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Scattering in topologically massive gravity, chiral gravity,
and the corresponding anyon-anyon potential energy
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We compute the tree-level scattering amplitude between two covariantly conserved sources in generic
cosmological topologically massive gravity augmented with a Fierz-Pauli term that has three massive
degrees of freedom. We consider the chiral gravity limit in the anti—de Sitter space as well as the limit of
flat-space chiral gravity. We show that chiral gravity cannot be unitarily deformed with a Fierz-Pauli mass.
We calculate the nonrelativistic potential energy between two point-like spinning sources. In addition to the
expected mass-mass and spin-spin interactions, there are mass-spin interactions due to the presence of the
gravitational Chern-Simons term which induces spin for any massive object and turns it to an anyon. We
also show that the tree-level scattering is trivial for the flat-space chiral gravity.
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I. INTRODUCTION

Gravity in 241 dimensions is a fertile theoretical
ground in which a plethora of interesting structures and
phenomena have been found [1-3]. In spite of its apparent
simplicity, with a vanishing Weyl tensor and no local
degrees of freedom, cosmological Einstein theory has black
hole solutions and the associated thermodynamics [4].
Ultimately, of course, the goal is to find a quantum gravity
theory in this lower-dimensional setting and hopefully learn
about the structure of quantum gravity to build one in the
more relevant 3 4+ 1 dimensions. The natural question is,
after about 30 years of research, whether or not we are any
closer to quantum gravity in 2 4+ 1 dimensions. The answer
depends on one’s level of optimism; while no quantum
version of 2 4 1-dimensional Einstein theory exists as of
now, the situation is much better when cosmological
Einstein theory is augmented with a tuned gravitational
Chern-Simons term. In this case, “chiral gravity” [5,6],
which is potentially a viable quantum gravity theory, is
conjectured to have a dual unitary boundary conformal
field theory (CFT). Generically, Einstein’s gravity plus the
gravitational Chern-Simons term—that is, the topologically
massive gravity (TMG) [7]—has a single massive spin-2
excitation in both flat and (anti—)de Sitter [(A)dS] space-
times. In the chiral gravity limit, the massive graviton
disappears and one is left with a Banados-Teitelboim-
Zanelli black hole with positive energy and a boundary
chiral CFT from which one can relate entropy to micro-
scopic states, a situation which seems to be lacking in
cosmological Einstein theory in 2 + 1 dimensions.

We started this work with the following question in
mind: suppose chiral gravity is a viable theory; how, then,
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can two covariantly conserved charges scatter at the lowest
order with a single graviton exchange in this theory? Of
course, one immediately realizes that chiral gravity cannot
be easily coupled to a generic matter source but only to null
matter. We then ask the more general question: how do two
covariantly conserved particles scatter at the lowest order in
cosmological TMG augmented with a Fierz-Pauli term?
The Fierz-Pauli term is somewhat of a headache because of
its noncovariance, but at the linearized level it helps to find
the propagator without worrying about gauge-fixing issues.
Also, in 2 + 1 dimensions Fierz-Pauli massive gravity has a
remarkable nonlinear extension dubbed ‘“new massive
gravity” [8] and even an infinite-order extension of the
Born-Infeld type [9].

Our task in this work is to first find a formal expression
for the tree-level scattering in cosmological TMG with a
Fierz-Pauli term, and then consider the flat-space limit. In
the explicit computation of the nonrelativistic potential
energy, we will recover the gravitational anyons which
were found by Deser [10] as solutions of the linearized field
equations in flat-space TMG. It will be clear that because of
the gravitational Chern-Simons term a point-like structure-
less, spinless particle with mass m acts as if it has a spin
km/u, where k is Newton’s constant and u is the gravi-
tational Chern-Simons parameter. These gravitational any-
ons are analogs of their Abelian counterparts where any
charged particle picks up a magnetic flux when coupled to
an Abelian Chern-Simons term [11].

The layout of the paper is as follows. We first find the
particle content of the cosmological TMG with a Fierz-
Pauli term in Sec. II. That section is a generalization of the
flat-space version of the same theory [12]. Moreover, in that
section we write the linearized field equations in a form
which can be formally solved by the Green’s function
technique. Section III is devoted to a derivation of the tree-
level scattering amplitude using the tensor decomposition
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of the spin-2 field in terms of its irreducible parts. In that
section, we also give the chiral gravity limit of the
amplitude. In Sec. IV we limit ourselves to the flat space,
where Green’s functions are explicitly computable and the
notion of potential energy makes sense as a nonrelativistic
approximation. There we consider two sources with mass
and spin that interact via the full TMG + Fierz-Pauli theory
and find the anyon structure of the sources.

II. PARTICLE SPECTRUM FOR TMG WITH A
FIERZ-PAULI MASS IN (A)DS BACKGROUNDS

The Lagrangian density of TMG with a Fierz-Pauli mass
term is

L= \/—{ (R — 2A)——(h2 — 1)

1 2
+ Z nﬂbarﬂya <aurgaﬁ + g Fawll—%aﬁ> + ‘Cmatter } s
(D

where k is the 2 4 1-dimensional Newton’s constant with
mass dimension —1 and p is a dimensionless parameter.
The tensor #*** is defined in terms of the Levi-Civita
symbol as e/, /—g. We will work with the mostly-plus
signature. Generically, this parity-noninvariant spin-2
theory has three modes, all with different masses about
its flat and (A)dS backgrounds. There are constraints on the
parameters coming from the tree-level unitarity. We
observe that when the Fierz-Pauli term vanishes, the theory
reduces to TMG with a single massive spin-2 mode with
M ion = #°/K° + A, On the other hand, the y — oo
theory corresponds to the Fierz-Pauli massive gravity with
two massive spin-2 excitations with mass m. The masses of
the three modes and the unitarity regions for flat spacetimes
were studied in the full theory—with all the parameters
nonvanishing—in Ref. [12]. Here, in this section we
generalize this result to the (A)dS backgrounds.

To find the particle spectrum about the (A)dS vacuum
and the propagator, let us consider the field equations
coming from the variation of Eq. (1),

1 1 1 m?
; (R;w - Eg;wR + Ag;w) + ’; C/w + ﬂ (h/w - g;wh)
_— @)

where C,, is the symmetric, traceless, and divergence-free
Cotton tensor,

1
CcW = n”“ﬂva <Rl//j - ZéyﬂR> s (3)

which vanishes if and only if the spacetime is conformally
flat. In what follows it pays to rewrite it in an explicitly
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symmetric form with the help of the Bianchi identity
V,G" =0),

1 1
O = PG+ 50V G, @

Let us consider the linearization of Eq. (2) about an

(A)dS  background g, =g, +h where R

Hvs waff

A(Guadup — GupTua)» Which is the vacuum of Eq. (2) with

m=0,7, =0,

1 L 1 wi's Lﬁ o 2 -

E g;w + Zr]}mﬁv v 2 5 Nuap v g (h;w - g;wh)
- T, 5)

Here T, =1, +©(h* i’ ...) and it satisfies the back-
ground covarlant conservation, V T" =0. The 2+ 1-
dimensional linearized curvature tensors that we need
are [13]

1
Gh, =RL, — 3 9 RE —2Ahy,,
RL, = 3 (vﬁvﬂhm +V°V,h,, —Oh,, —V,V,h),

L= (gle;w)L = _ljh + vﬂvyh”y —2Ah, (6)

where h = gh,,,. To be able to identify the excitations, we
have to write Eq. (5) as a source-coupled (higher-
derivative) wave-type equation of the form

(O—-20—m}) (O -20—m3) (O —2A—mdh, =T

Hv

)

where m; correspond to the masses of the excitations.
Note that in (A)dS backgrounds (O —2A)h,, =0 is the
wave equation for a massless spin-2 particle, hence the
shifts in Eq. (7). Since the Levi-Civita tensor mixes various
excitations in Eq. (5), we need to manipulate the equation
to “diagonalize” it. But before that let us note a special
point in the parameter space. The divergence of Eq. (5)
gives

m*(V*h,, —V,h) =0, 8)

yielding, for m? # 0,

K

b=-20h h=5—T.

—m
Ak

- T. 9)

Gh =" Gl = 5~
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Observe that at the “partially massless point” m? = A, and so A is not fixed and a new higher-derivative gauge invariance of

the form 6:h,, = V,V, &+ Afj,, appears, reducing the number of the degrees of freedom by one from three to two
[12,14,15]. Needless to say, this particular theory has no flat-space limit and it shall not be considered in the rest of
the paper.

Now let us try to cast Eq. (5) in the form of Eq. (7), where the masses of the excitations become apparent. For this
purpose, applying ##°*V, to Eq. (5) gives

L FC U P | G e - 0P A VR =oL
_77” pvag/w - Dgl/ + —gl/ + _’7” pva(h/w - gﬂuh) = 77” pvaT/w + _5pvg + _vuvﬂg - _5pu|:|g s (10)
K H H 2k p 2 2

where we have made use of the identity
”ﬂw’/lmﬂ = [_5ﬂv(50a50ﬁ - 5Gﬁ5pa> + 5”(1(561/5;),5 - 56ﬂ5pv) - 5”/3(5611600: - 56045'01/)]' (1 1)

Using the field equation (2) to eliminate the first term in Eq. (10), one obtains

2 2.2 2
- 1% H-m _ Hm - _
(D —3A - ?) ngv - 2—1('2 (hpv - gpvh) - ?nﬂ pva(huy - g;wh>
_ _ 2 i 1o - 1. -
= gnp}wvyTﬂu + gnuyﬁvyTap - % T/)I./ - AgpugL - 5 vyvng + EgpuDgL- (12)

To transform Eq. (12) into a wave-type equation, one should write the Fierz-Pauli part in terms of the linearized Einstein
tensor ﬁl, and its contractions. For this purpose, let us define a new tensor

B, = 0,a5V°G" (13)

with B, = B =0 and v”l’j’,w = 0. Then, by plugging Eq. (13) into Eq. (12) and hitting it with npaﬂv“, one arrives at

1 - 1 _ 1 m? _ o
_;n/)aﬂvab’py + Zﬂpaﬂ”’wpvav B + ’1/)(1/)”1”6/ vav Bl/ﬂ + 2K ’7/)(1/}77 vavﬂ(hﬂu - g;wh) = ﬂ/)(lﬂﬂ”apvavo”ryw

(14)
After a somewhat lengthy but straightforward calculation, one can find the following expression:
m2 _ m2 A }n2 . = -
% (hﬂu - g/iuh) = —7( 2A) /3,, +— p ( —2A)” gﬂugL - —K( —24A) 1<gﬁuD - v/ivu)h - A( 2A) 9T,
(15)

where the inverse of an operator is a shorthand notation for the corresponding Green’s function. By inserting Eq. (15) into
Eq. (12) and using Eq. (9), one finds

B 2N 2m? 2.4
((D—3A—'Z—2) T iy (YN (D-2A)2)gbpy

K K

2 2,2
T B e p wm* .
= 5’7/)” vﬂT{SD + Eﬂy” v}lTﬂ/) - ?T/w + T (D - 2A) lT/w
2,2 2
pm = -1 2 -1 KA} - 5 ©
_ T @A) (1 =m0 = 20) ) = S (3, (01— 2A) -V, V)T, 16
et o (SRLIVN (R CRE I B BICNEREINEL AR (16)
where
L= L@, 19,9 a7
pv 2 pv T Ve Yot
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Equation (16) is almost in the desired form, except that
there is an 4 on the left-hand side. But this can be remedied
with the help of 7 = *

Oh,, =T,, (18)

as needed. To study the linearized gravitational degrees of
freedom, let us stay away from the sources and set 7, = 0,
which gives T,, = 0. Then the higher-order wave-type
equation for cosmological TMG with a Fierz-Pauli mass
term boils down to

2 2,2 2.4
KE—3A—”—2>(E—2A)2+2”T (E—ZA)—Mm]hp,,
K K
=0, 19)

which, in flat space, reduces to the known form [12]

2 2.2
u 2um
|:(82)3 _K_2<82)2 + 5 82 5

4
_um :|h/)u =0, (20)
K K
which has three distinct real roots corresponding to the
masses of the excitations only if u?/m*x> > 27/4.

To read the masses of the excitations in the (A)dS
background, Eq. (19) is rewritten as Eq. (7) with a
vanishing right-hand side, which yields a cubic equation,

2 2
(A + >M4 + £
K

2 2.4
m2-E 0, @
K

where again the three roots M; are the masses of the
excitations. In general there are complex roots unless

9ZA 3m? A K2A\ 2
l4+— (1> (1+—], 22
() e () @

which guarantees the non-negativity of the discriminant.
The explicit forms of all the three roots are somewhat
cumbersome to write, and therefore we shall not display
them here. But let us note the following cases:
(1) When ”2 = —A, which is the chiral gravity limit,
there are two tachyonic excitations unless m = 0.
This means that chiral gravity cannot be deformed
unitarily with a Fierz-Pauli mass.
(2) In the m? =0 limit caution must be exercised;
namely, there are ostens1bly two solutions, M? =
0 and m* = A+” The latter is the well-known
massive mode, while the first solution does not
actually exist. This can be seen from the equations if
one started with m> = 0 in the beginning [16,17].
3) As a specific example, let us take m? = 8;\ and
”2 = 3A. Then all three roots are equal,
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M?=M3=M;= 4?, (23)
which obeys the Higuchi bound [18] in dS space
(M? > A > 0) but not the Breitenlohner-Freedman
bound [19] in AdS (M? > A). At this specific point,
the fact that the helicity + 2 and helicity-2 modes have
the same mass in dS does not show that parity
symmetry is restored.

(4) Inthe y — oo limit, which is the Einstein-Fierz-Pauli
theory, one gets two excitations with the same
mass m.
Having found the spectrum of the full theory, we now
move on to calculate the tree-level scattering amplitude
between two conserved currents (V,T# = 0).

III. SCATTERING AMPLITUDE IN GENERIC TMG
PLUS FIERZ-PAULI THEORY
=T, . where O is a

Equation (16) is of the form Oh,, e
complicated operator. Since not every component of A, is
dynamical, it pays to decompose the spin-2 field in terms of
transverse helicity-2 (h}]), helicity-1 (V#), and helicity-0
components (¢, y) as

By =hT+V, V) +V, V0 + g, (24)

Taking the trace of Eq. (24) and the divergence of Eq. (8)
leads to the elimination of ¢b and a relation between & and

v,

1 -

Then the trace of the field equations (9) yields

S(O+3A)7'T. (26)
A

K
llll

To relate h!l to the source, one needs to use the
Lichnerowicz operator A(Lz> on the symmetric spin-2

tensors,
AP Ry, = —Ohy, = 2R, 00 + 2R by, (27)
where we find the following properties [20]:
APV, =V,alv,, Ay, = O+ A,
VAP b, = AV, VeA Y, = APV,
AP gt = gute.  AY¢=-0p. (28)

Then, with the help of Eq. (28), the transverse-traceless part
of the linearized Einstein tensor Q{TW can be written in
terms of the Lichnerowicz operator as
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1
gir = 3 (AP —4A)RIT. (29)

Substituting Eq. (29) into Eq. (16) gives a relation between
the transverse-traceless field and the sources,
hy = pOH (O = 20),°V, TE]
+ /’to_l (Ij - 2A)2’1Dﬂ”v;¢TTT

op

pv

2
2 on1 (@ - AT
K

)
+ 2 o (= N TTT (30)

v
K pe

where the scalar Green’s function Q! is

O l= { [(G —2A)? (E - 3A—/:—§>

2 292 -1
+ 2 X 'MT]X(Af)—4A)} NEID)
K K
|
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Additionally, by doing a tensor decomposition for 7,

similar to that in Eq. (24), one can write the transverse-

traceless part T2 [21] as

=7, — l;;,,DT + % (V,V, +Ag,,) x (O+3A)7'T.

P = Spr Ty
(32)

With all the above results, we are ready to write the tree-
level scattering amplitude between two sources as

1
A=y / P/ TG () (x)

1
= 1/ Px/=G(T)h" + Thy).  (33)

Finally, by plugging Eqgs. (26), (29), and (32) into Eq. (33),
the amplitude is obtained as

—_ 2 — —
4A = 2T}, 01 ([ = 20)29H ¥, T,¥ — 2% 7,01 (1= 2A) (01 — 2 — m?) T

2 _ _
~E 0 (@ = 20) (O — 2 — m) (VY + Ag) x (O + 3A)7'T
K

2
oo —2A)(E—2A—m2)T+%T/(E +3A)IT, (34)
K _m-

where for notational simplicity we have suppressed the
integral signs.

The pole structure of the full theory is highly compli-
cated: there are apparently four poles. But in the most
general case, it is hard to see from the scattering amplitude
whether the fourth pole—besides the three which are
exactly the roots of the cubic equation (21)—is unphysical
or not. In any case, the introduction of the Fierz-Pauli term
served its purpose of making the propagator invertible, and
hence we can now set it to zero and consider the most
promising limit of the general theory, that is, chiral gravity
with m? =0, u?/x> = —A. Strictly speaking, one must
keep h = 0 to get chiral gravity. Hence, we must also set
T = 0. Then the amplitude in chiral gravity reads

4A = 2uT), (O —27) x (AP —4A)} !

X <11/’””vﬂT6” - '% T””) , (35)

where we recall that the theory is valid in AdS with A < 0.
As expected, the massive mode drops out.

A

IV. FLAT-SPACE CONSIDERATIONS

In this section, we will study the flat-space limit of the
scattering amplitude (34) in various theories and the
corresponding Newtonian potential energy ({/) between
two localized conserved spinning point-like sources,
defined by

) 1 .
TOO = ma5<2)(x — Xa), Tl() = —EJae’fajé(z) (X — Xa),

(36)

where a = 1, 2, and m, and J, refer to the mass and spin,
respectively. (Note that spin in 2+ 1 dimensions is a
pseudoscalar quantity which can be negative or positive.)

A. Scattering of anyons in TMG with a Fierz-Pauli term

Inthe A — 0limit, Eq. (34) gives the tree-level scattering
amplitude in flat space for the TMG with a Fierz-Pauli
mass,
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2 22 2 — m2
4A = _zﬂT;w 2” m > 2 mt ’7”””8 T v + LT;}IJ 470 ;42 2;1"12 > ﬂ2m4 ™
o*(o? 2)+ % — K OINO —E) + 2707 -5~
_ﬂz 9% — m2

Koy
K T 34(82 _/;_j) + 2/4;2*"2 o2 _;%T' @7

Aslong as one is looking at the generic theory where the masses are distinct, one can fractionally decompose the propagator as

P —m2 3003 (M2
4 (5 2/71m 2 pimt = Z H <(M§ — :;2)) Gk(x’ x', 1, t/)’ (38)
*o? 2) + - = o M r
r#+k
where the scalar Green’s functionis G (x, x/, 1, ) = (0> — M?)~!, with M = M (k?, i, m?),and k = 1,2, 3, are the generic

roots of Eq. (21). Substituting Eq. (38) into Eq. (37), using Eq. (36), and carrying out the time integrals yields

3 3 202 2
M (km Km m

4u_—§ || M2 — ) Tk (K T, + L1 ——
(M 7) { P P 1 u 2 2 M2

k=1 =1

k#r
X /dzx/dzx’5<2>(x’ — X,)0,0'G(x,x' )63 (x — x;)

2
Homymy

LI (g7 — ) / P / P (x' — x,)G (x, X150 (x — xl)}, (39)

where the potential energy is defined as U = A/¢ (see Ref. [22]) and the time-integrated Green’s function is

A

1
Gk(X, X/) = / dt/Gk(X, X/, 1, t/) = ﬁK()(Mk‘X — Xll). (40)

Finally, using the recurrence relation between the modified Bessel functions,

- M?
VzKo(Mkr) :Tk(Ko(Mkr) + Ky (Myr)), (41)

where r = |X; — X,|, one obtains

3 3 24 2 2
M K‘mym, m<JJ
u=>" 1] m}-m3)- {16 £ <Jt°tJt2°t M; 2 2) K, (M;r)
k

k=l p =1
k#r
2144 2 2 2
u-My |2mym, m K'mym, m-JyJ,
1—— Jwet — — Ko(M . 42
e it (1) + (1 === ) [ o “

We defined the total spin as the original spin of the source plus the induced spin due to the gravitational Chern-Simons term,
which turns the source into an anyon [10],

Kma

JO=J,+ a=1,2. 43)
Ourresultnot only reveals the anyon structure of the sources, butit also describes how anyons scatter at small energies. For other
works on gravitational anyons see Refs. [23-26]. We observe that, depending on the choice of (J,,, m,, m*), U can be either
negative or positive, or it could even vanish.

Let us now consider the short- and large-distance limits of the anyon-anyon potential energy. First, at short distances,
since the Bessel functions behave as

21

Ko(Myr) ~—In(Myr) —yg, Ky(Myr) “E 2 44
k
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the potential energy reads

-3 T o

k;ér

167k M?

2MA 2 m2 2
_/" k [ m;my (1 __) + (Jtlotjtzot_ ”2

M3

xmwm+mﬁ,

2M2
M2
2 { 8nk
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Jot jiot K2mym, m2]1J2>1
1 - 2 - M2 2
U k r
K~mmy m2J1J2>}
M3

(45)

where y is the Euler-Mascheroni constant. On the other hand, for large distances, since the Bessel functions decay as

Kn(Mkr) ~

the potential energy becomes

uN

=~
Il w
—_

8 M?
r=1 i k

k#r

B. Scattering of anyons in TMG

We now consider the scattering of anyons and find the
related potential energy for TMG without the Fierz-Pauli
mass. Taking the limits m> — 0 and A — 0 in Eq. (34) (in
order to avoid the van Dam-Veltman-Zakharov disconti-
nuity [20,27]), one arrives at

= AT 0T
£
24 1
+— pr 25 ™
(82 _ /;_2>82
2 1 1
—”—T’—T+:<T’—T (48)

Ko (0 —2)0P ?

which generically has both a massive and a massless mode.
The explicit computation of the potential energy follows
along the same line as the previous section. One finally arrives
at the anyon-anyon scattering potential energy in TMG,

K'I’I’l2
U= -9 { ( Jtlot Jt20t

nmyn,

K5 (myr)
o =)

g

O L) S

+ <Jt0tJtOt +
7
where m2 = y? /2.
Letus now check the small- and large-distance behaviors
of the potential energy. First of all, for small separations,
one obtains

3 214
M [mym m
[ (Mi—M%)—I”—"[ ‘ 2(1—

2 m2J,J, T
o JtotJtot _ _ e—Mkr. 47
i)+ (o= e @

i (46)

2Mkr

K“mn,

( Jtot Jlot

72

mlmz)
my

uN

2
s (Jtoth+ )(ln(mgr)—i—}/E). (50)

g

At large distances, Eq. (49) behaves as

KmZJtotJtot T
U~ gv1 72 e 51
8 2mgyr G

which of course could be repulsive or attractive. For the
specific case of the tuned spin J = —xm/u, there is no
interaction at large separations.

C. Scattering of anyons in flat-space chiral gravity

In Ref. [28]—as an example of the holographic corre-
spondence between a gravitational theory in flat space and
a CFT in a lower-dimensional space (which is akin to the
AdS/CFT correspondence)—a chiral gravity was con-
structed as a limit of TMG, which the authors dubbed
“flat-space chiral gravity,” and it was shown that a pure
gravitational Chern-Simons term with level %, i.e.,

k 2
S = _4ﬂ/ &Pxy/=gpeT? <8yrﬂaﬁ + gr”ylrﬁo,[,> ,
(52)

is dual to a CFT with a chiral charge ¢ = 24.
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Here we consider the scattering amplitude and the
Newtonian potential energy in flat-space chiral gravity.
To do so, let us note how flat-space chiral gravity arises
from TMG,

2n

—. 53
i (53)
From Eq. (34) and with T=0 and m?>=0, one
obtains

K — 00,

iy 4 1
4A=——T —
A Lo

o, T,". (54)
We need to construct a covariantly conserved traceless
source.' To do this we can write the Minkowski space in
null coordinates as ds> = —dudv + dy?, with u =t + x
and v = ¢t — x. Then the vector lﬂ = a,,u satisfies I* = —&,

and lﬂl" = 0. Therefore the null source should read
T# ~ I'l*. Together with the condition V, 7" =0, we

' After the time integration of (9*)~!, one gets the biharmonic

Green’s function: [dt(0*)~!(x,x',1,/') = —%(ln%— 1).
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have 7" = E5(u)5(y)5,6%. Substituting this into Eq. (54)
yields a trivial scattering amplitude.

V. CONCLUSION

We have studied the 2 + 1-dimensional cosmological
TMG augmented by a Fierz-Pauli mass term in (A)dS and
flat backgrounds in detail. We first found the particle
spectrum of the full theory in (A)dS and computed the
tree-level scattering amplitude between two conserved
energy-momentum tensors. We also looked at the chiral
gravity limit and found that chiral gravity cannot be
unitarily deformed with a Fierz-Pauli mass term. In the
flat background, we studied the potential energy between
two point-like spinning sources and obtained the anyon
nature of the sources that arises due to the gravitational
Chern-Simons term. In flat-space chiral gravity, scattering
at the tree-level is trivial.

ACKNOWLEDGMENTS

We would like to thank T.C. Sisman and I. Gullu for
useful discussions. The work of B. T. and S. D. is supported
by the TUBITAK Grant No. 113F155. E. K. is supported
by the TUBITAK PhD Scholarship.

[1] S. Deser, R. Jackiw, and G. 't Hooft, Ann. Phys. (N.Y.) 152,
220 (1984).
[2] S. Deser and R. Jackiw, Ann. Phys. (N.Y.) 153, 405 (1984).
[3] S. Carlip, Quantum gravity in 2+1 dimensions (Cambridge
University Press, Cambridge, 1998).
[4] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett.
69, 1849 (1992).
[5] W.Li, W. Song, and A. Strominger, J. High Energy Phys. 04
(2008) 082.
[6] A. Maloney, W. Song, and A. Strominger, Phys. Rev. D 81,
064007 (2010).
[7]1 S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48,
975 (1982); Ann. Phys. (N.Y.) 140, 372 (1982).
[8] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, Phys. Rev.
Lett. 102, 201301 (2009).
[9] L. Gullu, T.C. Sisman, and B. Tekin, Classical Quantum
Gravity 27, 162001 (2010).
[10] S. Deser, Phys. Rev. Lett. 64, 611 (1990).
[11] F. Wilczek, Fractional statistics and anyon superconduc-
tivity (World Scientific, Singapore, 1990).
[12] S. Deser and B. Tekin, Classical Quantum Gravity 19, .97
(2002).
[13] S. Deser and B. Tekin, Phys. Rev. D 67, 084009 (2003).

[14] S. Deser and R. I. Nepomechie, Ann. Phys. (N.Y.) 154, 396
(1984).

[15] S. Deser and A. Waldron, Phys. Rev. Lett. 87, 031601
(2001); Nucl. Phys. B607, 577 (2001).

[16] S. Carlip, S. Deser, A. Waldron, and D. K. Wise, Classical
Quantum Gravity 26, 075008 (2009).

[17] M. Gurses, T. C. Sisman, and B. Tekin, Phys. Rev. D 86,
024001 (2012).

[18] A. Higuchi, Nucl. Phys. B282, 397 (1987).

[19] P. Breitenlohner and D. Z. Freedman, Phys. Lett. 115B, 197
(1982).

[20] M. Porrati, Phys. Lett. B 498, 92 (2001).

[21] L. Gullu and B. Tekin, Phys. Rev. D 80, 064033 (2009).

[22] 1. Gullu and B. Tekin, Phys. Lett. B 728, 268 (2014).

[23] S. Deser and J.G. McCarthy, Nucl. Phys. B344, 747
(1990).

[24] M. E. Ortiz, Classical Quantum Gravity 7, L9 (1990).

[25] G. Clement, Classical Quantum Gravity 7, L193 (1990).

[26] A.Edery and M. B. Paranjape, Phys. Lett. B 413, 35 (1997).

[27] I.I. Kogan, S. Mouslopoulos, and A. Papazoglou, Phys.
Lett. B 503, 173 (2001).

[28] A. Bagchi, S. Detournay, and D. Grumiller, Phys. Rev. Lett.
109, 151301 (2012).

024033-8


http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1016/0003-4916(84)90025-3
http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://dx.doi.org/10.1088/1126-6708/2008/04/082
http://dx.doi.org/10.1088/1126-6708/2008/04/082
http://dx.doi.org/10.1103/PhysRevD.81.064007
http://dx.doi.org/10.1103/PhysRevD.81.064007
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://dx.doi.org/10.1103/PhysRevLett.102.201301
http://dx.doi.org/10.1103/PhysRevLett.102.201301
http://dx.doi.org/10.1088/0264-9381/27/16/162001
http://dx.doi.org/10.1088/0264-9381/27/16/162001
http://dx.doi.org/10.1103/PhysRevLett.64.611
http://dx.doi.org/10.1088/0264-9381/19/11/101
http://dx.doi.org/10.1088/0264-9381/19/11/101
http://dx.doi.org/10.1103/PhysRevD.67.084009
http://dx.doi.org/10.1016/0003-4916(84)90156-8
http://dx.doi.org/10.1016/0003-4916(84)90156-8
http://dx.doi.org/10.1103/PhysRevLett.87.031601
http://dx.doi.org/10.1103/PhysRevLett.87.031601
http://dx.doi.org/10.1016/S0550-3213(01)00212-7
http://dx.doi.org/10.1088/0264-9381/26/7/075008
http://dx.doi.org/10.1088/0264-9381/26/7/075008
http://dx.doi.org/10.1103/PhysRevD.86.024001
http://dx.doi.org/10.1103/PhysRevD.86.024001
http://dx.doi.org/10.1016/0550-3213(87)90691-2
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://dx.doi.org/10.1016/S0370-2693(00)01380-0
http://dx.doi.org/10.1103/PhysRevD.80.064033
http://dx.doi.org/10.1016/j.physletb.2013.11.064
http://dx.doi.org/10.1016/0550-3213(90)90677-6
http://dx.doi.org/10.1016/0550-3213(90)90677-6
http://dx.doi.org/10.1088/0264-9381/7/1/003
http://dx.doi.org/10.1088/0264-9381/7/9/002
http://dx.doi.org/10.1016/S0370-2693(97)01101-5
http://dx.doi.org/10.1016/S0370-2693(01)00209-X
http://dx.doi.org/10.1016/S0370-2693(01)00209-X
http://dx.doi.org/10.1103/PhysRevLett.109.151301
http://dx.doi.org/10.1103/PhysRevLett.109.151301

