥ ¼ DðA1 þ ηA2Þ; A⊥ ¼ dðA2 − ζA1Þ; (11)

where

A1ðx;Q2Þ ¼ σT1=2 − σT3=2
σT1=2 þ σT3=2

; A2ðx;Q2Þ ¼ 2σTL

σT1=2 þ σT3=2
:

(12)

Note that σT1=2 and σT3=2 recall the virtual transversely
polarized photon scattering cross sections when the total
spin of the photon-nucleon system is 1=2 or 3=2, respec-
tively, and σTL is the term denoting the interference of
longitudinal and transverse photon-nucleon amplitudes.
Finally, using Eqs. (11) and (2) one can find the relation
between polarized and unpolarized structure functions g1
and F1, and the asymmetries A1 and A2 [59]:

g1
F1

¼ 1

1þ γ2
½A1 þ γA2�: (13)

The value of A2 has been determined by SMC [60], E154
[61], and E143 [62], and the measurements showed that its
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contribution to g1=F1 can be neglected in a good approxi-
mation. Also, it is being suppressed by the small value of
the kinematic factor γ in the limit m2 ≪ Q2.
In our QCD analysis, we perform a fit procedure on A1 or

g1=F1 for DIS data:

A1ðx;Q2Þ ¼ g1ðx;Q2Þ
F1ðx;Q2Þ ð1þ γ2Þ: (14)

Note that such a procedure is equivalent to a fit to ðg1Þexp,
but it is more precise than the fit to the g1 data themselves
presented by the experimental groups, because here the g1
data are extracted in the same way for all of the data sets.
Unlike the inclusive polarized deep inelastic scattering

wherein the g1 structure function is measured by detecting
only the final state lepton, the particles detected in semi-
inclusive polarized deep inelastic experiments are charged
hadrons in addition to scattered leptons. When the energy
fraction of a hadron, z ¼ Eh=Eγ, is large, the most possible
occurrences of detected hadrons are π� and k�, which
include struck quarks in their valance state. The double-
spin asymmetry in SIDIS experiments for the production of
hadron h is

Ah
1Nðx; z;Q2Þ ¼ gh1Nðx; z; Q2Þ

Fh
1Nðx; z; Q2Þ : (15)

The structure functions gh1 and F
h
1 are fully determined in

terms of polarized and unpolarized distributions, respec-
tively, up to the NLO approximation, and they will be
discussed in Sec. III. Thus, we will determine g1 and gh1N
from Eqs. (14) and (15) in the analysis and extract polarized
parton distribution functions.

B. The data sets and ranges

We utilize two types of data sets from DIS and SIDIS
experiments which come from relevant experiments done at
DESY, SLAC, JLAB, and CERN. The data sets used in our
QCD analysis are summarized in Table I. These experi-
ments have different targets, including protons, neutrons,
and deuterons, and also different detected hadrons, includ-
ing π�, k�, and h�, for SIDIS reactions. We also show the
number of data and the kinematic cuts on the experiments
in Table I; we exclude the data points which are in the range
of Q2 < 1 from our analysis since below Q2 ¼ 1 GeV2,
perturbative QCD is not reliable. The summary of observ-
ables is as follows:
(i) EMCp, SMCpd, COMPASS, E142, E143, E154, E155

HERMES, and JLAB DIS data
These experiments all determined A1 except for E155
[13,14] and HERMES [16] which present g1=F1 and
JLAB [18] which presents both measurements. Since
we consider different masses of nucleons in γ in
Eq. (14), we distinguish these two data types.

(ii) SMCpd, HERMES, and COMPASS SIDIS data
These experiments measure Ah

1N as in Eq. (15) from
semi-inclusive reactions. The very recent and precise
proton data of COMPASS [56], which were not
available for the analysis before 2010, are used in
the current analysis. Figures 1 and 2 show the data
points used for DIS and SIDIS in a scatter plot; as can
be seen, the regions of x and Q2 are restricted to
0.004≲ x≲ 0.75 and 1.0≲Q2 ≲ 60 GeV2 for DIS
and 0.005≲ x≲ 0.5 and 1.0≲Q2 ≲ 60 GeV2 for
SIDIS experiments. We try to use all available data
for DIS and SIDIS experiments to cover a large range
of kinematics variables in comparison to other recent
analyses [23,49,54].

III. DETERMINATION OF POLARIZED PDFS
FROM OBSERVABLES

A. Theoretical framework

The main idea behind our present analysis is to extract
the universal polarized PDFs entering factorized cross
sections. This procedure is done by optimizing the agree-
ment between the measured asymmetries from DIS and
SIDIS experiments through the variation of the shapes of
the polarized PDFs. It is also relative to the accuracy of the
data and corresponding theoretical calculations.
Considering perturbative QCD, the structure function

g1ðx;Q2Þ can be written in NLO approximation as a Mellin
convolution of the PPDFs, including gluons, with the
corresponding Wilson coefficient functions δCq;g [6], as

g1ðx;Q2Þ ¼ 1

2

Xnf
q;q̄

e2q

��
1þ αs

2π
δCq

�
⊗ δqðx;Q2Þ

þ αs
2π

2δCg ⊗ δgðx;Q2Þ
�
; (16)

where eq denotes the charge of the quark flavor and
fδq; δq̄; δgg are the polarized quark, antiquark, and gluon
distributions, respectively.
For the SIDIS asymmetry of Eq. (15), we have the

following forms for polarized and unpolarized structure
functions in NLO approximation:

gh1Nðx; z; Q2Þ ¼ 1

2

Xnf
q;q̄

e2q

��
δq

�
1þ ⊗

αsðQ2Þ
2π

δCqq ⊗
�
Dh

q

þδq ⊗
αsðQ2Þ
2π

δCð1Þ
gq ⊗ Dh

g

þδg ⊗
αsðQ2Þ
2π

δCð1Þ
qg ⊗ Dh

q

�
ðx; z; Q2Þ

�
;

(17)

and
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TABLE I. Published data points from experimental groups, the process they are extracted from, the number of them (with a cut of
Q2 ≥ 1.0 GeV2), their kinematic range, the measured observables, and the χ2 values for each set.

Experiment Process Ndata xmin xmax Q2
min ½GeV2� Q2

max ½GeV2� F χ2

EMC [1,2] DIS(p) 10 0.015 0.466 3.5 29.5 Ap
1 3.9

SMC [8] DIS(p) 12 0.005 0.48 1.3 58 Ap
1 3.4

SMC [8] DIS(d) 12 0.005 0.479 1.3 54.8 Ad
1 17.1

COMPASS [9] DIS(p) 15 0.0046 0.568 1.1 62.1 Ap
1 20.5

COMPASS [9] DIS(d) 15 0.0046 0.566 1.1 55.3 Ad
1 13.6

SLAC/E142 [10] DIS(n) 8 0.035 0.466 1.1 5.5 An
1 4.18

SLAC/E143 [11] DIS(p) 28 0.031 0.749 1.27 9.52 Ap
1 22.0

SLAC/E143 [11] DIS(d) 28 0.031 0.749 1.27 9.52 Ad
1 54.6

SLAC/E154 [12] DIS(n) 11 0.017 0.564 1.2 15 An
1 3.3

SLAC/E155 [13] DIS(p) 24 0.015 0.75 1.22 34.72 gp
1

Fp
1

22.5

SLAC/E155 [14] DIS(d) 24 0.015 0.75 1.22 34.72 gd
1

Fd
1

21.4

HERMES [15] DIS(p) 9 0.033 0.447 1.22 9.18 Ap
1 4.5

HERMES [15] DIS(d) 9 0.033 0.447 1.22 9.16 Ad
1 11.4

HERMES [16] DIS(n) 9 0.033 0.464 1.22 5.25 An
1 2.5

HERMES [16] DIS(p) 19 0.028 0.66 1.01 7.36 gp
1

Fp
1

21.4

HERMES [17] DIS(p) 15 0.0264 0.7248 1.12 12.21 Ap
1 10.2

HERMES [17] DIS(d) 15 0.0264 0.7248 1.12 12.21 Ad
1 16.7

JLab-Hall A [18] DIS(n) 3 0.33 0.6 2.71 4.38 gn
1

Fn
1

0.8

CLAS [19] DIS(p) 151 0.1088 0.5916 1.01 4.96 Ap
1 151.0

CLAS [19] DIS(d) 482 0.1366 0.57 1.01 4.16 Ad
1 442.5

SMC [46] SIDISðp; hþÞ 12 0.005 0.48 10 10 Ap;hþ
1 23.0

SMC [46] SIDISðp; h−Þ 12 0.005 0.48 10 10 Ap;h−
1 11.9

SMC [46] SIDISðd; hþÞ 12 0.005 0.48 10 10 Ad;hþ
1 6.3

SMC [46] SIDISðd; h−Þ 12 0.005 0.48 10 10 Ad;h−
1 17.2

HERMES [15] SIDISðp; hþÞ 9 0.034 0.448 1.21 9.76 Ap;hþ
1 15.0

HERMES [15] SIDISðp; h−Þ 9 0.034 0.448 1.21 9.76 Ap;h−
1 6.0

HERMES [15] SIDISðp; hþÞ 9 0.033 0.446 1.21 9.61 Ad;hþ
1 10.3

HERMES [15] SIDISðd; h−Þ 9 0.033 0.446 1.21 9.61 Ad;h−
1 8.9

HERMES [15] SIDISðp; πþÞ 9 0.033 0.449 1.22 10.46 Ap;πþ
1 9.7

HERMES [15] SIDISðp; π−Þ 9 0.033 0.449 1.22 10.46 Ap;π−
1 7.7

HERMES [15] SIDISðd; πþÞ 9 0.033 0.446 1.22 10.24 Ad;πþ
1 18.2

HERMES [15] SIDISðd; π−Þ 9 0.033 0.446 1.22 10.24 Ad;πþ
1 25.0

HERMES [15] SIDISðd; kþÞ 9 0.033 0.447 1.22 10.26 Ad;kþ
1 10.3

HERMES [15] SIDISðd; k−Þ 9 0.033 0.447 1.22 10.26 Ad;k−
1 6.1

COMPASS [47] SIDISðd; hþÞ 12 0.0052 0.482 1.17 60.2 Ahþ
d 18.1

COMPASS [47] SIDISðd; h−Þ 12 0.0052 0.482 1.17 60.2 Ah−
d 20.2

COMPASS [48] SIDISðd; πþÞ) 10 0.0052 0.24 1.16 32.8 Aπþ
d 13.8

COMPASS [48] SIDISðd; π−Þ 10 0.0052 0.24 1.16 32.8 Aπ−
d 14.6

COMPASS [48] SIDISðd; kþÞ 10 0.0052 0.24 1.16 32.8 Akþ
d 24.0

COMPASS [48] SIDISðd; k−Þ 10 0.0052 0.24 1.16 32.8 Ak−
d 14.4

COMPASS10 [56] SIDISðp; πþÞ 12 0.0052 0.48 1.16 55.6 Aπþ
p 15.7

COMPASS10 [56] SIDISðp; π−Þ 12 0.0052 0.48 1.16 55.6 Aπ−
p 11.2

COMPASS10 [56] SIDISðp; kþÞ 12 0.0052 0.48 1.16 55.6 Akþ
p 14.3

COMPASS10 [56] SIDISðp; k−Þ 12 0.0052 0.48 1.16 55.6 Ak−
p 6.4

TOTAL: 1149 1171.5
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Fh
1Nðx; z; Q2Þ ¼ 1

2

Xnf
q;q̄

e2q

��
q

�
1þ ⊗

αsðQ2Þ
2π

Cqq ⊗
�
Dh

q

þq ⊗
αsðQ2Þ
2π

Cð1Þ
gq ⊗ Dh

g

þg ⊗
αsðQ2Þ
2π

Cð1Þ
qg ⊗ Dh

q

�
ðx; z; Q2Þ

�
;

(18)

where δq and q denote polarized and unpolarized parton
distributions, and δCð1Þ

ij ðx; zÞ and Cð1Þ
ij ðx; zÞ, i, j ¼ q, g, are

Wilson coefficient functions presented in Ref. [63] in the
MS scheme. Also, Dh

q;q̄, Dh
g denote the corresponding

fragmentation functions and nf presents the number of
active flavors, which we take as nf ¼ 3 in the present
analysis.
As can be seen, the SIDIS asymmetries depend on the

hadronic variable z ¼ ph:pN=pN:q in addition to x andQ2.
Here z denotes the momentum fractions taken by the
resulting hadron from the scattered parton, and ph, pN ,
and q are the usual hadron, nucleon, and photon four-
momenta, respectively. Since experimental collaborations

do not present the z variable of presented SIDIS data points,
we integrate over z > 0.2, which comes from the current
fragmentation functions region, for both g1ðx; z; Q2Þ and
F1ðx; z; Q2Þ to cancel the z dependance of Ah

1N [64]:

Ah
1Nðx; z; Q2Þ ¼

R
1
0.2 dzg

h
1Nðx; z;Q2ÞR

1
0.2 dzF

h
1Nðx; z; Q2Þ : (19)

One of the most important ingredient of SIDIS data
analysis is the choice of fragmentation functions [65].
Although there are different available analyses of FFs
[55,66,67], here we use the latest DSS [68] NLO FFs
and for unpolarized PDFs we choose MRST02 [69] para-
metrization like DSSV09 and LSS10 [49,54] to make our
analysis comparable with them. Also, in addition to the
precision of the above FFs and PDFs and comparability, we
use them together since DSS FFs were extracted from
SIDIS data using MRST02 unpolarized PDFs.
Considering isospin symmetry, one can relate proton and

neutron parton distributions,

δup ¼ δdn; δūp ¼ δd̄n; δdp ¼ δun;

δd̄p ¼ δūn; δsp ¼ δsn; δs̄p ¼ δs̄n; (20)

so the polarized structure function of neutron gn1 can be
obtained from all of Eqs. (16)–(18) by just replacing up-
quark PPDFs and FFs with down ones. Also, deuteron
structure functions are given in terms of proton and neutron
ones in the effective polarization approximation (EPA) [70]

gðhÞ1d ¼ 1

2
ðgðhÞ1p þ gðhÞ1n Þð1–1.5ωDÞ; (21)

where (1–1.5ωD) is the average polarization of proton and
neutron in the static limit and ωD ¼ 0.05 is the probability
to find the deuteron in a D state. Typically the binding
energies of deuterium and 3He targets are small in com-
parison with the momentum transfers Q2 in the current
experiments, so the effects of nuclear binding and Fermi
motion are negligible in a good approximation in the
present analysis. Recently the nuclear corrections have
been considered in a global analysis of polarized DIS
experiments in Ref. [70], and the results are compared to
the analysis without the corrections.
Now by having PPDFs and all other ingredients, we are

able to make polarized asymmetry functions from DIS and
SIDIS processes.

B. PPDFs parametrization

In our analysis, we choose an initial scale for the
evolution of Q2

0 ¼ 1 GeV2 and assume the PPDFs to have
the following functional form:

xδq ¼ N qηqxaqð1 − xÞbqð1þ cqx0.5 þ dqxÞ; (22)

11.010.0100.0
x

1

10

100

Q
2  [

G
eV

2 ]
E142-n
E143-pd
E155-pd
EMC-p
SMC-pd
COMPASS-pd
HERMES07-pd
HERMES05-pd
HERMES97-n
HERMES98-p

CLAS-d ave Q
2

CLAS-p ave Q
2

FIG. 1 (color online). Data used for DIS in an ðx;Q2Þ plane.
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100

Q
2  [

G
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COMPASS-d(πk)
COMPASS10-p

FIG. 2 (color online). Data used for SIDIS in an ðx;Q2Þ plane.
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with δq ¼ δuþ δū, δdþ δd̄, δū, δd̄, δs̄, and δg. The
normalization constants N q

1

N q
¼

�
1þ dq

aq
aq þ bq þ 1

�
Bðaq; bq þ 1Þ

þ cqB

�
aq þ

1

2
; bq þ 1

�
; (23)

are chosen such that ηq are the first moments of δqðx;Q2
0Þ

and Bða; bÞ is the Euler beta function. Since the present
SIDIS data are not yet sufficient to distinguish s from s̄, we
assume δsðx;Q2Þ ¼ δs̄ðx;Q2Þ throughout.
To control the behavior of PPDFs, we have to consider

some extra constraints; so we get auþū ¼ aū and adþd̄ ¼
ad̄ ¼ as to control the small x behavior of ū, d̄, and
s ¼ s̄. Also, in the primary fitting procedures we find out
that the parameters bū, bd̄, bs¼s̄, and bg become very
close to one another, around 10. We understand that they
are not strongly determined by the fit, so we fix them at
10, which is their preferred value to fulfill the positivity
condition, jδqiðx;Q2

oÞj ≤ qiðx;Q2
0Þ [71], and also it con-

trols the behavior of polarized sea quarks at large x
region. In addition, we find that the parameter cq is very
close to zero for δq ¼ δuþ δū, δdþ δd̄, δs̄, and δg, so
we fix them at 0.
Generally, PPDFs analyses use two well-known sum

rules relating the first moments of PPDFs to F and D
quantities which are evaluated in neutron and hyperon β
decays [72] under the assumption of SU(2) and SU(3)
flavor symmetries,

a3 ¼ ΔΣu − ΔΣd ¼ F þD; (24)

a8 ¼ ΔΣu þ ΔΣd − 2ΔΣs ¼ 3F −D; (25)

where a3 and a8 denote nonsinglet combinations of
the
first moments of the polarized parton distributions corre-
sponding to nonsinglet q3 and q8 distributions,

q3 ¼ ðδuþ δūÞ − ðδdþ δd̄Þ; (26)

q8 ¼ðδuþ δūÞ þ ðδdþ δd̄Þ − 2ðδsþ δs̄Þ: (27)

A new reanalysis of F and D parameters with updated
β-decay constants acquired [72] F ¼ 0.464� 0.008 and
D ¼ 0.806� 0.008, so we make use of these evaluations in
our present analysis; however, since we do not focus on
flavor symmetry and we have δū ≠ δd̄ ≠ δs, we can use the
combination of Eqs. (24) and (25) as follows:

Δuþ Δū ¼ 0.9275þ Δsþ Δs̄;

Δdþ Δd̄ ¼ −0.3415þ Δsþ Δs̄; (28)

and we apply the above relations in the analysis, so we
exclude the parameters, define the first moment of ðδuþ
δūÞ and ðδdþ δd̄Þ (i.e., ηuþū and ηdþd̄) from the analysis,
and obtain them by Eq. (28). The effect of symmetry
breaking on the first moment of PPDFs has been discussed
in detail in the literature [54,73].

C. Evolution and computational method

For numerical calculations, we need the scale evolution
of the PPDFs from input scale Q2

0 to each of the scales
related to the data points. This evolution is done by a well-
known set of integro-differential equations [74,75] that can
be easily solved analytically after a transformation from x
space to Mellin N-moment space. The Mellin transform of
a generic function f depending on momentum fraction x is
defined as

fðNÞ≡
Z

1

0

xN−1fðxÞdx: (29)

The transformation (29) has the pleasant applied prop-
erty that convolutions change to ordinary products, which
veritably simplifies calculations based on Mellin moments,

½f ⊗ g�ðNÞ≡
Z

1

0

dxn−1
Z

1

z

dy
y
f

�
x
y

�
gðyÞ ¼ fðNÞgðNÞ:

(30)

It can be performed analytically not only for the relevant
splitting functions governing the evolution of the PDFs,
but even for the partonic cross sections for both DIS and
semi-inclusive DIS. The Mellin transform of the parton
distributions q is defined similarly to Eq. (29):

δqðN;Q2
0Þ ¼

Z
1

0

xN−1δqðx;Q2
0Þdx

¼ ηqN q

�
1þ dq

N − 1þ aq
N þ aq þ bq

�

× BðN − 1þ aq; bq þ 1Þ

þ cqB

�
N þ aq − 1

2
; bq þ 1

�
; (31)

where q ¼ fuþ ū; dþ d̄; ū; d̄; s; gg and B denotes the
Euler beta function.
The inverse Mellin transform reads

fðxÞ≡ 1

2πi

Z
CN

x−NfðNÞdN: (32)

Note that CN is an appropriate contour in the complex N
plane which has an imaginary part with a range from−∞ to
þ∞ and which crosses the real axis to the right of the
rightest pole of fðNÞ [34].
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Currently, in the case of using asymmetry data of SIDIS
[49,54], which depends on two scaling variables x and z
according to Eqs. (17) and (18), Mellin transformation and
the inverse of that require straight extensions of Eqs. (29)
and (32) to double the transformations, as was presented in
Refs. [50,76,77].
Now for simplification of the double convolution in

Eq. (17), we apply a method to change it to a single routine
convolution by transforming the coefficients δCijðx; zÞ
from x-z space to N-z space,

Z
1

0

xN−1δCijðx; zÞdx ¼ δCijðN; zÞ; (33)

and then we compute

Z
1

0.2
δCijðN; zÞ ⊗ DiðjÞðzÞ ¼ δ ~CijðNÞ: (34)

Finally, we could have the evolution of NLO correction
terms of gh1N in N-moment space according to Eqs. (17) and
(30):

gh1NðNÞ ¼ 1

2

Xnf
q;q̄

e2q

�Z
1

0.2
dzδqDh

q þ
αsðQ2Þ
2π

δqðNÞδ ~CqqðNÞ

þ αsðQ2Þ
2π

δqðNÞδ ~CgqðNÞ

þ αsðQ2Þ
2π

δgðNÞδ ~CqgðNÞ
�
: (35)

The process is the same for Eq. (18). We calculate the
transformation of Eq. (33) for all Cijðx; zÞ and δCijðx; zÞ
and provide them in the Appendix.

IV. TARGET MASS AND HIGHER
TWIST CORRECTIONS

As shown in Table I, a considerable amount of data are at
low Q2 (1 ≤ Q2 ≤ 5) and large x region, especially the
CLAS data set for the proton and deuteron. The inclusion
of nonperturbative corrections such as target mass correc-
tion (TMC) and dynamical higher twist (HT) terms might
become important in this region, and considerable progress
has been made in some recent analyses [23,49,70]. Despite
the remarkable improvements of TMC and HT corrections,
more detailed and precise investigations of the correcting
terms for the polarized DIS structure function is still needed
[78–80], and the polarized SIDIS correcting terms are not
known completely yet.
Although our current purpose is the QCD analysis on

DIS and SIDIS asymmetries without any correction, and
we find an almost good description of all data sets without
their inclusion, we perform an extra analysis considering
correcting terms in order to study the effect of current

reachable TMC and HT corrections on PPDFs. The
comparison of the results is presented in Sec. VI.
An almost full description of the polarized DIS structure

function reads

g1ðx;Q2Þ ¼ gTMC
1 ðx;Q2Þ þ gHT1 ðx;Q2Þ; (36)

where gTMC
1 is the polarized structure function including

TMC and is given by [23,81]

gTMC
1 ðx;Q2Þ ¼ x

ξ

g1ðξ; Q2Þ
ð1þ 4M2x2=Q2Þ3=2 þ

4M2x2

Q2

×
xþ ξ

ξð1þ 4M2x2=Q2Þ2
Z

1

ξ

dξ1
ξ1

g1ðξ1; Q2Þ

− 4M2x2

Q2

2 − 4M2x2=Q2

2ð1þ 4M2x2=Q2Þ5=2

×
Z

1

ξ

dξ1
ξ1

Z
1

ξ1

dξ2
ξ2

g1ðξ2; Q2Þ; (37)

where M is the nucleon mass and

ξ ¼ 2x

1þ ð1þ 4M2x2=Q2Þ1=2 (38)

is called the Natchmann variable.
Since the dynamical higher twist contribution is not

known with a thorough description yet, a phenomenologi-
cal approach is used to determine the correcting HT terms.
One can consider a spline function hðxÞ in the HT
correcting terms [23,49,70]

gHT1 ðx;Q2Þ ¼ hðxÞ
Q2

; (39)

with the knots at x ¼ 0.1, 0.3, 0.5, and 0.7, and the hðxÞ
parameters for each knot are determined through the fit
procedure simultaneously.

V. DETERMINATION OF MINIMUM
χ 2 AND ERRORS

A. Minimization of χ 2

The process of global QCD analysis is based on the
minimization of effective χ2 which shows the quality of
the fit carried out on data sets by variation of the input set of
parameters. We use the QCD-PEGASUS program [82] for
the evolution of distributions in N-moment space and the
MINUITpackage[83] for theminimizationof theχ2 function

χ2 ¼
X
i

�
Aexp
1;i − Atheor

1;i

ΔAexp
1;i

�2

; (40)

whereAexp
1;i ,ΔA

exp
1;i , andA

theor
1;i are the experimental measured

value, the experimental uncertainty, and the theoretical value
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for the ith data point, respectively. For the experimental error
calculation, the statistical and systematic errors of each data
pointareaddedinquadrature.Currently,availableSIDISdata
are not precise enough to determine a strong coupling
constant at input scale, so according to the precise
scale dependent equation of as ¼ αs

4π used in PEGASUS in
NLO [82],

1

asðQ2Þ ¼
1

asðQ2
0Þ

þ β0 ln

�
Q2

Q2
0

�

− b1 ln

�
asðQ2Þ½1þ b1asðQ2

0Þ�
asðQ2

0Þ½1þ b1asðQ2Þ�
�
: (41)

We fixed αsðQ2
0Þ ¼ 0.580 which corresponds to αsðM2

ZÞ ¼
0.119, obtained from MRST02 analysis [69]. In Eq. (41),
we have

β0 ¼ 11− 2

3
nf; β1 ¼ 102 − 38

3
nf; b1 ¼

β1
β0

:

(42)

Finally, we minimize the χ2 with the 17 unknown
parameters. We work at NLO in the fixed-flavor number
scheme nf ¼ 3 in the QCD evolution with massless
partonic flavors.

B. The neighborhood of χ 20 and error determination
via Hessian method

Here we just present the essential points for studying
the neighborhood of χ20 and the full procedure is
provided in Refs. [69,84,85]. As mentioned in Sec. V,
we find the appropriate parameter set which minimizes
the global χ2 function; we call this PDF set S0 and the
parameter values of S0, i.e., p0

1…p0
n, will be presented

in Sec. VI.
By moving the parameters away from their obtained

values, χ2 increases by the amount of Δχ2,

Δχ2 ¼ χ2 − χ20 ¼
Xd
i;j¼1

Hijðpi − p0
i Þðpj − p0

jÞ; (43)

where the Hessian matrix Hij is defined by

Hij ¼
1

2

∂2χ2

∂pi∂pj

����
min

; (44)

and we note C≡H−1. Now it is convenient to work in
terms of eigenvalues and orthogonal eigenvectors of the
covariance matrix,

Xn
j¼1

Cijυjk ¼ λkυik: (45)

Also, the displacement of parameter pi from its minimum
p0
i can be expressed in terms of rescaled eigenvectors

eik ¼
ffiffiffiffiffi
λk

p
vik,

pi − p0
i ¼

Xn
k¼1

eikzk: (46)

Putting Eq. (46) in (43) and considering the orthogonality
of υik, we have

Δχ2 ¼
Xn
k¼1

z2k: (47)

Now the relevant neighborhood of χ2 is the interior of the
hypersphere with radius T:

Xn
k¼1

z2k ≤ T2; (48)

and the neighborhood parameters are given by

piðs�k Þ ¼ p0
i � teik; (49)

where sk is the kth set of PDF and t adapted to make the
desired T ¼ ðΔχ2Þ12 and t ¼ T in the quadratic approxi-
mation. In Sec. VI, we present the dependence ofΔχ2 along
some random samples of eigenvector directions to test the
quadratic approximation of Eq. (43).
Now we accompany the construction of the QCD fit

with a reliable estimation of uncertainty. As discussed in
Refs. [69,84,85], the master equation to obtain the
uncertainties of observables in the modified Hessian
method is

ΔF ¼ 1

2

�Xn
k¼1

ðFðsþk Þ − Fðs−k ÞÞ2
�1

2

; (50)

where Fðsþk Þ and Fðs−k Þ are the values of F extracted
from the input set of parameters piðs�k Þ instead of p0

i
mentioned in Eq. (49). However, it has been pointed out
by DSSV [54] that the modified Hessian method is
known to work reasonably well in extractions of spin
independent parton densities and it is found to fail in the
case of helicity parton densities for tolerances larger than
Δχ2 ¼ 1. So we prefer to calculate the PPDFs’ error band
using the standard Hessian method which is more reliable
in this case. As presented in Eqs. (31) and (35), the
evolved polarized parton densities and structure functions
are attributive functions of the input parameters obtained
in the QCD fit procedure at the scale Q2

0; then their
uncertainty can be written applying the standard Hessian
method,

ΔF ¼
�
Δχ2

Xk
i;j¼1

∂F
∂pi

Cij
∂F
∂pj

�1
2

: (51)
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Here we calculate the PPDFs’ uncertainty with Δχ2 ¼ 1
which is the most appropriate choice in the polarized
case. If one wishes to choose Δχ2 > 1, one can simply
scale our error bands by ðΔχ2Þ1=2.

VI. RESULTS

A. The quality of QCD fit

The values of obtained parameters attached to the input
PPDFs are summarized in Table II. We find χ2=d:o:f: ¼
1171.571=1132 ¼ 1.03 which yields an overlay acceptable
fit to the experimental data; the individual χ2 for each set of
data is presented in Table I. There are some cases in which
the deviation of χ2=NðnÞ

data from 1 is considerable; this is
caused by the large fluctuation and irregularity of some of
the data points in those cases. Since it was not possible
to cover them in the fit, the value of χ2=NðnÞ

data grew
undesirably.

The quality of the QCD fit to DIS and SIDIS asymmetry
data is demonstrated in Figs. 3 and 4. Since we use large
amounts of CLAS DIS data for the proton and deuteron
[19] and they do not situate in the figure, we just show eight
of them for presentation. As can be seen, the data are
generally well described by the curves.

B. Extracted polarized parton distributions

In Fig. 5, we present the polarized parton distributions
and their comparison to the results from DSSV09 [54],
LSS10 [49], and NNPDFpol1.0 [20] at input scale
Q2

0 ¼ 1 GeV2. Since NNPDFpol1.0 is an unbiased analysis
which is used only for inclusive DIS data, and they do not
separate the quark and antiquark distributions, we consider
the comparison of it and our model separately after the
comparison with LSS10 and DSSV09.
Examining the xðδuþ δūÞ and xðδdþ δd̄Þ distributions,

we see that all of the fits are in agreement. For the xδū and

TABLE II. Final parameter values and their statistical errors at the input scale Q2
0 ¼ 1 GeV2; those parameters marked with (*) are

fixed.

Flavor η a b c d

uþ ū 0.783 0.409� 0.0025 2.733� 0.0368 0.0* 80:855� 1.4115
dþ d̄ −0.485 0.123� 0.0036 4.249� 0.0280 0.0* 83:345� 13:9609
ū 0.051� 0.0022 0.409� 0.0025 10.0* 10:016� 13:5510 −32:424� 15:8386
d̄ −0.081� 0.0020 0.123� 0.0036 10.0* 116:235� 81:2783 902:567� 615:0900
s̄ −0.072� 0.0077 0.123� 0.0036 10.0* 0.0* −16:045� 4.7815
g −0.156� 0.0039 2.453� 0.0334 10.0* 0.0* −3.922� 0.0659
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FIG. 3 (color online). Comparison of our NLO QCD results for the DIS asymmetries of the proton, neutron, and deuteron (solid line)
with the data at measured x and Q2. The dashed line is DIS asymmetry with TMC and HT corrections.
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xδd̄ distributions, the curves, especially our model and
DSSV09, are very close; δd̄ is negative for any x in the
measured x region, while δū passes zero around x ¼
0.1–0.2 and becomes negative for large x for all three
models. For the strange sea-quark density xδs, the main
difference between the presented model, LSS10, and
DSSV09 sets is that for x < 0.03, LSS10 is less negative
than the others; also, both the current model and LSS10 are
less positive than DSSV09 for x > 0.03. The other
differences for the distributions come from the fact that
both the DSSV09 and LSS10 analyses use a different
number of data (we use the most and the newest ones), and
DSSV09 uses pp collision data from RHIC which can
impose individual effects on the parton distributions in the
nucleon [54].
Generally, the QCD analyses on polarized high energy

experiments apply some extra constraints on parameter
space, such as DSSV09, LSS10, and our model. The main
reason is that the available experimental data do not fully
cover the kinematics ranges and the behavior of PPDFs
should be controlled. Recently, NNPDF performed QCD
analysis on polarized inclusive DIS data [20] and deter-
mined a new set of polarized PPDFs based on a
Monte Carlo approach. As they mentioned, the neural
networks are used as unbiased interpolants in their analysis.
As shown in Fig. 5, xðδuþ δūÞ and xðδdþ δd̄Þ of

NNPDFpol1.0 are almost comparable with other models,
but the polarized strange sea-quark density xδs is consid-
erably different. The main cause of the difference between
the sea quarks’ behavior is that NNPDF used only inclusive
DIS data and they do not have enough information to
separate the quark and antiquark distributions. The polar-
ized gluon distribution of NNPDFpol1.0 is almost com-
patible with zero for x > 0.01 values, so one can conclude
that the theoretical constraints on the polarized distribution
and the choice of parametrization form have a considerable
effect on the gluon behavior. In addition, we understand
that the role of the polarized gluon distribution in the spin
structure of the nucleon is not known well, and theoretical
constraints have direct effects on the results from different
analyses. Also, including more high energy data sets from
different types of polarized experiments can release the
polarized gluon distribution from extra assumptions. The
effect of SIDIS data and symmetry breaking on polarized
gluon behavior will be discussed more in Sec. VI E.

C. The impact of SIDIS data in determining the
polarized sea-quark distributions

Generally speaking, polarized inclusive DIS data cannot
distinguish δū, δd̄, and δs̄, but δū ¼ δd̄ ¼ δs ¼ δs̄ ¼ δq̄ is
well determined and all the standard scenario NLO QCD
analyses yield a negative value of it for any x in the

-0.4

0

0.4

0.8

1.2

-0.4

0

0.4

0.8

1.2

0.001 0.01 0.1
x

-0.4

0

0.4

0.8

1.2

0.001 0.01 0.1
x

0.001 0.01 0.1
x

0.001 0.01 0.1
x

0.001 0.01 0.1
x

0.001 0.01 0.1
x

-0.4

0

0.4

0.8

1.2
SMC A

1

p,h
+

SMC A
1

p,h
-

SMC A
1

d,h
+

SMC A
1

d,h
-

HERMES A
1

p,h
+

HERMES A
1

p,h
-

HERMES A
1

d,h
+

HERMES A
1

d,h
-

HERMES A
1

p, π+

HERMES A
1

p, π-

HERMES A
1

d, π+

HERMES A
1

d, π-

HERMES A
1

d,k
+

HERMES A
1

d,k
-

COMPASS10 A
1

p, π+

COMPASS10 A
1

p, π-

COMPASS10 A
1

p,k
+

COMPASS10 A
1

p,k
-

COMPASS A
1

d, π+

COMPASS A
1

d, π-

COMPASS A
1

d,h
+

COMPASS A
1

d,h
-

COMPASS A
1

d,k
+

COMPASS A
1

d,k
-

FIG. 4 (color online). Comparison of our NLO QCD results for the SIDIS asymmetries with the data at measured x and Q2.
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measured region [23]. Employing SIDIS data, a flavor
decomposition of the polarized sea quarks is obtained and
the light antiquark polarized densities δū, δd̄, and δs ¼ s̄
are determined separately. Figure 6 shows the difference
between δū, δd̄ in the current analysis compared to other
models and experimental data.
Also, in the present parametrization we use a term

(1þ csx0.5 þ dsx) in the input strange sea-quark distribu-
tion to let a sign change for δs ¼ δs̄, which was not
considered in the standard scenario [21]. The comparison
of polarized light sea-quark distributions ðxδs; xδū; xδd̄Þ
in the standard scenario and current model are presented
in Fig. 7. It shows that the behavior of the polarized
strange-quark density remains puzzling [86].
Note that by having SIDIS data, δs and δs̄ can be

separately determined as was done recently by the
COMPASS Collaboration [56]. However, it was demon-
strated that there is no considerable difference between δs
and δs̄ in the x range covered by their data. Also, the errors
of the presented values of the difference δsðxÞ − δs̄ðxÞ are
quite large to allow us to conclude the assumption δsðxÞ ¼
δs̄ðxÞ like LSS10 and DSSV09. So, the above assumption
and also the form of the fragmentation functions used to
extract PPDFs by different groups may be possible causes

of the contradiction between sea-quark densities obtained
from the analyses of inclusive DIS data and combined
inclusive and semi-inclusive DIS data sets [86].

D. The effect of COMPASS SIDIS data on polarized
sea-quark distributions

As shown in Table I, the measurement of the SIDIS
asymmetries for unidentified charged hadrons was per-
formed by the SMC Collaboration. Then the SIDIS
asymmetries data for charged pion production from a
proton target and for charged kaon and pion production
from a deuteron target were reported by HERMES. These
asymmetries were used in most DIS and SIDIS QCD
analyses, but the SIDIS asymmetry data from COMPASS
are partially employed, especially the new semi-inclusive
COMPASS asymmetries data for scattering of muons from
a polarized proton target for identified charged pion and
kaon production, Ap;π�

1 and Ap;k�
1 [56], which were not

available for the analysis before 2010.
In order to study the effect of COMPASS SIDIS data on

polarized parton distributions, we show the comparison of
our PPDF results extracted from all data sets in Table I, and
the PPDF results extracted by excluding COMPASS SIDIS
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FIG. 5 (color online). The result of our analysis for quark helicity distributions at Q2
0 ¼ 1 GeV2 in comparison with DSSV09 [54],

LSS10 [49], and unbiased NNPDFpol1.0 [20].
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data sets in Fig. 8. As can be seen, COMPASS data have an
effect on δū, δd̄, and δs ¼ δs̄ distributions since π� and k�
are directly related to them. The changes of sea-quark
distributions are considerable in the 0.07 ≤ x ≤ 0.4 region
that is well covered by the new COMPASS data. The
distributions of δuþ δū, δdþ δd̄, and δg are not changed
considerably.

E. Gluon polarization

In order to study the effect of SIDIS data on polarized
gluondistribution,weperformanother analysiswithpositive
polarized gluon distribution. We understand that utilizing
polarized DIS and SIDIS data in the QCD analysis can not
enforce the positive or sign changing polarized gluon
distributions and the data cannot distinguish between these
two scenarios, although the recent analyses which employ
both DIS and SIDIS data (and not pp collision data) could
extract sign changing xδg [49,87]. In Table III we present the
values of obtained parameters in the positive gluon scenario.
We find χ2=d:o:f ¼ 1.02 which is almost equal to the
one obtained from the sign changing gluon scenario
χ2=d:o:f ¼ 1.03. Figure 9 shows the comparison of
PPDFs extracted from positive and sign changing gluon
scenarios. As can be seen, all the distributions are almost not
changed except xδg. Figure 10 shows the gluon distribution
comparison between our previous standard scenario and the
present sea flavor decomposition analysis. As presented,
SU(2) and SU(3) symmetry breaking has a direct effect on
xδgðx;Q2Þ and makes it less. The gluon results of other
models of both standard and light sea-quark decomposition
scenarios are also presented in Fig. 10, and they confirm this
effect too [21,23,31,49,54]. We also calculated the ratio
δg=g, using our extracted PPDFs for polarized gluon dis-
tributions and MRST02 [69] NLO QCD analysis for
unpolarized gluon distributions. In Fig. 11, we present a
comparison for δg=g from LSS10, DSSV09, and our models
(sign changing and positive gluon scenarios) at Q2 ¼
3 GeV2 with measured values from experimental data
[88–92]. Although we do not use the mentioned data in
the current analysis, our results canpredict thedataverywell.

F. The effect of TMC and HT corrections

The polarized DIS structure function presented in
Eq. (16) is corrected by TMC and HT terms as presented
in Eq. (36) in Sec. IV. To see the effect of the correcting
terms, we reperform the analysis using Eq. (36) in DIS
asymmetry presented in Eq. (14). We also add ten higher
twist parameters for the proton and neutron, introduced in
Eq. (39), to the unknown parameters of the fitting pro-
cedure. The values of extracted parameters and HT terms
are shown in Tables IV and V, respectively. We find
χ2=d:o:f: ¼ 1.01 which is a little less than the one obtained
from the QCD fit without the correction and shows that DIS
asymmetry data are slightly better described by including
correction terms. The obtained DIS asymmetries are shown

0.001 0.01 0.1 1
x

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

x(
δu

-δ
d)

(x
,Q

2 )

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

x(
δu

-δ
d)

(x
,Q

2 )

MODEL
DSSV09
LSS10

COMPASS10

Q
2
= 3 GeV

2

HERMES06

Q
2
= 2.5 GeV

2

MODEL

LSS10

DSSV09

GRSV01

GRSV01

FIG. 6 (color online). The quark helicity distributions for the
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in Fig. 3 in comparison with asymmetries without correc-
tions, as we expect some of them are lightly changed at
large x region.
The extracted PPDFs are compared to our model

(without the corrections) in Fig. 12. As can be seen, the
effect of TMC and HT is not remarkable since the
corrections are small and they are just applied on DIS
data. The change of PPDFs is negligible at small x values
and lightly grows at higher x values for xðδuþ δūÞ and
xðδdþ δd̄Þ. Also, the magnitudes of the maximum and
minimum of the functions become slightly larger.

G. Behavior of Δχ 2

For more deliberation, in the preliminary QCD fit
process we let all input parameters vary. While investigat-
ing the behavior of Δχ2, we observe that χ2 increases
consumedly in some points and a big amount of redun-
dance in parameters happens; this redundancy results in
disorder of quadratic behavior of Δχ2. In order to have the
Hessian method work as shown in Sec. V B, we fix some
parameters at their best obtained value so that the Hessian
matrix depends on the number of parameters which are
independent sufficiently for the quadratic behavior of Δχ2;
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TABLE III. Final parameter values and their statistical errors at the input scale Q2
0 ¼ 1 GeV2 for the positive gluon scenario; those

parameters marked with (*) are fixed.

Flavor η a b c d

uþ ū 0.770 0.411� 0.0955 2.760� 0.1356 0.0* 78:145� 39:9149
dþ d̄ −0.498 0.125� 0.0080 4.221� 0.0359 0.0* 67:151� 4.0270
ū 0.051� 0.0004 0.411� 0.0955 10.0* 11:231� 0.4776 −32:425� 0.6351
d̄ −0.081� 0.0003 0.125� 0.0080 10.0* 85:423� 2.4403 915:221� 26:7240
s̄ −0.079� 0.0387 0.125� 0.0080 10.0* 0.0* −15:843� 3.2887
g 0.081� 0.0008 3.958� 0.0326 10.0* 0.0* 25:820� 0.8029
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the detailed fixing and constraints in parameter space were
discussed in Secs. III B and V.
To test the quadratic approximation in Eq. (43), Fig. 13

presents Δχ2 along some random samples of eigenvector
directions and eigenvalues, k ¼ 1, 7, 9, 15. The curves for
middle values of λk¼7;9 are very close to the ideal quadratic
curve Δχ2 ¼ t2, and for other eigenvalues λk¼1;15 we see
some departure from the ideal quadratic curve, which
shows that the quadratic approximation is almost adequate,
though imperfect. The behavior of the same odd curves
which are also available in the other QCD analysis [84]
usually correspond to the parameters controlling some
unknown x dependence parts of sea-quark and gluon
densities.

H. The spin sum rule

In the framework of QCD, the spin 1
2
of the proton can

be defined in terms of the first moment of the total quark
and gluon polarized densities and their orbital angular
momentum,

1

2
¼ 1

2
ΔΣp þ Δgp þ Lp

z ; (52)

where Lp
z contains the total orbital angular momentum of

all partons. The contribution of 1
2
ΔΣþ Δg in the scale of

Q2 ¼ 4 GeV2 is around 0.010 in the present analysis. The
reported values from DSSV09 [54] and LSS10 [49] are
0.026 and −0.212, respectively. For the positive gluon
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The corresponding error bands of them are also shown.
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scenario, LSS obtained 0.419 while our result is 0.367. In
Table VI we compare the values of polarized PDFs’ first
moment in NLO approximation with other recent analyses.
Since the values of 1

2
ΔΣ are almost comparable, we observe

and conclude that the difference between the reported
values of 1

2
ΔΣþ Δg must be caused by different gluon

distributions. Indeed, proliferation in PPDF data for sea
quarks from SIDIS experiments eventuates to more accu-
rate results for gluon distribution than the analysis on DIS
data only, so one cannot yet come to a definite conclusion
about the contribution of the orbital angular momentum to
the total spin of the proton. The estimation of the valence
spin distribution can be written as an accurate relation
obtained from inclusive interactions in the experiments.
Indeed, one obtains the following at LO [93]:

δuv þ δdv ∼
36

5

gd1
ð1 − 1.5ωDÞ

; (53)

which is approximately true at NLO.
Theoretically, the first moment of the polarized valence

distributions, truncated to the measured range of x,
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Γvðxmin < x < xmaxÞ ¼
Z

xmax

xmin

½δuvðxÞ þ δdvðxÞ�dx; (54)

is obtained and shown for the current model and DNS
[52] in Table VII. We obtain for the full measured range of
x in SMC [46], HERMES [15], and COMPASS [93]
experiments

Γvð0.003 < x < 0.7Þ ¼ 0.454; (55)

Γvð0.023 < x < 0.6Þ ¼ 0.445; (56)

Γvð0.006 < x < 0.7Þ ¼ 0.459; (57)

at Q2 ¼ 10, 2.5, and 10 GeV2, respectively. Our value of
Γv confirms the experimental results and the values come
from DNS analysis.
An estimation of the sea-quark first moment contribution

to the nucleon spin can be generated by combining the
values of Γv, ΓN

1 , and a8 [93],

Δūþ Δd̄ ¼ 3ΓN
1 − 1

2
Γv þ

1

12
a8; (58)

where ΓN
1 is defined as the first moment of polarized

structure function g1 for the average nucleon N in an
isoscalar target [gN1 ¼ ðgp1 þ gn1Þ=2]:

ΓN
1 ðQ2 ¼ 10 GeV2Þ ¼

Z
1

0

gN1 ðx;Q2Þ; (59)

and (a8 ¼ 3F −D) is evaluated from semileptonic hyperon
decays. The result is reported to be zero for the COMPASS
experiment, as shown in Table VII. The zero value of Δūþ
Δd̄ suggests thatΔū andΔd̄, if they are not zero, must have
opposite signs. Previous estimations by SMC and
HERMES are comparable with this supposition and are
also given in Table VII. The DNS parametrization, like
the present model, finds a positive value for Δū and a
negative value for Δd̄, almost equal in absolute value.
Opposite signs of Δū and Δd̄ are anticipated in several
models, e.g., in Refs. [31,49,54]; see also [94] and
references therein.

VII. SUMMARY

We have presented a NLO QCD analysis of the polarized
DIS and SIDIS data on the nucleon. During the analysis, we
considered the SU(2) and SU(3) symmetry breaking

TABLE IV. Final parameter values and their statistical errors at the input scale Q2
0 ¼ 1 GeV2, considering TMC and HT corrections;

those parameters marked with (*) are fixed.

Flavor η a b c d

uþ ū 0.796 0.411� 0.0014 2.554� 0.0050 0.0* 98:625� 2.4400
dþ d̄ −0.427 0.135� 0.0017 3.995� 0.1499 0.0* 87:252� 1.4589
ū 0.056� 0.0060 0.411� 0.0014 10.0* 11:251� 14:5676 −30:224� 15:9715
d̄ −0.091� 0.0026 0.135� 0.0017 10.0* 133:343� 12:1680 1022:645� 200:5183
s̄ −0.065� 0.0039 0.135� 0.0017 10.0* 0.0* −18:185� 3.0677
g −0.161� 0.0060 2.413� 0.0236 10.0* 0.0* −4.122� 0.0201

TABLE V. The higher twist parameters hpðxÞ and hnðxÞ
extracted for four knots at 0.1, 0.3, 0.5, and 0.7.

x hpðxÞ hnðxÞ
0.1 0.008� 0.003 0.022� 0.001
0.3 −0.031� 0.001 0.028� 0.002
0.5 −0.052� 0.029 0.046� 0.015
0.7 −0.018� 0.004 0.018� 0.005
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FIG. 13 (color online). Δχ2global as a function of t for some
random sample eigenvectors.

TABLE VI. First moments of polarized PDFs atQ2 ¼ 4 GeV2.
The corresponding DSSV09 and LSS10 values are also
presented.

Fit Δs̄ ΔG ΔΣ

DSSV09 −0.056 −0.096 0.245
LSS10 (δg pos) −0.063 0.316 0.207
LSS10 −0.055 −0.339 0.254
MODEL −0.042 −0.138 0.256
MODEL (δg pos) −0.046 0.245 0.244
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scenario, i.e.,δū ≠ δd̄ ≠ δs̄; since the available experimental
data arenot enough todistinguishδs fromδs̄,we took themto
be equal: δs ¼ δs̄. The role of the semi-inclusive data in
determining the polarized sea quarks was discussed and we
have found also that the polarized gluon density is still
ambiguous; this ambiguity is themain reason that the quark-
gluon contribution into the total spin of the proton is still not
well determined.We have also calculated the error of PPDFs
by the standard Hessian method and investigated the quad-
ratic behavior ofΔχ2. Having extracted the polarized PDFs,
we computed the first moments of them and discussed sum
rules. In general, we have found good agreement with the
experimental data, and our results are in accord with other
determinations,especiallyDSSV09andLSS10whichare the
most precise ones. In conclusion, this demonstrates progress
of the field toward a detailed description of the spin structure
of the nucleon [87,95–99]. The results of our new analysis
applying pp collision data and studying the impact of
fragmentation functions on PPDFs will be presented in a
separate publication very soon.
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APPENDIX A: FORTRAN CODE

A Fortran package containing our polarized parton
distributions xδuvðx;Q2Þ, xδdvðx;Q2Þ, xδgðx;Q2Þ,
xδūðx;Q2Þ, xδd̄ðx;Q2Þ, and xδsðx;Q2Þ at NLO in the
MS scheme can be found online [100] or obtained via
e-mail from the authors. These functions are interpolated
using cubic splines in Q2 and a linear interpolation in
logðQ2Þ. The package includes an example program to
illustrate the use of the routines.

APPENDIX B: N-MOMENT OF ALL POLARIZED
SIDIS WILSON COEFFICIENTS

The transformation of Eq. (33) gives the SIDIS Wilson
coefficients in N-z space:

CqqðN; zÞ ¼ Cf

�
−8δð1 − zÞ þ ~PqqðzÞ ln

Q2

M2
þ L1ðzÞ þ L2ðzÞ þ ð1 − zÞ þ δð1 − zÞ

��
1

N
þ 1

1þ N
− 2γ − 2ΨðNÞ − 2

N

− 2

N þ 1
þ 3

2

�
ln

Q2

M2
þ 1

6

�
3

N2
þ 3

ð1þ NÞ2 þ 6γ

�
γ þ 1

N
þ 1

1þ N

�
þ π2 þ 3ΨðNÞ × ð4γ þΨðNÞÞ

þ3Ψ2ðN þ 2Þ − 6
dΨðNÞ
dN

�
−
�
− 1

N2
þ 1

ð1þ NÞ2 − 2ζð2; N þ 1Þ
�
þ 1

N þ N2

�
− 2ðγ þΨðNÞÞ 1

ð1 − zÞþ
þð1þ zÞðγ þΨðNÞÞ −

�
1

N
þ 1

1þ N

�
1

ð1 − zÞþ
þ 2ð1þ N þ NZÞ

N þ N2
− 2ð1 − zÞ

N þ N2

�
; (B1)

TABLE VII. Evaluations of the first moments Δuv þ Δdv and Δūþ Δd̄ from SMC [46], HERMES [15], and COMPASS [93] data
and also from the DNS analysis [52] and present model truncated to the range of each relevant experiment. The SMC results were
obtained with the assumption of a SU(3) symmetric sea: Δū ¼ Δd̄ ¼ Δs̄.

Δuv þ Δdv Δūþ Δd̄
x range Q2 (GeV2) Exp.Value DNS MODEL Exp.Value DNS MODEL

SMC98 0.003–0.7 10 0.26� 0.21� 0.11 0.386 0.454 0.02� 0.08� 0.06 −0.009 −0.043
HERMES05 0.023–0.6 2.5 0.43� 0.07� 0.06 0.363 0.445 −0.06� 0.04� 0.03 −0.005 −0.040
COMPASS07

0.006–0.7
10

0.40� 0.07� 0.06 0.385 0.459 � � � −0.007 −0.043
0–1 0.41� 0.07� 0.06 � � � � � � 0.0� 0.04� 0.03 � � � � � �
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CgqðN; zÞ ¼ Cf

�
1þ ð1 − zÞ2

z

�
ln

�
Q2

M2
zð1 − zÞ

�
− γ

�
−ΨðNÞ þ zþ 2

1þ 2N − Nz
N þ N2

− 1þ 2N
Nzþ N2z

− 2z
N þ N2

�
; (B2)

CqgðN; zÞ ¼ 1

2

�
δð1 − zÞ

�
− 2 − 2N − ð2þ N þ N2Þðγ þΨðNÞÞ

Nð1þ NÞð2þ NÞ þ 2

2þ 3N þ N2

�

þ 2þ N þ N2

2N þ 3N2 þ N3

�
1

ð1 − zÞþ
þ 1

z
− 2

��
; (B3)

δCqqðN; zÞ ¼ C1
qq − 2Cf

1

N þ N2
ð1 − zÞ; (B4)

δCqqðN; zÞ ¼ C1
qq − 2Cf

1

N þ N2
z; (B5)

δCqgðN; zÞ ¼ 1

2

�
δð1 − zÞ

�
− 2þ ðN − 1Þðγ þΨðNÞÞ

Nð1þ NÞ þ 2

N þ N2

�
þ N − 1

Nð1þ NÞ
�

1

ð1 − zÞþ
þ 1

z
− 2

��
; (B6)

where Cf ¼ 4=3, γ ≃ 0.577216 and

~PqqðzÞ ¼
1þ z2

ð1 − zÞþ
þ 3

2
δð1 − zÞ; (B7)

L1ðzÞ ¼ð1þ z2Þ
�
lnð1 − zÞ
1 − z

�
; (B8)

L2ðzÞ ¼
1þ z2

1 − z
ln z; (B9)

Z
1

0

dzfðzÞðgðzÞÞþ ≡
Z

1

0

dz½fðzÞ − fð1Þ�gðzÞ: (B10)
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