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Entangled pseudoscalar neutral meson pairs have been used in studyingCP violation and searching forCPT
violation, but almost all the previous works concern theC ¼ −1 entangled state. Here we consider the C¼þ1

entangled state of pseudoscalar neutral mesons, which is quite different from the C ¼ −1 entangled state and
provides complementary information on symmetry violating parameters. After developing a general formalism,
we consider three kinds of decay processes, namely, semileptonic-semileptonic, hadronic-hadronic, and
semileptonic-hadronic processes. For each kind of processes, we calculate the integrated rates of joint decays
with a fixed time interval, as well as asymmetries defined for these joint rates of different channels. In turn, these
asymmetries can be used to determine the four real numbers of the two indirect symmetry violating parameters,
basedonageneral relationbetweenthesymmetryviolatingparametersandthedecayasymmetriespresentedhere.
Various discussions are provided on indirect and direct violations and the violation of theΔF ¼ ΔQ rule, with
some results presented as theorems.
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I. INTRODUCTION

Pseudoscalar neutralmesonsare important in studyingCP
violation, aswell asCPT violation,which is important in the
standard model extension [1]. Moreover, these particles in
entangled or EPR correlated states have also been used in
discussing these violations [2–5]. Several experimental
groups have investigated the violations of the CP and
CPT symmetries in the entangled pseudoscalar neutral
mesons, such as BdB̄d pairs produced in Υð4SÞ resonance
andBsB̄s pairs produced inϒð5SÞ resonance [6–13], as well
as K0K̄0 pairs produced in ϕ resonance [14–17]. Various
theoretical studies have also been made [18–32]. However,
most of them concern the C ¼ −1 state jΨ−i.
On the other hand, it is known that theC ¼ þ1 entangled

state jΨþi can also be produced, for example, for BsB̄s
pairs produced in the Υð5SÞ resonance with 10% branch
ratio [11,12,29] and, most remarkably, for BdB̄d pairs in an
energy range just above the Υð4SÞ resonance with 100%
branch ratio [33]. Hence it is very interesting to investigate
the decay properties of the C ¼ þ1 entangled state, which
is the purpose of this paper. Towards the end of the paper,
we shall note some complementarities between the uses of
jΨþi and jΨ−i.
After a review of various CP and CPT violating param-

eters and the relations among them in Sec. II, we calculate
the rates of the joint decays of theC ¼ þ1 entangled meson
pairs in Sec. III. Then we discuss various experimentally
observable asymmetries between different joint decay rates

in Sec. IV, giving the general expressions in subsection IVA,
and considering the semileptonic-semileptonic decays
in subsection IV B, the hadronic-hadronic decays in
subsection IV C, and the semileptonic-hadronic decays in
subsection IV D. Subsequently in Sec. V, we discuss how to
obtain the four real numbers of CP and CPT symmetry
violating parameters from the asymmetries of joint decays.
In Sec. VI, we discuss some specific experimentally relevant
cases and present some simple results in the form of
theorems. A summary is given in Sec. VII.

II. INDIRECT SYMMETRY VIOLATING
PARAMETERS AND TIME EVOLUTION

As usual, we denote the pseudoscalar neutral meson
with the flavor eigenvalue þ1 as jM0i, and its antiparticle
with the flavor eigenvalue −1 as jM̄0i≡ CPjM0i. The
time-dependent state of a single meson is

jMðtÞi ¼ αðtÞjM0i þ βðtÞjM̄0i; (1)

where αðtÞ and βðtÞ are determined by

i
d
dt

�
αðtÞ
βðtÞ

�
¼

�
H11 H12

H21 H22

��
αðtÞ
βðtÞ

�
: (2)

The effective Hamiltonian H has the following properties:
(i) if CPT or CP is conserved, then H11 ¼ H22,
(ii) if T or CP is conserved, then H12 ¼ H21.
One can define [34]

δM≡H22−H11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H12H21

p ; ϵM≡
ffiffiffiffiffiffiffiffi
H12

p − ffiffiffiffiffiffiffiffi
H21

p
ffiffiffiffiffiffiffiffi
H12

p þ ffiffiffiffiffiffiffiffi
H21

p : (3)*Corresponding author.
yushi@fudan.edu.cn
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Indirect CPT conservation implies δM ¼ 0, while indirect
CP conservation implies ϵM ¼ 0 and δM ¼ 0.
The eigenvalues of H are

λL ≡mL − i
2
ΓL

¼ 1

2
½H11 þH22 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH11 −H22Þ2 þ 4H12H21

q
�;

λS ≡mS − i
2
ΓS

¼ 1

2
½H11 þH22 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH11 −H22Þ2 þ 4H12H21

q
�; (4)

and the corresponding eigenstates are

jMLi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpLj2 þ jqLj2
p ðpLjM0i − qLjM̄0iÞ;

jMSi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpSj2 þ jqSj2
p ðpSjM0i þ qSjM̄0iÞ: (5)

Defining

1þ ΔM

1 − ΔM
≡ δM

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2M

4

r
; (6)

we have

pL

qL
¼ ð1þ ϵMÞð1þ ΔMÞ

ð1 − ϵMÞð1 − ΔMÞ
;

pS

qS
¼ ð1þ ϵMÞð1 − ΔMÞ

ð1 − ϵMÞð1þ ΔMÞ
:

One also defines

pL

qL
≡ 1þ ϵL

1 − ϵL
;

pS

qS
≡ 1þ ϵS

1 − ϵS
; (7)

and

δ¼ 1

2
ðϵS− ϵLÞ¼

H11−H22

H12þH21þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH11−H22Þ2þ4H12H21

p ;

ϵ¼ 1

2
ðϵSþ ϵLÞ¼

H12−H21

H12þH21þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH11−H22Þ2þ4H12H21

p :

(8)

Hence δ ¼ 0 corresponds to H11 ¼ H22, while ϵ ¼ 0
corresponds to H12 ¼ H21. (δM, ϵM) and (δ, ϵ) are
related as

δ ¼ −
1

2

δMð1 − ϵ2MÞ
1þ ϵ2M þ ð1 − ϵ2MÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2M

4

q ;

ϵ ¼ 2ϵM

1þ ϵ2M þ ð1 − ϵ2MÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2M

4

q : (9)

Wewould like to emphasize that δ and ϵ are each dependent
on both δM and ϵM; that is, a nonzero value of δ or ϵ
corresponds tomixing ofCP andCPT violations.Moreover,
as seen in (6), δM ¼ 0 is equivalent toΔM ¼ 0, and usingΔM
can avoid square roots in the calculations.
Therefore, in the following, we use the parameters

(ΔM,ϵM) in characterizing indirect symmetry violations.
ϵM ≠ 0 implies indirect CP violation, while ΔM ≠ 0
implies indirect CPT violation and indirect CP violation.
With jM0ðt ¼ 0Þi≡ jM0i and jM̄0ðt ¼ 0Þi≡ jM̄0i, we

have

jM0ðtÞi ¼ 1

2
½ð1 − ξÞe−iλSt þ ð1þ ξÞe−iλLt�jM0i

þ 1

2
η1ðe−iλSt − e−iλLtÞjM̄0i; (10)

jM̄0ðtÞi ¼ 1

2
η2ðe−iλSt − e−iλLtÞjM0i þ 1

2
½ð1þ ξÞe−iλSt

þ ð1 − ξÞe−iλLt�jM̄0i; (11)

where

ξ≡ 2ΔM

1þ Δ2
M
; η1 ≡ ð1 − ϵMÞð1 − Δ2

MÞ
ð1þ ϵMÞð1þ Δ2

MÞ
;

η2 ≡ ð1þ ϵMÞð1 − Δ2
MÞ

ð1 − ϵMÞð1þ Δ2
MÞ

: (12)

Now we consider the C ¼ þ1 entangled state, shared by
particles a and b,

jΨþi ¼
1ffiffiffi
2

p ½jM0ijM̄0i þ jM̄0ijM0i�; (13)

where each term in the form of jxijyi apparently means a
direct product of jxi of a particle and jyi of b particle.
The joint probability, or the joint decay rate, that particle

a decays to ψa at time ta while particle b decays to ψb at
time tb, can be obtained as

Iðψa; ta;ψb; tbÞ ¼ jhψaψbjHaHbjΨðta; tbÞij2; (14)

where Hα is the weak interaction Hamiltonian governing
the decay of particle α ¼ a, b, the time-dependent state
jΨþðta; tbÞi is given by

jΨþðta; tbÞi ¼
1ffiffiffi
2

p ½jM0ðtaÞijM̄0ðtbÞi þ jM̄0ðtaÞijM0ðtbÞi�;

(15)

where jM0ðtαÞi and jM̄0ðtαÞi, with α ¼ a, b, as given in
Eqs. (10) and (11). This standard treatment using the decay
times ta and tb of the two entangled mesons [3–5] gives the
same result as that of the approach taking account of the
two measurements at ta and tb.
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By substituting jM0ðtαÞi and jM̄0ðtαÞi, one obtains

jΨþðta; tbÞi ¼
1

2
ffiffiffi
2

p f½η2ð1 − ξÞe−iλSðtaþtbÞ þ η2ξe−iðλStaþλLtbÞ þ η2ξe−iðλLtaþλStbÞ − η2ð1þ ξÞe−iλLðtaþtbÞ�jM0M0i

þ ½ð1 − ξ2Þe−iλSðtaþtbÞ − ξð1 − ξÞe−iðλStaþλLtbÞ þ ξð1þ ξÞe−iðλLtaþλStbÞ þ ð1 − ξ2Þe−iλLðtaþtbÞ�jM0M̄0i
þ ½ð1 − ξ2Þe−iλSðtaþtbÞ þ ξð1þ ξÞe−iðλStaþλLtbÞ − ξð1 − ξÞe−iðλLtaþλStbÞ þ ð1 − ξ2Þe−iλLðtaþtbÞ�jM̄0M0i
þ ½η1ð1þ ξÞe−iλSðtaþtbÞ − η1ξe−iðλStaþλLtbÞ − η1ξe−iðλLtaþλStbÞ − η1ð1 − ξÞe−iλLðtaþtbÞ�jM̄0M̄0ig: (16)

Note that the initial entangled state jΨþi can be rewritten in CP basis exactly as

jΨþi ¼
1ffiffiffi
2

p ½jMþijMþi − jM−ijM−i�; (17)

where

jM�i ¼
1ffiffiffi
2

p ðjM0i � jM̄0iÞ

is the CP eigenstate of eigenvalue �1. If needed, jΨþðta; tbÞi can also be rewritten as

jΨþðta; tbÞi ¼
1ffiffiffi
2

p ½jMþðtaÞijMþðtbÞi − jM−ðtaÞijM−ðtbÞi�; (18)

where

jMþðtÞi ¼
1

4
f½ð2þ η1 þ η2Þe−iλSt þ ð2 − η1 − η2Þe−iλLt�jMþi − ð2ξ − η2 þ η1Þðe−iλSt − e−iλLtÞjM−ig;

jM−ðtÞi ¼
1

4
f½ð2 − η1 − η2Þe−iλSt þ ð2þ η1 þ η2Þe−iλLt�jM−i − ð2ξþ η2 − η1Þðe−iλSt − e−iλLtÞjMþig: (19)

In comparison, the C ¼ −1 state is

jΨ−i ¼
1ffiffiffi
2

p ½jM0ijM̄0i − jM̄0ijM0i�; (20)

which can be rewritten in CP basis exactly as

jΨ−i ¼
1ffiffiffi
2

p ðjM−ijMþi − jMþijM−iÞ: (21)

Note that in the CP basis, jΨþi is a superposition of equal-CP products jMþijMþi and jM−ijM−i, while jΨ−i is a
superposition of unequal-CP products jM−ijMþi and jMþijM−i.
The time-dependent state jΨ−ðta; tbÞi is given by

jΨ−ðta; tbÞi ¼
1ffiffiffi
2

p ½jM0ðtaÞijM̄0ðtbÞi − jM̄0ðtaÞijM0ðtbÞi�;

¼ 1

2
ffiffiffi
2

p f−η2ðe−iðλStaþλLtbÞ − e−iðλLtaþλStbÞÞjM0M0i þ ½ð1 − ξÞe−iðλStaþλLtbÞ þ ð1þ ξÞe−iðλLtaþλStbÞ�jM0M̄0i

− ½ð1þ ξÞe−iðλStaþλLtbÞ þ ð1 − ξÞe−iðλLtaþλStbÞ�jM̄0M0i þ η1ðe−iðλStaþλLtbÞ − e−iðλLtaþλStbÞÞjM̄0M̄0ig; (22)

which can be rewritten as

jΨ−ðta; tbÞi ¼
1ffiffiffi
2

p ðjM−ðtaÞijMþðtbÞi − jMþðtaÞijM−ðtbÞiÞ: (23)
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III. INTEGRATED RATES OF JOINT DECAYS

We denote the decay amplitudes

ra ≡ hψajHjM0i; rb ≡ hψbjHjM0i;
r̄a ≡ hψajHjM̄0i; r̄b ≡ hψbjHjM̄0i: (24)

Suppose that particle a decays to jψai at ta, while particle b decays to jψbi at tb. The joint decay rate is obtained as

Iðψa; ta;ψb; tbÞ ¼ jhψaψbjHaHbjΨþðta; tbÞj2

¼ 1

8
fe−ΓSðtaþtbÞjΘj2 þ 2e−ðΓStaþΓtbÞℜ½Θ�Ξe−iΔmtb � þ 2e−ðΓtaþΓStbÞℜ½Θ�Φe−iΔmta �

þ 2e−ΓðtaþtbÞℜ½Θ�Λe−iΔmðtaþtbÞ� þ e−ðΓStaþΓLtbÞjΞj2 þ 2e−ΓðtaþtbÞℜ½Ξ�ΦeiΔmðtb−taÞ�
þ 2e−ðΓtaþΓLtbÞℜ½Ξ�ΛeiΔmta � þ e−ðΓLtaþΓStbÞjΦj2 þ 2e−ðΓLtaþΓtbÞℜ½Φ�ΛeiΔmtb � þ e−ΓLðtaþtbÞjΛj2g; (25)

where

Γ≡ 1

2
ðΓS þ ΓLÞ; Δm≡mL −mS; ΔΓ≡ ΓL − ΓS;

Θ ¼ η2ð1 − ξÞrarb þ ð1 − ξ2Þðrar̄b þ rbr̄aÞ þ η1ð1þ ξÞr̄ar̄b;
Ξ ¼ η2ξrarb − ξð1 − ξÞrar̄b þ ξð1þ ξÞrbr̄a − η1ξr̄ar̄b;

Φ ¼ η2ξrarb þ ξð1þ ξÞrar̄b − ξð1 − ξÞrbr̄a − η1ξr̄ar̄b;

Λ ¼ −η2ð1þ ξÞrarb þ ð1 − ξ2Þðrar̄b þ rbr̄aÞ − η1ð1 − ξÞr̄ar̄b: (26)

Consider a fixed time interval Δt ¼ tb − ta between ta and tb. We obtain the time-integrated decay rate

I0ðψa;ψb;ΔtÞ ¼
Z

∞

0

dtaIðψa; ta;ψb; ta þ ΔtÞ

≡ 1

8

�
e−ΓSΔt

2ΓS
jΘj2 þ 2e−ΓΔtℜ

�
Θ�Ξe−iΔmΔt

ΓS þ Γþ iΔm

�
þ 2e−ΓSΔtℜ

�
Θ�Φ

ΓS þ Γþ iΔm

�

þ e−ΓΔtℜ
�
Θ�Λe−iΔmΔt

Γþ iΔm

�
þ e−ΓLΔt

ΓS þ ΓL
jΞj2 þ e−ΓΔt

Γ
ℜ½Ξ�ΦeiΔmΔt� þ 2e−ΓLΔtℜ

�
Ξ�Λ

ΓL þ Γ − iΔm

�

þ e−ΓSΔt

ΓS þ ΓL
jΦj2 þ 2e−ΓΔtℜ

�
Φ�ΛeiΔmΔt

ΓL þ Γ − iΔm

�
þ e−ΓLΔt

2ΓL
jΛj2

�
: (27)

Ignoring the higher orders of ΔM and ϵM, we have

ξ ≈ 2ΔM; η1 ≈ 1 − 2ϵM; η2 ≈ 1þ 2ϵM; (28)

therefore

Iðψa; ta;ψb; tbÞ≈
1

2

�
1

4
~fr

arb
0 ðta; tbÞþ ~fr

arb
1 ðta; tbÞℜΔMþ ~fr

arb
2 ðta; tbÞℑΔMþ ~fr

arb
3 ðta; tbÞℜϵMþ ~fr

arb
4 ðta; tbÞℑϵM

�
; (29)

where the functions ~fr
arb
i , (i ¼ 0, 1, 2, 3, 4), are as given in the Appendix. One also obtains the integrated rates

I0ðψa;ψb;ΔtÞ ≈ 1

2

�
1

4
fr

arb
0 ðΔtÞ þ fr

arb
1 ðΔtÞℜΔM þ fr

arb
2 ðΔtÞℑΔM þ fr

arb
3 ðΔtÞℜϵM þ fr

arb
4 ðΔtÞℑϵM

�
; (30)

with
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fr
arb
i ðΔtÞ ¼

Z
∞

0

~fr
arb
i ðta; ta þ ΔtÞdta; (31)

the details of which are also given in the Appendix.

IV. ASYMMETRIES BETWEEN DIFFERENT
JOINT DECAY RATES

A. General formalism

In general, one can consider the asymmetry
Aðψ1ψ2;ψ3ψ4;ΔtÞ between the rate I0ðψ1;ψ2;ΔtÞ of

the joint decays with ψa ¼ ψ1 and ψb ¼ ψ2 and the rate
I0ðψ3;ψ4;ΔtÞ with ψa ¼ ψ3 and ψb ¼ ψ4,

Aðψ1ψ2;ψ3ψ4;ΔtÞ≡ I0ðψ1;ψ2;ΔtÞ− I0ðψ3;ψ4;ΔtÞ
I0ðψ1;ψ2;ΔtÞþ I0ðψ3;ψ4;ΔtÞ ; (32)

≈
1
4
ðfr1r20 − fr

3r4
0 Þ þP

4
i¼1ðfr

1r2
i − fr

3r4
i Þσi

1
4
ðfr1r20 þ fr

3r4
0 Þ þP

4
i¼1ðfr

1r2
i þ fr

3r4
i Þσi

; (33)

where we have introduced shorthand notations σ1 ≡ℜΔM,
σ2 ≡ ℑΔM, σ3 ≡ℜϵM; and σ4 ≡ ℑϵM.

In particular, we shall study the equal-state asymmetry

Aðψ1ψ1;ψ2ψ2;ΔtÞ≡ I0ðψ1;ψ1;ΔtÞ − I0ðψ2;ψ2;ΔtÞ
I0ðψ1;ψ1;ΔtÞ þ I0ðψ2;ψ2;ΔtÞ ≈

1
4
ðfr1r10 − fr

2r2
0 Þ þP

4
i¼1ðfr

1r1
i − fr

2r2
i Þσi

1
4
ðfr1r10 þ fr

2r2
0 Þ þP

4
i¼1ðfr

1r1
i þ fr

2r2
i Þσi

; (34)

and the unequal-state asymmetry

Aðψ1ψ2;ψ2ψ1;ΔtÞ≡ I0ðψ1;ψ2;ΔtÞ− I0ðψ2;ψ1;ΔtÞ
I0ðψ1;ψ2;ΔtÞþ I0ðψ2;ψ1;ΔtÞ

≈
P

4
i¼1ðfr

1r2
i −fr

2r1
i Þσi

1
2
fr

1r2
0 þP

4
i¼1ðfr

1r2
i þfr

2r1
i Þσi

; (35)

where we have used the property fr
1r2
0 ¼ fr

2r1
0 , which can

be seen from the expression of fr
arb
0 in the Appendix. In the

following, we will discuss three different kinds of
processes.

B. Semileptonic-semileptonic processes

Consider the semileptonic-semileptonic decay processes
with the final states jψ1i ¼ jlþi and jψ2i ¼ jl−i, which are
flavor eigenstates with eigenvalues 1 and −1, respectively.
The decay amplitudes are hlþjHjM0i≡Rþ, hl−jHjM0i≡
S−, hlþjHjM̄0i≡ R̄þ, and hl−jHjM̄0i≡ S̄−.
From Eq. (25), Iðlþ; ta; lþ; tbÞ is obtained by substitution

ðra; rb; r̄a; r̄bÞ ¼ ðRþ; Rþ; R̄þ; R̄þÞ, Iðlþ; ta; l−; tbÞ by sub-
stitution ðra; rb; r̄a; r̄bÞ ¼ ðRþ; S−; R̄þ; S̄−Þ, Iðl−a ; ta; lþb ; tbÞ
by substitution ðra; rb; r̄a; r̄bÞ ¼ ðS−; Rþ; S̄−; R̄þÞ; and
Iðl−a ; ta; l−b ; tbÞ by substitution ðra; rb; r̄a; r̄bÞ ¼
ðS−; S−; S̄−; S̄−Þ.
In this case, with jψ1i ¼ jlþi and jψ2i ¼ jl−i, the equal-

flavor asymmetry is

Aðlþlþ; l−l−;ΔtÞ≈
1
4
ðfRþRþ

0
−fS−S−

0
Þþ
P

4

i¼1
ðfRþRþ

i −fS−S−
i Þσi

1
4
ðfRþRþ

0
þfS

−S−
0

Þþ
P

4

i¼1
ðfRþRþ

i þfS
−S−

i Þσi
;

(36)

while the unequal-flavor asymmetry is

Aðlþl−; l−lþ;ΔtÞ≈
P

4

i¼1
ðfRþS−

i −fS−Rþ
i Þσi

1
2
fR

þS−
0

þ
P

4

i¼1
ðfRþS−

i þfS
−Rþ

i Þσi
: (37)

They are obtained fromEqs. (34) and (35), respectively, using
the substitution r1 ¼ Rþ, r2 ¼ S−, r̄1 ¼ R̄þ, and r̄2 ¼ S̄−.

C. Hadronic-hadronic processes

For the hadronic-hadronic processes, we denote the two
final states as jψ1i ¼ jh1i and jψ2i ¼ jh2i. The decay
amplitudes are hh1jHjM0i≡Q1, hh2jHjM0i≡Q2;
hh1jHjM̄0i≡ Q̄1; hh2jHjM̄0i≡ Q̄2.
From Eq. (25), Iðh1; ta; h1; tbÞ is obtained by substitution

ðra; rb; r̄a; r̄bÞ ¼ ðQ1; Q1; Q̄1; Q̄1Þ, Iðh1; ta; h2; tbÞ by sub-
stitution ðra;rb;r̄a;r̄bÞ¼ðQ1;Q2;Q̄1;Q̄2Þ, Iðh2; ta; h1; tbÞ
by substitution ðra; rb; r̄a; r̄bÞ ¼ ðQ2; Q1; Q̄2; Q̄1Þ;
and Iðh2;ta;h2;tbÞ by substitution ðra;rb;r̄a;r̄bÞ¼
ðQ2;Q2;Q̄2;Q̄2Þ.
In this case, with jψ1i ¼ jh1i and jψ2i ¼ jh2i, the

equal-state asymmetry is

Aðh1h1; h2h2;ΔtÞ ≈
1
4
ðfQ1Q1

0
−fQ2Q2

0
Þþ
P

4

i¼1
ðfQ1Q1

i −fQ2Q2
i Þσi

1
4
ðfQ1Q1

0
þf

Q2Q2
0

Þþ
P

4

i¼1
ðfQ1Q1

i þf
Q2Q2
i Þσi

;

(38)

while the unequal-state asymmetry is

Aðh1h2; h2h1;ΔtÞ ≈
P

4
i¼1ðfQ1Q2

i − fQ2Q1

i Þσi
1
2
fQ1Q2

0 þP
4
i¼1ðfQ1Q2

i þ fQ2Q1

i Þσi
:

(39)

They are obtained from Eqs. (34) and (35), respectively,
using the substitution r1 ¼ Q1, r2 ¼ Q2, r̄1 ¼ Q̄1,
and r̄2 ¼ Q̄2.
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D. Semileptonic-hadronic processes

For semileptonic-hadronic processes, consider jψai ¼
jlþi or jl−i while jψbi¼ jh1i or jh2i, or vice versa. So there
are eight cases of ðψa;ψbÞ. From Eq. (25), Iðlþ; ta; h1; tbÞ
is obtained by substitution ðra; rb; r̄a; r̄bÞ ¼ ðRþ; Q1; R̄þ;
Q̄1Þ, Iðh1; ta; lþ; tbÞ by substitution ðra; rb; r̄a; r̄bÞ ¼
ðQ1; Rþ; Q̄1; R̄þÞ, Iðlþ; ta; h2; tbÞ by substitution
ðra;rb;r̄a;r̄bÞ¼ðRþ;Q2;R̄þ;Q̄2Þ, Iðh2; ta; lþ; tbÞ by substi-
tution ðra; rb; r̄a; r̄bÞ ¼ ðQ2; Rþ; Q̄2; R̄þÞ, Iðl−; ta; h1; tbÞ
by substitution ðra;rb;r̄a;r̄bÞ¼ðS−;Q1;S̄−;Q̄1Þ, Iðh1; ta;
l−; tbÞ by substitution ðra; rb; r̄a; r̄bÞ ¼ ðQ1; S−; Q̄1; S̄−Þ,
Iðl−; ta; h2; tbÞ by substitution ðra; rb; r̄a; r̄bÞ ¼ ðS−; Q2;
S̄−; Q̄2Þ; and Iðh2; ta; l−; tbÞ by substitution ðra; rb;
r̄a; r̄bÞ ¼ ðQ2; S−; Q̄2; S̄−Þ, respectively.
For these eight different outcomes, one can define 28

different asymmetries according to (32). They are
Aðlþh1; h1lþ;ΔtÞ, Aðlþh1; lþh2;ΔtÞ, Aðlþh1; h2lþ;ΔtÞ,
Aðlþh1; l−h1;ΔtÞ, Aðlþh1; h1l−;ΔtÞ, Aðlþh1; l−h2;ΔtÞ,
Aðlþh1; h2l−;ΔtÞ, Aðh1lþ; lþh2;ΔtÞ, Aðh1lþ; h2lþ;ΔtÞ,
Aðh1lþ; l−h1;ΔtÞ, Aðh1lþ; h1l−;ΔtÞ, Aðh1lþ; l−h2;ΔtÞ,
Aðh1lþ; h2l−;ΔtÞ, Aðlþh2; h2lþ;ΔtÞ, Aðlþh2; l−h1;ΔtÞ,
Aðlþh2; h1l−;ΔtÞ, Aðlþh2; l−h2;ΔtÞ, Aðlþh2; h2l−;ΔtÞ,
Aðh2lþ; l−h1;ΔtÞ, Aðh2lþ; h1l−;ΔtÞ, Aðh2lþ; l−h2;ΔtÞ,
Aðh2lþ; h2l−;ΔtÞ, Aðl−h1; h1l−;ΔtÞ, Aðl−h1; l−h2;ΔtÞ,
Aðl−h1; h2l−;ΔtÞ, Aðh1l−; l−h2;ΔtÞ, Aðh1l−; h2l−;ΔtÞ;
and Aðl−h2; h2l−;ΔtÞ.
Among them there are four unequal-state asymmetries of

the form of (35),

Aðlþh1; h1lþ;ΔtÞ ≈
P

4
i¼1ðfR

þQ1

i − fQ1Rþ
i Þσi

1
2
fR

þQ1

0 þP
4
i¼1ðfR

þQ1

i þ fQ1Rþ
i Þσi

;

Aðlþh2; h2lþ;ΔtÞ ≈
P

4
i¼1ðfR

þQ2

i − fQ2Rþ
i Þσi

1
2
fR

þQ2

0 þP
4
i¼1ðfR

þQ2

i þ fQ2Rþ
i Þσi

;

Aðl−h1; h1l−;ΔtÞ ≈
P

4
i¼1ðfS

−Q1

i − fQ1S−
i Þσi

1
2
fS

−Q1

0 þP
4
i¼1ðfS

−Q1

i þ fQ1S−
i Þσi

;

Aðl−h2; h2l−;ΔtÞ ≈
P

4
i¼1ðfS

−Q2

i − fQ2S−
i Þσi

1
2
fS

−Q2

0 þP
4
i¼1ðfS

−Q2

i þ fQ2S−
i Þσi

:

(40)

V. DETERMINING SYMMETRY VIOLATING
PARAMETERS FROM DECAY ASYMMETRIES

We have discussed asymmetries of different decay
modes, from which one can determine the CP and CPT
violating parameters. There are four real numbers in the CP
and CPT violating parameters. To derive the expressions of
the four violating parameters, we need an equal number of
decay asymmetries.
Suppose we consider four asymmetries Ak≡

Aðψ1
kψ

2
k;ψ

3
kψ

4
k;ΔtÞ, with k ¼ 1, 2, 3, 4 representing four

different joint decay channels. According to (33),

Ak ¼
1
4

�
f
r1kr

2
kþ

0 − f
r3kr

4
k

0

	
þP

4
i¼1

�
f
r1kr

2
k

i − f
r3kr

4
k

i

	
σi

1
4

�
f
r1kr

2
k

0 þ f
r3kr

4
k

0

	
þP

4
i¼1

�
f
r1kr

2
k

i þ f
r3kr

4
k

i

	
σi

: (41)

Defining

ak ≡ 1

4

h
ð1 − AkÞfr

1
kr

2
k

0 − ð1þ AkÞfr
3
kr

4
k

0

i
;

Kki ≡ ðAk − 1Þfr1kr2ki þ ðAk þ 1Þfr3kr4ki ; (42)

we can rewrite the four equations given by (41) as the
following relation between these four asymmetries and the
symmetry violating parameters,

0
B@

a1
a2
a3
a4

1
CA ¼ K

0
BB@

ℜΔM

ℑΔM

ℜϵM
ℑϵM

1
CCA: (43)

Hence the CP and CPT symmetry violating parameters can
be determined as

0
BB@

ℜΔM

ℑΔM

ℜϵM
ℑϵM

1
CCA ¼ K−1

0
BB@

a1
a2
a3
a4

1
CCA; (44)

where K−1 is the inverse matrix of K. This provides a
general relation between symmetry violating parameters
and four arbitrarily chosen decay asymmetries.
A good choice is to use the equal-state and unequal-state

asymmetries defined for semileptonic-semileptonic proc-
esses and hadronic-hadronic processes. That is, we make
the substitutions

A1 ¼Aðlþlþ; l−l−;ΔtÞ A2 ¼Aðlþl−; l−lþ;ΔtÞ
A3 ¼Aðh1h1;h2h2;ΔtÞ A4 ¼Aðh1h2;h2h1;ΔtÞ: (45)

Then

a1 ≡ 1

4
½ð1 − A1ÞfRþRþ

0 − ð1þ A1ÞfS−S−0 �;

a2 ≡− 1

2
A2fR

þS−
0 ;

a3 ≡ 1

4
½ð1 − A3ÞfQ1Q1

0 − ð1þ A3ÞfQ2Q2

0 �;

a4 ≡− 1

2
A4f

Q1Q2

0 ; (46)

while the matrix elements of K are given by
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K1i ≡ ðA1 − 1ÞfRþRþ
i þ ðA1 þ 1ÞfS−S−i ;

K2i ≡ ðA2 − 1ÞfRþS−
i þ ðA2 þ 1ÞfS−Rþ

i ;

K3i ≡ ðA3 − 1ÞfQ1Q1

i þ ðA3 þ 1ÞfQ2Q2

i ;

K4i ≡ ðA4 − 1ÞfQ1Q2

i þ ðA4 þ 1ÞfQ2Q1

i ; (47)

with i ¼ 1, 2, 3, 4 and fr
arb
i ≡ fr

arb
i ðΔtÞ.

One can also use some of the asymmetries defined for
the semileptonic-hadronic decay processes. For example, a
convenient choice is to use the four unequal-state asym-
metries in the semileptonic-hadronic decay processes.
Hence one makes the substitutions

A1 ¼Aðlþh1;h1lþ;ΔtÞ; A2¼Aðlþh2;h2lþ;ΔtÞ;
A3 ¼Aðl−h1;h1l−;ΔtÞ; A4¼Aðl−h2;h2l−;ΔtÞ: (48)

Then

a1 ≡− 1

2
A5f

RþQ1

0 ; a2 ≡− 1

2
A6f

RþQ̄2

0 ;

a3 ≡− 1

2
A7f

S−Q1

0 ; a4 ≡− 1

2
A8f

S−Q̄2

0 ; (49)

while the matrix elements of K are given by

K1i ¼ ðA1 − 1ÞfRþQ1

i þ ðA1 þ 1ÞfQ1Rþ
i ;

K2i ¼ ðA2 − 1ÞfRþQ2

i þ ðA2 þ 1ÞfQ2Rþ
i ;

K3i ¼ ðA3 − 1ÞfS−Q1

i þ ðA3 þ 1ÞfQ1S−
i ;

K4i ¼ ðA4 − 1ÞfS−Q̄2

i þ ðA4 þ 1ÞfQ̄2S−
i ; (50)

with i ¼ 1, 2, 3, 4.

VI. SOME THEOREMS CONCERNING DECAY
ASYMMETRIES AND CP AND CPT VIOLATIONS

First consider the following situation of equal-time
joint decays. If we exchange ψa and ψb, then ra and
rb are exchanged, thus Θ and Λ remain unchanged
while Ξ and Φ are exchanged; consequently, (30) indicates
that I0ðψa;ψb;Δt ¼ 0Þ ¼ I0ðψb;ψa;Δt ¼ 0Þ, and thus
Aðψaψb;ψbψa;Δt ¼ 0Þ ¼ 0.
Theorem 1: Consider joint decays of jΨþi. For Δt ¼ 0,

any unequal-state asymmetry Aðψaψb;ψbψa;Δt ¼ 0Þ
always vanishes regardless of whether there is CP or
CPT violation.
The same conclusion is also valid for jΨ−i, and has been

shown previously for the special cases of joint decays to
flavor eigenstates and joint decays to CP eigenstates [32].
In the following we show that it is valid for any equal-time
unequal-state asymmetry Aðψaψb;ψbψa;Δt ¼ 0Þ. From
(22), we obtain for C ¼ −1 state,

Iðψa; ta;ψb; tbÞ
¼ jhψaψbjHjψðta; tbÞij2

¼ 1

8
½e−ðΓStaþΓLtbÞjθj2−2e−ΓðtaþtbÞℜðθ�λeiΔmΔtÞ

þ e−ðΓLtaþΓStbÞjλj2�; (51)

where

θ≡ η2rarb − ð1 − ξÞrar̄b þ ð1þ ξÞr̄arb − η1r̄ar̄b;

λ≡ η2rarb þ ð1þ ξÞrar̄b − ð1 − ξÞr̄arb − η1r̄ar̄b: (52)

Obviously when ψa and ψb are exchanged, so are θ
and λ. Consequently, when ta ¼ tb ¼ t, Iðψa; t;ψb; tÞ ¼
Iðψb; t;ψa; tÞ, which implies that any equal-time unequal-
state asymmetry Aðψaψb;ψbψa;Δt ¼ 0Þ is zero.
Theorem 2: Consider joint decays of jΨ−i. For Δt ¼ 0,

any unequal-state asymmetry Aðψaψb;ψbψa;Δt ¼ 0Þ
always vanishes regardless of whether there is CP or
CPT violation.

A. Semileptonic-semileptonic processes

(i) If CP is conserved indirectly, then ϵM ¼ ΔM ¼ 0,
thus Θ ¼ ðra þ r̄aÞðrb þ r̄bÞ, Λ ¼ ðra − r̄aÞðrb − r̄bÞ,
Ξ ¼ Φ ¼ 0. Consequently, without making any approxi-
mation, we obtain exactly

Aðlþlþ; l−l−;ΔtÞ ¼ fR
þRþ

0 ðΔtÞ − fS
−S−

0 ðΔtÞ
fR

þRþ
0 ðΔtÞ þ fS

−S−
0 ðΔtÞ ;

Aðlþl−; l−lþ;ΔtÞ ¼ 0. (53)

Any deviation from these two equalities means indirect
CP violation. In particular, a nonvanishing value of
unequal-flavor asymmetry Aðlþl−; l−lþ;ΔtÞ is a signature
of indirect CP violation.
Theorem 3: Consider joint decays of jΨþi. If the

unequal-flavor asymmetry Aðlþl−; l−lþ;ΔtÞ is nonzero,
then CP must be violated indirectly.
(ii) If CP is conserved directly, then Rþ ¼ S̄− and

S− ¼ R̄þ; consequently,

fR
þRþ

0 ¼ fS
−S−

0 ; fR
þRþ

i ¼ −fS−S−i ;

fR
þS−

j ¼ fS
−Rþ

j ¼ 0; fR
þS−

0 ¼ fS
−Rþ

0 ; (54)

where i ¼ 1, 2, 3, 4 and j ¼ 3, 4. Then

Aðlþlþ; l−l−;ΔtÞ ≈ 4
P

4
i¼1 f

RþRþ
i σi

fR
þRþ

0

;

Aðlþl−; l−lþ;ΔtÞ ≈
P

2
i¼1ðfR

þS−
i − fS

−Rþ
i Þσi

1
2
fR

þS−
0 þP

2
i¼1ðfR

þS−
i þ fS

−Rþ
i Þσi

;

(55)

which says that Aðlþl−; l−lþ;ΔtÞ does not depend
on ϵM up to its first order. Furthermore, if CPT is also
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assumed to be conserved indirectly, i.e., ΔM ¼ 0,
then Aðlþl−; l−lþ;ΔtÞ ∼Oðϵ2MÞ.
Theorem 4: Consider joint decays of jΨþi. If the

unequal-flavor asymmetry Aðlþl−; l−lþ;ΔtÞ depends on
the first order of ϵM, then CP must be violated directly.
(iii) If the semileptonic decays respect the ΔF ¼ ΔQ

rule, where F is the flavor quantum number and Q is the
charge number, then R̄þ ¼ S− ¼ 0. Consequently,

fR
þRþ

0 ¼




R

þ

S̄−






4

fS
−S−

0 ; fR
þRþ

i ¼ −




R

þ

S̄−






4

fS
−S−

i ;

fR
þS−

0 ¼ fS
−Rþ

0 ; fR
þS−

j ¼ fS
−Rþ

j ¼ 0; (56)

with i ¼ 1, 2, 3, 4, j ¼ 3, 4. Then

Aðlþlþ; l−l−;ΔtÞ

≈
1
4
ð1 − j Rþ

S− j4ÞfS
−S−

0 þP
4
i¼1ð1þ j Rþ

S− j4ÞfS
−S−

i σi
1
4
ð1þ j Rþ

S− j4ÞfS
−S−

0 þP
4
i¼1ð1 − j Rþ

S− j4ÞfS
−S−

i σi
;

Aðlþl−; l−lþ;ΔtÞ

≈
P

2
i¼1ðfR

þS−
i − fS

−Rþ
i Þσi

1
2
fR

þS−
0 þP

2
i¼1ðfR

þS−
i þ fS

−Rþ
i Þσi

; (57)

that is, Aðlþl−; l−lþ;ΔtÞ does not depend on ϵM up to its
first order in this situation.
Theorem 5: Consider joint decays of jΨþi. If the

unequal-flavor asymmetry Aðlþl−; l−lþ;ΔtÞ depends on
the first order of ϵM, then the ΔF ¼ ΔQ rule must be
violated.

B. Hadronic-hadronic processes

(i) For the hadronic-hadronic processes, first we consider
the situation of jh1i ¼ CPjh2i; that is, jh1i and jh2i
are mutual CP conjugates. For example, B0B̄0 →
DþK−D−Kþ, πþD−

S π
−Dþ

S . If CP is conserved directly,
then Q1 ¼ Q̄2 and Q2 ¼ Q̄1, and one can obtain

fQ1Q1

0 ¼ fQ2Q2

0 ; fQ1Q1

i ¼ −fQ2Q2

i ; fQ1Q2

0 ¼ fQ2Q1

0 ;

fQ1Q2

j ¼ fQ2Q1

j ¼ 0; (58)

where i ¼ 1, 2, 3, 4, j ¼ 3, 4. It is obtained that

Aðh1h1; h2h2;ΔtÞ ≈
4
P

4
i¼1 f

Q1Q1

i σi
fQ1Q1

0

;

Aðh1h2; h2h1;ΔtÞ ≈
P

2
i¼1ðfQ1Q2

i − fQ2Q1

i Þσi
1
2
fQ1Q2

0 þP
2
i¼1ðfQ1Q2

i þ fQ2Q1

i Þσi
:

(59)

So Aðh1h2; h2h1;ΔtÞ does not depend on ϵM up to
its first order. Furthermore, if CPT is also assumed to
be conserved indirectly, then ΔM ¼ 0, and consequently

Aðh1h2; h2h1;ΔtÞ ∼Oðϵ2MÞ. One can see the similarity
between Aðh1h1; h2h2;ΔtÞ and Aðlþl−; l−lþ;ΔtÞ, as well
as that between Aðh1h2; h2h1;ΔtÞ and Aðlþl−; l−lþ;ΔtÞ.
Theorem 6: Consider joint decays of jΨþi. Suppose

jh1i and jh2i are CP conjugates. If Aðh1h1; h2h2;ΔtÞ
depends on the first order of ϵM, then CP must be violated
directly.
(ii) Consider the situation of CPjh1i ¼ jh1i and

CPjh2i ¼ −jh2i; that is, jh1i and jh2i are CP eigenstates
with eigenvalues 1 and −1, respectively. From the expres-
sion (17) of jΨþi in terms of CP eigenstates, it is immedi-
ately seen that withΔt ¼ 0, ifCP is conserved both directly
and indirectly, then the decay products of the two particles
should always be CP eigenstates with an equal eigenvalue;
hence, Iðh1; ta; h2; tbÞ ¼ Iðh2; ta; h1; tbÞ ¼ 0.
Theorem 7: Consider joint decays of jΨþi. Suppose

jh1i and jh2i are CP eigenstates with eigenvalues 1 and
−1, respectively. The deviation of Iðh1; ta; h2; taÞ or
Iðh2; ta; h1; taÞ from zero implies CP violation, direct or
indirect or both.
In more quantitative details, let us first assume that CP

is conserved directly, then the decay amplitudes satisfy
Q1 ¼ Q̄1 and Q2 ¼ −Q̄2; therefore, for jψai ¼ jh1i while
jψbi¼jh2i, Iðh1; ta; h2; tbÞ is given by (25) with
Θ¼½η2−η1−ðη2þη1Þξ�Q1Q2, Ξ ¼ ðη1 þ η2 þ 2ÞξQ1Q2,
Φ ¼ ðη1 þ η2 − 2ÞξQ1Q2, Λ¼½η1−η2−ðη2þη1Þξ�Q1Q2.
Similarly, if jψai ¼ jh2i while jψbi ¼ jh1i, then
Iðh2; ta; h1; tbÞ is given by (25) with Θ ¼ ½η2 − η1−
ðη2 þ η1Þξ�Q1Q2, Ξ¼ðη1þη2−2ÞξQ1Q2, Φ ¼ ðη1 þ η2þ
2ÞξQ1Q2, Λ ¼ ½η1 − η2 − ðη2 þ η1Þξ�Q1Q2. Consequently,
Iðh1; ta; h2; tbÞ and Iðh2; ta; h1; tbÞ are of the order of
OðΔ2

MÞ and Oðϵ2MÞ. Moreover, if CP is also indirectly
conserved, then ξ ¼ 0, thus Θ ¼ Λ while Ξ ¼ Φ; conse-
quently, Iðh1; ta; h2; taÞ ¼ Iðh2; ta; h1; tbÞ ¼ 0, confirming
Theorem 7.
Theorem 8: Consider joint decays of jΨþi. Suppose

jh1i and jh2i are CP eigenstates with eigenvalues 1 and−1,
respectively. If Iðh1; ta; h2; tbÞ and Iðh2; ta; h1; tbÞ are the
order of OðΔMÞ and OðϵMÞ, then CP is violated directly.
On the other hand, if we first assume thatCP is conserved

indirectly, then ξ ¼ 0 and η1 ¼ η2 ¼ 1, thus jMþðtÞi¼
e−iλStjMþi, jM−ðtÞi¼e−iλLtjM−i. Consequently,

jψðta; tbÞi ¼
1ffiffiffi
2

p ½e−iλSðtaþtbÞjMþijMþi

− e−iλLðtaþtbÞjM−ijM−i�; (60)

which implies Iðh1; ta;h2; tbÞ ¼ Iðh2; ta;h1; tbÞ ¼
je−iΛSðtaþtbÞðQ1 þ Q̄1ÞðQ2 þ Q̄2Þ− e−iΛLðtaþtbÞðQ1 − Q̄1Þ×
ðQ2 − Q̄2Þj2. Moreover, if CP is also conserved directly,
thenQ1 ¼ Q̄1,Q2 ¼ −Q̄2; consequently. Iðh1; ta; h2; tbÞ ¼
Iðh2; ta; h1; tbÞ ¼ 0, again confirming Theorem 7.
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C. Semileptonic-hadronic processes

For semileptonic-hadronic processes, here we consider
some of the asymmetries, for which the assumption of CP
conservation can lead to relatively simple results.
(i) Consider the case that the hadronic decay products

satisfy CPjh1i ¼ jh2i. If CP is conserved directly,

then Rþ ¼ S̄−, R̄þ ¼ S−, Q1 ¼ Q̄2, and Q2 ¼ Q̄1.
Consequently,

fR
þQ1

0 ¼ fS
−Q2

0 ; fR
þQ1

i ¼ −fS−Q2

i ; fR
þQ2

0 ¼ fS
−Q1

0 ;

fR
þQ2

i ¼ −fS−Q1

i ; (61)

with i ¼ 1, 2, 3, 4. So to the order of OðΔMÞ and OðϵMÞ, we have

Aðlþh1; l−h2;ΔtÞ ≈ 4

�
fR

þQ1

1

fR
þQ1

0

ℜϵM þ fR
þQ1

2

fR
þQ1

0

ℑϵM þ fR
þQ1

3

fR
þQ1

0

ℜΔM þ fR
þQ1

4

fR
þQ1

0

ℑΔM

�
;

Aðlþh2; l−h1;ΔtÞ ≈ 4

�
fR

þQ2

1

fR
þQ2

0

ℜϵM þ fR
þQ2

2

fR
þQ2

0

ℑϵM þ fR
þQ2

3

fR
þQ2

0

ℜΔM þ fR
þQ2

4

fR
þQ2

0

ℑΔM

�
: (62)

(ii) Consider the case that the hadronic decay products are CP eigenstates, which satisfy CPjh1i ¼ jh1i and
CPjh2i ¼ −jh2i. If CP is conserved directly, then Rþ ¼ S̄−, R̄þ ¼ S−, Q1 ¼ Q̄1 and Q2 ¼ −Q̄2. Consequently,

fR
þQk

0 ¼ fS
−Qk

0 ¼ fQkS−
0 ; fR

þQk
i ¼ −fS−Qk

i ¼ −fQkS−
i ; (63)

with i ¼ 1, 2, 3, 4 and k ¼ 1, 2. So up to the order of OðΔMÞ and OðϵMÞ, we have

Aðlþhk; l−hk;ΔtÞ ≈ Aðlþhk; hkl−;ΔtÞ

≈ 4

�
fR

þQk
1

fR
þQk

0

ℜϵM þ fR
þQk

2

fR
þQk

0

ℑϵM þ fR
þQk

3

fR
þQk

0

ℜΔM þ fR
þQk

4

fR
þQk

0

ℑΔM

�
; (64)

with k ¼ 1; 2.

Theorem 9: Consider the semileptonic-hadronic decay
asymmetries Aðlþhk; hkl−;ΔtÞ and Aðlþhk; l−hk;ΔtÞ of
jΨþi, ðk ¼ 1; 2Þ. Suppose jh1i and jh2i are CP eigenstates
with eigenvalues 1 and −1, respectively. If
Aðlþhk; hkl−;ΔtÞ ≠ Aðlþhk; l−hk;ΔtÞ even in the first
order of CP and CPT violating parameters, then CP must
be violated directly.

VII. SUMMARY

To summarize, we have studied the C ¼ þ1 entangled
state jΨþi of pseudoscalar neutral meson pairs. We have
calculated various integrated joint decay rates of semi-
leptonic-semileptonic processes, hadronic-hadronic proc-
esses, and semileptonic-hadronic processes, as well as
experimentally observable asymmetries defined for them,
including equal-state asymmetries, unequal-state asymme-
tries, and more general ones, which are functions of the CP
and CPT violating parameters. Any four of these asym-
metries can be used to determine the real and imaginary
parts of the indirect symmetry violating parameters ϵM and
ΔM. For example, one can choose the equal-state and
unequal-state asymmetries in semileptonic-semileptonic
and hadronic-hadronic decays. Alternatively, one can

choose four asymmetries in semileptonic-hadronic decays.
The coefficients in these equations depend on whether CP
is violated directly or whether the ΔF ¼ ΔQ rule is
violated indirectly or directly. Through these relations
we can examine whether various symmetries or rules are
violated, and determine the symmetry violating parameters.
Also note that these relations are for a given Δt; hence, by
using various different values, one can obtain the quantities
in many times, and make averages.
We also make some simple statements concerning the

joint decays of jΨþi presented as theorems, as the follow-
ing. If the unequal-flavor asymmetry Aðlþl−; l−lþ;ΔtÞ is
nonzero, then CP must be violated indirectly. If
Aðlþl−; l−lþ;ΔtÞ depends on the first order of ϵM, then
CP must be violated directly, and the ΔF ¼ ΔQ rule is
violated. If Aðh1h1; h2h2;ΔtÞ for CP conjugates jh1i and
jh2i depends on the first order of ϵM, then CP is violated
directly. For CP eigenstates jh1i and jh2i with eigenvalues
1 and −1, respectively, the deviation of Iðh1; ta; h2; tbÞ or
Iðh2; ta; h1; tbÞ from zero implies CP violation. For CP
eigenstates jh1i and jh2i with eigenvalues 1 and −1,
respectively, consider the semileptonic-hadronic decay
asymmetries Aðlþhk; hkl−;ΔtÞ and Aðlþhk; l−hk;ΔtÞ,
ðk ¼ 1; 2Þ. If Aðlþhk; hkl−;ΔtÞ ≠ Aðlþhk; l−hk;ΔtÞ even
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in the first order of CP and CPT violating parameters, then
CP must be violated directly.
The uses of jΨþi and jΨ−i well complement each other.

Two outstanding examples are as follows. In the flavor basis,
their relative phases between jM0ijM̄0i and jM̄0ijM0i are
opposite. Consequently, CP must be violated indirectly if
the unequal-flavor asymmetry in jΨþi is nonzero, while the
same conclusion can be drawn if the equal-flavor asymmetry
in jΨ−i is nonzero [32]. On the other hand, in the CP basis,
jΨþi is a superposition of equal-CP terms jMþijMþi and
jM−ijM−i, while jΨ−i is a superposition of unequal-CP
terms jM−ijMþi and jMþijM−i. Consequently,CPmust be
violated if any unequal-CP joint decay rate of jΨþi is
nonzero, while the same conclusion can be drawn if any

equal-CP joint decay rate of jΨ−i is nonzero [32]. Besides,
jΨþi and jΨ−i also share some common phenomena. For
example, for both jΨþi and jΨ−i, any equal-time unequal-
state asymmetry Aðψaψb;ψbψa;Δt ¼ 0Þ must always
vanish regardless of whether CP and CPT are violated.
We hope the present study of jΨþi motivates its use in

studying CP and CPT violations. Among various reasons,
note the availability of jΨþi in an energy range just above
the Υð4SÞ resonance with 100% branch ratio [33].
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APPENDIX: DETAILED EXPRESSIONS OF ~f r
arbr̄ar̄b
i and f r

arbr̄ar̄b
i

~fr
arb
0 ðta; tbÞ ¼ jðra þ r̄aÞðrb þ r̄bÞj2e−ΓSðtaþtbÞ þ jðra − r̄aÞðrb − r̄bÞj2e−ΓLðtaþtbÞ

− 2e−ΓðtaþtbÞℜ½ðra þ r̄aÞ�ðrb þ r̄bÞ�ðra − r̄aÞðrb − r̄bÞe−iΔmðtaþtbÞ�;

fr
arb
0 ðΔtÞ ¼ e−ΓΔt

�jðra þ r̄aÞðrb þ r̄bÞj2
2ΓS

e
ΔΓΔt
2 þ jðra − r̄aÞðrb − r̄bÞj2

2ΓL
e−ΔΓΔt

2

−ℜ

�ðra þ r̄aÞ�ðrb þ r̄bÞ�ðra − r̄aÞðrb − r̄bÞ
ðΓþ iΔmÞ e−iΔmΔt

��
;

~fr
arb
1 ðta; tbÞ ¼ −e−ΓSðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ� þ e−ΓLðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

− e−ΓðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞeiΔmðtaþtbÞ�
þ e−ΓðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞe−iΔmðtaþtbÞ� þ e−ðΓtaþΓStbÞjrb
þ r̄bj2ℜ½ðra þ r̄aÞ�ðra − r̄aÞe−iΔmta � þ e−ðΓStaþΓtbÞjra þ r̄aj2ℜ½ðrb þ r̄bÞ�ðrb − r̄bÞe−iΔmtb � − e−ðΓtaþΓLtbÞjrb
− r̄bj2ℜ½ðra − r̄aÞ�ðra þ r̄aÞeiΔmta � − e−ðΓLtaþΓtbÞjra − r̄aj2ℜ½ðrb − r̄bÞ�ðrb þ r̄bÞeiΔmtb �;

fr
arb
1 ðΔtÞ ¼ e−ΓΔt

�
−ℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ�

2ΓS
e
ΔΓΔt
2 þℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

2ΓL
e−ΔΓΔt

2

−ℜ
�ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ

2ðΓ − iΔmÞ eiΔmΔt
�
þℜ

�ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ
2ðΓþ iΔmÞ e−iΔmΔt

�

þ jrb þ r̄bj2ℜ
�ðra þ r̄aÞ�ðra − r̄aÞ

Γþ ΓS þ iΔm

�
e−ΔΓΔt

2 þ jra þ r̄aj2ℜ
�ðrb þ r̄bÞ�ðrb − r̄bÞ

Γþ ΓS þ iΔm
e−iΔmΔt

�

− jrb − r̄bj2ℜ
�ðra − r̄aÞ�ðra þ r̄aÞ

Γþ ΓL − iΔm

�
e
ΔΓΔt
2 − jra − r̄aj2ℜ

�ðrb − r̄bÞ�ðrb þ r̄bÞ
Γþ ΓL − iΔm

eiΔmΔt
��

;
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~fr
arb
2 ðta; tbÞ ¼ −e−ΓSðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ� þ e−ΓLðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

− e−ΓðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞeiΔmðtaþtbÞ�
þ e−ΓðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞe−iΔmðtaþtbÞ� − e−ðΓtaþΓStbÞjrb
þ r̄bj2ℑ½ðra þ r̄aÞ�ðra − r̄aÞe−iΔmta � − e−ðΓStaþΓtbÞjra þ r̄aj2ℑ½ðrb þ r̄bÞ�ðrb − r̄bÞe−iΔmtb � þ e−ðΓtaþΓLtbÞjrb
− r̄bj2ℑ½ðra − r̄aÞ�ðra þ r̄aÞeiΔmta � þ e−ðΓLtaþΓtbÞjra − r̄aj2ℑ½ðrb − r̄bÞ�ðrb þ r̄bÞeiΔmtb �;

fr
arb
2 ðΔtÞ ¼ e−ΓΔt

�
−ℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ�

2ΓS
e
ΔΓΔt
2 þ ℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

2ΓL
e−ΔΓΔt

2

− ℑ

�ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ
2ðΓ − iΔmÞ eiΔmΔt

�
þ ℑ

�ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ
2ðΓþ iΔmÞ e−iΔmΔt

�

− jrb þ r̄bj2ℑ
�ðra þ r̄aÞ�ðra − r̄aÞ

Γþ ΓS þ iΔm

�
e
ΔΓΔt
2 − jra þ r̄aj2ℑ

�ðrb þ r̄bÞ�ðrb − r̄bÞ
Γþ ΓS þ iΔm

e−iΔmΔt
�

þ jrb − r̄bj2ℑ
�ðra − r̄aÞ�ðra þ r̄aÞ

Γþ ΓL − iΔm

�
e−ΔΓΔt

2 þ jra − r̄aj2ℑ
�ðrb − r̄bÞ�ðrb þ r̄bÞ

Γþ ΓL − iΔm
eiΔmΔt

��
;

~fr
arb
3 ðta; tbÞ ¼ e−ΓSðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ� þ e−ΓLðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

− e−ΓðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞeiΔmðtaþtbÞ�
− e−ΓðtaþtbÞℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞe−iΔmðtaþtbÞ�;

fr
arb
3 ðΔtÞ ¼ e−ΓΔt

�
ℜ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ�

2ΓS
e
ΔΓΔt
2 þℜ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

2ΓL
e−ΔΓΔt

2

−ℜ

�ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ
2ðΓ − iΔmÞ eiΔmΔt

�
−ℜ

�ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ
2ðΓþ iΔmÞ e−iΔmΔt

��
;

~fr
arb
4 ðta; tbÞ ¼ e−ΓSðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ� þ e−ΓLðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

− e−ΓðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞeiΔmðtaþtbÞ�
− e−ΓðtaþtbÞℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞe−iΔmðtaþtbÞ�;

fr
arb
4 ðΔtÞ ¼ e−ΓΔt

�
ℑ½ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ�

2ΓS
e
ΔΓΔt
2 þ ℑ½ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ�

2ΓL
e−ΔΓΔt

2

− ℑ

�ðrarb − r̄ar̄bÞ�ðra þ r̄aÞðrb þ r̄bÞ
2ðΓ − iΔmÞ eiΔmΔt

�
− ℑ

�ðrarb − r̄ar̄bÞ�ðra − r̄aÞðrb − r̄bÞ
2ðΓþ iΔmÞ e−iΔmΔt

��
:
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