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Observation of ultrahigh energy astrophysical neutrinos and identification of their flavors have been
proposed for future neutrino telescopes. The flavor ratio of astrophysical neutrinos observed on the Earth
depends on both the initial flavor ratio at the source and flavor transitions taking place during propagations
of these neutrinos. The flavor transition mechanisms are well classified with our model-independent
parametrization. We find that a new parameter R≡ ϕe=ðϕμ þ ϕτÞ can probe directly the flavor transition in
the framework of our model-independent parametrization, without the assumption of the νμ-ντ symmetry.
A few flavor-transition models are employed to test our parametrization with this new observable. The
observational constraints on flavor transition mechanisms by the new observable are discussed through our
model-independent parametrization.
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I. INTRODUCTION

The flavor ratios of astrophysical neutrinos should
change as they propagate through vast distance from the
deep universe to the Earth due to neutrino flavor transitions.
The developments in neutrino telescopes [1–5] have
stimulated ideas of using astrophysical neutrinos as the
beam source for probing neutrino flavor transitions [6–27].
Recently, we have proposed a model-independent para-
metrization for flavor-transition mechanisms of astrophysi-
cal neutrinos, which propagate a vast distance from the
source to the Earth [28]. Such a parametrization, referred to
as the Q matrix parametrization, is physical motivated, and
it is a very convenient basis for classifying flavor-transition
models. We have argued that only Q31 and Q33 are
nonvanishing by assuming the conservation of total neu-
trino flux and the validity of νμ-ντ symmetry [29,30]. These
two nonvanishing matrix elements can be probed by
measuring the flavor ratio of astrophysical neutrinos reach-
ing to the Earth.
Detailed discussions on flavor-ratio measurements in

IceCube were first presented in Ref. [8]. As neutrinos
interact with matters to produce observable signals, the
major channel is the changed-current (CC) interaction.
The electron produced through νe CC interaction has a
large interaction cross section with the medium and
produces a shower within a short distance from its
production point. Contrary to the electron, the muon
produced through νμ CC interaction can travel a long
distance in the medium before it loses all its energy or
decays. However, a muon does emit dim light along its

propagation so that only those detectors near to the muon
track can be triggered. As for ντ detection, the ντ-induced
tau leptons behave differently at different energies for a
fixed detector design. For a neutrino telescope such as
IceCube [1], the observable energy range for the double
bang event is 3.3PeV < Eν < 33 PeV. At lower energies,
the observation for ντ event would appear as a shower
event since the two bangs cannot be resolved. For an
undersea experiment, such as KM3NeT [2], the observ-
able energy range for the double bang event is similar. The
ratio RIceCube ≡ ϕμ=ðϕe þ ϕτÞ can be determined by meas-
uring the muon track to shower ratio [8,17], which is an
appropriate observable for underground/undersea neu-
trino telescopes. The νe fraction can be extracted from
the measurement of this ratio by assuming flavor inde-
pendence of the neutrino spectrum and the equality of νμ
and ντ fluxes on the Earth due to the approximate νμ-ντ
symmetry. Given such a capability in IceCube, we
determined the allowed ranges for Q31 and Q33 as
presented in Ref. [28].
As the energy of neutrinos goes higher than a few tens of

PeV, the tau lepton range becomes long enough so that a tau
lepton can pass through the detector without decay but
losing its energy like a muon does. In this case, the signal
for ντ appears like a track event [31]. This leads to the
redefinition of R as R≡ ϕe=ðϕμ þ ϕτÞ, which can be
determined by measuring the ratio of shower events
induced by electron neutrinos to track events by muon
and tau neutrinos. The νμ-ντ symmetry is then not a
necessity to extract the νe composition. The capability to
measure this shower to track ratio in ARA [5] has been
discussed [32]. With this ratio measured, one can infer the
νe composition of the astrophysical high energy neutrino*kcl@mail.cgu.edu.tw
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flux. The discrimination between νe and νμ þ ντ makes
possible the determination of the third row of the Q matrix
and hence the flavor-transition mechanism can be probed.
In this paper, we generalize our previous study to the

case without νμ-ντ symmetry. This paper is organized as
follows. In Sec. II, we review the Q representation and
present how R and the third row of the Q matrix is related
and, hence, the flavor-transition mechanism is determined.
In Sec. III, we address the flavor discrimination between νe
and νμ þ ντ, arguing that the ϕe composition can be
extracted without further distinguishing between νμ and
ντ in the neutrino telescope. This capability makes R a
practical and appropriate observable. Employing the stan-
dard three-flavor oscillation and neutrino decay models as
examples, we present their Q matrices and values of R in
Sec. IV. These results shall pave the way for later
discussions on discriminating different flavor-transition
models with our model-independent parametrization. In
Sec. V, we study allowed ranges for the element of Q31,
Q32, and Q33 for example models. We conclude in Sec. VI.

II. REVIEW ON Q MATRIX FORMALISM

To study neutrino flavor transitions, we describe the
neutrino flavor composition at the source by a normalized
flux Φ0 ¼ ðϕ0;e;ϕ0;μ;ϕ0;τÞT with ϕ0;e þ ϕ0;μ þ ϕ0;τ ¼ 1.
The net effect of flavor-transition processes occurring
between the source and the Earth is represented by the
matrix P such that

Φ ¼ PΦ0; (1)

whereΦ ¼ ðϕe;ϕμ;ϕτÞT is the flux of neutrinos reaching to
the Earth and Pαβ ≡ Pðνβ → ναÞ. In the Q representation,
the neutrino flux at the source can be written as [33]

Φ0 ¼
1

3
V1 þ aV2 þ bV3; (2)

where V1 ¼ ð1; 1; 1ÞT , V2 ¼ ð0;−1; 1ÞT; and
V3 ¼ ð2;−1;−1ÞT . The ranges for the source param-
eters are given by −1=3þ b ≤ a ≤ 1=3 − b and
−1=6 ≤ b ≤ 1=3. For sources with negligible ντ fraction,
a ¼ −1=3þ b. The neutrino flux reaching the Earth is then
given by

Φ ¼ κV1 þ ρV2 þ λV3; (3)

such that [28]

 κ
ρ
λ

!
¼
 Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

! 
1=3
a
b

!
; (4)

where Q ¼ A−1PA with

A ¼
 
1 0 2

1 −1 −1
1 1 −1

!
(5)

In other words, Q is related to P by a similarity trans-
formation where columns of the transformation matrix A
correspond to vectors V1, V2; and V3, respectively. The
parameters κ, ρ, and λ are related to the flux of each
neutrino flavor by

ϕe ¼ κ þ 2λ; ϕμ ¼ κ − ρ − λ; ϕτ ¼ κ þ ρ − λ;

(6)

with the normalization ϕe þ ϕμ þ ϕτ ¼ 3κ. Since we have
chosen the normalization ϕ0;e þ ϕ0;μ þ ϕ0;τ ¼ 1 for the
neutrino flux at the source, the conservation of total
neutrino flux during propagations corresponds to κ ¼
1=3. In general flavor transition models, κ could be less
than 1=3 as a consequence of (ordinary) neutrino decaying
into invisible states or oscillating into sterile neutrinos. To
rewrite Eq. (6) as

ρ ¼ ðϕτ − ϕμÞ; λ ¼ ϕe=3 − ðϕμ þ ϕτÞ=6; (7)

it is clearly seen that, for a fixed a and b, the first row of
matrix Q determines the normalization for the total
neutrino flux reaching the Earth, the second row of Q
determines the breaking of νμ-ντ symmetry in the arrival
neutrino flux, and the third row of Q determines the flux
difference ϕe − ðϕμ þ ϕτÞ=2.
For those models which preserve the total neutrino flux,

one has
P

α¼e;μ;τPαβ ¼ 1. In the Q matrix representation,
these flux-conserving models must give Q11 ¼ 1 and
Q12 ¼ Q13 ¼ 0. The remaining six matrix elements of Q
can be constrained by neutrino telescope measurements.
Second, the approximate νμ-ντ symmetry makes almost
identical the second and third rows of P, i.e.,
ðPμe; Pμμ; PμτÞ ≈ ðPτe; Pτμ; PττÞ and also the second and
third columns of P, i.e., ðPeμ; Pμμ; PτμÞT ≈ ðPeτ; Pμτ; PττÞT .
In the Q matrix representation, these properties render
ðQ21; Q22; Q23Þ ≈ ð0; 0; 0Þ and ðQ12; Q22; Q32ÞT ≈
ð0; 0; 0Þ. In summary, we have seen that the first and
second rows of Q as well as the matrix element Q32 are
already constrained in a simple way by assuming the
conservation of total neutrino flux and the validity of
approximate νμ-ντ symmetry. Hence under these two
assumptions, simply the values for Q31 andQ33 are enough
to classify neutrino flavor-transition models and the frac-
tion of ϕe can be extracted from the track to shower ratio.
One can therefore probe the transition mechanism with the
measurement of the track to shower ratio by neutrino
telescopes.
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III. NEW OBSERVABLE FOR ULTRAHIGH
ENERGY NEUTRINO

It has been demonstrated that [8] the event ratio of
muon tracks to showers can be used to extract the ϕe
fraction of astrophysical neutrinos, i.e., the ratio RIceCube≡
ϕμ=ðϕe þ ϕτÞ, with the approximate νμ-ντ symmetry.
As a result, the relevant elements Q31 and Q33 can be
determined and the flavor-transition mechanism is
tested [28].
However, the νμ-ντ symmetry is broken by the recent

confirmation of nonzero θ13 with its value larger than most
expectations [34–36]. This symmetry is based on the
maximal mixing θ23 and zero θ13. The nonzero θ13 with
relatively large value should benefit the reconstruction of
neutrino flavor ratios at astrophysical sources and the
discrimination between different astrophysical sources of
high energy neutrinos [33]. However, without the νμ-ντ
symmetry, we cannot extract the fraction of ϕe with the
measurement of track to shower event ratio alone and the
flavor-transition models cannot be constrained. In order to
extract the fraction of ϕe and then probe the transition
mechanism with theQmatrix parametrization with nonzero
θ13, we have to further make a difficult measurement of the
flux ratio S IceCube ≡ ϕe=ϕτ [8]. Fortunately, the situation
can be quite different for ultrahigh energy neutrinos.
It has been argued [31] that, for the astrophysical

neutrinos with energies higher than a few tens of PeV,
new flux ratio should be adopted for the measurements of
terrestrial neutrino telescopes. At such high energies, the
tau lepton originated from the tau neutrino behaves like a
track similar to a muon [37] while the electron neutrino still
produces a shower signal. Therefore we are motivated to
define more appropriate flux ratio parameters. Meanwhile,
radio neutrino telescopes, such as the Askaryan Radio
Array (ARA), are proposed to observe cosmogenic neu-
trinos of energy about EeV by detecting Cherenkov radio
emissions. These radiations are emitted by showers origi-
nated from the ultrahigh energy neutrinos interacting with
matter. For cosmogenic neutrinos, the energy of the
CC-induced muon or tau lepton is so high that a muon
or tau lepton not only emits dim lights but also produce
minishowers along its propagation through the detector
fiducial volume. Though the lights emitted from the track
can only trigger the nearby optical detectors, a track event
can be reconstructed for a muon or tau lepton traversing the
detector volume, by detecting the radio emissions from
these minishowers [32]. A νe signal of a single, major
shower is therefore distinguishable from a νμ or ντ track,
composed of a sequence of sub-showers. Moreover, the
shower induced by νe is an electromagnetic shower while
the shower in a νμ or ντ track can be either an electro-
magnetic shower or a hadronic one. These two kinds of
showers emit Cherenkov radiations in different patterns.
The detection of a hadronic signature can further confirm
the existence of a track event.

For Eν > 33 PeV, the ratio R≡ ϕe=ðϕμ þ ϕτÞ is an
appropriate and practical parameter for flavor discrimina-
tion in water (ice) Chenrenkov and radio-wave neutrino
detectors. Although it is difficult to discriminate between νμ
and ντ, the determination of the new parameter R ¼
ϕe=ðϕμ þ ϕτÞ allows one to extract the ϕe fraction without
assuming the νμ-ντ symmetry in radio-wave neutrino tele-
scope experiments.

IV. THE RANGES FOR Q31;32;33

The direct correspondence between the third row of the
Q matrix and the flux ratio R defined for ultrahigh energy
neutrinos implies that the measurement of R is already
enough to probe the flavor-transition mechanism. In the
case of the conservation of the total neutrino flux, one has
Q11 ¼ 1 and Q12 ¼ Q13 ¼ 0. In the high-energy regime,
the remaining elements of Q can be constrained through
measuring the ratio R. For astrophysical sources with
negligible ντ fraction, we have a ¼ −1=3þ b with param-
eters a and b defined in Eq. (2). Therefore the ratio R is a
function of b such that

RðbÞ ¼ −1þ 3

2
½1 − ðQ31 −Q32Þ − 3ðQ32 þQ33Þb�−1;

¼ −1þ 3

2
½1 − f12 − 3f23b�−1; (8)

where

f12 ¼ Q31 −Q32;

f23 ¼ Q32 þQ33: (9)

For the pion and muon-damped sources, respectively,

Rπ ¼ −1þ 3

2
ð1 − f12Þ−1;

Rμ ¼ −1þ 3

2

�
1 − f12 þ

1

2
f23

�−1
: (10)

Solving the above equations, we obtain

f12 ¼ 1 − 3

2
ð1þ RπÞ−1;

f23 ¼ 3ð1þ RμÞ−1 − 3ð1þ RπÞ−1: (11)

The parameters f12 and f23 are good alternatives to Q31

and Q33, respectively. Flavor-transition models can be well
classified by f12 and f23 although observations of only two
different sources cannot completely determine the third row
of the Q matrix. As noted in [28], the Q matrix is related to
the usual flavor-transition matrix P by a similarity trans-
formation. The observation of astrophysical neutrinos can
probe the elements of the Q matrix in a model-independent

PROBING NEUTRINO FLAVOR TRANSITION MECHANISM… PHYSICAL REVIEW D 89, 033002 (2014)

033002-3



fashion. Hence, ðf12; f23Þ is also a model-independent
parametrization of flavor transition.
In the following, we illustrate the ðf12; f23Þ parametri-

zation using a few flavor-transition models as examples.
Discriminating between models with statistical analysis is
presented in the next section.

A. Standard neutrino oscillations

We begin by considering the standard three-flavor
neutrino oscillation, in which the probability matrix P
for astrophysical neutrinos traversing a vast distance is
given by

Pαβ ≡ Pðνβ → ναÞ ¼
X3
i¼1

jUβij2jUαij2; (12)

where Uβi and Uαi are elements of leptonic mixing matrix
for neutrino. The exact form of Pαβ in terms of neutrino
mixing parameters is given in the appendix of Ref. [33].
Since Pαβ ¼ Pβα in this case, one hasP

αPαβ ¼
P

βPαβ ¼ 1. This implies Q21 ¼ Q31 ¼ 0 in
addition to Q11 ¼ 1 and Q12 ¼ Q13 ¼ 0.
For the standard oscillation,

Q31 ¼ 0; Q32 ¼ − 1

2
ðPeμ − PeτÞ;

Q33 ¼
3

2
ð3Pee − 1Þ: (13)

Thus,

f12 ¼
1

2

X3
i¼1

jUeij2ðjUμij2 − jUτij2Þ;

f23 ¼
X3
i¼1

jUeij2ðjUeij2 − jUμij2Þ: (14)

Since θ23 is nearly maximal mixed and θ13 is small, the
parameters can be expanded in powers of ϵ ¼
ð2 cos 2θ23 þ

ffiffiffi
2

p
sin θ13 cos δÞ=9 [28]. To the first order

of ϵ we obtain,

f12 ¼ ϵ≳ 0;

f23 ¼
1

3
− ϵ≲ 1

3
: (15)

B. Neutrino decays

Flavor transitions of astrophysical neutrinos due to
effects of neutrino decays were discussed extensively in
Ref. [6]. The simplest case of neutrino decays is that both
the heaviest (H) and the middle (M) mass eigenstates decay
into the lightest (L) mass eigenstate. If branching ratios of
H → L and M → L are both 100%, the Q matrix is given
by [26]

Q ¼

0
BB@

1 0 0

−3ðjUμjj2 − jUτjj2Þ=2 0 0

jUejj2 − ðjUμjj2 þ jUτjj2Þ=2 0 0

1
CCA; (16)

where j ¼ 1 for the normal mass hierarchy and j ¼ 3 for
the inverted mass hierarchy.
Obviously, f12 ≡Q31 −Q32 ¼ Q31 ¼ ð3jUejj2 − 1Þ=2

and f23 ≡Q32 þQ33 ¼ 0. To the first order of
D2 ≡ sin2θ13, the parameters relevant to observations are
given by

f12 ¼
1

2
−D2;

f23 ¼ 0; (17)

for j ¼ 1 and

f12 ¼ − 1

2
þ 3

2
D2;

f23 ¼ 0; (18)

for j ¼ 3. One may consider generic branching ratios for
H → L and M → L decays. However, the resulting neu-
trino flavor ratio on Earth remains the same in such a
scenario.
We next consider the decay scenario that H decays into

both M and L with branching ratios r and s, respectively,
whileM does not decay into L. Here rþ s ¼ 1 corresponds
to the flux conservation case, which we shall adopt in
the following discussions on decay models. To the first
order of ϵ1 ¼ cos 2θ23 − ð ffiffiffi

2
p

=3Þ sin θ13 cos δ and ϵ2 ¼
ð1=2Þ cos 2θ23 − ϵ1, the parameters relevant to observa-
tions are then given by

f12 ¼
1

6

�
ð1þ sÞ − 1

3
½sðϵ1 þ ϵ2Þ − ϵ2�

�
;

f23 ¼
1

6

�
ð1 − sÞ þ 1

3
½sðϵ1 þ ϵ2Þ − ϵ2�

�
; (19)

for the normal mass hierarchy and

f12 ¼
1

6

�
ðr − sÞ þ 1

3
½ð1 − rþ sÞϵ1 þ 2ϵ2�

�
;

f23 ¼
1

6

�
2 − 1

3
½ð1 − rþ sÞϵ1 þ 2ϵ2�

�
(20)

for the inverted mass hierarchy. Taking into account that
0 ≤ r, s ≤ 1, we obtain the ranges for the parameters
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1

6
þ 1

18
ϵ2 ≤ f12 ≤

1

3
− 1

18
ϵ1;

1

18
ϵ1 ≤ f23 ≤

1

6
− 1

18
ϵ2 (21)

for the normal mass hierarchy and

− 1

6
þ 1

9
ðϵ1 þ ϵ2Þ ≤ f12 ≤

1

6
þ 1

9
ϵ2;

1

3
− 1

9
ðϵ1 þ ϵ2Þ ≤ f23 ≤

1

3
− 1

9
ϵ2 (22)

for the inverted mass hierarchy. For convenience, let us
denote the models described by Eqs. (17) and (18) as dec1
scenario and those by Eqs. (19) and (20) as dec2 scenario.

C. Quantum decoherence

Then, we discuss neutrino flavor transitions affected by
the decoherence effect from the Planck-scale physics [38].
In a three-flavor framework, it has been shown that [39–41]

Pdc
αβ ¼

1

3
þ
�
1

2
e−γ3dðU2

β1 −U2
β2ÞðU2

α1 −U2
α2Þ

þ 1

6
e−γ8dðU2

β1 þ U2
β2 − 2U2

β3Þ

× ðU2
α1 þ U2

α2 − 2U2
α3Þ
�
; (23)

where γ3 and γ8 are eigenvalues of the decoherence matrix
and d is the neutrino propagating distance from the source.
The CP phase in the neutrino mixing matrix U has been set
to zero. Taking γ3 ¼ γ8 ¼ γ, we obtain

Qdc
11 ¼ 1 and Qdc

αβ ¼ e−γdQosc
αβ ; (24)

whereQosc
αβ denotes theQmatrix for the standard oscillation

in Eq. (13). Therefore,

f12 ¼ e−γdϵ0;

f23 ¼ e−γd
�
1

3
− ϵ0

�
; (25)

to the first order of ϵ0 ≡ ϵðδ ¼ 0Þ ¼
ð2 cos 2θ23 þ

ffiffiffi
2

p
sin θ13Þ=9. In the absence of the

decoherence effect, i.e., γ → 0, it is seen that Qdc reduces
to the standard oscillation. In the full decoherence case, i.e.,
e−γd → 0, we have κ ¼ 1 and ρ ¼ λ ¼ 0 such
that ϕe∶ϕμ∶ϕτ ¼ 1∶1∶1.

D. Pseudo-Dirac neutrino

As the last example, let us consider the pseudo-Dirac
neutrino scenario [42–44], in which each mass eigenstate of
active neutrino is accompanied by a sterile neutrino with

degenerated mass. Affected by the existence of sterile
states, the neutrino oscillation has been shown to be [10,27]

Ppd
αβ ¼

X3
i¼1

jUβij2jUαij2cos2
�
Δm2

i

4Eν
LðzÞ

�
; (26)

where Δm2
i is the mass-squared difference between active

and sterile states of the ith mass eigenstate and the distance
LðzÞ is given by

LðzÞ ¼ c
H0

Z
z

0

dz0

ð1þ z0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ z0Þ3 þΩΛ

p ; (27)

with H0 the Hubble constant, Ωm and ΩΛ, the matter and
dark energy densities in units of the critical density,
respectively. Taking Δm2

i ¼ Δm2 for each i, we obtain

Qpd
αβ ¼ cos2

�
Δm2

4Eν
LðzÞ

�
Qαβ: (28)

In the limit of Δm2
i ¼ 0 for each i, the pseudo-Dirac

scenario reduces to the standard oscillation. In the limit
of cosmological distances, LðzÞ ≫ ðΔm2

i =4EνÞ, the oscil-
latory phase term will average out such that Qpd

αβ ¼
ð1=2ÞQosc

αβ .

V. STATISTICAL ANALYSIS

We have shown that the flavor transitions of astrophysi-
cal neutrinos can be classified by the matrix Q and further
parametrized by f12 and f23. In principle, the parameters
f12 and f23 can be determined by measuring the flavor
ratios from two different sources, say, a pion source and a
muon-damped source. Practically, the parameters can only
be constrained up to a range due to limited accuracies of
measurements. Using the measurement of the flux ratio R,
we perform fitting with

χ2 ¼
�
Rπ;th − Rπ;exp

σRπ;exp

�
2

þ
�
Rμ;th − Rμ;exp

σRμ;exp

�
2

; (29)

where quantities with the subscript “exp” are experimen-
tally measured flux ratios while quantities with the sub-
script “th” are theoretically predicted values which depend
on parameters defined in Eq. (9). Furthermore, σRπ;exp

¼
ðΔRπ=RπÞRπ;exp and σRμ;exp

¼ ðΔRμ=RμÞRμ;exp with ΔRπ

and ΔRμ the experimental errors in determining R for
neutrinos coming from a pion source and a muon-damped
source, respectively. Should we be able to observe neu-
trinos from more sources, we have, in general,

χ2 ¼
X
i

χ2i ; (30)

where
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χ2i ¼
�
Ri;th − Ri;exp

σRi;exp

�
2

; (31)

with i denoting different sources of astrophysical neutrinos.
We refer to global analysis by [45,46] for neutrino

mixing parameters (mixing angles and CP phase). Since
the values in both fittings are almost the same, we employ
the values from [45] in our analysis. In Fig. 1, the central
values of f12 and f23 are presented for a few sample
models. The cross represents the standard neutrino oscil-
lation while the others represent different decay models.
The blue and red symbols denote decay models in the
normal and inverted mass orderings, respectively. The
triangles represent models in dec1 scenario while
the others represent sampled models in dec2 scenario.
Among these models, the red triangle, described by
Eq. (18), is located far from all the others and, thus,
anticipated being easily distinguished from other models.
One also expects, from this figure, that decay models for
different mass hierarchies could be distinguished from each
other but the standard oscillation could not be easily
distinguished from the dec2 scenario in the normal
hierarchy. For clarity and convenience, we summarize
our symbols and the corresponding models In Table I.
In this figure, the models of quantum decoherence and

pseudo-Dirac neutrino do not appear. In the two models,
the determination of the parameters, f12 and f23, requires

the knowledge of the propagation distance of the neutrinos.
In other words, the astrophysical source of the neutrinos
and their locations need to be specified. Therefore, every
source will be associated with a set of ðf12; f23Þ and the
model cannot be represented by a unique set of ðf12; f23Þ.
In this paper, we probe neutrino flavor transitions on the
equal footing of diffuse cosmogenic neutrino flux from
generic sources. For diffuse neutrino flux, the information
of the nature and location of the source is not required.
Neutrinos from different sources can be added up to
perform the analysis on the probe of standard oscillation
and/or neutrino decays. In order to probe the quantum
decoherence and pseudo-Dirac neutrino models, the analy-
sis should be performed source by source with the
propagation lengths from different sources taken into
account. Hence, we cannot perform the analysis on the
two models without involving the details of the source as
we do on standard oscillation and neutrino decays.
Therefore, we do not include the quantum decoherence
and pseudo-Dirac neutrino models in the statistical analysis
in this paper. Moreover, it is not practical to accumulate
sufficient neutrino events from a single source by neutrino
telescopes so far to perform the statistical analysis.
To completely determine the relevant parameters and

probe the flavor-transition mechanisms, observations of
two different sources of neutrinos are required. However, to
accumulate enough data from two different sources may
take a long time. As the pion source is the most common
source, we first investigate the possibility of probing flavor-
transition models with the observation of neutrinos from
the pion source alone. In this case, the χ2-fitting formula is
given by

χ2 ¼
�
Rπ;th − Rπ;exp

σRπ;exp

�
2

; (32)

with the accuracy σRπ;exp
¼ ðΔRπ=RπÞ on the measurement

Rπ . For a neutrino telescope like ARA, N, the number of
neutrino events of Oð100Þ is expected in a few years [47].
For ΔR dominated by statistical error, the accuracy
ðΔR=RÞ ¼ ffiffiffiffi

N
p ≃ 10% is assumed.

TABLE I. Plot legend for the symbols in the figures.

Symbol Mechanism Ordering
Branching
Ratio Equation

× Standard oscillation N/A (14)
▴ H↦L; M↦L Normal N/A (17)
▪ H↦M and L s ¼ 1 (19)
♦ s ¼ 0.5
• s ¼ 0
▵ H↦L; M↦L Inverted (18)
□ H↦M and L s ¼ 1 (20)
◊ s ¼ 0.5
∘ s ¼ 0

FIG. 1 (color online). Central values of f12 and f23 for different
flavor-transition models. The black cross represents the standard
oscillation model and others represent different decay models
discussed in the text. The red symbols denote decay models in the
normal mass hierarchy and the blue ones denote those in the
inverted mass hierarchy. The two triangles represent dec1 scenario.
The others represent models in dec2 scenario and are sampled for
branching ratios of s ¼ 0, 0.5, 1 by squares, diamonds and circles,
respectively. The value of ðf12; f23Þ for each model is obtained
from Eqs. (14) and (17)–(20), respectively.
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For the input (true) flavor-transition mechanism as the
standard oscillation model, the fitting region of f12 and
f23 is presented in Fig. 2. Decay models in normal and
inverted hierarchies are tested in the left and right panels,
respectively. Clearly, models in the dec1 scenario are
ruled out since the triangles are located far from the 3σ
areas in both panels. Branching ratio s representing
models in dec2 is also constrained. From the left panel,
it can be seen that the dec2 scenario with the normal
hierarchy can be more easily ruled out. However, models
with the inverted hierarchy cannot be ruled out easily
since no information on f23 can be deduced from the
measurement of Rπ alone.

Having considered the standard oscillation as the input
model, let us now take the dec1 scenario to be the input true
model. The fitting result is shown in Fig. 3. The standard
oscillation model and the models in the dec2 scenario are
ruled out as Rπ measured with the assumed accuracy.
Next, we take the input model to be one of those models

in the dec2 scenario in which the heaviest state decays into
two lighter ones with different branching ratios. The fitted
regions for f12 and f23 are displayed in Fig. 4. The left
panel displays input models in the normal hierarchy and the
right panel displays those in the inverted hierarchy. We
sample, in both hierarchies, three different models with
branching ratios of s ¼ 1, 0.5 and 0 from top to bottom. On

FIG. 2 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 of the standard oscillation with the
measurement of Rπ . The central value ðf12; f23Þ is obtained from Eq. (14). Decay models in the normal hierarchy are tested in the left
panel, while those in the inverted hierarchy are tested in the right panel.

FIG. 3 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 for dec1 scenario with the measurement
of Rπ . The model described by Eq. (17) in the normal hierarchy is the input model in the left panel while the model described by
Eq. (18) in the inverted hierarchy is the input model in the right panel. The inserted figure in the right panel provides a better resolution
for the fitted area.
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FIG. 4 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 for the dec2 scenario with the measurement
of Rπ . The models in the normal hierarchy described by Eq. (19) with branching ratios of s ¼ 1, 0.5 and 0 are fitted in the left panel from
top to bottom, while the models in the inverted hierarchy described by Eq. (20) with branching ratios of s ¼ 1, 0.5 and 0 are fitted in the
right panel from top to bottom.
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the left panel, we find that the standard oscillation can be
ruled out for the input models with branching ratios of s ¼
0.5 and 0. However it cannot be ruled out for an input
model with s ¼ 1. Furthermore, the decay model described
by Eq. (17) is ruled out for input models with branching
ratios of s ¼ 0.5 and 1. However, it cannot be ruled out for
the input model with s ¼ 0. The upper plot on the left panel
indicates that models with s≲ 0.5 are ruled out for an input
model with s ¼ 1. On the right panel, the scenario
described by Eq. (20) cannot be easily distinguished from
the standard oscillation. In addition, the decay models in
dec1 scenario described by Eqs. (17) and (18) are also
ruled out for input models in the dec2 scenario in both
hierarchies.

We next consider the observation from both
the pion source and the muon damped source [48]. The
determinations of both Rπ and Rμ consequently determine
f12 and f23 completely via Eq. (11). Applying the χ2

analysis, Eq. (29), with assumed accuracies σRπ;exp
¼

ðΔRπ=RπÞRπ;exp ¼ σRμ;exp
¼ ðΔRμ=RμÞRμ;exp ¼ 10%, we

probe the flavor- transition models again with simultaneous
measurements of Rπ and Rμ. One dose not need to include
uncertainties of mixing angles θij and CP phase δ, since their
effects are already embedded in f12 and f23. Let us begin by
taking standard neutrino oscillation as the input model. The
fitted region for f12 and f23 is presented in Fig. 5. Under this
measurement accuracy, the decay scenarios can be ruled out
at 3σ level for the normal hierarchy as shown in the left

FIG. 5 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 of the standard oscillation with the
measurements of both Rπ and Rμ. The central value ðf12; f23Þ is obtained from Eq. (14). Decay models in the normal hierarchy are tested
in the left panel while those in the inverted hierarchy are tested in the right panel.

FIG. 6 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 for dec1 scenario with the measurements of
both Rπ and Rμ. The input model in the left panel is in the normal hierarchy described by Eq. (17) while the input model in the right panel
is in the inverted hierarchy described by Eq. (18). The inserted figure in the right panel provides a better resolution for the fitted area.
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FIG. 7 (color online). The fitted 1σ (solid line) and 3σ (dashed line) ranges for f12 and f23 for the dec2 scenario with both Rπ and Rμ.
From top to bottom in the left panel, the models in the normal hierarchy described by Eq. (19) with branching ratios of s ¼ 1, 0.5 and 0
are taken as input models. The input models in the right panel are in the inverted mass hierarchy described by Eq. (20) with branching
ratios of s ¼ 1, 0.5 and 0 from top to bottom.
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panel. But, for the inverted hierarchy, only the model
described by Eq. (18) can be ruled out.
We next take the input models as those in dec1 scenario.

In the left panel of Fig. 6, the input model is that described
by Eq. (17) while the input model in the right panel is that
described by Eq. (18). Both indicate that, with 10%
uncertainties in measurement, standard oscillation and
the models in dec2 scenario can be ruled out.
In Fig. 7, the fitted regions for f12 and f23 are presented

for dec2 scenario in which the heaviest mass state decays
into two lighter ones with different branching ratios. The left
panel displays input models in the normal hierarchy and the
right panel displays those in the inverted hierarchy. We
sample, in both hierarchies, three different models with
branching ratios of s ¼ 1, 0.5 and 0 from top to bottom.
From the left panel, we find that, in the normal hierarchy, the
standard oscillation and the decay model described by
Eq. (17) are ruled out for input models in the dec2 scenario
described by Eq. (19). The decay branching ratio in scenario
described by Eq. (19) are also constrained. For example, the
upper plot on the left panel indicates that models with s≲
0.5 are ruled out in this scenario for an input model with
s ¼ 1. For the inverted hierarchy in the right panel, the
standard oscillation cannot be ruled out for input models in
the dec2 scenario described by Eq. (20). Only the decay
model described by Eq. (18) is ruled out.
For normal mass hierarchy, we conclude that, from

Figs. 5–7, the standard oscillation, the dec1 and dec2
scenarios can be discriminated between one another with
the assumed accuracy of measurement. For inverted mass
hierarchy, only the dec1 scenario can be distinguished from
the standard oscillation and the dec2 scenario while the
latter two cannot be discriminated from each other.

VI. SUMMARY AND CONCLUSIONS

In summary, we have illustrated that, for ultrahigh
energy neutrinos, the neutrino flavor-transition mechanism
can be probed by measuring the νe fraction of the total
neutrino flux. We parametrize the flavor transitions of
propagating astrophysical neutrinos by the matrix Q,
proposed in [26]. In the Q representation, flavor-transition
models are classified by the third row of the Q matrix.
In the limit of exact νμ-ντ symmetry, which we have

adopted in the earlier work [28], one hasQ32 ¼ 0 so that the
relevant matrix elements for classifying flavor-transition
models are Q31 and Q33. In this paper, we generalize our
earlier approach to the case without νμ-ντ symmetry. We
argue that the νe fraction of the total ultrahigh energy
neutrino flux can be extracted by detecting shower-induced
Cherenkov radiation in radio-wave neutrino telescopes. The
new observable, R≡ ϕe=ðϕν þ ϕτÞ, is introduced for flavor
discrimination in these radio-wave neutrino telescopes. We
then argue that this flux ratio is directly related to parameters
f12 ≡Q31 −Q32 and f23 ≡Q32 þQ33. It has been shown
in Fig. 1 that flavor-transition models are well classified by

ðf12; f23Þ. It is clear that f12 and f23 reduce toQ31 andQ33,
respectively, in the limit of exact νμ-ντ symmetry. By
measuring R, the new proposed observable for ultrahigh
energy astrophysical neutrinos, we are able to probe neutrino
flavor-transition models classified by new parameters
ðf12; f23Þ in a model-independent fashion.
To test further the capability of discriminating between

different flavor-transition models, we fit ðf12; f23Þ to mea-
sured ratios Rπ;exp and Rμ;exp using Eq. (23) for a few
illustrative models. The ranges for ðf12; f23Þ are presented
up to the3σ confidence level for three classes of inputmodels.
We first consider the case that only the pion source is
measured. We then discuss the case that both the pion source
and the muon damped source are measured. We have found
that the measurement accuracy of ðΔRπ=RπÞ ¼ 10% is
sufficient to discriminate dec1 scenario described by
Eqs. (17) and (18) from the standard neutrino oscillation
and dec2 scenario given by Eqs. (19) and (20). Though the
accuracies arenot sufficient toentirelydiscriminate among the
standard oscillation model and models in the dec2 scenario,
models within the dec2 scenario can be distinguished from
one another. By including themeasurement of muon damped
sourcewith the same accuracy, ðΔRμ=RμÞ ¼ 10%, thewhole
parameter space ðf12; f23Þ is constrained. However, the
effectiveness for discriminating flavor-transition models is
notmuch improved. This implies that either an observation of
the third source or amore accuratemeasurement is required to
further distinguish between standard neutrino oscillation and
other flavor-transition models.
For cosmogenic neutrinos, one has E2

νdNν=dEν ≃
ð10−8 − 10−9Þ GeV cm−2s−1sr−1 for Eν ≃ 1018 eV [49].
With ARA three-year exposure, the projected number of
neutrino events is around 50 for baseline models or around
150 for strong evolution models. Either case indicates that
the accuracy ðΔR=RÞ ¼ 10% is reachable in a decade of
ARA data taking [47].
We like to point out that the observation of astrophysical

neutrinos from non-ντ sources is never sufficient to
completely determine the third row of the Q matrix. To
determine each of Q31, Q32 and Q33, the observation from
at least one source with nonzero fraction of ντ is required, in
addition to two non-ντsources. Furthermore, the statistical
analysis outlined by Eq. (29) is performed with a precise
knowledge of the neutrino flavor ratio at the source. To take
into account the uncertainty of the neutrino flavor ratio at
the source, the statistical analysis should be refined. We
shall address these issues in a future publication.
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