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The Bethe-Salpeter equation for a bound system, composed by two massive scalars exchanging a mas-
sive scalar, is quantitatively investigated in ladder approximation, within the Nakanishi integral represen-
tation approach. For the S-wave case, numerical solutions with a form inspired by the Nakanishi integral
representation are calculated. The needed Nakanishi weight functions are evaluated by solving two differ-
ent eigenequations, obtained directly from the Bethe-Salpeter equation applying the light-front projection
technique. A remarkable agreement, in particular, for the eigenvalues, is achieved, numerically confirming
that the Nakanishi uniqueness theorem for the weight functions demonstrated in the context of the per-
turbative analysis of the multileg transition amplitudes and playing a basic role in suggesting one of the two
adopted eigenequations can be extended to a nonperturbative realm. The detailed, quantitative studies are
completed by presenting both probabilities and light-front momentum distributions for the valence com-

ponent of the bound state.
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I. INTRODUCTION

Solving the Bethe-Salpeter equation (BSE)[1] in
Minkowski space, even for scalar theories, is still a chal-
lenging problem, and not too many numerical investiga-
tions able to address the issue can be found in the
literature. Seemingly, one of the most effective tools for
facing such a task with high numerical accuracy (see,
e.g., Refs. [2-8] for an illustration of actual calculations)
is represented by the so-called perturbation theory integral
representation (PTIR) of the multileg transition amplitudes
proposed by Nakanishi in the 1960s (see, e.g., Refs. [9-12]).
Such an approach originates from the parametric formula
for Feynman integrals and leads to a spectral represen-
tation of any multileg transition amplitude expressed
through an infinite series of Feynman diagrams. Then, a
transition amplitude can be written as a suitable folding
of a nonsingular weight function, the so-called Nakanishi
weight function, divided by a denominator containing the
analytic structure of the amplitude. In particular, the
PTIR of the three-leg amplitude, i.e., the PTIR vertex func-
tion (related to the BS amplitude through the inverse of the
constituent propagators), plays a basic role in the quest of
physically motivated, actual solutions of the BSE in
Minkowski space. This is shown by the nice results in
Refs. [2-8], where a wide range of (i) systems (bosonic
and fermionic), (ii) approximated kernels (ladder and cross
ladder), and (iii) constituent propagators (free and dressed)
have been explored. Loosely speaking, applying PTIR in
order to solve the BSE can be seen as a generalization of
the approach proposed by Wick [13] and Cutkosky [14]
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for obtaining explicit solutions of the scalar-scalar BSE
but with a massless-scalar exchange.

Among the attractive features of PTIR, one has (i) the
dependence of the nonsingular weight functions upon real
variables, whose number is related to the number of inde-
pendent invariants of the problem, and (ii) the explicit ana-
lytic structure of the transition amplitude that allows one to
perform analytic integrations when requested (indeed, this
will be the case). These properties have been exploited in
order to obtain equations for the Nakanishi weight function
starting from the BSE. In particular (cf. Refs. [2-8]), one
can single out two different equations for determining the
Nakanishi weight function, but both of them share the first
step: One assumes a form like the PTIR vertex for the BS
amplitude and puts such an expression in the BSE. Then,
one can proceed by invoking the Nakanishi uniqueness
theorem for the weight functions [12] and obtain the eige-
nequation for the Nakanishi weight function adopted in
Refs. [2-5], where the ladder approximation of the BS
kernel has been assumed and some elaborations, like either
free or dressed constituent propagators, have been pro-
posed. Indeed, the uniqueness theorem was demonstrated
within the perturbative analysis of the transition ampli-
tudes; therefore, one could ask if and to what extent this
can be applied in a nonperturbative framework: this is
the first question we have addressed in the present paper.
Moreover, in Refs. [2-5], the truncated kernel was elabo-
rated by performing the needed analytical integrations
using the standard Minkowski variables. Differently, in
Refs. [6-8], an explicitly covariant light-front (LF)
approach [15], with the set of LF variables k* = k° 4 &3
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and k| = {k',k*} was adopted for determining another
integral equation for the Nakanishi weight function. In
particular, through an exact relation based on a suitable
analytic integration of the Nakanishi representation of
the BS amplitude, one can extract the so-called valence
component of the interacting-system state (see also
Refs. [16,17]), i.e., the first contribution to the Fock expan-
sion of the state. Applying the same integration on both
sides of the BSE, one gets an integral equation for the
weight function that has on the lhs the valence component
and on the rhs the Nakanishi function combined with a
proper kernel (obtained from the BS 4D kernel). It should
be pointed out that such an integral equation is a general-
ized eigenequation, and, therefore, substantially different
from the one of Refs. [2—5] that is a true eigenequation once
the ladder approximation is adopted.

A formal investigation for establishing a direct bridge
between the above-described approaches also extending
the analysis from the homogeneous (bound states)
to inhomogeneous (scattering states) ladder BSE was per-
formed in Ref. [18]. To accomplish this, a nonexplicitly
covariant LF framework was adopted together with a
LF projection technique (see Refs. [19-23] for details).
In particular, the integration over the LF variable k= was
exploited for obtaining the valence component from
the BS amplitude, arriving at the same generalized eigen-
equation of Ref. [6] for the Nakanishi weight function but
deduced within the explicitly covariant LF framework
(see Ref. [15]). Moreover, by a suitable elaboration of
the kernel present in the generalized eigenequation, one
becomes ready for applying the Nakanishi uniqueness
theorem [12]. It should be pointed out that all the formal
developments in Ref. [18] benefit from the well-known vir-
tue of the LF variables to make the analytical integrations
simpler (see Ref. [24] for an elementary introduction to
the issue).

The aim of the present work is the numerical investiga-
tion of the above-mentioned eigenequations (i.e., with
and without the application of the uniqueness theorem)
in order to evaluate the Nakanishi weight functions of
BS amplitudes, solutions of a ladder BSE for an S-wave
bound system composed by two massive scalars interacting
through the exchange of a massive scalar. In particular,
for both eigenequations, we have calculated (i) eigenvalues
and eigenfunctions corresponding to binding energies
and masses of the exchanged scalar of Refs. [3,6] and
(i) valence probabilities and LF distributions in both the
longitudinal-momentum fraction & and the transverse
momentum |K | | that notably can be evaluated once the
Nakanishi weight functions are determined. The compari-
son between the numerical results obtained from the two
eigenequations allows us to check to which extent the
uniqueness theorem of the Nakanishi weight function is
valid and to assess the reliability of quantities like valence
probabilities and the LF distribution that are quite relevant
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in the phenomenological studies of interacting relativistic
systems.

The paper is organized as follows. In Sec. II, the general
formalism of the BSE onto the null plane is introduced,
as well as the valence component of the BS amplitude.
In Sec. II1, the kernel of the ladder BSE is recast in a form
suitable for applying the uniqueness theorem by Nakanishi.
In Sec. 1V, the LF momentum distributions are defined.
In Sec. V, the numerical results are discussed. Finally, in
Sec. VI, the conclusions are drawn.

II. THE HOMOGENEOUS BETHE-SALPETER
EQUATION ONTO THE NULL PLANE

In this section, the general formalism adopted for
obtaining the eigenequations for the Nakanishi weight
functions within the LF framework of Ref. [18] is quickly
reviewed in order to have the full matter under control and
proceed in the following sections to the numerical analysis.
Moreover, it is illustrated (Appendix A contains the details)
a shorter way to deduce the eigenequation based on the
uniqueness theorem from the one based on the LF valence
wave. It should be pointed out that the BSE we have con-
sidered does not contain either self-energy or vertex correc-
tions, but it is worth mentioning that one could rely upon a
Dyson-Schwinger framework for dressing the constituent
propagators (see, e.g., Ref. [4]).

Let us start by recalling that the BS amplitude for a
bound state fulfills the following BSE:

d*k’
By(k.p) = G k. p) [ S P)B (K. p). (1)

where p = p; + p, is the total momentum of the interact-
ing system with total mass p?> = M2, k = (p, — p,)/2 is
the relative momentum, and i/C the interaction kernel that
contains all the irreducible diagrams. As mentioned above,
the self-energy is disregarded, and, therefore, one has to
consider the free propagator of the two constituents
G(()lz) given by

2 2
Gy (k. p) = GGy
i i
G4k —m? +ic(5—k)? —m* +ie
()

In what follows, we look for S-wave solutions of Eq. (1)
that can be written as the PTIR vertex function; i.e., a
proper folding of a nonsingular weight function that
depends upon real variables, and a factor that contains
the analytic structure (see, also, Refs. [2-4,6-8,18]),
namely,
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k,p)=1i / dz7 / dy’
b( p) ) 0 y [7//+K2—k2 p kZ }2_;'_"
3)

where g, (7', z; k%) is the Nakanishi weight function, and x?
is defined by

“4)

with m the constituent mass. Notice that by definition, one
has x?> > 0 for bound states, while k> < 0 for scattering
states. The power n in the denominator of Eq. (3) can
be any value n > 1. The minimal value n =1 ensures
the convergence of the 4D integral, and in what follows,
we adopt this choice, as in Refs. [3,6]. Increasing the value
of n should produce a solution for g, (', z’; k*) more and
more soft [3,25]. The factor of 2 in the exponent of the
denominator of Eq. (3) comes from the fact we are dealing
with the BS amplitude and not with the vertex function.

It is worth noting that the dependence upon 7' of
g,(7',7/; k%) is even as expected by the symmetry property
of the BS amplitude for the two-scalar system. As a matter
of fact, when the exchange between the two particles is per-
formed, the scalar product k- p in the denominator in Eq. (3)
changes sign. In order to recover the expected symmetry
of the BS amplitude, the Nakanishi weight function must
be even in z'. Moreover, as pointed out in Refs. [3,9-11],
z-odd g,(y', z';k*) functions correspond to odd-parity BS
amplitudes with respect to the change k° — —k° (recall that
in the rest frame p-k = Mk®). It turns out (see Refs. [9—11]
for more details) that such BS amplitudes have nega-
tive norm.

As is well known (see, e.g., Refs. [18,26] for the non-
explicitly covariant LF approach and Refs. [6,15] for the
explicitly covariant case), one can obtain the valence com-
ponent of the interacting state from the corresponding
BS amplitude through the suitable analytic integration,
namely, the integration over k~. Once the expansion of
the interacting state on a Fock basis is introduced, the

| mt
n>2

where (i) [n; & pT,K; | + &p ) is the Fock state with n par-
ticles, and the variables g; have been expressed in terms of
the intrinsic variables {&;, k; | }, as follows: ¢;” = &;p* and
q; =k, +&pys (i) w,y, (& ki) are the so-called LF
wave functions that allow one to describe the intrinsic
dynamics and are related to the overlap (n;&pt,
K| +&p1|P; Vi), as discussed below. Notice that the
global motion and the intrinsic structure have been kept
separate in |p; ¥, ) given the kinematical nature of the
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valence component corresponds to the contribution with
the minimal number of constituents, that in the present case
amounts to two scalars. For the sake of clarity, it is useful to
briefly recall the above-mentioned procedure within the LF
framework adopted in our previous work [18], since in the
following sections the valence probability and the LF dis-
tributions will be discussed and numerically evaluated.

In the Fock space, one can introduce the completeness
given by

/ qilln; Gi)(gisn| =T, Q)
n>2
with Z the identity in the Fock space, ¢; = {¢;",q,, } the
LF three-momenta, and

1) =(2m)" 2 —=\[2q] ...... \/qu{agl ...... |0). (6)

The normalization for the single-particle free state is
(@'|q) =2q"(27)35* (¢’ — ¢) that leads to the standard
LF phase space, viz.,

g
[wal =11 [ 5 g

The free Fock states in Eq. (6) have the following ortho-
normalization:

1 n o
(@n' g =—6.r > [[247 228 @-g,). ®

[.]] “'jn]perm i=1

where the sum has to be performed over all the n! permu-
tations of 1.......... n, as shortly indicated by [j;..-Jju]perm-
Then, the interacting state can be expanded as follows
(see, e.g., Ref. [26]):

277'- Z/ d§1 d sz_ l//n/p(éw tJ_)|n gzp li_+§1pJ_> (9)

LF boosts. Finally, let us remember that the interacting
system is on-mass-shell, ie., p~ = (M>+|p.|*)/p™,
and the set of intrinsic variables {&;, Kk, } satisfy the fol-
lowing relations:

z’:;.: L > ky=0. (10)
i=1 i=1

The phase-space factors in Eq. (9) are given by
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Jr =11 i1 -22) =1 st (- 200
[ K= H / dk’L52<Zk]l>

Since the intrinsic motion is kinematically separated from the global one within the LF framework, the overlap
(n;EipT K+ EPL|P;; Vi) can be trivially factorized into the product of a momentum-conserving delta function
and the intrinsic LF wave function as follows:

(1D

n

(n:&ip* ki + &P LDy Uing) = 2p™ (27)°6° <P Z %>‘/’n/p(‘fw iL)

i=

2(2x) 35(1 — Z?Z )5(2) <Z kil)l//n/p(gi’ ki) (12)
i=1

From Eq. (9) and reminding that the CM plane waves have the standard normalization that can be factorized out, one can
obtain the normalization of the intrinsic state and in turn (i) the overall normalization of the LF wave functions and (ii) the
probability of each Fock component. As a matter of fact, one can write

<I~7/; \Ilintli); qlint) = 2P+(2”)353 (13/ - 13)<\11int|\11int>

~er Py [1@ 5(2 P Janekis) (Zq, P ki)

n>2 i=1

= 2P+(2”)353(1~7/ - i’)2(2”)3 /[dfi] [kou”‘//n/p(fh kiJ_)|2~ (13)

n>2

Then, the LF wave functions y,,, »(&i.Kk; ) are normalized according to

(i) = 220)°Y [ laz i)y Er ki) = 1. (14)

n>2

This equation clearly shows the physical content associated to the LF wave functions: |y, ,(&;.K;)[* yields the
probability distributions to find n constituents with intrinsic coordinates {¢;,k;, } inside the interacting-system state.
In view of this, the basic role played by LF wave functions in extracting the probability content hidden inside the BS
amplitude should be pointed out. Notice that a factor 2(2z)* is missing in the corresponding equation [i.e., Eq. (15)]
of Ref. [18].

In particular, the probability to find the valence component in the bound state (see Sec. IV) is given by

_ 3 [ dé dé, PR (7 STR G STRe
N, =2(2x) / (2”)51/ 202 )525(1 & —&) /(27[)2/(2) 6 (ki +Kop)|y,— 2/17(5171(11_)'

~ o g Pl

where the notation has been simplified, putting £ =&, and k|, = k. In general, the probability N, of the nth Fock
component can be evaluated through the corresponding LF wave function.

In general, the valence wave function can be obtained by integrating the BS amplitude ®,(k, p) over k~ (see Ref. [18] for
details). Once we assume the expression for the BS amplitude suggested by the PTIR approach [12], we get (see, also,
Ref. [6])

(15)
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g7 1 =287
P2ME ]

(16)

where the integration over k~ leads to fix the value of the variable 7’ in Eq. (3) to 1 — 2&. The factor 1/+/2 comes from the
normalization of the Fock state with n = 2, given the statistics property.

From Eq. (16) and the physically motivated request that the density in the transverse variable b |, conjugated to k |, be
finite for b, | = 0, one can deduce that g, (7', 1 — 2&;x*) must vanish for y’ — co. As a matter of fact, one has

dk |

- b= [ 9K
l//n72/p(‘}=: 1) /<2”)2
and
~ de
anZ/p(é:’ bl = O) = /
-0 [ar
471\/_ -9 0 7/[
If the transverse density at the origin, i.e.,

Wy p(E, b1 = 0)|2, is finite, one can immediately realize
the needed falloff of g,(y’,1—2&«?). Notice that the
denominator is always positive for a bound state. By intro-
ducing the variables (7, z), as in Ref. [6],

y=kK  1zz=1-2>—1, (19)

one can rewrite the valence wave function as follows:

(1-2%)
4v2

Was/p(2,7) =

a (V' 7:K%)

X dy’ .
/o 4 [y +7+22m? + (1 — 22)k* — ie]?

(20)

The announced integral equation for the Nakanishi
weight function g,(y,z;x*) is obtained by inserting
Eq. (3) in both sides of the LF-projected BS equation
(see, also, Refs. [19-23]), viz.,

dk~
/—(I)b (k. p) / .P)
d*k'
« / Gyt K P (K ). 2D

Then, one gets [18] (see Ref. [6] for the corresponding elab-
oration within the explicitly covariant LF framework)

/ d]// gb(}/lﬂ Z; KZ)
0 [y + 7+ 22m* + (1 — 22)k* — ie]?

) 1
= / dy’ / dZViF(y.zr . g(v. 2567, (22)
0 —1

eMiPiy, (k) (17)

9(Y'. 1 —2&x?)
[y + k3 + x>+ (25—1)2M72—i€]2
gh(y,1—2§ K?) (18)
Y+ (28— 122 —je]

where the new kernel VT, that we call the Nakanishi kernel
for the sake of brevity, is related to the BS kernel iC in
Eq. (1), as follows:

o dk~
VLE(y 709/ o/ P
b(}’Z}’Z) P /00271'

§ / & iK(k,K, p)
Qe K> +p-k7 —y —K>+ie)

(23)

2
Gy (k. p)

Still starting from the LF-projected BSE (21), a different
equation for g, (7, z;x*) can be obtained, if one takes into
account (i) the uniqueness of the Nakanishi weight func-
tion, as ensured by a theorem in Ref. [12] and (ii) the
PTIR expressions for both the BS amplitude and the BS
kernel, i.e., a four-leg transition amplitude (see, e.g.,
Refs. [3,18] for the actual PTIR of the off-shell T matrix).
Then, in place of Eq. (22), one could write the following
eigenequation (see Refs. [2-5,18,27,28] for the ladder
case):

o0 1
gb(y,z;xz):/ d}/’/ 'V, (v, 27, 2563 g, (v, 75 6%).
0 —1
(24)

Within the PTIR framework, it is very important to notice
that both Eqgs. (22) and (24) are equivalent to the initial BSE
(1) if the uniqueness theorem holds. Once the weight func-
tion g, (7', z;x%) is known, then one can fully reconstruct
in Minkowski space [see Eq. (3)] the BS amplitude that
belongs to the class of physically acceptable solutions
(with positive norm and suitable for an investigation within
an S-matrix framework). Moreover, it is not surprising that
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through the information stored in the valence component,
one can map the full BS amplitude, since the whole and rich
content of the BS amplitude can be transferred to the LF
kernel, i.e., the kernel projected onto the null plane. This
result is quite general and holds both in perturbative and
nonperturbative regimes, and, even more, for both bound
and scattering states [19-23].

III. LF NAKANISHI KERNEL IN
LADDER APPROXIMATION

At the present stage, our numerical investigation is
restricted to the ladder approximation of the BSE, where
the BS kernel is given by

i(—ig)*
(k—K)>—u?+ie’

iKW (k, k') = (25)

with p the mass of the exchanged scalar. Explicit expres-
sions for both ladder and cross-ladder approximations of

d4 k//

1
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VIE(y, 27, ') obtained within the covariant LF framework
can be found in Refs. [6,7].

In Ref. [18], where a nonexplicitly covariant LF frame-
work was chosen, the scattering case was analyzed in
great detail, and the ladder approximation of the
Nakanishi kernel in the S-wave bound state [see
Eq. (22)] V¥ was obtained through a proper limit of
the scattering kernel. In what follows, a more direct
and simple way to obtain V;Ld is presented (see
Appendix A for more details), eventually achieving an
expression suitable for exploiting the uniqueness theorem
of the Nakanishi weight function [12]. As to the numeri-
cal calculations, the results evaluated with our LF
approach and the ones shown in Refs. [3,6] are compared
in Sec. V.

In a reference frame, where p, =0 and p* =M,
the ladder approximation of VEF(y, z;y/,7') to be inserted
in the integral equation (22) is written as follows
(see Appendix A for details):

VI zy. 7)) =

-gp* /
(27[)4 [k//Z +p- k//z/ _ }// _ K2 + i€]3

1 1

o dk~ 1
X/_mZ—n[(g+k)2—m2+ie] (5 —k)* —m? +ie] (k—K')? — p* + ie

S 92 /oo 7 9(7”)
2407 ) " + Em (1= ) — ie]?
(1+Z> / 1o o2 (I_Z) 1N (o / ! 2:|
9 - h y V56 6 - h , =4V, 6, ) 26
X{(HC’) (& =) (y ZYCM)+(1_§,) (=W —zy, =) (26)
where
//(1+€/)

W ”,Z; /7 /’ 2 =0
" 7. ¢ W) [7(1+Z)

By(z,¢. 7, 7", u?)

MZ
—}/'—,uz—Zy /C/2T_‘_K2+y/]

(1+¢)

— OOd
(1+2) A YA D)

with

M2
A, (L7 k%) = C’27+K2 +7' >0

By(z.C'y. v W) =p +7 —v

1

x { S o % }
- — y
A8 7 A Y Y )y (L+2) Sy 7 DPAWL Y ) + (e + 7)) + )
2
y
, 27
+y( +7) + i @7
1 (1 + CI) < O
(14+z) ~
Az Y A P iP) = Biz. Oy Y iP) — 4P ALY k) = 0
[_Bb<zv C/v 7/7 y/lv Hz) + A(Z7 C/’ 7/7 y//7K27ﬂ2)]' (28)

YET A

It is relevant for what follows that for z — (—1), (i) the theta function does not yield a constraint anymore, and (ii) the
function B, — —oo, and (iii) the two integrals on y cancel each other. Then, one gets
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(1+2z) % o) - (1+2z) 1 possible the application of the uniqueness theorem to the
(14 rar (1+) (V" A (7. K2)) ladder approximation of Eq. (22) that reads
= 0. / ® 9 (v z6)
o T +}'+zzm2+(1 — ) —ie]?
An analogous result can be obtained for z — 1 when the
term containing /' (y”, —z;7',{’, u?) is considered. / dy’ / d7' V }',z Y.z )g< )(y’,z’;xz),
Notably, in Eq. (26) the denominator 1/[y + 7" +
2?m? +k*(1 — z?) — ie]*> has been factored out, making (29)

As a matter of fact, one can rewrite Eq. (29) as follows:

(Ld)( 1 .2
i 9p (7/ <5 K) / / ! /.
dy’ d d
A g y | dgg(r .0k
X
A dr’ [}’+J/”+Z2m2+1< (1—2%)—ie]?
(1+472) (1-2)
x O =)W' (v, 237 . u?) + Oz W (" —zy .~ u?) |,
Do -am e LY )
(30)
and after changing the name of the integration variable in the lhs, one gets
|7 ar : oz ) Tar [
0 [y +y+z + (1= 22)&* — ie]?
1—
( — (" 5y O ) + ((1 - é)) 0z =W (" —z 7, —é’,uz)ﬂ
=0. €1y

If the uniqueness theorem holds, then the ladder approximation of Eq. (24) reads
<) 1
() = / ' / deVy Oy i)

/dy/dc:' W, ¢5R)

1 —
% |: + Z) H(C )h/(}/ z 7 C, ) ( Z) 9(2 _ C’)h'(y”, _Z;V/, _C/”MZ) , (32)

(1+¢) (1-7)
e )

is an adimensional quantity, since in our model Lagrangian, £;,, = ¢®,® ¢}, the coupling constant ¢ has the dimension of
a mass (as it must be for a ¢ theory). It is worth noting that the kernel between the square brackets is symmetric with
respect to the transformation {z, ¢’} — {—z, —{'}. Moreover, g,(y,z = £1;x?) = 0, given the presence of the theta func-
tions and the vanishing value of

where

(1+2)
(1£{)

W' £z £ 0)
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for z — F1, as discussed below Eq. (28) (see the second
reference in [9-11] for a discussion of the Wick-
Cutkosky model).

In Ref. [3], where a covariant framework was adopted for
performing the needed analytic integrations, the uniqueness
theorem for the Nakanishi weight function [12] was applied
directly to the BSE, obtaining an eigenequation like Eq. (32)
and a kernel quite involved. However, the kernel shown in
Appendix C of Ref. [3] is more general than the one shown
in Egs. (32) and (26), since arenormalized (at one loop) propa-
gator and a sum of exchanged scalars have been considered.
Fortunately, the presented numerical results were evaluated in
ladder approximation, as per the calculations shown in Ref. [6]
where the ladder approximation of Eq. (23) was adopted. This
motivated our investigation to only the ladder approximation
for the time being. Indeed, the actual evaluation of the ladder
kernel shown in Eq. (26) allows one to appreciate the well-
known attractive feature of the LF framework to make less
cumbersome the analytic integration, since the complexity
of the calculation profitably distributes among two variables:
kT and k™ (see,e.g.,Ref. [24] forasimple discussion of the box
diagram). Finally, it is important to emphasize that Eq. (32) is
aneigenequation, with eigenvalue 1/, once the mass M of the
interacting system is assigned. Such a simple structure is a
direct consequence of the linear dependence upon « of the
kernel i/C, in ladder approximation. Differently, Eq. (29) is
a generalized eigenequation (cf. Ref. [6]).
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As to the y dependence, we have already noted that for
physical reasons [see Eqgs. (17) and (18)], g,(z, y; k*) must
decrease for large values of y. Moreover, one can check in
ladder approximation that such a property is valid, since a
constant g,(,Ld) (z,7;k%) for y — oo leads to a different
behavior for the lhs and rhs of Eq. (32). This can be seen
by taking into account that in Eq. (27) the difference
between the second term and the third one becomes van-
ishing for large y”, and one remains with a 1/y” falloff on
the rhs, namely, the first term in Eq. (32), in contrast with
the assumed constant behavior of gde)(z, Y Kk?).

IV. LF MOMENTUM DISTRIBUTIONS

It is attractive to perform numerical comparisons that in
perspective could be useful for an experimental investiga-
tion of actual interacting systems. In view of this, it is very
interesting to consider (see the next section for the actual
calculations) the LF distributions of the valence component
[cf. Egs. (16) and (20)]. As shown below, those distribu-
tions can be evaluated through g, (z,7;«*). Moreover, the
normalization of the valence component, once the BS
amplitude itself is properly normalized (see Appendix B
for a short review of this issue and Refs. [9-11,29] for
details), yields the probability to find the valence contribu-
tion in the Fock expansion of the interacting two-scalar state
(see, e.g., Refs. [26,30]), viz.,

e :
Pya = (271_)3A 25(1 _5)/dklwn=2/17(§v kJ_)

1 1 o 0
=— dz(1 — 72 / d / dy’
(167)° /1 1= 0 y[ 0 g Y +y+2m* + (1 =22

2

a7, z:6%) (33)

where Eq. (16) has been inserted in the last step, £ = (1 — z)/2 and dk | = d¢dy/2. It should be reminded that P,,; = N,,

which is given in Eq. (15).

As is well known, one can define the probability distribution to find a constituent with LF longitudinal fraction

&= p;/P" in the valence state as follows:

1 1
P = Gy 2zl - &

-2 (glng;) | ar Um w

| JR YN

97 25 6%) 2

Y 7+ 2m + (1= 2P

: (34)

with the obvious normalization [ dé¢(&) = P.,. Furthermore, one can consider the probability distribution in y = [k ; |,

1.€.,

P(y) =

1 1 )
- [ a2 dy
(167)? /1 o(1-2 >{/0 4 [y + 7+ 22m* + (1 — 22)x*]?

with the normalization [§° dyP(y) = Pyq.

1 1 df 27 5
2(27:)% 26(1—-¢) A A Y,y (&5 kL)

2

)
(7', z6%) 7 (35)
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Two final remarks are in order. First, let us remind that
for 4 — 0 and n =2 in Eq. (3), the Nakanishi amplitude
factorizes as g,(Y,z;k%) = 8(Y)f(z;k%) (see, e.g.,
Ref. [30]), and, therefore, in the Wick-Cutkosky model,
one gets

f(z:6%)
[y +22m* + (1 — 22)x*)*°

Second, we would emphasize that the valence wave func-
tion behaves as expected (see Ref. [26]) for large values of
k% =y once we choose n =2. As a matter of fact, the
Nakanishi weight function drops out for increasing y’,
and one has for y — oo,

(36)

w6 kL)

(1—z )/°° ) g (7', 7:6%)
Wn=zyp(E:k1) = 42 Jo a [y +7+22m*+ (1 —z%)k*)?
L@ 37)
v

with a y tail independent of the mass of the exchanged
scalar.

In the next section, the numerical results of the LF dis-
tributions obtained in ladder approximation are presented.
We can anticipate that such LF distributions evaluated by
using the solutions of Egs. (29)) and (32) for a given mass
of the exchanged meson and binding energy overlap,

though the numerical Nakanishi weight functions
(Ld

95 )(J/, z; k%) show few-percent differences for low values
of y, as discussed in what follows.

V. NUMERICAL COMPARISONS

In order to implement the quantitative studies of the
Nakanishi weight function for the S-wave BS amplitude
of a two-scalar system with a massive scalar exchange,
we have adopted a proper basis. This basis allows us to

expand the nonsingular weight function by taking into

account the features of gE,Ld)(Y,z;KZ) discussed in

Secs. II and III, namely, (i) the symmetry with respect to

z. (i) the constraint gj"?(y,z = £1;x%) = 0, and (iii) the

falloff in y. In particular, Gegenbauer polynomials with
proper indexes have been chosen for describing the z
dependence, while the Laguerre polynomials have been
adopted for the y dependence. In short, we have expanded
the Nakanishi weight function as follows:

N,

ApiGo(2)Li(r), (38)
=0

@

N,
9y, ) Z

=0

~.

where (i) the functions G,(z) are given in terms of even

Gegenbauer polynomials CS/ 2 (z) by
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(2£+5/2)(2¢)!

(5/2)
A2 +5) Cor 7 (2), (39)

Go(2)=4(1-2°)I(5/2)

and (ii) the functions £;(y) are expressed in terms of the
Laguerre polynomials L ;(ay) by

Li(y) = VaLj(ay)e . (40)

The following orthonormality conditions are fulfilled:

/_ 1 402G p(2)Go () = S1m:

A ” dyLi(y)Ls(y) = a A " dye~*L;(ay)L,(ay) = ;0.
41)

In order to speed up the convergence, in the actual calcu-
lations the parameter a = 6.0 has been adopted, and the
variable y has been rescaled according to y — 2y/a, with
ay = 12. It is worth noting that the two parameters a and a,
control, loosely speaking, the range of relevance of the
Laguerre polynomials and the structure of the kernel,
respectively. Finally, the integration over the variable z
has been performed by using a Gauss-Legendre quadrature
rule, while the Gauss-Laguerre quadrature has been
adopted for the variable y.

A. Eigenvalues and eigenvectors

We have first solved Eq. (29), i.e., the one proposed in
Ref. [6], but using our basis instead of the spline basis
adopted there. With the spline basis for both z and y, some
instabilities appear, and in Ref. [6] a small parameter
was introduced to achieve stable results (see also below).
Our basis allows us to overcome such a problem, since
it contalns the above-mentioned general features of
gb (y, z = #1;«?). This first step was necessary to gain
confidence in our basis through the comparison with
the results in Ref. [6] (see what follows). As a second step,
we evaluated the eigenvalues and eigenvectors of Eq. (33),
which was deduced by invoking the uniqueness theorem.
As for this equation, it should be pointed out that a
completely different numerical method was chosen in
Ref. [3]. In particular, it was applied an iterative procedure,
suggested by the structure of the ladder kernel obtained
in [3].

In the following tables, a detailed comparison between our
results and the ones obtained in Refs. [3,6] is presented. Letus
remind that in Ref. [3], though the proposed ladder kernel
contains dressed propagators and a sum of exchanged meson,
the numerical evaluations were performed without such
extras, and, therefore, their results can be directly compared
toours and the onesin Ref. [6], with only the caveat of adiffer-
ent definition of the coupling constant a. As already pointed
out in Refs. [3,6], the kernel contains a highly nonlinear
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TABLE 1.  Values of @ = ¢*>/(16am?) obtained by solving the
eigenequations (29) and (32) (i.e., the eigenequation with the
application of the uniqueness theorem). Results correspond to
u/m =0.15, 0.50 varying the binding energies, B/m. The
second column contains the results obtained in Ref. [6] by
using the spline basis and Eq. (29); the third column shows
our results obtained from Eq. (29) by using our basis
[Egs. (38)-(40)] with N, =18, N,=32, and a=6 in
Eq. (40); the fourth column contains our results obtained from
the eigenequation (32) and our basis.

u/m=0.15
B/m a [6] a Eq. (29) a Eq. (32)
0.01 0.5716 0.5716 0.5716"
0.10 1.437 1.437 1.437
0.20 2.100 2.099 2.099
0.50 3.611 3.610 3.611
1.00 5.315 5.313 5314

u/m = 0.50
B/m a [6] a Eq. (29) a Eq. (32)
0.01 1.440 1.440 1.440
0.10 2.498 2.498 2.498
0.20 3.251 3.251 3.251
0.50 4.901 4.901 4.901
1.00 6.712 6.711 6.711

For u/m =0.15 and B/m = 0.01, the stability of the
coupling constant (a < 1) is reached for N, > 46.

dependence upon the mass M of the interacting system, buta
linear dependence upon the coupling constant «, given the
adopted ladder approximation. Therefore, it is customary
(1) first to choose a value for the binding energy in the interval

B M
0<—=2—-—XL2,
m m

TABLE II.  Values of a = ¢%>/(16z2m?) obtained by solving the
eigenequations (32) (i.e., with the application of the uniqueness
theorem) and (29). Results correspond to y/m = 0.50 varying the
binding energies, B/m. The second column shows the values
obtained in Ref. [3], where the uniqueness theorem was
exploited and an iterative method was adopted; the third
column corresponds to the solution of Eq. (32) by using our
basis [cf. Egs. (38)-(40)]; the fourth column contains our
results from Eq. (29).

u/m = 0.50
B/m al3] a Eq. (32) a Eq. (29)
0.002 1.211 1.216 1.216
0.02 1.624 1.623 1.623
0.20 3.252 3.251 3.251
0.40 4.416 4.415 4.416
0.80 6.096 6.094 6.094
1.20 7.206 7.204 7.204
1.60 7.850 7.849 7.849
2.00 8.062 8.061 8.061

PHYSICAL REVIEW D 89, 016010 (2014)

g, 12/, 0.0:6)

2

g, (12, 0.0:6)

gb(y,z;xz)/gb(o,o;xz)

y/m?
FIG. 1. The Nakanishi weight function g\"“(y.z:x?) for
u/m=0.5 and B/m = 0.2, 0.5, 1.0 (from the top) vs y/m>
and two values of z. Thick lines refer to z = 0 and thin lines
to z = 0.4, as indicated by the inset. Solid lines: results from
Eq. (32). Dotted lines: results from Eq. (29).

and (ii) then to look for the minimal value of the coupling con-
stant that allows such a binding energy. A comment on the
range of the usually chosen interval is in order. As is well
known (see Ref. [31]), all the ¢»* models do not show any
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15 ———

g 1z, 0,056
b b

2

gb(0,0;K')

gb(y.z;Kz)/

2

2,007/ 0.05")
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gb(y,z;xz)/ gb(O,O;KZ)

2,002/ 0.05")

07KV 0.0

FIG. 2. The Nakanishi weight function giLd) (y,z;x%) for u/m = 0.5 and B/m = 0.2, 0.5, 1.0 (from the top) vs z and four values of
y/m?. Thick lines refer to y = 0 and y = 0.01m?, while thin lines to y = 0.8m> and y = 1m?, as indicated by the inset. Solid lines:

results from Eq. (32). Dotted lines: results from Eq. (29).

ground state; nonetheless, they are widely adopted for
illustrative purposes and for gaining insights into the effec-
tiveness of theoretical tools. Here, we also adhere to this gen-
eral attitude (see Ref. [32] for some details on how and to what
extent it is possible to reconcile the general features of the ¢°
models and the actual calculations). Afterintroducing a basis,
it should be noticed that in the case of Eq. (29), one has a
generalized eigenvalue problem (cf. Ref. [6]) that in a sym-
bolic form reads

iB(M)g“"” = At (M)g(Ld), (42)

while for Eq. (32), one has a genuine eigenvalue problem,
Viz.,

ég = DEI(M)g(Ld). (43)

The possibility to reduce the first problem to the second one
relies on the existence of the inverse of the integral operator
B(M) and the numerical feasibility of such inversion with
enough accuracy. In particular, in Ref. [6], where the spline
basis was adopted, a small parameter was added to the matrix
B(M) in order to achieve a good stability. We have investi-
gated if adopting our basis, which includes the expected
falloff of the weight function for large values of y, one has
to similarly introduce a small parameter. Fortunately, with
our basis, the small quantity to be added to the diagonal terms
of AL) (M) is e = 1079 [the largest number of Gaussian
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TABLE III. Values of P, Eq. (33) evaluated by using the
weight function gg,Ld) (v, z; k%) corresponding to Eq. (32) (i.e.,
with the application of the uniqueness theorem) are shown for
three values of u/m and varying the binding energy, B/m.
Notice that for B/m = 0.001, the values N, = 16, N, = 48,
and a = 12 have been adopted in Eqs. (38) and (40) for
obtaining a better convergence.

u/m = 0.05
B/m a Pa
0.001 0.1685 0.94
0.01 0.3521 0.89
0.10 1.191 0.75
0.20 1.850 0.72
0.50 3.358 0.68
1.00 5.056 0.66
2.00 6.336 0.65

u/m=0.15
B/m a Pval
0.001 0.3667 0.97
0.01 0.5716 0.94
0.10 1.437 0.80
0.20 2.099 0.75
0.50 3.611 0.70
1.00 5.314 0.67
2.00 6.598 0.66

u/m =0.50
B/m a Pval
0.001 1.167 0.98
0.01 1.440 0.96
0.10 2.498 0.87
0.20 3.251 0.83
0.50 4.900 0.77
1.00 6.711 0.74
2.00 8.061 0.72

points was 80 for each variable in g(Ld)]. As for Eq. (32), one
has been able to get rid of the numerical inversion of the
matrix, since, defacto, ithas been mathematically performed.
Finally, it is important noticing that for both equations, the
involved matrices are real but not symmetric, and, therefore,
pairs of complex eigenvalues can appear.

In order to achieve a very good convergence for both
eigenvalues and eigenvectors [in particular, for Eq. (32)],
the numerical studies with the basis in Egs. (38)—(40)
has been extended up to N, = 18 and N, = 32, for all
the values of B/m, except for B/m = 0.01 where we
extend N, up to 48. Indeed, for B/m > 0.1 a nice stability
of the eigenvalues can be reached already for N, = 8§ and
N, > 24. In general, the stability of the eigenvalues settles
well before that the convergence of the eigenvectors.

In Table I, the results for the coupling constant « corre-
sponding to Egs. (29) and (32) for u/m = 0.15, 0.50 and
a set of binding energies B/m are shown. In particular, in

PHYSICAL REVIEW D 89, 016010 (2014)

(P( i)/pval

(I)( E-’)/pval

(I)( E-’)/pval

FIG. 3. The longitudinal LF distribution (&) for the
valence component Eq. (34) vs the longitudinal-momentum
fraction & for u/m = 0.05, 0.15, 0.50. Dash-double-dotted
line: B/m = 0.20. Dotted line: B/m = 0.50. Solid line:
B/m = 1.0. Dashed line: B/m = 2.0. Recall that [ dép(&) =
P (cf. Table III).

the second column, the results obtained in Ref. [6] by using
the spline basis are reported, while our results corresponding
to both Eqgs. (29) and (32) are presented in the third column
and the fourth one, respectively. It is important to note that for
B/m = 0.01 and u/m = 0.15, the stability of the eigenvalue
obtained through Eq. (32) is reached with N, > 46, when
a = 6 is chosen, while N, =28 is enough when a = 12
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10k
B

wm= 0.05

m £P(Y)/p\/al

04001HH\HH\HH\‘H‘\"‘.ﬁ

wm= 0.50

m fP(’Y)/pval

0001 b e e e b e

FIG. 4. The transverse LF distribution P(y) for the valence
component Eq. (35) vs the adimensional variable y/m?,
for p/m=0.05 0.15, 0.50. Dash-double-dotted line:
B/m = 0.20. Dotted line: B/m = 0.50. Solid line: B/m = 1.0.
Dashed line: B/m = 2.0. Recall that y = k3 and [° dyP(y) =
P, (cf. Table III).

isadopted (with this value for a, the convergence of the eigen-
vectors is not satisfactory for N, = 28).

Table II shows the comparison with the results from
Ref. [3]. It should be pointed out that in Ref. [3], only
the value u/m = 0.50 was considered, and the coupling
constant contained an extra factor z with respect to the def-
inition adopted in the present paper and in Ref. [6]. It is

PHYSICAL REVIEW D 89, 016010 (2014)

important to remind that the eigenvalues shown in
Ref. [3] compared very favorably with the ones obtained
in Ref. [33], where the BS equation in ladder approximation
was solved in Euclidean space. Moreover, one can find in
Refs. [34,35] more evaluations both within the LF
Hamiltonian dynamics and in Euclidean space, which appear
in nice agreement with our calculations.

Finally, it should be pointed that all the digits of our
results presented in the tables are stable, and the numerical
uncertainties affect only the digit beyond the ones shown, at
the level of a few units.

In Figs. 1 and 2, the comparison between the weight
functions obtained from Egs. (29)) and (31) is shown for
u/m=050 and B/m=0.2, 0.5, 1.0. Few-percent
differences appear for small values of y and are bigger
for small values of the binding energy. In this case,
the characteristic momentum associated with the weak-
binding energy is much smaller than the mass scale of
the system, and, therefore, to appropriately describe the
Nakanishi weight function, one should use a larger basis
which accurately spans both the small and large momentum
regions. This demands more numerical efforts that
can be postponed, since our present aim is to validate the
Nakanishi approach over the largest range of dynamical
regimes, which can be covered by the basis we have chosen
(see, e.g., Table I and B/m = 0.01 and pu/m = 0.15).
Notably, the above-mentioned differences do not have
any sizable effect on the LF distributions (see the next
subsection).

As a further check, we evaluated the solution of Eq. (29)
corresponding to u/m = 0.50 and B/m = 1.0, by introduc-
ing a small parameter as in Ref. [6]. In particular, we
adopted € = 10™* for comparing with the weight function
presented in Figs. 2 and 3 in Ref. [6], and we obtained the
same results. It is worth noting that also by adopting the
small parameter ¢ = 107, we did not find any sizable
effects on the LF distributions.

B. Valence probability and LF distributions

After determining the expansion coefficients of the
Nakanishi weight function, as given in Eq. (38), and
imposing the normalization condition on the BS ampli-
tude, Eq. (B14)), one can calculate the valence compo-
nent of the interacting system, Eq. (16). Then, very
interesting (in particular, from the phenomenological
point of view) quantities can be evaluated. First of
all, the valence probability Eq. (33) can be obtained.
The results are shown in Table III for u/m = 0.05,
u/m = 0.15, and u/m = 0.5. Several values of B/m have
been chosen for covering the interval 0 < B/m < 2.
It should be recalled that the asymptotic value P, = 1
reached for B/m — 0 is more and more closely
approached for smaller and smaller values of B/m (or
equivalently smaller values of a) when p/m decreases.
Since in Table III there are also the results for
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u/m = 0.05, a by-product of these calculations is the
following interesting remark. For B/m = 2 and decreas-
ing p/m, the values of a show a decreasing behavior
toward o = 2z, namely, the value of a obtained in the
Wick-Cutkosky case, i.e., u/m =0 (cf. Ref. [30]).
Correspondingly, the valence probability approaches
the Wick-Cutkosky value P, ~ 0.64 [30].

In Figs. 3 and 4, the valence LF distributions given in
Eqgs. (34) and (35) are shown for u/m = 0.05, 0.15, 0.5,
and B/m = 0.2, 0.5, 1.0, 2.0. The curves correspond to
the eigenvectors of Eq. (32), since the ones obtained from
Eq. (29) completely overlap with the previous ones, though
the weight functions have differences at low values of y.
It should be pointed out that the valence wave function,
the main ingredient for calculating the LF distributions,
is obtained from the weight function by applying the inte-
gral operator symbolically indicated by B(M) in Eq. (42).
This eliminates the above-mentioned instabilities that are
possibly produced by the inversion of B(M).

VI. CONCLUSION

We have quantitatively investigated the ladder Bethe-
Salpeter equation in Minkowski space within the perturba-
tion theory integral representation of the multileg transition
amplitudes proposed by Nakanishi in the 1960s [9,12].
The formal analysis leading to the determination of the
Nakanishi weight function takes a great benefit from the
light-front framework, as shown in Ref. [6] for the bound
states and in Ref. [18] for the scattering states. In particular,
if one exploits both (i) the equation obtained from BSE
for the valence component of the Fock expansion of the
interacting-system state and (ii) the Nakanishi theorem
[12] on the uniqueness of the nonsingular weight function
related to the vertex function in PTIR, one can obtain

d4
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Eq. (32). This equation and Eq. (29) allow the numerical
evaluation of the weight function corresponding to a given
value of the binding energy of the interacting system and
the exchanged-boson mass. We have shown that the eigen-
values and the eigenvectors obtained by solving Egs. (32)
and (29) can be substantially taken as the same (the
eigenvectors differ at the level of few-percent for y — 0).
In particular, if one considers only the phenomenological
observables, i.e., eigenvalues and LF distributions, the out-
comes of both equations can be even taken as equal. This
gives us great confidence in the validity of the uniqueness
theorem also in a nonperturbative regime.

An important feature of our analysis is represented by the
basis we have chosen for expanding the weight function.
Such a basis is able to include all the general properties
of the weight function, allowing a good control on the
instabilities, that, in principle, could plague the numerical
solutions of the above equations.

In perspective, the numerical analysis we have performed
appears very encouraging, and it makes compelling the next
steps represented by the evaluation of observables related to
the scattering states, like the scattering length and the inclu-
sion of the crossed-box diagrams, as already done in Ref. [7],
but exploiting the Nakanishi uniqueness theorem.

APPENDIX A: A NEW FORM FOR THE LF
KERNEL IN LADDER APPROXIMATION

This appendix contains the details for obtaining the
expression of the kernel in Eq. (26), Vng), which is suitable
for applying the uniqueness theorem for the Nakanishi
weight function.

In a reference frame where p, = 0 and p* = M, the
kernel in ladder approximation is (cf. Ref. [18])

1

d
VI (y 2y ) = —gzp+/(

271.)4 [k//z + p- k//Z/ _ },/ _ K2 + i€]3

1 1

o dk~ 1
x /mﬁ[(gwc)? —m? +ie] [(5 — k)* —m? + ie] (k — k")* — i + ie

= 92 1 ! 2 oal el

C2(4n)* [y + (1= 2K+ 2Pm? — ie]A dov F (o727, (AD)
where

ey (I+2)? 0 —2)
.T"(U, R4y 4 ’Z:vé’) - Xz(v,é:, é’/) [}/ + Z2m2 + K2<1 _ Z2) +F(/U,Z,C/,7/) — i€]2
(1-2)° 0z—¢)
- X2(v, ¢, =) [y + 2m* + K*(1 = 22) + (v, —z, =, ¢') — ie]*’ (A2)

with
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X(v,8,)=v(1—-v)(1+)

! / _<1+Z) v /M2 / /,[2 /
I'(v.2,¢.7) _(1+C'){(1—11) |:§ZT+K2(1+CZ)+7] —i—?—l—y}. (A3)

The previous expression coincides with the one in Ref. [6].
For combining the denominators in the last line of Eq. (A1) and in Eq. (A2) the standard Feynman trick can be used, viz.,

111 1] I I
W‘}i%z[a—m]k%{l W B AP /! a5 = A>+m} A
with

A=y+22m? +K*(1 —2%) + T(v, £z, £, 7)) — ie,
B =y +*m? +x*(1 — %) — ie, (AS)

obtaining the following expression

1wl 92 1+z 1 / 1wl -z 1\ gt / 1

Ld)(}/a Y 7€) = _2(4”)2 <(1 “!‘é’/)) Q(C _Z>H <yv Y vé’ 7”2) + ((1 —Z:/)) 9(Z _g)H (77 -y a_C vﬂz) ’ (A6)

where
1

H(y iy &u?) = lim = [H(y. 27’ &t 2) = iy, 7. ¢, O)), (A7)

with
) _(1+Z)/ / / —¢&l(v,2.8.Y) — €]
Hrsr S =gy o Toop e © y+y”+z2m2+x(1—z) i€ A

The positivity of ¥’ [cf. Eq. (22)] entails the positivity of I'(v, z,{’,y’) and, eventually, of y”. Given the linear dependence
upon ¢ in the delta function, one can productively perform first the integration on &, obtaining

o 0" )h(y" 7. ¢ A)
H 9 ; /7 /’ 2’ j’ - / d // ’ - 9 A9
(y Z }/ Z.: /’l ) o }/ [7/ + }/// + szz + K2(1 _ Zz) _ 1.6}2 ( )

where

1 d
h(y" 27 ¢t 2) = ( +Z)/ ( z /d€5bf — & (v.2.¢y") — €A

(1+¢ 1—1))
(1+2) I(v,z,07)—7"+2)
1+§’ / (1—1} L(v,z2,0Y)+4 (A10)

since £ must belong to the interval [0,1]. The derivative of h(y”,z;y’,{’, u*, 1) implied by Eq. (A7) is given by

016010-15



FREDERICO, SALME, AND VIVIANI PHYSICAL REVIEW D 89, 016010 (2014)

' (I+z) 1 [T dv )=y (v, z.0.7)=7")
M7 8 = (3 | T e ) == [ S Ts f
REDINS ) (o ozl 1)
_(1+C/)7”A dyolly.2.&r) =7") - (+C/)A V2.0 7P

1 [ 1
- 7% o [} (VALY &)+ yBy(2. 07 Y i) +/42)]

_(1+9) /°°d LAY k) + By (2.8 Y 1) + 1)
(1+2) ALY ) + vy +7) + W]

(Al1)

where the transformation v — y/(1 + y) has been performed. In Eq. (A11), the function I'(y, z,{’,y’) is given by

1 1 1
F(y,z,é’,y’)—élié)){ {C’z + K%+ ]+ Jyry *ty } (< ié))y{ ALY )+ v +y) + i) (AL2)

and

A7 k) = C’z +K +7 20

1 !
By(z.¢.Y.Y ) =@+ — 1HE) (A13)
(1+2)
The two contributions to /'(y”, z;7', ¢, u*) will be discussed separately in what follows. The first term is
1
h= s [" s A ) B ) 4 42)
1 /°° 5(y—vy) 6(y—y-)
=— [ dy [G(y )y +6(y_)y_ O(A2(z. ¢y Y ou?)),  (Ald)
7" Jo ALY )y — v Ay (&7 ) vy — -]
where y; are the two solutions of
VALY ) + yBy (2. 8y Y k) + it =0, (A15)
namely,
1
— -B ,/,’,”,2:|:A,/,/,”,2,2, Al6
Vi —2Ab(c:’,y’,:<2)[ p(2. 8y Y ) £ ALY Y K )] (A16)
with
A2(Z, C/’ }’/,7//,’(2,,“2) — B[ZJ(Z’ C/,y/’y//"uZ) _ 4H2Ab(§/’ 7//”(.2) Z O (A17)
Notice that
12
ViV = — (A18)
" Ab(g/’ J//7 Kz)
This means that the two solutions have the same sign. Only for positive solutions, /; is not vanishing.
From the requested positivity of the two solutions, one deduces that
l !
0> B,(z.0.7. Y W) =p>+7 -7 (1+c) . (A19)
(1+2)

Therefore, the two constraints 6(y, ) and 6(y_), once y. exist, are simultaneously fulfilled if
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(1+7)
o\y" —y — 2. A20
{7 (+2) Y —H (A20)
In conclusion, Eq. (A14) becomes
1 (1+¢) Y +y-
I ==01/" 7y = 0(A* (2. ¢ 77" i)
oyl (e A&7 ) ys —y_|
By(z.{.7 Y ) 1 (1+¢)
— —0 7 —/—29A2,/,/,”,2,2. A21
Ao (&7 KA, Yy <2 ) Y / (1+2) Y | 0Tz oy ) (Aa2l)

The second term in Eq. (A1), i.e.,

(1+7) /°° 2007 A (L7 k%) + 3By (2.0 v " ) + )

(1+2) A7 K2 + (2 + 7)) + i (A22)

2=

can be analyzed as follows. One has to discuss two cases: (i) if B,(z, &', 7', 7", u*) > 0, the argument of the theta function is
positive for any y; (ii) if B, (z, .7, y", u*) < 0, one has to check the sign of A%(z,{’, 7, 7", k%, u*). In conclusion, one can
single out the following three contributions:

u 1 ! 2
[~ (1+¢)

o(B zZ, /’ /’ //’2 /ood Y s
(By(2.¢% v 1" 1) | YPATC 7 ) 4y + 1)+ iE

Y00y —yi) +60(y- — )]
VALY ) + vy + ) + i)
Y1 =00y, —y) +0(y_—y)
VA(E Y k) 4+ y(u? +7) + WP
y2

+y(ur+7) +u??

_ O(—By(a. 07 WO Ly i) / @

O(=B, (2.0 77" 1ENO(=A2(2. 0y " K22 /°°d - A23
(—=By(z.¢".7 7" u?))6( (ZCJ/J/KM))O VAT (A23)

Therefore,

(1+¢) y?

(1+2) A YPAL A ) + (R ) + i
gl)_ r 2>9A2 1o 22 /y+d v A24
A M e S A e W BT R

L=I9+1P+1 =—

U0,
1

+ (1+2z)

Collecting the above results, Eq. (A11) can be cast in the following form:

B Bb(Z,C,V/,V”,Mz)
VALY A2 LYY K i)

1+{') ] {
W //’ : /’ /’ 2 =0 //( 2 9A2 , /7 /’ //’ 2’ 2
"z 0o [yi(lﬂ) Y —u? |08 (2.0 kP )

(1 + C/) Y+ y2 }
S /v TP ) v+ )+
(1+C’)/°° y ¥
(1+2) Jo DALY ) +yW +7) +u?]*

(A25)

The two theta functions can be simplified taking the profit of their interplay.
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The explicit form for A? is

Az(:l:z, :|:§/, 7//’ }/H, K2,,u2)

I
L —|
ﬁ\
—
—
H_
[Ny
=
|
\<\
|
=
(S}
—_
S}
|
N
=
[}
/N
M
)
NI
(3%
+
A
(3%}
+
\<\
N——

. (A26)

(1+¢) [ M>
1 2 2 12 2 /
14 —(liz) vy —u +2u\/ e + Kk +y

In order to have A%(+z, +¢', 7', ¥, k>, u*) > 0, given the presence of the first theta function in Eq. (A25), it is enough that

(1+£¢) [, M?
" —y 2> 12 2 "> (). A27
y(liz)rﬂ_ué4+l<+7_ (A27)

Summarizing the above discussion, one can write the kernel as follows:

1+ M?
Wy zy' . lop?) =0 [7” ((1 +i)) —7 = =2\ EP 7’]

Bb(z7 K:I’ yl’ y//"u2> i (1 +§/) y2

Y+
X |— y
{ Ay (&Y k)AL A )Y (14 2) /y VA (L7 %) + vy +7) + w?)?

_(1+4) /°° y?
(+2 ) PPAC T A 3@ +7) +w P (A28)

APPENDIX B: THE NORMALIZATION OF THE BS AMPLITUDE

In this appendix, the normalization of the BS amplitude in ladder approximation for a two-scalar system in S wave is
presented. The reader can find more details in Refs. [9,11,29,36].
In general, but disregarding self-energy contributions, the BS amplitude is normalized through the following constraint:

/ % / %ébwm{a%[Ga%lz)(k,p)(zn)%‘*(k—k’> Kk k',pn} By(k.p) = 2, (BI)

Pr=M>

with

p p i i

In ladder approximation, fortunately, the kernel iC(k, k', p) becomes independent of p, viz.,

LD (kK ) — i(=i)? B3
KK P) = e — e i 3)

Therefore, the ladder BS amplitude is normalized through

Pk -
(—i) / o &\ (k, p) K% + k,,) G5! (g _ k) +Gj! <§ + k) <% _ k,,)] o\ (k, p) = i2p,. (B4)
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Since (I>(de) (k, p) is symmetric under the exchange 1 — 2, and recalling that k# changes sign under such a transformation,
one can rewrite Eq. (B4) as follows:

_ / (;’;’)‘ D (k, p)(M? + 2k - p) Kg - k>2 - mz} o (k. p)

4
= / (;lﬂ]; B (k. p)[M* (x> — k) + 2(k - p)2 @} ¥ (k. p) = i2M?, (BS5)

where k> = m? — M?/4 and the odd contributions in k* have been eliminated given the symmetry of the BS amplitude. By
introducing the expression of <I>< 9 (k, p) in terms of the Nakanishi weight function, Eq. (3), with n = 1 (as explained in the
main text), one gets

d*k o )(y Z56%) My k)
— k) +2(k- d dy! b / / d b
/(2 )4[ e ) +2k-p) / Z/ yk2+p ki —y — > +ie)? ykz—l-p kz —y —«* +ie)?

/dz/ dy/gb (7 7 k2 /dz/ dygb (.26 F (7. 2y, 2) = i2M2, (B6)

It is worth noting that (i) the S-wave weight function is real, and (ii) the boundary condition ie has to be chosen in
( 9) (k p) for ensuring the correct propagation in time (see, e.g., Refs. [29,36]).
In order to evaluate F(y', 7,7, z), let us apply the Feynman trick as follows (cf. Refs. [30,37]):

1 1
K+p-ki—y —>+ieP k> +p-kz—y—«*+ie]

/ 3002(1 — v)?
= dv ; —76 —
o Wk +pki—y—k*+id)+ (A —v)(k*+p-kz—y—K>+ie)®

—/ldv 300%(1 — v)? B
“Jo [P=k2+p k(v +(1—v)2)—yv—y(l—v) +ig°
! 3002(1 — v)?
0 -k =52 —yv—y(1—v)+in

reduces to

Fly.7.y.2) _/ d*k  [MP(k> = k) +2(k- p)’] 1
e Qe K +p-ki —y =2+ ieP K+ p-kz—y—«* +ie]?
:/ d'q /1dU[MZ(Kz—q2+MTz/12)+2(p-61)2—1‘42/1(10-617)}30112(1—v)2
(2z)* (> =2 =22 —y'v—y(1 =) + in)°
/ d*q /1 ” [M2(* — q* +M22) +2(p - ¢)*]300% (1 — v)?
(27)* Jo (> = =22 —yv—y(1—v)+in®

(B8)

where the term (p-g) yields a vanishing contribution after integrating over d*q.

Then, by choosing a reference frame where p# = {M, 0} for the sake of simplicity, and performing a Wick rotation, given
the positions of the poles, the integration on d*g can be evaluated in a Euclidean 4D space, i.e., d*q — id*q. One obtains
the following result (cf. Refs. [30,37]):
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Flr.? Z)_/ d*q /1 (M2 (k2 — @ +M222) +-2(p - 9)*)300% (1 — v)?
V27 (27[)4 0 [qZ % __/12_7/,0 ]/(1—0)+ll7]

_; d4qE/1 v[M2(K2+QE+MT2’12)_2M2(‘IE) [300%(1—v)>
(27)* Jo (2 + 2222 1y vty (1—v) —in)®

.Mz 1 2r 1 T 2+ 2+M_2/12_2 2 2 0
—l—/ dv30v2(1—v)2/dpp3/ drp/ dCOS(Ql)/ sin(6,)d6, [ +p e p cos (6]
0 0 —1 0

(2m)* [P+ 12+ 522 4y vy (1= v) i)
(B9)
with
d*qr — p’dpd¢ sin(0,)d6, sin*(6,)do,.
Finally, by using
/2”d¢/ldcos(01)/ﬂsin2 (Hz)dez/mdppisz%ﬂl/mdy y _=® (B10)
0 -1 0 0 (p* +A)S 2 Jo (y+A)°  204*

and

/Z”dqb/ldcos(é’ )/”de sin2(0,)[1 — 2 cos?(0 )]/md o Zl/md v 7 B11)
— _— = — = s
0 -1 Yo T ? > Jo p(,02+A)6 2 Jo y(y+A)6 6043

one gets

ks /1 dvv*(1 —v)? [3(x* + MTZ’12) + (& + MTZAZ +7v+y(1=0))
0

PYZPRY 2 (B12)
2(27)* K+ M2 4o+ y(1—v) — in)*

F.Z,7.2) =

Recollecting the above results, the normalization condition Eq. (B6) reads

1
/dZ’/ dy gy (2 /dZ/ dy ¢\ (v, k) F(y .7 7. 2)

M2 42+ M) 4y (1 -
—! /dz/ dygb . 25k /dz/ dygb }',ZK)/ dvv*(1 —v)? [(KMZ ) rvar 1}.)}4
[+ 522 470+ y(1—v) — i

= i2M2. (B13)

In conclusion, from Eq. (B13) one obtains the following normalization of the Nakanishi weight function for the S-wave
bound state of a two-scalar system:

1 1 oo 1 o 1 A2 +M202y Ly 4y (] —
—2/ dz// dV/gE,Ld)(V’,z’;Kz)/ dz/ d}’gﬁfd)(%z;lcz)/ do(1 —op B ) iUzl
(87)° /- 0 -1 Jo 0 [ '

AL 4y v +y(1—v)—in)*

(B14)
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