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Using the formalism obtained from collinear expansion, we calculate the differential cross section and
azimuthal asymmetries in the semi-inclusive deeply inelastic lepton-nucleon (nucleus) scattering process
e− þ NðAÞ → e− þ qþ X with both polarized beam and polarized target up to twist-3. We derive the
azimuthal asymmetries in terms of twist-3 parton correlation functions. We simplify the results by using
the QCD equation of motion that leads to a set of relationships between different twist-3 functions.
We further study the nuclear dependence of azimuthal asymmetries and show that they have similar
suppression factors as those in the unpolarized reactions.
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I. INTRODUCTION

Azimuthal asymmetries in semi-inclusive deeply inelas-
tic lepton-nucleon scattering (SIDIS) play an important
role in the study of the partonic structure of the nucleon,
attracting much effort in both theory [1–15] and experiment
[16–28]. In such studies, spin and nuclear dependences are
often important and provide a useful tool to investigate
these effects. Also because of this, higher twist contribu-
tions are often significant and need to be taken into account
precisely. Besides, such higher twist effects usually depend
on new higher twist parton correlation functions; hence the
studies of them provide a new window to learn about the
structure of the nucleon.
One of the most important issues in these studies is to

establish the relationships between the experimentally
measurable quantities and different parton distribution
and/or correlation functions that describe the partonic struc-
ture of the nucleon and the properties of the hadronic inter-
action in a consistent theoretical framework. Collinear
expansion seems to be the most promising technique that
leads to such a framework. It was proposed in the 1980s
and has been successfully applied to the inclusive processes
[29–33]. It has been shown that, after collinear expansion,
the differential cross section can be expressed as a convo-
lution of the collinear expanded hard parts with the parton
distribution and/or correlation functions in the nucleon.
While the hard parts are calculable, the parton distribu-
tion and/or correlation functions can be defined in terms
of gauge invariant matrix elements of the nucleon state.

These matrix elements contain the information about parton
distributions inside the nucleon. The gauge link inside the
gauge invariant matrix elements is a result of multiple gluon
scattering within the collinear expansion scheme. Within
this scheme, one performs Taylor expansion of the hard
parts around the collinear momenta. The leading twist con-
tributions come from the zeroth order in the collinear
expansion allowing all momenta taking their collinear
values. Higher twist contributions from the higher orders
of the Taylor expansion can be calculated consistently.
Higher twist effects in semi-inclusive deeply inelastic

lepton-nucleon scattering have also been studied in litera-
ture, and calculations of the differential cross section up to
the twist-3 level have been carried out [5,6,8,9]. However,
most of these studies do not consider the application of col-
linear expansion. Instead, they usually start from the
expressions obtained directly from the Feynman diagrams,
extract the leading (twist-2) and the subleading (twist-3)
twist contributions by making appropriate approximations,
and insert the gauge link whenever needed to guarantee the
gauge invariance of the parton distribution and/or correla-
tion functions. It is thus unknown, if yes, how the collinear
expansion is applicable here. It is not obvious where
the gauge link comes from and which form it takes. It is
also not known whether the calculations extend to an even
higher twist. A systematic study leading to a consistent
formalism is necessary but still lacking.
In Ref. [12], we made the first step toward this goal by

applying the collinear expansion technique to the SIDIS
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process e− þ N → e− þ qþ X, where q denotes a quark
that is equivalent to a jet in the experiment. We showed that
the collinear expansion technique is applicable for this
process and derived a formalism suitable for studying lead-
ing as well as higher twist contributions to e− þ N → e− þ
qþ X in a systematic way. This formalism is similar to
what we have for the inclusive process, and similar expres-
sions can be obtained for the differential cross section or the
hadronic tensor as a convolution of the hard parts and the
unintegrated or transverse momentum dependent (TMD)
parton correlation functions. We carried out the calculations
of the azimuthal asymmetries in the unpolarized cases up
to twist-4 [14] and those in the case with transversely
polarized targets up to twist-3 [12]. Furthermore, we also
showed that the multiple gluon scattering contained in
the gauge link leads to a significant nuclear dependence
of the azimuthal asymmetries that can be studied experi-
mentally [13,34].
In this paper, we present calculations of azimuthal

asymmetries in the semi-inclusive process e− þ NðAÞ →
e− þ qþ X with the beam and target in different polariza-
tions up to twist-3 using the formalism derived in [12]. For
completeness, we summarize the formalism in Sec. II and
present the results of the hadronic tensor. In Sec. III,
we present the results of the differential cross sections
and the azimuthal asymmetries. We study the nuclear
dependence in Sec. IV and conclude in Sec. V.

II. THE HADRONIC TENSOR

The formalism that we use in our calculations are derived
in [12] for the semi-inclusive process e− þ N → e− þ qþ
X and are summarized in [14]. It is obtained by applying
collinear expansion and contains the contributions from the
multiple gluon scattering. For completeness and also for
comparison with other approaches such as those in [5,9],
we summarize the most related results of this formalism
in Sec. II.A and present the results for the hadronic tensors
in different polarized cases up to twist-3 in other parts of
this section.

A. The formalism

We consider the SIDIS process e− þ N → e− þ qþ X
and use l, l0, p, k, and k0 to denote the four-momenta
of the electron, nucleon, and parton, respectively;
those with primes are for the final state. The polarization
vectors are denoted by sl and s and are taken as
sμl ¼ λllμ=me þ sμl⊥, and sμ ¼ λpμ=M þ sμ⊥, where λl and

λ are the helicities. We use light-cone coordinate kμ ¼
ðkþ; k−; k⃗⊥Þ and take unit vectors as n̄ ¼ ð1; 0; 0⃗⊥Þ,
n ¼ ð0; 1; 0⃗⊥Þ, and n⊥ ¼ ð0; 0; n⃗⊥Þ. We choose the coordi-
nate system such that p ¼ pþn̄, q ¼ −xBpþ nQ2=
ð2xBpþÞ, l⊥ ¼ jl̄⊥jn⊥1, where xB ¼ Q2=2p · q, and define
y ¼ p · q=p · l.

The differential cross section is given by

dσ ¼ 2α2eme2q
sQ4

Lμνðl; l0; slÞ
d2Wμν

d2k0⊥
d3l0d2k0⊥
2El0

; (1)

where Lμνðl; l0; slÞ is the leptonic tensor, and the hadronic
tensor is given by

d2Wμν

d2k0⊥
¼

Z
dk0z

ð2πÞ32Ek0
WðsiÞ

μν ðq; p; s; k0Þ; (2)

WðsiÞ
μν ðq;p; s; k0Þ ¼ 1

2π

X
X

hp;sjjμð0Þjk0;Xihk0;Xjjνð0Þjp;si

× ð2πÞ4δ4ðpþ q−pXÞ: (3)

As discussed in [29,30] for inclusive DIS and in [12] for
semi-inclusive DIS, to obtain the gauge invariant form of
the hadronic tensor including leading and higher twist con-
tributions in a systematic way, at the tree level, we need to
consider the Feynman diagram series as illustrated
in Fig. 1. The hadronic tensor is given by a sum of the
contribution from each diagram WðsiÞ

μν ¼ P
jW

ðj;siÞ
μν . For

example, for j ¼ 0, 1, and 2,

Wð0;siÞ
μν ¼ 1

2π

Z
d4k
ð2πÞ4 Tr½Ĥð0Þ

μν ðk; qÞϕ̂ð0Þðk; p; SÞ�2Ek0

× ð2πÞ3δ3ðk⃗0 − k⃗ − q⃗Þ; (4)

Wð1;siÞ
μν ¼ 1

2π

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4

X
c¼L;R

2Ek0

× ð2πÞ3δ3ðk⃗0 − k⃗c − q⃗Þ
× Tr½Ĥð1;cÞρ

μν ðk1; k2; qÞϕ̂ð1Þ
ρ ðk1; k2; pÞ�; (5)

N(p) N(p)

q(k) q(k)

q(k′) q(k′)
γ*(q) γ*(q)

(a)
N(p) N(p)

q(k1) q(k2)g

γ*(q) γ*(q)

(b)
N(p) N(p)

q(k1) q(k2)k3 k4

γ*(q) γ*(q)

(c)

FIG. 1. Examples of the Feynman diagram series considered for
γ� þ N → qþ X with (a) j ¼ 0, (b) j ¼ 1, and (c) j ¼ 2 gluons
exchanged.
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Wð2;siÞ
μν ¼ 1

2π

Z
d4k1
ð2πÞ4

d4k2
ð2πÞ4

d4k
ð2πÞ4

X
c¼L;R;M

2Ek0

× ð2πÞ3δ3ðk⃗0 − k⃗c − q⃗Þ
× Tr½Ĥð2;cÞρσ

μν ðk1; k2; k; qÞϕ̂ð2Þ
ρσ ðk1; k2; k; p; SÞ; (6)

where c denotes different cuts, kL ¼ k1, kR ¼ k2, kM ¼ k,
and the hard parts are given by

Ĥð0Þ
μν ðq; kÞ ¼ γμðkþ qÞγνð2πÞδþððk − qÞ2Þ; (7)

Ĥð1;LÞρ
μν ðk1; k2; qÞ

¼ γμðk2 þ qÞγρ k1 þ q
ðk1 þ qÞ2 − iϵ

γνð2πÞδþððk2 þ qÞ2Þ;
(8)

Ĥð2;LÞρσ
μν ðk1; k2; k; qÞ

¼ γμðk2 þ qÞγρ kþ q
ðkþ qÞ2 − iϵ

γσ
k1 þ q

ðk1 þ qÞ2 − iϵ
γν

× ð2πÞδþððk2 þ qÞ2Þ; (9)

and the matrix elements or the correlators are defined as

ϕ̂ð0Þðk; p; SÞ ¼
Z

d4zeikzhp; Sjψ̄ð0ÞψðzÞjp; Si; (10)

ϕ̂ð1Þ
ρ ðk1; k2; p; SÞ

¼
Z

d4yd4zeik1zþiðk2−k1Þyhp; Sjψ̄ð0ÞgAρðzÞψðyÞjp; Si;
(11)

ϕ̂ð2Þ
ρσ ðk1; k2; k; p; SÞ

¼
Z

d4yd4y0d4zeik1·yþiðk−k1Þ·z0þiðk2−kÞ·z

× hp; Sjψ̄ð0ÞgAρðzÞgAσðz0ÞψðyÞjp; Si: (12)

It is well known that, since the field operators in the cor-
relators given by Eqs. (10)–(12) are at different space-time
points, these correlators and the parton distribution and/or
correlation functions defined from them are not gauge
invariant. To reach the gauge invariant form, we need to
do the collinear expansion. The expansion has been carried
out and summarized in [12,14]. We present the main results

in the following. For brevity, we show only j ¼ 0 and 1
terms that are needed in our calculations in this paper
up to twist-3.
It has been shown that [12], after collinear expansion, the

hadronic tensor takes the form

d2Wμν

d2k0⊥
¼ d2 ~Wð0Þ

μν

d2k0⊥
þ d2 ~Wð1Þ

μν

d2k0⊥
þ � � � ; (13)

d ~Wð0Þ
μν

d2k0⊥
¼ 1

2π

Z
dxd2k⊥ Tr½Ĥð0Þ

μν ðxÞΦ̂ð0ÞNðx; k⊥Þ�

× δð2Þðk⃗⊥ − k⃗0⊥Þ; (14)

d ~Wð1Þ
μν

d2k0⊥
¼ 1

2π

Z
dx1d2k1⊥dx2d2k2⊥

×
X
c¼L;R

Tr½Ĥð1;cÞρ
μν ðx1; x2Þωρ0

ρ

× Φ̂ð1ÞN
ρ0 ðx1; k1⊥; x2; k2⊥Þ�δð2Þðk⃗c⊥ − k⃗0⊥Þ; (15)

where the symbols ~WðjÞ with tildes represent results after
collinear expansion and ωρ

ρ0 ¼ gρρ
0 − n̄ρnρ

0
is a projection

operator. The matrix elements take the gauge invariant form
and are given by

Φ̂ð0ÞNðx; k⊥Þ ¼
Z

pþdy−d2y⊥
ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hNjψ̄ð0ÞLð0; yÞψðyÞjNi; (16)

Φ̂ð1ÞN
ρ ðx1; k1⊥; x2; k2⊥Þ

¼
Z

pþdy−d2y⊥
ð2πÞ3

pþdz−d2z⊥
ð2πÞ3

× eix2p
þz−−ik⃗2⊥·z⃗⊥þix1pþðy−−z−Þ−ik⃗1⊥·ðy⃗⊥−z⃗⊥Þ

× hNjψ̄ð0ÞLð0; zÞDρðzÞLðz; yÞψðyÞjNi; (17)

where Lð0; yÞ is the gauge link obtained in the collinear
expansion and is given by

Lð0;yÞ¼L†
∥ð∞; 0⃗⊥;0; 0⃗⊥ÞL⊥ð∞; 0⃗⊥; y⃗⊥ÞL∥ð∞; y⃗⊥;y−; y⃗⊥Þ;

(18)

L∥ð∞; y⃗⊥; y−; y⃗⊥Þ ¼ Pe
−ig

R
∞
y− dξ−Aþðξ−;y⃗⊥Þ; (19)
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L⊥ð∞; 0⃗⊥; y⃗⊥Þ ¼ Pe
−ig

R
y⃗⊥
0⃗⊥

dξ⃗⊥·A⃗⊥ð∞;ξ⃗⊥Þ; (20)

where P stands for path integral. The hard parts in these
~WðjÞ’s with tildes are the first terms in the Taylor expansions
at ki ¼ xip of the corresponding hard parts obtained directly
from the Feynman diagrams. They are given by [12]

Ĥð0Þ
μν ðxÞ ¼ 2π

2q · p
γμðqþ xpÞγνδðx − xBÞ; (21)

Ĥð1;LÞρ
μν ðx1; x2Þ

¼ 2π

ð2q · pÞ2
γμðqþ x2pÞγρðqþ x1pÞγν

x2 − xB − iε
δðx1 − xBÞ: (22)

Equations (13)–(22) form thebasis for calculating thehad-
ronic tensor in e− þ N → e− þ qþ X at the tree level
including leading and higher twist contributions.We empha-
size once more that these equations are derived from the
Feynman diagram series in Fig. 1 using collinear expansion.
They are nothing else but a reorganization ofWðj;siÞ given by
Eqs. (4)–(6) obtained directly from this diagram series. We
also note that ~WðjÞ differs distinctly from the corresponding
Wðj;siÞ and shows in particular the following features.
(1) None of the ~WðjÞ’s with tildes corresponds to one

single Feynman diagram in the diagram series given
in Fig. 1. It contains contributions from all of the
infinite number of diagrams in this diagram series
with the exchange of j ¼ 0; 1; 2;… gluon(s).

(2) The correlators acquire automatically the gauge
links and are gauge invariant. The gauge link comes
from the multiple gluon scattering shown in Fig. 1.
Furthermore, in the quark-gluon-quark correlator,
the covariant derivative is obtained to replace the
gluon field operator in the original correlator before
collinear expansion.

(3) All the parton momenta in the hard parts take only
the n̄ components, while the corresponding n and n⊥
components are taken as zero. Also there are projec-
tion operators ωρ

ρ0 ’s in the expressions for ~WðjÞ for
j > 0 due to the collinear expansion.

Because of the features mentioned above, in parti-
cular point (3), the expressions for ~WðjÞ can be further
simplified. In fact, because of (3), the hard parts reduce
to the following simple form:

Ĥð0Þ
μν ðxÞ ¼ πĥð0Þμν δðx − xBÞ; (23)

Ĥð1;LÞρ
μν ðx1; x2Þωρ

ρ0 ¼ π

2q · p
ĥð1Þρμν ωρ

ρ0δðx1 − xBÞ; (24)

where ĥð0Þμν ¼ γμnγν=pþ, and ĥð1Þρμν ¼ γμ̄nγρnγν. We see not
only that their x dependences are contained only in the δ
functions but also that Ĥð1;LÞρ

μν ðx1; x2Þωρ
ρ0 depends only

on x1 but not on x2. This implies that we can simply carry
out the integration over k2 in the correlator Φ̂

ð1Þ in ~Wð1Þ and
obtain

d2 ~Wð0Þ
μν

d2k⊥
¼ 1

2
Tr½ĥð0Þμν Φ̂ð0ÞNðxB; k⊥Þ�; (25)

d2 ~Wð1;LÞ
μν

d2k⊥
¼ 1

4q · p
Tr½ĥð1Þρμν ωρ

ρ0φ̂ð1ÞN
ρ0 ðxB; k⊥Þ�: (26)

The new correlator φ̂ð1Þ
ρ is defined as φ̂ð1ÞN

ρ ðx1; k1⊥Þ≡R
dx2d2k2⊥Φ̂

ð1ÞN
ρ ðx1; k1⊥; x2; k2⊥Þ and is given by

φ̂ð1ÞN
ρ ðx; k⊥Þ ¼

Z
pþdy−d2y⊥

ð2πÞ3 eixp
þy−−ik⃗⊥·y⃗⊥

× hNjψ̄ð0ÞDρð0ÞLð0; yÞψðyÞjNi: (27)

It depends only on one parton momentum k; the quark field
operator ψ̄ and the covariant derivative Dρ are at the same
space-time point. Here, we may note that, unlike what we
do in the current approach, the calculations presented in,
e.g., [9] start from the hadronic tensors WðjÞ’s given by
Eqs. (4) and (5) obtained directly from the Feynman dia-
grams given by Figs. 1(a) and 1(b). To obtain the corre-
sponding results, they need to make approximations
for the hard parts by keeping only n̄ terms, inserting the
gauge links into the matrix elements to guarantee the gauge
invariance. Such operations are avoided in the formalism
obtained using collinear expansion where the Feynman dia-
gram series is considered systematically and the gauge
links are obtained automatically.

B. Twist-3 contributions to d2Wμν=d2k⊥
Up to twist-3, we need to consider the contributions

from d2 ~Wð0Þ
μν =d2k⊥ and those from d2 ~Wð1Þ

μν =d2k⊥. Since
the hard part ĥð0Þμν and ĥð1Þρμν have an odd number of γ matri-
ces, only γα and γαγ5 terms of correlation matrices contrib-
ute. We decompose the correlation matrices as Φ̂ð0Þ ¼
ðΦð0Þ

α γα − ~Φð0Þ
α γ5γ

αÞ=2þ � � �, φ̂ð1Þ
ρ ¼ ðφð1Þ

ρα γα − ~φð1Þ
ρα γ5γ

αÞ=
2þ � � �, and obtain the hadronic tensors as

d2 ~Wð0Þ
μν

d2k⊥
¼ 1

4
Tr½ĥð0Þμν γα�Φð0Þ

α − 1

4
Tr½ĥð0Þμν γ5γ

α� ~Φð0Þ
α ; (28)

d2 ~Wð1;LÞ
μν

d2k⊥
¼ 1

8p · q
Tr½ĥð1Þρμν γα�φð1Þ

ρα − 1

8p · q
Tr½ĥð1Þρμν γ5γ

α� ~φð1Þ
ρα :

(29)
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To proceed, we need to decompose the matrix elements
involved in terms of the Lorentz covariants constructed
from p, n, k⊥, and S multiplied by the scalar functions
of x and k2⊥. These scalar functions are just different com-
ponents of the parton distribution and/or correlation func-
tions. Such decompositions are the same as those discussed
in different publications [9,35]. By inserting them into the
above mentioned Eqs. (28) and (29), we can obtain the
hadronic tensors in terms of these parton distribution
and correlation functions. In the following, we calculate
different contributions term by term. We first consider
d2 ~Wð0Þ

μν =d2k⊥. Up to the twist-3 level, Φð0Þ
α and ~Φð0Þ

α are
decomposed as [35]

Φð0Þ
α ¼ ðf1− εks⊥ f⊥1TÞpαþf⊥k⊥α−fTMε⊥αisi⊥

− f⊥T
M

�
k⊥αk⊥β − 1

2
k2⊥dαβ

�
εβi⊥s⊥i− λf⊥L ε⊥αiki⊥þ �� � ;

(30)

~Φð0Þ
α ¼ −

�
λg1L − k⊥ · s⊥

M
g⊥1T

�
pα þ g⊥ε⊥αiki⊥ − gTMs⊥α

þ g⊥T
M

�
k⊥αk⊥β − 1

2
k2⊥dαβ

�
sβ⊥ − λg⊥Lk⊥α þ � � � ;

(31)

where εμν⊥ ≡ ερσμνn̄ρnσ, dμν ≡ gμν − n̄μnν − n̄νnμ, and
εks⊥ ≡ ð1=MÞεij⊥k⊥is⊥j ¼ ð1=MÞðk⃗⊥ × s⃗⊥Þ · ẑ.

Tr½ĥð0Þμν p� ¼ −4dμν; (32)

Tr½ĥð0Þμν γ5p� ¼ 4iε⊥μν; (33)

Tr½ĥð0Þμν γα� ¼
4

pþ nfμdνgα; (34)

Tr½ĥð0Þμν γ5γα� ¼
4i
pþ n½με⊥ν�α; (35)

where AfμBνg ≡ AμBν þ AνBμ, and A½μBν� ≡ AμBν−
AνBμ. Hence, we obtain, up to twist-3,

d2 ~Wð0Þ
μν

d2k⊥
¼ −dμνðf1 − εks⊥ f⊥1TÞ þ

1

p · q
k⊥fμðqþ xBpÞνgðf⊥ − εks⊥f⊥T Þ − M

p · q
ðqþ xBpÞfμε⊥νgisi⊥f̂T

− λ

p · q
ðqþ xBpÞfμε⊥νgiki⊥f⊥L þ iε⊥μν

�
λg1L − k⊥ · s⊥

M
g⊥1T

�
− i
p · q

k⊥½μðqþ xBpÞν�ðg⊥ þ εks⊥ g⊥T Þ

þ iM
p · q

ðqþ xBpÞ½με⊥ν�isi⊥ĝT þ iλ
p · q

ðqþ xBpÞ½με⊥ν�iki⊥g⊥L ; (36)

where f̂T ¼ fT − k2⊥
2M2 f⊥T and ĝT ¼ gT − k2⊥

2M2 g⊥T .
Then, we calculate the contributions from d2 ~Wð1Þ

μν =d2k⊥. Up to twist-3, in the correlation matrices φð1Þ
ρα and ~φð1Þ

ρα , we need
to consider the pα terms as given in the following:

φð1Þ
ρα ¼ pα

�
φ⊥k⊥ρ − φTMε⊥ρisi⊥ − φ⊥

T

M

�
k⊥αk⊥β − 1

2
k2⊥dαβ

�
εβi⊥s⊥i − λφ⊥

L ε⊥ρiki⊥
�
þ � � � (37)

~φð1Þ
ρα ¼ ipα

�
− ~φ⊥ε⊥ρiki⊥ þ ~φTMs⊥ρ − ~φ⊥

T

M

�
k⊥αk⊥β − 1

2
k2⊥dαβ

�
sβ⊥ þ λ ~φ⊥

Lk⊥ρ

�
þ � � � : (38)

The corresponding hard factors are given by

Tr½ĥð1Þρμν p� ¼ −8pμdνρ; (39)
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Tr½ĥð1Þρμν γ5p� ¼ −8ipμε⊥ν
ρ: (40)

We insert them into Eq. (29) and obtain

d2 ~Wð1;LÞ
μν

d2k0⊥
¼ − pμ

p·q ½ðφ⊥ − εks⊥φ⊥
T Þk⊥ν − φ̂TMε⊥νisi⊥ − λφ⊥

L ε⊥νiki⊥�
− pμ

p · q
½ð ~φ⊥ þ εks⊥ ~φ⊥

T Þk⊥ν þ ~̂φTMε⊥νisi⊥ þ λ ~φ⊥
L ε⊥νiki⊥�;

(41)

where φ̂T ¼ φT − k2⊥
2M2 φ⊥

T and ~̂φT ¼ ~φT − k2⊥
2M2 ~φ⊥

T .

C. Simplifying d2Wμν=d2k⊥ with QCD EOM relations

The quark field operator ψðyÞ satisfies the QCD
equation of motion (EOM) for massless quark
γ ·DðyÞψðyÞ ¼ 0. Hence, the correlation functions defined
in Eqs. (30), (31), (37), and (38) are not independent from
each other. We have in particular, for ρ ¼ 1, 2,

xΦð0Þ
ρ ¼ − nα

pþ ðReφð1Þ
ρα − ε⊥ρ

σIm ~φð1Þ
σα Þ; (42)

x ~Φð0Þ
ρ ¼ − nα

pþ ðRe ~φð1Þ
ρα þ ε⊥ρ

σImφð1Þ
σα Þ: (43)

We make Lorentz contractions of both sides of Eq. (42)
with kρ⊥ and ερi⊥k⊥i, and obtain

xf⊥ ¼ −Reðφ⊥ − ~φ⊥Þ; (44)

xfT ¼ −ReðφT þ ~φTÞ; (45)

xf⊥L ¼ −Reðφ⊥
L þ ~φ⊥

L Þ; (46)

xf⊥T ¼ −Reðφ⊥
T þ ~φ⊥

T Þ: (47)

Similarly, after Lorentz contractions of both sides of
Eq. (43) with kρ⊥ and ερi⊥k⊥i, we obtain

xg⊥ ¼ Imðφ⊥ − ~φ⊥Þ; (48)

xgT ¼ −ImðφT þ ~φTÞ; (49)

xg⊥L ¼ −Imðφ⊥
L þ ~φ⊥

L Þ; (50)

xg⊥T ¼ −Imðφ⊥
T þ ~φ⊥

T Þ: (51)

We note that similar relations have also been obtained ear-
lier in, e.g., [9]. However, the twist-3 parton correlation
functions in the corresponding equations in [9] are defined
using the quark-gluon-quark correlater where gluon field
Aρ is used instead ofDρ used here. We see clearly the simi-
larities and differences between those relations obtained
there and those that are listed above.
Using these relations, we rewrite the contributions from

~Wð1Þ
μν as

2Re
d2 ~Wð1;LÞ

S;μν

d2k⊥
¼ xB
p ·q

fpfμk⊥νgðf⊥−εks⊥ f⊥T Þ

−Mpfμε⊥νgisi⊥f̂T−λpfμε⊥νgiki⊥f⊥Lg; (52)

2 Im
d2 ~Wð1;LÞ

A;μν

d2k⊥
¼ xB

p · q
fp½μk⊥ν�ðg⊥ þ εks⊥ g⊥T Þ

þMp½με⊥ν�isi⊥ĝT þ λp½με⊥ν�iki⊥g⊥L Þg:
(53)

It is very interesting to see that, up to twist-3, all the con-
tributions can be expressed by the coefficient functions
of Φ̂ð0Þ.
We add the contributions from ~Wð1Þ

μν to those from ~Wð0Þ
μν

and obtain the final result for the hadronic tensor up to
twist-3 as

d2Wμν

d2k⊥
¼ −dμνðf1 − εks⊥ f⊥1TÞ þ

1

p · q
k⊥fμðqþ 2xBpÞνgðf⊥ − εks⊥ f⊥T Þ − M

p · q
ðqþ 2xBpÞfμε⊥νgisi⊥f̂T

− λ

p · q
ðqþ 2xBpÞfμε⊥νgiki⊥f⊥L þ iε⊥μν

�
λg1L − k⊥ · s⊥

M
g⊥1T

�
− i
p · q

k⊥½μðqþ 2xBpÞν�ðg⊥ þ εks⊥ g⊥T Þ

þ iM
p · q

ðqþ 2xBpÞ½με⊥ν�isi⊥ĝT þ iλ
p · q

ðqþ 2xBpÞ½με⊥ν�iki⊥g⊥L : (54)
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We see that the result satisfies the electromagnetic
gauge invariance qμd2Wμν=d2k⊥ ¼ qνd2Wμν=d2k⊥ ¼ 0
explicitly. The result is expressed in terms of 12 TMD par-
ton distribution and/or correlation functions. They contain
the information from the hadron structure and that from the
multiple gluon scattering. We discuss them briefly in the
following section.

D. TMD quark distribution/correlation functions

As can be seen from Eq. (54), up to twist-3, 12
TMD parton distribution and/or correlation functions are
involved for the semi-inclusive DIS scattering process
e− þ N → e− þ qþ X. Six of them are from the expansion

of Φð0Þ
α ¼ Tr½γαΦ̂ð0Þ

α �=2 and six from ~Φð0Þ
α ¼ Tr½γ5γαΦ̂ð0Þ

α �=
2. They are defined in Eqs. (30) and (31). By reversing
these two equations, we can obtain the operator expressions
for these quark distribution and correlation functions. Four
of them are leading twist parton distribution functions that
are quite familiar to us and can be found in different liter-
ature, e.g., in [36]. They all have clear physical interpreta-
tions, have attracted much attention, and have been given
much effort both theoretically [9,37–52] and experimen-
tally [23–25,27,53–61]. As can be seen in Sec. II.B, in
the jet production process eþ N → eþ qþ X where only
one hadron state is involved, the hard parts contain an odd
number of γ matrices. Hence, in the decomposition of cor-
relation matrices, chiral-odd distribution and/or correlation
functions, such as transversity and Boer-Mulders functions,
involve an even number of γ matrices and will not contrib-
ute. Such functions can be studied in the hadron production
process eþ N → eþ hþ x or the Drell-Yan process
pþ p → ll̄þ X, where two hadron states are involved.
The other eight are twist-3 and have the following

operator expressions [35]:

k2⊥f⊥ðx; k⊥Þ ¼
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hpjψ̄ð0Þk⊥Lð0; yÞψðyÞjpi; (55)

k2⊥g⊥ðx; k⊥Þ ¼ −
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hpjψ̄ð0Þεij⊥k⊥jγ⊥iγ5Lð0; yÞψðyÞjpi; (56)

εks⊥ ðk⊥ · s⊥ÞfTðx; k⊥Þ

¼ − 1

M2

Z
pþdy−d2y⊥

2ð2πÞ3 eixp
þy−−ik⃗⊥·y⃗⊥

×

�
p; s↑↓⊥ jψ̄ð0Þ

�
ki⊥k

j
⊥ − 1

2
k2⊥dij

�

× γ⊥is⊥jLð0; yÞψðyÞjp; s↑↓⊥
�
; (57)

εks⊥ ðk⊥ · s⊥ÞgTðx; k⊥Þ

¼ 1

M2

Z
pþdy−d2y⊥

2ð2πÞ3 eixp
þy−−ik⃗⊥·y⃗⊥

×

�
p; s↑↓⊥ jψ̄ð0Þ

�
ki⊥k

j
⊥ − 1

2
k2⊥dij

�

× γ⊥iε⊥jlsl⊥γ5Lð0; yÞψðyÞjp; s↑↓⊥
�
; (58)

εks⊥ ðk⊥ · s⊥Þf⊥T ðx; k⊥Þ

¼ −
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hp; s↑↓⊥ jψ̄ð0Þs⊥Lð0; yÞψðyÞjp; s↑↓⊥ i; (59)

εks⊥ ðk⊥ · s⊥Þg⊥T ðx; k⊥Þ

¼ −
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hp; s↑↓⊥ jψ̄ð0Þεij⊥s⊥jγ⊥iγ5Lð0; yÞψðyÞjp; s↑↓⊥ i; (60)

k2⊥f⊥L ðx; k⊥Þ ¼ −
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hp;þjψ̄ð0Þεij⊥k⊥jγ⊥iLð0; yÞψðyÞjp;þi;
(61)

k2⊥g⊥L ðx; k⊥Þ ¼
Z

pþdy−d2y⊥
2ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hp;þjψ̄ð0Þk⊥γ5Lð0; yÞψðyÞjp;þi: (62)

Among them, f⊥ and g⊥ are related to the unpolarized case;
fT , gT , f⊥T , and g⊥T are related to the transverse polarization,
and f⊥L and g⊥L are related to the longitudinal polarization.
These twist-3 quark correlation functions have no simple

probabilistic interpretation. In fact, as we can see from the
derivations that lead to these results, these twist-3 correla-
tion functions come from the interference terms between
amplitudes for scattering without multiple gluon scattering
and that with one gluon scattering.
If we integrate over

R
d2k⊥, we obtain the hadronic ten-

sor Wμν from d2Wμν=d2k⊥. Since all parton distribution
and/or correlation functions f’s and g’s are scalar functions
of k⊥, all the terms that are linearly dependent on k⊥ vanish
after the integration and we obtain from Eq. (54) that
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Wμν ¼ −dμνf1ðxÞ − M
p · q

ðqþ 2xBpÞfμε⊥νgisi⊥fTðxÞ

þ iε⊥μνλg1LðxÞ þ
iM

2p · q
ðqþ 2xBpÞ½με⊥ν�isi⊥gTðxÞ;

(63)

where f1ðxÞ≡
R
d2k⊥f1ðx;k⊥Þ, g1LðxÞ≡

R
d2k⊥g1Lðx;k⊥Þ,

and,

fTðxÞ≡
Z

d2k⊥fTðx; k⊥Þ; (64)

gTðxÞ≡
Z

d2k⊥gTðx; k⊥Þ: (65)

The gTðxÞ term is the only twist-3 contribution to the
structure function in inclusive DIS with a longitudi-
nally polarized lepton beam and a transversely polarized
nucleon target, as discussed in [62]. The fTðxÞ term is a
time-reversal-odd term corresponding to the T-odd term
pfμενgρστpρqσsτ in Wμν. It can be shown that, under time
reversal invariance, fTðxÞ ¼ 0.
The situation as considered in [2] and [4] can be recov-

ered by putting g ¼ 0. In this case, there is no multiple
gluon scattering and L ¼ 1. Consequently the T-odd

TMD distribution and/or correlation functions must be
zero. The twist-3 quark correlation functions reduce to

xf⊥ðx; k⊥Þjg¼0 ¼ f1ðx; k⊥Þjg¼0; (66)

fTðx; k⊥Þjg¼0 ¼ f⊥L ðx; k⊥Þjg¼0 ¼ f⊥T ðx; k⊥Þjg¼0 ¼ 0; (67)

xg⊥L ðx; k⊥Þjg¼0 ¼ g1Lðx; k⊥Þjg¼0; (68)

xgTðx; k⊥Þjg¼0 ¼ − k2⊥
2M2

xg⊥T ðx; k⊥Þjg¼0

¼ − k2⊥
2M2

g⊥1Tðx; k⊥Þjg¼0; (69)

g⊥ðx; k⊥Þjg¼0 ¼ 0: (70)

The hadronic tensor reduces to

d2 ~Wμν

d2k⊥

����
g¼0

¼ −
�
dμν − 1

xBp · q
k⊥fμðqþ 2xBpÞνg

�
f1ðx; k⊥Þjg¼0

þ iλ

�
ε⊥μν þ

1

xBp · q
ðqþ 2xBpÞ½με⊥ν�iki⊥

�
g1Lðx; k⊥Þjg¼0

− i
k⊥ · s⊥
M

�
ε⊥μν þ

1

xBp · q
ðqþ 2xBpÞ½με⊥ν�iki⊥

�
g⊥1Tðx; k⊥Þjg¼0: (71)

This just corresponds to the results obtained using the
simple parton model with intrinsic transverse momentum
as discussed in [2] and [4] for the unpolarized and the
longitudinally polarized cases, respectively. The devia-
tions from this result come from the multiple gluon
scattering.

III. CROSS SECTIONS AND AZIMUTHAL
ASYMMETRIES

Making the Lorentz contraction of the hadronic tensor
d2Wμν=d2k⊥ as given by Eq. (54) with the leptonic tensor
Lμνðl; l0Þ, we obtain the differential cross section of the
process e−ðl; slÞ þ Nðp; sÞ → e−ðl0Þ þ qðk0Þ þ X as

dσ
dxBdyd2k⊥

¼ 2πα2eme2q
Q2y

ðWUU þ λlWLU þ s⊥WUT þ λWUL

þ λlλWLL þ λls⊥WLTÞ; (72)

where Wsls represents the contribution in the different
polarization case, and we use the superscript sl ¼ U or
L to denote whether the lepton is unpolarized or longitu-
dinally polarized, while s ¼ U, L, or T denotes whether
the nucleon is unpolarized, longitudinally polarized, or
transversely polarized [63]. These different contributions
are given by
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WUU ¼ AðyÞf1 − 2xBjk⃗⊥j
Q

BðyÞf⊥ cos ϕ; (73)

WUT ¼ jk⃗⊥j
M

AðyÞf⊥1T sin ðϕ − ϕsÞ

− 2xBM
Q

BðyÞ
�
fT sin ϕs − k2⊥

2M2
f⊥T sinð2ϕ − ϕsÞ

�
;

(74)

WUL ¼ − 2xBjk⃗⊥j
Q

BðyÞf⊥L sin ϕ; (75)

WLU ¼ − 2xBjk⃗⊥j
Q

DðyÞg⊥ sin ϕ; (76)

WLL ¼ CðyÞg1L − 2xBjk⃗⊥j
Q

DðyÞg⊥L cos ϕ; (77)

WLT ¼
jk⃗⊥j
M

CðyÞg⊥1T cosðϕ−ϕsÞ

−2xBM
Q

DðyÞ
�
gT cosϕs− k2⊥

2M2
g⊥T cosð2ϕ−ϕsÞ

�
;

(78)

where AðyÞ ¼ 1þ ð1 − yÞ2, BðyÞ ¼ 2ð2 − yÞ ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
,

CðyÞ ¼ yð2 − yÞ, DðyÞ ¼ 2y
ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
, cos ϕ ¼ l⃗⊥ · k⃗⊥=

jl⃗⊥jjk⃗⊥j, sin ϕ ¼ ðl⃗⊥ × k⃗⊥Þ · e⃗z=jl⃗⊥jjk⃗⊥j, cos ϕs ¼ l⃗⊥·
s⃗⊥=jl⃗⊥jjs⃗⊥j, and sin ϕs ¼ ðl⃗⊥ × s⃗⊥Þ · e⃗z=jl⃗⊥jjs⃗⊥j.

We note that, except for the slightly different notations
[63], these results are almost the same as those obtained in
[9] for jet production. They have the same structures, and
the forms of the coefficients in each term are the same [64].
This is expected since the kinematics is the same and the
approximations made in the hard parts in [9] should be
equivalent to keep the leading and subleading terms in
the collinear expansion. Also, because of the relationship
given by Eqs. (48)–(51) obtained from the equation of
motion, all the results are expressed by the different com-
ponents of Φ̂ð0Þ defined by Eq. (15), which is identical to
the original ϕ̂ð0Þ given by Eq. (10) except for the gauge link.
Hence, the difference in defining higher twist correlators
such as that between φ̂ð1Þ given by Eq. (27) and ϕ̂ð1Þ given
by Eq. (11) does not show up in the final results. However,
it seems not to be the case for an even higher twist [14].
Other features of the results are summarized in the
following.
We see that there are leading twist contributions in the

UU, UT, LL, and LT cases, while there are twist-3
contributions in all cases. The different azimuthal asymme-
tries are defined by the average values of the corresponding
sine or cosine of the angles. There are two leading twist
azimuthal asymmetries as given by

hsinðϕ − ϕsÞiUT ¼ s⊥
jk⃗⊥j
2M

f⊥1Tðx; k⊥Þ
f1ðx; k⊥Þ

; (79)

hcosðϕ − ϕsÞiLT ¼ λls⊥
jk⃗⊥j
2M

CðyÞ
AðyÞ

g⊥1Tðx; k⊥Þ
f1ðx; k⊥Þ

: (80)

The azimuthal asymmetry hcos ϕi exists at twist-3 for the
unpolarized case. It receives also a twist-3 contribution in
the LL case but also a leading twist contribution in the LT
case, i.e.,

hcos ϕiUU ¼ − jk⃗⊥j
Q

BðyÞ
AðyÞ

xBf⊥ðxB; k⊥Þ
f1ðxB; k⊥Þ

; (81)

hcos ϕiLL ¼ − jk⃗⊥j
Q

BðyÞxBf⊥ðxB; k⊥Þ þ λlλDðyÞxBg⊥L ðxB; k⊥Þ
AðyÞf1ðxB; k⊥Þ þ λlλCðyÞg1LðxB; k⊥Þ

; (82)

hcos ϕiLT ¼ jk⃗⊥j
2M

λls⊥CðyÞg⊥1TðxB; k⊥Þ cos ϕs − 2M
Q BðyÞxBf⊥ðxB; k⊥Þ

AðyÞf1ðxB; k⊥Þ − λls⊥ 2M
Q xBgTðxB; k⊥Þ cos ϕs

: (83)

AZIMUTHAL ASYMMETRIES IN SEMI-INCLUSIVE DEEP … PHYSICAL REVIEW D 89, 014005 (2014)

014005-9



We note in particular that there exists a twist-3 asymmetry
hsin ϕi for the LU or UL case, i.e., when the lepton
or nucleon is longitudinally polarized while the other is
unpolarized. It is given by

hsin ϕiLU ¼ −λl jk⃗⊥jQ
DðyÞ
AðyÞ

xBg⊥ðxB; k⊥Þ
f1ðxB; k⊥Þ

; (84)

hsin ϕiUL ¼ −λ jk⃗⊥j
Q

BðyÞ
AðyÞ

xBf⊥L ðxB; k⊥Þ
f1ðxB; k⊥Þ

: (85)

They are determined by the TMD parton correlation g⊥ and
f⊥T , respectively.
It is also interesting to see that, if we integrate over ϕ, we

obtain

dσ

jk⃗⊥jdxBdydjk⃗⊥j

¼ 4π2α2eme2q
Q2y

	
AðyÞf1 − s⊥

2xBM
Q

BðyÞfT sin ϕs (86)

þ λlλCðyÞg1L − λls⊥
2xBM
Q

DðyÞgT cos ϕs



: (87)

We see that the transverse spin asymmetry exists for the
semi-inclusive process e− þ N → e− þ qþ X at the
twist-3 level both in the target singly polarized case UT
and in the case LT where the lepton is also longitudinally
polarized. But the asymmetries in these two cases are
different and are given by

hsin ϕsiUT ¼ −s⊥M
Q

BðyÞ
AðyÞ

xBfTðxB; k⊥Þ
f1ðxB; k⊥Þ

; (88)

hcos ϕsiLT ¼ −λls⊥ M
Q

DðyÞ
AðyÞ

xBgTðxB; k⊥Þ
f1ðxB; k⊥Þ

: (89)

We also note that, in experiments, we usually measure
for a given jk⃗⊥j interval. In this case, we need to carry
out the integration over jk⃗⊥j. For example, if we integrate
over the whole jk⃗⊥j region, we obtain

hhsin ϕiiLU ¼ −λl BðyÞAðyÞ
2π

Q

R
k⃗2⊥djk⃗⊥jxBg⊥ðxB; k⊥Þ

f1ðxBÞ
: (90)

By carrying out the integration over d2k⊥, we obtain the
differential cross section dσ=dxBdy for the inclusive DIS
process e− þ N → e− þ X as

dσ
dxBdy

¼ 2πα2eme2q
Q2y

	
AðyÞf1ðxBÞ þ λλlCðyÞg1LðxBÞ

− λls⊥
2xBM
Q

DðyÞg0TðxBÞ cos ϕs



; (91)

where we see clearly that the only twist-3 contribution
exists for the case that the lepton is longitudinally polarized
and the nucleon is transversely polarized.
At g ¼ 0, the cross section reduces to the result obtained

in the simple parton model with intrinsic transverse
momentum [2,4]. By inserting the results given by
Eqs. (66)–(70) into Eqs. (73)–(78), we obtain

WUUjg¼0 ¼
�
AðyÞ − 2jk⃗⊥j

Q
BðyÞ cos ϕ

�
f1ðx; k⊥Þjg¼0; (92)

WUT jg¼0 ¼ FULjg¼0 ¼ FLUjg¼0 ¼ 0; (93)

WLLjg¼0 ¼
�
CðyÞ − 2jk⃗⊥j

Q
DðyÞ cos ϕ

�
g1Lðx; k⊥Þjg¼0;

(94)

WLT jg¼0 ¼
jk⃗⊥j
M

�
CðyÞ − 2jk⃗⊥j

Q
DðyÞ cos ϕ

�
g⊥1Tðx; k⊥Þjg¼0

× cosðϕ − ϕsÞ: (95)

Correspondingly, for the azimuthal asymmetries discussed
above, we obtain

hsinðϕ − ϕsÞiUT jg¼0 ¼ 0; (96)

hcosðϕ − ϕsÞiLT jg¼0 ¼ λls⊥
jk⃗⊥j
2M

CðyÞ
AðyÞ

g⊥1Tðx; k⊥Þ
f1ðx; k⊥Þ

; (97)

hcos ϕiUUjg¼0 ¼ −BðyÞ
AðyÞ

jk⃗⊥j
Q

; (98)

hcosϕiLLjg¼0¼− jk⃗⊥j
Q

BðyÞf1ðx;k⊥ÞþλlλDðyÞg1Lðx;k⊥Þ
AðyÞf1ðx;k⊥ÞþλlλCðyÞg1Lðx;k⊥Þ

;

(99)
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hcos ϕiLT jg¼0 ¼
jk⃗⊥j
2M

λls⊥CðyÞg⊥1TðxB; k⊥Þ cos ϕs − 2M
Q BðyÞxBf1ðxB; k⊥Þ

AðyÞf1ðxB; k⊥Þ þ λls⊥
k2⊥
MQDðyÞg⊥1Tðx; k⊥Þ cos ϕs

; (100)

hsin ϕiLUjg¼0 ¼ hsin ϕiULjg¼0 ¼ hsin ϕsiUT jg¼0 ¼ 0;

(101)

hcos ϕsiLT jg¼0 ¼ λls⊥
DðyÞ
AðyÞ

k2⊥
MQ

g⊥1TðxB; k⊥Þ
f1ðxB; k⊥Þ

: (102)

Clearly, a systematic study of these asymmetries
should provide very important information on the structure
of the nucleon and the properties of strong interaction. In
particular, the deviations from the results given by
Eqs. (96)–(102) tell us the influences from the multiple
gluon scattering.

IV. NUCLEAR DEPENDENCE

The above mentioned calculations apply to e− þ N →
e− þ qþ X as well as e− þ A → e− þ qþ X, i.e., for reac-
tions using a nucleus target. Similar results are obtained
with only a replacement of the state jNi by jAi in the def-
initions of the parton distribution and/or correlation func-
tions. It has also been shown [34] that the multiple gluon
scattering contained in the gauge link leads to a strong
nuclear dependence for these TMD parton distribution
and/or correlation functions. Such nuclear dependences
can manifest themselves in the azimuthal asymmetries in
SIDIS [13,14]. In this section, we present the results for
the parton distributions and azimuthal asymmetries given
in the Sec. III.

A. A dependence of the parton correlation functions

If we replace the state jNi by jAi, the multiple gluon
scattering in the gauge link can be connected to different
nucleons in the nucleus A, thus giving rise to nuclear
dependence. It has been shown that, under the “maximal
two gluon approximation” [34], a TMD quark distribution
ΦA

αðx; k⊥Þ in nucleus defined in the form

ΦA
αðx;k⊥Þ

≡
Z

pþdy−d2y⊥
ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥hA∣ψ̄ð0ÞΓαLð0;yÞψðyÞ∣Ai
(103)

is given by a convolution of the corresponding dis-
tribution ΦN

α ðx; k⊥Þ in the nucleon and a Gaussian
broadening [34], i.e.,

ΦA
αðx; k⊥Þ ≈

A
πΔ2F

Z
d2l⊥e−ðk⃗⊥−l⃗⊥Þ

2=Δ2FΦN
α ðx;l⊥Þ;

(104)

where Γα is any gamma matrix, Δ2F is the broadening
width, Δ2F ¼ R

dξ−Nq̂FðξNÞ, and q̂FðξNÞ ¼ ð2π2αs=
NcÞρANðξNÞ½xfNg ðxÞ�x¼0

is the quark transport parameter,
where ρANðξNÞ is the spatial nucleon number density inside
the nucleus, fNg ðxÞ is the gluon distribution function in the
nucleon, and the superscript A or N denotes that it is for the
nucleus or the nucleon.
The derivations in [34] apply to any nucleon and nucleus

in the unpolarized case. Since both Φð0Þ
α and ~Φð0Þ

α defined in
Eqs. (30) and (31) are of the form given by Eq. (104),
Eq. (104) applies and derives the A dependences of differ-
ent parton distribution and/or correlation functions in the
unpolarized case. For those involved in the differential
cross section up to twist-3, we obtain

fA1 ðx; k⊥Þ ≈
A

πΔ2F

Z
d2l⊥e−ðk⃗⊥−l⃗⊥Þ

2=Δ2FfN1 ðx;l⊥Þ; (105)

jk⃗⊥j2f⊥Aðx; k⊥Þ

≈
A

πΔ2F

Z
d2l⊥e−ðk⃗⊥−l⃗⊥Þ

2=Δ2Fðk⃗⊥ · l⃗⊥Þf⊥Nðx;l⊥Þ;
(106)

jk⃗⊥j2g⊥Aðx; k⊥Þ

≈
A

πΔ2F

Z
d2l⊥e−ðk⃗⊥−l⃗⊥Þ

2=Δ2Fðk⃗⊥ · l⃗⊥Þg⊥Nðx;l⊥Þ:
(107)

To illustrate the dependence more clearly, we take the
Gaussian ansatz for the transverse momentum dependence,
i.e.,

fN1 ðx;l⊥Þ ¼
1

πα
fN1 ðxÞe−l⃗

2⊥=α; (108)

f⊥Nðx;l⊥Þ ¼
1

πβ
f⊥NðxÞe−l⃗2⊥=β; (109)
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g⊥Nðx;l⊥Þ ¼
1

πγ
g⊥NðxÞe−l⃗2⊥=γ; (110)

and obtain immediately

fA1 ðx; k⊥Þ ≈
A
παA

fN1 ðxÞe−k⃗
2⊥=αA ; (111)

f⊥Aðx; k⊥Þ ≈
A
πβA

β

βA
f⊥NðxÞe−k⃗2⊥=βA ; (112)

g⊥Aðx; k⊥Þ ≈
A
πγA

γ

γA
g⊥NðxÞe−k⃗2⊥=γA ; (113)

where αA ¼ αþ Δ2F, βA ¼ β þ Δ2F, and γA ¼ γ þ Δ2F.
We see that all the TMD distribution/correlation functions
have pT broadening with the magnitude Δ2F, but the twist-
3 parton correlation function f⊥ðx; k⊥Þ or g⊥ðx; k⊥Þ has an
extra suppression factor β=βA or γ=γA.

B. A dependence of the azimuthal asymmetry

Having the nuclear dependences of the TMD parton
distribution and correlation functions and the expressions
for the azimuthal asymmetries presented in the previous
sections, we can calculate the nuclear dependence of the
azimuthal asymmetries in a straightforward manner with
the Gaussian ansatz for the TMD distributions and/or
correlations.
For reactions with an unpolarized target, the results are

just the same as those for the unpolarized reaction as dis-
cussed in [13]. This applies to the asymmetry hsin ϕiLU
given by Eq. (84), for which we obtain

hsinϕieALU
hsinϕieNLU

≈
αA
α

�
γ

γA

�
2

exp

��
1

αA
−1

α
− 1

γA
þ1

γ

�
k⃗2⊥

�
: (114)

For α ¼ γ, it simply reduces to

hsin ϕieALU
hsin ϕieNLU

≈
α

αþ Δ2F
: (115)

Integrated over jk⃗⊥j, we have
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FIG. 2 (color online). Ratio of hsin ϕieALU=hsin ϕieNLU as a
function of Δ2F for different k⊥ and γ.
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FIG. 3 (color online). Ratio of hsin ϕieALU=hsin ϕieNLU as a
function of k⊥ for different γ and Δ2F.
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hhsin ϕiieALU
hhsin ϕiieNLU

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ

γ þ Δ2F

r
: (116)

We see that, also in this case, the asymmetry is suppressed
in reactions using the nucleus target in a similar manner as
in the unpolarized case discussed in [13,14].
The width γ can in general be different from α. Hence,

we present as an example in Figs. 2(a) and 2(b) the ratio as
a function of the kT-broadening parameter Δ2F. We see that
it is very similar to hcos ϕiUU discussed in [13]. We also
plot the kT dependence of the ratio in Figs. 3(a) and 3(b). It
is easy to see that for γ=α < 1, the ratio of hsin ϕiLU is quite
sensitive to the value of γ=α in the large k⊥ region.

V. SUMMARY

We present a systematic calculation of the hadronic ten-
sor and azimuthal asymmetries in the semi-inclusive deep-
inelastic scattering e− þ N → e− þ qþ X with a polarized
beam and/or a polarized target based on the collinear
expansion formalism in leading order pQCD and up to
twist-3 contributions. The results depend on a number of
new TMD parton correlation functions. We showed that
measurements of the corresponding azimuthal asymmetries
and their k⊥ dependence can provide much information on
these TMD correlation functions that in turn can shed light
on the properties of the multiple gluon interaction in had-
ronic processes. We presented the results also for reactions
with the nucleus target e− þ A → e− þ qþ X and discuss
the nuclear dependence. We show that the relationship
between these TMD correlation functions inside large
nuclei and that of a nucleon under two-gluon correlation
approximation. One can study the nuclear dependence of
the different azimuthal asymmetries that are determined

by the corresponding parton distribution and correlation
functions. With the Gaussian ansatz for the TMD parton
correlation functions inside the nucleon, we also illustrate
numerically that the asymmetries are suppressed in the
corresponding SIDIS with a nuclear target.
Experimental studies of the azimuthal asymmetries have

been carried out in both unpolarized and polarized semi-
inclusive deep inelastic scattering with a nucleon target
[16–27]. More results are expected from CLAS at JLab
and COMPASS at CERN. The available data seem to be
consistent with the Gaussian ansatz for the transverse
momentum dependence of the TMD matrix elements in
the unpolarized case [65]. However, these data are still
not adequate enough to provide any precise constraints
on the form of the higher twist matrix elements. Our cal-
culations of the azimuthal asymmetries are most valid in the
small transverse momentum region where next-to-leading
order pQCD corrections are not dominant. The high twist
effects are also most accessible in the intermediate region of
Q2. One expects that future experiments such as those at the
proposed Electron Ion Collider [52] will be better equipped
to study these high twist effects in detail.

ACKNOWLEDGMENTS

This work was supported in part by the National Natural
Science Foundation of China under Grants No. 11035003,
No. 11105137, and No. 11221504 and by the Office of
Energy Research, Office of High Energy and Nuclear
Physics, Division of Nuclear Physics, of the U.S.
Department of Energy under Contract No. DE-AC02-
05CH11231, and by CCNU-QLPL Innovation Fund
(QLPL2011P01).

[1] H. Georgi and H. D. Politzer, Phys. Rev. Lett. 40, 3
(1978).

[2] R. N. Cahn, Phys. Lett. 78B, 269 (1978).
[3] E. L. Berger, Phys. Lett. 89B, 241 (1980).
[4] Z.-T. Liang and B. Nolte-Pautz, Z. Phys. C 57, 527 (1993).
[5] P. J. Mulders and R. D. Tangerman, Nucl. Phys. B461, 197

(1996); Nucl. Phys. B484, 538(E) (1997).
[6] K. A. Oganesian, H. R. Avakian, N. Bianchi, and P. Di

Nezza, Eur. Phys. J. C 5, 681 (1998).
[7] J. Chay and S. M. Kim, Phys. Rev. D 57, 224 (1998).
[8] P. M. Nadolsky, D. R. Stump, and C. P. Yuan, Phys. Lett. B

515, 175 (2001).
[9] A. Bacchetta, M. Diehl, K. Goeke, A. Metz, P. J. Mulders,

and M. Schlegel, J. High Energy Phys. 02 (2007) 093.
[10] M. Anselmino, M. Boglione, A. Prokudin, and C. Turk, Eur.

Phys. J. A 31, 373 (2007).

[11] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, F.
Murgia, and A. Prokudin, Phys. Rev. D 71, 074006 (2005).

[12] Z.-t. Liang and X.-N. Wang, Phys. Rev. D 75, 094002
(2007).

[13] J.-H. Gao, Z.-t. Liang, and X.-N. Wang, Phys. Rev. C 81,
065211 (2010).

[14] Y.-k. Song, J.-h. Gao, Z.-t. Liang, and X.-N. Wang, Phys.
Rev. D 83, 054010 (2011).

[15] J.-H. Gao, A. Schafer, and J. Zhou, Phys. Rev. D 85, 074027
(2012).

[16] J. J. Aubert et al. (European Muon Collaboration), Phys.
Lett. 130B, 118 (1983).

[17] M. Arneodo et al. (European Muon Collaboration), Z. Phys.
C 34, 277 (1987).

[18] M. R. Adams et al. (E665 Collaboration), Phys. Rev. D 48,
5057 (1993).

AZIMUTHAL ASYMMETRIES IN SEMI-INCLUSIVE DEEP … PHYSICAL REVIEW D 89, 014005 (2014)

014005-13

http://dx.doi.org/10.1103/PhysRevLett.40.3
http://dx.doi.org/10.1103/PhysRevLett.40.3
http://dx.doi.org/10.1016/0370-2693(78)90020-5
http://dx.doi.org/10.1016/0370-2693(80)90020-9
http://dx.doi.org/10.1007/BF01474349
http://dx.doi.org/10.1016/0550-3213(95)00632-X
http://dx.doi.org/10.1016/0550-3213(95)00632-X
http://dx.doi.org/10.1016/S0550-3213(96)00648-7
http://dx.doi.org/10.1007/s100529800873
http://dx.doi.org/10.1103/PhysRevD.57.224
http://dx.doi.org/10.1016/S0370-2693(01)00871-1
http://dx.doi.org/10.1016/S0370-2693(01)00871-1
http://dx.doi.org/10.1088/1126-6708/2007/02/093
http://dx.doi.org/10.1140/epja/i2007-10003-9
http://dx.doi.org/10.1140/epja/i2007-10003-9
http://dx.doi.org/10.1103/PhysRevD.71.074006
http://dx.doi.org/10.1103/PhysRevD.75.094002
http://dx.doi.org/10.1103/PhysRevD.75.094002
http://dx.doi.org/10.1103/PhysRevC.81.065211
http://dx.doi.org/10.1103/PhysRevC.81.065211
http://dx.doi.org/10.1103/PhysRevD.83.054010
http://dx.doi.org/10.1103/PhysRevD.83.054010
http://dx.doi.org/10.1103/PhysRevD.85.074027
http://dx.doi.org/10.1103/PhysRevD.85.074027
http://dx.doi.org/10.1016/0370-2693(83)91076-6
http://dx.doi.org/10.1016/0370-2693(83)91076-6
http://dx.doi.org/10.1007/BF01548808
http://dx.doi.org/10.1007/BF01548808
http://dx.doi.org/10.1103/PhysRevD.48.5057
http://dx.doi.org/10.1103/PhysRevD.48.5057


[19] J. Breitweg et al. (ZEUS Collaboration), Phys. Lett. B 481,
199 (2000).

[20] S. Chekanov et al. (ZEUS Collaboration), Phys. Lett. B 551,
226 (2003).

[21] A. Airapetian et al. (HERMES Collaboration), Phys. Rev. D
64, 097101 (2001).

[22] A. Airapetian et al. (HERMES Collaboration), Phys. Lett. B
562, 182 (2003).

[23] A. Airapetian et al. (HERMES Collaboration), Phys. Rev.
Lett. 94, 012002 (2005).

[24] V. Yu. Alexakhin et al. (COMPASS Collaboration), Phys.
Rev. Lett. 94, 202002 (2005).

[25] R. Webb (COMPASS Collaboration), Nucl. Phys. A755,
329 (2005).

[26] M. Osipenko et al. (CLAS Collaboration), Phys. Rev. D 80,
032004 (2009).

[27] M. G. Alekseev et al., Eur. Phys. J. C 70, 39 (2010).
[28] A. Airapetian et al. (HERMES Collaboration), Phys. Rev. D

87, 012010 (2013).
[29] R. K. Ellis, W. Furmanski, and R. Petronzio, Nucl. Phys.

B207, 1 (1982).
[30] R. K. Ellis, W. Furmanski, and R. Petronzio, Nucl. Phys.

B212, 29 (1983).
[31] J.-W. Qiu, Phys. Rev. D 42, 30 (1990).
[32] J.-w. Qiu and G. F. Sterman, Nucl. Phys. B353, 105 (1991).
[33] J.-w. Qiu and G. F. Sterman, Nucl. Phys. B353, 137

(1991).
[34] Z.-t. Liang, X.-N. Wang, and J. Zhou, Phys. Rev. D 77,

125010 (2008).
[35] K. Goeke, A. Metz, and M. Schlegel, Phys. Lett. B 618, 90

(2005).
[36] D. Boer and P. J. Mulders, Phys. Rev. D 57, 5780 (1998).
[37] X.-d. Ji and F. Yuan, Phys. Lett. B 543, 66 (2002).
[38] A. V. Belitsky, X. Ji, and F. Yuan, Nucl. Phys. B656, 165

(2003).
[39] X.-d. Ji, J.-p. Ma, and F. Yuan, Phys. Rev. D 71, 034005

(2005).
[40] X. Ji, J.-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Lett. B

638, 178 (2006).
[41] X. Ji, J.-w. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. D

73, 094017 (2006).
[42] J. Collins, Int. J. Mod. Phys. Conf. Ser. 04, 85 (2011).
[43] J. Collins, Foundations of Perturbative QCD (Cambridge

University Press, Cambridge, England, 2011).
[44] S. M. Aybat, J. C. Collins, J.-W. Qi and T. C. Rogers, Phys.

Rev. D 85, 034043 (2012).
[45] F. Yuan, Phys. Lett. B 575, 45 (2003).
[46] H. Avakian, A. V. Efremov, P. Schweitzer, and F. Yuan,

Phys. Rev. D 81, 074035 (2010).

[47] B. Pasquini, S. Boffi, and P. Schweitzer, Mod. Phys. Lett. A
24, 2903 (2009).

[48] B. Pasquini and F. Yuan, Phys. Rev. D 81, 114013
(2010).

[49] B. U. Musch, arXiv:0907.2381.
[50] A. Kotzinian, B. Parsamyan, and A. Prokudin, Phys. Rev. D

73, 114017 (2006).
[51] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, S.

Melis, F. Murgia, A. Prokudin, and C. Turk, Eur. Phys. J. A
39, 89 (2009).

[52] D. Boer et al., arXiv:1108.1713.
[53] A. Airapetian et al. (HERMES Collaboration), Phys. Rev.

Lett. 103, 152002 (2009).
[54] M. G. Alekseev et al. (COMPASS Collaboration), Phys.

Lett. B 692, 240 (2010).
[55] M. Alekseev et al. (COMPASS Collaboration), Phys. Lett.

B 673, 127 (2009).
[56] R. Asaturyan et al., Phys. Rev. C 85, 015202 (2012).
[57] H. Gao et al., Eur. Phys. J. Plus 126, 2 (2011).
[58] X. Qian et al. (Jefferson Lab Hall A Collaboration), Phys.

Rev. Lett. 107, 072003 (2011).
[59] J. Huang et al. (Jefferson Lab Hall A Collaboration), Phys.

Rev. Lett. 108, 052001 (2012).
[60] L. L. Pappalardo et al. (HERMES Collaboration),

arXiv:1107.4227.
[61] H. Avakian et al. (CLAS Collaboration), Phys. Rev. Lett.

105, 262002 (2010).
[62] X.-D. Ji, Nucl. Phys. B402, 217 (1993).
[63] The notations that we use here are slightly different from

those in [9]. The W’s defined here are equivalent to the
F’s in [9] multiplied by the corresponding sine or cosine.

[64] We see also that the first and the second terms in WUT , the
WLU , the WUL, and the third term in WLT have different
signs from the corresponding terms of the results presented
in [9]. This is caused by the difference in the definitions of ϕ
and ϕs in the two papers. In [9], when defining sin ϕ and
sin ϕs, the z direction is taken as the direction of the mo-
mentum of the virtual photon. However, in defining
x ¼ kþ=pþ, the 4-momentum p of the incident nucleon
is taken in a way that the þ component in the light cone
coordinate dominates, which implies that the z direction
is taken as the direction of motion of the nucleon. In this
paper, we unify the notation by taking the z direction as
the direction of motion of the incident nucleon both in de-
fining x and sin ϕ; thus we define sin ϕ and sin ϕs as men-
tioned after Eq. (69), and they have a sign difference with
those in [9].

[65] P. Schweitzer, T. Teckentrup, and A. Metz, Phys. Rev. D 81,
094019 (2010).

SONG et al. PHYSICAL REVIEW D 89, 014005 (2014)

014005-14

http://dx.doi.org/10.1016/S0370-2693(00)00430-5
http://dx.doi.org/10.1016/S0370-2693(00)00430-5
http://dx.doi.org/10.1016/S0370-2693(02)03072-1
http://dx.doi.org/10.1016/S0370-2693(02)03072-1
http://dx.doi.org/10.1103/PhysRevD.64.097101
http://dx.doi.org/10.1103/PhysRevD.64.097101
http://dx.doi.org/10.1016/S0370-2693(03)00566-5
http://dx.doi.org/10.1016/S0370-2693(03)00566-5
http://dx.doi.org/10.1103/PhysRevLett.94.012002
http://dx.doi.org/10.1103/PhysRevLett.94.012002
http://dx.doi.org/10.1103/PhysRevLett.94.202002
http://dx.doi.org/10.1103/PhysRevLett.94.202002
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.033
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.033
http://dx.doi.org/10.1103/PhysRevD.80.032004
http://dx.doi.org/10.1103/PhysRevD.80.032004
http://dx.doi.org/10.1140/epjc/s10052-010-1461-9
http://dx.doi.org/10.1103/PhysRevD.87.012010
http://dx.doi.org/10.1103/PhysRevD.87.012010
http://dx.doi.org/10.1016/0550-3213(82)90132-8
http://dx.doi.org/10.1016/0550-3213(82)90132-8
http://dx.doi.org/10.1016/0550-3213(83)90597-7
http://dx.doi.org/10.1016/0550-3213(83)90597-7
http://dx.doi.org/10.1103/PhysRevD.42.30
http://dx.doi.org/10.1016/0550-3213(91)90503-P
http://dx.doi.org/10.1016/0550-3213(91)90504-Q
http://dx.doi.org/10.1016/0550-3213(91)90504-Q
http://dx.doi.org/10.1103/PhysRevD.77.125010
http://dx.doi.org/10.1103/PhysRevD.77.125010
http://dx.doi.org/10.1016/j.physletb.2005.05.037
http://dx.doi.org/10.1016/j.physletb.2005.05.037
http://dx.doi.org/10.1103/PhysRevD.57.5780
http://dx.doi.org/10.1016/S0370-2693(02)02384-5
http://dx.doi.org/10.1016/S0550-3213(03)00121-4
http://dx.doi.org/10.1016/S0550-3213(03)00121-4
http://dx.doi.org/10.1103/PhysRevD.71.034005
http://dx.doi.org/10.1103/PhysRevD.71.034005
http://dx.doi.org/10.1016/j.physletb.2006.05.044
http://dx.doi.org/10.1016/j.physletb.2006.05.044
http://dx.doi.org/10.1103/PhysRevD.73.094017
http://dx.doi.org/10.1103/PhysRevD.73.094017
http://dx.doi.org/10.1142/S2010194511001590
http://dx.doi.org/10.1103/PhysRevD.85.034043
http://dx.doi.org/10.1103/PhysRevD.85.034043
http://dx.doi.org/10.1016/j.physletb.2003.09.052
http://dx.doi.org/10.1103/PhysRevD.81.074035
http://dx.doi.org/10.1142/S021773230900111X
http://dx.doi.org/10.1142/S021773230900111X
http://dx.doi.org/10.1103/PhysRevD.81.114013
http://dx.doi.org/10.1103/PhysRevD.81.114013
http://arXiv.org/abs/0907.2381
http://dx.doi.org/10.1103/PhysRevD.73.114017
http://dx.doi.org/10.1103/PhysRevD.73.114017
http://dx.doi.org/10.1140/epja/i2008-10697-y
http://dx.doi.org/10.1140/epja/i2008-10697-y
http://arXiv.org/abs/1108.1713
http://dx.doi.org/10.1103/PhysRevLett.103.152002
http://dx.doi.org/10.1103/PhysRevLett.103.152002
http://dx.doi.org/10.1016/j.physletb.2010.08.001
http://dx.doi.org/10.1016/j.physletb.2010.08.001
http://dx.doi.org/10.1016/j.physletb.2009.01.060
http://dx.doi.org/10.1016/j.physletb.2009.01.060
http://dx.doi.org/10.1103/PhysRevC.85.015202
http://dx.doi.org/10.1140/epjp/i2011-11002-4
http://dx.doi.org/10.1103/PhysRevLett.107.072003
http://dx.doi.org/10.1103/PhysRevLett.107.072003
http://dx.doi.org/10.1103/PhysRevLett.108.052001
http://dx.doi.org/10.1103/PhysRevLett.108.052001
http://arXiv.org/abs/1107.4227
http://dx.doi.org/10.1103/PhysRevLett.105.262002
http://dx.doi.org/10.1103/PhysRevLett.105.262002
http://dx.doi.org/10.1016/0550-3213(93)90642-3
http://dx.doi.org/10.1103/PhysRevD.81.094019
http://dx.doi.org/10.1103/PhysRevD.81.094019

