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We study the entrainment effect between superfluid neutrons and charge neutral fluid (called the proton
fluid) which is made of protons and electrons in a neutron star interior within the two-fluid formalism and
using a relativistic model where baryon-baryon interaction is mediated by the exchange of σ, ω, and ρ
mesons. This model of strong interaction also includes scalar self-interactions. The entrainment matrix and
entrainment parameter are calculated using the parameter sets of Glendenning (GL) and another non-linear
(NL3) interaction. The inclusion of ρ mesons strongly influences the entrainment parameter (εmom) in a
superfluid neutron star. The entrainment parameter is constant at the core and drops rapidly at the surface. It
takes values within the physical range.
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I. INTRODUCTION

Novel phases of dense matter might exist in neutron stars.
Superfluidityorsuperconductivity isonesuchformofmatter.
Recently, rapid cooling of the neutron star in Cassiopeia A
was reported [1]. This has been attributed to the neutron
superfluidity in neutron star cores [2]. Pulsar glitches are also
thought to be the manifestation of superfluidity in the crust
and core of neutron stars [3–6]. This glitch phenomenon
might be described based on the pinning and unpinning of
superfluid quantized vortices in neutron stars.
Superfluidity in neutron stars was studied in great detail

in Newtonian and general relativistic formulations [7–9].
The fluid formalism in the case of superfluidity is different
from that of the perfect fluid. For neutron stars made of
neutrons, protons, and electrons, two-fluid formalism was
used to describe the superfluidity in neutron star matter [8]. In
this case, one fluid is the superfluid neutrons and the other
fluid, called the proton fluid, represents the charge neutral
component made of protons and electrons. It is a well-known
fact that two fluids in a mixture are not decoupled when one
fluid interpenetrates through the other. In this situation, the
momentum of one fluid is proportional to the linear combi-
nation of the velocities of both fluids. This effect is known as
entrainment. The entrainment effect has been studied inten-
sively in understanding rotational equilibria, oscillations of
superfluid neutron stars [7,10–13], and the pulsar glitch [5,6].
Superfluid dynamics including entrainment in neutron stars

were studied using Newtonian calculations. The entrainment
effect in nonrelativistic and relativistic Fermi-liquid models
was studied by different groups [14–17]. A similar model was
developed for entrainment to study slowly rotating superfluid
Newtonian neutron stars [7]. Comer and Joynt calculated the
entrainment effect in a relativistic field theoretical model
and obtained first order corrections to the slowly rotating
superfluid neutron stars [18] for the first time. However, the

relativistic model was inadequate to describe the neutron star
matter because the σ-ω Walecka model was adopted in this
calculation. Neutron star matter is highly asymmetric and the
inclusion of ρ mesons in the Walecka model is absolutely
necessary. Consequently, it is worth studying the effects of
symmetry energy on the master function and superfluid
dynamics in neutron stars. This motivates us to extend the
calculation of Comer and Joynt [18,19] to include ρ mesons
along with scalar self-interactions.
We organize the paper in the following way. We describe

the relativistic σ-ω-ρ model for entrainment and the
connection between the master function and relativistic
mean field model, as well as the formalism for slowly
rotating superfluid neutron stars, in Sec. II. Results of this
calculation are discussed in Sec. III. Section IV gives the
summary and conclusions.

II. FORMALISM

Here we adopt the two-fluid formalism as described
in Refs. [20–27] to study the entrainment effect in cold
neutron stars. The signature of the metric used here is the
same as in Ref. [18]. The starting point of the superfluid
formalism is the master function (Λ). It is a function of
scalars which are constructed from neutron (nμ) and proton
(pμ) number density currents such as n2 ¼ −nμnμ,
p2 ¼ −pμpμ, and x2 ¼ −nμpμ. The master function
−Λðn2; p2; x2Þ corresponds to the total thermodynamic
energy density when neutron and proton currents flow in
parallel. The stress-energy tensor in terms of the master
function is written as [18,19]

Tμ
ν ¼ Ψδμν þ nμμν þ pμχν; (1)

where
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Ψ ¼ Λ − nρμρ − pρχρ (2)

is the generalized pressure, and

μν ¼ Bnν þApν; (3)

χν ¼ Anν þ Cpν (4)

are neutron and proton momentum covectors and are
conjugate to nμ and pμ, respectively. It implies that neutron
or protonmomentum is a linear combination of both number
density currents. The entrainment effect disappearswhen the
coefficient A is zero. The magnitudes of momentum cov-
ectorsμν andχν are chemical potentials of neutronandproton
fluids, respectively [18]. The proton fluid is a charge neutral
fluid made of protons and electrons [27]. For β-equilibrated
neutron star matter, chemical potentials of neutron and
proton fluids are the same. Consequently, the chemical
potential of proton fluid is the sum of chemical potentials
of protons and electrons [27,28]. Coefficients in Eqs. (3) and
(4) are determined from the master function,

A ¼ − ∂Λ
∂x2 ; B ¼ −2 ∂Λ

∂n2 ; C ¼ −2 ∂Λ
∂p2

: (5)

The field equations for neutrons and protons involve two
conservation and two Euler equations.
The master function is determined from averaged stress-

energy components in a covariant way from the following
relation [18,19]:

Λ¼−1

2
hTiþ3

2
ðx4−n2p2Þ−1

×

�
n2p2

�
1

n2
nμnνþ 1

p2
pμpν

�
−x2½nμpνþpμnν�

�
hTμνi;

(6)

where hTi ¼ hTμ
μi and the generalized pressure is

Ψ ¼ 1

3
ðhTi − ΛÞ : (7)

Similarly, one obtains the coefficients [18]

A ¼ −ðnμpνhTμ
νi þ x2ΛÞ

ðx4 − n2p2Þ ; (8)

B ¼ ðpμpνhTμ
νi þ p2ΛÞ

ðx4 − n2p2Þ ; (9)

C ¼ ðnμnνhTμ
νi þ n2ΛÞ

ðx4 − n2p2Þ : (10)

Relating neutron (nμ) and proton (pμ) number density
currents to mean particle fluxes of neutrons and protons
along the z direction in the relativistic mean field (RMF)
model [18], it follows from Eq. (6) that

Λ ¼ hT0
0i þ hTz

zi − hTx
xi ; (11)

where averaged stress-energy components are calculated in
the RMF model and those are defined below.
Next, the implications of slow rotation are discussed in

the following paragraph [18]. Here it is assumed that the
space-time is flat in local regions of fluid elements. Since
x2 − np is small with respect to np [18], this leads to the
analytic expansion of the master function as

Λðn2; p2; x2Þ ¼
X∞
i¼0

λiðn2; p2Þðx2 − npÞi : (12)

Coefficients in the field equations are given by [18]

A ¼ −X∞
i¼1

i λiðn2; p2Þðx2 − npÞi−1;

B ¼ −
1

n
∂λ0
∂n − p

n
A − 1

n

X∞
i¼1

∂λi
∂n ðx2 − npÞi;

C ¼ −
1

p
∂λ0
∂p − n

p
A − 1

p

X∞
i¼1

∂λi
∂p ðx2 − npÞi: (13)

The master function is calculated within a RMF model
[18,29]. In this case, the relative motion between neutrons
and protons is taken into account. In the RMF model,
nucleon-nucleon interaction is mediated by the exchange of
mesons. Comer and Joynt [18,19] made the connection
between a macroscopic fluid system and microscopic RMF
model for the first time. They used the relativistic σ-ω
model in their calculation [18]. However, neutron star
matter is highly isospin asymmetric matter. This can be
taken care of by the inclusion of ρ mesons in the RMF
model. We extend the calculation of Comer and Joynt [18]
to include ρ mesons as well as scalar meson self-
interactions. The Lagrangian density for nucleon-nucleon
interaction is given by [29]

LB ¼
X
B¼n;p

Ψ̄Bðiγμ∂μ −mB þ gσBσ − gωBγμωμ − gρBγμtB · ρ μÞΨB

þ 1

2
ð∂μσ∂μσ −m2

σσ
2Þ −UðσÞ − 1

4
ωμνω

μν þ 1

2
m2

ωωμω
μ − 1

4
ρ μν · ρ μν þ 1

2
m2

ρρ μ · ρ μ: (14)
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Here ψB denotes the Dirac bispinor for baryons B
with vacuum mass mB and the isospin operator is tB.
The scalar self-interaction term [30] is UðσÞ ¼
1
3
bmðgσσÞ3 þ 1

4
cðgσσÞ4. The Dirac nucleon effective mass

m� is defined as m� ¼ m − hgσσi. Here we use the nucleon
mass (m) which is the average of bare neutron (mn) and
proton (mp) masses. Further we use c2σ ¼ ðgσ=mσÞ2,
c2ω ¼ ðgω=mωÞ2, and c2ρ ¼ ðgρ=mρÞ2 in this calculation.
Here we adopt the mean field approximation to solve the

equations of motion for meson fields [29]. We choose a
frame in which neutrons have zero spatial momentum
and protons have a wave vector kμ ¼ ðk0; 0; 0; KÞ [18]. We
obtain the meson field equations as

m� ¼ m − c2σhψ̄ψi þ bmc2σðm −m�Þ2 þ cc2σðm −m�Þ3
(15)

gωω0 ¼ −c2ωðn0 þ p0Þ ; (16)

gωωz ¼ −c2ωðnz þ pzÞ ; (17)

gρρ03 ¼ − 1

2
cρ2ðp0 − n0Þ ; (18)

gρρ
z
3 ¼ − 1

2
cρ2ðpz − nzÞ ; (19)

where p0 ¼ hψ̄pγ
0ψpi ¼ k3p=3π2, n0 ¼ hψ̄nγ

0ψni ¼
k3n=3π2, pz ¼ hψ̄pγ

zψpi, and nz ¼ hψ̄nγ
zψni.

In the zero momentum frame of neutrons, averaged
stress-energy tensor components are given by

hT0
0i ¼ − 1

2
c2ω
X
B¼n;p

ðhψ̄Bγ
0ψBi2 − hψ̄Bγ

zψBi2Þ − 1

2
c2ρ
X
B¼n;p

ðhψ̄BI3Bγ0ψBi2 − hψ̄BI3BγzψBi2Þ

−
1

2
c−2σ ðm2 −m2�Þ − 1

3
bmðm −m�Þ3 − 1

4
cðm −m�Þ4 −

X
B¼n;p

hψ̄Bγ
ikiψBi; (20)

hT0
zi ¼

X
B¼n;p

hψ̄Bγ
0kzψBi; (21)

hTx
xi ¼ hTy

yi

¼ 1

2
c2ω
X
B¼n;p

ðhψ̄Bγ
0ψBi2 − hψ̄Bγ

zψBi2Þ þ
1

2
c2ρ
X
B¼n;p

ðhψ̄BI3Bγ0ψBi2 − hψ̄BI3BγzψBi2Þ −
1

2
c−2σ ðm −m�Þ2

− 1

3
bmðm −m�Þ3 − 1

4
cðm −m�Þ4 þ

X
B¼n;p

hψ̄Bγ
xkxψBi; (22)

hTz
zi ¼

1

2
c2ω
X
B¼n;p

ðhψ̄Bγ
0ψBi2 − hψ̄Bγ

zψBi2Þ þ
1

2
c2ρ
X
B¼n;p

ðhψ̄BI3Bγ0ψBi2 − hψ̄BI3BγzψBi2Þ −
1

2
c−2σ ðm −m�Þ2

− 1

3
bmðm −m�Þ3 − 1

4
cðm −m�Þ4 þ

X
B¼n;p

hψ̄Bγ
zkzψBi; (23)

where I3B is the third isospin component for baryon B. Averaged stress-energy tensor components include terms which are
to be integrated over neutron and proton Fermi surfaces.
We perform integrations in cylindrical coordinates with the definitions ϕω ¼ gωωz, ϕωK ¼ ϕω þ K, and ϕρ ¼ gρρ

z
3 as in

Ref. [18]. We write the effective mass explicitly as

m� ¼ m − c2σ
2π2

m�

�Z
kn

−kn
dkz

�
k2n þ ϕ2

ω þ 1

4
ϕ2
ρ þm2� þ 2ϕωkz − ϕρkz − ϕωϕρ

�
1=2

þ
Z

kp

−kp
dkz

�
k2p þ

�
ϕωK þ 1

2
ϕρ

�
2

þm2� þ 2

�
ϕωK þ 1

2
ϕρ

�
kz

�
1=2

−
Z

kn

−kn
dkz

��
kz þ ϕω − 1

2
ϕρ

�
2

þm2�

�
1=2 −

Z
kp

−kp
dkz

��
kz þ ϕωK þ 1

2
ϕρ

�
2

þm2�

�
1=2
�

þ bmc2σðm −m�Þ2 þ cc2σðm −m�Þ3: (24)
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The z components of neutron and proton number current densities take the form

nz ¼ 1

2π2

Z
kn

−kn
dkz

�
kz þϕω − 1

2
ϕρ

���
k2n þm2� þϕ2

ω − 1

4
ϕ2
ρ þ 2ϕωkz −ϕρkz

�
1=2 −

��
kz þϕω − 1

2
ϕρ

�
2

þm2�

�
1=2
�
;

pz ¼ 1

2π2

Z
kp

−kp
dkz

�
kz þϕωK þ 1

2
ϕρ

���
k2p þm2� þ

�
ϕωK þ 1

2
ϕρ

�
2

þ 2

�
ϕωK þ 1

2
ϕρ

�
kz

�
1=2

−
��

kz þϕωK þ 1

2
ϕρ

�
2

þm2�

�
1=2
�
: (25)

The master function in Eq. (6) can be written as [19]

Λ ¼ − c2ω
18π4

ðk3n þ k3pÞ2 − c2ρ
72π4

ðk3p − k3nÞ2 − 1

2c2ω
ϕ2
ω − 1

2c2ρ
ϕ2
ρ −

1

2c2σ
ðm2 −m2�Þ − 1

3
bmðm −m�Þ3

− 1

4
cðm −m�Þ4 − 3

X
B¼n;p

hψ̄Bγ
xkxψBi ; (26)

where

X
B¼n;p

hψ̄Bγ
xkxψBi ¼

1

12π2

�Z
kn

−kn
dkz

��
k2n − 2m2� − 2ϕ2

ω − 1

2
ϕ2
ρ − 3k2z − 4ϕωkz þ 2ϕρkz þ 2ϕωϕρ

�

×

�
k2n þ ϕ2

ω þ 1

4
ϕ2
ρ þm2� þ 2ϕωkz − ϕρkz − ϕωϕρ

�
1=2

þ 2

��
kz þ ϕω − 1

2
ϕρ

�
2

þm2�

�
3=2
�

þ
Z

kp

−kp
dkz

��
k2p − 2m2� − 2ϕ2

ωK − 1

2
ϕ2
ρ − 3k2z − 4ϕωKkz − 2ϕρkz − 2ϕωKϕρ

�

×

�
k2p þ ϕ2

ωK þ 1

4
ϕ2
ρ þm2� þ 2ϕωKkz þ ϕρkz þ ϕωKϕρ

�
1=2

þ 2

��
kz þ ϕωK þ 1

2
ϕρ

�
2

þm2�

�
3=2
��

:

(27)

In evaluating the master function, as well as the coefficients, the slow rotation approximation which implies thatK should
be small compared with kn;p is exploited, as detailed in the Appendix. We are dealing with superfluidity in neutron star
matter which is made of neutrons, protons, and electrons. When we neglect the relative motion between neutron and proton
fluids, −Λj0 becomes the energy density of the neutron star matter. We add the contribution of electrons to the master
function (Λ). Here, electrons are treated as noninteracting relativistic particles. Therefore, in the limit K → 0, the master
function which is the first term of Eq. (12), generalized pressure, and the chemical potentials of neutron and proton fluids
are given by

Λj0 ¼ − c2ω
18π4

ðk3n þ k3pÞ2 − c2ρ
72π4

ðk3p − k3nÞ2 − 1

4π2

�
k3n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

q
þ k3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q �

−
1

4
c−2σ ½ð2m −m�j0Þðm −m�j0Þ þm�j0ðbmc2σðm −m�j0Þ2 þ cc2σðm −m�j0Þ3Þ�

−
1

8π2

0
B@kp½2k2p þm2

e�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2

e

q
−m4

eln

2
64kp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2

e

q
me

3
75
1
CA; (28)

μj0 ¼ −
π2

k2n

∂Λ
∂kn
����
0

¼ c2ω
3π2

ðk3n þ k3pÞ − c2ρ
12π2

ðk3p − k3nÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

q
; (29)
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χj0 ¼ −
π2

k2p

∂Λ
∂kp
����
0

¼ c2ω
3π2

ðk3n þ k3pÞ þ
c2ρ

12π2
ðk3p − k3nÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2

e

q
; (30)

Ψj0 ¼ Λj0 þ
1

3π2
ðμj0k3n þ χj0k3pÞ ; (31)

where the subscript “0" stands for quantities calculated in the limit K → 0. It is to be noted here that energy density −Λj0
and pressureΨj0 constitute the equation of state for the calculation of equilibrium configurations of neutron stars which we
discuss in Sec. III.
Coefficients in momentum covectors are given by

Aj0 ¼ c2ω − 1

4
c2ρ þ

c2ω
5μ2j0

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ω
3π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

þ c2ρ
20μ2j0

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ρ
12π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

−
c2ρc2ω

30μ2j0π2
�

k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p − k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q �

þ 3π2k2p
5μ2j0k3n

k2n þm2�j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q ; (32)

Bj0 ¼
3π2μj0
k3n

− c2ω
k3p
k3n

þ 1

4
c2ρ

k3p
k3n

− c2ωk3p
5μ2j0k3n

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ω
3π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

−
c2ρk3p

20μ2j0k3n

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ρ
12π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

þ c2ρc2ωk3p
30π2μ2j0k3n

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p − k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q �

− 3π2k5p
5μ2j0k6n

k2n þm2�j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q ; (33)

Cj0 ¼
3π2χj0
k3p

þ 1

4
c2ρ

k3n
k3p

− c2ω
k3n
k3p

− c2ωk3n
5μ2j0k3p

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ω
3π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

−
c2ρk3n

20μ2j0k3p

�
2k2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ c2ρ
12π2

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q ��

þ c2ρc2ωk3n
30π2μ2j0k3p

�
k2nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p − k2pk3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q �

− 3π2

5μ2j0kp
k2n þm2�j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q : (34)

Similarly, other coefficients which enter into the calculation of equilibrium neutron star configurations are calculated
according to Ref. [18] and given by

A0
0j0 ¼ − π4

k2pk2n

∂2Λ
∂kp∂kn

����
0

¼ c2ω − c2ρ
4
þ π2

k2p

m�j0∂m�∂kp j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p ; (35)

B0
0j0 ¼

π4

k5n

�
2
∂Λ
∂kn
����
0

− kn
∂2Λ
∂k2n

����
0

�
¼ c2ω þ c2ρ

4
þ π2

k2n

kn þm�j0∂m�∂kn j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p ; (36)
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C00j0 ¼
π4

k5p

�
2
∂Λ
∂kp
����
0

− kp
∂2Λ
∂k2p

����
0

�

¼ c2ω þ c2ρ
4
þ π2

k2p

kp þm�j0∂m�∂kp j0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q þ π2

kp

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2

e

q :

(37)

Derivatives of the effective mass with respect to neutron
and proton Fermi momenta are explicitly shown in the
Appendix.
We obtain entrainment matrix elements inverting

Eqs. (3) and (4) and compare those with the relativistic
analog of the mass density matrix (ρik) [18,31]:

Ynn ¼
ρnn
m2

¼ Cj0
ðBj0Cj0 −Aj20Þ

;

Ynp ¼ ρnp
m2

¼ − Aj0
ðBj0Cj0 −Aj20Þ

;

Ypp ¼ ρpp
m2

¼ Bj0
ðBj0Cj0 −Aj20Þ

: (38)

The entrainment matrix in this form can be compared with
that of Ref. [17]. It is worth noting here that when Eqs. (3)
and (4) are inverted and neutron and proton number density
currents are written in terms of chemical potentials, we
obtain the relation

P
k¼n;pYikμk ¼ ni, where i ¼ n, p.

Now the entrainment parameter (εmom) in the zero
momentum frame of neutrons is related to the off-diagonal
component of the mass density matrix, i.e., ρnp ¼
−εmommn; and can be calculated in terms of coefficients
in momentum covectors in two-fluid formalism from the
following relation [18]:

εmom ¼ m
n

Aj0
ðBj0Cj0 −Aj20Þ

: (39)

Similarly, the entrainment parameter in the zero velocity
frame of neutrons is given by [7,18]

εvel ¼
Aj0n
m

: (40)

In the nonrelativistic case, an explicit relationship between
the entrainment parameter and effective nucleon mass was
found by various groups [7,15].
Finally, charge neutrality and β-equilibrium conditions

are to be imposed in neutron star matter. The charge
neutrality condition is kp ¼ ke. The condition of chemical
equilibrium for npe matter is μj0 ¼ χj0, where μj0 and χj0
are the neutron and proton plus electron chemical poten-
tials, respectively.

III. RESULTS AND DISCUSSION

Meson-nucleon couplings cσ , cω, cρ, b, and c of
the Lagrangian density in Eq. (14) are determined by
reproducing nuclear matter saturation properties such
as binding energy per nucleon (−16.3 MeV), satura-
tion density (n0 ¼ 0.153 fm−3), Dirac nucleon effective
mass (m�=m ¼ 0.7), the symmetry energy coefficient
(32.5 MeV), and incompressibility (200 MeV). These
coupling constants are taken from Ref. [29]. This parameter
set is known as the Glendenning (GL) set. We also perform
the calculation using the non-linear (NL3) interaction [32].
New parametrization of the NL3 interaction, reproducing
binding energy per nucleon (−16.24 MeV), saturation
density (0.148 fm−3), incompressibility (271.5 MeV), the
symmetry energy coefficient (37.29 MeV), and the slope of
the symmetry energy (118.2 MeV) [33], is adopted in our
calculation. Both parameter sets are listed in Table I.
In this calculation, we consider the β-equilibrated neu-

tron star matter made of neutrons (n), protons (p), and
electrons (e). Equilibrium configurations of neutron stars
are calculated following the prescription of Comer and
other collaborators [18,27] and using our equation of state
as given by energy density (−Λj0) and pressure (Ψj0) in
Eqs. (28) and (31), respectively. Neutron and proton Fermi
momenta at the center of the star are needed for this
purpose. For a given value of neutron Fermi momentum or
wave number, proton Fermi momentum is calculated from
the β-equilibrium condition. We perform this calculation
for the GL and NL3 parameter sets. Neutron star masses as
a function of central neutron density for NL3 (solid line)
and GL (dashed line) sets are plotted in Fig. 1. It is noted
that maximum neutron star masses corresponding to the GL
and NL3 parameters are well above the observed limit of
2.01� 0.04 M⊙ [34]. For the calculation of entrainment,
we choose neutron star configurations which are just below
maximum masses in both cases. In the case of the GL set,
we consider a neutron star mass of 2.37 M⊙ corresponding
to the central value of neutron wave number knð0Þ ¼
2.71 fm−1 and proton fraction 0.24. The radius of the
neutron star is 11.09 km. Similarly, in the other case with
the NL3 set, we find a neutron star having maximum mass
2.82 M⊙ and radius 13.17 km. The corresponding central
values of the neutron wave number and proton fraction are
2.40 fm−1 and 0.23, respectively.

TABLE I. Nucleon-meson coupling constants in the GL and
NL3 sets are taken from Refs. [29,33]. The coupling constants are
obtained by reproducing the saturation properties of symmetric
nuclear matter as detailed in the text. All the parameters are in
fm2, except b and c which are dimensionless.

c2σ c2ω c2ρ b c

GL 12.684 7.148 4.410 0.005610 −0.006986
NL3 15.739 10.530 5.324 0.002055 −0.002650
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We calculate dynamical neutron and proton effective
masses [9] using m̄n� ¼ nnBj0 and m̄p

� ¼ npCj0, where nn
and np are neutron and proton number densities.
Dynamical effective masses are plotted as a function of
baryon density in Fig. 2. The left panel shows the results of
the GL parameter set, whereas the right panel denotes those
of the NL3 parameter set. In both panels, the upper curve
represents the neutron effective mass and the lower curve
corresponds to the proton effective mass. It is noted that the
neutron effective mass increases with density and becomes
greater than the free neutron mass in both cases. However,
it rises faster in the NL3 case. On the other hand, the proton
effective mass decreases with density initially and rises at
higher densities. However, its value always stays below
the free proton mass. In the GL case, the proton effective
mass is always higher than that of the NL3 case. These
findings are different from the effective masses calculated
in the nonrelativistic calculations, as noted already in
Refs. [9,15].
We also calculate the Landau effective mass for nucleons

and it is related to the Dirac effective mass through the
expression m�i

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki2 þ ðm − gσσÞ2

p
[17]. Landau effec-

tive masses for neutrons and protons are shown as a
function of baryon density in Fig. 3. The left panel shows
the results of the GL set and the right panel represents those
of the NL3 set. Here we find that neutron and proton
effective masses decrease as baryon density increases in
both panels, and they are below their bare masses. It is
noted that the Landau effective masses are always higher in
the GL set than those of the NL3 set.
Normalized entrainment matrix elements of Eq. (38) are

shown as a function of baryon density in Fig. 4. The
normalization constant is chosen as Y ¼ 3n0=μnð3n0Þ; as
done in Ref. [17]. Entrainment matrix elements obtained in

this calculation are compared with those calculated in the
relativistic Landau Fermi liquid theory [17]. Both calcu-
lations are performed using the GL set of Table I. Solid
lines represent the results of Ref. [17], whereas dashed lines
demonstrate the results of Eq. (38) using the GL set.
Though the results of the two calculations are qualitatively
similar, they are quantitatively very different. The differ-
ence between the results of the two calculations is negli-
gible initially, because the entrainment effect becomes
small in the low density region in both approaches. On
the other hand, this difference grows at higher baryon
densities as the entrainment effect becomes more dominant
in our case than that of Ref. [17]. This may be attributed to
different formalisms in two calculations. We also compare
normalized matrix elements calculated in our model using
the GL and NL3 parameter sets in Fig. 5. Results of the
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FIG. 1. Neutron star sequence is plotted with central neutron
density. The dashed line corresponds to the calculation with the
GL parameter set, whereas the solid line implies that of the NL3
parameter set.
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NL3 set are higher than those of the GL set. The difference
in the equations of state for the two parameter sets is
reflected in the results of matrix element calculations.
Next we present the results of entrainment parameters in

the zero momentum and zero velocity frames of neutrons.
The radial profiles of the entrainment parameter in the zero
momentum frame for the GL and NL3 sets are shown in
Fig. 6. These radial profiles are obtained for neutron stars of
mass M ¼ 2.37 M⊙ and radius R ¼ 11:09 km in the case
of the GL set and M ¼ 2.82M⊙ and radius R ¼ 13:17 km
in the case of the NL3 set. The entrainment parameter in
both cases remains constant in the core and drops rapidly at
the surface. We find an appreciable difference between the
two results towards the center. Moreover, in both cases, the
entrainment effect is strong at higher baryon densities in

the core, whereas this effect diminishes sharply at lower
densities towards the surface. The value of the entrainment
parameter lies in the physical range 0 ≤ εmom ≤ 1 as found
in earlier calculations [7,15]. We compare this result with
that of the situation excluding ρ mesons, which was
actually studied in Ref. [18], as displayed in Fig. 7 for
the GL set. For the calculation of the entrainment parameter
without ρ mesons, we obtain the radial profile of the
entrainment parameter in a neutron star of mass 2.33 M⊙
and radius 10.96 km. It is evident from Figs. 6 and 7 that the
inclusion of ρ in the calculation strongly enhances the
entrainment parameter.
Further, the radial profile of the entrainment parameter

(εvel) in the zero velocity frame is exhibited in Fig. 8. The
solid line denotes the calculation without ρ mesons and the
dashed line implies the case including ρ mesons. It is noted
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FIG. 4. Normalized entrainment matrix elements (Yik=Y) in the
zero momentum frame are plotted as a function of baryon density.
The normalization factor is taken as Y ¼ 3n0=μnð3n0Þ [17],
where n0 is the saturation density. Results of this calculation
(dashed line) are compared with those (solid line) of Ref. [17].
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that the entrainment parameter calculated without ρmesons
is larger compared with the entrainment parameter with ρ
mesons. This finding is opposite to what we see in the
calculation of the entrainment parameter in the zero
momentum frame. We also find that the values of the
entrainment parameter in the zero velocity frame are higher
than those of the entrainment parameter in the zero
momentum frame. Finally, we compare the radial profiles
of entrainment parameters in the zero velocity frame for the
GL and NL3 parameter sets, as shown in Fig. 9. It is evident
from the figure that the two results do not differ much.
So far we have neglected muons in our calculation.

However, muons can be populated in neutron star matter
when the threshold condition involving electron and muon
chemical potentials, μe ¼ μμ, is satisfied. We repeat our
calculation including muons. However, muons have neg-
ligible effects on the entrainment matrix elements and
entrainment parameter.

IV. SUMMARY AND CONCLUSIONS

We have extended the calculation of Comer and Joynt
[18] to include ρ mesons and the self-interaction term in
the RMF model. Here we calculate entrainment matrix
elements and entrainment parameters using this model and
the GL and NL3 parameter sets. It is noted that the
entrainment parameter in the zero momentum frame is
significantly enhanced due to the presence of ρ mesons in
the calculation. Furthermore, we compare our results with
those of the relativistic Landau Fermi liquid theory [17] and
find appreciable differences.
Our calculation may be extended to include hyperons in

a straightforward manner using a three-fluid description [8]
and applied to study the dynamics of superfluid neutron
stars. This could be compared with the findings of earlier
calculations including hyperons in the relativistic Landau
Fermi liquid theory [17,35].

APPENDIX

In the slow rotation approximation, we expand scalar and
vector quantities in terms of K. Scalar quantities like m�
and Λ depend on even powers of K, whereas vector
quantities depend on odd powers of K. We keep terms
up to K2 in our calculation. Effective mass, z components
of ω and ρ fields are expanded in the following way [18]:

ϕω ¼ ∂ϕω

∂K
����
0

K;

ϕρ ¼
∂ϕρ

∂K
����
0

K;

m� ¼ m�j0 þ
∂m�
∂K2

����
0

K2: (A1)

Here,

m�j0 ¼ m�ðkn; kp; 0Þ

¼ m −m�j0
c2σ
2π2

0
B@kn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

q
þ kp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q

þ 1

2
m2�j0 ln

"
−kn þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
kn þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p
#

þ 1

2
m2�j0 ln

2
64−kp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q
kp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q
3
75
1
CA

þ bmc2σðm −m�Þ2 þ cc2σðm −m�Þ3. (A2)

Plugging Eq. (A1)) in Eqs. (24) and (25), and expanding
and keeping terms up to orders K2, we obtain
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FIG. 8. Entrainment parameter in the zero velocity frame of
neutrons is plotted as a function of radial distance in neutron stars
of masses 2.33 M⊙ (solid line) and 2.37 M⊙ (dashed line).
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∂m�
∂kn

����
0

¼ − c2σ
π2

m�j0k2nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þm2�j0

p �
3m − 2m�j0 þ 3bmc2σðm −m�j0Þ2 þ 3cc2σðm −m�j0Þ3

m�j0

− c2σ
π2

�
k3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q �

þ 2bmc2σðm −m�j0Þ þ 3cc2σðm −m�j0Þ2
�−1

; (A3)

∂m�
∂kp

����
0

¼ −
c2σ
π2

m�j0k2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p þm2�j0

q
 
3m − 2m�j0 þ 3bmc2σðm −m�j0Þ2 þ 3cc2σðm −m�j0Þ3

m�j0

− c2σ
π2

"
k3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p þ k3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q

#
þ 2bmc2σðm −m�j0Þ þ 3cc2σðm −m�j0Þ2

!−1
; (A4)

nz ¼ 1

3π2
k3nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2n þm2�j0
p �∂ϕω

∂K
����
0

K − 1

2

∂ϕρ

∂K
����
0

K

�
; (A5)

pz ¼ 1

3π2
k3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2p þm2�j0
q �∂ϕω

∂K
����
0

K þ 1

2

∂ϕρ

∂K
����
0

K þ K

�
; (A6)

and also

pz þ nz ¼ − 1

c2ω

∂ϕω

∂K
����
0

K (A7)

pz − nz ¼ − 2

c2ρ

∂ϕρ

∂K
����
0

K: (A8)

Using the four equations above, we get

∂φz

∂K
����
0

¼
− c2ω

3π2
k3pffiffiffiffiffiffiffiffiffiffiffiffiffi

k2pþm2�j0
p

�
1þ 1

4

c2ρ
3π2

2k3nffiffiffiffiffiffiffiffiffiffiffiffiffi
k2nþm2�j0

p
�

�
1þ c2ωþ

c2ρ
4

3π2

�
k3nffiffiffiffiffiffiffiffiffiffiffiffiffi

k2nþm2�j0
p þ k3pffiffiffiffiffiffiffiffiffiffiffiffiffi

k2pþm2�j0
p

�
þ c2ωc2ρ

9π4

�
k3nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðk2nþm2�j0Þðk2pþm2�j0Þ
p

��
;

(A9)

1

2

∂ϕρ

∂K
����
0

¼
− 1

4

c2ρ
3π2

k3pffiffiffiffiffiffiffiffiffiffiffiffiffi
k2pþm2�j0

p
�
1þ c2ω

3π2
2k3nffiffiffiffiffiffiffiffiffiffiffiffiffi
k2nþm2�j0

p
�

�
1þ c2ωþ

c2ρ
4

3π2

�
k3nffiffiffiffiffiffiffiffiffiffiffiffiffi

k2nþm2�j0
p þ k3pffiffiffiffiffiffiffiffiffiffiffiffiffi

k2pþm2�j0
p

�
þ c2ωc2ρ

9π4

�
k3nk3pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðk2nþm2�j0Þðk2pþm2�j0Þ
p

�� (A10)

Further, we find ∂m�∂K2 j0 ¼ 0 :
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