PHYSICAL REVIEW D 89, 014004 (2014)

Relativistic corrections to the pair double heavy diquark production
in e"e™ annihilation

A. P. Martynenko

Samara State University, Pavlov Street 1, 443011 Samara, Russia
and Samara State Aerospace University named after S. P. Korolyov,
Moskovskoye Shosse 34, 443086 Samara, Russia

A.M. Trunin

Samara State Aerospace University named after S. P. Korolyov,
Moskovskoye Shosse 34, 443086 Samara, Russia
and Bogoliubov Laboratory of Theoretical Physics,
Joint Institute for Nuclear Research, Joliot-Curie Street 6, 141980 Dubna, Russia
(Received 23 August 2013; published 13 January 2014)

On the basis of perturbative QCD and a relativistic quark model we calculate relativistic and bound state
corrections in the production processes of a pair of double heavy diquarks. Relativistic factors in the production
amplitude connected with the relative motion of heavy quarks and the transformation law of the bound state
wave function to the reference frame of the moving diquark S-wave bound states are taken into account. For
the gluon and quark propagators entering the production vertex function we use a truncated expansion in the
ratio of the relative quark momenta to the center-of-mass energy s up to the second order. Relativistic
corrections to the quark-quark bound state wave functions in the rest frame are considered by means of
the Breit-like potential. It turns out that examined effects change essentially nonrelativistic results of the cross
sections. The estimate of the yield of pairs of double heavy baryons (ccq) at the B factory is presented.
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I. INTRODUCTION

In last years the reactions of pair charmonium production
in e*e” annihilation have attracted considerable interest.
A growth of the luminosity made it possible to observe
experimentally at the Belle and BABAR [1,2] double
S- and P-wave charmonium production. On the other hand,
the defects of the theoretical description of such processes
on the basis of nonrelativistic QCD (NRQCD) were
revealed and corrected [3-10]. Despite the evident suc-
cesses achieved in this field on the basis of NRQCD
[11] and potential quark models in correcting the dis-
crepancy between the theory and experiment, the double
charmonium production in eTe™ annihilation remains an
interesting task. On the one hand, there are other production
processes of orbitally excited charmonium states which can
be investigated in the same way as the production of
S-wave states. Several years ago the Belle and BABAR
Collaborations discovered new charmoniumlike states in
ete™ annihilation [12,13]. The nature of these numerous
resonances remains unclear to the present. Some of them
could be considered as D-wave excitations in the system
(c¢). On the other hand, a variety of the used approaches
and model parameters in this problem raises a question
about the comparison of obtained results that will lead
to a better understanding of the quark-gluon dynamics
and different mechanisms of double heavy quarkonium
production. At last, the obtained luminosity on the meson
B factory £ = 10** cm™ ¢! allows us to observe double
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heavy baryon (ccq) production. In the threshold region of
double heavy baryon production in e*e™ annihilation, the
double baryon production can give an appreciable contri-
bution to the cross section. For the estimate of the yield of
such events in [14] it was performed a calculation of exclu-
sive pair production of double heavy diquarks (D and D)
was performed in nonrelativistic approximation. It seems a
reasonably good guess that the first stage of double heavy
baryon production in e e~ annihilation consists in the for-
mation of the diquark nuclei (Q,Q,) and (Q,Q,) which are
tightly bound, small size antitriplet pairs [15,16]. In the sec-
ond stage, the produced diquark and antidiquark join a light
quark to produce the final baryons (Q;0,q) and (Q,0,3)
if we neglect the possible formation of DD bound states.
Other baryon production mechanisms in e™e™ annihilation
connected with a production of the QQ pair and its
subsequent fragmentation into the baryons was analyzed
also in the literature [13,15]. So, the first stage of the proc-
ess looks similar to the double charmonium production.
It is clear that for the theoretical description we can use
improved relativistic formalism as in the meson case [8].

It is useful to remember that two sources of the change of
the nonrelativistic cross section for double charmonium
production are revealed to the present: radiative corrections
of order O(a;) and relative motion of ¢ quarks forming the
bound states. Actual physical processes of charmonium
production require a formation of hadronic particles in final
states (bound states of a charm quark ¢ and a charm
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antiquark ¢), for which perturbative quantum chromody-
namics can not provide a high precision description. In
the quark model, a transition of free quarks to the mesons
is described in terms of the bound state wave functions.
Further investigation of exclusive heavy quark bound state
production in ete” annihilation including relativistic
effects by an example of diquarks can improve our under-
standing of a formation of quark bound states.

This work continues our study of the exclusive double
charmonium production in e*e™ annihilation in the case
of a diquark (cc), (bc) S-wave states on the basis of a
relativistic quark model [8,17-21]. Note that the term, rela-
tivistic quark model, specifies an approach in which the
systematic account of corrections connected with the
relative motion of heavy quarks can be performed. The rela-
tivistic quark model provides a solution in many tasks of
heavy quark physics. It uses a number of perturbative
and nonperturbative parameters entering in the quark inter-
action operator. All observables can be expressed in terms
of these parameters. In this way, we can check the predic-
tions of any quark model and draw a conclusion about its
successfulness. At the same time, the existence of a large
number of different quark models which are sometimes
very complicated for practical use puts forth a question
about the elaboration of the unified model containing gen-
erally accepted structural elements. Another approach to
the heavy quark physics which does not contain the ambi-
guities of the quark models was formulated in [11]. As with
any other model of strong interactions of quarks and
gluons, the approach of NRQCD introduces in the theory
a large number of matrix elements parametrizing nonper-
turbative dynamics of quarks and gluons [4,11,22]. To a
certain extent, the microscopic picture of the quark-gluon
interaction resident in quark models is changed by the
global picture operating with the numerous nonperturbative
matrix elements. The improved determination of color-
singlet NRQCD matrix elements for S-wave charmonium
is presented in [4]. Their study evidently shows that the
account of relative order v? corrections significantly
increases the values of the matrix elements of the leading
order in ». The correspondence between the parameters of
quark models and NRQCD, which can be established,
opens the way for a better understanding of quark-gluon
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interactions at small distances. In this sense, both
approaches complement each other and could reveal new
aspects of color dynamics of quarks and gluons. Thus,
an aim of this study consists in the extension of the rela-
tivistic approach to the quarkonium production from
Refs. [8,17,18] on processes of exclusive pair diquark
production et + e~ — D + D, investigation of a role of
relativistic corrections of order »? to the production ampli-
tudes and cross sections, and determination of the interre-
lationship with the predictions of NRQCD. Assuming that
arising in e'e™ annihilation diquarks can fragment into
double heavy baryons, we use the obtained expressions
of the total cross sections for an estimate of the cross
sections for the pair production of baryons.

II. GENERAL FORMALISM

In the ground state, the diquarks are two-particle bound
states of quarks in an antisymmetric color state with zero
angular momentum, positive parity, and definite flavor and
spin. A diquark may be an axial vector (spin 1) or a scalar
(spin 0). In the case of two identical quarks, a diquark has a
spin 1. The attractive forces between two quarks in an anti-
symmetric color state lead to a formation of the bound sys-
tem which can be described in the quark model in a manner
similar to the quark-antiquark states. A diquark constructed
from two heavy quarks (b and ¢) may be considered as a
nucleus of a double heavy baryon. The production of heavy
quark bound states at different high energy reactions is an
interesting physical process which has been studied over
several decades [13,23-25]. It gives an opportunity to
investigate the quark-gluon dynamics beginning from small
distances where the perturbative QCD 1is applicable, to
large distances where nonperturbative aspects of QCD
become crucial. We investigate the exclusive diquark-
antidiquark production in electron-positron annihilation
in the lowest-order perturbative quantum chromodynamics.
The final state consists of a pair of bound states (bc) and
(be&) with different spins in the case of different heavy
quarks. The case of two identical quarks (cc) or (bb) leads
to the production of only a pair of axial vector diquarks.
The diagrams that give contributions to the amplitude of
diquark pair production processes in leading order of the
QCD coupling constant a, are presented in Fig. 1. Two

FIG. 1. The production amplitude of a pair of diquark states in et e annihilation. D, @;, ¢ denote the diquark and antidiquark states
composed from heavy quarks b and ¢ and antiquarks b and ¢, correspondingly. The wavy line shows the virtual photon and the dashed

line corresponds to the gluon. I' is the production vertex function.
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other diagrams can be obtained by corresponding permu-
tations. There are two stages of double diquark production
process. In the first stage, which is described by perturba-
tive QCD, the virtual photon y* and gluon g* produce two
heavy quarks (bc) and two heavy antiquarks (b ¢) with the
following four-momenta:

pr=mP+p,  pp=mP-p,  (p-P)=0,
M%h(_ + miFm3

m; :—ZM%)M )

@1 =p0+q,  @©=p0—-q, (q-0)=0,
M%E? + miFm3

Pi :TZDLE’ (1)

87’a _ p
M(p_,pi.P,Q) =~ 352 \/Mp, Mp, v(py)r"u(p-)s;;
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where M, is the mass of diquarks consisting of quarks b
and ¢. P(Q) are the total four-momenta, p = Lp(0,p);
g = Lp(0,q) are the relative four-momenta obtained from
the rest frame four-momenta (0,p) and (0,q) by the
Lorentz transformation to the system moving with the
momenta P, Q. The upper and lower signs in (1) corre-
spond to the index i = 1, 2. The momenta p, , of the heavy
quarks ¢, b and antiquarks ¢, b are not on a mass shell:
pia = niP* —p*> =m;Mj, —p* # mi,. The expressions
(1) describe the symmetrical escape of heavy quarks and
antiquarks from the mass shell. In the second nonperturba-
tive stage, quark and antiquark pairs form double heavy
diquarks.

Let us consider the production amplitude of scalar
and axial vector diquarks, which can be presented in the
following form [8,18,20]:

dp dq
(2n)3/ (2n)°

x Sp{¥3, (P, P)TV(p.a. P, Q) T3 (¢.Q)1, = U5, (=p, P)TY (p.q. P.Q)¥3Y (4. Q)1.}, ()

where s is the center-of-mass energy, a superscript S indicates a scalar diquark, a superscript .A) indicates an axial vector
diquark, and « is the fine structure constant. I'; , are the vertex functions defined below. The permutation of subscripts b and
¢ by the wave functions indicates corresponding permutation in the projection operators [see Egs. (3)—(4) below]. The tran-
sition of free quarks to diquark bound states is described by specific wave functions. Relativistic wave functions of scalar and
axial vector diquarks accounting for the transformation from the rest frame to the moving one with four-momenta P, Q are

_ 1y b —1 2 p
\I/‘g](p,P) = Db((p> |:Ul +f)1 p - P :|
b \/m @) rm) &) (@@ tm) | 2 2my(€ey(p) +my)  2my
m 2m; ny 2m,
N LT p’ D
1 ~ | 3
< 7s( ”1){ > M e ()t 2m, ¥
) 9 (q) Dy —1 2 G
e \/M (er(g)tm) e2(a) (ex(@)+ma) | 2 2my(ei(q) +my)  2my
m 2m; my 2m;
. o+l q’ q
KEp@S) 1+ 1) [P g A ) @

where the hat is a notation for the contraction of four-vector
with the Dirac matrices, vy = P/Mp, , v, = Q/Mp, ;
eqv(Q.S,) is the polarization vector of the axial vector

diquark, and €;,(p) = ,/p2+m%’2 and m;, are the

masses of ¢ and b quarks. The relativistic functions
(3)—(14) and the vertex functions I';, do not contain the
8(p* —niMp, +mi,). The more complicated factor

including the bound state wave function in the rest frame

presented in Eqgs. (3) and (4) plays the role of the 6 function.
This means that instead of the substitutions Mp =
€1(p) + ex(p) and Mp, = €,(q) + €2(q) in the production
amplitude, we carry out the integration over the quark rel-
ative momenta p and q. The color part of the diquark wave
function in the amplitude (2) is taken as ¢,/ V2 (color
indexes i, j, k =1, 2, 3), so that the general color factor
in (2) is equal to §;;. Relativistic wave functions in
Egs. (3) and (4) are equal to the product of wave functions
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in the rest frame \II(I));;\ and spin projection operators that are

accurate at all orders in |p|/m [8,20]. An expression of the
spin projector in different forms has been derived primarily
in [26] where spin projectors are written in terms of heavy
quark momenta p; , lying on the mass shell. Our derivation
of relations (3) and (4) accounts for the transformation law
of the bound state wave functions from the rest frame to the
moving one with four-momenta P and Q. This transforma-
tion law was discussed in the Bethe-Salpeter approach in
[27] and in the quasipotential method in [28]. We use the
last one and write the necessary transformation as follows:

1) 1/2.pa 1/2.m, 101
v (p)= Dy (RY,)DY*P (R} ) U (p).

®)
- = 1/2,62 1/2,7
Uy (p) = Wi ()0 (R DT (RY).
where RY is the Wigner rotation, L, is the Lorentz
boost from the diquark rest frame to a moving one, and
the rotation matrix D'/?(R) is defined by

I 0
(5 | )Pl = s Rs®ise). ©)

where the explicit form for the Lorentz transformation
matrix of the four-spinor is

ERGEED)

We omit here intermediate expressions giving rise to
our final relations (2)—(4) [8,17]. The presence of the
S(p - P) function allows us to make the integration over
relative energy p° if we write the initial production ampli-
tude as a convolution of the truncated amplitude with two
Bethe-Salpeter (BS) diquark wave functions. In the rest
frame of a bound state the condition p® = 0 allows us to
eliminate the relative energy from the BS wave function.
The BS wave function satisfies a two-body bound state
equation which is very complicated and has no known sol-
ution. A way to deal with this problem is to find a soluble
lowest-order equation containing the main physical pro-
perties of the exact equation and develop a perturbation

S(p) )

(1= g +m)
(1—511)2—

F’fy(p,P;q, Q) =0.m |:}//4

(1= g2+ my)
(l - C]z)2 -

" (p.P:q. Q) = .
(P Piq. Q) = Qpar [7,, "+ ic

where the gluon momenta are k; = p; + q;, k, =

p_, p. are the four-momenta of the electron and positron.
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theory. For this purpose we continue to work in the three-
dimensional quasipotential approach. In this framework,
the double diquark production amplitude (2) can be written
initially as a product of the production vertex function I' ,
projected onto the positive energy states by means of the
Dirac bispinors (free quark wave functions) and bound state
quasipotential wave functions describing diquarks in the
reference frames moving with four-momenta P, Q.
Further transformations include the known transformation
law of the bound state wave functions to the rest frame
(5). The physical interpretation of the double diquark pro-
duction amplitude is the following: we have a complicated
transition of two heavy quarks and antiquarks which are pro-
duced in e e~ annihilation outside the mass shell and their
subsequent evolution first on the mass shell (free Dirac bis-
pinors) and then to the quark bound states. In the spin pro-
jectors we have p* # n7M? — m7? , just the same as in the
vertex production functions Fl,z; We cannot say exactly
whether heavy quarks are on shell or not in the spin projec-
tors (3)—(4) because we should consider these structures as
transition form factors for heavy quarks from free states to
bound states. In the course of the M transformation, we

introduce symmetrical spin wave functions for
vector and scalar diquarks [15,29]:
(I+70), ]
u;(0)u;(0) = & cl,
( ) ]( ) |: 2\/§ AV(J/S) i
(1—-70), ©
v;(0)v;(0) = 00 )
00 = | P enirmic|

where C is the charge conjugation matrix. As the color wave
function of identical quarks (cc) or (bb) is antisymmetric
and the quarks are taken to be in the ground state S wave,
the spin wave function must be symmetric. So, the (cc) or
(bb) pair can only form a spin-1 diquark.

At leading order in a; the vertex functions
% (p, P;q. Q) can be written as [[*(p, P;q., Q) can be
obtained from F “(p, P; q, Q) by means of the replacement

P1< P2, 1<°q2, Oy = ey O = O]

, pr—l+m o]
oD (k) _H/ﬂ( 1(—11)2 mzlj- e (ko) ©)
1 J
’ pr—1+m N
oD (k) 75 (172(—21)2 — mzzj— e SUNE (10)
] J
prtqrand P=s>=(P+0) = (p_+p) acy =@ <M'22 $%);

The dependence on the relative momenta of heavy quarks
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is presented both in the gluon propagator D, (k) and quark propagator as well as in relativistic wave functions (3) and (4).
Taking into account that the ratio of relative quark momenta p and ¢ to the energy s is small, we expand inverse
denominators of quark and gluon propagators as follows:

1 1 - (2rip—1) 2r,M? - = (6]24221@ }
= 1—-B ’ - Bg —ri2Byy) ———5—=+ |, (11)
(l—%,z)z—m%z rz,lsz[ AV 21 5 (Bs 12Bav) r2,152
1 1 = (2rip—1) 2r,M* - = (p*F2lp)
= 1-B : e Byy —ri,Bg) ————=+ -], 12
(Z—P1,2)2—m1,2 ”2132[ s 2.1 r2.152 (Bav = r1.28s) ”2,1S2 - (12)
1 1 (1=2r1) 5 | 3 2(pQ +qP) (P> +4q° +2pq)
— = 1 - ~~(Bg + B,y) £ - sy 13
k% r%.]sz[ o (Bs + Bav) 718 r3 % * (13)

where Bg and B,y are the bound state energies of scalar and vector diquarks, B sav = Bsay/(my +my), M = my + m,,
and r, = m; /M. Substituting (11)-(13), (3)—(4) in (2) we preserve relativistic factors entering the denominators of
relativistic wave functions (3) and (4), but in the numerator of the amplitude (2) we take into account corrections of second
order in [p|/m, and |q|/m, , relative to the leading order result. This provides the convergence of resulting momentum
integrals. Calculating the trace in the amplitude (2) by means of the system FORM [30], we find that relativistic amplitudes
describing the production of diquark pairs have the following structure:

2 2
1287%a M ) - - Q.a,(375%) Qpa, (37t 5%)
Mss = — 346 F%F%M%m (02— Ul)ﬂ”(PqL)Yﬁ”(P—)éij‘IISD,,C (ON’S[)M(O) X r% Fis+ r% Frsl,

(14)

12872 MP e an 0 -0

MSAV = 386 M3/2M3/2 Epaci€ gpU1 vZU(p+)yﬁu(p7)6ij\I/SDbc (O)\I/Avb“(o)
Dy, D};E
0.a,(35*) 00, (5 5)
X328 b%s S
X 731”2 1.5AV _73M2F2,SAV , (15)
&) 1
1287%a M°> =0 =0 5
Muyay = — 36 2R2M3 U(p+)7ﬂu(p7)6ij\pAVDb[ (O)qIAV[‘)M(O)[F],AV(UZ - U]) (Sl,Av : 82,Av)
1"2MD,,

+ Foav(vy — v1)P (140 - 12) (2,40 - 1) + Faav(€2.40 - ”1)"3{,,41; — (e1,av U2)£§,Av]], (16)

where € , 4y are the polarization vectors of spin 1 diquarks. The coefficient functions F; 5, F'; sav, F; 4y can be presented as
sums of terms containing specific relativistic factors C;; = [(m; —e1(p))/(m; + €,(p))]'[(m2 — €2(q))/ (my + €2(q))V
with i 4+ j < 2. Used analytical expressions for these functions are written explicitly in the Appendix. Introducing the
scattering angle @ between the electron momentum p, and momentum P of diquark D,,., we can calculate the differential
cross section do/d cos 6 and then the total cross section ¢ as a function of the center-of-mass energy s, masses of quarks
and diquarks, and relativistic parameters presented below. We find it useful to write double heavy diquark production
differential cross sections in the following form:
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d 2567°a>  M® aMp, \**
9ss T 2D””> (1 —cos? 0)
N

- WO, (0)]2|Wgp 2( 1=
d cos 0 3510 M%,,C.V?r‘%' sp,, (0)*[¥sp, (0)] <

2
Qcas(m_zz SZ) Qba?( )
X [43MF1,5 7F25} , 17
r rl

dosyy  6Am’a® MO {(1 _ (Mp, + MDN)2> (l _ (Mp, — MDM)2>] 32
2 JZ
Db

dcos® 355 M; M s
be
! ! 0.0, (3 5?) 0 1
x [0S, (0)]*[Wayp, (0) { ‘réw Fisav — ‘réw F2.SAv:| (2 —sin*0), (18)
2 1

dO-AVAV 647[302 ]‘48 - 4M2D ) 3/2
- Pvp, O (1 ——* Fy— Fp-cos?0),
d cos 6 3510 M%h(_r?/zd avp,, (0)] 2 (Fa B )

Fp=Fi (12 =4n+0?) + FiayFoav(8n = 67 + 1) + Fi gy F3 4y (40 = 211%) + F3 4y (4’1 -2 + 411'7 )
+ FoavFsav(4 =) + F3 4y (2n + 1)
Fg=Fi, (12 =40 +17) + FiavFoay(81 — 67° + 1) + FiavFsav(4n — 20%) + F3 4y (4’12 — 2P +i’74>
+ FoavF3av(4 =) 4+ F3 4y (=20 + 1), (19)

where 1 = 52/ M? .- the values of the wave function at the origin are equal

) +mi)(e2(p) +my) dp
B0 ei(p 1) (e N o 2
SAVDb( /\/ 2¢,(p) - 265(p) SAVD,,C<p) (22)° (20)

This form of differential cross sections is very close to the nonrelativistic form obtained in [14]. In the nonrelativistic limit
our results coincide with the calculations made in [14] excepting the cross section (19), which differs by the factor 1/8 from
[14]." The functions F;s, Fisay, and F; 4y are obtained as a series i
order. Relativistic parameters wi}fv entering in F; g, F; say, and F; 4y (see the Appendix) can be expressed in terms of
momentum integrals [, as follows:

S5V _ /}w LR (@) \/(q(q) +my)(ex(q) + my) (m - q(q))n <m - €2(¢1§>k da. on

2¢1(q) - 262(q) my +e1(q)) \my+ex(q
IS.AV IS,AV IS,AV IS,AV IS,AV
SAV 54V _ Toi H5Av _ i Wo5AV — 12 W5AV T 22)
10 = sav o = ysav: o= save 20 = sAv: 02 = sav:
00 00 00 00 00

On the one hand, in the potential quark model relativistic corrections, connected with the relative motion of heavy quarks,
the production amplitude (2) and the cross sections (17), (18), and (19) enter through the different relativistic factors. They
are determined in the final expressions by specific parameters wS AV The momentum integrals which determine the param-
eters a)ﬁkAV are convergent and we can calculate them numencally, using the wave functions obtained by the numerical
solution of the Schrédinger equation. Nevertheless, we introduce a new cutoff parameter A ~ m, for momentum integrals
1, in (21) at high momenta ¢ because we do not know exactly the bound state wave functions in the region of the relativistic
momenta.

'"We are grateful to V. V. Braguta for the discussion of results obtained in [14].
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The exact form of the wave functions ¥, (q) and
‘Ilg‘,DhC(q) is important to improve an accuracy of the cal-
culation of relativistic effects. In nonrelativistic approxima-
tion double diquark production cross sections, (17), (18),
and (19) contain the fourth power of nonrelativistic wave
functions at the origin. Small changes of W9 avp,, lead to
substantial changes of the final results. In the framework of
NRQCD this problem is closely related to the determina-
tion of color-singlet matrix elements for heavy quarkonium
[11]. Thus, on the other hand, there are relativistic correc-
tions to the bound state wave functions of scalar and axial
vector diquarks. In order to take them into account, we sup-
pose that the dynamics of a (bc) pair is determined by the

a; ,  r(rp)p| ma; (1 1
— —+— |0
3mymyr {p * r? } + 3 <m%+m% (r)
2 fisE) |

mymyr r

AU, (r) = —

167a;

(S182)8(r) +

9m1m2

> 3(5152)} -

PHYSICAL REVIEW D 89, 014004 (2014)

QCD generalization of the standard Breit Hamiltonian in
the center-of-mass reference frame [31-34]:

H:H0+AU1+AU2,

2a, 1
Ho= /0>t +\/0? 43 =S54 2 (Ar 4 B). @23)

2

ay
AU, (r) = ~onr (2o In(ur) + a; + 2ygpol,
31 10 2
a; = ?—?nf, ﬁo = 11 —gi’lf, (24)

2a 1 1 2a 1 1
| =—+——)SiL)+=—=(z=—+—](S,L
- 3r <2m% +m1m2)( i) + 3r <2m% +m1m2>( L)

az(my + my) dmm, } 25)

2m myr? {_9(m1+m2)2

where L = [r x p|, Sy, S, are spins of heavy quarks, n; is the number of flavors, and yz ~ 0.577216 is the Euler constant.
To describe the hyperfine splittings in (b¢) and (cc) mesons (and the S-wave diquark system) which could be in agreement
with experimental data and other calculations in quark models, we add to the standard Breit potential the spin confining
potentials obtained in [31,35]:

Y Af1 1 16
AV?c(ﬁf(”) = fvg{—z‘i-—z +——(8:S,) + (26)

my  m5  3mym, 3mim,

BT (Sr) <s1s2>}},

where we take the parameter £y, = 0.9. For the dependence of the QCD coupling constant &, (u?) on the renormalization
point z? in the pure Coulomb term in (23) we use the three-loop result [36]

dr
PoL

64n
BoL)

167[b1 ln L +
(BoL)? (

ay(u?) =

whereas in other terms of the Hamiltonians (24) and (25)
we take the leading order approximation. The typical
momentum transfer scale in a quarkonium is of the order
of a double reduced mass, so we set the renormalization
scale y = 2mym,/(m; + m,) and A = 0.168 GeV, which
gives a; = 0.314 for diquark (cc) and a; = 0.265 for
diquark (bc). The coefficients b; are written explicitly in
[36]. The parameters of the linear potential A =
0.18 GeV? and B = —0.16 GeV have the usual values
of quark models.

For the calculation of relativistic corrections to the bound
state diquark wave functions ¥ ,,, (p) we take the Breit
potential (23) and construct the effective potential model as
in [18,37] by means of the rationalization of the kinetic
energy operator. Using the program of the numerical

=[bi(In* L —1In L — 1) + by),

L =In(s*/A?), (27)

solution of the Schrodinger equation [38] we obtain the
values of all relativistic parameters entering the cross sec-
tions (17), (18), and (19) which are collected in Table I.
There is no free diquark to study the effective interaction
between two heavy quarks. So, as a test calculation for our
model we find the masses of charmonium states and B,
mesons, which are in good agreement with experimental
data and other calculations in quark models. For example,
in the case of low lying (bc) mesons we obtain M(BF) =
M(1'Sy) =6.276 GeV  and  M(1°S;) = 6.315 GeV.
Numerical data related with charmonium states are
discussed in [18]. Strictly speaking we can obtain the char-
monium mass spectrum which agrees with experimental
data with more than a percent accuracy [18,39]. Our masses
of S-wave diquarks (bc) and (cc) in nonrelativistic
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TABLE I. Numerical values of relativistic parameters (22) in double heavy diquark production cross sections (17), (18), (19).

Diquarks (bc), (cc), n®*tL,  Mp, GeV \Ilg.AVD (0), GeV?3/2 wfbAV w(s)'lAV wf‘lAV wg‘ZAV w%‘v
SD,. 1S, 6.477 0.138 —0.0444  —0.0052  0.00045  0.00006  0.0037
AVD,, 135, 6.487 0.127 —0.0456  —0.0054  0.00045  0.00006  0.0037
AVD,. 135, 3.233 0.109 —0.0422 —0.0422  0.0032 0.0032 0.0032

approximation are 6.608 and 3.328 GeV, correspondingly.
In [16] a diquark (bc) (18 state) has the mass 6.48 GeV and
diquark (cc) (18 state) 3.16 GeV. The difference between
[16] and our results amounts near 2% and 4% and is related
with the different value of c-quark mass in [16]. An account
of relativistic corrections in our model leads to slightly dif-
ferent values: the mass of the (bc) diquark is 6.477 GeV
(S =1 state), 6.487 GeV (S = 1 state), and a mass of the
(cc) diquark is 3.233 GeV (S =1 state). The difference
near one percent occurs in comparison with our results
in [15] where a different approach to the calculation of rela-
tivistic corrections is used. The values of diquark (bc) and
(cc) wave functions at the origin in [16] U,.(0) =
0.205 GeV3? and V. (0) =0.150 GeV*/? are in

e*+e’—>SDbC+SB;,

S T e e e e L e B e e e LA B e

0.0015
0.0010

0.0005

0.0000F, . .

agreement with our nonrelativistic results \If%ht_(O) =
0.185 GeV?*? and ¥, (0) = 0.145 GeV3/2. Then we cal-
culate the parameters of diquark states and production cross
sections as functions of the center-of-mass energy s. Total
cross section plots for the production of diquarks (bc) and
(cc) are presented in Fig. 2. In Table IT we give numerical
values of total production cross sections at certain center-
of-mass energies s and compare them with the nonrelativ-
istic result in our quark model. We present also in Table II a
more detailed breakdown of separate contributions to the
cross sections that originated from relativistic corrections
to the production amplitude (column 4) and bound state
corrections (column 5). The effect of relativistic corrections
to the bound state wave functions (the Breit potential) can

et +e”>SDy+AVD—_
be

101 L S e B R B L B

020 -
0.15
0.10 -

0.05

FIG. 2 (color online).

The cross section in fb of e™ e~ annihilation into a pair of S-wave scalar and axial vector diquark states (bc) and

the axial vector diquark state (cc) as a function of the center-of-mass energy s (solid line). The dashed line shows the nonrelativistic

result without the bound state and relativistic corrections.
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TABLE II.

PHYSICAL REVIEW D 89, 014004 (2014)

The comparison of obtained results for the production cross sections with the nonrelativistic calculation. In the third

column we present the nonrelativistic result obtained in our model pointing out Ref. [14] where the nonrelativistic approximation of the

cross sections was discussed for the first time.

Center-of-mass 0,, (relativistic corrections o, (bound state Total
Final state DD, energy s o, [14] to the amplitude) corrections) result o,
SDy. + SDj. 15.0 GeV 0.0009 fb 0.0025 fb (+171%) 0.0008 fb (—14%) 0.0006 fb
SD,. +AVDj. 16.0 GeV 0.070 fb 0.085 b (+21%) 0.062 fb (—10%) 0.020 fb
AVD,. + AVDy, 16.0 GeV 0.178 fb 0.207 b (+14%) 0.152 fb (—17%) 0.039 fb
AVD,.+ AVD;; 7.6 GeV 0.378 b 0.492 tb (+30%) 0.220 fb (—42%) 0.113 fb
AVD,. +AVD;; 10.6 GeV 0.070 fb 0.080 b (+15%) 0.060 fb (—13%) 0.023 fb

be estimated from these corrections (columns 4-5) and the
total result ¢, (column 6). The decreasing factor in the cross
sections (with the exception of SD + SD production) when
passing from nonrelativistic to relativistic results is equal to
approximately 3. This means that relativistic corrections to
the wave functions lead to about 60% decrease of the cross
sections. It is difficult to extract exactly this contribution
because of the relativistic corrections to the wave function’s
influence on the values of relativistic corrections to the
amplitude [relativistic parameters (22)] and bound state
corrections. The total numerical results could be considered
as an estimate for the experimental search.

III. NUMERICAL RESULTS AND DISCUSSION

In this paper we have investigated a role of relativistic
and bound state effects in the production processes of a pair
double heavy diquarks in the quark model. We calculate
relativistic effects taking into account their important role
in the exclusive pair production of charmonium states in
e"e” annihilation. By the construction of the production
amplitude (2) we keep relativistic corrections of two types.

The first type is determined by several functions depending
on the relative quark momenta p and q arising from the
gluon propagator, the quark propagator, and relativistic
diquark wave functions. The second type of corrections
originates from the perturbative and nonperturbative treat-
ment of the quark-quark interaction operator which leads to
and W0 (q) for

S.AVD;.
the diquark bound states. In addition, we systematically

different wave functions W9 AVD,, (p)

accounted for the bound state corrections working with
masses of diquark bound states or with the bound state
energies Bg, B,y. The calculated masses of diquark states
agree well with previous theoretical results [15]. Note that
basic parameters of the model are kept fixed from previous
calculations of the meson mass spectra and decay widths
[13,20,40,41].

It follows from the results, (17), (18), and (19), that total
cross sections for the exclusive pair production of scalar,

scalar + axial vector, and axial vector diquarks in eTe™
annihilation can bek presented in the following form:

2
o _l0dre M W) | AMp N\ Qcas(%sz)F Qbas(%sz)F 28)
SS 9410 r?rﬁle6DbC SD,,. 2 r% .S r? 28| »
s M K] (MDM+MDZ-,)2> (1 (Mnbf.—Mb,;f)r”
SAV — - -
9s® M%hL_M%M 52 52
2 2 2
_ _ 0.a,(35s%) Qpa, (37 5%)
<1885, (OP v, O | S F, gy - O 29)
2 1
12873a>  M® . 4M3, 32
= PO (0)*( 1 ——2)  (3F,— Fp). 30
OAVAV 9410 r?rgM?)bc| AVDbc( )|< §2 > ( A B) (30)

Relativistic corrections to the bound state wave functions
and to the production amplitudes, and bound state effects
impact differently on the value of cross sections. In Fig. 2
we show the plots of total cross sections corresponding to

pairs of diquarks scalar + scalar, the scalar + axial vector,
and the axial vector + axial vector as functions of the
center-of-mass energy s. Some kind of experimental data
regarding such reactions is absent at present, so these plots

014004-9



A.P. MARTYNENKO AND A.M. TRUNIN

could serve only for an estimate of the possible value of cross
sections. Among the discussed reactions, the maximal
numerical value of the cross section corresponds to the case
of a pair of axial vector diquarks (b¢) and (cc) production
(this result qualitatively agrees with that one obtained in
[14]). So, this production process could be interesting for
us, first of all, because it can have the experimental pers-
pective. Assuming that a luminosity at the B factory,
L = 10** cm~2 - ¢!, the yield of pairs of double heavy bary-
ons (ccq) can be near 30 events per year at the center-of-mass
energy s = 7.6 GeV. This value is more than by an order of
magnitude smaller then that given in [14]. As is mentioned in
the previous section, the main difference is related with a fac-
tor 1/8. Moreover, an accounting of relativistic and bound
state corrections leads to an additional decrease compared
with the nonrelativistic result. It is necessary to point out that
we call the nonrelativistic result the one that is obtained with
the pure nonrelativistic Hamiltonian when the bound state
mass is taken to be M, = m; + m,. An essential decrease
of the relativistic cross section value in the case of a pair of
axial diquarks’ production compared with the nonrelativistic
result (see Table II) complicates an observation of such events.
There are several important factors which influence strongly
the total result when passing from a nonrelativistic theory to a
relativistic theory. Relativistic corrections to the production
amplitude increase nonrelativistic results on a few tenths of
percents. This is true for all cross sections excepting the pro-
duction scalar diquark plus scalar diquark (SD + SD) where
the growth of the cross section is unexpectedly large. But
another relativistic correction to the bound state wave func-
tions and bound state corrections have an opposite effect.
Relativistic corrections to diquark bound states lead to a
decrease of the wave function at the origin and, as a result,
to a decrease of the production cross sections in the case of
SD + SD, scalar diquark plus axial vector diquark (SD+
AVD), and axial vector diquark plus axial vector diquark
(AVD + AVD) cross sections. For example, in the case of
(cc) axial vector diquarks we obtain U9, . (0)/¥9, (0) ~
1.33. This effect is comparable numen'ceﬁly with other rela-
tivistic and bound state corrections (see Table II) but it plays a
key role in a total decrease of the cross section because of the
factor (U9, .(0)/99 (0))* ~3.13. A diquark is a more
bulky obj ectas comparéa with a meson so, decreasing factors
become significantly stronger than in the meson case. Note
that in the case of the production of a diquark with two
identical quarks it is necessary to take into account the
Pauli exclusion principle. This means that we should intro-
duce in the production amplitude an additional factor of
1/2 for each pair (cc) and (¢ ¢).

Making the estimate of a pair of baryons production we
suppose that a spin-1 diquark (cc) can fragment either to a
spin J = 1/2 baryon (ccq) containing light quark u, d,
which we denote =.. or to a spin J = 3/2 baryon (ccq)
which we denote = baryon. The production cross section
for a baryon-antibaryon pair (BB) is

PHYSICAL REVIEW D 89, 014004 (2014)

dogp = 1 d 1 d te~ — DD
B Z Z ee”
BB /o ! A 2dZ1dZ2( )

-Dp_p(z1) - Dp_p(22). (3D

where z; is the part of the baryon momenta carried out by
the diquark. The baryon has approximately the same
momentum as a diquark, so we can present the diquark
fragmentation function Dp_ (z) as follows [42]:

Dp_p(z) = Pp_p-6(1 —2), (32)

where Pp_p is the total fragmentation probability of a
diquark to a baryon. This probability can be taken equal
to unity for the diquark fragmentation to the baryon
(ceq): Jo Dp_p(z)dz = 1. So, obtained above, cross sec-
tions (28), (29), and (30) can be used also for the estimate
of a baryon-antibaryon pair production in e*e™ annihila-
tion. It is important to note that at high energy e*e™ col-
liders the rate for the production of a pair of double heavy
baryon (ccq) antibaryon (¢ ¢g) is comparable with the
production rates for S- and P-wave charmonium states,
some of which were observed experimentally.

We presented a treatment of relativistic effects in the
S-wave double diquark production in ete™ annihilation.
Two different types of relativistic contributions to the pro-
duction amplitudes, (14), (15), and (16), are singled out.
The first type includes relativistic v/c corrections to the
wave functions and their relativistic transformations.
The second type includes relativistic p/s corrections
appearing from the expansion of the quark and gluon
propagators. The latter corrections are taken into account
up to the second order. It is important to note that the
expansion parameter p/s is very small. In our analysis
of the production amplitudes we correctly take into
account relativistic contributions of order O(v?/c?) for
the S-wave diquarks. Therefore, the first basic theoretical
uncertainty of our calculation is connected with omitted
terms of order O(p*/m®*). Taking into account that the
average value of heavy quark velocity squared in the char-
monium is (%) = 0.3, we expect that relativistic correc-
tions of order O(p*/m*) to the cross sections, (28),
(29), and (30), coming from the production amplitude
should not exceed 30% of the obtained relativistic result.
As it follows from present calculation the wave function of
quark bound states in the rest frame is a key quantity deter-
mining the value of relativistic corrections and correspond-
ing errors. The description of diquark bound states in the
quasipotential method is carried out by analogy with the
meson states. Our calculation shows that the wave function
modification due to the account of (v/c)? corrections in
the quark potential is equal approximately to 30%. We
can suppose that the corrections of order (v/c)* can give
also 30% from the previous correction. So, we consider
that the total error of the wave function determination
amounts 10%. Of course, this estimate is a very
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approximate one but it agrees also with the calculation of
quarkonium masses with the accuracy better than one per-
cent. A larger value of the error will lead to the essential
discrepancy between the experiment and theory in the cal-
culation of the charmonium mass spectrum. Then the cor-
responding error in the cross sections, (28), (29), and (30).
is not exceeding 40%. Another important part of the total
theoretical error is related with radiative corrections of
order a, which were omitted in our analysis. Our approach
to the calculation of the amplitude of double diquark pro-
duction can be extended beyond the leading order in the
strong coupling constant. Then the vertex functions in (2)
will have a more complicate structure including the inte-
gration over the loop momenta. Our calculation of the
cross sections accounts for effectively only some part of
one loop corrections by means of the Breit Hamiltonian.
So, we assume that radiative corrections of order O(a)
can cause the 20% modification of the production cross
sections. We have neglected terms in the cross sections,
(28), (29), and (30) containing the product of /,; with sum-
mary index > 2 because their contribution has been found
negligibly small. It is reasonable also to suppose that the
maximal modification of relativistic parameters (22)
caused by the momentum cutoff does not exceed 20%,
because the asymptotic behavior of the wave function is

M=— 8’”’H/MD,,(]VID,, [ (P+)7’ﬁ”(l’

PHYSICAL REVIEW D 89, 014004 (2014)

not reliably determined. Then the corresponding error in
the cross section calculation is not exceeding 5%, except-
ing SD + SD production where it is equal 15%. There are
no another comparable uncertainties related to other
parameters of the model, since their values were fixed from
our previous consideration of meson and baryon properties
[20,40]. Our total maximum theoretical errors are esti-
mated at 54% (56% in the case of SD + SD production).
To obtain this estimate we add the above mentioned uncer-
tainties in quadrature.
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APPENDIX: THE COEFFICIENT FUNCTIONS
F;g, Fisqy, AND F;;, ENTERING IN THE
PRODUCTION AMPLITUDES (14)—(16)

The general structure of the pair double heavy
diquark production amplitudes studied in this work is
the following:

_)]8Y

30
b, (q)

d
* [ oy

fﬂ 5, (P)

(q)+mp)

my . 2m

2r)3
\/61(P)(fl(F)+"'1)Q(P)(Q(PHIVQ) \/F](ﬂ(ﬂ(@%"'])fz(l])(fgci
2my my 2mp . my  2my

x Te{T, + kT%}, (A1)
T12 Qcab |:1A)l2 + 7,}1 2m, +m2 —_ :|Z§AV + U]
2 m

X |: o ]7 (e (p)Fmy) —|—2mli| |:7ﬁ P ]Zerm127/4 _'_},”([q%yﬂ} D;w(k2>
2 S A2
X [ @ @) | om }Z 1+ 9, [ (e;fq)mz) 2312} Y (A2)

8
T/34 - Qba [ 2 + Ul 2m (€ I(Jp)+ml) +251 }E.IYAV(I + Ul)
2 A l 1
n 2

x [ 62 2y (e5(q)+m2) 2m,i|2 [ 22 + Uzmﬁ-ﬁl} Yus (A3)

where Z}qfw is equal to y5 for the S = 0 diquark and &,y for § = 1; k = 1 for the S-S or AV-AV diquark pair and x = —1
for S-AV diquark pair. Calculating the trace in (A1) we obtain amplitudes Mgg, Mgay, and My, presented in
Eqgs. (14)—(16). Corresponding functions F; s, F; g4y, and F; 4, are written below in the used approximation.

et +e = SDy. + SDj.

Fis=

0 I 2 3 4 5) 7
FYs + Filsof + Fisof + Fisol + Fiis(l)? + FisBs.

(A4)
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3
ry .
Fg(,);:73(72—1)3+(72_1)2§2S2’ (A5)

5r,t 23
Fﬁ%:( 22 —Tr 12— 3r2+2>r2§2

+—4r26—|—12r25—40r23+60r22—36r2 + 8

=2
s
11r°5 13r* 43153 31r?2
_9 6 2 2 2 2
Rty 3 3
47'2 2
— -, A6
3 3 (A6)

27, 23
F§?§:< 22 —5r 34107, 2 - 3r2+2>r23"2

+—4 r26—|—12 r25—40 r23—|—60 r22—36 ry +8
<2

S
5r,°% 31rm* 61r,°3 3712
26 2 2 bl 2
R 3 3 3
4r 2
B (A7)
FPy = —Fily = F{}, (A8)
137, 3 75 1y 3
F=nt+ =2 —20n 4+ 22197243,
7r,3 11
+(2r24—8r23—|—12r22—8r2 +2)r§ (A9)

2 ’

where 5§ = s/M. We especially violate the symmetry in

quarks ¢ and b making the substitution p? = (e;(p) —

my)(e;(p) + m;) in order to decrease the size of final

expression. The function F, g can be obtained from F g

changing ry<>ry, my<>my, and w;; - wj;.
et +e - SD,. +AVDj,.

0 i 2 3
Fisav = F(l,g'AV + Fg,;Avwfo + FE,;AV(U/?(;/ + Fg,;Angl

(4) (5) (6)
+ F1,5Avwé1v + FI,SAngO + Fl,SAVw%/
7 8 ©
+ F(l,gAwal + Fg,gAVa)l?y + Fl,;AVa)foa)?(;/

) (A10)

1) 3%
,SAVBAV’

10) 3
CFU B+

(0)

Figay =1, (A11)
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PO (1 — ry)*(40r5 — 80r; + 27)
1.SAV = 935
_(1—r2)2(3r%—31r%+34r2—4) (A20)
9r5 ’

(10) 7}’2—1 10"2—3

FI,SAV - gz + 2’,2 ’ (A21)
2
ay _n—1 rn+ 12r, — 3

Flow="5—+2 55— (A2

In these functions, we preserve several terms containjng the
product of parameters a)f]?AV and bound energies Bg and
B,y in order to increase the accuracy of the calculation.
Note again that the function F, 4y can be obtained from
F vy by means of the replacement m<>m;, ry<>ry,
and w;; = wj;.

et + e — AVD,. + AVDj..

2
Qc X(MZS) Qba.\'(%sz)
Fiav=|—"7F—Fauav+—F3 —Fpav|.
) r
i=1,2,3, (A23)
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3 1
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5 2r3(1 —ry)*
Fg l).AV = _ZT
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F = FWD AV L B v B0 Ay
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+ F21,Av(‘010 )2, (A31)
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Fylav = Tz (A32)
2 1 3
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0 1 2 3
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+ Fg:),AV(a)]() )* + Fg])AVBAV’ (A35)
F = (=) A36
aay = (1=12)7r3, (A36)
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3 1
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F31,AV - 9’%52
B (5r3 — 1915 + 18;2‘2 —4)(1 —ry)* (A40)
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2(1— 1) 1
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(A41)

Other functions F 4y (i = 1, 2, 3) can be obtained from
Fijay using the replacement mj<m,, ry<r

and a)ij g CU]:
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