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In this work we study a scenario with a warped five-dimensional smooth braneworld with four-
dimensional (4D) Minkowski geometry built from bulk scalar matter nonminimally coupled to gravity
with an additional Gauss-Bonnet term. We present exact solutions for the full braneworld configuration
in contrast to previous results where only approximate solutions were constructed due to the highly non-
linear character of the relevant differential equations. These solutions allow us to study the necessary con-
ditions for the finiteness of the 4D Planck mass and, additionally, enable us to perform a more rigorous
analysis of 4D gravity localization compared to approximate approaches. It is remarkable that all the con-
structed braneworld configurations lead to standard 4D gravity localization since they contain a localized
massless tensor mode (the graviton). We also analyze the localization properties of scalar, vector, and tensor
fluctuation modes for the constructed field configurations. We show that for the considered backgrounds,
only the massless tensor mode, i.e., the 4D graviton, is localized on the brane, while the vector and scalar
modes are not confined to the brane.
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I. INTRODUCTION

Braneworld models [1–9] are an interesting alternative to
the standard Kaluza-Klein compactification. In order to
protect the standard four-dimensional (4D) physics of some
unobserved effects, in the Kaluza-Klein paradigm extra
dimensions are compactified to a tiny size (for a 4D
observer this is equivalent to a very high energy regime).
The braneworld scenario has another approach; in this alter-
native the physics of our 4D world is compatible with the
existence of infinite extra dimensions. In this approach, we
consider that the Standard Model (SM) fields are trapped
on a 4D hypersurface, called a 3-brane (our Universe). In
contrast with ordinary matter, gravity and exotic matter can
reside in the whole higher-dimensional manifold (bulk).
Although the gravitational field can propagate through
all dimensions, one of the first requirements to have real-
istic braneworld models is to recover standard 4D gravity

on the brane. For example, if the induced geometry on
the brane is flat, we need to localize a 4D graviton on
our brane.
The braneworld models are classified with respect to

their width in thin and thick branes. In scenarios with a thin
braneworld [7–9], the curvature scalars are singular at the
location of the branes, which is a direct consequence of the
null width of the branes. In spite of that complication,
the so-called Israel-Lanczos junction conditions [10–12]
make harmless such singularities when we study the locali-
zation of gravity and matter as well as when computing
several effective parameters of the model, as for instance
the 4D Planck mass and the 4D cosmological constant.
Considering that ordinary matter fields are completely

confined on a region with null width is just an approxima-
tion. The phenomenology of the Standard Model is well
known at the electroweak energy scale mEW; therefore,
although the standard matter cannot move freely through
the extra dimensions, it is possible that they can access
to distances r ≤ m−1

EW ∼ 10−19 m without contradictions
with the Standard Model [5]. In other words, there are
more realistic alternatives to thin brane configurations; they
are known, generically, as thick braneworlds or domain
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walls. When the brane has a nontrivial width, there is no
Israel-Lanczos junction condition, and this might be a
mathematical advantage when the action of the model is
complicated (when it contains, for instance, too many mat-
ter fields, nonminimal couplings, higher order curvature
terms, etc).
Thick branes might be constructed by using different

procedures. One of the most evident examples consists
in replacing the delta functions in the action by nonsingular
source functions. Another simple method is by using self-
interacting scalar fields minimally coupled to gravity as
done in [13–23]. A more elaborated procedure to generate
a thick brane configuration is by introducing a nonminimal
coupling between gravity and matter. This kind of inter-
actions arises in several contexts; e.g., it appears naturally
in cosmology, the Brans-Dicke theory, supergravity, and in
all the known effective low-energy string theory models
(see [24] and references therein). Within the framework
of thin braneworlds, the Randall-Sundrum scenario has
been modified by considering bulk self-interacting scalar
fields nonminimally coupled to gravity, for instance, in
[25–30]. Thick brane generalizations of this kind of models
have been considered in [31,32].
The perturbative stability of these nonminimally coupled

brane configurations was explored in Refs. [27,31].
Namely, in [27] the authors performed a stability analysis
of a perturbed trivial scalar field and obtained instability
regions characterized by certain value of the nonminimal
coupling parameter in the conformal limit. Furthermore,
in [31] it was shown that when the scalar field is nontrivial,
the instability region completely disappears under linear
perturbations for any value of the nonminimal coupling
parameter. Later on localization of gravity and various mat-
ter fields was considered in this kind of braneworld con-
figurations in [32], where deformed branes were also
obtained.
On the other hand, it is well known that the standard

Einstein-Hilbert action can be supplemented by higher-
order curvature corrections without generating, in the
equations of motion, terms containing three or higher
order derivatives of the metric with respect to the space-
time coordinates [33]. The particular combination which
satisfies this requirement is known as Gauss-Bonnet
(GB) invariant. Although in 4D this term has a topologi-
cal origin which does not contribute to the classical
equations of motion1, in dimensions higher than four
the GB invariant has a nontrivial contribution to the
dynamical equations [35,36]. In our work the space-time
has five dimensions; on it the Gauss-Bonnet term takes
the following form

R2
GB ¼ RABCDRABCD − 4RABRAB þ R2; (1)

where indices in capital roman letters A;B;C;D range over
the five bulk dimensions.
Another property of the GB combination in dimensions

higher than four is that it leads to a ghost-free theory, fur-
thermore this invariant is present in different higher dimen-
sional models. For instance, in string theory the GB-term
appears in the first string tension correction to the (tree-
level) effective action [37–43].
In the context of braneworld scenarios, the influence of

higher curvature terms in scalar-field-generated thick brane
models has been studied in Refs. [44–54]. In particular,
within the framework of thick braneworld scenarios gener-
ated by a self-interacting minimally coupled scalar field,
the GB invariant has been studied in connection with the
localization properties of the various modes of the geom-
etry in Ref. [44] (see also, for instance, [53]). A next step
towards modifying the above scalar-tensor models of thick
braneworlds, would be to assume a nonminimal coupling of
the scalar field with the curvature Ricci scalar [55–57],
which means that the higher-dimensional gravitational cou-
pling is point dependent. In other words, the gravitational
interactions in the bulk are jointly propagated by the
higher-dimensional graviton and by the scalar field. The
latter drives the strength of gravity by giving a local dynam-
ics to the gravitational coupling. In 4D this kind of coupling
is motivated from requiring compatibility with the Mach
principle [58].
In this work we develop further previous results obtained

in [59], where a 5D thick braneworld is modeled by a
smooth scalar domain wall nonminimally coupled to grav-
ity with a Gauss-Bonnet term on the bulk. The field equa-
tions that describe the thick braneworld dynamics are
difficult when the nonminimal coupling and the Gauss–
Bonnet term are turned on simultaneously. For this reason,
in the articles [28] and [59] the authors were able to obtain
just approximate solutions to the field equations when both
effects are present. Therefore, one of the purposes of our
research is to obtain exact solutions for a 5D thick brane-
world configuration which accounts for both a nonminimal
coupling of the scalar field to gravity and the Gauss-Bonnet
invariant on the bulk.
On the other hand, the geometry of the braneworld

models we shall consider possesses a broken 5D
Poincaré symmetry, but preserves the 4D Poincaré one.
As a consequence of both these facts it follows that the fluc-
tuations of the system can be classified into tensor, vector
and scalar sectors with respect to the symmetry group
SOð3; 1Þ, and all of these sectors possess nontrivial dynam-
ics that, in principle, can influence the 4D phenomenology
of the system.
A careful analysis of the localization of tensor, vector

and scalar fluctuations of the fields that generate a brane-
world configuration needs to have exact solutions at hand,
otherwise we would need to make assumptions on the
behavior of either the warp factor or the scalar field in order

1In scenarios with Ads4 the 4D Gauss-Bonnet term produces
nontrivial results in the conserved quantities of the theory [34].
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to get sensible results (see Sec. VII for details).
Notwithstanding, there is no guarantee of the fulfillment
of these assumptions within a given scalar-tensor system.
For instance, the assumption of certain behavior of the geo-
metrical entities of the model could lead to a divergent
behaviour of the scalar field and, hence, a divergent char-
acter of the effective 4D Planck mass, rendering an ill
model where there is no localization of gravity. There is
no need to mention that the complete and detailed analysis
of the localization properties of all the tensor, vector and
scalar perturbations of the scalar-tensor system that gener-
ates the braneworld model is very involved. Thus, another
aim of this article is the rigorous study of the localization
properties of all the sectors of gravity and matter field fluc-
tuations for the considered scenario with exact field con-
figurations, generalizing previously obtained results in
which only the tensor sector was taken into account
(see [28,59]).
In other words, as an application of the obtained exact

braneworld field configurations we shall perform a study
of the conditions under which we recover (i) a well-defined
effective 4D Planck mass, (ii) a localized tensor zero mode
fluctuation (graviton) that accounts for the observed 4D
general relativity theory, (iii) the presence of vector and
scalar fluctuations that do not considerably alter the low-
energy phenomenology observed in 4D. This is because
general relativity predicts that in empty 4D Minkowski
space-time, the only relevant fluctuations come from the
tensor sector (from the massless mode). Thus, although
in our scenario the scalar and vector sectors are nontrivial,
their effects must be suppressed for a 4D observer on the
brane.2 The delocalized character of nontensor modes pro-
vides a mechanism that protects the low energy physics of
the flat brane from these unwanted effects. In order to
achieve these aims, we shall consider just positive values
for the nonminimal coupling function, a condition which
guarantees an effective positive 4D Planck mass.
The paper is organized as follows: in Sec. II we present

the action of the braneworld configuration along with the
field equations for the proposed metric ansatz. In Sec. III
we obtain the expression for the effective 4D Planck mass
under dimensional reduction starting from the original 5D
action. We then consider, in Sec. IV, a positive valued non-
minimal coupling function for the scalar field by imposing
the condition L > 0, which guarantees a positive effective
4D Planck mass. In particular, we consider a concrete func-
tion that offers a clear dependence of the effective 4D
Planck mass on the nonminimal coupling parameter, a fact
that in turn allows us to easily compare to this magnitude in
the minimally coupled case, when this parameter vanishes.

Moreover, this form of the function L also makes evident
that the scalar field must be bounded, restricting the uni-
verse of mathematically available solutions to those which
are physically meaningful field configurations from the 4D
point of view. We also choose a suitable warp factor for the
metric within this section. We further impose the conditions
for the solutions of the scalar field to possess a mirror sym-
metry along the extra dimension in Sec. V. In this way we
study some general properties that we wish to be present in
our model, essentially, to have a positive and finite 4D cou-
pling constant (the Planck mass), to consider regular warp
factors that avoid the presence of curvature singularities,
and to select physically simple solutions among all the
obtained scalar field configurations. In Sec. VI we con-
struct exact solutions for the highly nonlinear differential
equations for the scalar field, a necessary step for providing
a rigorous study of the consistency and localization proper-
ties of the metric fluctuations of our braneworld configu-
ration. Moreover, these solutions are essential for
analyzing the positiveness of the 4D Planck mass (an indis-
pensable property of any viable theory). In Sec. VII we fur-
ther analyze the perturbations of the geometry which can be
classified into scalar, vector and tensor sectors according to
the 4D Poincaré symmetry group. We establish that both
the scalar and vector sectors are not localized on the brane
in contrast to the 4D tensor massless mode. We finally sum-
marize our results and conclusions at the end of the paper.

II. THE MODEL

Let us explore a thick braneworld described by the fol-
lowing 5D action (a similar set up is studied in references
[31,44]),

S ¼ −
Z

d5x
ffiffiffiffiffi
jgj

p �
L
2κ

R − 1

2
ð∇φÞ2 þ V þ α0R2

GB

�
; (2)

where the constant α0 > 0 and κ ≃ 1=M3, M—the 5D
Planck mass. Besides, φ is a real scalar field and V ¼
VðφÞ its self-interaction potential. The quantity L ¼
LðφÞ describes the nonminimal coupling between the
scalar field φ and the Einstein-Hilbert term and R2

GB is
the 5D Gauss-Bonnet term (1).
In the scalar-tensor gravity theory (2), 15 degrees of

freedom gAB, plus the scalar field φ, propagate the gravi-
tational interaction. Hence, this is not a pure geometrical
theory of gravity. In particular, the metric coefficients
define the geodesic motion of test particles, while the scalar
field determines locally the strength of gravity by means of
the effective gravitational coupling ∝ κ=LðφÞ.
The way the scalar field φ is coupled to the curvature in

the present theory, deserves an independent comment.
Actually, in this paper, just as a matter of necessary sim-
plicity, we have considered explicit coupling of φ to the
curvature scalar R, but not to the Gauss-Bonnet invariant.
Intuition, instead, dictates that the scalar field should

2This reasoning is confirmed by the fact that in a 5D thick bra-
neworld model generated by a scalar field minimally coupled to
gravity, the corrections to the Newton’s law coming from the sca-
lar modes are more suppressed than the corrections arising from
the tensor modes [60].
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couple in a similar fashion to R and to R2
GB, since both

contribute towards the curvature of space-time. This will
be the subject of forthcoming work. We want to underline
that this “asymmetric” coupling has nothing to do with
physical requirements, but just with simplicity of further
mathematical handling since, as we shall see further, the
relevant equations of motion are highly nonlinear.
The Einstein’s field equations that come from the action

(2) take the following form:

LRAB þ ϵQAB ¼ κτAB þ∇A∇BLþ 1

3
gAB□L; (3)

where

QAB ¼ 1

3
gABR2

GB − 2RRAB þ 4RACRC
B þ 4RCDRACBD

− 2RACDERCDE
B (4)

is the Lanczos tensor representing the Gauss-Bonnet
corrections to the Einstein’s field equations, ϵ ¼ 2α0κ,
□≡ gCD∇C∇D, and the stress-energy tensor τAB, corre-
sponding to the scalar matter content on the bulk, is defined
as usual,

τAB ¼ ∂Aφ∂Bφ − 2

3
gABVðφÞ:

The remaining terms in the right-hand side (rhs) of (3)
come from the nonminimal coupling of the scalar field
to the curvature scalar.
Furthermore, the equation that describes the dynamics of

the scalar field (Klein-Gordon equation) can be written as
follows,

□φþ 1

2κ
RLφ þ

dV
dφ

¼ 0; (5)

where Lφ ¼ dL=dφ. As it is done, for instance, in Ref. [61],
the geometry of our braneworld model is described by a
warped metric in conformally flat coordinates,

ds2 ¼ a2ðwÞ½ημνdxμdxν − dw2�; (6)

where we use the signature ðþ − − − −Þ, ημν is the 4D
Minkowski metric, the variable w is the extra coordinate
and all the dimensions are of infinite extend. Due to the
Einstein field equations, the simplicity of our metric ansatz
(6) implies that the field φ depends only on the fifth coor-
dinate w. Thus, the Einstein and Klein-Gordon equations (3)
and (5) give rise to

V þ 3HLφφ
0

κa2
þ 1

2κa2
ðφ00Lφ þ φ02LφφÞ

− 3

2κa2

�
4ϵ

a2
H2ðH2 þH0Þ − ðH0 þ 3H2ÞL

�
¼ 0; (7)

1

κ
Lφφ

00 − 2

κ
HLφφ

0 þ
�
1þ Lφφ

κ

�
φ02 − 3

κ
ðH2 −H0Þq ¼ 0;

(8)

φ00 þ 3Hφ0 − dV
dφ

a2 − 2Lφ

κ
ð3H2 þ 2H0Þ ¼ 0: (9)

Here a prime denotes derivative with respect to the extra
coordinate w (for instance, ϕ0 ¼ dϕ=dw); in addition to this,

H≡ a0

a
; while q≡ L − 4ϵ

a2
H2:

As one can straightforwardly check, the three equations
(7)–(9) are not independent; only two of them are.

III. PLANCK MASSES

In this section we shall derive the 4D effective coupling
constant of our model, the Planck mass, starting from the
5D action (2) through a mechanism called dimensional
reduction. In general, the 4D effective theory can be
obtained by integrating the 5D action with respect to the
fifth coordinate w. In order to do that let us consider a gen-
eralization of the 5D line–element (6) where the 4D
Minkowski metric ημν is replaced by an arbitrary 4D metric
~gμνðxÞ3:

ds2 ¼ a2ðwÞ½~gμνðxÞdxμdxν − dw2�; where x≡ fxμg:
(10)

When performing the integration with respect to the extra
dimension, the 5D fundamental theory is reduced to a 4D
Einstein-Hilbert effective action plus the corrections that
come from the scalar matter and higher curvature terms
of the bulk. In this section we will focus in the analysis
of the 4D Planck mass, therefore we only need to extract
the 4D Einstein-Hilbert effective action after the dimen-
sional reduction of the original 5D action,

S4 ≃M2
Pl

Z
d4x

ffiffiffiffiffiffiffi
j~g4j

p
~R4 þ � � � ; (11)

where the subscript 4 labels quantities computed with
respect to 4D metric ~gμνðxÞ and MPl is the effective 4D
Planck mass.

3In general, the dimensional reduction of the original 5D action
must render a nontrivial 4D Einstein-Hilbert term. Therefore,
such a generalization of the 4D metric is needed because the cur-
vature scalar corresponding to 4D Minkowski space-time van-
ishes. The simplest way to do that it is to replace
ημν↦ημν þ δgμνðxÞ, where δgμνðxÞ is a perturbation of the 4D
Minkowski geometry.
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A method for explicitly finding the 4D effective theory,
in particular the 4D Einstein-Hilbert action, starting from
the 5D one consists in interpreting the warp factor as a con-
formal function as follows [62],

~gAB↦gAB ¼ a2ðwÞ~gABðxÞ ¼ a2ðwÞ
�
~gμνðxÞ 0

0 −1
�
; (12)

and rewriting the 5D action in terms of the quantities
defined with respect to ~gABðxÞ. Equation (11) asserts the
splitting of the quantity ~gABðxÞ into ~gμνðxÞ and gww ¼ −1.
In order to obtain the Einstein-Hilbert part of the 4D

effective action, it is only necessary to consider the above
conformal transformation on the terms −LðϕÞR=2κ and
α0R2

GB in (2). The following expressions display these
quantities after the conformal transformation,

R ¼ a−2ð ~R − 8 ~□ϑ − 12ð ~∇ϑÞ2Þ; (13)

R2
GB ¼ 1

3a4
f ~R2

GB − 12 ~Rð ~∇ϑÞ2 − 24 ~R ~□ ϑ

þ 48 ~RABð ~∇A
~∇Bϑ − ~∇Aϑ ~∇BϑÞ

þ 72½ð ~□ϑÞ2 þ ð ~∇ϑÞ4 − ð ~∇A
~∇BϑÞð ~∇A ~∇BϑÞ�

þ 144ð ~∇A
~∇BϑÞð ~∇AϑÞð ~∇BϑÞ þ 144ð ~∇ϑÞ2 ~□ϑg;

(14)

where ϑ ¼ ln a. The terms with a tilde are defined with
respect to the metric ~gABðxÞ. The next step consists in using
the relations (12)–(14) in order to obtain the effective 4D
Ricci scalar. Therefore, after substituting (13) and (14) into
(2) and integrating the prefactor of the 4D Ricci scalar with
respect to the fifth dimension, the relation between 4D and
5D Planck masses can be written as follows,

M2
Pl ≃M3

Z
∞

−∞
a3ðwÞ

�
Lþ 4ϵ

a2
ðH2 þ 2H0Þ

�
dw

¼ M3

Z
∞

−∞
a3ðwÞqdwþ 8M3ϵ½a0�∞−∞: (15)

It is evident that the MPl explicitly depends on the nonmi-
nimal coupling function L as well as on the Gauss-Bonnet
corrections to the Einstein-Hilbert term parametrized by ϵ.
This quantity should be positive and finite for a consis-

tent theory. Moreover, it should reproduce the effective
gravitational couplings that we observe in our 4D world,
if we wish to recover 4D gravity on the brane.4 Later on
we shall see that these conditions are fulfilled for a wide
class of solutions of our scalar-tensor model.

IV. BACKGROUND GEOMETRY AND
NON–MINIMAL COUPLING

Although our scenario does not impose any restriction on
the functional form of LðφÞ, apart of being positive, here
we shall consider the simple nontrivial coupling function
[25] (see also [31]):

LðϕÞ ¼ 1 − ξ

2
ϕ2: (16)

The choice of the coupling function LðφÞ in the above
expression is inspired in 4D phenomenology [58,63–66].
The parameter ξ characterizes the strength of the nonmini-
mal coupling between scalar matter and gravity. Besides, if
assume small values of the coupling parameter—as it is
implicit in the present paper— and bounded scalar, this
choice reflects the fact that only small deviation from
the case ξ ¼ 0 is being considered. When ξ ¼ 0, the sce-
nario is described by a bulk scalar field minimally coupled
to gravity (it was explored in Ref. [44]). This particular
form of LðφÞ is very simple, however, it still gives us
an idea of the effects of the nonminimal coupling on the
thick brane, furthermore, in contrast with other more com-
plicated ansatze, it is not too hard to solve its associated
field equations. Notwithstanding, it is worth noticing that
one can consider different nonminimal coupling functions
LðφÞ which still are positive and finite that do not restrict
the scalar field and lead to interesting results like deformed
braneworld configurations as in [32]. The important point
here is to avoid getting negative or divergent values for the
integral M2

Pl ∼
R
LðϕðwÞÞa3ðwÞdw since this would imply

an effective 4D coupling constant that does not reproduce
the observed gravitational interactions of our world.
Positivity of L leads to φ2 being bounded from above:

L > 0 ⇒ ϕ2 <
2

ξ
⇒ jϕj <

ffiffiffi
2

ξ

s
(17)

and we will impose this restriction by hand on the field con-
figurations obtained below in order to ensure a positive and
finite value for the effective 4D Planck mass.
In this work, besides, we shall consider a regular geom-

etry of the form (6), which interpolates between two
asymptotically AdS5 space-times, depicted by the follow-
ing warp factor [44]:

aðwÞ ¼ a0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2w2

p ; (18)

where the width of the thick brane is 1=b, and the quantity
a0 is dimensionless and related to the radius of the asymp-
totic AdS5 space-time. All of the resulting quadratic curva-
ture invariants constructed with this warp factor are regular
and asymptotically constant.
Once we have introduced the nonminimally coupling

function (16) and the warp factor (18), we can proceed

4In particular, if the nonminimal coupling funtion LðφÞ in-
creases with the same rapidity as (or faster than) the factor
a−3ðwÞ, then the effective 4D Planck massMPl will diverge, lead-
ing to a theory with unphysical 4D gravitational couplings.
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to solve the field equations (7)–(9). From the mathematical
point of view, these differential equations are conveniently
treated in terms of a dimensionless variable. Therefore, we
shall perform the following change of variable w↦v ¼ bw,
where v is dimensionless. Thus, by using (16) and (18),
Eq. (8) can be rewritten as:

ξφφ00 þ 2ξv
1þ v2

φφ0 þ ðξ − κÞφ02 − 3ξ

2

φ2

ð1þ v2Þ2

¼ − 3

ð1þ v2Þ2 þ
4ϵb2

a20

3v2

ð1þ v2Þ3 ; (19)

where, now, the prime denotes derivative with respect to the
dimensionless variable v. It is difficult to find the general
solution to the above equation, however, several interesting
(particular) exact solutions can be found. Here we shall split
the analysis into three separated cases corresponding to: i) a
scalar field minimally coupled to gravity and including
a 5D Gauss-Bonnet invariant (ξ ¼ 0 and ϵ ≠ 0) [44], ii) a
scalar field nonminimally coupled to curvature without the
Gauss-Bonnet term (ξ ≠ 0 and ϵ ¼ 0), and iii) the more
general situation when both nonlinear effects are present,
i.e., when ξ ≠ 0 and ϵ ≠ 0. Once a given particular (exact)
solution for the scalar field φ ¼ φðvÞ is found, one hence
can write the self-interaction potential as a function of the
(dimensionless) extra-dimensional coordinate v:

VðvÞ ¼ 3b2

2κa20

�
4ϵb2

a0

v2ð2v2 − 1Þ
ð1þ v2Þ2 þ 1 − 4v2

1þ v2

þ ξ

�
ð1þ v2Þðφφ00 þ φ02Þ

− 2vφφ0 −
�
1 − 4v2

1þ v2

�
φ2

2

��
: (20)

The above expression is just a rewriting of Eq. (7) for the
case of interest in this paper, i.e., for the nonminimally cou-
pling function (16) and the warp factor (18).
It is worth mentioning that only when we have φðvÞ and

aðvÞ at hand, we can perform the integration of (15) and
compute the effective 4D Planck massM2

Pl. Moreover, once
φðvÞ and VðφðvÞÞ are given as functions of the dimension-
less variable v, the components of the stress energy tensor
τAB ¼ τABðvÞ, are also known functions of the dimension-
less extra-dimensional variable.

V. MIRROR SYMMETRY

An important remark on the particular solutions we are
looking for is related to the symmetries of the metric coef-
ficients. As mentioned, in the general case when there is a
nonminimal coupling between the scalar field and the cur-
vature scalar (ξ ≠ 0 ⇒ L ¼ LðϕÞ ≠ 1), gravity is propa-
gated both by gAB and by φ. Hence, one should naively
expect that the (real) scalar field, φðvÞ, will respect the

same symmetries as the metric functions gAB. In the remain-
ing part of this section we shall show that, as a matter of
fact, while the latter is a mandatory requirement for the case
when ξ ¼ 0 (in the minimal coupling case), this property is
not present in the general case in which ξ ≠ 0.
In the present case the metric coefficients in (6) inherit

the “mirror" symmetry

v↦ − v ⇒ gABðvÞ ¼ gABð−vÞ; (21)

distinctive of the warp factor (18). In consequence, the ten-
sors RAB, and QAB, in the left-hand side (lhs) of Einstein’s
field equations (3)

RABðvÞ ¼ RABð−vÞ; QABðvÞ ¼ QABð−vÞ; (22)

also respect invariance under (21).
For the minimal coupling case (ξ ¼ 0 ⇒ L ¼ 1), since

the Einstein’s field equations read,

RAB þ ϵQAB ¼ κτAB; (23)

the invariance (22) will entail that, necessarily,
τABðvÞ ¼ τABð−vÞ, which means, in turn, that

VðvÞ ¼ Vð−vÞ; φðvÞ ¼ �φð−vÞ; (24)

where, in the last equality, only one of the two signs, “þ”,
or “−”, is to be chosen at once. In other words, φ can be
either even or odd, under (21).
In the general case ξ ≠ 0 (L ¼ LðφÞ ≠ 1), on the con-

trary, since the coupling function L is multiplying the
Ricci tensor in the lhs of (3), mirror symmetry (21),(22)
is respected only if the additional requirement

LðφðvÞÞ ¼ Lðφð−vÞÞ; (25)

is fulfilled.5 In the case studied in this paper, since L is
quadratic in φ (see Eq. (16)), the latter requirement will
entail, again, that, under (21), φ can be either even, or odd.
In case φ does not show any obvious symmetry

under (21),

φðvÞ ≠ �φð−vÞ ⇒ LðφðvÞÞ ≠ Lðφð−vÞÞ;
the coupling function L counteracts the symmetry dis-
played by RAB and, in consequence, the lhs of (3)—the
pure geometrical part of Einstein’s equations—is not invari-
ant under (21) anymore. Hence, if ξ ≠ 0, mathematical con-
sistency of the solutions does not impose any mirror
symmetry requirement on φ. This can be only an indepen-
dent ad hoc requirement.

5In our analysis we took into account the fact that the operators
∇A∇B, and□ in the rhs of Eq. (3), are invariant under (21). Recall
that, in the present case, there is functional dependence on the
extra-coordinate v only.
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Notwithstanding, in the present paper the symmetry
requirements (21),(22),(25) will be used to select physically
simple solutions among the set of all possible exact solu-
tions we will be able to find. Consequently, we shall take
into consideration only those φ-configurations which are
either even (ϕðvÞ ¼ ϕð−vÞ) or odd (φðvÞ ¼ −φð−vÞ)
under v↦ − v. While for the minimally coupled case it
is legitimate, as shown above, in the case when ξ ≠ 0, it
is not required by mathematical consistency but by sym-
metric aesthetic instead.

VI. EXACT SOLUTIONS

In this section we shall exactly solve the differential
Eq. (19) for certain special cases and present graphics of
the corresponding profiles of the self–interaction potential
given by (20).
As already mentioned, here we shall split the study into

three particular cases:
(A) ϵ ≠ 0 and ξ ¼ 0—minimal coupling.
(B) ξ ≠ 0 and ϵ ¼ 0—nonminimal coupling.
(C) ϵ ≠ 0 and ξ ≠ 0—the general case.
In each case we will rely on a number of mathematical

assumptions so that, after achieving considerable simplifi-
cation, particular exact solutions can be found.

A. Minimal coupling case (ϵ ≠ 0 and ξ ¼ 0)

If one sets ξ ¼ 0 then (19) adopts the following form,

φ02 ¼ 3

κð1þ v2Þ2 −
4ϵb2

κa20

3v2

ð1þ v2Þ3 ; (26)

and can be easily solved. Actually, let us first change to the
variable,

τ ¼ arctanðvÞ⇔v ¼ tanðτÞ; hence sin2τ ¼ v2

1þ v2
;

(27)

so that the derivatives of φ with respect to v and τ are
related by

ð1þ v2Þ d
dv

¼ d
dτ

⇔ð1þ v2Þφ0 ¼ _φ; (28)

where overdots stand for derivatives with respect to τ.
Notice that v ∈� −∞;þ∞½⇒ τ ∈� − π=2; π=2½. In terms
of this new variable, Eq. (26) transforms into the following
first-order equation,

_φ ¼ �
ffiffiffi
3

κ

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ϵb2

a20
sin2τ

s
; (29)

which can be integrated in quadratures to give

φ�ðτÞ ¼ �
ffiffiffi
3

κ

r
Eðsin τ; kÞ þ φ�

0 ; (30)

where

Eðsin τ; kÞ ¼
Z

τ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2sin2ζ

p
dζ; k ¼

ffiffiffiffiffiffiffiffiffiffi
4ϵb2

a20

s

(31)

is the incomplete elliptic integral of the second kind [67],
φ�
0 are arbitrary integration constants, and the � signs re-

present different branches of the solution.
The particular case when a0 ¼

ffiffiffiffiffi
4ϵ

p
b ⇒ k ¼ 1 was

studied in [61], where ϕ�ðτÞ ¼ � ffiffiffiffiffiffiffiffi
3=κ

p
sin τ þ ϕ�

0 , or,
in terms of the dimensionless variable v [see Eq. (27)],

φ�ðvÞ ¼ �
ffiffiffi
3

κ

r
vffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v2
p þ φ�

0 : (32)

As before, the � signs describe two possible branches of
the solution. The scalar field solutions (30),(32), do not
respect invariance under (24) unless the constants φ�

0 are
set to zero, φ�

0 ¼ 0.6 Hence, in order to meet the wished
symmetry requirements mentioned in the Sec. V, the par-
ticular exact solutions of Eq. (19), for the minimally inter-
acting case (ξ ¼ 0), are

φ�ðvÞ ¼ �
ffiffiffi
3

κ

r
E

�
vffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v2
p ; k

�
; k ≠ 1; (33)

φ�ðvÞ ¼ �
ffiffiffi
3

κ

r
vffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v2
p ; k ¼ 1. (34)

The profile of the self-interaction potential V is shown in
Fig. (1). As one can see, V is asymptotically constant and

4 2 2 4
w

6

4

2

2

V

FIG. 1. The self–interaction potential for the case ϵ ≠ 0 and
ξ ¼ 0. In this figure we set k ¼ 1, a0 ¼ 1, b ¼ 1 and κ ¼ 1=2.

6Recall that E ðsin τ; kÞ ¼ −Eð− sin τ; kÞ.
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negative. This result is consistent with the fact that our
geometry (6) is asymptotically AdS5.
Thus, the 4D Planck mass corresponding to the mini-

mally coupled case with Gauss-Bonnet term is

M2
Pl ¼

a30
2bκ

− 4a0bϵ
3κ

¼ a30
2bκ

�
1 − 2k2

3

�
: (35)

This is a finite quantity where the correction coming from
the Gauss-Bonnet invariant is encoded in the second term
of the rhs.

B. Nonminimal coupling case (ξ ≠ 0 and ϵ ¼ 0)

Now when ϵ ¼ 0 in (19) we obtain the following differ-
ential equation,

φφ00 þ 2v
1þ v2

φφ0 þ
�
1 − κ

ξ

�
φ02 − 3

2

φ2

ð1þ v2Þ2

¼ − 3

ξð1þ v2Þ2 : (36)

If we make the same replacement as before v↦τ ¼
arctan v [see Eq. (27)] when ϵ ¼ 0, then Eq. (36) can be
rewritten in the form

φφ̈þ
�
ξ − κ

ξ

�
_φ2 ¼ 3

2
φ2 − 3

ξ
: (37)

Then, without loss of generality, one can make the follow-
ing assumption,

_φ2 ¼ hðφÞ ⇒ φ̈ ¼ 1

2

dhðφÞ
dφ

; (38)

so that Eq. (37) can be written as a first-order differential
equation,

dhðφÞ
dφ

þ 2λ
hðφÞ
φ

¼ 3φ − 6

ξϕ
; (39)

where

λ ¼ ξ − κ

ξ
: (40)

The following expression for hðφÞ solves Eq. (39),

hðφÞ ¼ 3φ2

2ð1þ λÞ −
3

ξλ
þ Cφ−2λ; (41)

where C is an arbitrary constant.
Here, for the sake of simplicity of mathematical han-

dling, we set C ¼ 0 in Eq. (41). Then, after substituting
back (41) into (38), one is left with the following first-order
differential equation:

_φ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2ð1þ λÞ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φ2 − 2ð1þ λÞ

ξλ

s
: (42)

Equation (42) can be integrated in quadratures,

�
Z

dφffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φ2 − 2

ξ

�
2ξ−κ
ξ−κ
	r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ð2ξ − κÞ

s
τ þ C0; (43)

where we have returned to the original parameters ξ and κ
through (40), and C0 is an integration constant which in the
following calculations we fix to meet the imposed sym-
metry requirement (24). Hence, depending on the interval
in ξ parameter, one will obtain different particular exact
solutions,

1. Case 0 < ξ < κ=2

φ�ðτÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðκ − 2ξÞ
ξðκ − ξÞ

s
cos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ðκ − 2ξÞ

s
τ

!
; (44)

or, in terms of the original dimensionless variable [see
Eq. (27)],

φ�ðvÞ ¼ �φ01 cos ðβ arctan vÞ; (45)

where, for compactness of writing, we have intro-
duced the following constants:

φ01 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðκ − 2ξÞ
ξðκ − ξÞ

s
; β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ðκ − 2ξÞ

s
: (46)

The bound (17) on φ2 leads to

φ2
01 ¼

2ðκ − 2ξÞ
ξðκ − ξÞ <

2

ξ
⇒ κ − 2ξ < κ − ξ;

which, for 0 < ξ < κ=2, is always fulfilled. Hence,
positivity of LðφÞ does not impose any additional con-
straint on the parameter ξ.
On the other hand, for the above profile of the field the
self–interaction potential is constant and negative at
w → ∞ (see Fig. 2).
The corresponding effective 4D Planck mass for this
case reads

M2
Pl ¼

a30
2bðκ − ξÞ

�
1þ ðκ − 2ξÞ2 cos ðβπÞ

κð8ξ − κÞ
�
; (47)

which is finite and positive since L > 0 within the in-
terval 0 < ξ < κ=2.
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2. Case κ=2 < ξ < κ

φ�ðτÞ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2ξ−κÞ
ξðκ−ξÞ

s
sinh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ð2ξ−κÞ

s
τ

!
: (48)

This solution can be expressed in the language of the
dimensionless variable v ¼ bw,

φ�ðvÞ ¼ �φ02 sinhðβ arctan vÞ; (49)

where

φ02 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2ξ − κÞ
ξðκ − ξÞ

s
:

The positive character of L within the above men-
tioned interval, κ=2 < ξ < κ, renders the following
condition for any value of τ,

sinh2
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ξ

2ð2ξ − κÞ

s
τ

!
<

�
κ − ξ

2ξ − κ

�
: (50)

In principle, this inequality can be fulfilled around the
point where τ vanishes,

0 <

�
κ − ξ

2ξ − κ

�
: (51)

Notwithstanding, when τ approaches the values � π
2
,

the inequality (50) becomes

sinh2
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ξ

2ð2ξ − κÞ

s
π

2

!
<

�
κ − ξ

2ξ − κ

�
: (52)

It turns out that this inequality can never be satisfied
within the interval κ=2 < ξ < κ. This conclusion can
be made from the behavior of L within the above

mentioned interval: while the lhs of the inequality ex-
ponentially diverges as ξ↦ κþ

2
and evolves towards the

value sinh2 ð
ffiffi
3
2

q
π
2
Þ as ξ↦κ−, the rhs linearly diverges

as ξ↦ κþ
2
and vanishes as ξ approaches the other end of

the interval, i.e., when ξ↦κ−. Thus, the nonminimal
coupling function L is not definite positive and
possesses regions where it is negative within the
interval κ=2 < ξ < κ.7

Since L > 0 is a very strong condition, in principle it
could be possible to still have a positive Planck mass
for a more restricted interval of ξ. This fact indicates
that one must compute the effective 4D Planck mass
(relaxing for a while the L > 0 condition) in order to
see whether the correct gravitational couplings can
still be recovered in 4D for the aforementioned solu-
tion of the model within the interval κ=2 < ξ < κ,

M2
Pl ¼

a30
2bκ

�
κ

ðκ − ξÞ −
ð2ξ − κÞ2
ðκ − ξÞ

cosh ðβπÞ
ð8ξ − κÞ

�
: (53)

One must further impose the finiteness and positivity
of the effective 4D Planck mass, requirements that
lead to the following condition for κ=2 < ξ < κ:

κð8ξ − κÞ
ð2ξ − κÞ2 > cosh ðβπÞ: (54)

This inequality cannot be fulfilled when ξ lies within
the interval κ=2 < ξ < κ: the rhs of the inequality di-
verges exponentially as ξ↦ κþ

2
and approaches the

value coshð
ffiffi
3
2

q
πÞ ≈ 23.45 when ξ↦κ−, while the

lhs diverges quadratically as ξ↦ κþ
2

and tends to 7
when ξ↦κ−. Thus, the opposite claim actually holds:
when ξ lies between κ=2 and κ, thenM2

Pl < 0, yielding
a negative 4D effective coupling constant for gravita-
tional interactions, i.e., to repulsive 4D gravity.

3. Case ξ > κ

φ�ðτÞ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2ξ−κÞ
ξðξ−κÞ

s
cosh

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ð2ξ−κÞ

s
τ

!
; (55)

or, in terms of v ¼ bw,

φ�ðvÞ ¼ �φ02 coshðβ arctan vÞ: (56)

However, positivity of the coupling function LðφÞ
imposes the following nonalgebraic constraint on ξ
and κ:

15 10 5 5 10 15
w

8

6

4

2

V

FIG. 2. V corresponding to solution (45). In this figure we set
ξ ¼ 1=10, a0 ¼ 1, b ¼ 1 and κ ¼ 1=2.

7It is worth noticing that one can consider that LðφÞ > 0 im-
plies that the extra dimension is compact. In this case the Planck
mass is finite. However, since we are considering an unbounded
extra dimension, we shall not consider this situation here.
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cosh2
 
π

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ξ

2ð2ξ − κÞ

s !
<

�
ξ − κ

2ξ − κ

�
: (57)

This inequality is not compatible with the above as-
sumed condition ξ > κ since then, the lhs is always
greater than one, while the rhs is less than the unity.
It turns out that under the restriction ξ > κ, the function
L is negative along the whole extra dimension, giving
rise a negative 4D effective Planck mass and, hence, to
a repulsive gravity as in the previous case.

All the nonminimally coupled scalar field solutions (45),
(49), and (56) respect the “mirror” symmetry (24)–(25);
moreover, the expressions (45) and (56) are symmetric
under v↦ − v: ϕ�ðvÞ ¼ ϕ�ð−vÞ, whereas solution (49)
is odd under such a symmetry: ϕ�ðvÞ ¼ ϕ∓ð−vÞ.
However, from the above presented exact field configura-
tions, just the solution (45) renders a physically viable
model that can correctly describe the 4D effective gravity
of our world.

C. General case: ξ ≠ 0, ϵ ≠ 0

In this case we shall construct solutions that involve both
the nonminimal coupling of the scalar field to gravity and
the presence of the Gauss-Bonnet term. Despite the fact of
the highly nonlinear character of the differential equation
(19), we were able to obtain some exact solutions when
there exists some relationship between the parameters of
our model.

1. Particular solution: case λ ¼ −1

If one performs the following change of variable y ¼
arcsinh v and redefine the field φ ¼ ψ1=ð1−λÞ, then (19)
can be easily solved for the particular case when λ ¼ −1
(see (40) for reference) or, equivalently, κ ¼ 2ξ, since in
this case we get a second order linear differential equation.
Let us see how this comes about: by changing the var-

iable v ¼ sinh y, hence, cosh y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p
, from (19) we

get the following equation for φ:

φðφ̈þ tanh y _φÞ − λð _φÞ2 − 3

2
sech2yφ2

¼ 3

ξ
sech2y

�
4ϵb2

a20
tanh2y − 1

�
; (58)

where overdots now mean derivatives with respect to y. By
further performing the following substitution φ ¼ ψ1=ð1−λÞ
we get

ψ̈ þ tanh y _ψ − 3

2
ð1 − λÞsech2yψ

¼ 3

ξ
ð1 − λÞsech2yðk2tanh2y − 1Þψλþ1

λ−1; (59)

where k2 ¼ 4ϵb2

a2
0

. By choosing the particular case λ ¼ −1
we actually get the linear differential equation,

ψ̈ þ tanh y _ψ − 3 sech2yψ ¼ 6

ξ
sech2y ðk2 tanh2 y − 1Þ:

(60)

This equation has the following real solution,

ψ ¼ φ2

¼ 14 − 10k2 þ 6k2 sech2y
7ξ

þ C1 coshðAÞ þ C2 sinhðAÞ;
(61)

where A ¼ 2
ffiffiffi
3

p
arctan ðtanh y

2
Þ, and C1 and C2 are arbi-

trary constants. By going back to the dimensionless varia-
ble v we get the solution for the field φ,

φ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14−10k2

7ξ
þ 6k2

7ξð1þv2ÞþC1 coshðAÞþC2 sinhðAÞ
s

;

(62)

where now A ¼ 2
ffiffiffi
3

p
arctanð

ffiffiffiffiffiffiffiffi
v2þ1

p
−1

v Þ.
This solution fulfills the symmetry requirements

(24)–(25) when C2 ¼ 0. Similar to previous cases, V is
asymptotically constant as is shown in Fig. 3.
The positive nature of the radicand in the solution (62)

restricts the values C1 can adopt from below,

C1 >
2ð2k2 − 7Þ

7ξ
; (63)

whereas by imposing the L > 0 requirement, the integra-
tion constant C1 is bounded from above,

C1 <
10k2

7ξ
sech

� ffiffiffi
3

p
π

2

�
; (64)

leading to the following constraint,

15 10 5 5 10 15
w

0.4

0.2

0.2

0.4

V

FIG. 3. V associated to solution (61). We set C1 ¼ 0, C2 ¼ 0,
ξ ¼ 1=4, a0 ¼ 1, b ¼ 1, ϵ ¼ 1=3 and κ ¼ 1=2.
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2ð2k2 − 7Þ
7ξ

< C1 <
10k2

7ξ
sech

� ffiffiffi
3

p
π

2

�
; (65)

which holds for arbitrary ξ and restricts the values of k
through k2 < 7

2−5 sechð
ffiffi
3

p
2
πÞ. Note that, in principle, C1 can

be negative.
When computing the 4D effective Planck mass accord-

ing to (15), we could not perform the integration for C1 ≠ 0
and, hence, we have set this constant to zero. For this spe-
cial case the Planck mass adopts the form

M2
Pl ¼

a30
21bκ

ð9a20k2 − 28ϵb2Þ ¼ 2a30k
2

21bκ
; (66)

which is positive definite and finite as it should be for a well
defined 4D effective theory that reproduces the gravita-
tional interactions of our world.

2. Solutions for arbitrary λ

Let us recall that if we perform the coordinate transfor-
mation x↦τ ¼ arctan v (see Eq. (27)) for the case in which
the Gauss-Bonnet term is nontrivial, then the Eq. (19)
adopts the form

φφ̈þ
�
ξ − κ

ξ

�
_φ2 ¼ 3

2
φ2 − 3

ξ
ð1 − k2 sin2 τÞ; (67)

which will be from now on the relevant differential equa-
tion to be solved.
Let us now consider more general solutions in which the

value of the parameter λ is arbitrary (see (40)). When deal-
ing with Eq. (67), we can perform the following transfor-
mation in order to reduce the order of this differential
equation,

_φðτÞ ¼ φðτÞfðτÞ; (68)

where fðτÞ is an integrable function of τ. We further can
redefine the scalar field φ as follows

φ2 ¼ ψðτÞ: (69)

Thus, Eq. (67) transforms into

1

2
f _ψ þ

�
_f þ λf2 − 3

2

�
ψ ¼ − 3

ξ
ð1 − k2sin2τÞ: (70)

With the aid of these two transformations, the second order
differential equation (67) can be reduced to a system of first
order differential equations, namely, to a nonlinear first
order differential equation (general Riccati equation) for
fðτÞ and a linear one for the new function ψðτÞ,

_f þ λf2 − 3

2
¼ 1

2
fHðτÞ; (71)

_ψ þHðτÞψ ¼ − 3ð1 − k2 sin2 τÞ
ξf

; (72)

where HðτÞ is a function of τ. Solving this system is more
easy than solving the original differential equation (67) if
we make a suitable choice of the function HðτÞ.
By setting HðτÞ ¼ 2c1=f, with c1 ¼ const. in the gen-

eral Riccati equation (71) [this is equivalent to setting
the prefactor of ψ to a constant in Eq. (70)] we get the fol-
lowing solution for f,

f ¼ −
ffiffiffi
l
λ

r
tan ½

ffiffiffiffi
lλ

p
ðτ − τ0Þ�; (73)

where 2l ¼ −ð2c1 þ 3Þ and τ0 is an arbitrary phase.
We further substitute this solution into the linear equation
(72) for ψðτÞ and proceed to solve it. The general solution
for this equation with arbitrary l possesses a lengthy
expression and is given in terms of products of several
hypergeometric and exponential functions combined with
a sine at certain power. For the sake of simplicity we shall
restrict to the case in which l ¼ 1=λ, getting the following
solution,

ψ ¼ 6λ½4þ 3λ − ð2þ 3λÞk2 sin2ðτ − τ0Þ�
ð4þ λÞð2þ λÞ

þ c2 sin−ð2þ3λÞðτ − τ0Þ; (74)

where c2 is an arbitrary constant. Once we have a solution
for ψ we can get back to the original field φ ¼ ffiffiffiffi

ψ
p

accord-
ing to (69). This solution will be subject to the relation
(68) which implies that c2 ¼ 0, leading to

φ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6λ½4þ 3λ − ð2þ 3λÞk2 sin2ðτ − τ0Þ�

ð4þ λÞð2þ λÞ

s
: (75)

In this case the L > 0 and real φ conditions translate into
the following restrictions for λ and k,

aÞ 0 <
3λξ½ð4þ 3λÞ − ð2þ 3λÞk2�

ð4þ λÞð2þ λÞ < 1

if
λð2þ 3λÞ

ð4þ λÞð2þ λÞ < 0; (76)

bÞ 0 <
3λξð4þ 3λÞ

ð4þ λÞð2þ λÞ < 1

whenever
λð2þ 3λÞ

ð4þ λÞð2þ λÞ > 0; (77)

where, in principle, λ can adopt negative values.
By making use of the formula (15), the 4D effective

Planck mass for the solution (75) adopts the form
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M2
Pl ¼

a30
bκ

�
1 − k2

3
þ λξ

ð2þ 3λÞk2 − 3ð4þ 3λÞ
ð4þ λÞð2þ λÞ

�
: (78)

A further relation between k and λ simplifies the solu-
tion for φ. For instance, when k2 ¼ 4þ3λ

2þ3λ, we get a sine or
cosine function depending on the phase constant τ0. It
should be pointed out that both the original differential
equation (67) and (72) are invariant under a suitable
simultaneous rescaling of the field φ and the parameter
ξ. This fact can be used to arrive at the following particular
solutions for the field φ:

aÞ φ ¼
ffiffiffiffiffiffiffi
3

ξjλj

s
sinðarctan vÞ;

k2 ¼ 1 − 5

2jλj with λ < −5=2; (79)

bÞ φ ¼
ffiffiffiffiffi
6

5ξ

s
cosðarctan vÞ;

k2 ¼ 1þ 2λ

5
with λ > −5=2. (80)

In Fig. 4 we show the profile of the V for the solution
(80).8 Again, it is constant and negative at w → ∞.
The 4D Planck mass for solution (79) reads

M2
Pl ¼

6a30
5bκ

�
1 − 4

9
k2
�
; (81)

whereas for solution (80) it is

M2
Pl ¼

3a30
5bκ

�
1 − 5

9
k2
�
: (82)

There is another solution of the same type that is valid
for the special value λ ¼ −11=8, which implies a concrete
proportional relation between ξ and κ according to (40),

cÞ φ ¼ B cosð2 arctan vÞ þ C; (83)

where the following constants

B� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

154ξ

�
7ð2 − k2Þ � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k4 þ 49ð1 − k2Þ

q �s
;

C� ¼ �
ffiffiffiffiffi
33

p
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

14ξ
h
7ð2 − k2Þ � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k4 þ 49ð1 − k2Þ

p ir ;

must have the same sign (provided that the radicand is pos-
itive) since one can show that both parameters ξ and k can
be expressed as

ξ ¼ 6

11B2 þ 14BCþ 3C2
;

k2 ¼ 28BC
11B2 þ 14BCþ 3C2

;

implying that the left-hand sides of these equalities must be
positive.
One can look for more complex solutions than the ones

displayed here. However, the relations that define the
involved integration constants become more and more
lengthy and difficult their physical interpretation or
viability.
From the above obtained exact solutions of this section,

the field configurations (62),(79) and (80) meet the sym-
metry conditions (24)–(25) and lead to viable 4D effective
theories that reproduce the correct gravitational couplings
of our world.

VII. GRAVITATIONAL FLUCTUATIONS

In order to study the localization properties of gravity
within the framework of braneworlds, a rigorous analysis
of gravitational fluctuations is needed.
In 4D standard cosmology, the fluctuations of the geom-

etry can be classified into scalar, vector, and tensor modes
with respect to the three–dimensional rotation group SOð3Þ
[68,69]. This fact makes more feasible the study of the met-
ric fluctuations because at the linear level the dynamical
equations of the scalar, vector, and tensor modes are
decoupled.
Within the braneworld models considered in our work,

where the 4D geometry is Poincaré invariant, the fluctua-
tions of the metric may be also classified into scalar, vector,
and tensor modes with respect to the transformations of the
SOð3; 1Þ symmetry group (see [70] for details).

15 10 5 5 10 15

6

4

2

V

w

FIG. 4. V associated to solution (80). We set ξ ¼ 1=3, a0 ¼ 1,
b ¼ 1, ϵ ¼ 1=5 and κ ¼ 1=2.

8For solution (79) of the scalar field the qualitative behavior of
V is similar.
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Let us consider the fluctuations of both the metric and
the scalar field around the gravitational background speci-
fied in (6) and the field equations (7)–(9). In other words,
the perturbed geometry has the following form

ds2p ¼ ½a2ðwÞηAB þHABðx; wÞ�dxAdxB;
where x≡ fxμg; (84)

while the fluctuation of the scalar field is

φp ¼ φðwÞ þ χðx; wÞ: (85)

The functions HABðx; wÞ and χðx; wÞ are the metric and the
field fluctuations, respectively. The index p denotes per-
turbed quantities.
By taking into account the 4D Poincaré symmetry of our

background metric (6), the fluctuations can be written as

HAB ¼ HðSÞ
AB þHðVÞ

AB þHðTÞ
AB ; (86)

where

HðSÞ
AB ¼ a2ðwÞ

�
2ðημνψ þ ∂μ∂νEÞ ∂μC

∂μC 2ζ

�
; (87)

HðVÞ
AB ¼ a2ðwÞ

� ∂μfν þ ∂νfμÞ Dμ

Dμ 0

�
; (88)

HðTÞ
AB ¼ a2ðwÞ

�
2hμν 0

0 0

�
: (89)

The upper indices S, V and T denote the scalar, vector and
tensor parts of the fluctuations, respectively. The tensor
hμνðx; wÞ is transverse and traceless with respect to the
4D Minkowski metric ημν, in other words

hμμ ¼ 0; ∂νhνμ ¼ 0. (90)

Also, the vectors fμðx; wÞ andDμðx; wÞ are divergence free,

∂μfμ ¼ 0; ∂μDμ ¼ 0. (91)

The four remaining functions ψðx; wÞ, Eðx; wÞ, Cðx; wÞ
an ζðx; wÞ are scalars with respect to 4D Poincaré
transformations.
The relations (87)–(91) tell us that, apparently, we only

have 15 independent degrees of freedom of the metric fluc-
tuations. Moreover, the covariance of our setup implies that
the gravitational perturbation theory has some unphysical
gauge degrees of freedom [68,69]. In our case we can make
use of this gauge freedom completely by fixing 5 of the
above 15 degrees of freedom.

A simple choice that completely fixes the above men-
tioned gauge freedom is the longitudinal gauge given by

E ¼ 0; C ¼ 0; fμ ¼ 0: (92)

Thus, we finally have only 10 independent degrees of
freedom.

A. Tensor modes

As quoted in [59] the equation for the evolution of the
tensor fluctuation modes is

Ψ00
μν −

� ffiffiffi
s

p 	00
ffiffiffi
s

p Ψμν − r
s
□

ηΨμν ¼ 0; (93)

where Ψμν ¼
ffiffiffiffiffiffiffiffiffiffi
sðwÞp

hμν with sðwÞ ¼ a3q. In addition,

rðwÞ ¼ a3ðqþ ðq−LÞ0
2H Þ and □

η denotes the d’Alembertian
with respect to the metric η.
In order to study the mass spectrum of these fluctuations

let us consider the following separation of variables
Ψμνðx; wÞ ¼ ϑðwÞϵμνðxÞ. In terms of this new variables
the equation (93) splits into

□
ηϵmμν þm2ϵmμν ¼ 0; (94)

ϑ00m −
� ffiffiffi

s
p 	00
ffiffiffi
s

p ϑm þm2
r
s
ϑm ¼ 0; (95)

where ϵmμνðxÞ is a 4D tensor mode with massm; on the other
hand, ϑmðwÞ is the 5D profile of the fieldΨμν and character-
izes its localization properties. Equation (95) can be inter-
preted as a Sturm-Liouville eigenvalue problem with the
associated norm,

hϑjϑi ¼
Z

∞

−∞
r
s
ϑ2dw: (96)

The zero mode ϵ0μνðxÞ is the massless 4D graviton. This
mode is localized on the brane if hϑ0jϑ0i ¼

R
∞−∞ r

sϑ
2
0dw

is finite. It is not difficult to show from (95) that ϑ0 ¼ffiffiffi
s

p
when m ¼ 0, then, the localization condition for the

massless graviton is

hϑ0jϑ0i ¼
Z

∞

−∞
a3qdw − 4ϵ½a0�∞−∞ þ 8ϵ

Z
∞

−∞
a02

a
dw: (97)

As one can observe the above expression is quite similar to
(15). Therefore, for the geometry described in(18), if the
4D massless graviton is localized on the brane, then the
4D Planck mass is finite.
Let us investigate the localization properties of the

massless graviton in the backgrounds studied in Sec. VI.
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By substituting the expression of the warp factor into (97)
we obtain the following result:

hϑ0jϑ0iGB ¼ 2a30
b

�
1þ k2

3

�
: (98)

The above expression tells us that the 4D graviton is local-
ized on the brane. This result generalizes the particular sit-
uation considered in [44] where ξ ¼ 0, ϵ ≠ 0 and k ¼ 1 for
an arbitrary value of k, showing that the zero mass graviton
is also localized on the brane.
In the following we shall consider the opposite case

where ξ ≠ 0 and ϵ ¼ 0. The normalization condition
depends of the behavior of the integrand a3LðφÞ. With
regard to the study of gravity localization, the backgrounds
defined in (45) and (49) are similar because both have a
regular and finite nonminimal coupling function LðφÞ.
Therefore, the convergence of (97) is completely deter-
mined by the a3 behavior whenw → ∞. For the warp factor
(18) a3 ∼ 1=jwj3 at infinity along the fifth dimension. This
fact implies again that the massless tensor mode is localized
on the brane, since the third term in (97) is finite.
Finally, let us study the general case (ξ ≠ 0 and ϵ ≠ 0).

Some exact solutions for this general situation are shown in
(62),(79),(80) and (83). The norm for the zero mass mode
takes the following form,

hϑ0jϑ0i ¼
Z

∞

−∞
a3ðL − 1Þdwþ hϑ0jϑ0iGB;

where hϑ0jϑ0iGB is the norm written in (98). On the other
hand, the function L associated to (62),(79),(80) and (83) is
finite along the extra dimension, thus, like in the previous
cases the normalization condition depends on the behavior
of a3 at infinity. Hence, we conclude that the zero tensor
mode is normalized. In summary, all our background sol-
utions recover the standard 4D graviton on the brane for the
case when both the nonminimal coupling and the Gauss–
Bonnet term are present in the model.

B. Vector modes

In contrast with the tensor sector, the simultaneous pres-
ence of the Gauss–Bonnet term and the nonminimal cou-
pling interaction makes much more difficult the study of
vector modes. Thus, in this work we will study each case
separately and will leave the general case for a future
investigation.

1. Vector modes with the Gauss-Bonnet term only

In this subsection we analyze the case where the
nonminimal effects are negligible (ξ ¼ 0 and ϵ ≠ 0).
Using (84),(88),(91) and substituting them in (3) we obtain
the equations for the vector modes on the longitudinal
gauge,

ðDνÞ0 þ
�
q0

q
þ 3H

�
Dν ¼ 0; (99)

□
ηDμ ¼ 0; (100)

where the first relation is a constraint and defines the profile
of Dμ along the extra dimension. Furthermore, since there
is no mass term in the above second equation, it shows that
there is only a massless mode, the graviphoton, with no
massive vector fluctuations.
In the case of vector modes we do not have a Sturm-

Liouville eigenvalue problem, in consequence, the issue
of defining the norm is more involved than for the tensor
sector. Therefore, it is more appropriate to use the perturbed
version of the action (2) up to second order with respect to
the vector fluctuations [44,61]. This perturbed action can be
written as follows,

δð2ÞSV ¼
Z

d4xdw
1

2
ðηαβ∂αDμ∂βDμÞ; (101)

where Dμ ¼ a3=2
ffiffiffi
q

p
Dμ is called the “canonical normal

mode.” The zero mode associated to (100) is localized
on the brane if δð2ÞSV is finite. By making a suitable var-
iable separation,

Dμ ¼ vμðxÞ
a3=2ðwÞ ffiffiffiffiffiffiffiffiffiffi

qðwÞp ; (102)

the zero mass mode takes the form

□
ηvμðxÞ ¼ 0; (103)

where vμðxÞ is the 4D part of the vector sector of
fluctuations.
The norm of this mode reads

hDμjDμi ¼
Z

∞

−∞
dw
a3q

: (104)

When studying the localization properties of the zero mass
tensor mode, we learned that it is necessary to have a con-
vergent integral of a3q. Furthermore, the norm of the mass-
less vector mode has an opposite behavior compared to the
tensor mode one. Therefore, if one wishes the 4D graviton
to be localized on the brane, the vector sector (represented
by its zero mass mode) will necessarily not be localized
on it.

2. Vector modes with the nonminimal coupling only

In this subsection we shall study the situation when
ϵ ¼ 0 and ξ ≠ 0. One way to obtain the mass spectrum
of the vector fluctuations consists in passing from the action
(2) (with ϵ ¼ 0) to the Einstein frame and then, perform the
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perturbation analysis. In order to do that we apply a con-
formal transformation as follows:

ḡAB ¼ L2=3gAB:

In the new frame the background action can be written as

S↦SEF ¼
Z
M5

d5x
ffiffiffiffiffi
jḡj

p �
−R̄þ 1

2
ð∇̄σÞ2 − V̄ðσÞ

�
; (105)

where all quantities with an overline are associated to
the metric ḡAB, σ is the new scalar field and V̄ is its self-
interaction potential. The relationship between the old and
new variables is

dσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

L
þ 8

3

�
Lφ

L

�
2

s
dφ; (106)

V̄ ¼ V

L5=3 : (107)

Moreover, the general fluctuations on the Einstein frame
are related with the old quantities as follows:

H̄AB ¼ 2a2

3L1=3 χLφηAB þ L2=3HAB: (108)

The first term in the above expression does not contribute to
the vector sector since it belongs to the scalar sector, then it
is easy to obtain that D̄μ ¼ Dμ: Thus, the equations for the
vector modes are

ðD̄νÞ0 þ 3H̄D̄ν ¼ 0;

□
ηD̄μ ¼ 0;

where H̄ ¼ ā0=ā and ā ¼ aL1=3.

Similarly to the previous case, let us define a new vector
variable D̄μ ¼ ā3=2D̄μ. Therefore, the norm of the massless
mode takes the form

hD̄μjD̄μi ¼
Z

∞

−∞
dw
ā3

¼
Z

∞

−∞
dw
a3L

: (109)

The localization properties of this case are similar to
those of the previous one. The localization of the massless
tensor mode implies the delocalization of the vector sector
of fluctuations. In other words, if the effective Planck
mass is finite (or the 4D massless graviton is localized
on the brane), then the vector sector is not confined to
the brane.
In principle, it still can have observable effects in the 4D

phenomenology since its projection to the brane can be
nonvanishing. Notwithstanding, this delocalization phe-
nomenon of the vector modes implies that they have little
influence in the 4D low energy physics, at least less influ-
ence than the tensor sector.

C. Scalar modes

In the longitudinal gauge the scalar fluctuations of the
geometry can be expressed as

HðSÞ
AB ¼ 2a2ðwÞ

 
ημνψ 0

0 ζ

!
:

Furthermore, the matter provides an extra degree of free-
dom χ to the scalar sector. Hence, it follows that we have
three independent scalar degrees of freedom. One can
obtain the dynamical equations of the scalar fluctuations
by perturbing the Einstein and Klein–Gordon equations
with respect to the scalar sector. These equations adopt
the following form

4qψ 00 þ 4ψ 0
�
qþ q0

H
þ φ0Lφ

3

�
þ 8ζ

�
H0Lþ φ02

8
− 4ϵH2

a2
ð2H0 −H2Þ þ ðφ0LφÞ0

3

�
þ 4ζ0

�
φ0Lφ

3
þHq

�

þ q□ηζ þ 8ϵ

a2
ðH0 −H2Þ□ηψ þ 1

3

dV
dφ

a2χ þ φ0χ0 þ 4H0χLφ þ
1

3

�
4ðχLφÞ00 −□ηðχLφÞ

�
¼ 0; (110)

qψ 00 þ ψ 0
�
7HL − 4ϵH

a2
ð2H0 þ 5H2Þ þ 7φ0Lφ

3

�
þ ζ0

�
φ0Lφ

3
þHq

�

þ 2ζ

�
ð3H2 þH0ÞL − 8ϵH2

a2
ðH0 þH2Þ þ 2Hφ0Lφ þ

ðφ0LφÞ0
3

�
þ 2HðχLφÞ0

þ 1

3

dV
dφ

a2χ − q□ηψ þ ðH0 þ 3H2ÞχLφ þ
1

3

�
ðχLφÞ00 −□

ηðχLφÞ
�
¼ 0; (111)
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qζ − 2ψ

�
L − 4ϵH0

a2

�
− χLφ ¼ 0; (112)

φ0χ
2

þ 3qðψ 0 þHζÞ þ ðχLφÞ0 −HχLφ þ L0ζ ¼ 0: (113)

χ00 þ 3Hχ0 −□
ηχ þ φ0½4ψ 0 þ ζ0� þ 2ζðφ00 þ 3Hφ0Þ

− ∂2V
∂φ2

a2χ − 1

2

�
2ð2H0 þ 3H2ÞχLφφ þ Lφ½□ηζ − 3□ηψ

þ 4ζð2H0 þ 3H2Þ þ 4ðψ 00 þH½4ψ 0 þ ζ0�Þ�
�

¼ 0.

(114)

Equations (110)–(111) come from the perturbed Einstein
equations, while the expressions (112) and (113) are
constraint equations. Finally, Eq. (114) represents the fluc-
tuated Klein-Gordon equation. Then, there is only one in-
dependent scalar degree of freedom. As in the vector sector,
in this case we will study separately the effects of the
Gauss-Bonnet term and the nonminimal coupling on the
scalar modes.

1. Scalar modes with the Gauss-Bonnet term only

Although some aspects of this case were studied in [44],
it is helpful to consider some of its details. The master
equation of the system can be obtained by using the con-
straints (112),(113) and the dynamical equations (110),
(111) and (114),

Φ00 − z

�
1

z

�0
Φ −

�
1þ q0

Hq

�
□ηΦ ¼ 0; (115)

where Φ ¼ a3=2q
ϕ0 ψ and z ¼ a3=2ϕ0

H . In order to study the mass
spectrum of Φ, let us assume that

□
ηΦ ¼ −m2Φ:

Thus, the Eq. (115) can be written as

Φ00 − z

�
1

z

�00
Φþ

�
1þ q0

Hq

�
m2Φ ¼ 0: (116)

The associated norm for the above eigenvalue problem is

hΦjΦi ¼
Z

∞

−∞

�
1þ q0

Hq

�
Φ2dw: (117)

The scalar massless mode is localized on the brane if its
norm is finite. In other words,

hΦ0jΦ0i ¼
Z

∞

−∞

�
1þ q0

Hq

�
Φ2

0dw < ∞; (118)

where Φ0 ¼ 1
z. Let us apply this general analysis to the

background solution (30). It is not hard to show that when
w → ∞,

�
1þ q0

Hq

�
Φ2

0 ∼
� jwj7; when k ¼ 1

jwj5; when k ≠ 1
: (119)

Therefore, in both cases the massless scalar mode is not
localized on the brane.

2. Scalar modes with the nonminimal coupling only

Similar to the vector modes case, the analysis of the sca-
lar sector without the Gauss-Bonnet term is easier in the
Einstein frame. In this case the metric fluctuations can
be expressed as follows,

H̄ðSÞ
AB ¼ 2ā2

�
ημνψ̄ 0

0 ζ̄

�
; (120)

where ψ̄ ¼ ψ þ χLϕ

3L and ζ̄ ¼ ζ − χLφ

3L . On the other hand, the
scalar field fluctuation in the Einstein frame χ̄ is related to χ
as follows,

χ̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

L
þ 8

3

�
Lϕ

L

�
2

s
χ:

By considering the above expression and the Eqs. (110)–
(114) when ϵ ¼ 0, we obtain the following equation for the
scalar sector of fluctuations,

Φ̄00 − z̄

�
1

z̄

�0
Φ̄þm2Φ̄ ¼ 0; (121)

where Φ̄ ¼ ā3=2
σ0 Ψ̄ and z̄ ¼ ā3=2σ0

H̄
. Thus, the norm of zero

mode reads

hΦ̄0jΦ̄0i ¼
Z

∞

−∞
Φ̄2

0dw ¼
Z

∞

−∞
1

z̄2
dw: (122)

The localization properties of the solutions (45) and (49)
are similar in the sense that their massless mode has the
same behavior at infinity, i.e.,

1

z̄2
∼ jwj5; when w → ∞:

The above result tells us that the zero mass scalar mode is
not localized on the brane.
Therefore, the results of the subsections VII B and VII C

tell us that both the vector and the scalar fluctuations modes
behave in a quite similar way when regarding their locali-
zation properties, both are delocalized from the brane if 4D
gravity is localized on it or, equivalently, if the 4D Planck
mass is finite.
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VIII. CONCLUSIONS

We present a scenario with a thick braneworld model built
by a scalar field nonminimally coupled to the Einstein-
Hilbert term. Furthermore, there is a Gauss-Bonnet term
in the bulk. We obtain the effective 4D Planck mass coming
from the dimensional reduction of the setup (2) and study its
properties. As a consequence of the nonminimal coupling
between the scalar matter and gravity,MPl depends explicitly
on the profile of the bulk scalar field φ. Therefore, in order
for us to be able to interpret our physical results in closed
formwe need to construct exact solutions for our braneworld
configuration.
Despite the highly nonlinear nature of the relevant differ-

ential equation for the scalar field, we were able to obtain
several exact particular solutions, contrary to previous stud-
ies that implement approximate solutions and/or particular
cases that consider just one of the two effects.
In order to elucidate the physical effects of the inclusion

of the nonminimal coupling and of the Gauss-Bonnet term,
we considered three cases in which we switched on/off the
corresponding parameters. In all of these cases we were
able to construct exact solutions that render an effective
Planck mass positive and finite by imposing a restriction
on the nonminimal coupling function LðϕÞ for certain val-
ues of the parameter space of these solutions. However,
there are also exact field configurations for which the
4D Planck mass is negative, yielding braneworld models
that cannot physically describe the gravitational inter-
actions of our world.
We also studied the whole set of gravitational

fluctuations—classified into scalar, vector and tensormodes
with respect to the 4D Poincaré symmetry group—for our
braneworld model. For all the considered backgrounds,
themassless zeromode of the tensor fluctuations is localized
on the brane. This fact allows us to recover 4D gravity in our
world. In contrast to this, the massless scalar and vector
modes are delocalized.
Although the scalar and vector sectors have a nonzero pro-

jection on the brane, due to the delocalization phenomenon it
is not strange that for our scenario they do not have sensible
observable effects at low energies. As we commented above,
this last assertion is reinforced by the fact that in a simple

scenario, the corrections to Newton’s law coming from
the scalar modes are more suppressed than the corrections
coming from the tensor modes. Therefore, the above result
suggests that in gravitational experiments it is more probable
to detect first the effects of the tensor sector rather than the
effects of the scalar and vector ones. It is noteworthy that the
delocalization phenomenon on thick branes also appears
when the nonminimal coupling and the Gauss-Bonnet are
not present in our scenario [61]. Then the above observation
suggests us that in thick braneworlds with 4D Poincaré
invariant geometries, the decoupling of the vector and scalar
sectors of the 4D phenomenology is a robust effect of this
kind of scenarios.
As a further step it will be interesting to study the sta-

bility of the field configurations within the framework of
the present braneworld model when both nonlinear effects
are switched on. It is not completely clear if the delocaliza-
tion of the vector and scalar sectors is maintained in other
class of solutions not studied here, this seems to be a very
suggestive direction. Another interesting topic is to con-
sider a nonminimal coupling of the bulk scalar field not
only with the Einstein-Hilbert piece of the Lagrangian
but, also, with the Gauss-Bonnet term. Investigation of
these issues is left for future work.
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