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The particle acceleration mechanism in S2 � R1 topology, namely, in the spacetime of the five-

dimensional compact black string, has been studied. The expression of center-of-mass energy of the

colliding neutral particles near static black string has been found. The collision of a charged particle

moving at the innermost stable circular orbit with a neutral particle coming from infinity has been

considered when black string is immersed in external uniform magnetic field. It has been shown that the

unlimited center-of-mass energy can be approached in the case of the extremal rotation of the black string

which is similar to the analogous effect in Kerr spacetime. We have also obtained that the scattering

energy of particles in the center-of-mass system can take arbitrarily large values not only for extremal

black string but also for the nonextremal one. It has been derived that the presence of the extra dimension

can, in principle, increase the upper limit of efficiency of energy extraction from the extremely rotating

black string up to 203% versus 143% which can be extracted from the extreme Kerr black hole.
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I. INTRODUCTION

String theories give an infinite series of corrections to
the theory of gravity and consequently more types of
symmetries than those commonly assumed in standard
Einstein general relativity. The bigger number of symme-
tries can be separated by the range of horizon topologies.
The event horizon of the four-dimensional black hole is
topologically spherical S2, since the cross section of the
event horizon is a two-sphere, while for 5D black holes the
topology of the horizon is S3. However, for a spacetime
with one extra dimension, which is compactified to the
circle with length 2�L, the spacetime has S2 � R1 topol-
ogy [1]. This one-dimensional extended object is sur-
rounded by a horizon we will call black string [2].

It has been recently shown that new interesting proper-
ties of the geodesic motion occur if one adds the extra
dimension to Schwarzschild or Kerr spacetimes [3].
When the additional dimension w is included to the well
known four-dimensional Schwarzschild spacetime metric,
the obtained solution will give us the spacetime metric of a
five-dimensional static black string. By the same way one
may obtain the spacetime metric for the rotating black
string adding extra dimension to the spacetime of Kerr
black hole [2].

One can use the following notations:

X� ¼ ðxa; zÞ; �¼ 0; 1; 2; 3; 4; � ¼ 0; 1; 2; 3 (1)

for the complete set of coordinates which cover the
spacetime. The coordinates x� form the four-dimensional
spacetime with metric g�� ¼ ð�;þ;þ;þÞ. Then, the

spacetime metric of the black string living in five dimen-
sions takes the following form:

ds2 ¼ g��dx
adxb þ dw2; (2)

where g��dx
�dx� can be a metric of any four-dimensional

black hole spacetime.
The existence of higher dimensions, which are mostly

assumed to be compact, is essential for the intrinsic con-
gruency of the field theory. Charged rotating black holes
are considered in [4], while optical phenomena in the field
of rotating black hole in braneworld has been studied in
[5]. Equatorial circular orbits and the motion of the shell of
dust in the field of a rotating naked singularity have been
studied in detail in [6].
Observational possibilities of testing the braneworld

black hole models at an astrophysical scale have been
intensively discussed in the literature during the last sev-
eral years, for example, through the gravitational lensing
[7], the motion of test particles [8–10], and the classical
tests of general relativity (perihelion precession, deflection
of light, and the radar echo delay) in the Solar System (see,
e.g., Ref. [11]). The energy flux, the emission spectrum,
and accretion efficiency from the accretion disks around
several classes of static and rotating braneworld black
holes have been obtained in [12]. The complete set of
analytical solutions of the geodesic equation of massive
test particles in higher dimensional spacetimes which can
be applied to braneworld models is provided in the recent
paper [13].
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The geodesic motion of particles in the spacetimes of
static and rotating black strings and in the various space-
times containing cosmic strings have been studied in detail
in the recent paper [3] and in [14–18]. The dynamics of a
test particle in the spacetimes of Schwarzschild and Kerr
black holes pierced by string has been studied in papers
[19,20] which was mensioned in [3]. Moreover, the solu-
tions of the dynamical equations in the gravitational field
of cosmic strings such as Abelian-Higgs strings [21], two
interacting Abelian-Higgs strings [22], and cosmic super-
strings [23] were mentioned in the paper [3].

It has been shown by Bañados-Silk-West (BSW) [24]
that a rotating axially symmetric black hole can act as a
particle accelerator to arbitrarily high energies in the
center-of-mass frame of the collision of a pair of particles.
In particular, the BSW effect takes place when particles
have the properly chosen values of angular momentum.
Nowadays, the effect of infinite energy in the center-of-
mass frame due to the collision of particles attracts much
attention; see, e.g., [25–32]. It seems that this effect has a
quite general character. The acceleration of particles by a
spinning black hole [26], cylindrical black hole [25],
weakly magnetized black hole [30], black hole with grav-
itomagnetic charge [31], or Kerr naked singularity [33] has
been analyzed regarding the possibility of the production
of particles with unlimited energies. Energetic processes in
the superspinning Kerr spacetimes have been also studied
in papers [34–36]. By constructing escape null cones, it has
been explicitly demonstrated that the high energy colli-
sions occurring in the field of near extreme Kerr super-
spinars can be directly observed by distant observers [37].
Optical phenomena related to the appearance of Keplerian
accretion discs orbiting Kerr superspinars have been
studied in Ref. [38]. Black hole production from ultrarela-
tivistic collisions is explored in Refs. [39,40]. Collision of
particles in different trajectories are considered in [41,42].
High energy collision of particles in the vicinity of black
holes in higher dimensions have been studied in Ref. [43].
Efficiency of the particle collision and upper limit of
energy extraction for Kerr black hole through particle
acceleration are studied in [44]. The particle acceleration
around 5 dimensional rotating black hole in supergravity
theory has been considered in recent paper [45]. An alter-
native possibility to consider the vicinity of the extremal
Kerr black hole horizon as a complete vacuum spacetime in
its own right was studied in detail and a collision of two
particles was examined in [46]. Charged spinning black
holes as particle accelerators, particle collisions on stringy
black hole background, and particle acceleration in Kerr-
(anti-) de Sitter black hole backgrounds have been studied
in Ref. [47].

In the present paper, our aim is to show that a similar
effect of particle collision with high center-of-mass energy
is also possible when the string theory phenomena are
included. Namely, in the simplest case when a space

dimension is added to the four-dimensional black hole
solutions, it can be represented as the spacetime of black
string (see Fig. 1).
The paper is organized as follows: in Sec. II the test

particles’ motion, as well as their acceleration near non-
rotating 5D black string, is studied. Section III is devoted
to investigation of charged particle motion and accelera-
tion of particles around black string in external magnetic
field. The rotating black string as particle accelerator is
explored in Sec. IV. The energy extraction efficiency
is studied in subsequent Sec. V. We conclude our results
in Sec. VI.
Throughout the paper, we use a plus signature and a

system of geometric units in which G ¼ 1 ¼ c. However,
for those expressions with an astrophysical application, we
have written the speed of light explicitly.

II. BLACK STRING AS ACCELERATOR OF
NEUTRAL PARTICLES

A. Dynamical equations

Now the geodesic motion of a test neutral particle in the
spacetime of nonrotating black string will be studied. In
addition we will find the analytical solutions of the equa-
tions of motion.
When the additional dimension w is included to the

metric of the Schwarzschild spacetime the obtained solu-
tion takes the following form [3]

ds2 ¼ �
�
1� 2M

r

�
dt2 þ

�
1� 2M

r

��1
dr2

þ r2ðd#2 þ sin 2#d’2Þ þ dw2; (3)

z

  x
µ

FIG. 1. Schematic picture of two particles colliding near the
event horizon of a black string.
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whereM is the mass density of the black string or the mass
per unit length. The solution (3) is the solution of a neutral
uniform black string spacetime and the singularity is
placed at the position r ¼ 0. The event horizon is at the
position rH ¼ 2M.

Consider the geodesic motion of a neutral point particle
in the spacetime of the nonrotating static black string given
by the expression (3). In order to find the trajectory of a
particle, one can use the Hamilton-Jacobi equation in the
general form [3]

@S

@�
þ 1

2
g�� @S

@x�
@S

@x�
¼ 0; (4)

where we parameterize by � being an affine parameter of
the geodesic line of the test particle.

The Hamiltonian of the test particle then can be written
in the form

2H ¼ gabð4ÞPaPb þ P2
w þm2; (5)

where the momenta of the particle are associated with the
first derivative of the Hamilton-Jacobi action, S, with
respect to the corresponding coordinate as P� ¼
@S=@x�. The term gabð4Þ denotes the four-dimensional part

of the spacetime metric (3).
Due to the symmetries of the background spacetime of a

nonrotating black string, there are three constants of mo-
tion for each particle, which means there are three con-
served quantities for any geodesic motion, namely, the
energy E, the angular momentum L, and a new constant
of motion J, which is related to the extra dimension w. The
constants of the motion are related to the five-momentum
as follows:

Pt ¼ �E; P’ ¼ L; Pw ¼ J: (6)

One may look for the separable solutions of the Hamilton-
Jacobi equations decomposing the action in the form [3]

S ¼ 1

2
m2

0�� Etþ L’þ Jwþ SrðrÞ: (7)

To study the motion of test particles in the black string
spacetime it is convenient to use the fact that the entire
trajectory must lie on the plane if the initial position and
the tangent vector to the trajectory of the particle lie on a
plane that contains the center of the gravitating body.
Without loss of generality, we may therefore restrict our-
selves to the study of equatorial trajectories with # ¼ �=2.
Hereafter, we set # ¼ �=2, since the orbits always lie in a
plane which can be selected as an equatorial one.
Substituting (7) into (4) and using (3), one can find the
radial part of the action (7) in the form

Sr ¼
Z ��

1� 2M

r

��2
E2

�
�
1� 2M

r

��1
�
L2

r2
þ J2 þm2

��
1=2

dr: (8)

Let us denote for convenience [3]

E ¼ E

m
; L ¼ L

m
; J ¼ J

m
; (9)

where E, L, and J are the specific energy, angular mo-
mentum, and new constant of motion per unit of massm of
the particle.
Then the Hamilton-Jacobi equation (4) can be separated

and gives a differential equation for each component as

dt

d�
¼ E

�
1� 2M

r

��1
; (10)

d’

d�
¼ L

r2
; (11)

dw

d�
¼ J ; (12)

�
dr

d�

�
2 ¼ E2 �

�
1� 2M

r

��
1þL2

r2
þ J 2

�
: (13)

The integral of motion J which is related to the sym-
metry of the extra dimension w appears only in the r
equation (13) and w equation (12), while remaining equa-
tions do not change their original form presented in the
four-dimensional Schwarzschild spacetime [3]. Such a
magnetic field practically does not affect on the motion
of neutral particles.

L ! �L; ’ ! �’; (14)

and

J ! �J ; w ! �w: (15)

B. Effective potential of the motion

The number of turning points and the form of the
effective potential allow us to define the possible orbits
in the given spacetime. In the nonrotating black string
vicinity there exist: terminating orbits (TO), for which
the trajectory of a particle ends in singularity, escape orbits
(EO), where the trajectories are open to infinity, and bound
orbits (BO), where the trajectories are closed [3].
Depending on the type of orbit, the possible trajectories
cover all region between ½0;1Þ.
Let us introduce the effective potential

Veff ¼
�
1� 2M

r

��
1þL2

r2
þ J 2

�
(16)

which can be easily defined from Eq. (13) as
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�
dr

d�

�
2 ¼ E2 � Veff : (17)

In the asymptotical infinity r ! 1 or in the flat space-
time limit, the effective potential Veff takes the value 1þ
J 2. In the opposite limiting case r ! 0, the effective
potential diverges, Veff ! �1 [3]. Equation (17) also
determines the turning points of an orbit. The shapes of
the effective potential for representative values ofL and J
are shown in Fig. 2.

The type of the motion depends on the number of the
turning points, i.e., on the number of extrema of the effec-
tive potential. The extremumof the effective potential lies at

rext ¼ L2 �L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � 12ð1þ J 2Þp
2ð1þ J 2Þ : (18)

Hereafter, we set the mass density of the black string
as M ¼ 1. It is obvious from (18) that the condition of the
presence of the extrema of the effective potential corre-
sponds to the positive values of the radicand of (18), which
gives

jLj> 2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
: (19)

Numbers of extrema define the possibility of the existence
of turning points. The samples of the trajectories are shown
in Fig. 3 for the different values of parameter J .

C. Freely falling particle

Consider a neutral particle freely falling from infinity at
rest in the direction of an event horizon of the static black
string. The final state of the particle entirely depends on its
momenta L and J . If the angular momentum of the
particle L is larger than maximum critical value, then
the geodesics of the particle may never reach the vicinity
of the horizon and the strong gravitational effects cannot be
analyzed. On the other hand, for the small values of angular
momentum, the particles fall radially with a small tangen-
tial velocity and the center-of-mass energy does not grow
either. Consequently, there is a critical value for the angular
momentum such that particles may reach the horizon with
maximum tangential velocity. The energy of the particle at
rest at infinity corresponds to its energy in flat spacetime
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FIG. 3. Examples of particle trajectories moving at the equatorial plane around black string. We compare motion with J ¼ 0 (solid
curve) with J ¼ 0:5 (dashed) for all TO, BO, and EO possible orbits. Particles start from the position r0 ¼ 10 but with the different
energies. (a) TO L ¼ 3. (b) BO L ¼ 4. (c) EO L ¼ 6.
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FIG. 2. Effective potential of the motion for the different values of parameters L and J . Thick solid curves correspond to the
particles with the critical angular momentumLcr while dashed lines are the levels of the energy of a free particle at infinity. Thin solid
curves are the potentials of the particles with the representative values of the angular momentum L ¼ 1 and L ¼ 6.
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E 2 ¼ 1þ J 2; (20)

which is in contrast with the value Eð4DÞ ¼ 1 defined in

four-dimensional spacetime. To find the value of the criti-
cal angular momentum one can rewrite Eq. (13) using (20)
in the form

dr

d�
¼ _r ¼ � 1

r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ð1þ J 2Þ �L2rðr� 2Þ

q
: (21)

The dependence of _r on the radial coordinate r for different
values of L and J is shown in Fig. 4. It is obvious
from Fig. 4 that there is a critical value of the angular
momentum

Lcr ¼ �4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
; (22)

for which the particle still may reach the horizon of black
string.

In the case of the Schwarzschild spacetime (J ¼ 0) the
critical angular momentum reduces to the standard value

Lcrð4DÞ ¼ �4: (23)

One may see from Fig. 2 the increase of critical angular
momentum of particles occurs in the presence of nonvan-
ishing parameter J . The graph corresponding to the criti-
cal angular momentum, which is indicated with the thick
line, shifts upwards with the increase of parameter J . The
presence of parameter J causes the particle orbits to
become more unstable compared to the case J ¼ 0.
Bound and escape orbits are forced to become terminated
orbits due to the presence of nonvanishing parameter J .
This effect is shown in a more clear way in Fig. 3. The
dashed line corresponding to the case J ¼ 0:5 is more
unstable compared to the case when J ¼ 0.

D. Collision of freely falling particles

In this section we study the collision of two particles
near the horizon of the nonrotating black string. Consider
two particles approaching the black string with the differ-
ent angular momenta L1, J 1 and L2, J 2 and colliding at
some radius r at the equatorial plane of the black string.

Assume that the particles are at rest at infinity; i.e., their
energies satisfy Eq. (20). In the center-of-mass frame, the
maximal energy will have a place where the particles
collide near a black string with maximal and opposite
angular momenta given by the expression (22).
Our aim is to compute the energy in the center-of-mass

frame for the collision of two particles. Since the back-
ground is curved, we need to define the center-of-mass
frame properly. It turns out that there is a simple formula
for Ec:m: valid both in flat and curved spacetimes:

Ec:m: ¼ m0

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g��U

�
ð1ÞU

�
ð2Þ

q
; (24)

where U�
ð1Þ and U�

ð2Þ are the five-velocities of the particles,
properly normalized by g��U

�U� ¼ �1. This formula is

of course well known in special relativity, and the principle
of equivalence should be enough to ensure its validity in a

curved background [24]. Components of U�
ð1Þ and U�

ð2Þ can
be straightforwardly calculated from (10)–(13) in the form

U�
ð1Þ ¼

�ð1þ J 2
1Þr

r� 2
;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ð1þ J 2

1Þ �L2
1rðr� 2Þ

q
r2

;

0;
L1

r2
;J 1

�
; (25)

U�
ð2Þ ¼

�ð1þ J 2
2Þr

r� 2
;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ð1þ J 2

2Þ �L2
2rðr� 2Þ

q
r2

; 0;

L2

r2
;J 2

�
; (26)

where the sign ‘‘þ’’corresponds to incoming particles,
while the sign ‘‘�’’ corresponds to outgoing ones. Here
we take the energy of the particle at rest at infinity, i.e.,
E2 ¼ 1þ J 2. Thus, the energy of two colliding particles
with the same massm near static black string in the center-
of-mass frame is given by
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FIG. 4. Acceleration of a freely falling particle along the axis r by the static black string for three different values of parameter J ,
J ¼ 0 (solid), J ¼ 0:5 (dashed), and J ¼ 1:5 (dotted), and three representative values of the angular momentum. The left panel
corresponds to the case when L ¼ 1, the middle panel corresponds to the case when L ¼ 4:47 and the right panel corresponds to the
case when L ¼ 8. The critical case corresponds to the dashed curve in the middle panel.
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1

2m2
E2
c:m: ¼ 1� J 1J 2 �L1L1

r2
þ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

2

q
r� 2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2ð1þ J 2

1Þ �L1ðr� 2Þ
q

r2ðr� 2Þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2ð1þ J 2

2Þ �L2ðr� 2Þ
q

: (27)

Ex facte, one can say that Eq. (27) diverges at the
singularity r ¼ 0, the horizon of black string is given by
r ¼ 2, and unlimited collisional energy appears in the case
of the collision at the horizon. However, it is not satisfied
(see Fig. 5) since the numerator of (27) also vanishes at this
point. If we observe near the horizon where r ! 2, the
collision of two particles falls on the black string with
critical angular momenta given by (22), and the energy
of the collision will be reduced to the value

Ec:m: ¼ m
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� J 1J 2 þ 9

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ J 2

1Þð1þ J 2
2Þ

qr
; (28)

where m is the mass of the colliding particles. Evidently
the maximal energy of the collision occurs if the values of
J 1 and J 2 are opposite. In the special symmetric case
when the parameters J 1;2 have the same and opposite

values, J 1 ¼ �J 2 ¼ J , the expression (28) for the

maximal collision energy per unit mass (Ec:m: ¼ Ec:m:=m)
reduces to the following simple form:

E max
c:m: ¼ 4:47

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
: (29)

In the absence of the additional dimension, i.e., when
J ¼ 0, the maximal energy of the collision in the center-

of-mass frame reduces to Emax
c:m: ¼ 2

ffiffiffi
5

p
, which coincides

with the value defined in the Schwarzschild black hole
spacetime [24].
It is easy to see from Fig. 6 that the collisional energy

infinitely grows when the parameter J tends to infinity and
formally, one can obtain an arbitrary large energy in such
collisions of particles. However, for our purposes this case
is not interesting, since the energy of such particles mea-
sured at infinity also grows in this limit and the high
collision energy is possible only if the initial energy of
the particles measured at infinity is also extremely high.

III. BLACK STRING IMMERSED IN
MAGNETIC FIELD AS ACCELERATOR

OF CHARGED PARTICLES

A. Dynamical equations

Here we study a charged particle motion in the vicinity
of a black string of mass densityM given by the spacetime
metric (3) in the presence of an external static axisymmet-
ric and asymptotically uniform magnetic field.
Since the spacetime metric (3) is Ricci flat, the commut-

ing Killing vectors �ðtÞ and �ð’Þ satisfy the equations

h�� ¼ 0: (30)

These equations coincide with the Maxwell equations
hA� ¼ 0 for a vector potential A� of the electromagnetic
field in the Lorentz gauge. In what follows, we use the
simplest but realistic case when the magnetic field is
considered as a test field in the given gravitational back-
ground of the nonrotating black string, in such sense that
the magnetic field is homogeneous at the spatial infinity
where it has the strength B [28,29]. For such configuration
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FIG. 5. The variation of the energy of the collision of two particles with the opposite momenta near the static black string in the
center-of-mass frame for three different values of parameter J : J 1;2 ¼ 0 (solid), J 1;2 ¼ �1 (dashed), J 1;2 ¼ �1:5 (dotted). The

event horizon is indicated by the vertical thin line.
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FIG. 6. Maximal energy of the collision as function of the
parameter J .
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of the magnetic field, one can easily find the components of
the vector potential of the electromagnetic field in the form

A� ¼ B

2
��
ð’Þ: (31)

Keeping the symmetry hereafter, we assume that B � 0.
Finally the five-vector potential A� of the electromagnetic
field will take a form

At ¼ Ar ¼ A# ¼ Aw ¼ 0; A’ ¼ 1

2
Br2sin 2#: (32)

Associated with a timelike �
�
ðtÞ and spacelike �

�
ð’Þ and

�
�
ðwÞ Killing vectors, one can find the following conserved

quantities along the geodesics:

E ¼ E

m
¼ ���

ðtÞ
P�

m
¼

�
1� 2M

r

�
dt

d�
; (33)

L ¼ L

m
¼ ��

ð’Þ
P�

m
¼ r2sin 2#

�
d’

d�
þ qB

2m

�
; (34)

J ¼ J

m
¼ ��

ðwÞ
P�

m
¼ dw

d�
: (35)

Here P� ¼ mu� þ qA� is the generalized five-momentum

of the particle with mass m and charge q. In order to study
the charged particle motion in combined gravitational and
magnetic fields, one can use the Hamilton-Jacobi equation
in the following form:

g��

�
@S

@x�
þ qA�

��
@S

@x�
þ qA�

�
¼ �m2; (36)

where q and m are the charge and mass of the particle,
respectively. The Hamiltonian of the charged particle in a
magnetic field has the following form:

2H ¼ g��ðp� þ qA�Þðp� þ qA�Þ þm2; (37)

where p� ¼ mu� is the five-momentum of the particle.

Since t, ’, and w are the Killing variables, one can write
the action in the form

S ¼ �EtþL’þ Jwþ Sr#ðr; #Þ; (38)

where the conserved quantities E,L, and J are the energy,
angular momentum, and new momentum of a test particle
measured at infinity which is related to the additional
dimension. Substituting (38) into Eq. (36), one may get
the equation for the inseparable part of the action in
the form

�
�
1�2M

r

��1
E2þ

�
1�2M

r

��
@Sr#
@r

�
2þ 1

r2

�
@Sr#
@#

�
2

þ 1

r2sin2#

�
LþqB

2
r2sin2#

�
2þJ 2þm2¼0: (39)

It is quite easy to separate variables in this equation at the
equatorial plane # ¼ �=2 and obtain the differential equa-
tions for each coordinate in the following form:

dt

d�
¼ Er

r� 2M
; (40)

d’

d�
¼ L

r2
�B; (41)

dw

d�
¼ J ; (42)

�
dr

d�

�
2 ¼ E2 � Veff ; (43)

where the effective potential has a form

Veff ¼
�
1� 2M

r

��
1þ J 2 þ

�
L
r
�Br

�
2
�
: (44)

Here we denote a new parameter characterizing the cou-
pling between the external magnetic field and the test
charged particle as

B ¼ qB

2m
: (45)

Depending on the direction of the Lorentz force acting on
the charged particle, the angular momentum of the particle
L can be either positive or negative. The direction of the
Lorentz force does not depend on the parameter J , which
may, however, change its absolute value. WhenL> 0, the
Lorentz force acting on a charged particle is repulsive; i.e.,
it is directed outward from the black string. When L< 0,
the Lorentz force is attractive; i.e., it is directed towards the
black string.
We study the characteristic properties of the motion of

charged particles in the exterior spacetime of magnetized
black string when r > 2M. Expression (44) shows that the
effective potential is positive in that region and vanishes at
the horizon of the black string where r ¼ 2M. But when
r ! 1, the effective potential grows as B2r2. This prop-
erty implies that the particle never reaches the spatial
infinity and its motion is always finite. Furthermore, the
Lorentz force acting on the charged particle forces the
particle to revolve around the axis of the external magnetic
field. Due to this, it is very important to study the circular
motion of the charged particle around black string and
especially for the question of the existence of the innermost
stable circular orbits.

B. Circular motion of a charged particle

The minimum of the effective potential corresponds to
the circular motion of a particle. Consider a circular motion
of a charged particle around a black string. Taking the mass
density of the black string as M ¼ 1, one can write the
momentum of a particle at the circular orbit of radius r as
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p� ¼ m	

� ffiffiffiffiffiffiffiffiffiffiffiffi
r

r� 2

r


�
ðtÞ þ

v

r


�
ð’Þ þ 


�
ðwÞ

�
: (46)

Here v (which can be both positive and negative) is a
velocity of the particle with respect to a rest frame and

	 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p (47)

is the Lorentz gamma factor.
Using the expression d’=d� ¼ v	=r together with (34)

and (41), one can find

v	 ¼ L�Br2

r
; (48)

and easily obtain the expressions for the velocity and the
Lorentz gamma factor as

v ¼ L�Br2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðL�Br2Þ2p ; (49)

	2 ¼ 1þ
�
L
r
�Br

�
2
: (50)

Plots of the velocity and the Lorentz gamma factor at the
innermost stable circular orbits (ISCOs) are shown in
Fig. 7 for the different values of the parameter J . It is
obvious from Figs. 7 and 8 that the parameter J increases
the velocity of the particle and the 	 factor is maximal at
the end points of the domain of the ISCO radius. The
domain of the definition of the ISCO radius is restricted
by the region 2< rISCO < 6 (see the left panel of Fig. 9).
Consequently, the limiting value of the particle velocity at
the end of the ISCO domain is

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J2

4þ J2

s
; (51)

which tends to the speed of light (v ! 1 ¼ c) when
J ! 1. Dependence of the velocity of the particle at
ISCO on the parameter J is presented in Fig. 8.
Similarly, the gamma factor of the particle has the maximal

value at the end points of the domain of ISCO, namely, at
r ¼ 2 and r ¼ 6. At these positions, the gamma factor
takes the value

	max ¼ 1ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ J2

p
; (52)

which tends to infinity if J ! 1.

C. Innermost stable circular orbits

The ISCO is defined by the equations when the first and
second derivatives of the effective potential are equal to
zero:

B 2r4ðr� 1Þ � 2BLr2 þ ð1þ J 2Þr2 �L2rþ 3L2 ¼ 0;

(53)

B 2r5 þ 4BLr2 � 2ð1þ J 2Þr2 þ 3L2r� 12L2 ¼ 0:

(54)

These equations allow one to find the location of the ISCO
and parameterL for given values of B and J . Summation
of (53) and (54) gives the expression for the angular
momentum in terms of B and r as
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1.4

1.5
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FIG. 7. Velocity of the particle and its Lorenz gamma factor at the ISCO as the function of its radius for the positive angular
momentum and different values of parameter J : J ¼ 0 (solid), J ¼ 0:7 (dashed), and J ¼ 1:1 (dotted).
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FIG. 8. Velocity of the particle at the ISCO as the function of
parameter J .
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L ¼ �Br2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3r� 2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
6� r

p : (55)

Substituting this equation into (54), one can find the inter-
dependency of the magnetic field and ISCO radius for the
fixed J as follows:

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ J2Þð6� rÞp

r
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r2 � 9rþ 6� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið6� rÞð3r� 2Þpq : (56)

The condition thatB is real imposes the restrictions on the
possible values of the ISCO radius:

2< rISCO � 6; for L> 0; (57)

1

2
ð5þ ffiffiffiffiffiffi

13
p Þ< rISCO � 6; for L< 0: (58)

The dependence of the ISCO radii on the magnetic field
strength is shown in Fig. 9 for two different cases of
particle motion: L> 0 and L< 0, when the influence of
the Lorentz force on the particle is opposite. One can see
from Fig. 9 that the magnetic field shifts the ISCO radius
towards the horizon of black string. In the limit of the
strong magnetic field, i.e., when B � 1, one can find the
value of the ISCO radius for the positive angular momen-
tum as

rISCO � rH þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J2

p
ffiffiffi
3

p
B

; B � 1; (59)

which means that the particle is moving in strong magnetic
field and the repulsive Lorentz force has the radius of the
innermost stable orbit very close to the horizon of the black
string. Recalling that B ¼ qB=2m, one can conclude that
the ISCO for electrons is located much closer to the
horizon than the corresponding orbits for protons. Under
the influence of the parameter J , the minimal value of the
radius of circular orbits increases and charged particles
may be shifted towards an observer at infinity, which
means that the orbits of the charged particles may become
unstable.

D. Collision of particles

In this section, we deviate somewhat from the original
idea of BSW [24]. We consider two different situations. In
the first case, a charged particle orbiting at the ISCO
collides with another charged particle at the ISCO. In the
second case, we consider the collision of a neutral particle
freely falling from infinity with a charged particle revolv-
ing at the ISCO instead of a near-horizon collision.

1. Head-on collision of charged
particles orbiting at ISCO

Hereafter, we use the approach and methodology prop-
erly developed by Frolov [30]. As a first example, we
consider a head-on collision of two identical charged par-
ticles moving at the same circular orbit in opposite direc-
tions with the same mass m, opposite charges þjqj and
�jqj and the opposite signs of the parameter J and �J .
The four-momentum of the system after the collision is

P� ¼ 2m	ð1� 2=rÞ�1=2��
ðtÞ. Then the energy after the

collision calculated in the center-of-mass frame Ec:m: has
the following form [30]:

Ec:m: ¼ 2m	: (60)

For the particle orbiting at the ISCO around a static black
string with the fixed parameter J , the gamma factor re-
mains almost unchanged along the range of the ISCO for
any value of the strength of the magnetic field (see Fig. 7).
A substitution of the maximal value of the gamma factor
given by Eq. (52) into (60) gives the equation for the
maximal center-or-mass energy per unit mass (Ec:m: ¼
Ec:m:=m) in the form

E max
c:m: ¼ 1:15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ J 2

p
: (61)

For the minor values of the parameter J , the energy of the
collision is slightly higher than 2m. However, similarly to
the case of the absence of the magnetic field given by
Eq. (29), it is easy to see that the energy of the collision
of two particles initially revolving at the ISCO infinitely
grows when the parameter J tends to infinity and formally

0.0 0.2 0.4 0.6 0.8 1.0 1.2
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FIG. 9. Dependence of the innermost stable circular orbits rISCO on the magnetic field parameterB. The left panel corresponds to the
motion of the particle with positive angular momentum, while the right panel corresponds to the particle with negative angular
momentum L.
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one can obtain an arbitrary large energy. However, it does
not provide the colliding particles with high energy, since
the energy of such particles as measured at infinity also
grows in this limit.

2. Collision of a freely falling neutral particle with a
charged particle at ISCO

Now we consider the collision of two particles when one
of them is charged and revolved at the ISCO and the other
one is neutral and freely falls from infinity in the direction
of the black string horizon. We assume that both particles
move at the equatorial plane # ¼ �=2 of the black string.
In the center-of-mass frame, the maximal energy would
have a place when the particles collide near a black string
with maximal and opposite angular momenta. For a neutral
particle, this condition is defined by the expression (22). At
the moment of the collision, the momentum is the sum

P� ¼ p�
c þ p�

n ; (62)

where p�
c and p�

n are momenta of charged and neutral
particles, respectively. This corresponds to the collisional
center-of-mass energy which can be written in the form

E2
c:m: ¼ m2

c þm2
n � 2g��p

�
c p�

n: (63)

Using Eqs. (10)–(13) and (46), one can find the center-of-
mass energy of the collision as

E2
c:m: ¼ m2

c þm2
n þ 2mc	c

�
En

ffiffiffiffiffiffiffiffiffiffiffiffi
r

r� 2

r
� vcLn

r
� J n

�
;

(64)

where subscript nðcÞ is responsible for neutral (charged)
particles. Since the radius of the ISCO can be arbitrarily
close to the horizon, the first term in the brackets can be
made arbitrarily large while 	 remains finite (see
Fig. 7). The second and the third terms in the brackets
are finite for the typical values of the parameter J [see
Eq. (22) and Fig. 3(b)]. Consequently, the leading contri-
bution to the energy of the collision near the horizon can be
written in the following form:

E2
c:m: � 2

ffiffiffi
2

p
mc	cEnffiffiffiffiffiffiffiffiffiffiffiffi
r� 2

p ðr ! 2Þ: (65)

Using the relation (59), one can obtain the asymptotic
value of the center-of-mass energy for a collision of a
neutral particle with the charged one at ISCO in a magnetic
field B � 1 as

E2
c:m: � 2

ffiffiffi
2

p
mc	cEn

� ffiffiffi
3

p
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ J 2
p �

1=2
: (66)

Using Eqs. (50), (55), and (56) at the horizon r ¼ 2 and
assuming that the neutral particle starts its motion at rest at

infinity with the energy given by (20) as En ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
,

one can obtain the collisional energy per unit mass (Ec:m: ¼
Ec:m:=m) in the following form:

E max
c:m: � 1:74ðB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
Þ1=4: (67)

IV. ROTATING BLACK STRING AS
PARTICLE ACCELERATOR

A. Dynamical equations

It is well known that the metric of the Kerr black hole
spacetime is the four-dimensional rotating neutral axially
symmetric solution of the vacuum Einstein equations.
When the additional dimension w is included to the metric
of the Kerr spacetime in the Boyer-Lindquist coordinates
then the obtained solution takes the following form [2,3]

ds2 ¼ �2

�r

dr2 þ �2d#2 þ dw2 � �r

�2
ðdt� asin 2#d’Þ2

þ sin 2#

�2
½ðr2 þ a2Þd’� adt�2; (68)

where the metric parameters �r and � are defined as

�r ¼ r2 � 2Mrþ a2; �2 ¼ r2 þ a2cos 2#: (69)

Equation (68) is the metric of the spacetime of a uniform
rotating black string. Here M is the mass density of the
black string and a is the parameter of the rotation of the
black string with the relation 0 � a=M � 1. The singular-
ity, as usually, placed at �2 ¼ 0, (or at r ¼ 0 and # ¼
�=2). This implies, that as in the Kerr geometry, the
motion of a particle along the geodesic line with r ¼ 0
and # � �=2 will not end at the point of singularity, and
the negative values of r are also allowed in the rotating
black string spacetime [3,48]. The expression �r ¼ 0,
allow us to define the event horizons of the black string as

r� ¼ M�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � a2

p
; (70)

which coincide with the event horizon in the Kerr
spacetime.
Associated with a timelike ��

ðtÞ and spacelike �
�
ð’Þ and �

�
ðwÞ

Killing vectors, one can find the following conserved quan-
tities along a geodesic line on the equatorial plane# ¼ �=2:

E ¼ E

m
¼ ���

ðtÞu� ¼
�
1� 2M

r

�
dt

d�
þ 2Ma

r

d’

d�
; (71)

L ¼ L

m
¼ ��

ð’Þu� ¼
�
r2 þ a2 þ 2Ma2

r

�
d’

d�
� 2Ma

r

dt

d�
;

(72)

J ¼ J

m
¼ �

�
ðwÞuw ¼ dw

d�
: (73)

The Hamilton-Jacobi equation (4) can be separated and
gives a differential equation for each component as [3]
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dt

d�
¼ 1

�r
½Eðr3 þ 2Ma2 þ a2rÞ � 2aML�; (74)

d’

d�
¼ 1

r�
½2aME þ ðr� 2ÞL�; (75)

dw

d�
¼ J ; (76)

�
dr

d�

�
2 ¼ E2 � Veff ; (77)

where the effective potential has a form

Veff ¼ 1

r2

�
L2

�
1� 2M

r

�
� a2E2

�
1þ 2M

r

�
þ 2aEL

2M

r

þ �ð1þ J 2Þ
�
: (78)

For getting the solutions of the equations of motion outside
the event horizon, one has to hold the condition dt=d� > 0.
At the region close to the horizon r ! rþ r ! rH, this
condition gives the limiting value of the angular momen-
tum of the particle as

L � LH ¼ 2E
a
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
Þ: (79)

Equation (79) is similar for both Kerr black hole and
rotating black string spacetimes. However, for the particle
falling on the horizon with the initial rest energy (20), the
limiting (maximal) value of the angular momentum takes
the form

L H ¼ 2

a
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
: (80)

The variation of the function LH with dependence on the
spin parameter a for the different values of the parameter
J is shown in Fig. 10. It is easy to see that when the value
of the parameter J increases, the limiting allowed value of
the angular momentum also increases. Samples of particle
trajectories moving in the equatorial plane around rotating
black string are shown in Fig. 11 for the different values of
parameter J when the spin parameter a ¼ 0:99, depicting
the change from TO to BO and EO orbits. Such transitions
is shown in Fig. 12 for a ¼ 0 and a ¼ 0:99

B. Freely falling particle

In this subsection, we study the properties of the parti-
cles freely falling into the rotating black string and ap-
proaching the horizon with the different values of momenta
L1, J 1 andL2, J 2 at the equatorial plane # ¼ �=2 of the
black string.
It is very important to find the limitations on the possible

values of the integrals of motion L and J of particles to
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FIG. 10. The limiting value of the angular momentum of the
particle near horizon r ¼ rþ of the rotating black string in
dependence on the spin parameter a for different values of the
parameter J :J ¼ 0 (solid), J ¼ 1 (dashed), J ¼ 1:7 (dotted).
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FIG. 11. Examples of particle trajectories moving in the equatorial plane around rotating black string when the spin parameter
a ¼ 0:99. We compare motion with J ¼ 0 (solid curve) and with J ¼ 0:5 (dashed) for all TO, BO, and EO possible orbits. Particles
start from the initial position r0 ¼ 10 but with the different energies. (a) TO L ¼ 2. (b) BO L ¼ 3. (c) EO L ¼ 6.
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achieve the horizon of the rotating black string as we did in
Sec. II C. In the center-of-mass frame, the maximal energy
will take place when the particles collide near a rotating
black string with maximal and opposite momenta L1, L2

and parameters J 1, J 2. But if we set the large values for
them, then the geodesics may never reach the vicinity of
the horizon (see the plots with L ¼ 1:6 in Fig. 13) and
effects of the strong gravitational field cannot be analyzed.
On the other hand, for the small values of angular momen-
tum, the particles fall radially with a small tangential
velocity and the center-of-mass energy does not grow
either (see the plots withL ¼ 2:6 in Fig. 13). In spacetime
of rotating black string, the particles approaching from one
side or the other have different properties which are similar
to their properties in the Kerr spacetime. Consequently,
there are critical values for the parameters L and J such
that particles may reach the horizon with maximum tan-
gential velocity (see thick curves in Fig. 13). To find these
values we use Eq. (77) and its derivative. The profile of the
variation of _r with radius for the different values of the
parameters J andL is shown in Fig. 14, where the critical
case when the particle approaches the horizon of the black
string is indicated by the dashed curve of the plot (b).

In order for the massive particle freely falling with
momentum J to the black string with the spin parameter
a to achieve the horizon, it must have the angular momen-
tum in the range

L� � L � Lþ; (81)

where Lþ and L� are defined as

Lþ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1� a
p Þ; (82)

L� ¼ �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1þ a
p Þ: (83)

It is important to note that this does not apply when the
particle scatters with other particles and changes its energy
and angular momentum on the way to the horizon. The
dependence of the critical angular momenta L� of the
particle reaching the horizon of the extremal black string
on the values of parameter J is shown in Fig. 15. It can be
seen that the solutions of the equation for the particle
moving in the spacetime of black string are invariant under
the reversal of sign of parameter J . When the extra di-
mension is added, the absolute values of the critical angular
momenta increase for any value of the spin parameter a.

C. Collision of freely falling particles
near extremely rotating black string

In this subsection we study the collision of two particles
approaching the horizon of the extremely rotating black
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FIG. 12. We compare TO for particle motion with J ¼ 0 (solid curve) and with J ¼ 1 (dashed one), depicting dependence of
‘‘ending angle’’ ’end on the specific angular momenta L for the cases when the spin parameter is a ¼ 0 and a ¼ 0:99. Particles start
from the ‘‘infinity’’ (at r0 ¼ 1000) with energies E ¼: 1 (for J ¼ 0) and E ¼: 1:4 (for J ¼ 1). For some critical values of angular
momentumL, the TO orbits become BO and hence are not visible on the graphs. Such critical value Lc is growing with parameter J .

(For the case when a ¼ 0, we have Lc ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
.) We also see strong ‘‘winding’’ of particle trajectories onto the event horizon of

black string when a ¼ 0:99. Even orbits with L ¼ 0 have nonzero ending angle ’end.
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string with the different momenta L1, J 1 and L2, J 2 at
the equatorial plane # ¼ �=2 of the black string.

First, we derive the general formula for the center-of
mass energy of the collision of two particles freely falling
from the spatial infinity to the horizon of the rotating
black string. Considering the center-of-mass frame and a
pair of particles with the same mass m0 and velocities
represented by UðmÞ ¼ U

�
ðmÞ, one can write the expression

for the energy of the collision of two particles in the
form

E2
c:m: ¼ ðmU�

ð1Þ þmU�
ð2ÞÞðmUð1Þ� þmUð2Þ�Þ

¼ 2m2ð1þU�
ð1ÞUð2Þ�Þ; (84)

or in the form similar to (24) as

Ec:m: ¼ m0

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g��U

�
ð1ÞU

�
ð2Þ

q
; (85)

where U�
ð1Þ and U�

ð2Þ are the velocities of the particles,

properly normalized by g��U
�U� ¼ �1. Direct
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FIG. 13. The radial dependence of the effective potential of the particle moving around an extremely rotating black string with a ¼ 1
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substitution of Eqs. (74)–(77) to (85) gives the expression
for the energy of the collision of two particles (Ec:m: ¼
Ec:m:=m0)

E2
c:m: ¼ 2

r�
fa2½E1E2ð2þ rÞ þ rð1� J 1J 2Þ�

� 2aðE2L1 þ E1L2Þ þ r2½ð1� J 1J 2Þðr� 2Þ
þ E1E2r� �L1L2ð�2þ rÞ � ffiffiffiffiffiffi

R1

p ffiffiffiffiffiffi
R2

p g; (86)

colliding at some radius r at the equatorial plane which is
the generalization of Eq. (27) to the case of the rotating
black string spacetime.

Here

Ri ¼ 2ðaEi �LiÞ2 �L2
i rþ 2r2L2

i ; i ¼ 1; 2; (87)

and

E i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

i

q
i ¼ 1; 2; (88)

for the freely falling particles.
Ex facte, one can say that Eq. (86) diverges at the

horizon of the black string given by � ¼ 0 and extremal
collisional energy appears. However, it is not satisfied (see
Fig. 16), since the numerator of Eq. (86) also vanishes at
this point. This result corresponds to the result of the paper
[24] in the case when J i ¼ 0.

To find a limit of the energy at the horizon r ! rþ, one
may use l’Hôpital’s rule and find the actual extremal colli-
sional energy at the horizon of extremely rotating black
string with a ¼ 1. Thus, the energy of the collision in the
special case with J 1 ¼ �J 2 ¼ J (which is relevant due
to the symmetry of the additional dimension) will have the
following form:

E2
c:m:jðr!rþÞ ¼ 2ð1þ J 2Þ

0
@L1 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
L2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
þL2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
L1 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
1
A: (89)

Expression (89) diverges when the dimensionless angular
momentum of one of the colliding particles L ¼ Lþ and
on the contrary the centre of mass energy given by
Eq. (89) is finite for the generic values of L1 and L2.
Thus for extremely rotating black strings, the scattering
energy in the center-of-mass frame becomes unlimited
when L ¼ Lþ.
This shows that a singularity in the center-of-mass en-

ergy is achieved on the extremal horizon for most specific
values of angular momentum and is finite for the generic
values of momentum L. In this case, every value of the
finite energy is achieved up to the event horizon and
infinite center-of-mass energy is obtained only for particle
collisions occurring on the horizon, as shown in Ref. [24].
If the angular momentum of both individual particles is
greater than the critical one, then they will never reach the
horizon. Vice versa, if they both have angular momentum
below the critical value, then they will fall into the black
string with a finite center-of-mass collisional energy.

D. The collision energy near nonextremely
rotating black string

It has been recently shown in Ref. [49] that an arbitrarily
high energy of the collision of two freely falling particles
near a Kerr black hole cannot occur if a spin parameter a is
not maximal. Similarly, in the spacetime of a rotating black
string as we will show below, there is no possibility to
obtain an unlimited energy from the collision of particles
freely falling from infinity if the rotation of the black string
is not extremal. However, in the processes accompanied by
the multiple scattering when the particles fall into the black
string and collide with other particles moving around a
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FIG. 16. The variation of the energy of the collision of two particles with opposite momenta near the static black string in the center-
of-mass frame for three different values of parameter J . J 1;2 ¼ 0 (solid), J 1;2 ¼ �1 (dashed), J 1;2 ¼ �1:5 (dotted). The event

horizon is indicated by vertical thin line.
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horizon of the black string, high energy collision can be
obtained even if the rotation of the black string is not
maximal, i.e., a < 1. In this subsection we study the pos-
sibility of the extraction of the unlimited energy from the
particles’ collision for the case of a nonextremal black
string.

As mentioned above, Eq. (77) leads to an appearance of
the limitation on the possible values of the angular mo-
menta of freely falling particles to reach the horizon of the
black string. For the rotating black string, this condition is
given by Eq. (81). Using the limiting values of the angular
momenta (82) and (83) of the particles at the horizon of the
rotating black string, one can find the dependence of the
center-of-mass energy on the spin parameter a which is
shown in Fig. 17. It can be seen from Fig. 17 that the
unlimited energy occurs when the black string rotates with
the maximal spin parameter a ¼ 1, while for a black string
with spin parameter a < 1, there will be an upper bound to
the energy. It is very interesting to find how the largest
energy of the collision grows as the maximally spinning
case is approached. The maximal energy can be estimated
with the help of Eq. (86). In terms of the small parameter
� ¼ 1� a, the main contribution to the energy of the
collision per unit mass is

Emax
c:m: � 4:06ffiffiffi

�4
p ½ð1þ J 2

1Þð1þ J 2
2Þ�1=4: (90)

In particular, according to [50] the maximal possible value
of the spin parameter a of the astrophysical black holes is
a ¼ 0:998. If one applies this limiting value of the spin
parameter for the estimation of the collision energy of two
particles with J 1 ¼ J ¼ �J 2 near the horizon of the
rotating black string, then the maximal possible center-
of-mass energy takes the value

Emax
c:m: ¼ 18:971

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
; a ¼ 0:998: (91)

It can be seen that even for the values of the spin parameter
a being close to the extremal a ¼ 1 of the rotating black

string energy, Ec:m:=m cannot be unlimited. However, as it
has been already noted in Sec. II, the expression (91) for
the collisional energy tends to infinity if the parameter J
also grows in this limit (J ! 1), and formally one can
obtain an arbitrarily large energy. However, this case does
not correspond to our purposes, since this high energy is
not the result of the collision of particles near the horizon
of the rotating black string, but the result of an enormous
increase of the initial energies of the particles measured at
infinity.
On the other hand, one may take into account the pos-

sibility of a multiple scattering of the particle falling from
infinity with the fixed angular momentum. As the result of
interaction with the particles from the accreting disc, the
particle falling into the black string can change its momen-
tum and again scatter close to the horizon, and finally the
scattering energy can be unlimited [51].
A particle moving from infinity to the black string can

achieve the horizon if its angular momentum is lying in the
rangeL� � L � Lþ (see the dependence ofL� andLþ
on J in Fig. 15). The effective potential of the particle in
the spacetime of nonextremely rotating black string for the
different values of L and J is shown in Fig. 18. The
particle can move in the vicinity of the black string if its

energy E <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 2

p
. Zones of allowed particle motion in

the horizon vicinity are shaded in Fig. 18. One can see from
Fig. 18 that the presence of the new constant of motion J
shifts and increases the allowed zone of particle motion.
However, if the particle is going not from the infinity but
from a distance r ¼ rH þ e, then due to the form of the
effective potential it may have the angular momentum of
the value L ¼ LH � 
 larger than Lþ and fall on the
horizon. On the other hand, if the particle falling
from infinity with L � Lþ achieves the same region r ¼
rH þ e and interacts with other particles of the accretion
disc or decays into a lighter particle which results in an
increased angular momentum L1 ¼ LH � 
, then the
main contribution to the scattering energy in the center-
of-mass frame according to Eq. (86) takes the form

Ec:m: �
ffiffiffi
2

p
ffiffiffiffi



p
0
@LH � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ J 2
p

L2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
1
A1

2

ð1þ J 2Þ14; (92)

if expanded in series.
For the rotation parameter a ¼ 0:998 andL2 ¼ L�, the

expression (92) reduces to the form

E max
c:m: ¼ 3:854ffiffiffiffi



p ð1þ J 2Þ3=4: (93)

The energy (92) grows without limit when 
 ! 0. Note
that for rapidly rotating black strings, the difference be-
tween LH and Lþ, e.g., for a ¼ 0:998 and J ¼ 0:7,
LH �Lþ � 0:05. The possibility of getting small addi-
tional angular momentum in interaction close to the hori-
zon seems to be very probable.
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FIG. 17. The center-of-mass energy of the collision of two
freely falling particles close to the horizon of the rotating black
string in dependence on the spin parameter a for three repre-
sentative values of the parameter J 1;2 of each particle: J 1;2 ¼ 0
(solid), J 1;2 ¼ �0:5 (dashed), and J 1;2 ¼ �1 (dotted).
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V. EFFICIENCY OF ENERGY EXTRACTION

In this section we concentrate on the study of geodesic
particles in the equatorial plane # ¼ �=2. For a particle of
mass m, energy E, and angular momentum L, the radial
equation of motion in the spacetime metric (3) is given by

m2

2

�
dr

d�

�
2 þ VðrÞ ¼ 0; (94)

where

VðrÞ ¼ �

2r2
ðm2 þ J2Þ þ L2 � a2E2

2r2
�MðL� aEÞ2

r3
� E2

2
(95)

is the effective potential.
First we discuss the escape of a particle to infinity based

on analysis of the effective potential (95). Solving equation
VðrÞ ¼ 0 with the impact parameter b ¼ L=E for the
massless particle, one can obtain

b ¼ b�ðrÞ ¼ �2aM� r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1� ð1� 2M=rÞÞp
r� 2M

; (96)

where new dimensionless parameter  ¼ J=E is intro-
duced. This means that a massless particle with impact
parameter b ¼ b�ðrÞ has a turning point at the position r.
For the case when a ¼ M, bþðrÞ starts from 2M indepen-
dently of the value of  and monotonically increases to the
infinity as r increases fromM. b�ðrÞ starts from 2M, which
is larger than bþðrÞ, and monotonically increases to the
infinity as r increases fromM to 2M. As r increases beyond
2M to the infinity, b�ðrÞ starts from the negative infinity,
monotonically increases to a local maximum, and mono-
tonically decreases to the negative infinity.
Thus, for b�max < b< 2M, the particle escapes to

infinity if it is moving outward initially. For b > 2M or
b < b�max , the particle eventually escapes to infinity irre-
spective of the sign of the initial velocity if it is outside the
outer turning point. For b ¼ 2M or b ¼ b�max , the parti-
cle escapes to infinity, if it is initially moving outward
outside the turning point. In the other cases, the particle
cannot escape to infinity.
In Fig. 19 the radial dependence of the impact parameter

b� on the different values of the parameter  is shown.
From the figure, one can see that when the value of 
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FIG. 18 (color online). The effective potential of the particle moving around nonextremal black string with a ¼ 0:9 in the absence
(left panel) and the presence (right panel) of the parameter J . The allowed zone for L ¼ 2:5 is shaded. Dashed lines represent the
energy level of a free particle at infinity.
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increases, the interval of the impact parameter for captur-
ing the massless particles is decreased.

In Table I the values of local maximum of b� are listed.
From the results, one can see the increase of the value of
b�max with the increase of the parameter , which corre-
sponds to decreasing the interval of the impact parameter
for capturing massless particles.

Recall for massive particles E ¼ E=m, L ¼ L=ðmMÞ,
and J ¼ J=m. Solving equation VðrÞ ¼ 0 for a massive
particle, one can obtain

L ¼ L�ðrÞ

¼ �2aME � r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðrÞ½E2 � ð1� 2M=rÞð1þ J 2Þ�p

Mðr� 2MÞ :

(97)

This means that a massive particle with angular momentum
L ¼ L�ðrÞ has a turning point at the position r. For bound
particles, i.e., E < 1þ J 2, VðrÞ becomes positive as r goes
to sufficiently large value, indicating that they cannot reach
infinity but bounce back inward. Therefore, we concentrate
on marginally bound and unbound particles, i.e.,
E � 1þ J 2.

Now we consider the collision of particles 1 and 2 and
creation of particles 3 and 4. The local conservation of
four-momentum after the collision is given by

p�
1 þ p�

2 ¼ p�
3 þ p�

4 ; (98)

where components � ¼ t and � ¼ ’ yield the conserva-
tion of energy and angular momentum after the collision.

For given incident particles 1 and 2 if m3, E3, and L3 are
specified, we can determinem4, E4, and L4. In fact,m4 can
be expressed in terms of the quantities of the other three
particles as follows:

m2
4 ¼ �p4ap

a
4 ¼ �ðpa

1 þ pa
2 � pa

3Þðp1a þ p2a � p3aÞ:
(99)

The c.m. energy of particles 1 and 2 near the event
horizon for a maximally rotating black hole a ¼ M has
explicit form as follows:

Ecm

m
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2e2 � ‘2Þð2e1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3e21 � 1� j21

q
Þ

�

s
; (100)

where we denote the radius of the collision point as rc ¼
M=ð1� �Þ and 0< � 	 1. For a critical particle, condi-

tion E1 >m1=
ffiffiffi
3

p
must be satisfied. As � ! 0, the c.m.

energy is diverging.
Using the conservation law (98) and considering the

particle 3 as escaping, the upper limits of the mass and
energy of the emitted particle are given as

m3 � ð2E1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3E2

1 �m2
1 � J21

q
Þ=ð2� ffiffiffi

2
p Þ ¼ mB (101)

and

E3 � ð2E1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3E2

1 �m2
1 � J21

q
Þ=ð2� ffiffiffi

3
p Þ ¼ EB; (102)

respectively. Note that �þ ¼ EB can be realized only if
particle 3 is massless. Figure 20 shows the upper limits as
function of E1=m1. One can easily see that the presence of

TABLE I. The values of local maximum of the impact parameter b� for the different values of parameter .

 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

b�max =M �7:0 �6:985 �6:939 �6:862 �6:751 �6:603 �6:412 �6:168 �5:857 �5:444 �4:828
r=M 4.0 4.005 4.02 4.048 4.089 4.147 4.231 4.354 4.545 4.887 5.829
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FIG. 20. Upper limits of the mass and energy of the emitted particle as functions of the energy of the incident critical particle. The
left and right panels show the ratio to the mass and to the energy of the incident critical particle, respectively. The mass limits lie below
the energy limits. The solid, dashed, and dotted lines correspond to the values of J ¼ 0, J ¼ 0:5, and J ¼ 1, respectively.
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parameter J increases the upper limit of energy of the
extracted particle.

Using the above result, one can easily constrain the
efficiency of the energy extraction. The unconditional
upper limit is given by

�B ¼ �

m1 þm2

¼ ð ffiffiffi
2

p þ 1Þ�ffiffiffi
2

p
m1 þ �

;

where � ¼ ð2E1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3E2

1 �m2
1 � J21

q
Þ=ð2� ffiffiffi

3
p Þ.

Since � takes the upper limit for m3 ¼ 0, the uncondi-
tional upper limit will depend on the value of J1. In Table II
the dependence of energy extraction efficiency for the
different values of J is shown. One can see that the
maximal energy extraction can be increased up to 203%.

VI. CONCLUSION

In this paper we have studied the effect of the high
center-of-mass energy of the collision of two test particles
of the same mass in the spacetimes of (i) the static black
string, (ii) rotating black string, and (iii) the black string
immersed in external magnetic field.

The model considered here, the 4D Kerr spacetime with
a flat additional dimension, is not an exact solution of the
Einstein equations; therefore, a curved spacetime in the
additional dimension has to be expected in realistic situ-
ations when the spacetime is expected to be an exact
solution of the Einstein equations, or their modifications.
However, this model can be useful, at least, at the moment
of collision of the particles and can represent (locally) the
outcome of the collision, since locally the spacetime can
always be approximated by the flat geometry. Thus, one
can describe the local influence of the additional dimen-
sion, e.g., the leaking or appearance of unlimited energy
after the collision.

In particular we have shown that the BSW mechanism
originally investigated in S2 topology can be extended to
S2 � R1 topology. We have shown that due to the particu-
lar property of the motion in black string spacetime,
namely, the appearance of new integral of motion J, leads
to an increase of the energy of the particle and as a result
increases the maximal center-of-mass energy of the colli-
sion of particles. We have demonstrated that there exists a
critical angular momentum of a freely falling particle to
achieve a horizon of black string and found that when the
extra dimension is added, the absolute values of the critical
angular momenta increase for any value of the spin
parameter a.

We have demonstrated that the center-of-mass
energy can be high for a collision of a particle falling
from infinity with a charged particle moving at ISCO. In
fact, this energy formally infinitely grows when the ISCO
shifts arbitrarily close to the horizon, which is the result of
the influence of the Lorentz force acting on the charged
particle. However, this energy cannot be unlimited for
realistic magnetic fields, since the estimated values of the
strength of the magnetic fields in relativistic astrophysics
are restricted by values B
 108 Gs for the stellar mass
black holes and B
 104 Gs for the supermassive black
holes [30].
It has been shown that the collisional energy of particles

can be ultrahigh not only for extremely rotating black
string, but also when the rotation of the black string is
not maximal, a < 1, if we take into account the probability
of the multiple scattering of a freely falling particle with
particles from the accretion disc. In the calculation of such
a process, we used a simplified model where the gravita-
tional field of the accretion disc has been considered
infinitely small in comparison with the gravitation of the
black string and has not been taken into account.
The frame-dragging effects in a 4D Kerr black hole

spacetime can accelerate particles and one needs signifi-
cant fine-tuning to get sensible cross sections for particles
(at least one of the particles has to have critical angular
momentum). Here we show that in the case of black string
we still have fine-tuning, but the fine-tuned value of critical
angular momentum depends on a new constant of motion
appearing due to the extra dimension. The increase of
critical angular momentum in the background 5D black
string spacetime is accompanied by a decrease of stability
of the particles’ trajectories.
We have also analyzed the energy extraction from rotat-

ing black string. In the case of an extreme rotating black
hole, the energy extraction efficiency has the upper limit
146%. We have shown that the presence of the extra
dimension can, in principle, increase the upper limit of
efficiency of energy extraction up to 203%.
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TABLE II. The values of the energy extraction efficiency
parameter.
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