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The thermodynamics of pure glue theories can be described in terms of an effective action for the
Polyakov loop. This effective action is of the Landau-Ginzburg type, and its variables are the angles para-
metrizing the loop. In this paper we compute perturbative corrections to this action. Remarkably, two-loop
corrections turn out to be proportional to the one-loop action, independent of the eigenvalues of the loop.
By a straightforward generalization of the "t Hooft coupling, this surprisingly simple result holds for any of

the classical and exceptional groups.
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I. INTRODUCTION

Understanding of the deconfined phase QCD at high
temperature 7 is growing as a result of the heavy ion experi-
ments at RHIC and the LHC and theoretical and numerical
lattice work. The latter, in particular, has shown that the con-
formal anomaly, which is the energy density minus three
times the pressure, in the deconfined phase of SU(N) pure
gauge theories is approximately proportional to T2, up to
temperatures several times the critical temperature 7', for
deconfinement [1]. This demonstrates that e —3p is not
dominated by a constant “bag pressure.” Even without a
detailed understanding of the physical origin of this behav-
ior, previous work has shown that it can be parametrized as a
dimension-two constant times a condensate for the eigenval-
ues of the Polyakov loop which “evaporates” at high T
[2-4]. At very high temperature then, the behavior of
(e —3p)/T?* for SU(3) is described very well by “hard
thermal loop” resummed perturbation theory [5].

The goal of the present paper is to compute perturbative
quantum corrections to the pressure of that classical con-
densate at two-loop order. That is, we compute the leading
correction due to interactions among gluons in the presence
of the condensate. Our main tool is the effective action as a
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function of the eigenvalues of the Polyakov loop. While the
two-loop correction to the effective potential does not affect
the interaction measure,' it does of course modify the pres-
sure and the energy density of the gluon plasma. We hope
that our results may be useful for improving the models
[2-4,6], which typically employ the one-loop effective po-
tential. Furthermore, our efforts show that the models men-
tioned above can be improved systematically, at least in
regard to the perturbative component, rather than offering
mere parametrizations of the lattice results.

We study hot gluodynamics for any number of colors, and
make use of the global Z(N) symmetry [7] in that system.
However, lattice simulations for groups without a center
[8—10] show that deconfinement does not require a global
symmetry. Hence, aside from SU(N) we perform our per-
turbative two-loop calculations also for all other classical
gauge groups, including the exceptional group G(2).

For SU(N) gluodynamics, there is an order parameter
associated with the global symmetry Z(N), i.e. the
Polyakov loop,

L() = Pexp (i/l/T deAy (%, 1>>. )
0

The global symmetry acts on the loop as a large gauge
transformation Q,(X,7). It develops a Z(N) valued

'9¢2(T) /0T = O(g*) is beyond the order considered here.
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discontinuity exp(ik2%) when we move in the periodic
Euclidean time direction 7.

The loop L (X) transforms like an adjoint field and hence
its trace,

% TrL (%), @)

picks up a Z(N) phase,

1 27\ 1
~ TrL(®) — exp (ikﬁﬂ) ~ TrL (). 3)

The effective action is simply the traditional path inte-
gral over the gauge fields subject to a constraint [11]. This
constraint is obviously that the integration is done while
preserving the value of the Polyakov loop at some fixed
value . Doing so, one generates a probability distribution
for the eigenvalues determined by #. We are interested in a
loop which is constant in space, so the constraint should be
a delta function with the argument

1 _
¢ —— TrL, 4
N T “)
involving the spatially averaged loop,
-1 - -
TrL = —/ dx TrL(x). (5)
Vv

Clearly, to fix all independent phases ®, one has to take as
many powers of the loop as there are independent phases.
To avoid clutter we do not write these higher powers explic-
itly; in this simplified notation the effective action becomes

exp(—VV(£)) = / DA”zS(f—%TrI:) exp (—91—2S(A)>.
(6)

Hence, for SU(2), where there is only one independent
phase, this expression fully fixes the phase of the loop.
So, there is just one real constraint on the full path integral.
We take £ to be a trace over a diagonal matrix, without loss
of generality (see Sec. II). The loop L is, in general, not
diagonal because the fluctuating scalar potential A is arbi-
trary so long as it satisfies the constraint. As we will see, in
perturbation theory the constraint amounts to taking out the
N — 1 zero modes of the fluctuation matrix, for SU(N).
The constraint is nonlinear in the fluctuations, since the
Polyakov loop is so. As consequence, at two and higher loop
order there is an extra vertex involving the zero mode. It gen-
erates diagrams with radiative corrections inserted into the
Polyakov loop [12,18]. They are crucial for gauge invariance
of the effective potential, and we will use them in this paper.
To compute V() at small coupling fluctuations around
the background of a constant Polyakov loop, £ are inte-
grated over. This leads to the gluon black body radiation
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contribution plus a Z(N) invariant polynomial of fourth
order in the phases ® of the loop. To be specific, we con-
sider the SU(2) gauge group. The loop has only one inde-
pendent phase, 2g; = —2¢, = ¢. In terms of the variable ¢,
one obtains [13,14]

n? 4n?

Vpert(‘]) = _BT4 + TT4612(1 - Q)2' (7)
In this expression, ¢ is defined modulo 1 and a Z(2) trans-
formation corresponds to ¢ — 1 — ¢. The minima of this
Z(2) invariant polynomial are at 0 and 1, where the loop
¢ = +1. The motivation of this paper is to establish
how radiative corrections affect this potential. An earlier
answer to this question [15] presented an elegant but formal
proof using the Vafa-Witten trick [16], bypassing issues
related to infrared divergences.

The implication of our work is that

i) in perturbation theory the eigenvalue distribution
~exp(—VVper) is not affected by two-loop correc-
tions.” In particular, the expectation value of

the Polyakov loop calculated at these minima re-
mains £ = +1.

ii) the pressure calculated from the minimum of the po-
tential equals the known perturbative pressure calcu-
lated at g = 0.

However, we stress that when a nonperturbative contribu-
tion is added [3.4], that the two-loop corrections to the per-
turbative potential do modify the total result. We postpone a
detailed fit to lattice results to a future publication.

The roman lowercase letters points above are corrobo-
rated by the two loop contribution to the perturbative poten-
tial which we compute explicitly in Sec. III. Section II
contains a discussion of simple properties of the effective
action and the gauge independence of our corrections. In
Sec. III we discuss the explicit result at two loops; the
simplified expressions for the insertion diagram are given
in Sec. IV; the last section contains the conclusions.

II. GENERALITIES OF THE
EFFECTIVE POTENTIAL

For the sake of notation and clarity we will mostly work in
this section with the SU(2) gauge group. In the first subsection
we discuss the relation between various ways of defining the
effective action. Its expansion about a constant Polyakov loop
background is analyzed next, and finally extended Becchi-
Rouet-Stora (BRS) identities are derived which give us a very
useful control over the perturbative expansion.

A. Two ways of obtaining the effective action
First we introduce a definition of the effective potential

which is manifestly gauge invariant, manageable on the

“However, it may change at higher orders.
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lattice and, most importantly for this paper, has relatively

simple Feynman rules. It is the constrained effective action,

defined in a large three volume V in Euclidean space, and

periodic in Euclidean time direction with period 1/T.
The Polyakov loop was defined above as

L(X) = Pexp (i/l/T Ao(X, T)dT). ®)
0

The effective potential is [11]

exp(—VV(£)) = / DAﬂ5<f - % Tr£> exp <—g—125(A)) .

©))
Here 7 is some a priori specified number.
The partition function Z equals
1
Z= | DA, exp —?S(A) . (10)
1 R .
TrL = —/ dx TrL(X). (11)
Vv

The integration is over fields which are periodic in the
Euclidean time direction with period 1/7. Note that the
SU(2) matrix L(X) can be diagonalized at every point X
by a gauge transformation. Hence the space-averaged trace
of the loop becomes a spatial average over a cosine, a num-
ber not larger than 1. If all the eigenphases of L(X) are
aligned, the space average, of course, becomes the cosine
of the common eigenphase.
Thus ¢ is bound by’

-1<7<1 (12)

and can be parametrized as the trace of a constant SU(2)
matrix,

1
£(q) = 3 Tr exp(2ziq), (13)
with
(4 O _
Q—<0 q2>’ 91 = —q>- (14)

Now we will show that in the large volume limit the def-
inition (9) is equivalent to the traditional definition of the
effective potential where a source term,”

*Modulo renormalization effects, see e.g. [17].
*We absorb the 1 /N normalization of the trace of L into the
source j.
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jVTrL :j/dfc’TrL(;c'), (15)
1

is introduced into the path integral Z,

exp(=VW(j)) = / DA, exp (—%S(A) _ J/ d;?TrL(;?)),
|4
(16)
with

= (TrI:) —88—‘;/,

G)=W(j)—jc. (A7)
The effective action G(¢) depends on the source j only
through 7, and it satisfies

0G

—_— - .' 18
a7 = (18)
To compare this definition of the effective action G(7) to

the one in Eq. (9), we Laplace transform the latter with
[ dtexp(—Vj¢),

/df exp(—Vj?) exp(—VV(¢)) = exp(—VW(j)). (19)

Steepest descent of this integral in the large V limit tells us
that the effective potential obeys

V(&) +j¢ = W(j). (20)

and so
G(£) = V(&) + f(T). @1

This means that both definitions give the same effective po-
tential, up to a temperature dependent but Z-independent
function. However, the constrained version is well adapted
to lattice calculations and admits a straightforward saddle
point expansion around any value of . This expansion is
discussed in the next two sections.

The source term j [, dXTrL(X) is manifestly gauge
invariant. Hence, we expect the effective potential to be
the same in whatever gauge we calculate it. This will turn
out to be true although the expectation value of the space-
averaged loop (TrL) is gauge dependent (except at j = 0).
This gauge dependence precisely cancels that of the
free- energy contributions as we will expound in Secs. I E
and I E

After Fourier transforming the delta function constraint,
we can write the constrained path integral as
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exp(—VV(£)) = / DA, de exp <-—2sm(A, £)>,

Seon(A, &) = ie <f — % TrE) + S(A). (22)

We have traded the constraint for an extra field ¢ in the path
integral, and we added a phase to the original gauge action.
The new field € is therefore gauge invariant, like the
constraint it generates.

B. The effective potential in perturbation theory

Below we shall give explicitly the Feynman rules for
fluctuations around a fixed background ¢, and B,. The
background is supposed to be a minimum of S.,. A simple
choice of background is

e. =0, A, = B6,, B constant in space time.

(23)

This is indeed an extremum of S.,, when minimizing over
the fluctuations in
A, =B6,0+9Q, and &=c¢e.+ ge,. (24)

The gauge zero modes have to be tamed by introducing
gauge-fixing and ghost terms,

= S(A) + ng + Sgh = Sfree + gSint' (25)

N gauge

Our choice of gauge fixing is covariant background gauge,

S, = é / d% de Tr(D,(B) 0,

D,(B) = 8, + i[B5,0, ...], (26)

and the constrained action S, changes accordingly into
. 1 -
Seon = i€ € ~3 TrL ) + Sgauge- 27)

Expand S.,,(A, €) in terms of Q and ¢, as

:ipr (28)

n>0

Seon(B + 90, €. + g¢,)

To avoid clutter in the formulas we shall use the following
notation for the expansion in powers of the fluctuation
field Qy:

L(B + gQo) = L(B) + gQ, - L'(B)

+¢*05-L"(B) + O(5°Q5). (29
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[TRL

and similar for the action Sy,,... The operator means
integration over space time and summation over
(Lorentz and) color indices.

One mode becomes particularly important in this expan-
sion. It is the zero Matsubara frequency of the zero momen-
tum mode Qy(z) = [, d¥Qy(X,7)/V,

B, yro
%EA dz00(7). (30)

It is the only mode that can produce linear terms in the
expansion around the space time independent background.
All other modes Q, (¥, 7) are orthogonal to B.

The terms linear in the fluctuations [i.e. in SEOL( )] are
required to vanish. They are

i€cTr(é0L/(B)) + Tr(éOS/guage(B)) =0,

£ <f—%TrL(B)> =0. 31)

From the first condition it follows that ¢. = 0, because

Stuage(B) = 0. The second fixes B in terms of 7,
1
‘— 3 TrL(B) = 0. (32)

Hence, from (13) we have the background B fixed in terms
of the phases ¢; and g, = —¢q; of the Polyakov loop,

B = 2xqT. (33)

Hence Scon( ) =0.
In what follows we write the zero momentum and zero
Matsubara frequency mode projected onto L’(q) as

Tr(QoL/(q)) = Oy. (34)

The quadratic term in the expansion of S, is therefore the
first nonvanishing term,

& = / dTdz(TrQ, (7. 7)(~D(q))5,,

+ (1 - f)Du(q>Du(q)Qu<f’ T)) -

where we wrote the explicit form of Sy,

Thus the expansion of the effective potential (7 and w are
the ghost fields) becomes

ie,00. (35)

exp(—VV) = /DQﬂDﬁDwd&‘q

X eXP(_Q2 Sgauge( ) - iquO)(l - R)'

(36)

The last factor equals
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I-R=1- gQ3 : Sgéluge(q) - 92Q4 : S,g/zliluge(q)

+ Pie,Tr(Q5 - L"()) Q° - Stauge(@) + -+
(37

Let us discuss (36) and (37). The terms in the exponent are
familiar, except for the last one. This latter term, after inte-
gration over ¢, is restoring the delta function constraint.
It tells us not to integrate over Q.

C. One-loop determinant

First we neglect all interactions, i.e. the term R in (36),
leaving the determinant without the zero mode Q.

It is useful to generalize at this point the discussion from
SU(2) to SU(N). For SU(N), the N —1 independent
eigenvalues are fixed by a product of N — 1 delta functions;
their respective arguments are

5<f,, —% Tr(L(AO))">, I<n<N-1L (38)

The generalization of the € field to SU(N') follows immedi-
ately: it is such that it couples to the Polyakov loop winding
n times around the thermal circle. To fix the eigenvalues we
need N — 1 windings TrL”. Hence, there are N — 1 fields
g, and they generate the delta function constraints via the
following term in the exponent:

lZé‘

L(Ap))") (39)
with
THL (&))" = / FTr(L(A))".  (40)

After expanding around the saddle point, the analogue of
Qo in Eq. (34) is labeled by the number of windings,

= Tr(Q,(L"(q Z%ﬁ (41)

We introduced the matrix #(q) = Tr(44(L"(q))") for
later use. It connects the winding basis labeled by n to
the diagonal Cartan basis labeled by d.

By analogy to SU(2), the £, can be written as

1
£, = N Tr exp(2zing). (42)

The matrix q is taken to be diagonal with its N eigenvalues
q; obeying >, q; =
The dlagonahzatlon of Sgauge is Well known [13,14] and
simply employs the plane wave basis Q,(po, p). The color
basis is the well-known Cartan basis, spelled out in Sec. III
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for all classical groups. In this section we just need one
salient property of this basis.

It is divided into diagonal elements H,; and off-diagonal
elements E,, eigenmatrices of the H ,,

{Hd’Ea] = adEa' (43)

The coefficients @, are the components of an r-dimensional
vector, the root a, where r is the rank of the group.

For the fundamental representation of SU(N), this is
as follows. The fluctuation variables are labeled by d =
1,2,...,N — 1 corresponding to the N — 1 diagonal matri-
ces. The off-diagonal fluctuation variables correspond to
the N(N — 1) off-diagonal matrices A"/, where the indices
i,j=1,2,...,N withi # j. The off-diagonal matrices are a
direct generalization of the off-diagonal Pauli matrices for
SU(2),

. 1
() = 55&5;1- (44)

As a consequence the Matsubara frequency in Dy(q),
Eq. (26), acting on the off-diagonal mode Q,’] (po, ---) is
shifted by g; — q; = g,; but remains unchanged if it acts
on a diagonal mode Q9,

Dy(@)0} (po- ..) = i(po + 224,) QY (py. ...
Dy(@)Q(po- .-.) = ipoQi(po. ..). 45)

Hence the shifted four-momenta are either p¥/ =
(Po + 4ij» P)> or p* = (po, p), with py = 2aTn, where
ng is an integer. We will use this notation throughout the
paper. These rules generalize to any other classical group
(see Sec. III).

After these preliminaries we can easily compute the one
loop determinant; in dimensional regularization we obtain
the well-knowm result [13,14],

27°
Uy =—psp+ TT4ZB4(4U)' (46)
i#]

The Bernoulli polynomial B, is given in Appendix A.

D. Interactions without the ¢ fields

These interactions are fully contained in the interaction
terms in the first line of (37). They give the usual
free-energy diagrams I'; as in Fig. 2 with propagators
and vertices determined by ¢ = cos(2zg). Only the zero
momentum mode QO is not integrated over.

The Feynman rules in the presence of the color diagonal
background q are simple. They have been discussed in the
previous section and amount to replacing the momenta as in
Eq. (45) and below.
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With these rules it is straightforward to obtain the con-
tribution I'; due to the free- energy diagrams in Fig. 2 to
one and two loop order in Feynman gauge & =1,

Ty =—psp+ 234 qa) + Y _|f“"<IBa(q,)Ba(q.).
a,b,c
47)

The first two terms correspond to the one loop result (46),
the last term is the two loop correction. The indices a, b, ¢
run through the diagonal indices d and the off-diagonal
indices ij. So, g; =0 and g;; = q; — q;. The Bernoulli
polynomials are simple and defined in Appendix A.

E. The insertion diagram due to the constraint

We now consider the interactions involving the fluctua-
tions ¢, in the second line of Eq. (36). They play an essen-
tial role at two and more loops [18]. They originate in terms
Scons (Sc?)ﬂ)z etc. Among other contributions the latter gives
the term we wrote explicitly,

Pie,Tr(Q% - L"(q))(Q% - Shuge(q))- (48)

To avoid inessential complications we first discuss SU(2).
The first factor in this expression is the Polyakov loop
expanded to second order in the fluctuation Q,. To two-
loop order, this is the only term that contributes at O(V)
to V. No other term does because of the absence of infrared
divergences.’
To perform the integration over ¢,, we replace ie, by 8%0

acting on the last term in (35). By inspection, the only con-
traction of O(V) is

<Q_% : TI‘L”( )>< gauge( )> (49)

90y

The first contraction is the expectation value of the
Polyakov loop through one gluon exchange. The second
contraction is the one point function at zero momentum.
The one point function is nonzero in thermal physics
because Lorentz invariance is reduced to rotational invari-
ance, so O is a scalar. It is shown in Fig. 1.

This term would vanish if L”(q) =0, i.e. if the con-
straint were linear. But it is not or else it would not be gauge
invariant. Indeed, in addition to the usual free-energy terms,
this contribution renders the total result independent of the
gauge choice. This will become clear from the BRS analy-
sis below.

In the SU(2) case the spatial averages and the Polyakov
loop average simplify to

SAt three-loop order there are, however, linear infrared
divergences.
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FIG. 1. The insertion diagram, Eq. (49). The two blobs corre-
spond to the two contractions. The Polyakov loop is the fat circle,
with the gluon going across. The dot is where 0, acts to create the
one point function shown by the thin circle.

(TrQ} - L"(q)) = (3 — &)B,(q12) sin(wqy,),
Qo = Tr(Qy03) sin(xqy,), (50)

where we used Eq. (34). Also, Eq. (49) becomes

1265 L) (55
SPTEEY;

sg;uge<q>>

1(912)B3(q12).- (5D

Note that all reference to the unitary nature of the loop in
the constraint has dropped out. The derivative of the loop,
sin(z¢q;,) drops out of the insertion of the radiative correc-
tion for the Polyakov loop into the one loop effective
action. For groups larger than SU(2) this is true as well,
though much less trivial (see Appendix B).

In the SU(N) case the contribution (48) becomes a sum
over N — 1 winding contributions,

- B,
Fi:Z<Q(2)'TrL"(Q)”>< 00 03 Sgguge(q)>. (52)

In Appendix B we prove the crucial identity

(Tr(Q - (L")")) = (TrQ3 - L"(q)),- 4(q).  (53)
This identity relates the one-loop expectation values of
multiply winding loops to that for single winding, using
the matrix defined in (41). In conjunction with (41) it elim-
inates the summation over windings 7 in (52) and reduces it
to a summation over diagonal indices d.

0P = B=9@> 4By (qp)Bs(a.). (54

d.b,c

We used for this result that the VEV for single winding is
the O(g?) correction to the Polyakov loop TrL(q) in the
background q,

(TrQ3 - L"(q)), = (3— &) _f*UIiB (q;). (59

d.ij
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Note that this expectation value refers to the traced
loop without the normalization factor 1/N. Further, that
it is gauge choice dependent and proportional to the
Bernoulli function B, (g; ;) This function is linear, periodic
mod 1, antisymmetric and vanishes at g;; = 1/2. Hence it
is a sawtooth function, with nonzero values at g;; = 0, 1.
As usual, d refers to the diagonal index while b and ¢ run
through off-diagonal indices only. In Sec. IV we simplify
the summation over the index d.

As B; vanishes linearly for small argument it follows that
ng) vanishes, to this order, in the limit of zero background.

F. BRS identities and the gauge independence
of the effective potential

We need to understand why the £ dependence in the dia-
gram for the free-energy contribution I'y cancels against
that in the insertion diagram I';. There is a simple way
to see this, using the BRS identities in the presence of a
thermal background [18].

All we have to do is to take the free-energy contribution
for an arbitrary value of £ and to note that the £ dependence
is due exclusively to the gluon propagators. It does not
appear anywhere else in the free-energy diagrams.

Varying the gluon propagators in the three diagrams (al),
(a2) and (a3) shown in Fig. 2 multiplies each by 3, 2 and 1,
respectively. Combining these factors with the combinato-
rial factors in the ﬁgure turns the result into the one loop

gluon self-energy HW ’ [see (b1)—(b3) in Fig. 2] folded
into the gauge part of the propagator,’

(2) a
8Ff . ﬁ H(l)a,b Pypf
O¢ i

(p)*

(56)

We use the shorthand notation
dd—l =g
TZ / 2T = L (57)

If a = b =d, with d a diagonal index, the BRS identity
tells us, as in the case without background, that the one-
loop self-energy is transverse,

)" pipd = 0. (58)

In case a = (ij), b = (ji) is off-diagonal, the BRS identity
relates the two-point function to the one-point function I',

(1) OSint
| — . 59
¢ <8Qa’ > o2

Only the scalar, color diagonal one-point function is non-
vanishing in thermal field theory. We obtain

®This identity is a special case of an identity valid for any field
theory.
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//\\
1 \ :F(z)
2 | I—— f

N v

eI ;‘H
+ +
D= 0=
|
RN
/ \
\ /
N v
Il
=

(b1) (b2) (3)

FIG. 2. The two-loop free-energy contributions r'? to the
effective potential are shown in (al), (a2) and (a3). The one-loop
self-energy is shown in (b1)—(b3).

II 1211 /lplj Ji _ fd Jij,ji UF( )(q)
I (q) = Y4By (gy). (60)
k.l

Unless explicitly shown there is no summation over
color indices in (58) and (59). The second equality relates
the one point function to the background field derivative of
the free energy. The final result for the gauge variation fol-
lows from Eq. (56) and the BRS identities (58) and (60),

8F

QZZ?fp (p 1/ 7 Zfd LI pRLIER (gy). (61)

ijkl

Inspection of the first factor in this expression shows (see
Appendix A on Bernoulli functions) that

N

= Bi(qy))- (62)

Hence, the gauge dependence cancels precisely with the
gauge variation of the insertion diagram (54).

III. TWO-LOOP CORRECTION:
EXPLICIT RESULT

Now that we have seen the cancellation of the gauge
artifacts in the two contributions to the effective action,
we evaluate them for various groups. Because the free-
energy contribution I'y, Eq. (46), is so simple in § =1
gauge, we calculate Eq. (54) for £ =1 as well. It shows
that the insertion diagram not only guarantees gauge
parameter independence, but also a surprisingly simple
outcome for the effective action.

We should mention also that although the specific forms
of Egs. (46) and (54) are based on our discussion of SU(N),
they in fact apply to all the groups that we are going to
consider. For later use, we rewrite the effective potential
up to two-loop order with £ =1 as
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2T4d A)
r — ( 234 Qa (63)
TP = @312 [2B,(q;)Bs(q.), 64)
a,b,c

0 =2) 40 By (g,)Balg.). (69)

d,b,c

Here, the one-loop effective action depends on the dimen-
sion of the adjoint representation of the group which is
denoted as d(A). It equals N> — 1 for SU(N), 2N* — N
for SO(2N), 14 for G(2), while for both Sp(N) and
SO(2N + 1) we have d(A) = 2N? + N. The index a runs

through the off-diagonal indices. In F}z)

and ¢ run over both diagonal and off-diagonal indices.

, the indices a, b

In ng), each structure constant contains the diagonal indi-
ces d, while b and ¢ denote off-diagonal indices. If b is a
typical off-diagonal index, the index —b is defined as fol-
lows: let E” being some off-diagonal generator, then
E~" = (E®)T. The definition of these indices will become
more clear in the following.

Our calculation will show that the two-loop effective
potential is simply a multiplicative and background
independent renormalization of the one-loop result. In
terms of the quadratic Casimir invariant C,(A) in the
adjoint representation,

re@ 5¢>C,(A)

AT (66)
where the Casimir invariant is given by
Ca(A)Se = febe fobe. (67)

From this definition it follows in particular that for two
diagonal indices ¢ = d and e = d',

Cr(A)d(r)

where d(r) is the rank of the group, i.e. the dimension of the
Cartan space. We have that C,(A) = N — 1 for SO(2N),
N —3 for SO2N +1), N+ 1 for Sp(2N), 2 for G(2),
and finally C,(A) = N for the SU(N) groups. For the
SU(N) groups the result (66) was in fact known since long
for straight paths7 from the origin, q = 0, to the degenerate
Z(N) minima [19]. These paths run along the edges of the
SU(N) Weyl chamber and a combinatorial proof of

— fa,b,dfa,b,d’ (68)

"However, in general the minimum of the potential does not
exactly follow a straight path as a function of temperature [4].
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Eq. (66) exists [20]. We do not (yet) know how the

combinatorics works out inside the Weyl chamber.
Below we gather the tools to produce explicit expres-

2

sions for the two loop insertion I';” and the free energy

F}z). Due to the increasing number of independent variables
of the background field and the complication of the indices
of the structure constants, we developed a MATHEMATICA
program [21] for all classical groups to evaluate explicitly
the above two contributions, Eq. (64) and Eq. (65).
However, we have not succeeded in finding a general proof
of Eq. (66) which does not require explicit evaluation by
brute force.

A. Generalities on the classical Lie algebras

We start with the commutation relations in the Cartan
basis for any semi-simple Lie algebra,

[H,E,| = aE, (69)

[Eq E_J)=d-H (70)

—a

[Em E[)’} = fa’/}’iaiﬁEaJr[)”

(71)
if @ 4 f is a root; if not, it vanishes.

We define the structure constants from the generators in the
fundamental representation of the group, with the genera-
tors normalized as
Tr(E,E_o) = Tr(H3) = 1/2. (72)
The components of H are the orthonormal matrices span-
ning the Cartan subalgebra and they are the diagonal gen-
erators in the Cartan basis. The orthonormal £, labelled by
the roots a, are vectors in Cartan space. They are the off-
diagonal generators.
The roots themselves are labeled by an off-diagonal
index. For a typical off-diagonal index, say a, we have
[HY,E,] = f*~“E,. (73)
Hence, the dth component of a root (labeled by an off-
diagonal index a) is the structure constant f4®¢,
Besides the structure constants involving a diagonal com-
ponent, we have another kind of structure constants
feP=a=F which connect off-diagonal generators. With
our normalization, the absolute values of f*#~*/ are all
equal to 17 for SU(N). For all the other classical groups

they are . For the exceptional group G(2), they are given
in Sec. HIE In the following, we shall discuss the commu-
tation relations of the generators and the corresponding
structure constants for each group separately.
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B. Calculation for SU(N)

Starting from Eqgs. (64) and (65), we are able to calculate
the two-loop perturbative correction to the effective poten-
tial. First of all, we need to know the structure constants.
They can be obtained from the commutation relations of
the generators in Cartan basis.

For SU(N), there are N(N — 1) off-diagonal generators
EV =) with i,j=1,....,N and i# j. The explicit
forms are given in Eq. (44). In addition, we have

N —1 traceless diagonal generators HY= ¢ with
d=1,...,.N—1,
M= ——— diag(1,1,...,—d,0,0,...,0). (74)
raa T el )

The commutators between diagonal generators are obvi-
C . 8
ously zero. The nonvanishing commutators we need are

d pijl — fdijlkgkl — (7d d ij
[HY, EV) = Ak pR = (a4 — 24)EU,  (75)

iy iy 1 . .
[El], Ekl] = fz],kl,t.vEsz — 7§(5jkEzl _ 5ilEkJ)- (76)

Here, 14 is the ith diagonal component of 24, From Eq. (75)
we find that the roots @ = (1; —4;;). As mentioned
before, the dth component of @/ is the structure constant
fidii.

We can define a diagonal matrix,

o A-dl
A =—07Ho | 77
@ 7
and it is easily to find the following commutator:
[AY EV)=EY, (78)

Using the explicit form of EY, we get A =1 diag(0,0,
... 1,0,...,0,—1,0,...,0), ie. the ith component
is 1, the jth component is —1 and all others are zero.

Taking the square of Eq. (77) and then the trace on both
sides, the roots satisfy

(@) = 1. (79)

In other words, the roots can be written in terms of an ortho-
normal basis {e;} spanning an N-dimensional space,

¥For SU(N), if a typical off-diagonal index b is denoted by
b = ij, then we have —b = ji.
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Using Egs. (68) and (79), we have C,(A) = N for SU(N).
Notice that there are N> — N off-diagonal indices and that
the rank of SU(N) is N — 1.

Using the total antisymmetry of the structure con-
stants, all the nonvanishing structure constants without
diagonal index can be read off from Eq. (76). It is
obvious that the absolute values of these structure con-
stants are 1/ V2.

Since the explicit form of the generators is known, the
calculations of the structure constants is straightforward
but rather tedious as N becomes large. In fact, we can
rewrite Eqs. (75) and (76) to obtain the following expres-
sions for the structure constants:

fd,ij,kl — 2Tr(Ekl . [Hd,Eij]),
fij,kl,st — 2TI‘(E” . [Eij,Ekl]). (81)

These expressions permit a straightforward computation of
the structure constants using MATHEMATICA.

When using Egs. (63) to (65) to compute the effec-
tive potential for SU(N), one needs to observe that for
a diagonal index ¢, = 0. However, for an off-diagonal
index ij one has g, = q; — q;. We have N —1 indepen-
dent ¢g;, for i =1,2,...,N —1. Thus, the background
field can be parametrized as Q = diag(q;,qs, ..., qy)
with the single constraint gy =—¢q; —¢> — ... — gn_1-
The above discussion can be understood by using the fol-
lowing commutator:

(0. EV] = (q; — q;)EV. (32)

It is obvious that Q commutes with H¢ which leads to
q, =0 as stated.

In general, there is no restriction to the possible values of
q; with i =1,2,...,N — 1. Therefore, modulo functions
appear in the Bernoulli polynomials which makes the cal-
culation more involved. However, without loss of general-
ity, we can perform the calculation with a set of ¢/ such that
the absolute values of the arguments of the Bernoulli
polynomials are less than 1, i.e., —1 < ¢q;—¢} < 1. Itis
easy to show that it is always possible to find such a set
of ¢. For example, when considering SU(3), we have
Q = diag(qy, 95, q3) with g3 = —q, — g,. If we define
q: = q; —n; where n; is an integer, we can achieve 0 <
¢ < 1 by appropriate choice of n;. Since the Bernoulli pol-
ynomials are periodic modulo 1, one can use ¢} instead of
q; to calculate the effective potential and the result is the
same. The advantage of using ¢} is to avoid these modulo
functions (see Appendix A) which can not be handled
easily by MATHEMATICA. We mention that in terms of ¢
the background field is not necessarily traceless. In fact,
we have g5 = —¢} — ¢, +n with n =0, 1, 2. With the
set of ¢!, the Bernoulli polynomials are given by
Eq. (A6) with sign functions only. By permutation of
the matrix elements of the background field, we can assume
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that ¢} > ¢, > --- > ¢)y. With this assumption, the sign of
q; — q); becomes definitive which can further simplify the
calculation by ignoring the sign functions in the Bernoulli
polynomials. The details can be found in Appendix A.

Based on Eq. (81) and the above discussion, we have
been able to compute the two-loop perturbative correction
to the effective potential for SU(N) for any given but arbi-
trary N; we have performed this calculation explicitly up to
N =5 with MATHEMATICA [21] and verified the relation
(66). For example, for SU(2) we find

) 92T4

Y =5 (14240 — 1)

+2q5(1 + ¢, —24))][1 4+ 64/ (g — 1)
+643(1 + 5 —24/)]
274
2y _gT
I =3 (1424 = 24))*(q — 45)(1 + ¢ — ).
(83)

The effective potential at one-loop order is given by

T AT*7?
M =———+—— (-0 + - )’ @4
so that
(2) (2)
Y +T; 5¢°
f i _ 29 _
T——g, for N = 2. (85)

Note that we write these equations in terms of ¢} to remind
the readers that these variables should satisfy 0 < ¢} < 1
and ¢} > ¢, > -+ > g)y. For example, if the background
field is given as Q = diag(—3.3), to get the correct effec-
tive potential from Eqs. (83) and (84) one should set ¢} = %
and ¢, = % This procedure can be easily generalized to
higher N.

C. Calculation for SO(2N) and SO(2N + 1)

For these groups we use a variant of the notation from
Georgi’s book [22]. The generators M“? in the fundamental
representation have matrix elements,

i
(Mab)xy = - E (6ax5by - 5ay5bx)- (86)

Obviously there is antisymmetry under exchange of the
labels a and b, i.e. M® = —pPe,

Furthermore, we can define the off-diagonal generators
in the Cartan basis. For both groups, there are N(2N — 2)
off-diagonal generators E"-7/ with i,j=1,...,N and
i > j. Here, we define the indices i with an associated sign
1. Similarly, j is defined with 7. The signs 7 or 1’ are inde-
pendently +1. The explicit form of the generators is

PHYSICAL REVIEW D 89, 016009 (2014)
E”i'n’.i :%(M2i71,2j71 + inM2i,2j71 + in/M2i71,2j _;,lnlMZi,Zj) .
(87)

For SO(2N + 1) there are 2N additional off-diagonal
generators

Eni — L (M2i—1,2N+1 + inM2i.2N+1). (88)

V2

For either of the groups the N-dimensional Cartan subal-
gebra is spanned by mutually commuting and orthogonal
generators H?, with

H? = M?4-12d with d=1,2,...N. (89)
So far, we have defined all the generators in the Cartan

basis; the structure constants can be obtained from the
commutation relation’

[HY, EN] = fani—nkprk — gg dj EN (90)

[Hd, Enj.r/k] = fd,r/j.n’k,—/)l.—/)’mE/)l./)'m

1 .,
=5 (n84j + ') EVTE 1)

[Er]i.r]’j’ Epk] = fni.n’j.pk,falEO'l

i , _
= 7 Gu(l = pn)E" = 5;(1 = pr)E™) - (92)

[Eni.r/’j’ E/)k.p’l] = fni.r/'j./)k.p’l.—at.—a’nEat.o’n

i ERNG .y
= Bl = pm) EVI7T = 5(1 = p BT
= 8;(1 = pln ) EPA 5y (1 = mp ) EPR). - (93)
From Egs. (90) and (91), the roots can be expressed as

o - NPT N -

=1z = SOE+nE). O
There are N(2N —2) off-diagonal generators associated
with the long roots and 2N off-diagonal generators associ-
ated with the short roots. For both SO(2N) and

For SO(2N) and SO(2N + 1), if the typical off-diagonal in-
dex b is denoted as b = ni.p'j then —b = —ni. — ' j; if b = ni,
then —b = —#i. In Eq. (93), with our notation, EPkNi should be
understood as —E"#% if i > k. Similarly for E77-+'",
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SO(2N + 1), d(r) = N. Using Eq. (68) we can easily get
Cy(A)=N—1% for SO2N+1) and Cy(A)=N -1
for SO(2N).

Like for SU(N), in order to perform the calculation with
MATHEMATICA we express the structure functions as

fd-wlﬂ’k — 2Tr(E’7/k . [Hd, Enj])
fdJI./'-'?/k»/’l»//m — 2Tr( Eplo'm . [Hd, En./‘-n’k])
fr,i.n’j,pk,ol _ 2Tr(E”l . [Eni.r/j’ E/)k])
fqi.n’j,qk.n’l,at.a’n — 2Tr(Eo't.a’n . [Eni.n’j’ Epk.p’l])_ (95)

If an index a is an off-diagonal index, we have two different
cases: if a=ni, then ¢, =nq;; if a=niy'j, then
q. = nq; +1n'q;. Here, we have N independent g; for
i=1,2,...,N. Thus, the background field can be parame-
trized as Q = Y _, 2q,H. The above discussion can be
understood by using the two commutators from Egs. (90)
and (91).

In order to perform the computation with our
MATHEMATICA program we again require an appropriate
choice of g;. For SO(2N + 1) and SO(2N), we can always
start the calculation by using a set of g; which satisfy
—1 < ¢q; <4 As a result, the arguments of the Bernoulli
polynomials are restricted to the interval —1 <x <1,
and we can use Eq. (A6) which does not involve modulo
functions. Without loss of generality, we can also assume
g1 > ¢q> >+ >qy >0 by a suitable permutation of the
matrix elements of Q. At this point we are able to use
our program to compute the effective potential for these
two groups. For example, with N =2, the results for
SO(5) are

274
2 _g T 5
Y =55 g+ (34l =302 =30 +34))
— (841 — 841 +2)q»
+ (11 =36g, +36¢2)¢% — 643 + 94‘2‘} :
274
2 g T 1
Fz(' '= 4 [3<1 —2¢,)*(1 —q1)q +4<¢I% — 4 +Z> 75
+ (48¢; — 13 —4847)q5 + 843 — 1261‘2‘] : (96)
The effective potential at one-loop order reads
27T
ra—=_—
9
AT*n?
3 Bl — 1)°q1 — 243 + 343
+3(q2 = 20192)%]- O7)

It is straightforward to show that
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(2) (2)
I/ +T 15¢°
f i _

= = T2 for N = 2. (98)

We can easily get analogous results for SO(2N) simply by
ignoring the off-diagonal generator E". We have verified
Eq. (66) for SO(2N + 1) and SO(2N) up to N = 5.

D. Calculation for Sp(2N)

In this section we discuss the symplectic groups Sp(2N).
They are the pseudoreal part of SU(2N) constructed by
defining the charge conjugation matrix,

Ly = ioy @ 1y, (99)

and requiring the special unitary matrix U to obey

LyULy = U, (100)
where o; are the Pauli matrices with i = 1, 2, 3, and 1y is
the N-dimensional unit matrix.

Writing U = exp(iG), the symplectic generator is of

the form
< )

Here, A is a Hermitian matrix with A = AT, and B = B’ is
complex. For N = 1, this form indeed reduces to the gen-
erator of SU(2). The Hermitian matrix A is not traceless,
but G is. We therefore have N2 real degrees of freedom from
A, and N(N + 1) degrees of freedom from the symmetric
complex matrix B. In total, we have N(2N + 1). The
Cartan space is N dimensional.
The diagonal generators of Sp(2N) is

(101)

1
H'=—0;® 14,

d=1,...,N. 102
NG (102)
Here, the N — 1 matrices ¢ are the same as for SU(N), and
we need the additional 2¥ = —1-1y.

The corresponding off-diagonal generators EV are

g L (a0 . L
Ej_ﬁ(o _111-)’ ij=1..N. and i%].

(103)

The EY produce the roots of SU(N), up to a factor of %
1

V2

In addition, we have additional N(N + 1) off-diagonal
generators of the complex symmetric matrix B which are
denoted E"/; the first index 7 is a sign index. They are
defined by

d pij] — d d ij
[HY, EV] = — (A — 24 EV. (104)
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-, 1 1 1 . .
= |16 (>——)|o" ® (A7 + ),
[ﬁ ,(2 ﬁ)] ® (4 +4)

i,j=1,...,.N, and i2>}, (105)
where ¢ = %(01 + ino,). Here, the index i can be equal to
j which defines 2N long roots. The generators E"/ produce

a new type of roots. For i > j, we have

M

[H?, BN = NG (A% + 29, E™. (106)
For i = j, we have
[H?, B = VAL B (107)

Like for SU(N), we can write the roots for Sp(2N)
in terms of the orthonormal basis {¢;} introduced in
Sec. III B,

@i =1(E+8) 1<j<izN,

o 1, . . ..
@/ =2(6—¢), 1<i<N, 1<j<N and i#],
al =né;, 1<i<N. (108)

Here, the first roots are associated with the generators
E"J when i > j and the second roots are associated with
the generators EY. These two kinds of roots have length

\/% and they are the short roots. There are 2N(N — 1) of

those. The roots @ (which can be also written as @)
come from E". The 2N roots @' have length 1 and are
the long roots.

Inversion of the roots is called duality and delivers
the roots of SO(2N + 1). The roots of Sp(2N) are those
of SO(2N + 1), with the long roots being the short
ones, and the short roots being the long ones. With
our normalization of the generators there is an overall
factor of 1/2.

From this discussion we can easily get C,(A) = N + 1
for Sp(2N). For N = 1, we find C,(A) = 2 which is the
same as for SU(2), as expected.

On the other hand, the commutation relations between
the off-diagonal generators are

. 1 . .
[EV,EMN| = 3 (SR E" — 6, EM),
. 1 . . . .
(B9, B = L (648 + 8,E% +5,E + 5, 1),
[E", E) = 0, (109)

The first line is the commutation relation of SU(N), with
the structure constant 1/2 instead of 1/+/2. The other lines
all reflect the symmetry in the indices of the E".
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For Sp(2N), we have four different types of structure
constants due to the nonvanishing commutators, namely,
fd.r/ij,n’kl’ fd.ij.kl7 ftn,ij,kl and fzn,nij,n’kl‘ The structure con-
stants can be obtained from the nonvanishing commutators
as discussed above.'” As before, these structure constants
can be obtained also by the trace calculation. With the def-
inition of the structure constants, it is very straightforward
to write down the equations corresponding to Egs. (81)and
(95).

The background field of Sp(2N) can be parametrized as
0 =03 ® Q' where Q' = diag(q,,¢5,...,qy)isan N x N
diagonal matrix. Using the commutators

[0.EV] = (q;i—q;))EY.  [Q.E"™]=n(q;+ q;)E",

(110)

we found that the arguments of the Bernoulli functions
are the following: ¢,=0, ¢;j=¢;—¢q; and gq,;=
n(qi + ;).

For the N independent variables ¢; of the background
field, with the same assumption on their values as
SO(2N + 1) and SO(2N), we can compute the effective
potential for Sp(2N) with our program. For example, with
N =2, the results for Sp(4) are given by

a 5¢PT* 27
r = 4 |2 41003 + 4221 =247 = 1)
2 9 2
+q; 5—7414'9@1
a

+=(17q, — 3443 + 274} — 4)} ,

2
2
I = PT43043 — 3644 — 2(1 — 3¢1)2q1 (241 — 1)
+ q2(1 —2q; +2q}) —243(6 — 11q, + 1247)].

(111)
The effective one-loop potential is
274
i _27r T
9
8T*n?
+—5— 1942 - 843+ ¢3(3 — 641 + 64})
+ ¢3(3 —10g, +943)]. (112)
Therefore,

"°For Sp(2N), if the typical off-diagonal index b is denoted as
b = ij, then —b = ji which is the same as for SU(N); if b = nij,
then —b = —nij.
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2 2
r? 4+ 1sp

= = — 62 for N = 2.

(113)
For Sp(2N), we verify Eq. (66) explicitly up to N = 5.

E. Calculation for G(2)

G(2) is a subgroup of SO(7). It leaves the structure
constants of the octonians invariant, and this is the way
it is traditionally defined. However, the algebra of G(2)
is related in a straightforward way, by simple projections,
to that of SO(7) as shown in Fig. 3. In what follows the
indices 7,j run from 1 to 3 and i > j. The relation between
the two groups is quite simple: six of the twelve long roots
"'l are in the plane g, + ¢, + ¢3 = 0 as shown in Fig. 4).
They are the roots associated with the generators E+~/ and
E~+J_ The other six that are not in that plane are projected
onto that plane. They are the projections of the six short
roots of SO(7) which are associated with the generators E"'.

Because of the projection, the short roots of G(2) are %
in units of the long roots. Recall that the short roots of
SO(7) were % in units of the long roots. The projection
respects the commutation relations of SO(7), except for
the scale factor we just mentioned. For example, in
SO(7), we have

[Eni, ) = %E""”j. (114)

The generator on the right-hand side projects onto —7e; jx E -k,
As aresult, for G(2), the above commutator reads

FIG. 3 (color online). The three-dimensional root space of
SO(7), with the plane where the six roots @/ lie. This plane
is the root space of G(2), on which the six short roots " of
SO(7) are projected. The six projections " are of length %
in units of the length of the six roots @/, ’
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FIG. 4 (color online).  The root space of G(2), which is the g, +
q> + g3 = 0 plane in Fig. 3, with the same notation for the roots.
The roots are related to the matrices 7 etc. in Ref. [23].

[E’?i’E’?j] = _ﬂeijkE—nk_

V3

The three commuting generators of the SO(7) Cartan alge-
bra reduce to two for G(2), because of the constraint
g1 +q>+ g3 =0. For G(2), we define the two Cartan
generators

(115)

1
H' = —(M"?—M3*), (116)
V2
1
H?> = — (M" + M —2M%). (117)

V6

The prefactor ensures that Tr(H?)? = 1. Together with the
other twelve off-diagonal generators E**—/, E~i+/ and
E", we have the explicit form of all the 14 generators
for G(2). Except for the one given by Eq. (115), all other
commutation relations can be obtained from the corre-
sponding equations of SO(7), i.e. Egs. (92) and (93).
In addition, the commutation relations involving the diago-
nal generators are

=

[Hlv Eni] = 2\/5 (511' - 521')E”i,

[H? E"] = 211% (81 + 82 — 265, E™,
[Hl ) E"i'"/j] = 21% (’1(51i - 52:‘) + ’7’(51]‘ - 52j>)EmJ1,j7
[H?, E"1T] = ﬁ ((31; + 82 — 233;)

+ 1/ (8); + 83 — 283;) ) E" 1. (118)
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The above commutators state that the square of the roots  In addition, we have a special one from Eq. (115) which is
@', which are associated with the 6 generators E"-17,  frinirk — — %€, We employ these expressions to
equal 1/2 and the square of the roots @ associated with ~ compute the structure constants in our MATHEMATICA
the 6 generators E" equal 1/6. Since the rank of G(2) is  program.

2, we get C,(A) =2. The background field of G(2) can be parametrized in the
We can obtain all the structure constants that are needed ~ same way as SO(7), with an additional constraint that
to compute the effective potential through q3 = —q — q,. Furthermore, for the possible values of
;> we use the same assumptions as for SU(3). As a result,

dnipj _ ; d i the constraint becomes g3 = —q; — g, +n with n =0, 1,

o =2 Te(EP- [HE BV)) 2. Notice that for G(2), the argument of the Bernoulli func-
fdni—nkpl=pm — 3 Tr(Epl=pm . [Hd EN—1K]), tions can be 0, 7¢; and 5(g; — g;). Unlike SO(7), there is
frinipk=pl — 2 Tr(E~r! . [Eni—ni EP]), no g; + ¢; in the Bernoulli functions and our assumption

o o on the values of g; enables us to avoid the modulo function
frimmpkplot=on — 3 Tp(Eot—on . [ET-—1 EPE=P) (119)  and also make the sign function definitive.

The resulting effective potential for G(2) reads

274
2y _gT |7
F;) =3 nteT® +4q7 +445(1 + g3+ 43) — q3(1 + g3)(1 + 643) 4,

+ (44 5¢3 +1043)q3 — 2(1 4+ 3q3)q3 + 443 — 243 (4 4 3q5 + 3¢2) + 41 (7 + 8¢5 + 1043 + 5¢, + 1043)

—q1(3+4g;5 + 1043 + 643 + q> + 793 + 643) | .

2 i
g T
I =5 [-3241 — 433 + 845)(2 + 305 +443) + 43(25 + 5743 +5243)42 — (25 + 6943 + 7243)3
+4(3 4+ 13g3)q3 — 3245 + ¢3(60 + 52q5 + 52q,) — g3 (34 + 78q3 + 7243 + 69¢, + 7243)
+ q1(6 + 34q;3 + 6643 + 52435 + 25¢, + 5743 + 52¢3)]. (120)

Comparing to the one-loop result

1472T*  AT*7?

rt) =— 45 + 3 (g1 = 1)°q1 + (¢1 = 1 = 43)*(q1 — q3)* + (g3 — 1)7q3
(@ = 1=02)*(q1 — 32)* + (a3 — 02)*(1 + 45 — 02)* + (9. — 1)*43]. (121)
|
we see that antisymmetry of the Bernoulli polynomials B, and B is
needed. For example, Bl(nqi +n'q;) = n’Bl(nn’qi +4q;),
4?5 : : e
f i 92 (122) etc. Those are then applied to the expression for I';” from
r 8% Eq. (65).

) o For SU(N) this is quite simple. Using
However, unlike for SU(N), to obtain this result we must
explicitly use that g3 =—q; —¢q¢,+1orgz; = —q; —q, + 2 ”Bn((]z —q) = \/—e Bo(qi—q)). (123)
or g =¢q,=q3=0.

IV. A SIMPLIFIED FORM FOR THE INSERTION ~ ° &
The insertion diagram involves sums over diagonal indi- 1“( )( = 4922 Bi(q; —q; VBs(q: —q;).  (124)
ces d which can be performed quite easily as they corre- ijl

spond to inner products between the corresponding

roots. We use the relation between the roots and the unit ~ Here, the only constraint on the indices is that i # j and
vectors mentioned in the previous sections to reduce the i # 1. In Eq. (123), B, always refers to B, or By and this
inner products to sums of Kronecker ¢’s. In addition, the  applies throughout this section.
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For the orthogonal groups the long and short roots satisfy
the following relations

> @B, (ng; +n'q;) = € (B,(q; + q;) + B, (g — q))).
'
(125)

> @B, (ng;) = &B,(q;). (126)
n

As a result, the insertion diagram for SO(2N) is reduced to

r?(so@2N)) = 222> (Bi(q; + ;)
ij,0

(127)

with i # j and i # [. For SO(2N + 1), the result is

r?(SO@2N +1)) =T (SORN)) + 24> [(Bi(g: + ;)

+ By(q:—q;))Bs(q;) +
+ Bs(q; — q;)) By (q;)]
+2£JZZB (91)B3(4:)-

(Bs(gi + g;)

(128)
and the same constraints i # j and i # [ apply.
Finally, for Sp(2N), we have
Z&”UB ql + QJ)) = gz(] +511) (CL + QJ) (129)
a’B,(q; — q;) = &B,(q; — q;)- (130)

In Eq. (129), the case where i = j is included. In Eq. (130),
i # j applies. The simplified insertion diagrams read

r?(sp(2N)) = ZQZZ <Z(1§1(Qi +4q;) + Bi(g: — q)))

+ 2@1(2%)) <Z(BS(%' +a1)

l

+ B3 (q; — (131)

Q1) + 233(2qi)>,

where i # j and i # [ apply.

"'On the left-hand side of Eq. (125), j > i is forbidden accord-
ing to our notations. However, on the right-hand side of this
equation, j > i is permitted. The same is true for Eq. (129).
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For G(2), we can also work out the structure constants
to get

r'?(G(2)) = 292231(611' —q;)(Bs(q:— q;)

ijl

—By(q,—q))) + ﬁzél (9:)B3(q;)

+2922B )(2Bs(q; — q;)
+ B3(q:) — Bs(q)))
2 231 )(3B3(q; — 1) — B3 ().

(132)

where i > j, j# /[ and i # [.

Using the explicit expressions for F( ) given in this sec-
tion, we can compute for larger N more efficiently. At the
same time, we can easily prove that the result for F
independent of the value of B 1(ng) for integer ny. We pomt
out that for the last term in G(2), to show the independence
on B, (ny), we need to use the condition ¢; + ¢, + g3 = 0,
1, 2. Notice that although the same condition appears for
SU(N), it is not actually needed to show independence
of B, (ng).

For the free energy F( ) , according to Eq. (64), there is an
obvious simplification 1f one of the indices in the structure
constant is diagonal. In this case, >, |f%><|* is just the
square of the roots’ length which is already known.
(Here, b and ¢ denote off-diagonal indices.) For instance,
for SU(N) such a term becomes

922(232(0)32(% -

It is straightforward to get these contributions for other
groups and we don’t list the rest here.

For the case where f*”¢ has no diagonal index, there is
no obvious simplification. However, the values of these
structure constants can be simply read off from the commu-
tators given above.

q;) + (By(q; — Qj))z)- (133)

V. CONCLUSIONS

The main result of this paper is that the two-loop renorm-
alization of the effective potential is very simple: the two-
loop potential is proportional to that at one loop, Eq. (66).
There is nothing in the way we perform the computation
that suggests such simplicity. For SU(N) groups it has long
been known [20,24] that this proportionality holds along
the edges of the Weyl chamber.

Hence, at this order in perturbation theory the minima of
the perturbative action stay put. How this works out to three-
loop order is something that remains to be worked out.
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The two-loop effective potential found here could now
be supplemented by a model for nonperturbative physics,
e.g. along the lines of Refs. [2—4], in an attempt to under-
stand the eigenvalue distribution of the Polyakov loop in
the gauge theories mentioned above.
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APPENDIX A: BERNOULLI POLYNOMIALS

We define the Bernoulli polynomials,

dd 1->
By(x Z/ 27) d_ ,])Zk, (A1)
no
d='p po
By o (x Z (2T (i) (A2)
L)

415
TZ/ - (log(p')* —log p?). (A3)

In these equations, p; = 27T (ng + x"/) with ng an integer.
Below, the indices i and j associated with x are omitted
for simplicity of notation. Also, (p")? = (pg)?* + p* and
p* = (2anT)?* + p*.

In d =4 dimensions and for £k =0, 1, we have the
following four Bernoulli polynomials:

A 2 o 2

By(x) = §n2T4B4(x), Bs(x) = §HT3B3 (x),
A 1 N T
By(x) = §T232(x)v By(x) = _EBl(x) (A4)
with
Byx) =2(1-x?  B(x)=x—72 42

1 1
Bz(x):_x2—x+6, Bl(x):x_i' (AS)

The above expressions are defined on the interval 0 < x <
1 and they are periodic functions of x, with period 1.
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For arbitrary values of x, the argument of the above
Bernoulli polynomials should be understood as x — [x] with
[x] the largest integer less than or equal to x, which is
nothing but the modulo function.

If —1 < x < 1 we can drop the modulo functions and the
Bernoulli polynomials reduce to

By(x) = x*(1 — e(x)x)?,

3 1
B3(x) = x> — Ee(x)x2 t5x

(A6)

where €(x) is the sign function.

In fact the Bernoulli polynomials B;(x) and Bj(x) are
odd functions of x, while B,(x) and B4(x) are even func-
tions of x, so we can always make the arguments of
Bernoulli polynomials positive(or be zero) and ignore
the sign functions which can save a lot of computing time.
However, we point out that B;(x) has discontinuities at
integer x. For example, the value of B;(0) depends on
the way one approaches zero, from above or from below.
If the result of the effective potential depends on B, (0), we
have to know how one approaches zero in order to use the
correct values of B(0). In this case, the sign function in
B|(x) is very important and can not be dropped even
x > 0. Fortunately, we can prove that the contributions
related to B;(ng) vanish without specifying the value of
B (ng). Therefore, the effective potential does not depend
on B (ny) and we can simply drop the sign functions when
x > 0. The proof is straightforward when using the total
antisymmetry of the structure constants. Alternatively,
one can also prove it by using the simplified expressions
of the insertion diagram given in Sec. IV.

APPENDIX B: THE IDENTITY EQUATION (53)

This identity relates the one-gluon correction of the
multiply winding Polyakov loop to the one-gluon correc-
tion of the Polyakov loop with single winding,

(Tr(03 - (L")")) = (QF - L") ry(®). (B
Here, D' = 3", AU}/ and the definition of A, is'
1 .
Ay (@) = £, —57 Boo(PY), (B2)
(pg)

with

2The dependence on the argument ®;; is through p. We have
(p9)? = (pU)* + jp* and plj = 22Tny + T,
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2
S0 — (1 - &) (47,
(p7)?

Ago(p) = (B3)

The multiply winding loop Tr(L (A)") can be written as

a time-ordered product from time 7 =0 to 7 = 7%,

Tr(L(Ay)") = Tr P exp <i/”/T drAy(X, T)) (B4)
0

There is a caveat: the field A is periodic modulo % not .
This smaller periodicity is guaranteed by the Matsubara
frequencies being integer multiples of 2z7. The propagator
follows from the action and has the small periodicity 1/7.
Diagonal gluons do not feel the background field; upon
integration over the emission and absorption times they are
odd in the Matsubara frequency and so do not contribute.
We only have to consider the contractions of off-diagonal
(Qf (z2)Qf (z1)). These propagators are gauge field propa-
gators in ¢ gauge,
(00 (72)Qq (11)) = exp(ipo(t2 — 71)) Ao (PV).  (BS)
Note the shift of the Matsubara frequencies in the propa-
gator Ay (p”). This follows from the diagonalization in
color space of the bilinear part of the action. The propaga-
tors in (B5) are still periodic modulo 1/T.
Thus, the calculation of the one-loop average of
Tr(L(Ap)") boils down to the one- gluon exchange correc-

tion in
n/T N
TrP exp <z/ Ao, r))
0

For convenience in what follows we write ® instead of
q = ®/27 in the arguments of L and the exponents.
The calculation of the average is now quickly achieved,

<TrP exp(i A " AR 1)>>

n/T [t
= _g2/ / l dT]de<Tr eXp(i‘DTTQ)QU(Tz)
0 0

x exp(i®T(r; — 75))Qo(7;) exp(i®(n — T1y))).
B7)

(B6)

We now use the propagator (B5) for (QF (z,)Q}'(z;)) and
the identities

exp(i®T7)A;; exp(—i®T7) = exp(i®;;T7)A (B3)

ijs

to shift the Matsubara frequencies from p, to po+
;T = pg - The result is that we can drop the heavy quark

PHYSICAL REVIEW D 89, 016009 (2014)

propagators but shift the frequency p, in the propagator in
Eq. (B5) to pi/ = po + DT,
The time-ordered integrals give two terms,

n/T
/ / dr dz, exp( zpo (1, —11))

(I —exp(=in®;)) n
(p(l)J)2 lTpo

(B9)

We do the same for the mode with (Q) (7,)Qy/ (71)). As
expected it gives Eq. (B9) with i<>j. If we sum over
—po instead of p,, we see that the denominator of the first
resp. second term are even resp. odd under interchange of i
and j. Substituting into Eq. (B7) we get the combination
(remember that D' = A1/ }J7)

<TI‘(Q_% . (Ln)l/)>
g n
_%ZTr [1_T exp(in®)(Dy; — Dj;)Aq)(P;))
+ exp(in®)A (@) (D(1 — exp(—inT®;))

+ Diil(1 — exp(mm,-j)))} . (B10)

The second term, proportional to A, drops out after
taking the trace. The reason is that Tr(exp(in®)D") =
1 exp(in®;). Clearly, the untraced loop contains unphysi-
cal results like the divergent A but the trace projects
them out.

The latter argument is not only valid for SU(N) but also
for the other classic groups (by using the roots ;).

Remarkably, the matrix #%}(®) factors out and we obtain
Eq. (53),

(Tr(Q3 - (L")")) = (QF - L") 411)(®). (B11)

This the desired factorization, and the first factor (Q3 -
L"), is the projection on 4, of the one-gluon corrected
Polyakov loop.

Recall that the insertion diagram in Fig. 1 involves only
summation over the looping index n. The derivative acting
on the gauge field vertices is, according to (41),

(B12)

05 = Z%(Q)Q_d
d

Hence, the summation over these loop indices n drops out,
because of the factorization we just obtained,
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N-1 . '
r=S (TG} <L")”>><%§>

=, - aSint
=30 L ).
004

(B13)
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- 1 . .
2 _ 2 d,ij,ji i
(Q5-L") =g ﬁzjf IAG(@Y). (Bl
This is the result for all covariant background gauges and
all classical groups. We leave it to the reader to isolate the
part proportional to the gauge parameter £ This follows
immediately from the expression for Ay in Eq. (B2).
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