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We analyze the Weyl invariance constraints on higher spin vertex operators in open superstring theory
describing massless higher spin gauge field excitations in d-dimensional space-time. We show that these
constraints lead to low-energy equations of motion for higher spin fields in AdS space, with the leading-
order f function for the higher spin fields producing Fronsdal’s operator in AdS,. |, despite that the higher
spin vertex operators are originally defined in flat background. The correspondence between the f function
in string theory and AdS,; | Fronsdal operators in space-time is found to be exact for d = 4, while for other
space-time dimensions, it requires modifications of manifest expressions for the higher spin vertex oper-
ators. We argue that the correspondence considered in this paper is the leading order of a more general
isomorphism between Vasiliev’s equations and equations of motion of extended open string field theory,

generalized to include the higher spin operators.
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I. INTRODUCTION

Both string theory and higher spin gauge theories have
been immensely active and fascinating fields for many years.
These two cutting-edge fields are in fact deeply connected to
each other. At this point, our understanding of this connec-
tion is very far from being complete, still leaving many
profound and conceptual questions unanswered. In the
meantime the interplay between higher spins and strings
appears of crucial relevance to fundamental questions such
as underlying reasons behind the AdS/CFT conjecture
holography principle, origin of space-time geometry, and
others (for an incomplete list of references, see Refs. [1-19]).

There exists a number of examples linking string and
higher spin dynamics. It is well known that massless higher
spin modes appear in the tensionless limit of string theory as
the massive vertex operators carrying spin s ~ m? (where m
is the mass). This correspondence has been explored in a
number of insightful papers (e.g., see Refs. [20,21] for some
reviews). This approach has many obvious advantages (it is,
in principle, straightforward to construct higher spin vertex
operators in the massive sector both in bosonic and super-
string theory), however it faces a number of difficulties as
well, many of them related to the fact that, in general, the ten-
sionless limit of string theory is the difficult one to describe.
In particular, it seems hard to recover the full set of
Stuckelberg symmetries when the vertex operators techni-
cally become massless, asa’ — oo. The vertex operators con-
structed in this approach can be used to describe metriclike
Fronsdal fields (rather than the framelike gauge fields in
Vasiliev’s theory [22-27]); therefore fundamental space-
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time symmetries, related to higher-spin currents are not
manifest in this approach. Moreover, while this approach
allows to understand the structure of vertex operators in flat
space-time, itis known to be difficult to extend it to the anti-de
Sitter (AdS) case (e.g., Ref. [28]) since straightforward quan-
tization of strings in the AdS background is not known
beyond the semiclassical limit [29]. At the same time,
AdS geometry appears to be a pertinent and crucial
ingredient in constructing consistently interacting higher
spin theories. Apart from crucial relevance to AdS/CFT cor-
respondence [4,5], understanding higher spin dynamics in
AdS spaceis of special interest to us since it is the AdS geom-
etry that circumvents the limitations of Coleman and
Mandula’s theorem [30,31], leaving the possibility of
constructing consistent higher spin interactions at all orders,
following the Vasiliev equations [32].

In our previous papers, we showed that, apart from the
tensionless limit, higher spin vertex operators describing
emissions of higher spin gauge fields by an open string
also can be constructed at an arbitrary tension value but
at noncanonical ghost pictures [33,34]. These operators
are related to global symmetries present in noncritical
superstring theory, including hidden AdS isometries
and their higher spin extensions, that can be classified
using the formalism of ghost cohomologies [34]. The
generators inducing these symmetries do not mix with
standard Poincare generators, in this sense describing
“symmetries of different world,” coexisting with our
world within “larger” superstring theory, which includes
picture-dependent operators existing at nonzero ghost
numbers, for which the ghost dependence cannot be
removed by picture changing (these states and related
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symmetries, however, have no effect on standard string
perturbation theory).

The hidden symmetry generators can be conveniently
classified in terms of ghost cohomologies H,,. For the sake
of completeness, we briefly remind the reader of the def-
inition of H,, for which the properties were analyzed in a
number of previous works (e.g., see Refs. [33,34]) For each
positive n > 0 H,, is defined as a set of physical [Becchi-
Rouet-Stora-Tyutin (BRST) closed and BRST nontrivial]
vertex operators existing at minimal positive picture n
and above, annihilated by inverse picture-changing trans-
formation at minimal picture n (with the picture transfor-
mations above the picture n generated by usual direct and
inverse picture changings). For each negative n < —3, and
below H, is defined as a set of physical vertex operators
existing at minimal positive picture n and below (i.e.,
n—1, n—2, etc.) annihilated by direct picture-changing
transformation at minimal negative picture n (with the pic-
ture transformations above the picture n generated by usual
direct and inverse picture changings). The cohomologies of
positive and negative orders are isomorphic according to
H,~H_, »,(n>1). Also, Hy by definition consists of
all picture-independent operators (existing at all picture
representations) while H_; and H_, are empty. Thus, all
conventional string theory operators (such as a photon, a
graviton, or Poincare generators) are the elements of H,,
or Hy ® H,. The generators inducing AdS transvections
in the larger string theory are the elements of H; ~ H_3
while the massless closed string vertex operator of
spin 2 bilinear in transvections, H @ H ~H_; @ H_;,
describes gravitational fluctuations around the AdS vac-
uum (see below). Massless open string operators of spin
s > 3 describing framelike gauge fields in Vasiliev’s theory
are the elements of H,_, ~ H_g; their explicit construction
will be given below. The fusion rules describing operator
products between the vertices of different H have the same
structure as the higher spin algebras in AdS space; in other
words, the operator product expansion (OPE) algebra in the
larger string theory constitutes one (very convenient) reali-
zation of AdS higher spin algebras.

Given the global symmetry generators, it is then straight-
forward to construct the appropriate vertex operators in open
and closed string theories describing emissions of massless
particles of various spins (with the open string physical
vertex operators being objects linear in the symmetry gen-
erators and the closed string operators being bilinear in the
symmetry generators). The purpose of this work is to ana-
lyze how AdS geometry emerges in the S-function equa-
tions for the massless higher spin modes in superstring
theory. In the leading order, the Weyl invariance constraints
on the higher spin vertex operators lead to low-energy equa-
tions of motion for massless higher spin fields defined by
the Fronsdal operator in AdS space-time. The AdS structure
of the Fronsdal operator (with the appropriate masslike
terms) emerges, despite the fact that the higher spin vertex
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operators are initially defined in the flat background in
superstring theory. The appearance of the AdS geometry
is directly related to the ghost cohomology structure of
the higher spin vertices and is detected through the off-shell
analysis of the two-dimensional scale invariance of the ver-
tex operators for higher spins. It is crucial that, in order to
see the emergent AdS geometry, one must go off shell, e.g.,
to analyze the scale invariance of the operators in 2 + ¢
dimensions so that the trace T'; of the stress-energy tensor
generating two-dimensional Weyl transformations is no
longer identically zero. Namely, it is the off-shell analysis
of the operators at nonzero H, that allows us to catch cos-
mological-type terms in low-energy equations of motion
while the on-shell constraints on the operators (such as
BRST conditions) do not detect them, only leading to stan-
dard Pauli-Fierz equations for massless higher spins in flat
space. This is a strong hint that, from the string-theoretic
point of view, the appropriate framework to analyze the
higher spin interactions is the off-theory, i.e., string field
theory, with the string field theory (SFT) equations of
motion, QW = UxW, related to Vasiliev’s equations in
unfolding formalism. It is important to stress, however, that
Vasiliev’s equations must be related to the enlarged, rather
than ordinary SFT, with the string field ¥ extended to higher
ghost cohomologies. Higher spin interactions in AdS should
then be deduced from the off-shell string field theory com-
putations involving higher spin vertex operators for
Vasiliev’s framelike fields on the world sheet boundary, with
the appropriate insertions of 7' in the bulk controlling the
cosmological constant dependence. The rest of this paper is
organized as follows. In the next section, we review the hid-
den AdS isometries in noncritical superstring theory and
construction of the vertex operator in H; ® H; based
on these isometries, describing gravitational fluctuations
around the underlying AdS background, and appearance
of the cosmological term in its beta function as a result
of the off-shell scale-invariance condition. Next, we analyze
the Weyl invariance of higher spin operators for massless
spin s fields in Vasiliev’s formalism, constructed in H,_, ~
H_ In this work we mostly limit ourselves to the peculiar
case of the higher spins that are polarized and propagating
along the AdS boundary (which nevertheless is the limit rel-
evant for holography) while also making some comments
regarding the bulk-dependent case. The Weyl invariance,
in the leading order, leads to the low-energy equations of
motion for the higher spins, determined by Fronsdal’s oper-
ator in AdS space. In the concluding section, we outline the
higher order extension of this calculation (currently in
progress) in order to establish the isomorphism between
higher spin vertices in AdS space and off-shell amplitudes
in the extended string field theory with 7',: insertions. The
ultimate aim of this program is to explore the conjectured
isomorphism between equations of extended SFT and
Vasiliev equations that describe higher spin interactions
in an unfolded approach.
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I1. HIDDEN ADS ISOMETRIES AND GRAVITONS IN ADS

The starting point is noncritical superstring theory in flat d-dimensional space-time, with the action given by

SrNS = Smatter T Spe + Spy + Stiouville

S matter —

1

Sbc = 2—/ d2Z<b5C + 585)

T

1 _
Spy = Z/ d*z(poy + poy)

1 _ - ,
Stiouitle = ~ 7~ / d*z2(0pO¢ + O + 04 A+ugeB? (A + F)),

where X" (m = 0, ...d — 1) are the space-time coordinates
and y™ are their world sheet superpartners, b = e °,
¢ = e’ are reparametrization ghosts, y = e¢? % = ¢’y and
P = e %0y = 0fe? aresuperconformal ghosts, ¢, 1, F
are components of the super Liouville field, and the

9—d
5

The action (1) is obviously invariant under global
Poincare symmetries generated by

Liouville background charge is Q =B+ B~! =

Pm — deaXm(Z)

prn = 7{ dz(OXmX") 4 ymym). 2)

The standard physical vertex operators in superstring
theory are the objects that are the elements of H, linear
in Poincare generators P (for open strings) or bilinear
(for closed strings), up to multiplication by the exponent
field ~e?X. For example, the photon operator is
Vo~ ¢$dzll,e?”, and the graviton is V.~
[ d?z10,10,e'PX(z,Z), where II, = 0X,, + i(py)y, at
picture 0, I1,, = e~ %y, at picture —1, etc. The crucial point
is that, apart from obvious Poincare symmetries of flat
space-time, the action (1) also has nonlinear global sym-
metries realizing hidden AdS isometry algebra. Namely,
as a warm-up example, it is straightforward to check the
invariance of Eq. (1) under

8oXm = a(0(e?y ) + 2e"0y,,)
Sy = —a(e?P?X,, +20(e?0X,,))
Say = ae? (y,,0*X™ — 20y,,0X™)

Sab =8,c=5,=0 3)

as well as under the dual version of these transformations,
given by replacing ¢ — —3¢ in the transformation laws for

1 _ _
_E/dzz(axmaxm + l//mal//m + l/_/mal/_/m)

)

X and y; vanishing variations of b, ¢, and y ghosts; and the
transformation of the f ghost given by

2
5 = dge™ Y P 9Py, “)
k=0

where « is a global bosonic infinitesimal parameter, the pol-
ynomials P}m = ¢/ 4% /) are the conformal weight n
operators if f(z) is linear in the ghost fields ¢, y, and ¢ and
F 5 is a dimension-% primary field: F 3= W, 0P X" —
20y,,0X™. The generators of Egs. (3) and (4) are easily
constructed to be given by

10 = f dzerry(2) 5)

for Eq. (3) and

1) = § dzerye) (©)

for Eq. (4). The operator (6) is BRST invariant and nontri-
vial while the operator (5) is not, as it does not commute
with the supercurrent terms of Q. To make Eq. (5) BRST
invariant, one has to modify it with b — ¢ ghost-dependent
terms according to the homotopy K transformation
T — L = KoT, where, in general, T is an operator given
by an integral of dimension-one primary field V, not com-

muting with Qp,.
T = }{ dzV(z),

and the transformation is defined as

KoT =T + (_I)Nj{

N!

e
2ir

(z—w)N:KOVW:(z)

+ 1 %ﬁaN""l[(z—W)NK<Z)]K{Qbrst7 U}’ )

N! | 2iz *
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where w is some arbitrary point on the world sheet, U and
W are the operators defined according to

(Ot V(2)] = 0U(2) + W(z), ®)

K = ce™% )
is the homotopy operator satisfying

{Qbrsth} - 1’
and N is the leading order of the operator product

K(z1)W(22) ~ (21 = 22)"Y (22) + O((z1 —22)V*1).  (10)

In the case of the symmetry generator (5), we have
N = 2. It is straightforward to check that, with the defini-
tion Eq. (7), the operator KoT is BRST invariant. The
homotopy transformation (7) is straightforward to general-
ize for closed string operators, multiplying it by antiholo-
morphic transformation, so that the invariant closed string
operator is KKo [ d’z.... The important property of the K
transformation is the homomorphism relation preserving
the OPE structure constants so that, up to BRST-exact
terms, the OPE structure constants of BRST-invariant oper-
ators KoT'| and KoT, can be read off the OPE of the non-
invariant operators 7, and 7T,, with the appropriate K
transform (7) of the right-hand side (see Ref. [34] for
the proof). Given Egs. (6)—(10), the dual symmetry gener-
ators 73 and KoT+!) belong to isomorphic cohomolo-
gies H_; and H, note that both 7+ and KoT+!) generate
global symmetries in space-time; however, while the non-
invariant operator 7\*1) generates the symmetry transfor-
mations (3) that do not involve the ghost fields b, ¢, and
S, the invariant operator KoT(*!) generates the extended
(complete) version of Eq. (3), which involves all the ghost
fields. Given the definitions (5), (7), the extended space-
time transformations are straightforward to construct; we
will not present their manifest form here for the sake of
brevity. It shall be sufficient to note that, due to the homo-
morphism property [34], the K-transformed symmetry gen-
erators satisfy the same symmetry algebra relations as the
abbreviated noninvariant operators, such as Eq. (12). As a
simple analogy of the above, one can think of the non-
invariant symmetry generators ~ ¢ dzy™y" inducing the
truncated global symmetries of (1) satisfying correct com-
mutation relations for Lorentz rotations in space-time.
However, the abbreviated noninvariant generators only
act on y and not on X. To make them invariant, one has
to add extra terms proportional to [ 9X mxnl so that the
invariant rotation generator satisfies the same symmetry
algebra but now acts on both X and y. We now turn to
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the question of symmetry algebras satisfied by the gener-
ators of the same type as Eqs. (5)—(7). First of all, it is
straightforward to check that, up to BRST-exact terms,
these operators all commute with Poincare generators
(2). The geometrical meaning of the hidden symmetries (3),
(5)—(7) becomes clearer if one considers the vector analogs
of these transformations given by

L™ =Ko f dze? (A0*X™ — 2000X™)
Lt =Ko f dze? (A0* ¢ — 2040¢)

f le//ml//n

Ltm = Kofdz/h,/m. (11)

L™ = Ko

Then, with some effort involving tedious picture-changing
transformations [34], one can show that the operators (11)
realize the AdS,,, isometry algebra:

m n

[ L

v
i, L”P] = —y""LP + y"PL"
(L7 L) =
[L*m LmP) = an+p+,lmpL+n
(L7, LP9) = P LM - (12)

It is worth mentioning that the minus signs on the RHS of
the first two commutators in Eqgs. (11) and (12) appear in a
rather nontrivial way, through a process of cumbersome
OPE calculations [34]. The radial coordinate of the under-
lying AdS,. | space related to the isometry algebra (12) nat-
urally coincides with the Liouville direction [35-37]. The
operators of AdS transvections L™ and L™ are the elements
of H, and can also transformed into isomorphic H_; coho-
mology by replacing Ko § dz — ¢ dz, ¢” — ¢*. The next
step is to construct physical vertex operators based on
isometry generators (3), (5)—(7). Obviously the object of
particular interest is the spin-2 operator in the closed string
sector, bilinear in transvection generators (11), (12), with
appropriate momentum-dependent extra terms to ensure
BRST invariance. As above, for our purposes, we shall
limit ourselves to excitations polarized and propagating
along the AdS boundary (which in our case is simply
orthogonal to the Liouville direction). The construction
in H_3 ® H_; cohomology leads to the following expres-
sion for the operator:
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Vi = Gonlp) / (e 30-30 R RnginX (2, 7)

R™ = Q0P X™ —2040X™

1 1 1
+ip" <§ A+ 584)8/1 — 5/1(647)2 +

where G,,,, is symmetric. The operator on H; ® H; is con-
structed likewise by replacing [d?z —» KKo [d*z and
—3¢ = @, —3p — . Provided that k> = 0, 0 it is straight-
forward to check its BRST invariance with respect to the
flat space BRST operator

1 1
Obrt = f dz <CT —bede =5y, OX" - Zbﬁ) (14)

as well as the linearized diffeomorphism invariance since
the transformation G (p) — G™"(p) + p™e™ shifts hol-
omorphic and antiholomorphic factors of V,_, by terms
BRST exact in small Hilbert space [34]. To identify this
symmetric massless spin-2 state with gravitational fluctua-
tions, however, one needs to analyze the low-energy equa-
tions of motion for G,,,, for which the leading order is
given by the Weyl constraints. We will address this question
in the next section.

III. FLAT VS ADS GRAVITONS: WEYL
INVARIANCE AND COHOMOLOGY
STRUCTURES

As an instructive example, in this section we shall con-
sider in detail the scale-invariance constraints on the oper-
ator (13) of H_3 ® H_; and compare them to those for the
ordinary graviton in superstring theory (1). To see the dif-
ference, let us first recall the most elementary example—the
graviton in bosonic string theory given by

/dQZ/dszzz(Z,Z)V(W,W)

1 [T EwW Z+w
~G d2 dQ ipX ,
mn(p)/ Z/ W|Z—W|Ze < 2 2

1 - +w I4w
— "y p OXSHX! ,
+ 3 1" PPy }< 7 7 )

1 - _
~InA[p> G, (P) =5 (P PiGos(P) + P PuGrs(P)) + 2PmpuD(p)] / d*COXmOX"e'PX (¢, L),

2
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1
(1+3¢%)A (381//pz//p — 28245))

(13)

|
V=aG,, / d*z0X™mOX" e'PX . (15)
The condition [Q,V]=0 leads to constraints,

P*G,n(p) = p"G,,,(p) = 0, related to linearized Ricci
tensor contributions to the graviton’s  function. The com-
plete linearized contribution to the graviton’s f function,
however, is given by f,,, = Rlncarized 4 25 9,D (where
D is the space-time dilaton) with the last term particularly
accounting for the ~e~2P factor in the low-energy effective
action. This term in fact is not produced by any of the on-
shell (BRST) constraints on the graviton vertex operator; to
recover it, one has to analyze the off-shell constraints
related to the Weyl invariance. Namely, the generator
of the Weyl transformations is given by the 7. com-
ponent of the stress energy, which is identically zero on
shell in d = 2 but nonzero in d = 2 + €. The leading-order
contribution to the fB-function of the closed string vertex
operator V is determined by the coefficient in front of

Nﬁ in the midpoint OPE of T..(z,z) and V(w,w)

leading to logarithmic divergence in the integral
~ [dz [ d*WT -(z,Z)V(w, w). In bosonic string theory,
one has

T, ~—0X,,0X™ + 00 + 00(...), (16)
skipping the full-derivative part proportional to the two-
dimensional Laplacian related to background charge, as
it leads to contact terms in the OPE with V, not contributing

to its f function. Using Egs. (15) and (16), one easily
calculates

>{ pROX"DX" —% (p" p OX*BX" + p" p,OX"DX")

(17
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%, { = z + wand identified

the dilaton with the trace of the space-time met-
ric: D(p) ~n"'Gg(p).

For conventional reasons and in order not to introduce
too many letters in this paper, we adopt the same notation,
A, for both the world sheet cutoff and the cosmological
constant in space-time. However, we hope that the distinc-
tion between those will be very clear to a reader from the
context; in particular, in this paper the cutoff shall always
appear in terms of logs, while all expressions in the cosmo-
logical constants are either linear or polynomial.

The coefficient in front of the integral thus determines
the leading-order contribution to the graviton’s f# function.
The first three terms in this coefficient simply give linear-
ized Ricci tensor while the last one proportional to the trace
of the space-time metric determines the string coupling
dependence. All these terms contain two space-time deriv-
atives, and obviously no cosmological-type contributions
appear. The calculation analogous to Eq. (17) is of course
similar in superstring theory, producing the similar answer.
However, in comparison with the bosonic string, the super-
string case also contains some instructive subtlety, which is
useful to observe for future calculations. That is, consider
the graviton operator in superstring theory at the canonical
(—1,—1) picture:

where we introduced In A = |

y(=1-1) :Gmn(p)/d2ze—lp—(7)wml/—/neipX(Z’Z). (18)

The generator of Weyl transformations in superstring
theory is

T:=Tx+T,+Tp.+Tp_,+ Triou
1 - 1 -
= Eaxmaxm - 5 (ay/ml//m + al/_/ml/_/m)
1 - 1 - 1. - _
+ 580‘86—58(p3¢+§3)(3)?+88(- ). (19)

The contribution of Ty to the scale transformation of
Eq. (18) is again easily computed to give
~p?G(p)InAVELY e the gauge fixed linearized
Ricci tensor (with the gauge condition p™G,,, =0
imposed by invariance under transformations of V(==
by worldsheet superpartners of Ty, namely, G,; and
G_,). To compute the contribution from 7', it is convenient
to bosonize y according to

v

wy iy, = et

o tipg=e " (20)

(for simplicity we can assume the number d of dimensions
even without loss of generality) Then the stress-energy
tensor for y is

PHYSICAL REVIEW D 89, 026010 (2014)
d
! 0 bS; 2 dp;0d'. (21
A m T T Od'.
> O™ + 0™ ;dhcb 1)

Writing y; = 3 (e” —e~1), it is easy to compute the
contribution of T, to the § function:

[ #0206 p) [ ety
1 ] , i}
=5 I AG,,(p) / dPLe Pyt ePX (£, 8)
1
=5 In AVELD, (22)

Note the scale transformation by 7', contributes the term
proportional to ~1G,,, with no derivatives, i.e., a “cosmo-
logical-type” term. The cosmological term is of course
absent in the overall graviton’s f# function as the contribu-
tion (22) is precisely cancelled by the scale transformation
of the ghost part of V=1~ by T, = —1[0¢|* + 00(...),

/ d*2T 3, (2,2)Gpn(P) / dPwe Py e X (w, w)

1
=—3 InAVEL-D), (23)

with the minus sign related to that of the ¢-ghost field in the
trace of the stress-energy tensor. So the absence of the cos-
mological term in the graviton’s § function in superstring
theory is in fact the result of the smart cancellation between
the Weyl transformations of the matter and the ghost factors
of the graviton operator at (—1,—1) canonical picture
(despite that the final answer—the absence of the overall
cosmological term— may seem obvious) The same result
of course applies to the graviton operator (18) transformed
to any other ghost picture since it is straightforward to
check that both I" and I'"! are Weyl invariant, up to
BRST-exact terms. The absence of cosmological (or mass-
like) terms in the Weyl transformation laws is actually typ-
ical for any massless operators of H, or Hy ® H; at
nonzero pictures it is the consequence of the cancellation
of Weyl transformations for the matter and the ghosts, as
was demonstrated above. This observation is of importance
since, as it will be shown below, this matter-ghost cancel-
lation does not occur for operators of nonzero H,,’s, in par-
ticular, for the spin-2 operator (13) in closed string theory
and for massless operators for higher spin fields of Vasiliev
type in the open string sector. Namely, we will show that for
the operator (13) the scale-invariance constraints lead to the
cosmological term, while for massless higher spin fields,
the similar constraints lead to the emergence of AdS geom-
etry in Fronsdal’s operator in the low-energy limit. We start
by analyzing the scale transformation of the spin operator
(13) by Tx. The canonical picture for the operator (13)
is (—3,—3). To deduce the transformation law for the

026010-6
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operator (13), it is sufficient to consider the momentum-independent part ~Rg‘1_?8 of the matter factor ~R™R" in (13),

R™ = Ry + ik™(...)

Rl = 10> X™ — 2020X™, (24)

and similarly for R™. Then the straightforward application of Ty to

Gon(p) / dPwe 03T RE Ry (1w, W)

gives

/ 2T (2. 2)Gon(p) / Pwe Ry RuePX (w, )

=InAxG,,(p) / dzC{— %pze_3‘/’_3‘7’R8’R8eipx(C, 0] - épmaz(e_3‘/’/1€ipx(C))e‘3‘7’l_€6’ei1’x(5)

+ % p"od(e 3 02e'PX(£))e PR PX (E) + (c.c.; m<—>n)]}

1 1 .
=InAG,,,(p) / d*¢ (—zpzcs’(} + —pmpq> e3P SPRIRL X + - (25)

2

where we dropped BRST-exact terms and only kept terms
contributing to the G,,,’s f function, skipping those rel-
evant to f functions of the space-time fields other than
G, In addition, for simplicity we skipped the dilaton-type
contributions involving the trace of G,,,; it is, however,
straightforward to generalize the computation to include
the dilaton, accounting for the standard factor of ¢~2? in
the effective action. Comparing the transformation laws
(17) and (25), one easily concludes that the contribution
of Ty transformation to the G,,, # function results in the
linearized Ricci tensor Rlineized Next, consider the contri-
butions from 7, = —1(91A+09A2) and Ty, to B,,. The
analysis is similar to the one for the ordinary graviton oper-
ator (18)—(23); however, the crucial difference is that this
time there is no cancellation between transformations due
to the world sheet matter (Liouville) fermion and the f — y
ghost, observed above. As previously stated, the transfor-
mation of Eq. (25) by T, contributes

Gun(P) / d*7T(z,2) / d*we P PRERGePX (w, w)
1 o
=5 lnAGmn(p)/d2§e_3"’_3"’R81R6‘e”’X(w, w).
(26)

On the other hand, the transformation by 7;_, produces
Gn(P) / d*zTp_,(2.2) / d*we 330 R R 1PX (W, W)

9 o
= =3 N AG,(p) / LR Ry (w, ).

27

where we used the OPE |0¢|*(z,Z)e %73 (w, w)~

|Z_9W|2 e=3=3?(w, w). Unlike the case of the ordinary grav-

iton, the cosmological-type contributions from the scale
transformations of the ghost and the matter part of the oper-
ator (13) no longer cancel each other. As a result, the overall
cosmological term ~(% — %)Gmn appears in the f function of
Eq. (28) for which the leading order is now given by

ﬁmn = Rglr:learized - 8Gmn (28)

(with the extra factor of 2 related to the normalization of the
Ricci tensor). Note that Eq. (28) is written in the units
implying &' = 1 (absorbed in the momentum normalization
in vertex operators). Recovering the  dependence, it is
easy to see that the cosmological constant appearing in
Eq. (28) is related to the AdS radius of the order of the
string length, i.e., the scale where one expects higher spin
symmetry enhancement to occur. In this sense the appear-
ance of higher spin vertex operators, discussed in the next
section, is natural since their zero momentum limits should
correspond to generators of higher spin symmetry algebra.
The emergence of the cosmological term in Eq. (28) is thus
closely related to the ghost cohomology structure of the
operator (13), i.e., to the fact that the canonical picture
for this operator is (—3,—3) while the standard (—1,—1)
picture representation of the ‘“ordinary” graviton does
not exist for Eq. (13).

Collecting Egs. (25)-(27), this altogether allows us to
identify the space-time massless spin-2 G,,, field emitted
by H_; ® H_; with the gravitational fluctuations around
the AdS vacuum. In fact, this is not a surprise since the
operator (13) was originally built as a bilinear of the gen-
erators (11), (12) realizing transvections in AdS. The next
step is to generalize the above arguments to the vertex
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operators for the massless higher spin fields (with s > 3),
which are also the elements of nonzero cohomologies
H, , ~H_,. In analogy with the mechanism generating
the cosmological term in Eq. (28), we expect that the
scale-invariance analysis of these operators shall also lead
to the appearance of the masslike terms in their f functions
(although the operators by themselves are massless). We
shall attempt to show that the “masslike” terms are in fact
related to the AdS geometry couplings of the higher spin
fields, adding up to appropriate AdS Fronsdal operators in
their low-energy equations of motion in the leading order.

IV. HIGHER SPIN OPERATORS: WEYL
INVARIANCE AND g FUNCTIONS

In this section we extend the analysis of the previous sec-
tions to vertex operators describing massless higher spin
excitations in open superstring theory. The space-time
fields emitted by these operators correspond to symmetric
higher spin gauge fields in Vasiliev’s framelike formalism.
The main result of this section is that the leading order of
the f# function for the higher spin operators gives the low-
energy equations of motion determined by Fronsdal oper-
ator in the AdS space, despite the fact that the operators are
initially defined around the flat background. As in the case
of the AdS graviton considered in the previous section, the
information about the AdS geometry is encrypted in the
ghost cohomology structure of the operators. In the frame-
like formalism [22-27], [38—41], a symmetric higher spin
gauge field of spin s is described by collection of two-row
fields Qs—1lr = Q@111+t (x) with 0 <r<s—1 and
the rows of lengths s — 1 and 7. The only truly dynamical
field of those is *~1I° while the fields with 7 # 0, called the
extra fields, are related to the dynamical one through gen-
eralized zero torsion constraints,

Qs—l\t ~ D(t)Qs—l\O, (29)

where D) is a certain order ¢ linear differential operator
preserving the symmetries of the appropriate Yang
tableaux. There are altogether s — 1 constraints for the field
of spin 5. As for the dynamical Q*~'l° field (symmetric in
all the a indices), it splits into two diagrams with respect to
the manifold m index. Assuming the appropriate pullbacks,
the one-row symmetric diagram describes the dynamics
of the metriclike symmetric Fronsdal field of spin s while
the two-row component of Q! can be removed by
appropriate gauge transformation. In the language of string
theory, the higher spin s operators are the elements of
H, , ~H_,. The on-shell (Pauli-Fierz type) constraints
on these space-time fields follow from the BRST-invariance
constraints on the vertex operators while the gauge trans-
formations correspond to shifting the vertex operators by
BRST-exact terms (see Ref. [42] for a detailed analysis).
The zero torsion constraints (29) relating Q! gauge
fields with different ¢ follow from the cohomology
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constraints on their vertex operators V,_, that is, by
requiring that all these vertex operators belong to the
same cohomology H,_, ~ H_; (there are, however, certain
subtleties with this scheme arisingatr =s—lort=s—2
tjat were discussed in Ref. [42] for the s = 3 case). The on-
shell (Pauli-Fierz type) constraints on these space-time
fields follow from the BRST-invariance constraints on
the vertex operators while the gauge transformations corre-
spond to shifting the vertex operators by BRST-exact terms
(see Ref. [42] for a detailed analysis). Furthermore, it turns
out that the vertex operators V_j|, generating the ;'
dynamical fields in space-time are only physical when
Q10 are fully symmetric one-row fields (describing
Fronsdal’s metriclike tensors for symmetric fields of spin
s) while the operators for the two-row (s — 1, 1) fields
are typically the BRST commutators in the small Hilbert
space, and therefore the space-time fields are pure gauge
[42]. This altogether constitutes the dictionary between ver-
tex operators in superstring theory (extended to higher
ghost cohomologies). Finally, the zero torsion constraints
(29) relating Q°~'I" gauge fields with different 7 follow from
the cohomology constraints on their vertex operators V_y;,
that is, by requiring that all these vertex operators belong to
the same cohomology H,_, ~ H_ (with some subtleties at
t =5 —1ort=s—2, mentioned above). The zero torsion
and cohomology constraints involving the t = s — 1 and
s — 2 cases are very interesting and deserve separate con-
sideration; however, we shall not discuss them in this paper
for the sake of brevity.

To understand the meaning of the cohomology con-
straints, it is useful to recall first a much simpler example
known from the conventional Ramond—Ramond sector of
closed superstring theory. Namely, the relation between
cohomology and zero torsion constraints can be thought
of as a symmetric higher spin generalization of a more
elementary and familiar example of standard Ramond—
Ramond vertex operators in closed critical superstring
theory. It is well known that the canonical picture represen-
tation for the Ramond—Ramond operators is given by

VEeR%' 2 ZFaﬂ(P)/dZfoggiaiﬁeil’x(z,z)

F((Xp) = 7251mmmel..,m,,v (30)
where F El’;) is the Ramond-Ramond p-form field strength
(contracted with ten-dimensional gamma matrices). Note
that since the operator (30) is the source of the field strength
(the derivative of the gauge potential) it does not carry
Ramond-Ramond (RR) charge (which instead is carried
by a corresponding Dp-brane). The operator (30) exists
at all the pictures and is the element of H (2—2) cohomology
(which is the superpartner of H(*0) consisting of all picture-
independent physical states). It is, however, possible to
construct the vertex operator that couples to Ramond—
Ramond gauge potential rather than field strength. The
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canonical picture for such an operator is (—3,—3) (or

equivalently (—% ,— %), with the explicit expression given by

1_3

—1
AL =y A 31)

where generically A is arbitrary. The U operator (31) is gen-
erally not the picture-changed version of the V operator (30)

nor is it the element of H272) for general A. To relate

U;é’f%) to VS;R%’%) of Eq. (30) by the picture changing,
Ve = rui, (32)

one has to impose the constraint ¥ = dA that ensures that U
is the physical operator of H (=72, Thus, the cohomology
constraint in U leads to the standard relation between
the gauge potential and the field strength. Similarly, the
generalized H,_, ~ H_,-cohomology constraints on higher
spin operators V_;, for Qs !I* space-time fields lead to
generalized zero torsion constraints (29). Note that for
0<r<s—3, the canonical pictures for Vg, are
2s —t—5~1t+ 3 —2s with the cohomology constraints
Vi € Hi_» ~ H_; inducing the chain (29) of zero torsion
relations.

We are now prepared to analyze the scale-invariance con-
straints for open string vertex operators describing the
Vasiliev-type higher spin fields in space-time. It turns
out that for massless fields of spin s the canonical picture
representation is especially simple for the field with
t = s — 3, that is, for Q*~'5=3, The explicit vertex operator
expression for this field is given by

ay-ag_y|by...by_; —SO—5G
Vi = Qe ’(p)fdze e

Xy Oy Py, ... 0y, 0X,, ... 0K eP*

Qb () K / el D0—(-29

Xy, Py, ...0 Py, 0X,, ...0X _e'PX.
(33)

For s = 3, this immediately gives the operator for the
Fronsdal field considered in Refs. [33,42]. The on-shell
conditions on Q°~'5=3 to ensure the BRST invariance of
Eq. (33) are not difficult to obtain using the BRST charge
(14). The commutation with the Ty component of the
stress-energy part of Oy, leads to the tracelessness of Q
in the a indices, that is, Q=" — 0, which
is the well-known constraint on framelike fields and
to the second Pauli-Fierz constraint of transversality:
paQuar-as2lbi-bs )y — 0 The commutation with the
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T, part of Q. given b —% f dzcOy p™, Tequires
the symmetry of Q in the b indices, as it is easy to
see from the OPE between T, and S, ., ,=
WnOWp, ...08 Py, . —the latter is the primary field of
dimension £, :% (s —2)% only if S is symmetric and
traceless in all indices. While the symmetry in the b indices
is another standard familiar constraint in the framelike for-
malism, the symmetry and tracelessness of m with respect
to the b indices is an extra condition on  that can be
obtained by partial fixing of the gauge symmetries of €.
Given that the above conditions are fulfilled, the commu-
tation with the supercurrent part of Q. produces no new
constraints; however, there is one more condition coming
from the H_g-cohomology constraint on V_j,_3, that is,

:FVS—HS—3 = 0. (34)

This constraint further requires the vanishing of the

mixed trace over any pair of (a,b) = indices:
Ny Qadi-as2lbbr-bes 0 " Fortunately, the gauge sym-

metry of Q is more than powerful enough to absorb this
extra constraint as well. Finally, we are left to consider
the BRST nontriviality conditions on Eq. (33). First
of all, the nontriviality constraint, V3 # { Ot
WS_]|S_3}, where W is some operator in small Hilbert
space, requires either

l/lzngza]...ax,z\bl---bsd ?é 0 (35)

or
Pttt g (36)

since otherwise, generically, there exist operators

s—1
Wy ~ Qb 3 7{ dzer- -0y
k=0

X 81,1/,,] .. .8‘8'_31//;,373 aXal .. .8Xs,1
x 0717k, GO (g, y)e'PX (37)

commuting with the stress tensor part of Q. while, at
the same time, the commutators of the supercurrent part
of Qp with W,_y 5 are proportional to Vi j 3:
{Qurst» Wy_is—3} = a;V,_y|5_3, where a, are some num-
bers (generically, nonzero) and G*) (¢, y) are polynomials
in derivatives of ¢ and y of conformal dimension & ( generi-
cally, inhomogeneous in degree and quite cumbersome)
such that

et~ 017k, G (g, )0y
is a primary field (this is a rather stringent constraint,

which, nevertheless, typically has nontrivial solutions for
generic s; e.g., see Ref. [33] for some concrete examples).
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For this reason, unless one of the nontriviality conditions,
Eq. (35) or Eq. (36), holds, the operators V_;|,_3 are BRST
exact in small Hilbert space; however, if either Eq. (35)
or Eq. (36) are satisfied, the W operators do not commute
with the stress-energy tensor part of Oy, and therefore
their overall commutators with Q. no longer produce
Vs_1)s—3 with the latter now being in BRST cohomology
and physical. However, it is easy to see that out of two pos-
sible nontriviality conditions (35), (36), it is the second one
(36) that must be chosen since the first one clearly violates
the H_;-cohomology condition (34). This immediately
entails the gauge transformations for the Q field,

anl...ax,l\bl...bS% N erill...ax,l\bl...bx,3

+ pmAal-Has—]‘bl"-bs—B’ (38)

that shift V,_;,_3 by BRST-trivial terms irrelevant for
amplitudes and lead to well-known vast and powerful
gauge symmetries possessed by the higher spin fields.
Note that, although all the above analysis has been per-
formed for the operators at negative cohomologies (which
are simpler from the technical point of view), all the above
results directly apply to the corresponding operators at iso-
morphic positive H,_, cohomologies since the explicit iso-
morphism between negative and positive cohomologies is
BRST invariant [33].

To complete our analysis of BRST on-shell constraints
on the higher spin operators of H,_, ~ H_,, we shall com-
ment on the only remaining possible source of BRST trivi-
ality for V_),_3 coming from operators proportional to the
ghost factor ~e2~(+2)¢_ All the hypothetical operators in
the small Hilbert space with such a property are given by

Usfl\s73 _ anl.i.a.‘1h14..h.‘3%dzc6582§e(x+2),,,

x R(2s-2) ((P,)(, G)Wmal//bl - -3S_3l//bx,3

x 0X,,...0X;_je'PX, (39
where R(>~2) is the conformal dimension 2s — 2 polynomial
in derivatives of ¢, y, and ¢ (again, homogeneous in con-
formal weight but not in degree). Indeed, the commutator
of the matter supercurrent part of (., given by
—% 59 dwyy,, 0X™ with U,_|,_3, is zero since the leading
order of the OPE between yy,,0X™(w) and the integrand
of Uy_j|,_3 at a point z is nonsingular, that is, proportional
to (z —w)?, as is easy to check. At the same time, the com-
mutator of U,_,,_3 with the ghost supercurrent part of Oy,
given by —% by~, is nonzero and is proportional to V_y;_3,

{Qbrst’ Us—l\s—3} - /lsVs—3 (40)

(where 4, are certain numbers), provided that the coefficient
05, in front of the leading OPE order of R$~2) and by? is
nonzero:
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- Uzs—2b7/2 (w)
(Z _ W)ZS—Z

+0(z—w)» 306y, #0.  (41)

RZ=2)(2):by*: (w)

Then, provided that the conditions
220 42)
and
0252 # 0 (43)
are both satisfied, the operator V_;|,_3 could be trivial only
if’ the stress-tensor part of Qy commuted with Uy_;_3,
which is only possible if (given the on-shell conditions
on Q described above)
G,(2) = :c0EPEe DR (g, v, 6):(z)  (44)

is a primary field. That is, the OPE of G with the full ghost
stress-energy tensor,

1 1 1
T, = 3 (90)? +§ (9x)? 3 (9g)?
3o 1o
+236+23)( 0%, (45)

is generically given by

+ 0(z—w)°, (46)
w

where y; are numbers and Y (~5—s+h) are operators of con-
formal dimensions —%— s + k. So the V_y|,_3 operators
are trivial only if the constraints

vi=0 k=0,..,2s—1 47)
are fulfilled simultaneously with the conditions (42), (43).
Clearly, for s large enough, the constraints (42), (43),
(47) are altogether too restrictive, leaving no room for
any possible choice of R?*=2)(¢,y,6), so the operators
are nontrivial [of course, provided that Eq. (36) holds as
well]. To see this note that for any large s and given k in
the sum (46) the number of independent operators

.rz . av2s—k
—2 stk d (eV
y(=7s MsoftheorderofNE(i/m

constant, since the number of conformal weight n polyno-
mials is of the order of the number of partitions of n, which,
in turn, is given by the Hardy—Ramanujan asymptotic for-
mula for large n. Summing over k, it is clear that the number

), where a is a certain
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of constraints (47) on G(=2) is asymptotically of the order

of % while the number of independent terms in R(®=2) is of

the order of % so the number of constraints (47) exceeds
the number of possible operators U,_j,_3 by the factor
of the order of \/s. Therefore, all the operators (33) with
large spin values are BRST nontrivial, provided that
Eq. (36) is satisfied. For the lower values of s, however,
the constraints (42), (43), (47) have to be analyzed sepa-
rately. For s = 3, 4 it can be shown that the constraints
(43), (47) lead to polynomials satisfying A, =0, so the
appropriate higher spin operators are physical. For 5 < 10
direct numerical analysis shows the incompatibility of the
conditions (42), (43), (47), with the number of constraints
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exceeding the number of operators of the type (39) posing
a potential threat of BRST triviality, showing that operators
with spins greater than 4 are physical as well.

With the on-shell BRST conditions pointed out, the next
step is to analyze the scale-invariance (off-shell) constraints
on the operators (33). It is instructive to start with the s = 3
case since for s = 3 Q|5 is precisely the Fronsdal field.
Similarly to the closed string case, the Weyl transforma-
tion of V,_y,_3 is determined by the OPE coefficient in
front of the ~|z—7|~% term in the operator product
lim_ ;. T%(z,2)V,_1s—3(7), where 7 is on the world sheet
boundary and, as previously mentioned, the e-expansion
setup is assumed, so Zzz # 0. Starting from the transforma-
tion by Ty = —1 |9X|?, we have

/dZZT?(Z(Z,Z)an‘“Z(p)deeSWWmﬁXalaXazeipx(T)

i 7{ dre30y"0X . 0X e () [ Qi (p) + 2p,p Q" — p p Q. (48)

where we introduced Q), =7, , ZQ”,,,‘ “ (similarly, using Fronsdal’s notations, the “prime” will stand for contraction of a pair
of fiber 0 indices for any other higher spin field below). This gives the part of the leading-order contribution to the spin-3 f
function proportional to Fronsdal’s operator in flat space. The analysis of the contributions by Tgf and by T/Z,Z_ , 1s analogous
to the one performed in the previous section for the AdS graviton operator (13), and the result is

/dzz(Tf,,z,Z) + T;yZ,Z))Qf,,‘az(p)%dfe3‘/’1//’”8Xa18Xazei1’X(1) ~—8 In AQ; xj[dre3(/’1//"16Xa18XazeiPX(T), (49)

where the coefficient in front of Q ensures that the overall
normalization of Eq. (49) is consistent with that of Eq. (48).
As in the case of the cosmological term appearing in the
graviton’s f function (28), the appearance of the masslike
term in the spin-3 $ function (48), (49) is due to the non-
cancellation of the corresponding terms in the Weyl trans-
formation laws for the matter and for the ghost parts, which
in turn is the consequence of the H_; ~ H{-cohomology
coupling of the spin-3 operator. The term (49) in the /3 func-
tion is not, however, a mass term. Namely, combined
together, the contributions (48), (49) give the low-energy
equations of motion for a massless spin-3 field, correspond-
ing to the special case of Fronsdal’s operator in the AdS
space acting on a spin-3 field that is polarized along the
AdS boundary and is propagating along the boundary.

The correspondence between Eq. (49) and the masslike
term in Fronsdal’s operator in AdS,.; is exact for
d =4; to make the correspondence precise for d # 4
requires some modification of the operators of the type
(33) (see the discussion below for the general spin
case).

The next step is to generalize this simple calculation to
the general spin value and to calculate the # functions of the
framelike fields (33). The vertex operators (33) do not gen-
erate Fronsdal’s fields for s > 4 (but rather the derivatives
of Fronsdal’s fields), and explicit expressions for V_j,-
operators for 0 <t <s—4, following from cohomology
constraints, are generally quite complicated. For example,
the manifest form of operators for €, _;,_4 fields at the
canonical (—s — 1) picture is given by

V., ot = QU+t |br...bs 4 (p) ]{ dzef(‘wrl)(pll/mal//h' B .8“‘741//}7"’4

25—3 k—1
< Z T(Zsf3fk)( ) [Z ajaj ank*j X9 + bjajflwqakfjwq , (50)
k=0 J=1
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where a; and b; are certain coefficients and 7(2s=3=5)(

j @) are again certain conformal dimension 2s — 3 — k inhomogeneous
polynomials in the derivatives of ¢. The coefficients and the polynomial structures must be chosen to ensure that the
integrand of Eq. (50) is a primary field of dimension 1, and the picture-changing transformation of the operator (50)
is nonzero, producing an operator at picture —s and at cohomology H_,, so that the hohomology condition on

Eq. (50) produces the zero torsionlike condition relating the framelike fields in Vasiliev’s formalism,

:Fvs—l\s—ét = Vx—1|s—3 + {Qbrst’ }
Qs—l\s—B (p) ~ st—l\s—4(p)’ (51)

so that the transformation of V_;_4 produces the vertex operator proportional to stlgsﬁ% with the space-time field
Qs 173(p) ~ pQ*~1I5=4(p) given by a certain first-order differential operator acting on Q*~!=#(p). The explicit structure
of this operator (giving one of the zero-curvature constraints) is determined by the details of the picture changing; for
example, one of the contributions to Eq. (50) from the picture transformation of the X = 0 term in Eq. (50) results from

the OPE contributions,

e‘/’(Z)e*(.H»l)(/’(W) ~ (Z _ W).H»lefszp <Z_'—TW> 4.

OXa)e ()~ (2 =) (ipter () -

2

(T () () ~ (2 — w)>-2ev (”—W) T 52)

so the leading OPE order of the product of the picture-
changing operator I" ~ —% ey, 0X? + -+ with V4
is ~(z — w)3~%, so to obtain the normally ordered contribu-
tion, relevant to the picture-changing transformation (51),
one has to expand the remaining field y,(z) of I' up to the
order of s — 3 around the midpoint Z£*, which altogether
produces the result proportional to V3, with the
space-time field proportional to the space-time derivative
of Q@~1s=4 [as it is clear from the second OPE in
Eq. (52)]. There are of course many other terms in the
OPE between I" and V,_;,_4, but, provided that all the
coefficients and the polynomial structures in Eq. (50) are
chosen correctly, they all give the result proportional to
V_1)s—3» up to BRST-exact terms and with the zero torsion
condition

2

Qs—l\s—3 ~ aQs—1|s—4

controlled by the picture-changing procedure. The explicit
expressions for the operators with t = s — 5,5 — 6, ... and,
ultimately, for #+ =0 (Fronsdal’s field) are increasingly
complicated for general s. However, to deduce the Weyl-
invariance constraints on massless vertex operators for
Fronsdal’s fields of spin s, we do not actually need to know
the explicit expressions for V_;|o. The key point here is the
mutual independence of the Weyl transformations and the
cohomology constraints on the vertex operators. That is,
the cohomology constraints relate Fronsdal’s operator at
a canonical 3 —2s picture and the operator for the
Qs 11s=3 extra field through

Qﬁznl...akl\bl...bks (p) fdze_wl/’mal//bl -.-3"_3U/bs,33Xa] '_‘aXaHeipX — QU 3 %dZUZI(W%{z:@(p)’ (53)

where U is the integrand of the vertex operator for Fronsdal’s field. Since I" is BRST and Weyl invariant, the relation (53)
allows us to deduce the low-energy equations of motion for Fronsdal’s fields by studying the Weyl transformations of the
operators (33), which are much simpler. The transformations of V,_;,_3 by T% and T/Zf_ , are computed similarly to the
spin-3 case considered above. One easily finds

026010-12



STRING THEORY AND EMERGENT ADS GEOMETRY IN ...

PHYSICAL REVIEW D 89, 026010 (2014)

/ d?7TE (2, 2) Qb () f dre™ Py dyy, .. Py, 0X, ... 0K, ePX

~ lnAj{ dee 0y Oy, ... 0y, 0X, ..0X, ePX

X

[
1
2

and

PR, Pr-o-bes (p) + pZi(ai|ay...a;, )P“‘sz"'ak'l‘b' e

Z2(as—27 as—q |611 FRER) as—3)pakl pa‘kz (Q;n)al rwetslbr---bys (54)

/ dzszf'_y(z, Z)Q;znl...aﬁl|b1...bs73 (p> % dTe—s(pwmawbl B -35—3%.‘,33&, B ‘aXaH eirX

~ —s2Q P b ) lnA}{dze"‘/’l//m&//b] Oy, 0X,,...0X,  ePX. (55)

Here X,(b|a;...a,) and Z,(by, b,|a;....a,) are Fronsdal’s
symmetrization operations [43], acting on free indices,
e.g., Zp(al,...,ap|b1,...,bs)T“"l"“’PHZ""bx, where H is
symmetric, Ssymmetrizes over ay, ...a,; by, ..., by.

To compute the Weyl transform of the y part, it is again
helpful to use the bosonization relations (20), (21). Since

the bosonized ¢; fields carry no background charges [as
it is clear from the stress-energy tensor (21)], the coefficient
in front of the |z —z|? term in the OPE of T3(z,Z) and
Vs_1|s_3(1) coincides with the conformal dimension of
the w-factor, w" Oy, ...0" Py, ,, which is equal to

1 (s—2)% s0

/ JZZT@Z(Z, Z)QZJ cag_y|by...by_;3 (p) f d,l.e—sqawmawbl B -85_34’1%,3 6Xa1 B .axakl eirX

o (S _ Z)QQranl...akl‘bl...bxa (p) IHA% dze—s(pl//mawbl . .85_31//;,%38)(“] . ”axaﬁl ePX ... (56)

(again, with no factor of % due to the normalization chosen
for the kinetic term). The last identity is true as long as the
y factor is a primary field, i.e., the appropriate on-shell con-
ditions are imposed on Q. It is not difficult to see, however,
that the contributions due to the off-shell part are generally
proportional to space-time derivatives of  and its traces,
multiplied by higher spin operators that are not of the form
(33), so these contributions are irrelevant for # functions of

R _ngqu...url (P) +3 (al |a2,

1
— =X (a,_5, a,_
5 2(0572 a, 1|a1

the higher spin fields of Vasiliev’s type (instead, they con-
tribute to the low-energy equations of motion of more com-
plicated higher spin fields, such as those with mixed
symmetries; so these contributions may become important
in various generalizations of Vasiliev’s theory). Collecting
Egs. (54)—(56) and using the cohomology constraint (53),
we deduce that the leading-order f function for the mass-
less Fronsdal fields of spin s is

a2 ds 1t
'as—l)ptp QT

) P (@) — d(s — D@ 57)
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The appearance of the masslike terms is related to the
emergence of the curved geometry already observed in
Eq. (28). Namely, vanishing of the f function (57) gives,
in the leading order, the low-energy effective equations of
motion on Q given by

FrgsQ =0, (58)
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where F 45 is Fronsdal’s operator in AdS,, | space (exactly
for d =4 and with some modifications in other dimen-
sions) for which the action is restricted on higher spin fields
Q polarized along the AdS boundary. Indeed, the explicit
expression for Fronsdal’s operator in AdS,.; [43],
acting on symmetric spin-s fields polarized along the boun-
dary is

(FAdsg>a""a" = VAVAQa"”a" — Z] (al |a2...as)vlv(“‘Q“z"'“”)

1
+§ 22(01,612|a3, .

myh =—A(s—1)(s +d—3),

where A = (a, ) is the AdS, | space-time index (with the
Latin indices being along the boundary and « being the
radial direction)

The cosmological constant in our units is fixed A = —4
to make it consistent with the Weyl transform of the AdS
graviton operator (13). In what follows, we shall ignore the
last term in this operator since, in the string theory context,
it is related to the higher-order (cubic) contributions to the
function, which are beyond the leading-order Weyl invari-
ance constraints. For the remaining part, consider the box

one easily computes

VaVAQ, o (x) = (V, VI +V,V)Q, 4 (x) = (8,0° — As(s + d))Qq, .-

. aS)VaIVaZ (Q/)a}“al‘ _ mégal.“as + 222Aga1a2 (Q/)@...as

(59)

(V?) of Q first. It is convenient to use the Poincare coor-
dinates for AdS:

R2
ds* = — (dy* + dx,dx“). (60)
y
With the Christoffel symbols,
leaz = —F§y5a1a2 = __5a]a2» (61)
Yy
(62)

Substituting Eq. (62) into the AdS Fronsdal operator in the momentum space (with the Fourier transformed boundary

coordinates) gives

(FagsQ(p)) % = —p Qi (p) + Zy(ay|as...as_) p,p® Q"

1

A 22((13—2’ as—q |al’ "'as—3)pa571pakz (Q;n)a]...alh; + A(S + 3— d)'Q“VillmaFl .

2

Thus, the S functions for the V,_jo vertex operators
coincide with AdS Fronsdal operators precisely for the
AdSs case (d = 4). For other values of d, the string theo-
retic calculation of the masslike factor m3 ~ A(s — 1) is
still proportional to s, but there is a discrepancy propor-
tional to d —4. This discrepancy can always be cured,

(63)

however, by suitable modification of the y part of the ver-
tex operators of the type (33). This modification typically
involves the shift of the canonical picture of the operator for
Fronsdal’s field from 2s —3 to 2s —3 + |d — 4| and is
somewhat tedious, but straightforward, with the explicit
form depending on d. However, the shift does not change
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the order of the cohomology, which is still H,_, ~ H_, for
each value of 5. The Regge-style behavior (57) of the mass-
like terms in Fronsdal operators is thus the consequence of
the cohomology structure of the higher spin vertices in the
larger string theory.

V. CONCLUSIONS

We have shown that the massless higher spin operators
(33), although initially constructed around the flat back-
ground in d dimensions, lead to the low-energy higher spin
dynamics in the underlying AdS,,; space, the presence of
which is initially hinted at by the hidden symmetries of the
superstring action (3), (11), (12) and by the cosmological
terms appearing in the f function of the spin-2 operator (13)
identified with the gravitational fluctuations around the
AdS vacuum. In this paper we limited ourselves to the spe-
cial case of vertex operators, describing the space-time
higher spin fields polarized (and propagating) along the
AdS boundary. The generalization to the bulk case involves
switching on the Liouville mode in expressions for the
operators, which accounts for the radial AdS direction.
This generalization shall be important to perform since
hopefully it shall reveal interesting interplay between
AdS geometry and the Liouville central charge in various
dimensions [44] as well as nontrivial relations between
Liouville structure constants and those of higher spin alge-
bra in various dimensions. Another important direction to
explore is related to the higher order corrections to the f
functions of the higher spin operators, mixing the Weyl
transformations with the higher-order vertex operator con-
tributions in the sigma model (1). One obvious complica-
tion that can be seen immediately is that the cohomology
argument (53), allowing us to deduce the f functions for the
Fronsdal fields in the leading order by studying those for
the extra field operators in the framelike formalism, is no
longer valid at higher orders, with the contributions to the /3
functions no longer being linear. At the same time, manifest
expressions for vertex operators for Fronsdal’s higher fields
are generally too complicated to work with in a straightfor-
ward way, unless some structural algorithm may be found.
One could still hope though that, with certain modifica-
tions, the cohomology argument (53) could still work at
higher orders, allowing one to compute the low-energy cou-
plings of Fronsdal’s fields by using the extra field operators
for which the structure is far simpler. We hope to elaborate
on the higher order contributions in the near future, with the
work currently in progress. The off-shell arguments consid-
ered in this paper strongly suggest that the most natural
string-theoretic framework for understanding the structure
of the higher spin interactions at higher orders is the cubi-
clike string field theory, extended to ghost cohomologies of
higher orders, containing the higher spin operators. The rel-
evant objects to compute in such an approach are the off-
shell correlators

PHYSICAL REVIEW D 89, 026010 (2014)
ANN<TZZ"'TZEV51"'VSN>’ (64)

with Vasiliev-type fields being on the world sheet boundary
and the Weyl generators inserted in the bulk. The insertions
of Weyl generators account for the AdS curvature effects in
higher spin interactions, with the number of the insertions
corresponding to the order in the cosmological constant. In
general, this is not an easy computation to get through;
however, at the first nontrivial order in cosmological con-
stant A (with only one T insertion in SFT correlators), the
formalism of Sen—Zwiebach type of open superstring field
theory [45] (extended to higher cohomologies) can hope-
fully be used, at least for the fields of Vasiliev’s type.
The key point here is that equations of extended superstring
field theory ~QWU ~ UxWU hold the information about
higher spin couplings at all orders similarly to Vasiliev’s
equations. In fact, the isomorphism between extended
SFT and Vasiliev’s equations may ultimately be a correct
language to understand higher spin holography in general.
Extended string field theory, as we may hope further, could
be an efficient approach to understand the dynamics and
geometrical aspects of multiparticle generalizations and
of quantum higher spin field theories [7] in general.
Testing S functions for higher spin fields through string
field theory at higher orders, to establish their consistency
with higher spin interactions in AdS should thus provide a
nontrivial check of the conjectured isomorphism between
equations of Vasiliev and the formalism of extended
SFT. If this isomorphism holds, one can hope that the string
field theory formalism will provide an efficient tool to
explore the higher spin holography in general. It would
be particularly interesting to compare the SFT computation
of higher spin couplings with those performed in [10] by
using Vasiliev’s equations. We hope to be able to elaborate
on these issues in future works. Another separate question
of interest is whether, in addition to the AdS isometry (3),
the action (1) also possesses any extra compact isometries
that one could interpret as R symmetry. While the gener-
ators inducing the isometry (3) are the elements of
H, ~ H_5, the isometries that could be interpreted in terms
of R symmetries may be contained in higher order coho-
mologies, such as H, ~ H_, and Hy; ~ H — 5. Examples
of such isometries were particularly considered in
Ref. [46], where they were interpreted in terms of extra
space-time dimensions. Identifying the isometries of this
type with the R symmetries would be particularly
important to ensure that the dual CFT theories are
supersymmetric.
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