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of C = +1 entangled neutral pseudoscalar mesons

Zhijie Huang and Yu Shi’

Department of Physics and Center for Field Theory and Particle Physics,
Fudan University, Shanghai 200433, China
(Received 7 February 2013; published 24 January 2014)

Entangled pseudoscalar neutral meson pairs have been used in studying CP violation and searching for CPT
violation, but almost all the previous works concern the C = —1 entangled state. Here we consider the C = +-1
entangled state of pseudoscalar neutral mesons, which is quite different from the C = —1 entangled state and
provides complementary information on symmetry violating parameters. After developing a general formalism,
we consider three kinds of decay processes, namely, semileptonic-semileptonic, hadronic-hadronic, and
semileptonic-hadronic processes. For each kind of processes, we calculate the integrated rates of joint decays
with a fixed time interval, as well as asymmetries defined for these joint rates of different channels. In turn, these
asymmetries can be used to determine the four real numbers of the two indirect symmetry violating parameters,
based on a general relation between the symmetry violating parameters and the decay asymmetries presented here.
Various discussions are provided on indirect and direct violations and the violation of the AF = AQ rule, with
some results presented as theorems.
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I. INTRODUCTION

Pseudoscalar neutral mesons are important in studying CP
violation, as well as CPT violation, which is important in the
standard model extension [1]. Moreover, these particles in
entangled or EPR correlated states have also been used in
discussing these violations [2-5]. Several experimental
groups have investigated the violations of the CP and
CPT symmetries in the entangled pseudoscalar neutral
mesons, such as B,B, pairs produced in Y (4S) resonance
and B, B, pairs produced in Y (5S) resonance [6-13], as well
as K°K° pairs produced in ¢ resonance [14—17]. Various
theoretical studies have also been made [18-32]. However,
most of them concern the C = —1 state |¥_).

On the other hand, it is known that the C = +1 entangled
state |¥,) can also be produced, for example, for BB
pairs produced in the Y(5S) resonance with 10% branch
ratio [11,12,29] and, most remarkably, for B,B, pairs in an
energy range just above the Y (4S) resonance with 100%
branch ratio [33]. Hence it is very interesting to investigate
the decay properties of the C = +1 entangled state, which
is the purpose of this paper. Towards the end of the paper,
we shall note some complementarities between the uses of
|, ) and |U_).

After a review of various CP and CPT violating param-
eters and the relations among them in Sec. II, we calculate
the rates of the joint decays of the C = +1 entangled meson
pairs in Sec. IIl. Then we discuss various experimentally
observable asymmetries between different joint decay rates
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in Sec. IV, giving the general expressions in subsection IVA,
and considering the semileptonic-semileptonic decays
in subsection IV B, the hadronic-hadronic decays in
subsection IV C, and the semileptonic-hadronic decays in
subsection IV D. Subsequently in Sec. V, we discuss how to
obtain the four real numbers of CP and CPT symmetry
violating parameters from the asymmetries of joint decays.
In Sec. VI, we discuss some specific experimentally relevant
cases and present some simple results in the form of
theorems. A summary is given in Sec. VIL

II. INDIRECT SYMMETRY VIOLATING
PARAMETERS AND TIME EVOLUTION

As usual, we denote the pseudoscalar neutral meson
with the flavor eigenvalue +1 as |M°), and its antiparticle
with the flavor eigenvalue —1 as |M°) = CP|M°). The
time-dependent state of a single meson is

[M(2)) = a(1)|M°) + B(1)| M°), (1

where a(f) and f(¢) are determined by

li((l(l‘)) — (Hll H12><a(t)>. (2)

dr \ B(t) Hy  Hy )\ A1)

The effective Hamiltonian H has the following properties:
(1)if CPT or CP is conserved, then H; = Hy,,

(i) if T or CP is conserved, then Hi, = H»;.
One can define [34]

H22_H11

_VHip—VHy
VHHy,

=" = 3
o VHiy++Hj ©)
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Indirect CPT conservation implies d,; = 0, while indirect
CP conservation implies ¢, = 0 and 6, = 0.
The eigenvalues of H are

i
A =my — T
L=my FiL
1
—§[H11+H22—\/(Hu—H22)2+4H12H21],
i
As=mg— LT
§ = Mg 3 N
1
:E[H11+H22+\/(Hll—H22)2+4H12H21L 4

and the corresponding eigenstates are

1

M) = ———=(p.|
VPl + lacl?

M®) — q,|M?)).

1 _
(M) = —————=(ps|M°) + q5|M°)). )
VIpsl® +1gs]
Defining
1+Ay 6y 5%
_ oM _"M 1M
—a, -2 TVt (©6)
we have
pr_ (L+ey)(1+A4y) ps _ (I+ey)(1—Ay)
a (I1—ey)(1=4Ay)’ qgs  (1—ey)(1+Ay)

One also defines

p_lte ps _1tes 7
qr 1_€L’ qs 1—65,
and
1 - Hy—Hj
5—5(65—%)— > ’
Hyy+Hy ++/(Hy — Hy)? +4H , Hy,
1 H,—H
€:§(€S+€L): 12 21 5 .
Hyy+Hyy ++/(Hy — Hy)? +4H ,Hy,
(®)

Hence 6 =0 corresponds to H;; = Hy, while ¢ =0
corresponds to Hj, = Hy;. (Oy, €y) and (5, €) are

related as
2 2 2 5
Ltey+(1—ey)\/1+7%
2
€= um . )

52
1+ey+(1—eg)y/ 1+
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We would like to emphasize that 6 and € are each dependent
on both 6,, and €,; that is, a nonzero value of 6 or €
corresponds to mixing of CP and CPT violations. Moreover,
asseenin (6), 9, = Oisequivalentto Ay, = 0,and using A,
can avoid square roots in the calculations.

Therefore, in the following, we use the parameters
(Ays.€p) in characterizing indirect symmetry violations.
ey #0 implies indirect CP violation, while Ay #0
implies indirect CPT violation and indirect CP violation.

With |M0(l‘ = 0)> = |M0> and |M0(I _ 0)> = |M0>, we
have
1 , ,
|M°(t)) = EKI £)e=st 4 (1 + &)e—h1)|MO)
+ %’71( —idgt __ €_MLI)|MO>, (10)
_ N ‘ 1 |
|M0(l‘)> = Enz(e—tﬂst _ e—tlLt>|M0> + E [(1 + g)e—llst
+ (1 - f)e*iﬁLtHMO>’ (11)
where
PV _(1—ew)(1-23)
_1+A2’ n1_<1+€M)(1+A]2w)’

(1+ey)(1 - AZ)
=)+ a2y

(12)

Now we consider the C = +1 entangled state, shared by
particles a and b,

_ 1 0\ | /0 770\ 270
W) ﬁ[IM )IMP) + [M7) | M7)], (13)
where each term in the form of |x)|y) apparently means a
direct product of |x) of a particle and |y) of b particle.
The joint probability, or the joint decay rate, that particle
a decays to w* at time , while particle b decays to y” at
time ¢, can be obtained as

Iy 1w’ 1) = (WP | H Hp Y (1, 0)) 2, (14)

where H,, is the weak interaction Hamiltonian governing
the decay of particle @« = a, b, the time-dependent state
|W, (2,,1,)) is given by

W (10 1)) = [IMO( MO (1)) + [MO(20)) MO (1))

S\

(15)

where |M°(t,)) and |M°(t,)), with @ = a, b, as given in
Egs. (10) and (11). This standard treatment using the decay
times #,, and t,, of the two entangled mesons [3—-5] gives the
same result as that of the approach taking account of the
two measurements at 7, and ¢,.
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By substituting |M°(z,)) and |M°(t,)), one obtains

[;/]2(1 —_ g)e_iﬂj‘(la""tb) + ;72ée_i(45ta+lLtb) + nzée_i(lllla""lj'tb) - ]12(1 + g)e_M'L(tu_"tb)}

1
W (24, 1)) :2—\/5{ MOM°)
+ [(1 52) (t,+1p) 5(1 _ ) i(Asty+Apty) + 5( é:) i(Apt,+Asty) ( 52) —idy (1, +t;,)]|M0MO>
4 [(1 _ 52) —ids(t,+1p) + 5(1 + f)e Asty+Apty) _ 5(1 _ 5) 71(/1Ltu+,1§z,7 ( 52) —id (1, +"7)]|M0M0>

_|_[ ( _|_§) —idg(t,+1p) —m §e i(Ast,+Apty) - fe i(Apt,+Asty) _]11(1 —(_f)e‘”lL(IHH”)HMOM%}. (16)

Note that the initial entangled state |V ) can be rewritten in CP basis exactly as

W) = —=[IM)|M,) — [M_)|M_)], (17)

\7 [
where

1 0 70
\/—i(\MﬁlM )

is the CP eigenstate of eigenvalue 1. If needed, |V, (7,.t,)) can also be rewritten as

M) =

(W (2. 1)) = 7[|M+( )M (1)) — [M_(2)) M _(2))], (18)

where

ML) = {2+ my )™ + (2 =y = ma)e ML) — (2 = s ) (e — &) M)},

1 ) ) ) .

IM_(1)) = - {[(2=m —m)e ™" + 2 +m +m)e W ||M_) — (28 +ny —my)(e™™" — e™ 1) M) }. (19)
4
In comparison, the C = —1 state is
v_) = 7 [1M°)|M°) — |M°)|M°)]., (20)
which can be rewritten in CP basis exactly as
1

1) ZE(IM-HMQ —|M )M _)). (21)

Note that in the CP basis, |V, ) is a superposition of equal-CP products |M,)|M,) and |M_)|M_), while |¥_) is a
superposition of unequal-CP products |M_)|M ) and |M )|M_).
The time-dependent state |VU_(¢,,¢,)) is given by

U (1.1)) = \%[IMO(%»IMO(@» 01, [MO(1,)].
\/_{ 17 ( —i(Astat+arty) e—i(lLfa+ﬂsfb)>|M0M0> + [(1 _ f)e—i(isfa"rhtb) ( + éi) —i(At, +ﬂsfb)]|M0M0>

[( + g) i(Astq +/1le) (1 — g)e*i(iLfa+ﬁsfb)]|M0M0> +1 (e*i@{sffﬁrhlb) — eii(iLlu+’151h))|MoM0>}’ (22)

which can be rewritten as

(W _(ta, 1)) = T(W (ta)) M (1)) — M (12)) IM_(2,)))- (23)
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III. INTEGRATED RATES OF JOINT DECAYS

We denote the decay amplitudes
=l HIMO), =yt THIMO),
o= e HIEC), P = (ML), 24)

Suppose that particle a decays to |y“) at ,, while particle b decays to |w”) at t,. The joint decay rate is obtained as

I(Wa’ Ly Wb’ tb) = |<Wawb|HaHb‘\IJ+(taﬂ tb)|2
_ %{e—l"s(td+t,,)|®|2 + 2e~TstatTty) 1 [@*Ee—iAmt,,} 4 26—(Ftl,+l"sth)m[@*(I)e—iAmtd}

+ 26—1"(ta+tb)g{{@*Ae—iAm(tathb)] + ef(l”sszrF,‘t,,) E|2 + 2€—F(za+t,,)m[E*q)eiAm(trta)]
¢,|2 -+ 28—(FL11,+F1,,)9{[(I)*Aemmtb] + e—FL(ta+t,,)|A|2}7 (25)

+ 26—(qu+FLt,,)m[E*AeiAmta} + e~ TrtatTsty)

where

(TCsg+T), Am = m; — myg, Al' =T, — T,

r 1

2

© = (1 =&)r*r + (1= E)(r 7 + r'7) + m (1 + &7,

E = mlrir® — E(1 — E)rF + E(1 + &)rPF — i EFF,
n

D = mérr’ + E(1 + &rr” — &(1 = &)rP7 —m &77,
A= —np(1+&)rr” + (1= &) (7 + rP7) — i (1 = £)77". (26)

Consider a fixed time interval At = ¢, — 7, between 7, and t,. We obtain the time-integrated decay rate

(o9
1’(w”,wh,At)=A dt d(y* 19", 1, + At)

1 —T'sAt O*= —iAmAt P
= |OP 20T | e | 42T | ———— —
8 | 2l Ie+T+iAm Ig+T+iAm
@*AefiAmAz efl"LAt efl"At ) =*A
‘FA’iﬁ = 2 R[=*D iAmAt 2 —FLAtER
e [F—i—iAm} T, ot MEee R 4 2e T, +T—iAm
—TgAt O\ piAmAL —I, At
+ B2 + 20 T S ¢ APl 27)
FS + FL FL + F — lAm 2FL
Ignoring the higher orders of Ay, and ¢;,, we have
f%ZAM, 1’]1%1—2€M, ’72%1+2€M7 (28)

therefore

1 1"‘ a -~ ~ ~a ~ ~
1 . 59" 1) ~ 5 [Z 07 (tarts) HFT7 (1) R B 4 F57 (1 1) 38y 15 (1001 Rews +F ”’(ra,rmeM] ey

where the functions }fa’h, (i=0,1, 2,3, 4), are as given in the Appendix. One also obtains the integrated rates
1
214

1 a a a a a
Iy, wb, Af) ~ {_ KAL) + T (ADRAY + £57 (ADSAy + 57 (A Rey + 57 (At)?seM}, (30)

with
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£ (A / F7 (1t + ALYt 31)

the details of which are also given in the Appendix.

PHYSICAL REVIEW D 89, 016018 (2014)

the joint decays with y* = ' and w” = y? and the rate
I/(l//37 l//4, At) Wlth l//a = l/j3 and ll/b — l//4,

I'(y' y? An) —1'(y? y*, Ar)

A Y AN = . (32
Wiy viwtian I'(y' w2 At + 1 (y yt A1) .
IV. ASYMMETRIES BETWEEN DIFFERENT Ly 34 4 e 34
JOINT DECAY RATES zlz( 0"~ /o) + Zizl(f,-l ST g
A. General formalism $(6" +foT )+ LT+ fi e
In general, one can consider the asymmetry  where we have introduced shorthand notations o; = RA,,,
Ay, wiw*; At) between the rate I'(y',y? At) of 6, =IAy, 63 =Ney, and 64 = Jey,.
|
In particular, we shall study the equal-state asymmetry
Ay, w2 Ar) = I'(y' y', Ar) = I'(y?, y?, Ar) N%( (r)1 ) > 1(]” " — 1) (34)
Pyl A0 2w A (Fg7 + f57) + S (7 + 7)oy
and the unequal-state asymmetry
|
I'(y'y? A —I'(y*y' A1) O
A LA = — — S L
(UI l// l/’ v ) I’(l//l,lllz,A[)+I’(W2,W1,A[) A(l+l . l+’At) ZfR+s +Z R*s +f5 R+) - (37)

N U O
~ ri2 4 ri? r2r!
Efo +Zi:l(fi + [ )oi

SNEA)

where we have used the property f 0 , which can
be seen from the expression of £ in the Appendlx In the
following, we will discuss three different kinds of
processes.

B. Semileptonic-semileptonic processes

Consider the semileptonic-semileptonic decay processes
with the final states |y') = |I*) and |y?) = |I~), which are
flavor eigenstates with eigenvalues 1 and —1, respectively.
The decay amplitudes are (IT|H|M°)=R", (I"|H|M")=
S, (IF[H|M°) = R*, and (I-|H|M°) = §-.

From Eq. (25), I(I*,1,;1",1,) is obtained by substitution
(r*, r’, 7%, 7%) = (R*,R*,R*,R"), I(I*, t,; [, t,) by sub-
stitution (r, 2, 79, 7) = (RT, 87, R*, 87), I(I, t,3 I}, 1)

by, ) = (S7,R*,5",RT), and
b

by substitution (r“,r”, 7, F
I(I;, 1,0, 1,) by  substitution  (r4, rb, 7, 7°) =

(§7.57.87.5).
In this case, with [y!) = |I7) and |y?) = |[7), the equal-
flavor asymmetry is

_ A D e D e H
(lJrljL -1 A[) ~ ;(1R+R+ g C % R+R++f5 e,

(36)

while the unequal-flavor asymmetry is

They are obtamed fromEgs. (34) and (35) respecuvely, using
the substitution 7' = R*, 7> = S~, 7' = R*, and 7> = §~.

C. Hadronic-hadronic processes

For the hadronic-hadronic processes, we denote the two

final states as |w') = |h,) and |y?) = |h,). The decay
amplitudes are  (h[H|M°) = Q,, (h|H|M") = 0,.
(|HIM®) = Oy, (hy|HIM®) = O,.

From Eq. (25) I(hy, 145 hy, 1) is obtained by substitution

(ru, rb’ 7‘“ r ) (leQl’Ql’Ql) (hl’ta’h29th) by sub-
stitution (74,72, 74, 7 ) (Q1,Q2 01.05), I(ha, 1450, 1)
by substitution (r L) = (0. 01, 0. O)).

and I(l:lz,l‘g,hz,th) by
(02,0,,0,,0,).

In this case, with |y!) =
equal-state asymmetry is

010 020 2 :
7|1<f0] l_f()z 2)+ ?:l(f
T

AR S ot K N 0
(38)

substltutlon (r*,rb 7, 7) =
[ly) and [y?) = |h,), the

010 0,0
e 1_f[z 25,

A(I’lll’ll, I’lzhz; At) ~

while the unequal-state asymmetry is

(leQz fQZQl)
fQ1Q2+Z l(leQv +fQ7Q1)
(39)

They are obtained from Eqs (34) and (39), respectlvely,
using the substitution r'=0,, P?=0, =0,
and 7 = Q,.

A(hlhz, hzhl,AI)
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D. Semileptonic-hadronic processes

For semileptonic-hadronic processes, consider |y*) =

|I*) or |I7) while |y?) =
are eight cases of (w“,yw?). From Eq. (25), I(
is obtained by substitution (

Ql)a I(h_l’ ta; l+,
(QI’R+’ Q17R+)’

(rv,r, 7,70 =
b

tution (r®,r’, 7,7
by substitution (
I=,t,) by substitution (r¢,r?, 7% 7)) =
I(I",t,;hy,1,) by substitution (
and [(hy,t,; 1,
) = (02,57, 0,8

‘?_’ QZ),

(R+’Q2vR+7Q2)’

ra,rb 7 b)) =

b

I(IT 1y ho 1)

O
t,) by substitution (r%,r, 7, 7) =

r“» rhs ’_,.(1’ ?h) - (Si, Q29
t,) by substitution
), respectively.

|l) or |h,), or vice versa. So there

l+, ta; hl? tb)
) = (R*, Q1. R",
b

by  substitution

I(hy, t,;1", 1) by substi-
b) = (Q>.R*. Q5. RY). I(I",
(S_’QI’S_le)’

ta; h] s tb)
I(l’ll, la;
(Ql’Si’ Ql’Si)’

(r, b,

For these eight different outcomes, one can define 28

different asymmetries according to (32). They are
A(lThy, It At), A(lThy, [Thy, At), A(IThy, hylt, Ar),

A(lThy, I- hl,At), A(lThy, =, At), A(IThy, [ hy, At),
A(lT hl,hz At), A(h lJr l+h2,At), A(hy l+ hy[T, At),
A(hy I+ l hl,At), A(hy At), A(h 0", 1" hy, Ar),
A(hylt, At), A(l+h2 hz At), A(l"h, l hl,At)
A(I"hy h l‘ Ar), A(lT hz,l hz,At), A(I"hy, ,Ar),
A(hyI+ l h At), A(hyl™, At), A(hyl* l hz,At),
A(hylt, At), A(lI"hy, At), A(I"hy, h2, 1),
A(l- hl,hzl* At), Ay, Ar), A(hl, At),

and A(I"hy, hyl~, At).
Among them there are four unequal-state asymmetries of
the form of (35),

?:1(f11'e+Q1 _finR+)5i
D SRS
? 1<fR+Q2 lezR*)o_i
R ST e

A(l+h1 s hllJr, AI) I

A(I*hy, iyt AL &

4 (fS 0 f'QlSi)Gi
AW hy, I Al R = = o
VRS v TN L

4 fS Q, f.QZSP Gi
A(lihZﬂhZZi’At) z1 S70, = 1( S Qzl )Q2S7 '
ifO ‘I'Z,':](fi +f1 )Gi

(40)

V. DETERMINING SYMMETRY VIOLATING
PARAMETERS FROM DECAY ASYMMETRIES

We have discussed asymmetries of different decay
modes, from which one can determine the CP and CPT
violating parameters. There are four real numbers in the CP
and CPT violating parameters. To derive the expressions of
the four violating parameters, we need an equal number of
decay asymmetries.

Suppose we consider four asymmetries A=
Ay iy wiyds At), with k = 1, 2, 3, 4 representing four
different joint decay channels. According to (33),

PHYSICAL REVIEW D 89, 016018 (2014)

1

P rir? B
fOA k) 4 Z?:l (fik k _fik k)gi

(it
4\Jo -

Ak - ) 2 34 4 1,2 34 . (41)
Z( Ok k +f0k k) + Z[:] (fik k +fik k)al_
Defining
! i
a =7 [(1 —A)f = (1 + A S }
K= (A= DF + (A + D “2)

we can rewrite the four equations given by (41) as the
following relation between these four asymmetries and the
symmetry violating parameters,

ap %AM
ar o SAM
o | =K| Ser 43)
ay SGM

Hence the CP and CPT symmetry violating parameters can
be determined as

E}iAM a
SAy | _ o1 | @2
NRey | K a; |’ @4
SEN ay

where K~! is the inverse matrix of K. This provides a
general relation between symmetry violating parameters
and four arbitrarily chosen decay asymmetries.

A good choice is to use the equal-state and unequal-state
asymmetries defined for semileptonic-semileptonic proc-
esses and hadronic-hadronic processes. That is, we make
the substitutions

A =A(FIN P15 A) Ay=A(IF I, 17175 AF)

Ay =A(hhy ohyi At) Ay =A(hhy.hohsAL).  (45)
Then

=gl ANES = (1 + AN

a = —%Azfmsf,

ay = 511 = A)F9% = (14 A7) 92

4= —%A4 e (46)

while the matrix elements of K are given by
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= (A =D+ A+ DS
Kz, = (4 = DfFS + A+ DfFF
mzm DIPO + (s + DS,
= (A= DfP'® + (Ag + Df P2 (47)
with i = 1,2, 3, 4 and f1""" = 7' (Ar).
One can also use some of the asymmetries defined for
the semileptonic-hadronic decay processes. For example, a
convenient choice is to use the four unequal-state asym-

metries in the semileptonic-hadronic decay processes.
Hence one makes the substitutions

- A(l+h2, l’lzl+, At),
Ay =A(l"hy.hyl~ A1),  (48)

=A(I'thy, by, AD),
A3 :A(lihl,hlli, A[),

Then
1 + 1 +
al__EAS 0 Ql, a2:_§A6fR QQ,
1 1
ay=—3Afy O ay=— A % 49)

while the matrix elements of K are given by

Ki= (A = Dff 2+ (A +1)72%,
Ky = (Ay = )fF % 4 (A + 1) 85
Kyi=(As = 1)f] 9 4 (As+ )2,
Ky = (Ag = DfS 2+ (A + 1)r2, (50)

with i =1, 2, 3, 4.

VI. SOME THEOREMS CONCERNING DECAY
ASYMMETRIES AND CP AND CPT VIOLATIONS

First consider the following situation of equal-time
joint decays. If we exchange w“ and w’, then r¢ and
r? are exchanged, thus ® and A remain unchanged
while = and & are exchanged; consequently, (30) indicates
that I'(w“ yw? At =0) = I'(y’,y* At =0), and thus
Ay y” wPy®; At = 0) = 0.

Theorem 1: Consider joint decays of |V, ). For Ar = 0,
any unequal-state asymmetry A(yy’, wby?; At =0)
always vanishes regardless of whether there is CP or
CPT violation.

The same conclusion is also valid for |¥_), and has been
shown previously for the special cases of joint decays to
flavor eigenstates and joint decays to CP eigenstates [32].
In the following we show that it is valid for any equal-time
unequal-state asymmetry A(yy?’, w’y®; At = 0). From
(22), we obtain for C = —1 state,

PHYSICAL REVIEW D 89, 016018 (2014)

Iy, 9. 1)
= [y’ |y (ta. 1,))]?

= é [e=TstatLnn)| 9|2 — 2o~ Tt 1) 93 (% e'AmAT)
+ e~ (Ttatlste) | ]2], (61
where
0 =norir’ — (1 = E)r v + (1 + E)FrP —n 77,

A=norfr? + (14 E)rtr? — (1 — E)FrP —n 772, (52)

Obviously when w® and w” are exchanged, so are 6
and 1. Consequently, when t, =t, = t, I(y*, t;y", 1) =
I(y”, t;w, t), which implies that any equal-time unequal-
state asymmetry A(y%y?, yPy?; At = 0) is zero.

Theorem 2: Consider joint decays of |¥_). For Ar = 0,
any unequal-state asymmetry A(yy’, yPy?; At =0)
always vanishes regardless of whether there is CP or
CPT violation.

A. Semileptonic-semileptonic processes

(1) If CP is conserved indirectly, then €y, = Ay =0,
thus O = (r*+7)(r* +7), A= (r*—7)(r" —7),
= = ® = 0. Consequently, without making any approxi-
mation, we obtain exactly

6 < (Ar) — 3737 (A7)

R”“( 0+ 135 (A’
A(ITI 1717, Ar) = 0, (53)

AP P17 Af) =

Any deviation from these two equalities means indirect
CP violation. In particular, a nonvanishing value of
unequal-flavor asymmetry A(IT/~,[7["; At) is a signature
of indirect CP violation.

Theorem 3: Consider joint decays of |U,). If the
unequal-flavor asymmetry A(I"17,171";At) is nonzero,
then CP must be violated indirectly.

(i) If CP is conserved directly, then RT =S~ and
S~ = R™; consequently,

R*RJr — fS S‘ fR*R* fS S‘
fj” =00 T =R G
where i = 1, 2, 3, 4 and j = 3, 4. Then
4_ fR+R+G~
AT I A p ==
0
(RS = R

A I Af) v —— R .
36 +Z (S 175 e

(55)

which says that A(I*]7,[7I";Ar) does not depend
on €y, up to its first order. Furthermore, if CPT is also
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assumed to be conserved indirectly, i.e.,
then A(I*1~, 7175 At) ~ O(€3,).

Theorem 4: Consider joint decays of |¥, ). If the
unequal-flavor asymmetry A(I7[7,171"; At) depends on
the first order of €,,, then CP must be violated directly.

(iii) If the semileptonic decays respect the AF = AQ
rule, where F is the flavor quantum number and Q is the
charge number, then Rt = S~ = 0. Consequently,

AMZO,

+ |4 .
S-S~ RTR" _
oo, it =

fres
J
with i =1, 2, 3,4, j =3, 4. Then

37
R*S* fS R+

RTRT __ R
0 =

=R =0, (56)

A(IFIF 7173 A1)

AU £ 0+ 18T
A VENST + L =M
A(IFI7, 171 At)
2 R*S™ S™R*
,1(f —fi ¥ )oi .
TUES S UT e 0

that is, A(I"1~, " I"; At) does not depend on €, up to its
first order in this situation.

Theorem 5: Consider joint decays of |¥_). If the
unequal-flavor asymmetry A(I717,171*; At) depends on
the first order of €, then the AF = AQ rule must be
violated.

B. Hadronic-hadronic processes

(1) For the hadronic-hadronic processes, first we consider
the situation of |h;) = CPlhy); that is, |h)) and |hy)

are mutual CP conjugates. For example, BB’ —
DK D K", x"Dgn Dg. If CP is conserved directly,
then Q; = 0, and Qz Ql, and one can obtain
fngl :fOQZQZ’ finQl — _fiQZQZ’ fngZ :ngQl’
010> __ 0201 _
=77 =0, (58)
where i = 1, 2, 3, 4, j = 3, 4. It is obtained that
lelQldl
A(hyhy, hyhys At) ~ 0.0, ;
fo
2 (leQz —f-QZQl)6~
A(hihy, hyhy; At) & =1 i ! )
%fngz + 300 (finQ2 + fiQZQl )oi
(59)

So A(hihy, hohy; At) does not depend on ¢y up to
its first order. Furthermore, if CPT is also assumed to
be conserved indirectly, then A,; = 0, and consequently
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A(hyhy, hahy; At) ~ O(e3,). One can see the similarity
between A(hihy, hohy; At) and A(IT17,1717; At), as well
as that between A(hhy, hyhy; At) and A(IT17, 1711 Ar).

Theorem 6: Consider joint decays of |¥,). Suppose
|hy) and |h,) are CP conjugates. If A(hjhy,hyh,;At)
depends on the first order of €,;, then CP must be violated
directly.

(ii) Consider the situation of CP|h;) = |h;) and
CP|h,) = —|h,); that is, |h;) and |h,) are CP eigenstates
with eigenvalues 1 and —1, respectively. From the expres-
sion (17) of |, ) in terms of CP eigenstates, it is immedi-
ately seen that with Az = 0, if CP is conserved both directly
and indirectly, then the decay products of the two particles
should always be CP eigenstates with an equal eigenvalue;
hence, I(hy,t,;hy, 1) = I(ho, t,; hy, 1) = 0.

Theorem 7: Consider joint decays of |¥,). Suppose
|hy) and |h,) are CP eigenstates with eigenvalues 1 and
—1, respectively. The deviation of [I(hy, 1, h,,1,) or
I(hy, t,; hy,t,) from zero implies CP violation, direct or
indirect or both.

In more quantitative details, let us first assume that CP
is conserved directly, then the decay amplitudes satisfy

Q, = 0, and Q, = —Q,; therefore, for |y*) = |h;) while
lwby=|hy), I(hy,t,;ho,t,) is given by (25) with
O=[ny—1m—(n+m)E|Q1 02, E= (1 + 12 +2)60, 05,
D= (n +m—2)0:102, A=[n—m—(n+m)EQi0,.

Similarly, if |p?) = |h,) while |p?)=|h;), then
I(hy,t,;hy,t,) is given by (25) with © = [, —n—
(n2 +m)E|Q1Qa, E=(1+1m—2)£010y, @ = (n +m+
2)60105, A = [y — 1y — (n2 +11)&] Q1 Q,. Consequently,
I(hy,t,;hy, ty) and I(hy, 1,5 hy,t,) are of the order of
O(A%,) and O(e3;). Moreover, if CP is also indirectly
conserved, then £ = 0, thus ® = A while = = ®; conse-
quently, I(hy,t,;ho,t,) = I(hy, t,; hy, 1) = 0, confirming
Theorem 7.

Theorem 8: Consider joint decays of |¥,). Suppose
|h) and |h,) are CP eigenstates with eigenvalues 1 and —1,
respectively. If I(hy, t,;hy, t,) and I(hy, t,; hy,t,) are the
order of O(Ay,) and O(ey,), then CP is violated directly.

On the other hand, if we first assume that CP is conserved
indirectly, then ¢ =0 and n; =n, =1, thus |M_(1))=
e M), IM_(t))=e "'|M_). Consequently,

1 )
ly(tasty)) = NG [emits(tatio) M )M
— e ) | MY M), (60)
Whlih 1mplies_ I(hy, t_a;hz,tb)_A: I(hz, ta;hl,t_b) =
|7 st i) (Q) + 01)(Qs + Q) — e M lath) () — 0y)x

(0, — 0o Moreover if CP is also conserved directly,

then Q) = Qy, O, = —Q»; consequently. I(fy, 1,5 hy, 1,,) =
I(hy, . hy, t,) = 0, again confirming Theorem 7.
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C. Semileptonic-hadronic processes

For semileptonic-hadronic processes, here we consider
some of the asymmetries, for which the assumption of CP
conservation can lead to relatively simple results.

(i) Consider the case that the hadronic decay products
satisfy CPlh;) = |h,). If CP is conserved directly,

PHYSICAL REVIEW D 89, 016018 (2014)

with i = 1, 2, 3, 4. So to the order of O(A,,) and O(ey,), we have

RQI

Shey +
0 0

R"Q,
A(l+h2, ["hy; Al‘) P~ 4(f§+Q2

A(IFhy, I=hy; Af) z4<
fo

Ney + 3

(ii) Consider the case that the hadronic decay products are CP eigenstates, which satisfy CP|hy) =
CP|h,) = —|h,). If CP is conserved directly, then R = §~, Rt =S, Q, =

RYQr S0 _ pOS™
0 —Jo —Jo ’

RQI

R+
fQ

RQz

R+
fo @

then Rt =8, R* =S, 0,=0,, and Q, = 0,.
Consequently,
RTQ 70 RYQ, _ S70 RT0, _ S0
o =Jfo fi Tt==f 7 fo 2=Jo "
ff+Q2 _ _f?PQl’ 61)
R 0, f 0,
JGM + R* %AM + T\NQAM) s
fO 0 fO 0
R 0> R 0>
ey + R+Q2 NAy +—— R+Q \sAM> (62)
fo fo

|h) and

0, and Q, = —0,. Consequently,

R ©

with i = 1, 2, 3, 4 and k = 1, 2. So up to the order of O(A,,) and O(ey,), we have

A<l+hk, l_l’lk; At) ~ A(l+hk, hkl_; At)

0

with k =1, 2.

Theorem 9: Consider the semileptonic-hadronic decay
asymmetries A(I"hy, hil™; At) and A(IThy, I”hy; At) of
|, ), (k=1,2). Suppose |h;) and |h,) are CP eigenstates
with eigenvalues 1 and —1, respectively. If
A(IThy, byl At) # A(I hy, I hy; At) even in the first
order of CP and CPT violating parameters, then CP must
be violated directly.

VII. SUMMARY

To summarize, we have studied the C = +1 entangled
state |W_ ) of pseudoscalar neutral meson pairs. We have
calculated various integrated joint decay rates of semi-
leptonic-semileptonic processes, hadronic-hadronic proc-
esses, and semileptonic-hadronic processes, as well as
experimentally observable asymmetries defined for them,
including equal-state asymmetries, unequal-state asymme-
tries, and more general ones, which are functions of the CP
and CPT violating parameters. Any four of these asym-
metries can be used to determine the real and imaginary
parts of the indirect symmetry violating parameters €,, and
A,. For example, one can choose the equal-state and
unequal-state asymmetries in semileptonic-semileptonic
and hadronic-hadronic decays. Alternatively, one can

R O R O
~ 4< Ney +——
R+
fo & fo

RQk

R Oy
J(:'M + E){AM + R+Q JAM> s (64)
! fo

choose four asymmetries in semileptonic-hadronic decays.
The coefficients in these equations depend on whether CP
is violated directly or whether the AF = AQ rule is
violated indirectly or directly. Through these relations
we can examine whether various symmetries or rules are
violated, and determine the symmetry violating parameters.
Also note that these relations are for a given At; hence, by
using various different values, one can obtain the quantities
in many times, and make averages.

We also make some simple statements concerning the
joint decays of | ) presented as theorems, as the follow-
ing. If the unequal-flavor asymmetry A(I*1~,171"; At) is
nonzero, then CP must be violated indirectly. If
A(ITI7,171"; At) depends on the first order of ¢, then
CP must be violated directly, and the AF = AQ rule is
violated. If A(hyhy, hyh,; At) for CP conjugates |h;) and
|hy) depends on the first order of €, then CP is violated
directly. For CP eigenstates |h;) and |h,) with eigenvalues
1 and —1, respectively, the deviation of I(hy, t,; hy, t,) or
I(hy, t,; hy, t,) from zero implies CP violation. For CP
eigenstates |h;) and |h,) with eigenvalues 1 and —1,
respectively, consider the semileptonic-hadronic decay
asymmetries A(IThy, hyl™; At) and  A(IThy, " hy; At),
(k=1,2). If A(I"hy, hil™; At) # A(IThy, I hy; At) even

016018-9



ZHIJIE HUANG AND YU SHI

in the first order of CP and CPT violating parameters, then
CP must be violated directly.

The uses of |V, ) and |¥_) well complement each other.
Two outstanding examples are as follows. In the flavor basis,
their relative phases between |M°)|M°) and |M°)|M°) are
opposite. Consequently, CP must be violated indirectly if
the unequal-flavor asymmetry in |¥_ ) is nonzero, while the
same conclusion can be drawn if the equal-flavor asymmetry
in |W_) is nonzero [32]. On the other hand, in the CP basis,
|W, ) is a superposition of equal-CP terms |M )|M ) and
|M_)|M_), while |¥_) is a superposition of unequal-CP
terms |M_)|M ) and |M__)|M_). Consequently, CP must be
violated if any unequal-CP joint decay rate of |¥,) is
nonzero, while the same conclusion can be drawn if any

PHYSICAL REVIEW D 89, 016018 (2014)

equal-CP joint decay rate of |U_) is nonzero [32]. Besides,
|W, ) and |¥_) also share some common phenomena. For
example, for both |V, ) and |¥_), any equal-time unequal-
state asymmetry A(y“y’, wby®; At =0) must always
vanish regardless of whether CP and CPT are violated.

We hope the present study of |¥_ ) motivates its use in
studying CP and CPT violations. Among various reasons,
note the availability of |¥, ) in an energy range just above
the Y (4S) resonance with 100% branch ratio [33].
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APPENDIX: DETAILED EXPRESSIONS OF /7" and f;"'""

~ b

6 g (tm tb)

_ |(r“ + l_’“)(rb + 7.b)|Ze—FS(ta+t;,) 4 |(r“ _ }_’“)(rb _
_ 2efl“(ta+tb)m[(ra 4 F”)*(rb 4 I'”b)*(r“

;'b)|2e_FL(ta+th)

a —a b =b\|2
Oarb(At):e_FAt{Kr + 7)) (r’ + )| .

2T

_ ?”)(rh _ T,b)efiAm(zaH,,)]’
Ara n |(r“ — 7‘“)(!"17 — 7,17)‘2 e_%
21,

[t

T (g 1) = —e TS IR[(r Y — PO (5 4 F
_ e—l“(r,,irt,?)m[(rarh _ ?u;h)*(ra
)*(

+ e—r(la+tb).§)’t[(rarb _ 7.a;.b

+
+
—_ja b

)
4 ?b|2§)i[(r” 4 7a *(ra _ ?a)efiAmta] + ef(l“szﬁrz,,)

—(Cpt,+T1y) |

)
_ 7b|2m[(ra _ 7‘”)*(r” + ;a)eiAmta] —e

7‘“7‘1))*(1"” + ’—,.a)(rb

r’—r

)*(rb + ?h)*(r“ _ ?”)(rh _ 7.!;) e—iAmAti| }
(T +iAm) '

“)(rb 4 ,—,b)] + e_rL(td'Hb)Eh[( rFapb _ r“rb) (ra _ ?“)(rb _ ,—,b)]
’—,.u)(rh 4 rh)ezAm(t,,+z,,)]

)e—iAm(ta—Hb)] + o (Tta+Ts1y) |rb

4 PR
FPER{(r?

+ 7)* (rb — 7b)emiAmin)

P (4 e,

— ei(F[aJrrL tb) | ]"b

o b R[(rerd —
T (Af) = —T'At)
fi7(Ar) =e { 2T

_ {(r P — ) (r ) (P + ) mmm] Lo {(r“rb FFP ) (r —fa)(rb—fb)e_mmm}

2(C — iAm)

b —b2m(
e+ 7 [ T+ T+ iAm

r* + FH)*(VG - 7‘“):| ATA?

+ 7)) Ay R[(rard — 770)* (ra — 7)) (rP — 7)) s
o,
2(I'+ iAm)
b
s 20 (P (" =) amar
47 [ I'+T'g +iAm ¢

_|rh_7.h|2m (ra_?a)*(ra—i_?a) e%_' a __ “|2,ﬁ (b >*( b+?b) eiAmAt
iAm ’

I +T; —iAm

T+, —
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F5™ (1) = —e Mol 3]y

— e_r(ta+th);\’\§[(r r
+ e Tlatn)3[(rarb
+7’b|2%[(ra 4 74 *(

)
SR (GETONG
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(ta“b)“:?[(r“rb — ) (rt — ) (rP — 7))

_ jay b)*(ra+;a)(r —l—rb)] + e

— FaF b)*(ra+ a)(r +rh) 1Am(t,,+l;,)]

;,a;.b)*(ra a)( _ ;,b)e—iAm(t,,Hb)] e
—a)e—lAmta] _ e—(rst,,+rt,,)|ra + 7’“|2T5‘[(rb + ?b)*(rb _

_ 7’”|2%[(rb _ ;b)*(rb + ;.b)eiAmtb]’

(Ct,+Tst,) | b

;,b)e—iAmt,,] + e—(Fta+FLth) |rb

a) iAmt, ] + e—(FLta+Ftb)|ra

?a?b)*(r“

p 7 (An) =

o—TAt { _

N2~ Y (4 )P4 )] g [0 - )PP
e 2 e 2
2FS 2'l—‘L
N (rvrb — ) (r* + 79) (2 + ) pitmai| 4 (rirb — Fyb)* (r“—?“)(rb—?b)e_mmm
2(T'—iAm) 2(I" + iAm)

ST [Caeakad M ) S WA Gl M et BETVY
T 1T+ iAm T+ T+ iAm
—a\* - b =b\*(,.b =b
PN (re — 7Y (r% + 74) e_%+|r“—7‘“|2‘3 (r* =) (r’ +7 )emmm
T +T, —iAm T+T, —iAm ’

g rb(ta’ tb) =e

_FS<ta+lh)m [( ar

_ e—F(t,,+t,7)m[( Fapb r“rh)*

,—,b)} + e—FL(ta+tb)Eh[( Fapb _ r“rb) (ra _ ?“)(rb _ ,—,b)}

N

b 4 ?b)eiAm(tqul,,)]

( (
_ e—F(t,H»t,,)m[( rapb r“rb)*(r“ _ ?“)(rb _ ?b)e—iAm(t,,th,,)]’
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ATAr
2
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2T 2,
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