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We describe an effective theory of a scalar field, motivated by some features expected in the low energy

theory of gluodynamics in 3 + 1 dimensions. The theory describes two propagating massless particles in a
certain limit, which we identify with the Abelian QED limit, and has classical string solutions in the
general case. The string solutions are somewhat unusual as they are multiply degenerate due to the
spontaneous breaking of diffeomorphism invariance. Nevertheless, all solutions yield an identical electric

field and have the same string tension.
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I. INTRODUCTION

The aim of this article is to describe a field theoretical
model, motivated by an attempt to extend the understand-
ing of certain aspects of 2 + 1 dimensional gauge theories
to 3 + 1 dimensions.

In2 + 1 dimensions one has a very simple and straightfor-
ward relation between confinement and spontaneous break-
ing of a discrete magnetic symmetry [1,2]. Additionally, in
2 + 1 dimensions, non-Abelian gauge theories, exhibiting
the phenomenon of confinement, are related to Abelian
theories on the effective field theory level, by a simple
symmetry breaking deformation. This deformation breaks
the continuous U(1) magnetic symmetry of an Abelian the-
ory down to a discrete group Zy for SU(N) gauge theories
with adjoint matter. The mere fact of the presence of this
deformation, coupled with the spontaneous breaking of the
residual discreet group leads with certainty to a confining
long distance behavior [2,3].

In this article we discuss a 3 + 1 dimensional model
that displays similar features. The model is designed to
implement certain aspects of Abelian—non-Abelian tran-
sition, similar to the 2 + 1 dimensional case. Although it
clearly cannot be taken literally as the effective theory of
QCD, curiously enough it does have some similarity with
the Fadeev-Niemi model, that has been proposed as an
effective theory of glueballs from a completely different
perspective [4].

Before discussing the model itself, we will recall briefly
the story of 2 + 1 dimensional gauge theories. As a proto-
typical Abelian gauge theory consider scalar QED. It
possesses a continuous U, (1) global symmetry generated
by the total magnetic flux through the plane of the system,
® = [d?xB(x). The order parameter for this symmetry is
one complex field V, which creates pointlike magnetic
vortices. In the Coulomb phase (V) = v # 0 and U,,(1)
is spontaneously broken. The low energy dynamics is
qualitatively described by the effective ““dual” Lagrangian
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The Goldstone boson of the U, (1) symmetry breaking is
identified with the massless photon, while the electric
charge in the dual formulation is the topological charge
of the field V:
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A charged state of QED in the effective description appears
as a hedgehog-like soliton of V: V(x) = ve™, with
6 =tan " 'y/x.

This effective formulation is also a good basis for
description of confinement in non-Abelian theories. In
particular, the effective theory of a weakly interacting
SU(N) model is essentially the same as Eq. (1), except
with a potential which breaks the magnetic U, (1) symme-
try down to Zy:
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The perturbation reduces the infinite degeneracy of vacua
of the Abelian theory to a finite number of degenerate
vacuum states connected by the Zy transformations. As a
result, a charged state does not have a rotational symmetry
anymore, but the winding is concentrated within a quasi-
one-dimensional “flux tube” [2].

This is a very simple picture, and a very appealing one
inasmuch as it identifies charged objects with topological
defects which inherently have long range interactions due
to their topological nature. It also identified photons with
Goldstone bosons, providing a natural symmetry based
explanation for masslessness of the photon.

It is natural to ask, whether in 3 + 1 dimensions one can
have a similar description, which encompasses the mass-
less nature of photons in QED as well as a topological
mechanism of confinement in non-Abelian theories. The
situation here, of course, is much more complicated. First
of all, in 3 + 1 dimensions photons are vector particles and
so it is not clear at all whether they can be understood as
Goldstone bosons. Even if such a case can be made for
photons, it is not easy to identify the relevant conserved
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current that breaks spontaneously. It is clear that the
current has to be related to the dual field strength F v
consistent with the fact that photons have spin one [5]. The
dual field strength, however, has no local order parameter,
and thus is an object of a very different kind than ordinary
vector currents, which we are used to dealing with.
Another complication is that the classical effective descrip-
tion assumes weakly interacting theory, while QCD is of
course strongly interacting.

All these are difficult questions to which we do not
attempt to provide answers here. Instead we will be content
to construct a model that encompasses the following basic
features:

(1) The model should describe dynamics of scalar

fields, and contain no fundamental gauge fields.

(2) The model should have the limit (putative ‘“Abelian
regime’’) in which it has 2 massless degrees of
freedom, which are identified as Goldstone bosons.
These massless Goldstone bosons in our model are
intended to play the role of photons.

(3) In the Abelian regime the model must provide for
the existence of classical topological solitons, which
play the role of electrically charged particles. We
require the topological charge that is carried by
these solitons to reflect the mapping of the spatial
infinity onto the manifold of vacua, and thus be
given by II,(M). The energy of these solitons has
to be finite in the infrared. The energy density of a
soliton solution should decrease as 1/r* far from the
soliton core. This is nontrivial in 3 + 1 dimensions,
since our model has no gauge fields, while scalar
fields that contribute to IT, have to be long range.

(4) Soliton must become confined in the “non-Abelian
regime” when a symmetry breaking perturbation is
added. This same perturbation must eliminate mass-
less Goldstones by explicitly breaking the (previ-
ously) spontaneously broken symmetry group down
to a discreet subgroup. Confinement should be ac-
companied by the formation of string between the
solitons.

In this article we present a model which has all the above
features and discuss its properties, which are somewhat
unusual. In particular, the requirement of the finiteness of
the energy of a topological soliton in the Abelian regime is
very restrictive. It leads to rather unusual properties of the
confining strings in the non-Abelian regime such as the
exitance of an infinite number of zero modes. This degen-
eracy can be lifted; however, that requires the addition of
another perturbation which is not clearly related with
breaking of symmetries of the theory.

We stress that the model we discuss does not provide the
perfect emulation of many properties of gauge theories. In
particular, even in the Abelian regime, it contains classical
solutions with a magnetic charge density, and thus the
effective dual field strength tensor is not conserved.
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Related to that, although we are able to construct solutions
of equations of motion that behave as single photons, the
model has no solutions that correspond to a two photon
state with arbitrary polarization vectors. Nevertheless, we
think that the model has many similarities with gauge
theories, and thus is sufficiently interesting to be consid-
ered perhaps as a simplified prototype for future work.

II. THE ABELIAN MODEL
A. The field space and the Lagrangian

As explained in the Introduction, we wish to construct a
model of scalar fields which contains 2 massless degrees of
freedom and solitons of finite energy. The simplest option
that we adopt is a theory with 2 scalar degrees of freedom
endowed with SU(2) symmetry. Spontaneous breaking of
this symmetry must lead to two massless modes. Thus we
choose as the configuration space the O(3) nonlinear o
model.

% a=123  ¢*=1 @)

The moduli space allows for the requisite topology I1,(S?).
The topological charge associated with it is identified with
the electric charge of QED”
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As the first task, we have to contend with the following
potential problem. In a theory with the standard kinetic
term, the energy of a state with nonvanishing topological
charge diverges in the infrared. A typical topologically
nontrivial field configuration is a rotationally symmetric
hedgehog
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The standard two derivative kinetic energy diverges quad-
ratically on such a configuration. In order to make the
energy of the soliton finite, we need to introduce a kinetic
term with more than two derivatives.

In fact, there exists a unique four derivative term which
is a natural choice for a kinetic term for our model. The
identification of the electric charge with the topological
charge Eq. (5) also naturally leads to the identification of
the electric current as

JH = #eabceuw\ﬂavd)aa/\(ﬁbagd)c, (7)

and therefore electromagnetic field tensor as
FHY = e“b"e’”)“’ci)“aﬂi)baa(ﬁ”. (8)

Since our goal is to construct a model that resembles QED
as close as possible, the natural choice for the kinetic term
is the square of the field strength tensor, which is just the
well-known Skyrme term.
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Hence we consider the model of a triplet of scalar fields
defined by the following Lagrangian:

L= éF‘“’FW + A% — 1)% 9)

We note that the sign of the F2-term in the Lagrangian is
opposite to that in QED. In the framework of Eq. (9) the sign
is determined so that the Hamiltonian is positive, rather than
negative definite. This feature is common to models related
by duality. For example, the same is true in the 2 + 1
dimensional models described in the Introduction, where
the kinetic term in the Lagrangian of the effective theory
when written in terms of the field strength tensor has the
opposite sign to that of electrodynamics. The reason for this
inversion is that while in QED the electric field is propor-
tional to the time derivative of the basic field (in this case
A,), in the effective dual description it is the magnetic field
that contains the time derivative of the vertex field V. Thus,
in order for the Hamiltonian of the two models in terms of £
and B to be the same, the Lagrangians have to have opposite
signs. This inversion of sign also takes place in our model
and is the natural consequence of the relation between
the field strength tensor and the basic scalar degrees of
freedom, Eq. (8).

In the strongly coupled limit A — oo, the isovector ¢ has
unit length, and the field strength is trivially conserved

9, F* = 0. (10)

This limit therefore corresponds to QED without charges.
In this limit the energy of the soliton, Eq. (6), diverges
linearly in the ultraviolet. At finite coupling A the variation
of the radial component of the field ¢“ softens the UV
behavior, and the soliton energy is UV finite. It is also IR
finite thanks to our choice of the four derivative action. In
fact on the hedgehog configuration, Eq. (6), the “electric
field” decreases as E;(x) ﬁ and the energy density
away from the soliton core decreases as 1/r*, just like
the Coulomb energy of a static electric charge in the
electrodynamics.

B. The equations of motion

We now derive the equations of motion for the model.
For convenience we define in the strong coupling limit

b3 =12z, W= +ipy, =1 - 72X (11)

With this parametrization one has

Frv = errPe,, ¢9,¢"d5h°¢ = —2€*7F 9,205 x.
(12)

The Lagrangian can be written as

1
L= @(aﬂzayx — 9,x9,2)% (13)
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The equations of motion read

1
6“[; 0" x(0,29,x — ayzaﬂ)()] =0,
(14)

1
a#[? 072(9,20, x — 8,,z8wy)i| =0.
This can be combined into
1
?E)VG(Z; X)ay,(ay,zaw\/ - aVZa,u,X)

1
= ;%[G(z, X)9,(9,29,x — 8,20, )] =0,  (15)

where G(z, ) is an arbitrary function of two variables.
These equations have a form of conservation equations for
currents defined as

JS =Gz, x)9*(9,29, x — 9,20, X)- (16)

C. The symmetries and the correspondence
to electrodynamics

The conserved currents of Eq. (16) can indeed be iden-
tified with conserved Noether currents. An unexpected
consequence of the choice of the Skyrme term as the
kinetic term in the Lagrangian, is that the global symmetry
group of the model is much larger than the SO(3) group we
have started with.

To see this, note that the field strength as defined in
Eq. (8) is related to an infinitesimal area on a configuration
space. Let us be more precise here. A given field configu-
ration ¢“(x) defines a map from space-time to a sphere S2.
Consider a given component, the field strength tensor, say
F, at some point x. To calculate it in terms of ¢ we
consider three infinitesimally close points A = x*, B =
x* + 8#1a, and C = x* + 6*2a. These three points in
space-time map into three infinitesimally close points on
the sphere ¢%(A), ¢%(B), ¢¢(C). The field strength F, is
proportional (up to the factor a2) to the area of the
infinitesimal triangle on S? defined by these three points.
Since the action of our toy model depends only on F*”, it
is clear that any reparametrization of the sphere which
preserves the area is an invariance of our action.

Thus, the SO(3) global symmetry we started with, is a
small subgroup of the area preserving diffeomorphisms of
S2, which we denote Sdiff(2) [6]. This is the group
of canonical transformations of a classical mechanics of
1 degree of freedom. The infinitesimal symmetry trans-
formation in terms of z and y is

oG
; - X, 17
oy X=X~ 5 17)
with arbitrary G(z, x). The appropriate Noether currents
are precisely those of Eq. (16) and the equations of
motion are indeed equivalent to conservation equations
of these currents.
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It is amusing to note that this symmetry is similar to the
world sheet diffeomorphism invariance of the Nambu-Gotto
string. Indeed, if one thinks of the fields z and y as the world
sheet string coordinates, the world sheet diffeomorphism
invariance is precisely Eq. (17) [7]. Although our setup
looks very different from a string theory, there may be
more to this analogy than meets the eye, as the basic “order
parameters” of the magnetic symmetry in QED, are indeed
magnetic vortex strings [5]. The S? topology of the world
sheet then implies closed string loops. We will not develop
this analogy any further here, and instead will return to the
field theoretical approach.

The enhanced symmetry means that the moduli space is
much larger than S? as would be naively the case for
symmetry breaking pattern SO(3) — SO(2). Any configu-
ration ¢“(x) that maps the configuration space into an
arbitrary one dimensional curve on S has a vanishing
action and is thus a point on the moduli space. The moduli
space is therefore the union of maps ¢“(x) that map R* to
L, where L is an arbitrary point or a one dimensional curve
on $2.

Nevertheless, even though the moduli space is not a simple
sphere, the topological charge Q is quantized for any smooth
classical configuration of fields ¢(x). A twist in the tale is
that there are many more degenerate soliton configurations
than just the rotationally invariant hedgehog of Eq. (6). Any
Sdiff(2) transformation corresponding to an arbitrary regular
function G of Eq. (17) applied to the configuration, Eq. (6),
generates a soliton configuration d)ZG (x) which is degenerate
in energy with ¢4 (x). Note that although these are different
field configurations, they all correspond to the same electric
field E; = €, €7 $?0,;¢p" 9, ¢, since the electric (as well
as magnetic) field is invariant under the action of Sdiff(2)
transformations.

D. Plane waves and photon states

Returning to the Lagrangian equation (9), the natural
question to ask is how much of a relation does it have with
electrodynamics. With the identification, Eq. (8), we know
that the field strength F*” satisfies half of Maxwell’s
equations. The equations of motion, Eq. (15), are quite
reminiscent of the other half of Maxwell’s equations. They
can be rewritten in terms of F*” as

[0,G(z )()]8#}77“’ =0. (18)

Thus, any configuration of the fields z, y that satisfies
] MF #¥ = (), also satisfies the equations of motion of our
model. The converse is not true: there are solutions of the
equations of motion, Eq. (15), which do not satisfy the
equations of motion of electrodynamics. We give an
example of such a solution in the Appendix.

The model, Eq. (9), is therefore not equivalent to electro-
dynamics. Nevertheless, it is interesting to ask whether the
spectrum of solutions of Eq. (9) contains basic excitations
of QED, in particular the photons. This is a slight abuse of
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language, since we are dealing with a classical theory. We
will nevertheless refer to plane wave configurations of F*”
with lightlike momentum as photons.

Our aim in this section is to show that the free wave
excitations are indeed solutions of Eq. (15). To this end
consider the configuration

X(x) = Aetx,,; z(x) = sink*x,, (19)
where the vector €* is normalized as e* e w= L On this
configuration

FrY = A(etk” — €’kM) cosk - x. (20)

Thus,
9, Fr = —Al(e- k" — K€ ]sink-x.  (21)

This vanishes, provided the momentum vector is lightlike
and the polarization vector € is perpendicular to k:
kK =0; €e-k=0. (22)

For a given lightlike momentum &, this equation has three
independent solutions for €*. One of them, however, is
proportional to k,, itself. With this polarization vector, the
field strength tensor vanishes. Thus, there are two indepen-
dent polarization vectors €}, A = 1, 2 that correspond to
plane wave solutions for F#”. Just like in QED, it is
convenient to choose the polarization vectors so that their
zeroth component vanishes €} = (0, €)). The constant A is
the overall amplitude of the electromagnetic wave, whose
square is proportional to the number of photons with a
given momentum and a given polarization in the wave.

The arbitrariness in the choice of the polarization vectors
is precisely the same as in the choice of polarization
vectors in electrodynamics

et — e* + ak*. (23)

Note that this shift of polarization vector is affected by the
transformation

X — x t aarcsinz, (24)

which is one of the Sdiff(2) transformations, Eq. (17). In
fact the two field configurations, Eq. (19), can be trans-
formed by any element of Sdiff(2) without changing F#”.

The solution, Egs. (19), (20), and (22), describes a state in
all respects equivalent to the freely propagating photon, and
we will refer to it as such. The setup here is dual to the usual
free QED. Normally one introduces the vector potential A,
via F*" = 9,A, — d,A,. This relation potentiates the ho-
mogeneous Maxwell’s equation 9 ,uF »¥ = (0. However, in
the free chargeless QED entirely analogously one can po-
tentiate the other Maxwell equation by introducing the dual
vector potential via F*” = 9 MA,, —9,A - The dynamics of
the dual vector potential A “ 1s identical to that of A s and it
can be expanded in exactly the same polarization basis as
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A, In this formulation QED processes a dual gauge sym-
metry A, — A, + 3, A(x).

To make the correspondence between our model and the
electrodynamics more transparent, we can define a dual
vector potential

A, = 2Z0,X- (25)

Under the Sdiff(2) transformation equation (17) it trans-
forms as

S IG
Aﬂ—eA#+aMP}—z5;} (26)

which has a form reminiscent of the dual gauge trans-
formation in electrodynamics with the gauge function
Alx) =G — z%.

The analogy of Eq. (25) with the dual vector potential of
QED is suggestive, but one has to be aware that this is only
an analogy rather than equivalence. First, the transforma-
tion equation (26) is not a gauge transformation, but rather
the action of a global symmetry transformation of the
Lagrangian on A » of Eq. (25). More importantly, the vector
field defined in Eq. (25) in terms of two scalar fields is not
the most general form of a vector field, even allowing for a
possible gauge ambiguity. For that reason the variation of
the Lagrangian with respect to such a constrained vector
potential does not lead to the homogeneous Maxwell’s
equation directly, but instead to Eq. (18), which allows
additional solutions.

Finally we note, that the solution, Eq. (19), gives a nice
and simple interpretation for the properties of the photon
states in terms of the effective theory. The photon momen-
tum is the momentum associated with the variation of the
third component of the isovector ¢p¢, while the direction of
the photon polarization vector is determined by the spatial
variation of the phase y.

Although a plane wave F uv SOlves the equations of
motion, the equations, Eq. (18), are not linear in the basic
field variables, and thus an arbitrary superposition of two
such solutions itself is not a solution. We may try to
construct a two photon state by slightly extending the
ansatz, Eq. (19).

z = asink#x, + bsinp*x, (27)

X = ApXys u

with k# and p#—both lightlike vectors, A#k,, = A#p, =0

and A#A p = 1. The latter two conditions can be satisfied
by taking
€k €' p
AM:a[éﬂ_—k-pP”_—k-pk"]’ (28)

with an arbitrary vector e* and an appropriate normaliza-
tion constant «.
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The dual field strength tensor can be written as
P k _ g ok .
F,, = alk,€, —k,€;)cosk-x
+ b(p,€er — p,€ep)cosp - x, (29)
with the polarization vectors

Ao Ao
’;L=/\#—k—0kﬂ; €=, ——p, (30

Po

€

This is a bona fide two photon state. Unfortunately by
varying A, at fixed p and k one cannot obtain the two
most general polarization vectors for photons with mo-
menta k and p. This is obvious since both polarization
vectors €* and e” have equal components in the direction
perpendicular to the plane spanned by p’; k. Thus we are
lacking 1 degree of freedom to be able to construct a two
photon state with arbitrary polarizations of both photons.
In the Appendix we show that this is problem is not
restricted to our ansatz, Eq. (27), but is a genuine limitation
of our Lagrangian.

III. THE NON-ABELIAN PERTURBATION
AND THE STRING SOLUTION

In analogy with 2 + 1 dimensions we now perturb the
theory with the simplest perturbation which breaks the O(3)
global symmetry. This perturbation should eliminate the
vacuum degeneracy associated with the spontaneous sym-
metry breaking. We find it convenient to choose a potential
that fixes the vacuum expectation value of the field z to be
equal to unity. We thus consider the Lagrangian

1
T T2’ T
The perturbation breaks not only the SO(3) symmetry, but
also generic Sdiff(2) transformations. Nevertheless, the
subgroup generated by

—%M@—W. 31)
e

dG(2)
dz
remains unbroken. We keep this in mind throughout the

discussion of this section.
The equations of motion now are

X=X~ (32)

1 4
8“[? 0" x(0,20,x — 8,,28,“\/)] = ?Az(z - 1),

o+ 18" 0,20, — 0,20 =0 59
Z Z( ui0p X v< /1,/\/) - Y

With this perturbation there are no finite energy solutions
with nonvanishing topological charge Q. Instead, we expect
to find translationally invariant stringlike solution. In the
presence of a soliton and antisoliton such strings will con-
nect the two and will provide for a linear confining potential.
To find such a solution consider a static field configuration
translationally invariant in the third direction. For such a
configuration the only nonvanishing components of F',,, are
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FO = 2€09,29, . (34)

We look for a solution invariant under rotations in the
plain perpendicular to the string
x(@x) =0(x);  z(x) = z(r), (35)
where r and 6 are the polar coordinates in the x;, x, plain.
Such a configuration has a unit winding in the x,, x, plain
which is precisely what one expects from the string connect-
ing the soliton and antisoliton. The soliton resides at some
very large negative value of x5. Far to the left of the soliton the
field configuration must be vacuum ¢! = ¢> = 0; z = 1.
Thus the topological charge calculated on a surface enclosing
such a soliton is equal to the two dimensional topological
charge—the winding of the phase y on any plain pierced by
the string. An identical argument applies for the antisoliton,
which resides at large positive value of x;. Thus indeed our
ansatz is appropriate for the string connecting a soliton and an
antisoliton residing far apart. For our ansatz the equation of
motion for the field y is trivially satisfied. The equation for z
becomes

47" = 4N (z - 1), (36)

where 7/ = 4%

For the solution to be well defined in the middle of the
string and approach vacuum far away from it, z must have
the asymptotic behavior:

z2(0) = —1, z(o0) = 1. (37)
The solution is easy to find
2(r?) =1 —2exp{—Ar} (38)

The solution has some intuitively expected properties: it
has a finite width, outside which the fields approach vac-
uum, while inside the string the field values are different
from the vacuum and thus it carries a finite energy density.
The string tension can be calculated exactly

o=8m7—. (39)
e

Nevertheless, the solution is rather peculiar, since it does
not approach the vacuum exponentially, but rather as a
Gaussian. the string therefore has a very sharply defined
width, outside of which the vacuum is reached very
quickly. In a theory with a finite mass gap and a finite
number of massive excitations such behavior is impossible.
This strange behavior can be traced back to our noncanon-
ical kinetic term. Indeed, for simple dimensional reasons,
the kinetic energy for a rotationally invariant configuration
is a second derivative with respect to 72 rather than r, which
results in a Gaussian rather than exponential decay of the
solution.
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IV. THE Z, PRESERVING PERTURBATION

The perturbation considered in the last section was the
simplest potential that breaks the SO(3) as well as the Sdiff
(2) symmetries but leaves an O(2) subgroup of SO(3) and
large subgroup Sdiff(2), Eq. (32), intact. Following the
parallel with the 2 + 1 dimensional discussion, we expect
the global symmetries to be broken down to Zy if our
effective theory has a chance of mimicking some proper-
ties of SU(N) gauge theories. In this section therefore we
consider an additional perturbation, which breaks the re-
maining O(2) symmetry down to the Zy subgroup. We
modify the Lagrangian to

1 2
L:_FZ__AZ _121_ N 4 y*N
= g (z = D[1 = (™ + )]
1 2
=_——F>— S A%z~ 1’[1 = 2u(1 — 22 cos Ny]
16e e

(40)

We will only consider regimes where the minimum of the
potential is at z = 1. It is easy to see that this is the case as
long as

1
p<s. (41)

For field configurations which do not depend on the
longitudinal coordinate x;, the energy per unit length is
given by
E= [a ! (€;0;20 )2+2A2( - 1)
= Xz—ez Eij iZ ]X ; Ve

X [1—2u(1 — 22)N2 cos Ny]. (42)

A. Perturbative solution

Let us first consider the perturbation to be small, u < 1,
and find the first order corrections to the string solution of
the previous section. We take the following ansatz for the
perturbative solution:

z(r, 0) = z(r); x=0+ x(r,0) =6+ f(r)sin N6,
(43)

where z(r) is given by Eq. (38). This is not the most general
form of the perturbation, but which nevertheless yields a
solution to first order in w, as we now show.

To first order in w the equation for y; is

%SN%’)Z fsinNg = e—lzN,qu(z —1)2(1 — 2)N?sinNe,
(44)
solved by
) = CR2eT A (1= AN )

The second minimization equation reads
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1 1
Z8N22"f + 2 f'] = —4pAl2(z = D = 22
— Nz(z — 1)2(1 — 2)N/271]. (46)

It is straightforward to check that this equation is indeed
satisfied by the perturbative solution, Eq. (45), and z(r)
given by Eq. (38).

Calculating the longitudinal electric field corresponding
to this solution we find

F% = —4Ae M[1 + u(e M (1 — e A7))N/2 cos N6).
47)
The electric field is concentrated within the radius A!/2 in

the transverse plane, with the Zy invariant perturbation
providing a slight angular modulation, as expected.

B. The general solution

Let us now consider the minimization equations beyond
perturbation theory and beyond the simple ansatz of the
previous subsection. Minimization of the energy functional
equation (42) gives the following equations:

1 aU 1 oUu
zfljanalF = a—z, ?El-jéjza,»F = _a, (48)
where
1
F= §F03 = fijaizaj/\/, (49)

and U is the potential energy in Eq. (42).
Multiplying the first equation by 9z, the second by 9, x,
and subtracting, we find

1

For any finite energy configuration, the electric field van-
ishes at infinity. Since the potential U appearing in Eq. (42)
also vanishes at infinity, the integration constant needed to
integrate Eq. (50) is trivial and we find

F =+2eU. (51)

To solve the equation it is convenient to use the coordinates

(r= r2, 0):
1,
0,20gx — 0920, X = ¢ U. (52)

This equation obviously has many solutions. The infinite
degeneracy follows from a symmetry of the energy func-
tional Eq. (42). Consider a transformation

a(xll, x/Z)
a(x!, x%)
Such transformations form the group of area preserving
diffeomorphisms on a plain SDiff(R?). Note that it is a

F? =2¢2U;

(z(x), x(x)) = (2(x'), x(x)); =1L (53)
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diffeomorphism transformation on the coordinate space
rather than on the field space, and thus is very different
from Sdiff(2), which we discussed in the previous section.
This transformation is clearly a symmetry of the energy
functional equation (42). Thus, starting from any string
solution one can generate an infinite number of degenerate
solutions with the help of SDiff(R?) transformations. Note
that since the longitudinal electric field is itself invariant
under Eq. (53), all these solutions have the same electric
field profile.

We will discuss here two such solutions. Let us look for a
solution with a prescribed and simple dependence of y on
the angle : y = 6. Equation (52) then becomes an equation
for z:

1
0,2 =4|5€°U
=93¢

= YAz — 121 = 2u(1 — )V 2cosNOL  (54)

The dependence on @ here is parametric, and so for every
value of 6 it is solved by

/‘z(f) d 1

T= Z )

-1 JAZ(Z — 11 =21 — 22)N2 cos N6]
(55)

The solution has the correct asymptotics, since as 7 — 00
the function z has to approach unity for the RHS to diverge.
In fact it is easy to find the large distance asymptotics of the
solution. When z is close to unity, we can neglect the term
proportional to w in the denominator, and for the IR
asymptotics we have

z(7) 1

T= di—, (56)
-1 A2(Z _ 1)2
which is solved by
2(r— 00) =1—2e A7, (57)

This is the same as Eq. (38), showing that the IR asymp-
totics of the string solution is unaffected by the Zy
perturbation.

Let us now consider a solution where z only has radial
dependence. In this case, we have

0,205 = A2z — D1 — 2u(1 — 22V/2 cos Ny
(58)

This can be formally solved for € at fixed r:
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[X(rﬁ) Zdy
0 \/Az(z — D1 —2u(1 — )N/ cosNX].
(59)

6 =

The right-hand side can be expressed in terms of elliptic
integrals:

2 ¢
VA= 120 - 20 - 29

F(N)( 4u(1 — 2)N/2 )
2 "2u(1 = 2N 1)

0 =

(60)

where F(¢, m) is the incomplete elliptic integral of the first
kind:

F(p, m) = Ku — msin 6%)71/240. (61)

The solution has to satisfy the boundary condition
x(0 +2m) = x(0) + 2. (62)

Imposing this condition gives the equation for the radial
dependence of z. Using the relation F(XZ, m) = kK(m),
where K(m) is the complete elliptic integral of the first
kind, we have

47
YAz = 121 =201 = 2P
4p(l = 2V
% K(zﬂ(l — 2)N/2 — 1)'

One can easily check, that in the infrared for z — 1 the
equation reduces to

297 =

(63)

7 =A0—-2), (64)

and thus has the same asymptotics as in Eq. (38).

V. DISCUSSION

In this paper we tried to follow the template of 2 + 1
dimensions and, based on a couple of simple requirements,
“guess’ a scalar theory which could be a candidate of the
effective theory of 3 + 1 dimensional gauge theories. The
theory we ended up with is not entirely satisfactory, but it
does have several interesting and intriguing features.

In the Abelian limit it has a large global symmetry
group, which is spontaneously broken by lowest energy
classical solutions. This symmetry is not reflected in the
observables which we tentatively identified with the ob-
servables of QED. This is similar to 2 + 1 dimensions,
where the electromagnetic field was invariant under the
magnetic U(1) symmetry which acted nontrivially on the
vortex field. In our 3 + 1 dimensional model the electro-
magnetic field is also invariant under the action of the
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(large) global symmetry group Sdiff(2) which is nontri-
vially represented on the effective scalar fields.

Just like in 2 + 1 dimensions, this global symmetry is
broken by the lowest energy configurations. However, the
situation here is more complicated. Whereas in 2 + 1
dimensions the symmetry breaking pattern is the standard
one, in our 3 + 1 dimensional model the space of vacuum
configurations is very large. It includes field configurations
that have nontrivial spatial dependence, and thus breaks
translational invariance in addition to the global Sdiff(2)
symmetry. In fact, it could well be that classical analysis
fails in this model quite badly. Many of the classical vacua
differ from each other only in the finite region of space.
Generically in such a case one expects that upon quantiza-
tion these configurations become connected by tunneling
transitions of finite probability. Thus it is natural to expect
that the quantum portrait of moduli space is significantly
different from the classical one. This is a very interesting
question, but it is far beyond the scope of the present work.

Upon introduction of the symmetry breaking perturba-
tion, the model provides a simple classical description of
confinement similarly to the 2+ 1 dimensional case.
However, here also there is some peculiarity. In particular,
string solutions are infinitely degenerate, as static energy
for configurations which depend only on two coordinates
has an additional diffeomorphism invariance. This is a
different invariance than in the Abelian limit, as it involves
diffeomorphism transformations in coordinate space rather
than in field space. Nevertheless it results in degeneracy of
the solutions, although all such solutions yield the same
electric field. In the sense of electric field distributions, the
solution seems to be unique. This again begs the question
about the behavior of such a string in a quantum theory,
since it carries a large entropy associated with large
degeneracy.

We note that the string degeneracy is lifted if one adds
the standard kinetic term for the O(3) sigma model fields,
* 9, ¢“. Addition of such a term also makes our model
identical with the one proposed by Faddeev and Niemi in
[4] as an effective theory of QCD. Interestingly, the picture
we suggest is quite distinct from and complementary to
that of [4]. Whereas the authors of [4] concentrated on
closed string solutions supposedly representing glueballs,
our picture is that of open strings, with the endpoints
corresponding to ‘“‘constituent gluons” like in 2 + 1 di-
mensions [2,8]. The stability of closed strings in the
Faddeev-Niemi model is achieved due to nontrivial twist-
ing of the phase of the scalar field along the string. Open
strings on the other hand, do not require any twist and in
principle can break into shorter strings similarly to QCD.
The approximate stability of relatively long strings must be
due to dynamical properties of the theory which should
make the endpoints sufficiently heavy [9].

Finally, we note that with the standard kinetic term our
model becomes very similar to the CP' model, which has
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been recently discussed in the literature in relation to
effective models of confinement [10].
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APPENDIX

In this appendix we show that the model considered in
this paper does not admit two photon solutions with arbi-
trary polarizations. We are looking for two photon solu-
tions for which the electromagnetic tensor is of the form:

Fup = 0,20,)x
= A(k, €}, — k,€},) cos kx

2 _ 2
+ B(p,€; — p,€,)Cos px. (A1)

For simplicity we choose the case when the first photon has
momentum k in the x direction and polarization « in the y
direction, while the second photon has momentum p in the
y direction and polarization b in the z direction. Note that
this case is not covered by our construction of two photon
states in the body of the paper.

Now, for components of F,,,, we have
dozd1)x = 0 = dpzdsx =0, (A2)
d[0zdyx = kacoskx = —d[1zdyx, (A3)
dp0zd31x = pbcos px = —dpzdax. (A4)

Introducing new coordinates (x,y, z,t) — (X =1 — x,
y=1t—y[=1t7=z), and using unbarred symbols for
notational simplicity, we have

20y 1Y = 020X = 920 x = 0, (A5)
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20X = 20y x = —kacoskx, (A6)

dry20,x = pbcos py. (A7)

These equations have no solutions. Assuming 9,z # 0,
the first two equations in Eq. (AS) imply 9,20 x —
d,zd, x = 0, which contradicts Eq. (A7)the last equation.
Alternatively, assuming d,z = 0 implies vanishing of ei-
ther 9, y, or two other partial derivatives of z. It is then easy
to see that both these options are in conflict with the rest of
the equations. The result is that a two photon state with this
polarization pattern cannot be constructed in this model.

The model also contains solutions which do not satisfy
the homogeneous Maxwell equation. As an example of
such a solution consider the configuration

X =sinp - x; z =sink - x. (A8)
It is easy to see that this configuration satisfies equations of
motion, provided

(p-k)? = p*k* =0. (A9)
A simple example is a lightlike momentum k* and a
spacelike momentum p* satisfying p - k = 0. This yields
the dual field strength

F,uv o (k,u,pu - k,,p,u)[COS (P + k) * X + cos (P - k) : .X],
(A10)

which is not conserved

G‘LF#V « p?k,[sin(p + k) - x +sin(p — k) - x].  (All)

In fact, both momenta k + p and k — p are spacelike, and
thus F uv 100ks tachyonic. However, as mentioned in the
Discussion, since the model classically has many degener-
ate vacua with broken translational invariance, interpreta-
tion of classical solutions as excitations is not so clear.
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