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Quantum field theories with boundaries and novel instabilities
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Quantum physics on manifolds with boundary brings novel aspects due to boundary conditions. One
important feature is the appearance of localized negative eigenmodes for the Laplacian on the boundary.
These can potentially lead to instabilities. We consider quantum field theories on such manifolds and
interpret these as leading to the onset of phase transitions.
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I. INTRODUCTION

In this paper, we consider the problem of general boundary
conditions for quantum fields defined on a manifold with a
boundary. Such manifolds are not only of mathematical
interest, but physically required in several condensed matter
systems as well as semiclassical gravity and string theory. For
simplicity, one might even start by considering a free scalar
field ¢ with a kinetic term which is given by the Laplacian
acting on ¢. The choice of boundary conditions must be
consistent with the self-adjointness requirements on the
Laplacian and hence are generally described by the von
Neumann theory of self-adjoint extensions [1]. This theory
has recently been elegantly rephrased in [2] and has naturally
led to a framework for analyzing the effects of boundary
conditions which are more general than Neumann, Dirichlet.
Berry used general Robin boundary conditions to explain
novel behavior of the spectrum [3]. One of us used Robin
boundary conditions to obtain novel bound states localized on
the boundary to understand black hole entropy [4]. These
boundary conditions have effects on the Casimir energy and
this has been exhaustively analysed in [5,6]. There are a
number of related variants which have also been studied
before. Partially transparent boundaries for scalar fields [7]
and for the electromagnetic case [8] have been investigated.
The case when boundary conditions (which can also lead
to instabilities as explained below) can be modeled via
S6-functions has also been considered [9].

The set of boundary conditions is given by the choice of
a unitary operator U, or by the Hermitian operator /C which
is its Cayley transform, on the boundary values of the fields
viewed as elements of a Hilbert space of L>-functions on
the boundary. (We emphasize that one could have more
general boundary values for fields which are not square-
integrable, singular charge distributions on the boundary
being one class of such examples. We will only consider
cases which are L2?-functions.) Specifically, the most
general boundary conditions are given by
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where J,¢ denotes the normal derivative of the field. The
alternate way to write this in terms of the Cayley transform
K is

(U-1\
Ontp = —i <U—+1>(P = —Ko. (2)

The simplest choices, L = 0 and K — oo, correspond to
Neumann and Dirichlet conditions, respectively. These are
special points in the space of boundary conditions. The
choice of K being proportional to the identity operator on
the Hilbert space of boundary values is the Robin con-
dition. One could choose more general ones with different
eigenvalues for K for different modes on the boundary.
The important point is that there are an infinity of choices
for K which leads to negative eigenvalues for Laplacian
associated with eigenmodes which are localized close to the
boundary. Such novel states have been exploited earlier in
several areas, like the quantum hall effect, topological
insulators and black hole physics [10]. Clearly such modes
will also be important for the Casimir effect and related
issues such as the pair production of particles. A point
worth emphasizing is that these modes of negative eigen-
values can occur infinitesimally close (in the space of
boundary conditions) to the “good choices” like Dirichlet
or Neumann. Generically, all such choices lead to insta-
bilities in many body physics. Our experience in physics is
that whenever instabilities arise, there is a way out, usually
via a phase transition or change of ground state. The classic
example is, of course, spontaneous symmetry breaking
where a negative (mass)? term signals the phase transition
to a new stable choice of ground state. The purpose of the
present paper is to ask to what extent a similar scenario can
work out for instabilities due to the boundary condition.
In most field-theoretic calculations, normally, the start-
ing point is to consider the theory at zero temperature. This
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means that unless excitations are introduced via external
sources, the state of interest is the ground state. If needed
this can then be upgraded to finite temperature with all
states contributing, each weighted with the corresponding
Boltzmann factor. But in the present case, where the notion
of a ground state for the field theory is not clear, our basic
strategy will be to consider the partition function at finite
temperature and then ask whether it is possible to lower
the temperature to zero. We may view the partition function
as given by the functional integration over the fields in
Euclidean spacetime with periodicity along the imaginary-
time direction. We will then consider conditions under
which the Euclidean functional integral is well defined.
By considering the limit of this case where the instabilities
will begin to appear, we can get an understanding of how
the transition, if nay, should manifest itself.

In Sec. II, we will briefly consider a couple of examples
of how the negative eigenvalues arise. This is meant
primarily to set the framework. In Sec. III, we will present
Bose-Einstein condensation in terms of the Euclidean
functional integral at finite temperature and see that a
similar condensation is possible in the case of manifolds
with boundary due to the presence of negative eigenvalues
for —V2. A key issue here is the existence of a conserved
charge (or particle number) with a corresponding chemical
potential. Since the particle number is fixed, an infinite
occupation number for the states of negative energy is not
possible and the theory has a many-body ground state.

In the following section (Sec. IV), we consider a real
massless scalar field. Since there is no conserved quantum
number in this case, the situation is different. We show how
a Euclidean functional can be defined if we impose a set of
restrictions on the theory. Effectively, at the level of free
particles, there is always a finite temperature, which will
play the role that the absolute zero of temperature does in
normal theories with no negative eigenvalues for the
Laplacian. There should also be an “unattainability rule”
for this value of temperature, just as the third law of
thermodynamics dictates for normal systems.

Once interactions are introduced, the story can change.
We show in Sec. V how corrections can be calculated in
the theory. The modes with negative eigenvalues lead to a
potential which is repulsive near the boundary and can alter
the eigenstates and eigenvalues. This gives a way of
removing singularities in the Euclidean functional integral.
Finally we end up with a discussion of the results and future
applications in Sec. VI.

II. EXAMPLES OF NEGATIVE EIGENVALUES

We will start by considering a couple of examples of
how negative eigenvalues can arise for —V2. Normally this
is expected to be a positive definite operator. But with
boundary conditions which are motivated by physical
reasoning and generic, this character changes. This
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discussion will help to give a concrete form to some of
the analysis later.

The first example corresponds to the space R? from
which a circular disc of radius R has been excised. We
consider the eigenfunctions of the Laplace operator with
the boundary condition (9,y + ky)poundary = O Which is
known as the Robin boundary condition. In other words,
we choose K to be the same for all eigenfunctions and equal
to a parameter k. Here % has the dimensions of length. This
is the most general rotation-invariant boundary condition.
(Some clarification may be useful in this context. Quite
generally, with rotational symmetry, the boundary values
@ + 10, may be considered as a linear combination of a
multiplet of functions corresponding to irreducible repre-
sentations of angular momentum of the appropriate dimen-
sion. (The present example is a bit too simple from this
point of view since the boundary is a circle and all
irreducible representations are one-dimensional.) The oper-
ator £ would then have eigenvalues which are degenerate
for the members of the multiplet. More explicitly in
0, = —K¢, we can expand ¢ in terms of angular
momentum eigenfunctions. The derivative, being radial,
does not mix these eigenfunctions, showing that K is
diagonal with the same eigenvalue for a given multiplet;
the eigenvalues of IC could be different for different values
of the angular momentum for the multiplets. The simplest
case, namely, when K is independent of angular momen-
tum is when it is the same for all eigenfunctions. This is
what we consider. For more on this matter, but phrased
in the framework of heat kernel expansions, see [11].)
Physically a parameter such as k can arise due to grainy
structure of the materials in condensed matter systems or
from Planck length which characterizes a fundamental
length scale in quantum geometry of spacetime.

The eigenvalue equation is written as

Vi = 2y, 3)

where we have introduced a minus sign so that negative
eigenvalues correspond to positive values of 1>. Separation
of variables in polar coordinates is straightforward and the
eigenfunctions are given by

wu(r,0) = Ce™K,,(Ar). “
The required boundary condition becomes

_ K,/'(2)

KR = ——,
K, (2)

z=AR. 5)

This equation can have solutions for negative values of «, as
discussed in [4]. If z, is a solution of this transcendental
equation, the corresponding eigenvalue is 1> = (z2/R?).
The largest negative eigenvalue is k2. Typically one has a
finite number of such solutions given by the maximum
integer of kR. These are localized close to the boundary.
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FIG. 1. (r,) vs n for k = —1000, R = 1.

For x = —o0, corresponding to Dirichlet conditions, these
are exactly on the boundary and decouples from functions
outside the boundary [12].

In Fig. 1 we display (r,),n = 1,2,...1000, the expect-
ation value of r for the nth eigenstate for k = —1000 and
R = 1. It can be seen all the eigenstates are localized within
102% of the radius and all of them lie inside shell of
thickness of 1075% of the radius of the disc. A similar
situation is obtained in three dimensions where a ball B is
excised. Now the number of negative energy states is « R>.

The second example is obtained by the motivation to find
out the fate of bound states when the disc is squeezed. For
this purpose we consider the case of excising an elliptical
disc from R?. Separation of variables for the Laplacian is
possible if one uses elliptical coordinates which are given in
terms of the Cartesian ones by

x = a cosh p cos 6, y=asinh psing. (6)
Here p = p, corresponds to the elliptical boundary. In these
coordinates constant p curves are ellipses and constant 6
corresponds to hyperbolas orthogonal to the ellipses. Hence
po < p <ooand 0 <@ < 2z The boundary condition is

(@, +xy)l,, = 0. )

Interestingly the number of bound states decreases as we
squeeze the circular disc and becomes « a sinh p,, the
minor axis [13]. It is in fact possible to remove all the
bound states by squeezing sufficiently to lengths < % Again
the bound states are localized near the boundary.

II1. BOSE-EINSTEIN CONDENSATION

The negative energy bound states in the previous section
can create instabilities when a gas of particles at low
temperatures is considered in such a manifold. The
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situation is similar to Bose-Einstein condensate where a
divergence in partition function and entropy are prevented
by a finite number of particles condensing at low temper-
atures. To bring out this comparison, we begin with a brief
discussion of Bose-Einstein condensation. Although this is
standard textbook material, we want to focus attention on
some points which can shed light on the problem at hand.

Consider a nonrelativistic gas of bosons, with energy
given by E; = k*/2m. The partition function is given
by Z = Tre ##=#N)_ Normally, we take the states to be
of the form

(a)™ (ag,)"™ (a,)"™

|I’l 7nk1’nk2’...>: |()> 8)
0 NN
Writing z = e/ for the fugacity, we find
1 1
zZ= . 9
Hi—omi— ®

k#0

The fugacity is in the range 0 < z < 1. Notice that there is a
singularity in the partition function (and a corresponding
logarithmic singularity in the free energy) as z — 1. The
entropy may be evaluated as

5V ="
5—51—39;(1)—103(1—2% gy(Z):Zﬁ. (10)

Here A = \/2x/mT is the thermal wavelength and V is the
volume of the system. There is a singularity in the entropy
as well, as z — 1. This singularity and the divergence of the
partition function as z — 1 is taken as the signal for a phase
transition. To understand the nature of this transition, we
restrict the total number of particles to be N. It is given in
terms of the average occupation numbers as

Z Z Z —
N:;TﬁEk_Z+—1_Z:;eﬂE1¢_Z+n0’ (11)

where iy = z/(1 — z) is the average occupation number in
the lowest eigenstate of the single-particle Hamiltonian,
namely, k = 0. Working out the integral over k, this
equation becomes

2) +%. (12)

7

As we lower the temperature, the thermal wavelength 1
increases, lowering the first term on the right-hand side,
namely, the contribution of the nonzero modes to this
equation. This can be compensated to some extent by an
increase of z, which also increases g¢:(z). However, the
maximum value of g3(z) isatz = 1, g%(é) < (1) = 2.612.
We see that, at temperatures lower than what is given by
this condition, the first term on the right-hand side of (12) is
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less than 1 and the only way to satisfy (12) is then for 2y /N
to be nonzero to make up the deficit. Thus even in the
thermodynamic limit of N — o0, there is a nonzero fraction
(in other words a macroscopically significant number)
which must condense into the ground state. The signal
for this transition is the singularity in the partition function
Zasz— 1.

The new phase is determined by giving an expectation
value to a, corresponding to the lowest energy eigenstate
(E = 0). In other words, rather than states of the form (8),
we take them to be of the form

(af )" (a)"s

nk! nk!

1 2

-|a, 0),

a’nkl’nkz’...> =

agla, ny, g, - -) = alo,ng  ng,, ). (13)

Now the partition function and the entropy become

14 5V
log Z = a*a log z + /1—39%(z), S = Eﬁg%(z) +a*a log z.
(14)
The equation for the total number of particles is
Vv a‘o
1 :ng(Z) + N 15)
This last equation determines a. We will get

a~+/N~+/V, in the thermodynamic limit. We see that
there is no singularity in Z or S.
The field operator for the particles may be taken as

1 e
w(x) = W Zake—lEktJrzkx’
k

1 i
T _ iE t—ik-x
pi(x) =—=) apet=x, (16)
VV zk:
With aq ~ a ~ v/V, we see that we get a nonzero value ()

for the expectation value of y in the ground state of the
many-particle system.

It is also useful to consider this in terms of the Euclidean
functional integral. Writing

p(x) =Y e, (x) (17)
we find
1
Z= _— 18
nk (C;k + ia)n ( )
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where £, = E; — u. The sum over Matsubara frequencies
in log Z is divergent. We introduce a Pauli-Villars regulator
to write

B | 1
9 gz =- . G
o, ¢ 2. [gk e, &t MTiw, T

n

This is easily evaluated and leads to
log 7 = _Z[log(l _ e—ﬂfk) _ log(l _ g_ﬁ(£k+MT))].
k
(20)

When the regulator mass M is taken very large, this reduces
to the expression corresponding to Z in (9); thus we may
start from the Euclidean functional integral, obtain (9) and
then carry out the rest of the analysis as done above. The
main point is that the signal for the transition is seen as a
singularity of the Euclidean functional integral. The
solution is also given by choosing conditions such that
the Euclidean functional integral is well defined.

Consider now the case where the Laplacian can have
negative eigenvalues. It is sufficient to consider just one
such mode to illustrate what happens. We denote the
corresponding energy eigenvalue as £ = —A,. The partition
function Z is then given by

log Z = —Z log(1 — ze™Ex) —log(1 — z)
k70

—log(1 — zefM). (21

We see that we get a singularity even before we get to
z = 1, namely, at ze#» = 1. Once again, we can take this as
signaling a phase transition. In fact, taking the states to be
of the form

|al’”01nklsnk27"'> = T 1 7 , |a;,0)
ng ng, ny,
az oy, no, g ny s - ) = aglag, ng, ng gy, (22)
we find
* PA 4
log Z = aja log(ze?) ~log(1 —2) + 35 65(2).
Vv z aja
1l =— . 23
LS TR R @3

The singularity is removed by going to the new phase.
We must also consider the value of the fugacity to be in the
range 0 < z < 7, 7,/ = 1.

Notice that the conservation of particle number is crucial
for this. The value of a; has an upper bound by virtue
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of (23). Without such a constraint, or some such constraint
arising from a conserved quantum number (and a corre-
sponding fugacity), we can have an arbitrary number of
particles going into the negative energy state and creating a
theory with no ground state. This would be the case, for
example, for a relativistic massless scalar field. Further, in
the relativistic case, the Laplacian occurs under a square
root in the expression for the energy. So negative eigen-
values indicate imaginary energies, rather than negative
energies. The analysis in such cases will have similarities to
the present one, but there will also be differences. We now
turn to this problem.

IV. REAL SCALAR FIELD

We will start by considering a free scalar field theory for
which the equation of motion, in Euclidean spacetime, is
given by

2
D = ‘9_420 + V2 =0, (24)
or

Since boundary considerations are important, the first
question is to ask what the action is for which this is
the equation of motion. This is easily seen to be

1 2 !
§= 2/ (Og) j{f)nfpfp 2]{4)/&/)- (25)

The variation of this action gives

55— [ a9(-Co) = f (0,60 + K)o = [ s0(-Tip).

(26)
where we have used the self-adjointness of X and
we also take fields and their variations to satisfy the
condition (2). This shows that S is indeed the correct
action for the variational derivation of the equations of
motion (24).

We can expand the field ¢ as

P(x) =D _qa(r)ua(D), 27)

where ¢, can depend on the imaginary time 7 and the
modes uy (¥) are eigenfunctions of the spatial Laplacian,

~V2uu(X) = ojua(%). (28)

The use of the mode expansion (27) reduces the cation to

1 .
S=52 (¢ +oha). (29)
A
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All boundary terms cancel out in the simplification of this
expression.

The key point for our analysis is that the eigenvalues w?%
can be positive or negative. We separate them out as
{us} = ({ug},{u,}), with the first set corresponding
to positive eigenvalues and the second set to negative
eigenvalues,

—V2u, = wlu, —V2u, = —22u, (30)

with @2 and A2 positive. The action S now becomes

I, [
SZEZ(querq%HEZ(q%—ﬂiqﬁ)- 31)

a a

The instability is manifest in the last term; the integration
of e~ over the variables g, can fail to converge. As
mentioned earlier, we will take the standpoint that the
theory must be defined by making the Euclidean functional
integral well defined. For this, consider periodic boundary
conditions in time 7 with period = T~!, T being the
temperature. (We use units where the Boltzmann constant k
is set to 1.) Explicitly, we write

1 : 1 .
q(z(T) = ﬁannelQnr’ q. (1> = quanelg"‘[,
(32)

where , = 2 nnT. Upon using this in (31), we see that the
first term of the action, namely &S, encounters no diffi-
culties. The second term S, becomes

82 = Z Z QZnQarz (Q%l - j%) + % ZQanaO(_ﬂg)'
a 1 a
(33)

We see that we have stability if we make the restrictions
that ¢, = 0 and that Q3 > A2, where —A? is the lowest of
the negative eigenvalues. The last condition means that we
have stability only if

A
T>_—. (34)
2

With these conditions, we can have a well-defined func-
tional integral, the action being given by

S= %Z Z QZmCIan(Q%l + 0)3)
a 0
XY G @i =R 39)
a 1

The functional integration is convergent. However, it is not
enough to ensure that the partition function is convergent to
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avoid pathologies. We have to make sure the propagators
are also well behaved. We will consider the calculation of
propagators and other correlators to see how a well-defined
theory can be obtained. The limit of 7 — A/2z can then be
examined to see if there is any phase change.

The propagator for the modes of positive eigenvalues is
straightforward and gives

(0(2)05(7)) = b5

+ e?a=7)9(7' — 1)
4 Nw(e—a),,(r—r’) 4 e(u,,(f—r’))}. (36)

[e=@a(r=")g(z — 7')

This can be continued to Minkowski signature using
7—7 - i(t—1) to get the corresponding correlator in
Minkowski space as

1
2w,

(4u(1)gp(1)) = Bopy—[e7 =0t — 1)

+ eiw,,(t—t’)g(t/ _ t)
4 Nm(efia),,(tft’) 4 eiw,,(tft’))}' (37)
In (36) and (37),

1
= o T (38)
These equations are standard, essentially textbook material.
We now turn to the negative eigenvalues for which we need
to evaluate

* 1< iQ,(t—7
(4a(D)a3(7)) = Sap EZ M e 49

Recall that the sum does not include the n = 0 mode. This
expression can be converted to a contour integral, for
t—17 >0, as
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(q.(7)q; ("))
1 dz .., 1 1
=5, = e Liz(e=7) ' —|. o
| fane ™ e )

where the contour C must enclose all the poles of
(e —1)~! but not those which arise from (z> — A2)~".

Unlike the case for the positive eigenvalues, we now
have additional poles on the real axis due to (z> —2)~!.
Therefore we choose the contour as shown in Fig. 2.
The bold dots are the poles at z = +4,, which must be
outside the contour. The dots at n =0, %1, -, are the
poles due to (e — 1)~!. We can now extend the contours
as much as we like into the imaginary directions, since
there are no further poles to worry about. Further, the factor
e27=7) x (¢#7 — 1)~! assures that the integrand falls off
exponentially along the imaginary axis. Therefore, we can
replace the contour C by the new one C; as shown in
Fig. 3. The contribution is now from the poles at z = +4,,.
We then get (for z — 7' > 0)

i [e it (z—7') eita (r—7') 1
42, [el‘f% —1 ePha— 1] * 2/3/15}'
(41)

(4a(0)g5(2)) = «sah{

For 7 — 7 < 0, we do not obtain the needed falloff along
the imaginary directions using (e?#* —1)~!. Instead we
can use e x (> — 1)~! which has the same poles and
residues as (e#? — 1)~ The rest of the analysis is similar
to the case of 7 — 7' > 0 and we get, for 7 — 7' <0,

(@a(D) () =8|~ [T
1a\T)9p\")) = Oab 42, | ePla—1 e Pa—1] 2p822]

(42)

The two cases (41) and (42) can be combined as

FIG. 2. The contour C for the integral in (40).

@

FIG. 3.

@

The contour C; for the integral which gives (41).
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1
262

1 . /
"8, sin(pr,/2) PR

(@) = %{

+ iBA,/2) + exp(idylr — r’)zpwa/zn}
(43)

where the upper sign applies to 7 — 7z’ > 0 and the lower
to 7 — 7 < 0. We may rewrite this also as

1 1
2672 8, sin(fi,/2)

(0.(0)03() = %{
X [/ dpoe™ P AP (5(py — Ay)
+olo-+ 22|} (44)

where A = 7 — 7’ and we have only written the case for
7 —17' > 0. We can continue this to Minkowski signature
by the replacements py — ipy, A — i(t —¢'). This leads
to the Minkowski space expression

1 i
2672 4 sin(f1,/2)

X [/ dpoeipo(f*f/)¥!’oﬁ/25(p(2) + ,15)] }
(45)

(aa(Da(?)) = %{

We see that there is an exponentially growing part to this
and hence there is an instability in processes if we couple
this to external sources and consider, for example, a
scattering problem. This can be avoided if we make the
following additional rule:

Observer has access only to the modes g,,,, corresponding
to the positive eigenvalues.

Thus in any Feynman diagram, we cannot have ¢, in the
external lines or coupling to sources.

We might also worry about possible singularities because
of the sin(fA,/2) in the denominator in (45). This can
happen for T = 4,/2 zn. All such values are excluded
already by (34), except for n =1 and 1, = A. This last
point is the limit of the inequality in (34). It is also excluded
if we postulate an unattainability rule that the inequality
in (34) cannot be saturated, something like a new third law
of thermodynamics. Our conclusion is that the Euclidean
functional is well defined and the Minkowski continuation
of correlators can be meaningfully interpreted if we make
the restrictions:

i qda0 = O

7> Wlth the limit 7 = unattamable
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iii. Observers have access only to the modes ¢g,, not
to ¢g,. However, g, can contribute to processes
via loops.

We now return to thermodynamic considerations,
calculating the free energy and the entropy due to the
unstable modes. For the contribution to the free energy, we
may write

pF=>" fj log (€} — 43). (46)
a 1

Differentiating with respect to 4, we get a sum similar to
what was obtained for the propagators. Carrying out the
summation with the same contour integration techniques,
and integrating over 4,, we find

pF = [~log A, + log (2i sin(p2,/2))

+ (4,—independent term)] 47)

The constant term can be identified by looking at small
values of f4,. This leads to

sin(f4,/2)
2y oy B

The entropy can be calculated as

B sin(f4,/2) Pla
Sl e [ﬂz/z ] 2.5

)-
(49)

In both the free energy and the entropy, there is a singularity
as fA, — 2x. For pA, = 2(x —¢),

1
= logle/n). S~ T iloge. (50
€

We take this as signaling a phase transition. We could
consider the field as developing an expectation value.
However, unlike the case discussed in Sec. II, we do not
have a conservation law for the particle number and hence
there is no equation which can serve to determine the
expectation value. This is the same problem as in the Bose-
Einstein condensation of a free relativistic massless scalar
field; the action is of the form S = 1 [ (9¢)*and the theory
can exist in a phase with (@) = any constant value. If there
are interactions, such as a @*-term, then the interaction will
eventually serve to determine (¢). This is also the case for a
theory with a negative (mass)(mass)? term, which is closer
to the situation we have. Mass corrections can generically
boost the negative eigenvalues to positive or zero values. In
the context of the J-function potentials mentioned in the
introduction, such a mechanism has been studied in [7] and
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also in [14]. (See also the added reference [15].) So to
analyze this possibility, we will now consider possible mass
corrections arising from a @*-interaction.

V. THE INTERACTING THEORY

The action for the interacting theory will be taken to be
S= Z Z qrmqgm( n (1)0, 2 anowa
a 1
+ZZq2nqan(93—ﬂi)+g/¢4- (51)
a 1

We will separate out the unstable modes by writing
¢ = ¢ +n, where

191

9= WZ an €711 (%)
= 732 Qaneignrua(f)' (52)

The strategy is to integrate out the #’s to obtain an effective
action for the ¢’s. This result can then be continued to
Minkowski space and real-time processes can be calcu-
lated. So long as there are no sources coupled to the
unstable modes, #’s only contribute in loops and this
process can be consistently implemented.

First of all, let us consider tree-graphs where the
n-propagator can occur. The question is whether these can
lead to new instabilities requiring new restrictions. Consider
as an example the term [ ¢(x)3(n(x)n(y))¢(y)®. Using the
expression for the propagator in ((44)), this can be evaluated
in a straightforward manner as

/ $ (IO P(y)? / dxdyp(x)V (x,)p ().

(53)
where
xy Zu )?)u )_),)/da)d(l) iwx"4-ia'y°
(27)%5(w)8(w') 2 nd(w + @)
X[ W2 2’12 } oY

There is nothing pathological about this. Notice that the first
term in V/(x,y) is an instantaneous potential which is also
temperature dependent. It is confined to a region close to
the boundary since the u, () fall off as we move away from
the boundary. Turning to loop corrections, the simplest one
we can evaluate is the one-loop mass correction due to the
unstable modes. This is easily seen to be given by
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1
AS =7 / V()P (),

V) = 1263, 09| = g 0B/
(55)

Being a position-dependent mass term, this is really a single-
particle potential for the ¢p modes. V/(x) is again concentrated
near the boundary. It is positive for all values of 4, in the
range of interest. Thus ¢’s experience a repulsive potential
near the boundary helping to avoid any further instabilities, at
least to this order.

Let us now consider the thermodynamic quantities. The
partition function will get contributions from diagrams of
the type shown in Fig. 4, where the propagators are those
corresponding to the unstable modes 5. The first term is
the free part which gives the expressions (48) and (49). The
extra loops correspond to the modification of the propa-
gator via a mass correction for the # fields. So while this
does not have to be taken account of in external lines,
this mass correction does influence the thermodynamics.
Evidently, the mass correction for this is of the form
1 [V(x)n*. Thus the effect of the series is to change the
expression for the free energy to

F=3"Y log(@—1%), (56)
a 1
where 1, are the eigenvalues of —V? + V(x),

(V2 + V()i = A, (57)
with V(x) as given in (55). This extra repulsive potential
can make the eigenvalues —/li positive avoiding the
singularity as A, — 2z. Unfortunately, an explicit calcu-
lation is rather difficult, since the potential V(x) diverges as
P, — 2x, making any perturbative evaluation of correc-
tions inadequate. Nevertheless, it is useful to get an
estimate of the correction to the eigenvalues in perturbation
theory, say, to first order. For the example introduced in
Sec. 1T of R? with a disc of radius R excised from it,
consider the case when we have only one eigenstate with
negative eigenvalue. This can be obtained for xR = 0.5

©+©Q+<%+

FIG. 4. Diagrams involving the propagator of the unstable
modes which contribute to the partition function.
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for example. Taking this as an illustrative case, we find
Z, = 0.165725 and the eigenfunction is

u(x) = (2zR*T)"'?Ky(z,r/R).T

= /oo dww(Ky(z,.w))>. (58)

1

The eigenvalue —z2/R?, with the first correction included
becomes

Pl 39 1
—A" e { 1+ (0.2102) x h [(ﬁﬂ/Z) cot(ﬁﬂ/Z)”.
(59

The correction is not small except for very small g and 4, and
diverges as A — 2x, showing that the negative modes are
eliminated before we get to A = 2z. As mentioned above,
perturbation theory is not adequate for this analysis; we plan to
explore a numerical approach to this question in the future.

VI. DISCUSSION

In this paper we have considered field theories on
manifolds with boundaries and for which the one-particle
kinetic energy operator, taken as the Laplacian, has
negative eigenvalues. The possibility of negative eigenval-
ues is related to the choice of boundary conditions. The
general theory shows that there is a large class of boundary
conditions, in fact infinitesimally close to standard and
well-known ones such as Dirichlet and Neumann, for
which the Laplacian can have negative eigenvalues.
Explicit illustrative examples were given in Sec. II. Our
strategy for analyzing such theories was to start with
defining the theory at finite and high enough temperature
for which we have a well-defined partition function and
then pose the question of whether we can lower the
temperature to zero. The analysis leads to three differ-
ent cases.

If we consider free field theories with a conserved particle
number operator, there is Bose-Einstein condensation as we
lower the temperature with a thermodynamically nontrivial
fraction condensing into the mode with the lowest (and
negative) eigenvalue for the Laplacian; the transition temper-
ature is related to this lowest eigenvalue. Stability in this case
is due to the total number of particles being fixed.

By contrast, if we consider a real scalar field, for which
there is no conserved number operator (and hence no
corresponding chemical potential), we find that a stable
theory is possible only if the temperature remains above a
certain value A/2z, where —A? is the lowest eigenvalue of
the Laplacian. The temperature A/27z plays the role of
absolute zero for this case, with a corresponding unattain-
ability condition (as in the usual third law of thermody-
namics). Further, observers should have access only to the
modes with positive eigenvalues. These features, particularly
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the fact that the system shows finite temperature and that
the modes of negative eigenvalues are localized near the
boundary, are very suggestive of what is observed in the
region outside the horizon of a black hole. At this point,
this is still an intriguing analogy; the possibility of a
deeper connection is worth exploring. As the temperature
approaches the value A/2z, thermodynamic quantities such
as the free energy and entropy diverge again suggesting a
phase transition. However, within the free theory, there is no
way to determine the expectation value for the field.

The third case of interest, which is also related to the
second case, is when we have an interacting scalar field
theory. We considered a simple example of a ¢*-type
interaction. The modes with negative eigenvalues can
contribute in loops and the general effect is to create a
new repulsive potential near the boundary. We expect this
to eliminate the negative eigenvalues and lead to a stable
theory as the temperature approaches the critical value
A/2z. The extra potential diverges as this limit is
approached, making any perturbative analysis nonviable.
We plan to explore this question is more detail numerically
in future work.

The addition of “mass term” on the boundary would
presumably save the thermodynamic quantities such as the
free energy. But the negative energy modes localized at
the boundary remain as “zero energy” modes. The lesson is
there could be edge states localized at the boundary even in
conventional circumstances, but under perturbation through
interactions they will go away since there is “no gap” with
bulk modes. But with new boundary conditions which have
global origin they will remain stable. This will be seen in
the behavior of two-point functions of the edge modes.

Lastly we would like to remark about fermionic theories.
The Dirac operator on such manifolds have to be supple-
mented by Atiyah, Patodi and Singer global boundary
conditions [16] in order to be self adjoint. The square of the
Dirac operator is positive definite, but edge states localized
on the boundary persists, see for example [12]. This can
change thermodynamics, a question which we plan to
explore in the future.

After this paper was written, we became aware of [15]
where a specific realization of the negative eigenvalues is
used as a possible mechanism for breaking gauge sym-
metries. (We thank S. Ohya for bringing this work to our
attention.) Our analysis is quite different, even though there
are some points of overlap. We consider the question of
how the scalar field self-interactions affect the whole issue
of condensation to be not settled in that case as well.
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