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We derive light-cone sum rules for the electromagnetic nucleon form factors including the next-to-

leading-order corrections for the contribution of twist-three and twist-four operators and a consistent

treatment of the nucleon mass corrections. The essence of this approach is that soft Feynman contributions

are calculated in terms of small transverse distance quantities using dispersion relations and duality. The

form factors are thus expressed in terms of nucleon wave functions at small transverse separations, called

distribution amplitudes, without any additional parameters. The distribution amplitudes, therefore, can be

extracted from the comparison with the experimental data on form factors and compared to the results of

lattice QCD simulations. A self-consistent picture emerges, with the three valence quarks carrying

40%:30%:30% of the proton momentum.
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I. INTRODUCTION

It is generally accepted that studies of hard exclusive
reactions and in particular hadron form factors at large
momentum transfer give access to different aspects of the
internal structure of hadrons as compared to inclusive
reactions so that these two options are to a large extent
complementary to each other. The QCD factorization ap-
proach to exclusive processes [1–3] introduces the concept
of hadron distribution amplitudes (DAs), which can be
thought of as momentum fraction distributions in configu-
rations with a fixed number of Fock constituents (quarks,
antiquarks, and gluons) at small transverse separations. It is
argued that in the formal Q2 ! 1 limit, form factors can
be written in a factorized form, as a convolution of DAs
related to hadrons in the initial and final state times a
‘‘short-distance’’ coefficient function that is calculable in
QCD perturbation theory. The leading contribution corre-
sponds to DAs with a minimal possible number of
constituents—three for baryons and two for mesons. Thus,
in this framework, measurements of form factors at large
momentum transferQ provide one with the information on
valence quark distributions inside hadrons in rare configu-
rations where they are separated by a small transverse
distance of the order of 1=Q. This, classical, factorization
approach faces conceptional difficulties in the application
to baryons [4–6] but, probably more importantly, seems to
be failing phenomenologically for realistic momentum
transfers accessible in current or planned experiments.
The problem is simply that each hard gluon exchange is
accompanied by the �s=� factor, which is a standard
perturbation theory penalty for each extra loop. If, say,
�s=�� 0:1, the factorizable contribution to baryon form
factors is suppressed by a factor of 100 compared to the
‘‘soft’’ (end point) contributions, which are suppressed by
a power of 1=Q2 but do not involve small coefficients.
Hence, the collinear factorization regime is approached

very slowly. There is overwhelming evidence from model
calculations that soft contributions play the dominant role
at present energies. Taking into account soft contributions
is challenging because they involve a nontrivial overlap of
nonperturbative wave functions of the initial and the final
state hadrons and are not factorizable, i.e., cannot be
simplified further in terms of simpler inputs. One possibil-
ity is to use transverse-momentum dependent light-cone
wave functions �ðx; k?Þ in combination with Sudakov
suppression of large transverse separations following the
approach suggested initially by Li and Sterman [7] for the
pion form factor. Another possibility, which we advocate in
this work, is to calculate the soft contributions to the form
factors as an expansion in terms of nucleon DAs of in-
creasing twist using dispersion relations and duality. This
technique is known as light-cone sum rules (LCSRs) [8]. It
is attractive because in LCSRs, soft contributions to the
form factors are calculated in terms of the same DAs that
enter the perturbative QCD calculation, and there is no
double counting. Thus, the LCSRs provide one with the
most direct relation of the hadron form factors and DAs
that is available at present, with no other nonperturbative
parameters. The basic object of the LCSR approach to
baryon form factors [9,10] is the correlation functionZ

dxe�iqxh0jTf�ð0ÞjðxÞgjPi;

in which j represents the electromagnetic (or weak) probe
and� is a suitable operator with nucleon quantum numbers.
The other (in this example, initial state) nucleon is explic-
itly represented by its state vector jPi; see a schematic
representation in Fig. 1. The LCSR is obtained by compar-
ing (matching) of two different representations for the
correlation function. On the one hand, when both the mo-
mentum transfer Q2 and the momentum ðP0Þ2 ¼ ðP� qÞ2
flowing in the � vertex are large and negative, the main
contribution to the integral comes from the light-cone
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region x2 ! 0 and can be studied using the operator
product expansion (OPE) of the time-ordered product
Tf�ð0ÞjðxÞg. The x2 singularity of a particular contribution
is determined by the twist of the relevant composite opera-
tor for which the matrix element h0j . . . jPi is related to the
nucleon DA. On the other hand, one can represent the
answer in the form of the dispersion integral in ðP0Þ2 and
define the nucleon contribution by the cutoff in the quark-
antiquark invariant mass, the so-called interval of duality s0
(or continuum threshold). The main role of the interval of
duality is that it does not allow large momenta jk2j> s0 to
flow through the � vertex; to the lowest order Oð�0

sÞ, one
obtains a purely soft contribution to the form factor as a sum
of terms ordered by the twist of the relevant operators and
hence including both the leading- and the higher-twist
nucleon DAs. Note that the contribution of higher-twist
DAs is suppressed by powers of the continuum threshold
(or by powers of the Borel parameter after applying the
usual QCD sum rule machinery) but not by powers of Q2,
the reason being that soft contributions are not constrained
to small transverse separations. The LCSR approach is not
new and has been used successfully for the calculations of
pion electromagnetic and also weak B-decay form factors.
In both cases this technique has reached a certain degree of
maturity; see Refs. [11–13] for several recent state-of-the-
art calculations. The LCSRs for baryon form factors are
more complicated and remain to be, comparatively, at an
exploratory stage. Following the first formulation of the
LCSRs for the electromagnetic form factors in Ref. [9],
there have been several studies aimed at finding an optimal
nucleon interpolation current [10,14–16] and extending this
technique to other elastic or transition form factors of
interest. LCSRs for the axial nucleon form factor were
presented in Refs. [10,15,17], for the scalar form factor in
Ref. [18], and for the tensor form factor in Ref. [19].
A generalization to the full baryon octet was considered,
e.g., in Ref. [20]. Application of the same technique to
N�� transitions was suggested in Refs. [15,21] and to
pion production at threshold in Ref. [22]. LCRSs for
weak baryon decays �b ! p, �‘�‘, etc., were studied in
Refs. [23–26], etc. In order to make the LCSR technique
fully quantitative, one needs to include the next-to-leading

order (NLO) QCD corrections to the coefficient functions
of the DAs, which is the standard accepted in B decays.
Calculation of these corrections for twist-three and twist-
four contributions to the LCSRs for the nucleon electro-
magnetic form factors F1ðQ2Þ and F2ðQ2Þ is the goal and
main result of this paper. This task was already partially
addressed in Ref. [27]; we will comment on the relation of
our calculation to the results of Ref. [27] in what follows. In
addition, we are able to organize the higher-twist contribu-
tions related to nucleon mass corrections in a more system-
atic way, which reduces the corresponding uncertainties.
The presentation is organized as follows. Section II is
introductory and summarizes the present status of the
LCSR approach. We collect there the necessary definitions
and explain our notation. The general structure of LCSRs is
explained, and the leading-order (LO) sum rules are given
following Ref. [10].We also include new results concerning
the so-called Wandzura–Wilczek contributions to higher-
twist DAs. In Sec. III we describe our calculation of the
NLO corrections for the contributions of (collinear) twist-
three and twist-four operators. The numerical analysis of
the sum rules is presented in Sec. IV, whereas the final
section, Sec. V, is reserved for a summary and conclusions.
The paper contains several appendices. In Appendix A we
explain a general renormalization scheme for three-quark
operators [28], which is used throughout the calculation.
Appendix B contains a summary of nucleon DAs and
Appendix C an update on the light-cone expansion of
three-quark currents. New results there are the twist-four
contribution to the three-quark matrix element with generic
quark positions off the lightccone and a new derivation of
the twist-five contribution (to leading order). Appendix D
contains a summary of special functions that appear in the
NLO calculations and their Borel transform. The final
appendix, Appendix E, contains a summary of the NLO
coefficient functions to the twist-four accuracy.

II. PRELIMINARIES

A. Distribution amplitudes

The LCSR approach allows one to calculate form factors
for the range of momentum transfers accessible in present
day experiments in terms of quark distributions at small
transverse separations, dubbed distribution amplitudes.
Conversely, the experimental data on form factors,
analyzed in this framework, can be used to determine
(constrain) the DAs, which are fundamental nonperturba-
tive functions describing certain aspects of the nucleon
structure and are complementary to usual parton distribu-
tions. The leading twist-three nucleon (proton) DA
’Nðxi; �Þ is defined by the matrix element [29,30]

h0j�ijkðu"iða1nÞC6nu#jða2nÞÞ6nd"kða3nÞjPi
¼ � 1

2
fNPn6nN"ðPÞ

Z
½dx�e�iPn

P
xiai’NðxiÞ; (1)

0

FIG. 1 (color online). Schematic structure of the light-cone
sum rule for baryon form factors.

I. V. ANIKIN, V.M. BRAUN, AND N. OFFEN PHYSICAL REVIEW D 88, 114021 (2013)

114021-2



where q"ð#Þ ¼ ð1=2Þð1� �5Þq are quark fields of given
helicity; P� is the proton momentum with P2 ¼ m2

N .

NðPÞ is the usual Dirac spinor in relativistic normalization,
n� is an auxiliary lightlike vector n2 ¼ 0, and C is the

charge-conjugation matrix. The Wilson lines that ensure
gauge invariance are inserted between the quarks; they are
not shown for brevity. The normalization constant fN is
defined in such a way thatZ

½dx�’NðxiÞ ¼ 1; (2)

where Z
½dx� ¼

Z 1

0
dx1dx2dx3�

�X
xi � 1

�
: (3)

The DA ’Nðxi; �Þ can be viewed, somewhat imprecisely,
as the collinear limit of the light-cone wave function
corresponding to the valence three-quark proton state
with zero orbital angular momentum [3]

fNð�Þ’Nðxi; �Þ �
Z
j ~kj<�

½d2 ~k��Nðxi; ~kiÞ; (4)

where the integration goes over the set of quark transverse

momenta ~ki. Thus, fN can be interpreted as the nucleon
wave function at the origin (in position space). The DAs
are, in general, scheme and scale dependent, and in
the calculation of physical observables, this dependence
is cancelled by the corresponding dependence of the
coefficient functions. The DA ’Nðxi; �Þ can be expanded
in the set of orthogonal polynomials P nkðxiÞ defined as
eigenfunctions of the corresponding one-loop evolution
equation,

’Nðxi; �Þ ¼ 120x1x2x3
X1
n¼0

Xn
k¼0

’nkð�ÞP nkðxiÞ; (5)

where Z
½dx�x1x2x3P nkðxiÞP n0k0 ðxiÞ / �nn0�kk0 ; (6)

and to one-loop accuracy

fNð�Þ ¼ fNð�0Þ
�
�sð�Þ
�sð�0Þ

�
2=ð3	0Þ

;

’nkð�Þ ¼ ’nkð�0Þ
�
�sð�Þ
�sð�0Þ

�
�nk=	0

:

(7)

Here 	0 ¼ 11� 2
3nf and �nk are the corresponding

anomalous dimensions. The double sum in Eq. (5) goes
over all existing orthogonal polynomials P nkðxiÞ, k ¼
0; . . . ; n, of degree n. One can show that all eigenfunctions
of the evolution equations, P nkðxiÞ, have definite parity
under the interchange of the first and the third argument,
i.e., P nkðx3; x2; x1Þ ¼ �P nkðx1; x2; x3Þ [31]. The first few
polynomials are

P 00 ¼ 1; P 10 ¼ 21ðx1 � x3Þ;
P 11 ¼ 7ðx1 � 2x2 þ x3Þ;
P 20 ¼ 63

10
½3ðx1 � x3Þ2 � 3x2ðx1 þ x3Þ þ 2x22�;

P 21 ¼ 63

2
ðx1 � 3x2 þ x3Þðx1 � x3Þ;

P 22 ¼ 9

5
½x21 þ 9x2ðx1 þ x3Þ � 12x1x3 � 6x22 þ x23�;

(8)

and the corresponding anomalous dimensions are [32]

�00 ¼ 0; �10 ¼ 20

9
; �11 ¼ 8

3
;

�20 ¼ 32

9
; �21 ¼ 40

9
; �22 ¼ 14

3
:

(9)

The normalization condition (2) implies that ’00 ¼ 1. In
what follows we will refer to the coefficients ’nkð�0Þ with
n ¼ 1; 2; . . . , as shape parameters. The set of these coef-
ficients together with the normalization constant fNð�0Þ at
a reference scale �0 specifies the momentum fraction
distribution of valence quarks in the nucleon. They are
nonperturbative quantities that can be related to matrix
elements of local gauge-invariant three-quark operators
and calculated, e.g., on the lattice [33,34]. In the last
twenty years, there has been mounting evidence that the
simple-minded picture of a proton with the three valence
quarks in an S wave is insufficient, so that, for example, the
proton spin is definitely not constructed from the quark
spins alone and also the electromagnetic Pauli form factor
F2ðQ2Þ involves quark orbital angular momenta. As shown
in Ref. [35], the light-cone wave functions with Lz ¼ �1
are reduced, in the limit of small transverse separation, to
the twist-four nucleon DAs introduced in Ref. [30],

h0j�ijkðu"iða1nÞC6nu#jða2nÞÞ6pd"kða3nÞjPi

¼ � 1

4
pn 6pN"ðPÞ

Z
½dx�e�ipn

P
xiai

� ½fN�WW
4 ðxiÞ þ 
N

1 �4ðxiÞ�;
h0j�ijkðu"iða1nÞC6n�?6pu#jða2nÞÞ�?6nd#kða3nÞjPi

¼ � 1

2
mNpn6nN"ðPÞ

Z
½dx�e�ipn

P
xiai

� ½fN�WW
4 ðxiÞ � 
N

1 �4ðxiÞ�;
h0j�ijkðu"iða1nÞC 6p6nu"jða2nÞÞ6nd"kða3nÞjPi

¼ 
N
2

12
mNpn6nN"ðPÞ

Z
½dx�e�ipn

P
xiai�4ðxiÞ;

(10)

where�WW
4 ðxiÞ and�WW

4 ðxiÞ are the so-called Wandzura–
Wilczek contributions. They can be expressed in terms of
the leading-twist DA ’NðxiÞ as follows [31]:
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�WW
4 ðxiÞ ¼ �X

n;k

240’nk

ðnþ 2Þðnþ 3Þ
�
nþ 2� @

@x3

�

� x1x2x3P nkðx1; x2; x3Þ;
�WW

4 ðxiÞ ¼ �X
n;k

240’nk

ðnþ 2Þðnþ 3Þ
�
nþ 2� @

@x2

�

� x1x2x3P nkðx2; x1; x3Þ:

(11)

The two new constants 
N
1 and 
N

2 are defined in such a
way that the integrals of the ‘‘genuine’’ twist-four DAs�4,
�4, �4 are normalized to unity, similar to Eq. (2). They
have the same scale dependence to the one-loop accuracy:


N
1;2ð�Þ ¼ 
N

1;2ð�0Þ
�
�sð�Þ
�sð�0Þ

��2=	0

: (12)

Similar to the leading twist, the twist-four DAs can be
expanded in a set of orthogonal polynomials that are
eigenfunctions of the one-loop evolution equations,
but the difference is that starting from second order, one
has to take into account mixing with four-particle
(three-quarkþ gluon) operators. Since at present there is
very little information on the nucleon quark-gluon wave
functions (see, however, Ref. [36]), in this work we prefer
to stay within a three-quark description and, for consis-
tency, truncate the expansion of �4, �4, �4 at the first
order. To this accuracy one obtains [31]

�4ðxi; �Þ ¼ 24x1x2f1þ �10ð�ÞR10ðx3; x1; x2Þ
� �11ð�ÞR11ðx3; x1; x2Þg;

�4ðxi; �Þ ¼ 24x1x3f1þ �10ð�ÞR10ðx2; x3; x1Þ
þ �11ð�ÞR11ðx2; x3; x1Þg;

�4ðxi; �Þ ¼ 24x2x3
n
1þ 9

4
�10ð�ÞR10ðx1; x3; x2Þ

o
;

(13)

where

R10ðx1; x2; x3Þ ¼ 4

�
x1 þ x2 � 3

2
x3

�
;

R11ðx1; x2; x3Þ ¼ 20

3

�
x1 � x2 þ 1

2
x3

� (14)

and �10ð�Þ, �11ð�Þ, �10ð�Þ are the new shape para-
meters. The corresponding one-loop anomalous dimen-
sions are [31]

�ð�Þ
10 ¼ 20

9
; �ð�Þ

11 ¼ 4; �ð�Þ
10 ¼ 10

3
: (15)

The three-quark twist-five distributions are the next in
complexity and correspond to taking into account the
transverse momentum dependence (terms �k2?) in the

collinear limit of the light-cone wave functions with
Lz ¼ 0, �1 and also higher partial waves. They can be
written as [30]

h0j�ijkðu"iða1nÞC 6pu#jða2nÞÞ6nd"kða3nÞjPi
¼ � 1

8
m2

N 6nN"ðPÞ
Z
½dx�e�ipn

P
xiai

� ½fN�WWW
5 ðxiÞ þ 
N

1 �
WW
5 ðxiÞ þ�5ðxiÞ�;

h0j�ijkðu"iða1nÞC 6p�?6nu#jða2nÞÞ�?6pd#kða3nÞjPi

¼ � 1

2
mNpn 6pN"ðPÞ

Z
½dx�e�ipn

P
xiai

� ½fN�WWW
5 ðxiÞ � 
N

1 �
WW
5 ðxiÞ þ�5ðxiÞ�;

h0j�ijkðu"iða1nÞC6n 6pu"jða2nÞÞ6pd"kða3nÞjPi

¼ 1

12
mNpn6nN"ðPÞ

Z
½dx�e�iPn

P
xiai

� ½
N
2 �

WW
5 ðxiÞ þ�5ðxiÞ�;

(16)

where�WWW
5 ðxiÞ and�WW

5 ðxiÞ (and similar for other DAs)

are the Wandzura–Wilczek-type contributions related to
twist-three and twist-four operators, respectively. One
can show that

�WWW
5 ðxiÞ¼

X
n;k

240’nk

ðnþ2Þðnþ3Þ

�
��

nþ2� @

@x1

��
nþ1� @

@x2

�
�ðnþ2Þ2

�
�x1x2x3P nkðx1;x2;x3Þ;

�WWW
5 ðxiÞ¼

X
n;k

240’nk

ðnþ2Þðnþ3Þ

�
��

nþ2� @

@x3

��
nþ1� @

@x1

�
�ðnþ2Þ2

�
�x1x2x3P nkðx2;x1;x3Þ; (17)

and, for the models in Eq. (13),

�WW
5 ðxiÞ ¼ �24

�
1

3

�
1� @

@x2

�
x2x3 þ 1

8

�
2� @

@x2

�
x2x3

� ½�10R10ðx1; x3; x2Þ þ �11R11ðx1; x3; x2Þ�
�
;

�WW
5 ðxiÞ ¼ �24

�
1

3

�
1� @

@x1

�
x1x2 þ 1

8

�
2� @

@x1

�
x1x2

� ½�10R10ðx3; x2; x1Þ � �11R11ðx3; x2; x1Þ�
�
:

�WW
5 ðxiÞ ¼ 24

�
1

3

��
1� @

@x3

�
x1x3 � 2

�
1� @

@x2

�
x1x2

�

þ 9

32
�10

�
2� @

@x3

�
x1x3R10ðx2; x3; x1Þ

� 9

32
�10

�
2� @

@x2

�
½R10ðx3; x1; x2Þ

þR10ðx3; x2; x1Þ�
�
: (18)
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The expressions in Eqs. (17) and (18) are new results. Their
derivation and the generalization of Eq. (18) to arbitrary
DAs will be presented elsewhere. The genuine twist-five
distributions �5, �5, �5 are not known apart from that
their normalization integrals and the first moments must
vanish from general considerations, e.g.,

Z
½dx��5ðxiÞ ¼

Z
½dx�xk�5ðxiÞ ¼ 0; k¼ 1;2;3; (19)

and similarly for �5, �5. In our analysis these contribu-
tions will be neglected, which is consistent with neglecting
four-particle nucleon DA terms that involve an additional
gluon. In practical calculations it is convenient to work
with the expression for the renormalized three-quark light-
ray operator with open Dirac indices in terms of the DAs.
The necessary formulas are collected in Appendix B.

B. LCSRs for nucleon form factors: General structure

The matrix element of the electromagnetic current

jem� ðxÞ ¼ eu �uðxÞ��uðxÞ þ ed �dðxÞ��dðxÞ (20)

taken between nucleon states is conventionally written in
terms of the Dirac and Pauli form factors F1ðQ2Þ and
F2ðQ2Þ,

hP0jjem� ð0ÞjPi¼ �NðP0Þ
�
��F1ðQ2Þ� i

���q
�

2mN

F2ðQ2Þ
�
NðPÞ;
(21)

where P� is the initial nucleon momentum, P2 ¼ m2
N ,

P0 ¼ P� q, Q2 :¼ �q2, ��� ¼ i
2 ½��; ���, and NðPÞ is

the nucleon spinor. Experimental data on the scattering
of electrons off nucleons, e.g., e� þ p ! e� þ p, are
often presented in terms of the electric GEðQ2Þ and
magnetic GMðQ2Þ Sachs form factors, which are related
to F1;2ðQ2Þ as

GMðQ2Þ ¼ F1ðQ2Þ þ F2ðQ2Þ; (22)

GEðQ2Þ ¼ F1ðQ2Þ � Q2

4m2
N

F2ðQ2Þ: (23)

The LCSR approach allows one to calculate the form
factors in terms of the nucleon (proton) DAs introduced
in Sec. IIA. To this end we consider the correlation
function

T�ðP; qÞ ¼ i
Z

d4xeiqxh0jT½�ð0Þjem� ðxÞ�jPi; (24)

where T denotes time ordering and �ð0Þ is the Ioffe
interpolating current [37]

�ðxÞ ¼ �ijk½uiðxÞC��u
jðxÞ��5�

�dkðxÞ;
h0j�ð0ÞjPi ¼ 
1mNNðPÞ:

(25)

We use the standard Bjorken–Drell convention [38] for
the metric and the Dirac matrices; in particular,
�5 ¼ i�0�1�2�3, C ¼ i�2�0, and the Levi-Cività tensor
���
� is defined as the totally antisymmetric tensor with

�0123¼1. The choice of the nucleon current is discussed
at length in Ref. [10]. There is strong evidence that the
Ioffe current gives rise to more accurate and reliable sum
rules as compared to other possible choices; for example,
the QCD sum rule estimates for the corresponding
coupling 
1 (see Ref. [39] for an update and further
references) agree very well with the lattice calculations
[33]. The correlation function in Eq. (24) contains many
different Lorentz structures that can be separated using
light-cone projections. We define a lightlike vector n� by

the condition

q � n ¼ 0; n2 ¼ 0 (26)

and introduce the second lightlike vector as

p� ¼ P� � 1

2
n�

m2
N

P � n ; p2 ¼ 0; (27)

so that P ! p in the infinite momentum frame P � n ! 1
or if the nucleon mass can be neglected, mN ! 0. We also
introduce the projector onto the directions orthogonal to p
and n,

g?�� ¼ g�� � 1

pn
ðp�n� þ p�n�Þ; (28)

and will sometimes use the shorthand notation

aþ � a�n
�; a� � a�p

�; a?� � g?��a
� (29)

for � matrices and arbitrary Lorentz vectors a�. The

photon momentum can be written as

q� ¼ q?� þ n�
Pq

Pn
¼ q?� þ n�

pq

pn
: (30)

Last but not least, we define projection operators

�þ ¼ 6p6n
2pn

; �� ¼ 6n 6p
2pn

(31)

that pick up the ‘‘plus’’ and ‘‘minus’’ components of a
spinor, N�ðPÞ ¼ ��NðPÞ. Note the useful relations,

6pNðPÞ ¼ mNN
þðPÞ; 6zNðPÞ ¼ 2pn

mN

N�ðPÞ; (32)

that follow from the Dirac equation ð6P�mNÞNðPÞ ¼ 0. It

is easy to check that Nþ � ffiffiffiffiffiffiffi
pþp

and N� � 1=
ffiffiffiffiffiffiffi
pþp

in the
infinite momentum frame pþ ! 1. Lorentz structures that
are most useful for writing the LCSRs are usually those
containing the maximum power of the large momentum
pþ. Following Refs. [9,10] we consider in what follows the
plus spinor projection of the correlation function (24)
involving the plus component of the electromagnetic
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current, which can be parametrized in terms of two invari-
ant functions,

�þTþ ¼ pþfmNAðQ2; P02Þ þ 6q?BðQ2; P02ÞgNþðPÞ;
(33)

where Q2 ¼ �q2 and P02 ¼ ðP� qÞ2. The correlation
functions AðQ2; P02Þ and BðQ2; P02Þ can be calculated
in QCD for sufficiently large Euclidean momenta Q2,
�P02 * 1 GeV2 using the OPE (see the next section).
The results can be presented in the form of a dispersion
relation,

A QCDðQ2; P02Þ ¼ 1

�

Z 1

0

ds

s� P02 ImAQCDðQ2; sÞ þ � � �

BQCDðQ2; P02Þ ¼ 1

�

Z 1

0

ds

s� P02 ImBQCDðQ2; sÞ þ � � � ;
(34)

where the ellipses stand for necessary subtractions. On the
other hand, the same correlation functions can be written in
terms of physical spectral densities that contain a nucleon
(proton) pole at P02 ! m2

N , the nucleon resonances, and
the continuum. It is easy to see that the nucleon contribu-
tion is proportional to the electromagnetic form factor,
whereas the contribution of higher mass states can be taken
into account using quark-hadron duality,

A physðQ2; P02Þ ¼ 2
1F1ðQ2Þ
m2

N � P02 þ 1

�

�
Z 1

s0

ds

s� P02 ImAQCDðQ2; sÞ þ � � �

BphysðQ2; P02Þ ¼ 
1F2ðQ2Þ
m2

N � P02 þ
1

�

�
Z 1

s0

ds

s� P02 ImBQCDðQ2; sÞ þ � � � ;
(35)

where s0 ’ ð1:5 GeVÞ2 is the interval of duality
(also called continuum threshold). Matching the two above
representations and making the Borel transformation that
eliminates subtraction constants

1

s� P02 ! e�s=M2
; (36)

one obtains the sum rules

2
1F1ðQ2Þ ¼ 1

�

Z s0

0
dseðm2

N�sÞ=M2
ImAQCDðQ2; sÞ;


1F2ðQ2Þ ¼ 1

�

Z s0

0
dseðm2

N�sÞ=M2
ImBQCDðQ2; sÞ:

(37)

The dependence on the Borel parameter M2 is unphysical
and has to disappear in the full QCD calculation. It is in
this sense similar to the scale dependence of perturbative
QCD calculations at a given order and can be used as one
of the indicators of the theoretical uncertainty. The new
contribution of this paper is the calculation of the correla-
tion functions AðQ2; P02Þ and BðQ2; P02Þ to the NLO
accuracy. This calculation is described in the next section.

C. Leading-order LCSRs

The correlation functions AðQ2; P02Þ and BðQ2; P02Þ
can be written as a sum of contributions of the u, d quarks
interacting with the electromagnetic probe, weighted with
the corresponding charges:

A ¼ edAd þ euAu; B ¼ edBd þ euBu: (38)

Each of the functions has a perturbative expansion, which
we write as

A ¼ ALO þ �sð�Þ
3�

ANLO þ � � � (39)

and similarly for B; � is the renormalization scale. The
leading-order expressions are available from Refs. [9,10].
For consistency with our NLO calculation, we rewrite
these results in a somewhat different form, expanding all
kinematic factors in powers of m2

N=Q
2: We keep all cor-

rections Oðm2
N=Q

2Þ but neglect terms Oðm4
N=Q

4Þ, etc.,
which is consistent with taking into account contributions
of twist three, four, and five (and, partially, twist six) in the
OPE. It proves to be convenient to write all expressions in
terms of the dimensionless variable [27]

W ¼ 1þ P02=Q2; where P0 ¼ P� q (40)

so that, e.g.,

ðq� xPÞ2 ¼ Q2½�1þ xW � x �xm2
N=Q

2�; (41)

where

�x ¼ 1� x: (42)

We also introduce a set of ‘‘standard’’ functions
(cf. Appendix D)

gkðx;WÞ ¼ 1

½�1þ xW�k ¼
�

Q2

xP02 � �xQ2

�
k

(43)

that absorb all momentum dependence. Using the expres-
sions from Ref. [10], one obtains after some algebra
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Q2ALO
d ¼ 2

Z
½dxi�

�
2

�
g1 þ g2 þ x3 �x3

m2
N

Q2
ðg2 þ 2g3Þ

�
ðx3;WÞVð3Þ

2 ðxiÞ þ x3

�
g1 þ x3 �x3

m2
N

Q2
g2

�
ðx3;WÞV 3ðxiÞ

�

þ 2
m2

N

Q2

Z 1

0
dx3x

2
3g2ðx3;WÞ eV 5ðx3Þ;

Q2ALO
u ¼ 2

Z
½dxi�

�
x2

�
g1 þ x2 �x2

m2
N

Q2
g2

�
ðx2;WÞð�2V 1 þ 3V 3 þA3ÞðxiÞ

þ 2

�
g2 þ 2x2 �x2

m2
N

Q2
g3

�
ðx2;WÞðVð2Þ

2 þ Að2Þ
2 ÞðxiÞ � 2

�
g1 þ x2 �x2

m2
N

Q2
g2

�
ðx2;WÞðVð2Þ

2 � Að2Þ
2 ÞðxiÞ

�

� 2
m2

N

Q2

Z 1

0
dx2x2g2ðx2;WÞ½x2ð bV 4 � 2 bV 5 þ cA5Þðx2Þ þ 2

cbV 6ðx2Þ þ 2VMðuÞ
1 ðx2Þ�; (44)

and

Q2BLO
d ¼ �2

Z
½dxi�

��
g1 þ x3 �x3

m2
N

Q2
g2

�
ðx3;WÞV 1ðxiÞ � 2x3

m2
N

Q2
g2ðx3;WÞVð3Þ

2 ðxiÞ
�

� 2
m2

N

Q2

Z 1

0
dx3g2ðx3;WÞðx3 eV 5 þVMðdÞ

1 Þðx3Þ;

Q2BLO
u ¼ 2

Z
½dxi�

��
g1 þ x2 �x2

m2
N

Q2
g2

�
ðx2;WÞðV 1 þA1ÞðxiÞ þ 2x2

m2
N

Q2
g2ðx2;WÞðVð2Þ

2 þ Að2Þ
2 ÞðxiÞ

�

þ 2
m2

N

Q2

Z 1

0
dx2g2ðx2;WÞ½x2ð bV 4 � 2 bV 5 þ cA5Þðx2Þ þVMðuÞ

1 ðx2Þ þAMðuÞ
1 ðx2Þ�: (45)

The notation for various DAs is explained in Appendices B
and C.

III. NLO LCSRS

The NLO corrections (39) to the correlation functions
AðQ2; P02Þ and BðQ2; P02Þ correspond to the Feynman
diagrams shown in Fig. 2. They can be written as a sum
of contributions of a given quark flavor q ¼ u, d weighted
with the corresponding electromagnetic charges and
further expanded in contributions of nucleon DAs to the
twist-four accuracy as follows:

Q2ANLO
q

¼
Z
½dxi�

� X
k¼1;3

½VkðxiÞCVk
q ðxi;WÞ þ AkðxiÞCAk

q ðxi;WÞ�

þ X
m¼1;2;3

½VðmÞ
2 ðxiÞCVðmÞ

2
q ðxi;WÞ

þ AðmÞ
2 ðxiÞCAðmÞ

2
q ðxi;WÞ�

�
þOðtwist-5Þ (46)

and

Q2BNLO
q ¼

Z
½dxi�½V1ðxiÞDV1

q ðxi;WÞ

þ A1ðxiÞDA1
q ðxi;WÞ� þOðtwist-5Þ: (47)

It turns out that C
Vð1Þ

2

d ðxi;WÞ ¼ C
Að1Þ

2

d ðxi;WÞ ¼ 0. Explicit
expressions for the remaining 22 nontrivial coefficient

functions are collected in Appendix E. The leading-twist

NLO corrections to the B function, DV1
q and DA1

q , were
previously calculated in Ref. [27] in a different, ‘‘naive’’
dimensional regularization scheme. The other functions
have been calculated for the first time. Note that the
twist-four NLO contributions are only present in
AðQ2; P02Þ; the corresponding corrections to BðQ2; P02Þ
are effectively collinear twist five and are beyond the
accuracy of this paper. Each coefficient function has a
generic form,

CF
q ¼ C0ðxi;WÞ lnQ

2

�2
þ C1ðxi;WÞ; (48)

FIG. 2. NLO corrections to the light-cone sum rule for baryon
form factors.
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where � is the factorization scale. Here

C0 ¼ c10ðxi;WÞ ln ð1� xWÞ þ c00ðxi;WÞ;
C1 ¼ c21ðxi;WÞln 2ð1� xWÞ þ c11ðxi;WÞ ln ð1� xWÞ

þ c01ðxi;WÞ; (49)

where x is one of the quark momentum fractions (or their
combination), and the functions cnk can further be ex-
panded in powers of 1=W or 1=ð1� xWÞ but do not contain
logarithms. This structure is expected and similar to what
has been found in previous studies of the LCSRs for
mesons, e.g., Ref. [11]. The factorization scale dependence
cancels to leading order by the scale dependence of nu-
cleon DAs and the Ioffe coupling constant. This cancella-
tion was verified for twist-three contributions in Ref. [27].
The Sudakov-type logarithms in Eq. (49) after integration
over the momentum fractions and the subtraction of the
continuum produce terms � lnQ2=s0. Such contributions
can, in principle, be resummed to all orders (cf. Refs. [6,7])
but the effect of the resummation in the medium momen-
tum transfer region Q2 � 10–20 GeV2 is likely to be
marginal. In the remaining part of this section, we discuss
two important technical aspects of our calculation.

A. Renormalization scheme

It is well known that for generic composite operators, the

celebrated MS prescription does not fix a renormalization
scheme completely because of the existence of evanescent
operators in noninteger d dimensions, which do not have
four-dimensional analogs. Such operators cannot be ne-
glected because they mix with physical operators under
renormalization. A common approach [40] is to get rid of
this mixing by a suitable finite renormalization. The choice
of evanescent operators and hence a precise renormaliza-
tion condition is not unique [41] and has to be specified in
detail. The necessity of extra finite renormalization was
overlooked in Ref. [27]. The scheme [40] was suggested
originally for treatment of the four-fermion operators that
appear in the effective weak Hamiltonian, but it can be
used for three-quark operators as well. We find, however,
that an alternative scheme suggested by Krankl and
Manashov [28] (KM scheme in what follows) is more
convenient for our purposes. The KM scheme is described
in Appendix A. Its advantage is the guaranteed vanishing
of evanescent operators in d ¼ 4 dimensions so that one
can work with physical (four-dimensional) operators only.
As a consequence, the renormalization procedure pre-
serves Fierz identities between renormalized operators.
These attractive features come at the cost of a certain
complication of the algebraic structure of the anomalous
dimensions, which do not pose a problem of principle,
however. The self-consistency of the KM scheme has
been checked to the three-loop accuracy in Ref. [42].
The basic idea is to consider operator renormalization
with free spinor indices. For a generic three-quark operator

Q�	� ¼ �ijkqi;a� qj;b	 qk;c� ; (50)

the renormalized operator, ½Q��	�, is defined as

½Q��	� ¼ Z�0	0�0
�	� Z�3

q Qbare
�0	0�0 ; (51)

where Zq is the quark field renormalization constant and

Z�0	0�0
�	� corresponds to the subtraction of the divergent part

of the corresponding vertex function. It has the structure

Z�0	0�0
�	� ¼ 1þX

lmn

glmnð�Þð�lmnÞ�
0	0�0

�	� ; (52)

where glmnð�Þ are given by a series in 1=�,

glmnð�Þ ¼
X1
p¼1

��paðpÞlmnð�sÞ; d ¼ 4� 2�; (53)

and the gamma-matrix structures ð�lmnÞ�
0	0�0

�	� are defined as

ð�lmnÞ�
0	0�0

�	� ¼ �ðlÞ
��0 	 �ðmÞ

		0 	 �ðnÞ
��0 ; (54)

where

�ðnÞ
�1;�2;...;�n ¼ �½�1

��2
. . .��n� (55)

are the antisymmetrized (over Lorentz indices) products of
gamma matrices, cf. Ref. [40]. For example, the renormal-
ized Ioffe current (25) is defined as

½��� ¼ P ð�Þ
�	;��0 ½�ijkui�uj	dk�0 �: (56)

where

P ð�Þ
�	;��0 ¼ ðC��Þ�	ð��Þ��0 (57)

is the projector that is applied to the renormalized
three-quark operator, i.e., in four dimensions. Similarly,
renormalized nucleon DAs are defined as matrix elements
of the renormalized light-ray operators

4h0j½�ijkui�ða1nÞuj	ða2nÞdk�ða3nÞ�jPi
¼ V1ð6pCÞ�	ð�5N

þÞ� þ � � � ; (58)

where the ellipses stand for the other existing Dirac struc-
tures, cf. Eq. (B1). Here, again, the strings of �matrices on
the rhs are in four dimensions so that the relations between
different DAs that are a consequence of Fierz identities are
fulfilled identically (for renormalized DAs). The coeffi-
cient functions of light-ray operators are calculated as
finite parts of the amplitudes on free quark states

ðM�Þ�	��0	0�0 ðq; p1; p2; p3Þ

¼ i
Z

d4xeiqxh0jT½�ijkui�ð0Þuj	ð0Þdk�ð0Þjem� ðxÞ�

� jui0�0 ðp1Þuj
0
	0 ðp2Þdk0�0 ðp3Þi (59)

applying the same decomposition of gamma-matrix
structures (54) and using appropriate projection operators
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(in four dimensions) to separate different contributions. In
contrast, in Ref. [27] the subtraction has been applied to the
correlation functions after multiplication with projection
operators. This procedure is valid, but it has to be com-
plemented by additional finite renormalization in order to
get rid of contributions of evanescent operators [40]. It
is easy to convince oneself that these subtleties do not
affect terms in lnQ2=�2 and also the leading Sudakov
double logarithms. To this accuracy our results agree
with Ref. [27]; the Sudakov single logarithms and constant
terms are, however, somewhat different.

B. Twist-four contributions

Contributions of the leading-twist DA ’NðxiÞ ¼
V1ðxiÞ � A1ðx1Þ correspond to contributions of local
(geometric) twist-three operators in the OPE of the product
Tð�ð0Þj�ðxÞÞ for x2 ! 0:

ðDk1þuþÞð0ÞðDk2þuþÞð0ÞðDk3þdþÞð0Þ: (60)

Here Dþ � n�D� and qþ � �þq are the plus compo-

nents of the covariant derivative and the quark field,
respectively. The color structure is not shown for brevity.
Equivalently, the leading-twist contributions can be attrib-
uted to the single light-ray operator

uþða1nÞuþða2nÞdþða3nÞ; (61)

where ai are (real) numbers and the gauge links are im-
plied. Expansion of the light-ray operator (61) at short
distances ai ! 0 generates a formal Taylor series in local
twist-three operators. Either way, the corresponding coef-
ficient functions can be calculated from the amplitude (59)
with on-shell quarks with collinear momenta pi ¼ xip,
p2 ¼ 0 or, in position space, with the three quark fields
on a light ray yi ¼ ain. Going over to the next-to-leading
twist the situation becomes more complicated. A twist-four
operator can be constructed in two different ways: either
changing the plus projection of one of the quark fields to
the minus or adding a transverse derivative, e.g.,

ðDk1þu�Þð0ÞðDk2þuþÞð0ÞðDk3þdþÞð0Þ;
ðDk1þD?uþÞð0ÞðDk2þuþÞð0ÞðDk3þdþÞð0Þ

(62)

(and similar operators with the minus projection or trans-
verse derivative on the d quark). Contributions of the first
type correspond to the nonlocal light-ray operators
u�ða1nÞuþða2nÞdþða3nÞ and uþða1nÞuþða2nÞd�ða3nÞ.
The corresponding coefficient functions can be calculated
in the same way as the leading twist-three contributions,
considering the matrix elements over free quarks with
collinear momenta and taking a different spinor projection
at the end. The contributions of operators involving a
transverse derivative are more complicated and can be
obtained from the light-cone expansion of the nonlocal
three-quark operator,

uþðy1Þuþðy2Þdþðy3Þ; yi ¼ ainþ bi;?; (63)

where b? ! 0 is an auxiliary transverse vector. The twist-
four contribution (one transverse derivative) corresponds
to picking up terms of first order, Oðb?Þ, in the light-cone
expansion. Note that y2i ¼ b2i;? can be neglected to this

accuracy so that the quarks can still be considered as being
on the light cone (but not on the same light ray). This
means that the twist-four coefficient functions (of the
second type) can be calculated by considering the matrix
elements with quark momenta pi ¼ xipþ pi;? and ex-

panding to the first order in pi? along the collinear direc-
tion pi;? ! 0. In this calculation the quark virtualities can

be neglected, p2
i ¼ �p2

i;? ! 0. As an example, consider

the contribution of the twist-four DA Vð2Þ
2 ðxiÞ defined in

Eq. (C12), which we can rewrite as

4h0j½�ijkui�ðy1Þuj	ðy2Þdk�ðy3Þ�jPi
¼ P

Vð2Þ
2

;�	�y

2

Z
½dxi�Vð2Þ

2 ðxiÞe�iP
P

xiyi þ � � �

¼ iP
Vð2Þ

2

;�	�

Z
½dxi�Vð2Þ

2 ðxiÞ @

@p
2

e�i
P

piyi jpk¼xkp þ � � � ;

(64)

where

P
Vð2Þ

2

�;�	� ¼ ð6PCÞ�	ð���5NðPÞÞ�: (65)

Note that the exponential factor e�iP
P

xiyi in the second

line in Eq. (64) can be written as e�iðPnÞP xiai ¼
e�iðpnÞP xiai so that the quark momenta pi � xip are col-
linear and the dependence on the transverse separation is
contained entirely in the prefactor y2 ¼ a2n

 þ b2;?. In
the last line in Eq. (64), the quark momenta can be set to
the same collinear values only after taking the derivative.
The corresponding contribution to the correlation function
(24) can be written as

�þn�T
Vð2Þ

2
� ðP; qÞ

¼ i

4

Z
½dxi�Vð2Þ

2 ðxiÞð�þÞ�P ð�Þ
�	;��P

Vð2Þ
2

;�	�

� @

@p
2

½n�M���	��0	0�0 ðq; piÞjpk¼xkp; (66)

where ½M�� is the renormalized amplitude calculated on
free quarks (59). It is given by the sum of Feynman dia-
grams shown in Fig. 2 (to the NLO accuracy). The deriva-
tive over the second quark momentum can be written as a
sum of contributions corresponding to the longitudinal and
transverse components
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P
Vð2Þ

2

;�	�

@

@p

2

¼ n

pn
P

Vð2Þ
2

;�	�

d

dx2
þP

Vð2Þ
2

?;�	�

@

@p?
2

þOðtwist-5Þ:

(67)

The first contribution involves the amplitude calculated on
collinear quarks; the derivative d=dx2 can be dispensed off
using integration by parts. The derivative over the quark
transverse momentum in the second contribution is applied
to each propagator on the second quark line. Thanks to the
Ward identity,

@

@p?
6pþ6 l

ðpþ ‘Þ2 þ i�
¼ � 6pþ6 l

ðpþ ‘Þ2 þ i�
�? 6pþ6 l

ðpþ ‘Þ2 þ i�
;

(68)

a derivative is equivalent to the insertion of the �? matrix
in the quark line. Thus, one ends up with the sum of
Feynman diagrams with collinear quarks and extra �?
insertions along the quark line. The calculation in this
work was done using computer algebra. To this end two
codes have been written using FORM and FeynCalc, re-
spectively, and produced identical results. The results are
summarized in Appendix E and are also available as a
MATHEMATICA package that can be requested from the

authors.

IV. RESULTS

A. Discussion of parameters

Main nonperturbative input in the LCSR calculation of
form factors is provided by normalization constants and
shape parameters of nucleon DAs. The existing informa-
tion, together with our final choices explained below, is
summarized in Table I. The nucleon coupling to the (Ioffe)
interpolation current (25), 
1, simultaneously determines
the normalization of twist-four DAs and cancels out be-
tween the lhs and the rhs so that the sum rule effectively
only involves the ratio of twist-three and twist-four cou-
plings, fN=
1, which is given in the table. All entries in
Table I except for the Bolz–Kroll model [43] are rescaled

to �2 ¼ 2 GeV2 using one-loop anomalous dimensions
collected in Sec. II A. The other parameters that enter
LCSRs are the interval of duality (continuum threshold)
s0, Borel parameter M2, and factorization scale �2. In this
work we use the standard value s0 ¼ 2:25 GeV2 that is
accepted in most studies. Variations of s0 with respect to
this value can be studied, but have to be accompanied by
the corresponding variations of the effective nucleon cou-
pling to the Ioffe current. This is usually done using the
ratio method, in which 
1 on the lhs of the LCSR is
substituted by the corresponding QCD sum rule with the
same interval of duality. The experience of such calcula-
tions is that the sensitivity of the sum rules to the precise
value of s0 is greatly reduced and is not significant as
compared to other sources of uncertainty. The Borel pa-
rameter M2 corresponds, loosely speaking, to the inverse
imaginary time (squared) at which matching of the QCD
calculation is done to the expansion in hadronic states. One
usually tries to take M2 as small as possible in order to
reduce sensitivity to the contributions of higher-mass
states, which is the main irreducible uncertainty of the
sum rule method. In two-point sum rules that are used to
determine the nucleon mass and the coupling [37],
the default values are in the range M2 ¼ 1:0–1:5 GeV2.
The light-cone sum rules are somewhat different in that the
expansion parameter in the QCD calculation is 1=ðhxiM2Þ
rather than 1=M2 in two-point sum rules, where hxi is a
typical quark momentum fraction [47]. Thus, one has to go
over to somewhat higher M2 values in order to ensure the
same suppression of (uncalculated) contributions of very
high twist. In this work we takeM2 ¼ 1:5 GeV2 andM2 ¼
2 GeV2 as two acceptable choices. Finally, natural values
of the factorization scale �2 are determined by the virtual-
ity of the quark interacting with the hard probe

�2 � ð1� xÞQ2 � xP02: (69)

In the sum rules �P02 ! M2, and the integration over the
quark momentum fraction is restricted to the end point
region x > x0 ¼ Q2=ðs0 þQ2Þ. Thus,

TABLE I. Parameters of the nucleon distribution amplitudes at the scale �2 ¼ 2 GeV2 For the lattice results [34], only statistical
errors are shown.

Model Method fN=
1 ’10 ’11 ’20 ’21 ’22 �10 �11 Reference

ABO1 LCSR (NLO) �0:17 0.05 0.05 0.075(15) �0:027ð38Þ 0.17(15) �0:039ð5Þ 0.140(16) this work

ABO2 LCSR (NLO) �0:17 0.05 0.05 0.038(15) �0:018ð37Þ �0:13ð13Þ �0:027ð5Þ 0.092(15) this work

BLW LCSR (LO) �0:17 0.0534 0.0664 0.05 0.0325 [10]

BK perturbative QCD 0.0357 0.0357 [43]

COZ QCDSR (LO) 0.163 0.194 0.41 0.06 �0:163 [44]

KS QCDSR (LO) 0.144 0.169 0.56 �0:01 �0:163 [45]

HET QCDSR (LO) 0.152 0.205 0.65 �0:27 0.020 [46]

QCDSR (NLO) �0:15 [39]

LAT09 LATTICE �0:083ð6Þ 0.043(15) 0.041(14) 0.038(100) �0:14ð15Þ �0:47ð33Þ [33]

LAT13 LATTICE �0:075ð5Þ 0.038(3) 0.039(6) �0:050ð80Þ �0:19ð12Þ �0:19ð14Þ [34]
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�2 � ð1� x0ÞQ2 þ x0M
2 � 2s0Q

2

s0 þQ2
< 2s0; (70)

where we assumed (for simplicity) that M2 ’ s0 <Q2.
Thus, for Q2 � 1–10 GeV2 the natural scale is �2 �
1–3 GeV2 and is not rising withQ2 (or rising very slowly).
In our calculations we take �2 ¼ 2 GeV2 as the default
value. The renormalization scale is taken to be equal to the
factorization scale. We use a two-loop expression for

the QCD coupling with �ð4Þ
QCD ¼ 326 MeV, resulting in

the value �sð2 GeV2Þ ¼ 0:374.

B. Results for the form factors

As it is seen from Table I, at present there exist quanti-
tative estimates for the ratio of the couplings fN=
1 and the
first-order shape parameters ’10, ’11 of the leading-twist
DA. The other parameters, in contrast, are very weakly
constrained. From the comparison with the experimental
data, it turns out that larger values of fN=
1 are preferred
so that we fix fN=
1 ¼ �0:17 and also take ’10 ¼ ’11 ¼
0:05 in agreement with lattice calculations and the previous
LO LCSR studies [10]. We then make a fit to the experi-
mental data on the magnetic proton form factor Gp

MðQ2Þ
and the electric-to-magnetic form factor ratio Gp

E=G
p
M in

the interval 1<Q2 < 8:5 GeV2 with all other entries as
free parameters. Since the data on the magnetic form factor
are much more accurate than for the ratioGp

E=G
p
M, we have

increased the corresponding error bars by 50% in order to
give a comparable weighting to both data sets in our fit. We
do not include the uncertainty in the Borel parameter in the
error estimates but do separate fits forM2 ¼ 1:5 GeV2 and
M2 ¼ 2 GeV2 that are referred in what follows as ABO1
and ABO2, respectively. The resulting values of shape
parameters are collected in Table I, and the corresponding
form factors (solid curves for the set ABO1 and dashed for
ABO2) are shown in Fig. 3 for the proton (left two panels)
and the neutron (right two panels). For the magnetic form
factors, we plot the ratios to the dipole formula

GDðQ2Þ ¼ 1=ð1þ aQ2Þ2; a ¼ 1=0:71 GeV2 (71)

and use in all plots the proton and neutron magnetic mo-
ments for normalization, �p ¼ 2:793, �n ¼ �1:913. The

ratio Q2Fp
2 ðQ2Þ=Fp

1 ðQ2Þ of Pauli and Dirac form factors in

the proton is shown in Fig. 4. The quality of the two fits of
the proton data is roughly similar, whereas the description
of neutron form factors (that are not fitted) is slightly worse
for ABO2 compared to ABO1. In both fits the neutron
magnetic form factor comes out to be 20%–30% below the
data. This feature is rather robust: an attempt to fit Gp

M and
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FIG. 3 (color online). Nucleon electromagnetic form factors from LCSRs compared to the experimental data [59–65]. Parameters of
the nucleon DAs correspond to the sets ABO1 and ABO2 in Table I for the solid and dashed curves, respectively. Borel parameter
M2 ¼ 1:5 GeV2 for ABO1 and M2 ¼ 2 GeV2 for ABO2.
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Gn
M simultaneosly produces very large corrections �10,

�11 ¼ Oð1Þ to the twist-four DAs, which, we think, are
an artifact of the missing terms of yet higher twist and/or
higher-order perturbative corrections; see the discus-
sion below. In contrast, the description of the neutron

electric-to-magnetic form factor ratio Gn
E=G

n
M can easily

be improved by choosing somewhat larger values of the
first-order shape parameters ’10, ’11 � 0:06–0:07,
cf. Table I. The underlying reason for this difficulty be-
comes more clear from the results on the contributions of
different quark flavors to the proton form factors Fp

1 and

Fp
2 . The LCSR calculation (ABO1) is compared to the

compilation of the experimental data by Diehl and Kroll
[48] in Fig. 5. One sees that the u- and d-quark contribu-
tions to F1ðQ2Þ are described rather well, whereas there are
considerable deviations in the Pauli form factor in the
smaller Q2 region. This feature is not unexpected and is
due to the structure of the twist expansion in these two
cases. Recall that Dirac and Pauli form factors are ex-
tracted from the correlation functions AðQ2; P02Þ and
BðQ2; P02Þ, respectively, cf. Eq. (37). The light-cone ex-
pansion of the latter is much more involved so that we are
able to calculate less terms. Hence, the sum rules are less
accurate. For example, the calculation of the radiative
corrections to the contributions of the next-to-leading twist
nucleon DAs for the B function requires taking into ac-
count second-order corrections in the expansion over quark
transverse momenta, which is beyond the scope of this
paper. One should expect that the B function at smaller
values of Q2 also receives large contributions of very high
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FIG. 4 (color online). The ratio of Pauli and Dirac electromag-
netic proton form factors from LCSRs compared to the experi-
mental data [61–63]. Parameters of the nucleon DAs correspond
to the sets ABO1 and ABO2 in Table I for the solid and dashed
curves, respectively. Borel parameterM2 ¼ 1:5 GeV2 for ABO1
and M2 ¼ 2 GeV2 for ABO2.
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FIG. 5 (color online). Contributions of different quark flavors to the proton electromagnetic form factors compared to the
compilation of experimental data in Ref. [48]. The corresponding leading-order results are shown by the dashed-dotted curves for
comparison. Parameters of the nucleon DAs correspond to the set ABO1 in Table I.
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twist, e.g., due to factorizable five-quark DAs (e.g., quark
condensate times a leading-twist DA). This question re-
quires a separate study. On the same plot, the results of the
corresponding leading-order calculations are shown by
dashed-dotted curves for comparison. One sees that the
NLO corrections are of the order of 20% for u-quark
contributions and �100% for d-quarks so that further,
next-to-next-to-leading order (NNLO), Oð�2

sÞ corrections
can be significant. In both ways, we see that the d-quark
contributions are more affected by QCD corrections and
generically less precise. This pattern is probably due to the
specific spin-flavor structure of the Ioffe current that is
used in our calculations. By virtue of isospin symmetry,
d-quark contributions to the proton form factors are equal
to the u-quark contributions for the neutron but are
weighted in the latter case with a larger electric charge
ed ! eu. This reweighting is the simple reason behind a
worse description of neutron form factors as compared to
the proton ones. We remind the reader that the two sets of
shape parameters of DAs in Table I are obtained from the
fits of the proton form factor using different values of the
Borel parameter, M2 ¼ 1:5 GeV2 for ABO1 and M2 ¼
2 GeV2 for ABO2. The difference in the fitted values in
ABO1 and ABO2 sets is, therefore, a measure of the Borel
parameter dependence that is an intrinsic uncertainty of the
sum rule method. Another, more direct possibility to quan-
tify the Borel parameter dependence is to compare the
LCSR predictions for M2 ¼ 1:5 GeV2 and M2 ¼ 2 GeV2

for a given DA parameter set. It turns out that increasing
the Borel parameter from 1.5 to 2 GeV2 leads to an
increase of all form factors by the same amount �10%
(for all Q2) so that the form factor ratios are affected only
weakly. This is illustrated in Fig. 6 where the proton
magnetic form factor and the ratio Fp

2 =F
p
1 are shown on

the left and the right panels, respectively. The effect on the
neutron form factors is very similar. The last remark con-
cerns factorization scale dependence. Our calculations are
done for the default value�2 ¼ 2 GeV2. Varying�2 in the

interval 1–4 GeV2 and taking into account one-loop
anomalous dimensions, the form factors Fu

1 , F
d
1 , F

u
2 , F

d
2

change by �1%, 2%, 8%, 8%; at Q2 ¼ 1 GeV2 and
�10%, 1%, 14%, 14% at Q2 ¼ 10 GeV2, respectively.
Note that the uncertainty gets larger with increasing Q2,
which is consistent with the expected dominant role of hard
scattering corrections at asymptotically large momentum
transfers. Such corrections enter the LCSRs for the nucleon
form factors starting at the NNLO, cf. Ref. [11].
Our calculations based on both sets, ABO1 and ABO2,

of DAs disfavor the appearance of a zero in the proton
GE=GM ratio, see Fig. 3, although this feature is not robust
and a zero can occur in some regions of DA parameter
space. In general Dirac and Pauli form factors F1 and F2

are more suited for a QCD analysis based on the light-cone
expansion. In our approach small values of GE=GM arise
from intricate cancellations between contributions of dif-
ferent twist that are related, in physical terms, to the
contributions of different partial waves in the nucleon
light-front wave function. They are also very sensitive to
the shape of the DA, in particular to the shape parameters
’20 (most important) and ’22. A discussion of this issue in
the framework of particular dynamical models can be
found in Refs. [49–51].

C. Results for the nucleon DAs

The DAs corresponding to our parameter sets ABO1 and
ABO2 are shown in barycentric coordinates in Fig. 7. The
main physical conclusion from our study is that the exist-
ing experimental data on the nucleon form factors are
consistent with the nucleon wave function at small trans-
verse distances, the nucleon DA, that deviates somewhat
from its asymptotic form, although the difference seems to
be much less dramatic as compared to ‘‘old’’ QCD sum
rule predictions [44,45]. In particular the shape parameters
of the first order, ’10 and ’11, are rather well constrained
by lattice calculations and appear to be, roughly, a factor
three below the QCD sum rule estimates. The values
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FIG. 6 (color online). Borel parameter dependence of the magnetic proton form factor (left panel) and the Fp
2 ðQ2Þ=Fp

1 ðQ2Þ ratio for
the given parameter set, ABO1, of nucleon DAs. The shaded areas correspond to variation of the form factors in the range between
M2 ¼ 1:5 GeV2 (default value for the fit) and M2 ¼ 2 GeV2.
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accepted in our models, ’10 ¼ ’11 ¼ 0:05, correspond to
40% of the proton momentum carried by the u quark with
the same helicity, hx1i ¼ 0:4, and the other two quarks
carrying equal momentum fractions hx2i ¼ hx3i ¼ 0:3.
To this approximation the nucleon DA is symmetric under
the interchange of the valence quarks with compensating
helicities

’Nðx1; x2; x3Þ ’ ’Nðx1; x3; x2Þ: (72)

This symmetry was conjectured originally in the diquark
picture, cf. Ref. [43]. Note, however, that the symmetry
(72) cannot be exact since ’10 and ’11 have different
anomalous dimensions. Our fits of the proton form factor
data, in particular Gp

E=G
p
M, indicate a small but nonvanish-

ing second-order coefficient,

’20 ¼ 0:06ð3Þ; (73)

an order of magnitude smaller than QCD sum rule
estimates [44,45] and also smaller than the accuracy of
the present lattice data [33,34]. The remaining two second-
order coefficients, ’21 and ’22, are comparable with zero
within the error bars; see Table I. The ‘‘diquark symmetry’’
(72) translates to the following relation between the ’2k:

’20 � 5’21 þ 2’22 ¼ 0: (74)

It is satisfied approximately for the set of parameters
ABO2 and violated by �2 standard deviations for the set
ABO1 so that we do not have a definite conclusion. For
illustration we show the DAs corresponding to the central
values of our parameter sets ABO1 and ABO2 in barycen-
tric coordinates in Fig. 7. Although ABO1 leads to a some-
what better overall description of the form factors as
compared to ABO2, the difference is not significant in
view of the intrinsic uncertainties of the method. Thus,
the difference of the two pictures in Fig. 7 should be
regarded as the uncertainty of our calculation.

V. SUMMARYAND CONCLUSIONS

We have given the state-of-the-art analysis of nucleon
electromagnetic form factors in the LCSR approach. As
explained in the introduction, the main challenge in the
QCD description of form factors is the calculation of soft
overlap contributions corresponding to the so-called
Feynman mechanism to transfer the large momentum.
The LCSR approach is attractive because soft contributions
are calculated in terms of the same DAs that enter the
pQCD calculation of hard rescattering contributions, and
there is no double counting. Thus, the LCSRs provide one
with the most direct relation of the hadron form factors
and DAs that is available at present, at the cost of slight
model dependence of the nucleon separation from the
higher-mass background. Our calculation incorporates
the following new elements as compared to previous stud-
ies in the same framework [9,10]:
(i) next-to-leading order QCD corrections to the contri-

butions of twist-three and twist-four DAs, Sec. III
and Appendix E;

(ii) exact account of ‘‘kinematic’’ contributions to
the nucleon DAs of twist four and twist five induced
by lower geometric twist operators (Wandzura–
Wilczek terms), Eqs. (11), (17), and (18);

(iii) light-cone expansion to the twist-four accuracy of
the three-quark matrix elements with generic quark
positions, Eqs. (C12), (C17), and (C18);

(iv) a new calculation of twist-five off-light-cone
contributions, Eqs. (C8);

(v) a more general model for the leading-twist
DA, including contributions of second-order
polynomials.

The numerical analysis of the LCSRs is presented in
Sec. IV. The main message is that electromagnetic form
factors can be described to the expected 10%–20% accu-
racy using the nucleon DA with comparatively small
corrections to its asymptotic form. We believe that a

FIG. 7 (color online). Leading-twist distribution amplitude of the proton ’ðxiÞ for the parameter sets ABO1 (left) and ABO2 (right)
in Table I. Central values are used for the second-order parameters.
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combination of LCSRs and lattice calculations of moments
of DA allows one to obtain quantitative information on the
structure of the nucleon at small interquark separations. In
particular the valence quark average momentum fractions
can be determined to a few percent accuracy. The present
study can be extended in several directions, in particular
updating the existing LO LCSR calculations of the electro-
production of negative parity resonances [52] and thresh-
old pion electroproduction [22]. This is needed, on the one
hand, in view of the existing CLAS data [53–55] and the
experimental program for the 12 GeV upgrade at Jefferson
laboratory [56]. On the other hand, a global fit to the
nucleon DAs from different hard reactions would be ex-
tremely interesting and increase our confidence in the
emerging picture. Several technical aspects of the LCSRs
deserve further study, e.g., contributions of factorizable
multiquark nucleon DAs to F2ðQ2Þ. Also the magnetic
transition form factor for the electroexcitation of the
Delta resonance [21] needs to be reexamined.
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APPENDIX A: RENORMALIZATION SCHEME
FOR THREE-QUARK OPERATORS

For simplicity we consider local three-quark operators
without derivatives,

Q�	� ¼ �ijkqi;a� qj;b	 qk;c� ; (A1)

where i, j, k are color and a, b, c are flavor indices. We
will assume that a � b � c, i.e., the quarks have different
flavor. We imply using dimensional regularization with the
space-time dimension d ¼ 4� 2� and adopt the notation

að�Þ ¼ �sð�Þ
�

:

The divergent part of the sum of Feynman diagrams for the
Green function

h0jQ�	� �q�0 ðp1Þ �q	0 ðp2Þ �q	0 ðp3Þj0i (A2)

after subtraction of the subdivergences can be cast into the
form X

lmn

glmnð�Þð�lmnÞ�
0	0�0

�	� ; (A3)

where glmnð�Þ are given by a series in 1=�

glmnð�Þ ¼
X1
p¼1

��paðpÞlmnðaÞ (A4)

and the gamma-matrix structures ð�lmnÞ�
0	0�0

�	� are defined as

ð�lmnÞ�
0	0�0

�	� ¼ �ðlÞ
��0 	 �ðmÞ

		0 	 �ðnÞ
��0 : (A5)

Here

�ðnÞ
�1;�2;...;�n ¼ �½�1

��2
� � ���n� (A6)

are the antisymmetrized (over Lorentz indices) products
of gamma-matrices, cf. Ref. [40]. In Eq. (A5) it is as-
sumed that all Lorentz indices of gamma matrices are
contracted between themselves; one can show that there
exists only one nontrivial way to contract all indices.
Following Ref. [28] we define the subtraction scheme
by removing the singular terms (A3) from the correlation
function (A2). Thus, the renormalized operator, ½Q��	�,
takes the form

½Q��	�ðqÞ ¼ Z�0	0�0
�	� Q�0	0�0 ðqÞ

¼ Z�0	0�0
�	� Z�3

q QB
�0	0�0 ðqBÞ; (A7)

where

Z�0	0�0
�	� ¼ 1þX

lmn

glmnð�Þð�lmnÞ�
0	0�0

�	� (A8)

and Zq is the quark renormalization constant. The renor-

malization group equation reads

ð�@� þ 	ðaÞ@aÞ½Q�	�� ¼ ���0	0�0
�	� ½Q�0	0�0 �; (A9)

where 	ðaÞ is the QCD beta function

	ðaÞ ¼ �@�að�Þ ¼ �2�a� 2	0a
2 þOða3Þ; (A10)

with 	0 ¼ 11=3Nc � 2=3nf, and the anomalous dimen-

sion matrix ��0	0�0
�	� is defined as

H ¼ �
�
�

d

d�
Z
�
Z�1 ¼ �	ðaÞð@aZÞZ�1: (A11)

Here

Z ¼ ZZ�3
q ¼ 1þ aZð1Þ þ a2Zð2Þ þOða3Þ: (A12)

Note that calculating the inverse matrix

Z�1 ¼ 1� aZð1Þ � a2½Zð1ÞZð1Þ þ Zð2Þ� þOða3Þ; (A13)

one must carry out all gamma-matrix algebra in d dimen-
sions, which gives rise to finite (regular) contributions
��p, p ¼ 0; 1; . . . . Such terms arise, in particular, be-

cause the product Zð1ÞZð1Þ has to be brought to the stan-
dard form as an expansion in the basis of antisymmetrized
gamma matrices (see above). The resulting terms ��
must be taken into account. This is different from the
standard situation where Z�1 only contains poles �1=�p,
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p ¼ 1; 2; . . . , and there are no finite terms. Thus, the
relation between the Z factor and the anomalous dimen-
sion becomes somewhat more complicated. To the two-
loop accuracy, one obtains [28]

� ¼ 2a�Zð1Þ þ 2a2½2Zð2Þ � Zð1ÞZð1Þ� þ 	0Z
ð1Þ þOða3Þ:

(A14)

Both terms in the square bracket ½2Zð2Þ � Zð1ÞZð1Þ�
contain 1=�2 poles which have to cancel so that their
difference only contains single poles. The anomalous
dimension matrix can be expanded in the contributions
of different gamma-matrix structures similar to Eq. (A3):

��0	0�0
�	� ¼ X

lmn

�lmnðaÞð�lmnÞ�
0	0�0

�	� : (A15)

Since � is finite, one can drop in this (final) expression all

terms in �ðnÞ with n > 4. All structures (i.e., including
those with n 
 5) must be kept, however, in the Z factors,
at least in principle. In practice this complication appears
starting at three loops. Finally, the renormalization of
three-quark operators in the usual Rarita–Schwinger rep-
resentation is obtained by applying the corresponding
projection operators (in d ¼ 4 dimensions). For example,
for the Ioffe current,

½�I�� ¼ ðC��Þ�	ð��Þ��0 ½�ijkui�uj	dk�0 �: (A16)

For the two-loop anomalous dimensions of the couplings
fN and 
1 (see the text), one obtains in this scheme [28]

�fN ¼ 1

3
aþ

�
23

36
þ 7

18
	0

�
a2;

�
1
¼ �a�

�
19

12
� 1

3
	0

�
a2:

(A17)

Generalization of the KM renormalization scheme to
nonlocal light-ray operators that define baryon DAs is in
principle straightforward. The calculations become, of
course, much more involved as the Z factors and anoma-
lous dimensions become integral operators acting on
quark coordinates. For higher-twist operators, one has
also to take into account the mixing with light-ray opera-
tors including transverse derivatives and/or the gluon field
in addition to the three quarks; see Ref. [31].

APPENDIX B: SUMMARY OF NUCLEON
DISTRIBUTION AMPLITUDES

In practical calculations it is convenient to work with the
expression for the renormalized three-quark light-ray op-
erator with open Dirac indices. The general expression for
the nucleon matrix element contains 24 scalar functions
[30], of which only 12, however, contribute to the LCSRs
considered in this paper,

4h0j�ijkui�ða1nÞuj	ða2nÞdk�ða3nÞjPi

¼ V1ð6pCÞ�	ð�5N
þÞ� þ V2ð6pCÞ�	ð�5N

�Þ� þ 1

2
mNV3ð�?CÞ�	ð�?�5N

þÞ� þ 1

2
mNV4ð�?CÞ�	ð�?�5N

�Þ�

þ m2
N

2pn
V5ð6nCÞ�	ð�5N

þÞ� þ m2
N

2pn
V6ð6nCÞ�	ð�5N

�Þ� þ A1ð6p�5CÞ�	Nþ
� þ A2ð6p�5CÞ�	N�

�

þ 1

2
mNA3ð�?�5CÞ�	ð�?NþÞ� þ 1

2
mNA4ð�?�5CÞ�	ð�?N�Þ� þ m2

N

2pn
A5ð6n�5CÞ�	Nþ

�

þ m2
N

2pn
A6ð6n�5CÞ�	N�

� þ � � � ; (B1)

where for brevity we do not show the Wilson lines that make this operator gauge invariant; �, 	, � are Dirac indices, and
we use a shorthand notation �?n 	 �? ¼ ���n

�g��
? 	 ��, etc. Each invariant function F ¼ Vi, Ai can be written as a

Fourier integral

Fðaj; PnÞ ¼
Z
½dx�e

�iPn
P
i

xiai
FðxiÞ; (B2)

where FðxiÞ depend on the longitudinal momentum fractions xi carried by the quarks inside the nucleon. The integration
measure is defined in Eq. (3). The invariant functions V1, A1 correspond to the leading contribution of collinear twist three.
They are related to the nucleon DA ’NðxiÞ defined in Eqs. (1) and (5) as follows [29]:

V1ð1; 2; 3Þ ¼ 1

2
fN½’Nð1; 2; 3Þ þ ’Nð2; 1; 3Þ�; A1ð1; 2; 3Þ ¼ 1

2
fN½’Nð2; 1; 3Þ � ’Nð1; 2; 3Þ�: (B3)

Here and below Fð1; 2; 3Þ � Fðx1; x2; x3Þ. The functions V2, A2, V3, A3 correspond to the contributions of collinear twist
four. They include contributions of genuine geometric twist-four operators and Wandzura–Wilczek-type terms of
geometric twist three that are related to the leading-twist DA, cf. Eqs. (10) and (11). One obtains [30]
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V2ð1; 2; 3Þ ¼ 1

4
fN½�WW

4 ð1; 2; 3Þ þ�WW
4 ð2; 1; 3Þ� þ 1

4

N
1 ½�4ð1; 2; 3Þ þ�4ð2; 1; 3Þ�;

A2ð1; 2; 3Þ ¼ 1

4
fN½�WW

4 ð2; 1; 3Þ ��WW
4 ð1; 2; 3Þ� þ 1

4

N
1 ½�4ð2; 1; 3Þ ��4ð1; 2; 3Þ�;

V3ð1; 2; 3Þ ¼ 1

4
fN½�WW

4 ð1; 2; 3Þ þ�WW
4 ð2; 1; 3Þ� � 1

4

N
1 ½�4ð1; 2; 3Þ þ�4ð2; 1; 3Þ�;

A3ð1; 2; 3Þ ¼ 1

4
fN½�WW

4 ð2; 1; 3Þ ��WW
4 ð1; 2; 3Þ� � 1

4

N
1 ½�4ð2; 1; 3Þ ��4ð1; 2; 3Þ�:

(B4)

In turn, collinear twist-five DAs contain Wandzura–Wilczek-type contributions of twist-three (WWW) and twist-four
(WW) operators but to our accuracy no genuine geometric twist-five terms:

V4ð1; 2; 3Þ ¼ 1

4
fN½�WWW

5 ð1; 2; 3Þ þ�WWW
5 ð2; 1; 3Þ� � 1

4

N
1 ½�WW

5 ð1; 2; 3Þ þ�WW
5 ð2; 1; 3Þ�;

A4ð1; 2; 3Þ ¼ 1

4
fN½�WWW

5 ð2; 1; 3Þ ��WWW
5 ð1; 2; 3Þ� � 1

4

N
1 ½�WW

5 ð2; 1; 3Þ ��WW
5 ð1; 2; 3Þ�;

V5ð1; 2; 3Þ ¼ 1

4
fN½�WWW

5 ð1; 2; 3Þ þ�WWW
4 ð2; 1; 3Þ� þ 1

4

N
1 ½�WW

5 ð1; 2; 3Þ þ�WW
5 ð2; 1; 3Þ�;

A5ð1; 2; 3Þ ¼ 1

4
fN½�WWW

4 ð2; 1; 3Þ ��WWW
4 ð1; 2; 3Þ� þ 1

4

N
1 ½�WW

4 ð2; 1; 3Þ ��WW
4 ð1; 2; 3Þ�:

(B5)

The expressions presented here are more general as com-
pared to the parametrization suggested in Ref. [30] in that
we employ exact expressions for the Wandzura–Wilczek-
type contributions, cf. Eqs. (11), (17), and (18); in the
earlier work, only the first two terms in their conformal
expansion were taken into account. As the result, the
normalization integrals and the first moments of our DAs
and those given in Ref. [30] coincide,Z

½dx�xkFthis work
2;3;4;5 ðxiÞ ¼

Z
½dx�xkFRef: ½29�

2;3;4;5 ðxiÞ;

where F ¼ V, A and k ¼ 1, 2, 3, but our DAs also contain
contributions of higher conformal partial waves that are
necessitated by the algebra of spin rotation and QCD
equations of motion. Apart from theoretical consistency,
this important update allows us to use arbitrary models of
the leading-twist DAs, e.g., include second-order polyno-
mials in the momentum fractions. Taking into account the
contributions of collinear twist-six DAs V6, A6 is, strictly
speaking, beyond our accuracy. As an estimate we use the
model of Ref. [30],

V6ðxiÞ¼ 2½�0
6þ�þ

6 ð1�3x3Þ�; A6ðxiÞ¼ 2ðx2�x1Þ��
6 ;

(B6)

where

’0
6 ¼ fN;

’þ
6 ¼ fN

�
2’10 � 2

3
’11 � 1

3

�
þ 
1

�
1

5
�10 � 1

3
�11 � 1

5

�
;

’�
6 ¼ fNð2’10 þ 2’11 þ 1Þ þ 
1

�
1

5
�10 þ �11 � 1

5

�
:

(B7)

The corresponding contributions to the LCSRs prove to
be very small. For completeness we give the relations
between the shape parameters of first order—’10, ’11

for twist three and �10, �11 for twist four—used in this
work, to the parameters Vd

1 , Au
1 and fd1 , fu1 used in

Ref. [30] and also the LCSR calculations in
Refs. [9,10,27]:

Au
1 ¼ ’10 þ ’11; Vd

1 ¼ 1

3
� ’10 þ 1

3
’11; (B8)

fd1 ¼ 3

10
� 1

6

fN

1

þ 1

5
�10 � 1

3
�11;

fu1 ¼ 1

10
� 1

6

fN

1

� 3

5
�10 � 1

3
�11:

fd2 ¼ 4

15
þ 2

5
�10:

(B9)

Numerical values of these parameters are discussed in
the main text.

APPENDIX C: OPERATOR PRODUCT EXPANSION
OF THREE-QUARK CURRENTS

Matrix elements of three-quark operators at small non-
lightlike separations can be reduced to the DAs. In the
leading-order LCSRs, there is a major simplification that
two of the quark coordinates always coincide. This case
was considered in detail in Refs. [9,10]. The relevant
matrix elements can be written as

NUCLEON FORM FACTORS AND DISTRIBUTION . . . PHYSICAL REVIEW D 88, 114021 (2013)

114021-17



�h0j�ijk½uiC��u
j�ð0Þdk�ðyÞjPi ¼

�
V 1 þ y2m2

N

4
VMðdÞ

1

�
P�ð�5NÞ� þV 2mN

2ðPyÞ P�ðy�5NÞ� þ 1

2
V 3mNð���5NÞ�

þV 4m
2
N

4ðPyÞ y�ð�5NÞ� þV 5m
2
N

4ðPyÞ ði��
y

�5NÞ� þV 6m

3
N

4ðPyÞ2 y�ðy�5NÞ�;

�h0j�ijk½uiC���5u
j�ð0Þdk�ðyÞjPi ¼

�
A1 þ y2m2

N

4
AMðdÞ

1

�
P�ðNÞ� þA2mN

2ðPyÞ P�ðyNÞ� þ 1

2
A3mNð��NÞ�

þA4m
2
N

4ðPyÞ y�ðNÞ� þA5m
2
N

4ðPyÞ ði��
x

NÞ� þA6m

3
N

4ðPyÞ2 y�ðyNÞ� (C1)

and similar expressions for

h0j�ijk½uið0ÞC��ð�5ÞujðyÞ�dk�ð0ÞjPi;
with the replacement VMðdÞ

1 , AMðdÞ
1 ! VMðuÞ

1 , AMðuÞ
1 . The invariant functions V i, Ai depend on the quark coordinates

aiy and can be written as

F ðai;PyÞ ¼
Z
½dx�e�iPyðx1a1þx2a2þx3a3ÞF ðxiÞ: (C2)

The ‘‘calligraphic’’ functions in the momentum fraction representation, F ðxiÞ, can be expressed in terms of the nucleon
DAs introduced in Appendix B (at the scale �2 � 1=jy2j). One obtains [9]

V 1 ¼ V1; V 2 ¼ V1 � V2 � V3; V 3 ¼ V3; V 4 ¼ �2V1 þ V3 þ V4 þ 2V5;

V 5 ¼ V4 � V3; V 6 ¼ �V1 þ V2 þ V3 þ V4 þ V5 � V6

(C3)

and, similarly,

A1 ¼ A1; A2 ¼ A2 � A1 � A3; A3 ¼ A3; A4 ¼ �2A1 � A3 � A4 þ 2A5;

A5 ¼ A3 � A4; A6 ¼ A1 � A2 þ A3 þ A4 � A5 þ A6:
(C4)

We also use the notations [9]

eFðx3Þ ¼ Z x3

1
dx03

Z 1�x0
3

0
dx1Fðx1; 1� x1 � x03; x

0
3Þ; eeFðx3Þ ¼ Z x3

1
dx03

Z x0
3

1
dx003

Z 1�x00
3

0
dx1Fðx1; 1� x1 � x003 ; x

00
3 Þ
(C5)

and

bFðx2Þ ¼ Z x2

1
dx02

Z 1�x0
2

0
dx1Fðx1; x02; 1� x1 � x02Þ; bbFðx2Þ ¼ Z x2

1
dx02

Z x0
2

1
dx002

Z 1�x00
2

0
dx1Fðx1; x002 ; 1� x1 � x002 Þ;

(C6)

where F ¼ Ak, Vk is a generic nucleon DA that depends on the three valence quark momentum fractions. The calculation
of Oðy2Þ corrections to the leading-twist contributions is explained in detail in Ref. [10]: The moments of VMðu;dÞ

1 ðx2Þ,
AMðu;dÞ

1 ðx2Þ can be expressed in terms of the moments of twist-three and twist-four DAs. We have rederived these relations
using a somewhat different approach and confirmed the results. Using our modified expressions for the DA, we obtain

VMðuÞ
1 ðx2Þ �

Z 1�x2

0
dx1V

M
1 ðx1; x2; 1� x1 � x2Þ ¼ x22ð1� x2Þ3

�
5

3
fNC

u
f þ

1

12

1C

u



�
;

AMðuÞ
1 ðx2Þ �

Z 1�x2

0
dx1A

M
1 ðx1; x2; 1� x1 � x2Þ ¼ x22ð1� x2Þ3

�
5

3
fND

u
f þ

1

12

1D

u



�
;

(C7)

VMðdÞ
1 ðx3Þ �

Z 1�x3

0
dx1V

M
1 ðx1; 1� x1 � x3; x3Þ ¼ x23ð1� x3Þ2

�
5

3
fNC

d
f þ

1

12

1C

d



�
;

AMðdÞ
1 ðx3Þ �

Z 1�x3

0
dx1A

M
1 ðx1; 1� x1 � x3; x3Þ ¼ 0;

(C8)

where
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Cu

 ¼ �4� 3�10ð5x2 � 3Þ � 5�11ðx2 þ 1Þ; Cu

f ¼ �ð4x2 � 5Þ � 21

4
’10ð9x22 � 14x2 þ 3Þ þ 7

4
’11ð9x22 � 8x2 þ 1Þ;

Du

 ¼ �4� 3�10ð5x2 � 3Þ � 5�11ð9x2 � 7Þ; Du

f ¼ 1� 21

4
’10ð9x22 � 14x2 þ 3Þ � 7

4
’11ð27x22 � 36x2 þ 7Þ (C9)

and

Cd

 ¼ 8þ 2ð5x3 � 3Þð3�10 � 5�11Þ; Cd

f ¼ �2ð2x3 � 3Þ þ 7

2
ð9x23 � 14x3 þ 3Þð3’10 � ’11Þ: (C10)

These expressions are somewhat simpler as compared to the results of Refs. [10,57,58], which have been obtained using
truncated Wandzura–Wilczek contributions, although the numerical difference is small. For the calculation of correlation
functions to the NLO accuracy, which is the subject of this work, we need to find a generalization of Eqs. (C1) to twist-four
accuracy for arbitrary quark positions

y1 ¼ a1nþ ~b1; y2 ¼ a2nþ ~b2; y3 ¼ a3nþ ~b3; (C11)

where ~bi are transverse vectors with respect to n� and P�. Let

�h0j�ijk½uiðy1ÞC��u
jðy2Þ�dkðy3ÞjPi ¼ fP�V1 þmN��V3 þ imNP�½Vð1Þ

2 y1 þ Vð2Þ
2 y2 þ Vð3Þ

2 y3� þ � � �g�5N;

�h0j�ijk½uiðy1ÞC���5u
jðy2Þ�dkðy3ÞjPi ¼ fP�A1 þmN��A3 þ imNP�½Að1Þ

2 y1 þ Að2Þ
2 y2 þ Að3Þ

2 y3� þ � � �gN;
(C12)

where the ellipses stand for terms of twist higher than four. Note that the invariant functions Vi and Ai do not depend on
transverse coordinates, e.g.,

ViðyiPÞ ¼
Z
½dxi�e�iP

P
xiyiViðxiÞ ¼

Z
½dxi�e�iPn

P
xiaiViðxiÞ: (C13)

Translation invariance requires that (suppressing color indices)

h0j½uðy1 þ zÞC��ð�5Þuðy2 þ zÞ�dðy3 þ zÞjPi ¼ e�iPzh0j½uðy1ÞC��ð�5Þuðy2ÞÞdðy3ÞjPi: (C14)

This condition is satisfied identically for V1, V3, A1, A3 and implies the relations

Vð1Þ
2 þ Vð2Þ

2 þ Vð3Þ
2 ¼ 0; Að1Þ

2 þ Að2Þ
2 þ Að3Þ

2 ¼ 0: (C15)

The parametrization of the matrix element in Eq. (C12) must reproduce the known expression in Eq. (B1) in the light-cone
limit b1 ¼ b2 ¼ b3 ¼ 0. From this requirement it follows immediately that

V1ðxiÞ ¼V 1ðxiÞ ¼ V1ðxiÞ; V3ðxiÞ ¼V 3ðxiÞ ¼ V3ðxiÞ: A1ðxiÞ ¼A1ðxiÞ ¼ A1ðxiÞ; A3ðxiÞ ¼A3ðxiÞ ¼ A3ðxiÞ:
(C16)

The derivation for VðkÞ
2 ðxiÞ, AðkÞ

2 ðxiÞ is somewhat more involved. We obtain

Vð1Þ
2 ðxiÞ ¼ 1

4
½x3V2ðxiÞ þ ðx2 � x1ÞV3ðxiÞ � A3ðxiÞ þ x3A3ðxiÞ þ x3A2ðxiÞ�;

Vð2Þ
2 ðxiÞ ¼ 1

4
½x3V2ðxiÞ þ ðx1 � x2ÞV3ðxiÞ þ A3ðxiÞ � x3A3ðxiÞ � x3A2ðxiÞ�; Vð3Þ

2 ðxiÞ ¼ � 1

2
x3V2ðxiÞ;

(C17)

and, similarly,

Að1Þ
2 ðxiÞ ¼ 1

4
½�x3A2ðxiÞ þ ðx2 � x1ÞA3ðxiÞ � V3ðxiÞ þ x3V3ðxiÞ � x3V2ðxiÞ�;

Að2Þ
2 ðxiÞ ¼ 1

4
½�x3A2ðxiÞ þ ðx1 � x2ÞA3ðxiÞ þ V3ðxiÞ � x3V3ðxiÞ þ x3V2ðxiÞ�; Að3Þ

2 ðxiÞ ¼ 1

2
x3A2ðxiÞ:

(C18)

One can show that

i

2
eV 2ðx3Þ ¼

Z 1�x3

0
dx1V

ð3Þ
2 ðx1; 1� x1 � x3; x3Þ; i

2
bV 2ðx2Þ ¼

Z 1�x2

0
dx1V

ð2Þ
2 ðx1; x2; 1� x1 � x2Þ (C19)
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[cf. (C5) and (C6)] and similarly for A functions. These
relations are satisfied identically for the models of nucleon
DAs used in this work but are violated for the DAs in
Ref. [10] because of the truncation in Wandzura–Wilczek-
type contributions.

APPENDIX D: AUXILIARY FUNCTIONS

The momentum dependence of the NLO corrections to
the correlation function (24) can conveniently be written in
terms of the functions

gnkðy; x;WÞ ¼ ln n½1� yW � i��
ð�1þ xW þ i�Þk ;

hnkðx;WÞ ¼ ln n½1� xW � i��
ðW þ i�Þk ;

(D1)

with n ¼ 0, 1, 2 and k ¼ 1, 2, 3. For the particular case
n ¼ 0, the first argument becomes dummy; for simplicity
of notation, we write the corresponding entries as

gkðx;WÞ � g0kð�; x;WÞ; (D2)

cf. Eq. (43). Going over to the Borel parameter space and
subtracting the continuum corresponds to the substitutions

gnk ! Gnkðy; x;M2Þ ¼ 1

�

Z s0

0

ds

Q2
e�s=M2

Imgnkðy; x;WÞ;

hnk ! Hnkðx;M2Þ ¼ 1

�

Z s0

0

ds

Q2
e�s=M2

Imhnkðx;WÞ;
(D3)

where s ¼ P02 is the invariant mass of the quark-antiquark
(þ gluon) state, W ¼ 1þ s=Q2, M2 is the Borel para-
meter and s0 the continuum threshold. LCSRs involve
integrals of the type

Gnk ¼
Z
½dx�F ðxÞGnkðxi þ xj; xi;M

2Þ;

eGnk ¼
Z
½dx�F ðxÞGnkðxi; xi;M2Þ;

Hnk ¼
Z
½dx�F ðxÞHnkðxi þ xj;M

2Þ;

(D4)

whereF ðxÞ ¼ F ðxi; xj; 1� xi � xjÞ is a function of quark
momentum fractions and xi, xj 2 fx1; x2; x3g. In addition

one needs

bG 01 ¼
Z
½dx�F ðxÞG01ð�; xi þ xj;M

2Þ (D5)

(only this special case). The corresponding expressions are
collected below. We use the following notations:

xij¼xiþxj; �x¼1�x; x0¼ Q2

s0þQ2
;

EðxÞ¼exp

�
� �xQ2

xM2

�
; ½F ðxi;xjÞ�þ¼F ðxi;xjÞ�F ðx0;xjÞ

(D6)

and

F 	 G ¼
Z 1

x0

dxi
Z 1�xi

0
dxjF ðxÞGðxÞ;

F ⊛G ¼
Z x0

0
dxi

Z 1�xi

x0�xi

dxjF ðxÞGðxÞ:
(D7)

We obtain

G01¼�F 	EðxiÞ
xi

; bG01¼�F ½	þ⊛�EðxijÞ
xij

; (D8)

G11 ¼ F 	
Z xij

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ þF⊛

Z xij

x0

dyEðyÞ
yðy� xiÞ �F 	 EðxiÞ

xi

�
ln

�
xi
x0

� 1
�
þ ln

xij
xi

�
; (D9)

eG 11 ¼ F ½	 þ⊛�
Z xij

x0
dy

EðyÞ � EðxijÞ
yðy� xijÞ �F ½	 þ⊛�EðxijÞ

xij
ln

�xij
x0

� 1
�
; (D10)

G21 ¼ 2F 	
Z xij

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ ln

�
xij
y
� 1

�
� 2F⊛

Z xij

x0
dy

EðyÞ
yðy� xiÞ ln

�xij
y
� 1

�

þF 	 EðxiÞ
xi

�
�2

3
� 2Li2

�
xjx0

xijðx0 � xiÞ
�
�

�
ln

�
xi
x0

� 1

�
þ ln

�
xij
xi

��
2
�
; (D11)

G02 ¼ Q2

M2
F 	 EðxiÞ

x2i
þ Eðx0Þ

Z 1�x0

0
dxjF ðx0; xjÞ; (D12)
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G12 ¼ �
�
x0
xi
F ðxi; xjÞ

�
þ
½	 þ⊛� Eðx0Þ

x0 � xi
þF 	 xijðEðxijÞ � EðxiÞÞ

xixj
þF⊛

xijEðxijÞ
xixj

� Eðx0Þ
�Z x0

0
dxj ln

�
xj
x0

�
�

Z 1

0
dxj ln

��������1� �xj
x0

���������
Z �x0

0
dxj ln

�
xj
x0

��
F ðx0; xjÞ

� Q2

M2
F 	 1

xi

Z xij

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ � Q2

M2
F⊛

1
xi

Z xij

x0
dy

EðyÞ
yðy� xiÞ ;

eG12 ¼ �
�
x0
xi
F ðxi; xjÞ

�
þ
	 Eðx0Þ
x0 � xi

þ Eðx0Þ
Z �x0

0
dxjF ðx0; xjÞ ln

�
�xj
x0

� 1

�

� Q2

M2
F 	 1

xi

Z xi

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ þ Q2

M2
F 	 EðxiÞ

x2i
ln

�
xi
x0

� 1

�
þG02; (D13)

G22 ¼ �2

�
x0
xi

ln

�
xij
x0

� 1

�
F ðxi; xjÞ

�
þ
½	 þ⊛� Eðx0Þ

x0 � xi
þ Eðx0Þ

Z �x0

0
dxj

�
ln 2

�xj
x0

�
� �2

�
F ðx0; xjÞ

� 2Eðx0Þ
�Z x0

0
dxj ln

�
xj
x0

�
�

Z 1

0
dxj ln

��������1� �xj
x0

��������
�
ln

�
xj
x0

�
F ðx0; xjÞ

�F ½	 þ⊛� 2x
2
ij

xixj

Z xij

x0
dy

EðyÞ � EðxijÞ
yðy� xijÞ þF ½	 þ⊛� 2xijEðxijÞ

xixj
ln

�xij
x0

� 1
�

þF 	 2xij
xj

Z xij

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ þF⊛

2xij
xj

Z xij

x0
dy

EðyÞ
yðy� xiÞ �F 	 2xijEðxiÞ

xixj

�
ln

�
xi
x0

� 1
�
þ ln

�xij
xi

��
;

� 2
Q2

M2
F 	 1

xi

Z xij

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ ln

�
xij
y
� 1

�
� 2

Q2

M2
F⊛

1
xi

Z xij

x0
dy

EðyÞ
yðy� xiÞ ln

�xij
y
� 1

�

þ Q2

M2
F 	 EðxiÞ

x2i

�
�2

3
�

�
ln

�
xi
x0

� 1

�
þ ln

�
xij
xi

��
2 � 2Li2

�
xjx0

xijðx0 � xiÞ
��
; (D14)

eG22 ¼ �2

�
x0
xi
F ðxi; xjÞ

�
þ
	 ln

�
xi
x0

� 1

�
Eðx0Þ
x0 � xi

þ Eðx0Þ
Z �x0

0
dxjF ðx0; xjÞ

�
ln 2

�
�xj
x0

� 1

�
� �2

3

�

� 2

�
x0
xi
F ðxi; xjÞ

�
þ
	 Eðx0Þ
x0 � xi

þ 2Eðx0Þ
Z �x0

0
dxjF ðx0; xjÞ ln

�
�xj
�xj
� 1

�

� 2
Q2

M2
F 	 1

xi

Z xi

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ ln

�
xi
y
� 1

�
þ Q2

M2
F 	 EðxiÞ

x2i

�
�2

3
� ln 2

�
xi
x0

� 1

��

� 2
Q2

M2
F 	 1

xi

Z xi

x0

dy
EðyÞ � EðxiÞ
yðy� xiÞ þ 2

Q2

M2
F 	 EðxiÞ

x2i
ln

�
xi
x0

� 1

�
þ 2G02; (D15)

and finally

H11 ¼ �F ½	 þ⊛�
Z xij

x0
dy

EðyÞ
y

; H21 ¼ �2F ½	 þ⊛�
Z xij

x0
dy ln

�xij
y
� 1

�
EðyÞ
y

; (D16)

H12 ¼ �F ½	 þ⊛�
Z xij

x0
dyEðyÞ; H22 ¼ �F ½	 þ⊛�

Z xij

x0
dy ln

�xij
y
� 1

�
EðyÞ; (D17)

H13 ¼ �F ½	 þ⊛�
Z xij

x0
dyyEðyÞ; H23 ¼ �F ½	 þ⊛�

Z xij

x0
dyy ln

�xij
y
� 1

�
EðyÞ: (D18)

Our results forG11,G21,H11,H12,H21,H22 differ from the corresponding expressions g7–g12 in Ref. [27] by extra terms
from the ⊛ integration region; in addition our expression for G21 does not contain a contribution ��2ð1� �ðxjÞÞ.
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APPENDIX E: SUMMARY OF NLO COEFFICIENT FUNCTIONS

The NLO corrections (39) to the correlation functions AðQ2; P02Þ and BðQ2; P02Þ can be written as a sum of
contributions of a given quark flavor q ¼ u, d and expanded in contributions of nucleon DAs as shown in Eqs. (46)
and (47). Our results for the coefficient functions CF

q ðxi;WÞ are collected below. We use a shorthand notation L ¼
lnQ2=�2, where �2 is the factorization scale. The dependence on W ¼ 1þ P02=Q2 is not shown for brevity.

x2C
V1

d ðxiÞ ¼ 2x2x3½3ðL� 2Þg1ðx3Þ þ 2ðL� 1Þg11ðx3; x3Þ þ g21ðx3; x3Þ� þ ½2x2 þ ð4L� 3Þx3�h11ðx3Þ
þ ð3� 4LÞ �x1h11ð �x1Þ þ 2x3h21ðx3Þ � 2�x1h21ð �x1Þ � 2½3ðx2=x3Þð2L� 3Þ þ 5L� 7�h12ðx3Þ
þ 2ð5L� 7Þh12ð �x1Þ � ½6ðx2=x3Þ þ 5�h22ðx3Þ þ 5h22ð �x1Þ þ ð6=x3ÞðL� 2Þh13ðx3Þ
� ð6= �x1ÞðL� 2Þh13ð �x1Þ þ ð3=x3Þh23ðx3Þ � ð3= �x1Þh23ð �x1Þ; (E1)

x1x3C
V1
u ðxiÞ ¼ x1x2x3½ð17� 7LÞg1ðx2Þ þ ð1þ 2LÞg11ð �x1; x2Þ þ 2ð2L� 3Þg11ð �x3; x2Þ þ 2ð5� 7LÞg11ðx2; x2Þ

þ g21ð �x1; x2Þ þ 2g21ð �x3; x2Þ � 7g21ðx2; x2Þ� � x1x3½ð1þ 2LÞh11ð �x1Þ þ 2ð2L� 3Þh11ð �x3Þ
þ 2ð5� 7LÞh11ðx2Þ� þ ð1þ 2LÞx1h12ð �x1Þ þ 4x3h12ð �x3Þ � ½4x3 þ ðx1=x2Þ½x2ð1þ 2LÞ
þ 4x3ð4� LÞ��h12ðx2Þ � 2ðL� 2Þðx1= �x1Þh13ð �x1Þ þ 2ð2L� 7Þðx3= �x3Þh13ð �x3Þ þ ð1=x2Þ½2ðL� 2Þx1
þ 2ð7� 2LÞx3�h13ðx2Þ � x1x3½h21ð �x1Þ þ 2h21ð �x3Þ � 7h21ðx2Þ� þ x1h22ð �x1Þ
þ x1½2ðx3=x2Þ � 1�h22ðx2Þ � ðx1= �x1Þh23ð �x1Þ þ 2ðx3= �x3Þh23ð �x3Þ þ ½ðx1 � 2x3Þ=x2�h23ðx2Þ; (E2)

x2C
V3

d ðxiÞ ¼ 2x2x3½ð5� 3LÞg1ðx3Þ þ ð3� 4LÞg11ð �x1; x3Þ þ 2ð2L� 1Þg11ðx3; x3Þ � 2g21ð �x1; x3Þ þ 2g21ðx3; x3Þ�
þ 2ð4L� 3Þð2x2 þ x3Þh11ð �x1Þ þ ½8ð1� 2LÞx2 þ 2ð3� 4LÞx3�h11ðx3Þ þ 4ð2x2 þ x3Þ½h21ð �x1Þ � h21ðx3Þ�
þ 6ð3� 4LÞh12ð �x1Þ þ 6½4L� 3þ 4ðx2=x3ÞðL� 1Þ�h12ðx3Þ � 12h22ð �x1Þ þ 12ð �x1=x3Þh22ðx3Þ
þ ð4= �x1Þð2L� 1Þh13ð �x1Þ � ð4=x3Þð2L� 1Þh13ðx3Þ þ ð4= �x1Þh23ð �x1Þ � ð4=x3Þh23ðx3Þ; (E3)

x1x3C
V3
u ðxiÞ¼ 2x1x2x3½5ðL�3Þg1ðx2Þþ2ð1�2LÞg11ð �x1;x2Þþð5�4LÞg11ð �x3;x2Þþ2ð8L�5Þg11ðx2;x2Þ

�2g21ð �x1;x2Þ�2g21ð �x3;x2Þþ8g21ðx2;x2Þ�þ2x3½ð6L�8Þx1þð2L�3Þx2�h11ð �x3Þ
þ4x1½Lx2þð3L�1Þx3�h11ð �x1Þ�2½4x1x3ð5L�3Þþx2x3ð2L�3Þþ2x1x2L�h11ðx2Þ
þ2x1ðx2þ3x3Þh21ð �x1Þþ2x3ð3x1þx2Þh21ð �x3Þ�2½10x1x3þx2 �x2�h21ðx2Þ�4ð3þ2LÞx1h12ð �x1Þ
þ2x3ð15�8LÞh12ð �x3Þþ2ðx3=x2Þ½4ðL�1Þx1þð8L�15Þx2�h12ðx2Þþ4ðx1=x2Þ½ð3þ2LÞx2þ6x3�h12ðx2Þ
�4x1h22ð �x1Þ�8x3h22ð �x3Þþð4=x2Þ½2x2x3þx1 �x1�h22ðx2Þþ12ðx1= �x1Þh13ð �x1Þþ8ðx3= �x3ÞðL�2Þh13ð �x3Þ
�ð4=x2Þ½3x1þ2x3ðL�2Þ�h13ðx2Þþ4ðx3= �x3Þh23ð �x3Þ�4ðx3=x2Þh23ðx2Þ; (E4)

x1x2C
Vð1Þ

2
u ðxiÞ¼�8�x3x2g1ð �x3Þþ2x22½4ðL�2Þþð2L�5Þx1�g1ðx2Þ�4x22½ðL�3Þþð2L�3Þx1�g11ð �x3;x2Þ

þ2x22ð1þ2x1Þ½2ðL�1Þg11ðx2;x2Þ�g21ð �x3;x2Þþg21ðx2;x2Þ�þ4x2½ðL�3Þþð2L�3Þx1�h11ð �x3Þ
�2x2ð1þ2x1Þ½2ðL�1Þh11ðx2Þ�h21ð �x3Þþ2h21ðx2Þ�þ2x2½ð4L�12Þ= �x3þð4L�13Þ=x1�4�h12ð �x3Þ
þ2½4ð1þx2�LÞþðx2=x1Þð13�4LÞ�h12ðx2Þþ4½1�ðx1= �x3Þþðx2=x1Þ�h22ð �x3Þ�4½1þðx2=x1Þ�h22ðx2Þ
þ2½ðx1= �x23Þð8L�25Þ�2ðx2= �x3Þð2L�7Þ�ð1=x1Þð8L�25Þ�h13ð �x3Þþ2½2ð2L�7Þ
þð1=x1Þð8L�25Þ�h13ðx2Þþ4½2ðx1= �x23Þ�ðx2= �x3Þ�ð2=x1Þ�h23ð �x3Þþ4½1þð2=x1Þ�h23ðx2Þ; (E5)
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x2C
Vð2Þ

2

d ðxiÞ ¼ 4�x1g1ð �x1Þ þ 2x3ð3� 4LÞg1ðx3Þ � 8x3g11ð �x1; x3Þ þ 2½4þ ð4L� 3Þ �x1�h11ð �x1Þ � 2½4ðL� 1Þ �x1 þ x3�h11ðx3Þ
þ 4�x1½h21ð �x1Þ � h21ðx3Þ� þ 2½2ð7� 5LÞ þ ð11� 2LÞ=x2 þ 2ð5� 2LÞ= �x1�h12ð �x1Þ � 2½2ð7� 5LÞ
þ ð11� 2LÞ=x2 þ 4ð1� LÞð1þ 2x2Þ=x3�h12ðx3Þ � ½10þ ð4= �x1Þ þ ð2=x2Þ�h22ð �x1Þ þ 2½5þ ð1=x2Þ
þ 2ð1þ 2x2Þ=x3�h22ðx3Þ þ ð4= �x1Þ½ð3L� 8Þð1= �x1 þ 1=x2Þ þ 3ðL� 2Þ�h13ð �x1Þ � ð4=x3Þ½ð3L� 8Þ=x2
þ 3ðL� 2Þ�h13ðx3Þ þ ð6= �x1Þ½1= �x1 þ 1=x2 þ 1�h23ð �x1Þ � ð6=x3Þ½1=x2 þ 1�h23ðx3Þ; (E6)

x1x3C
Vð2Þ

2
u ðxiÞ ¼ 4�x1x1g1ð �x1Þ � 8�x3x3g1ð �x3Þ þ 2½4x2x3 � 2x1x2 þ x1x3½13L� 25þ ð7L� 17Þx2�Þ�g1ðx2Þ

� 2x1½2x3Lþ x2x3ð1þ 2LÞ � 2x2��g11ð �x1; x2Þ � 2x3½x1ð1þ 2x2Þð2L� 3Þ � 2x2�g11ð �x3; x2Þ
þ 4½3x1x3ð2L� 1Þ þ x1x2x3ð7L� 5Þ � x2 �x2�g11ðx2; x2Þ � 2x1x3½ð1þ x2Þg21ð �x1; x2Þ
þ ð1þ 2x2Þg21ð �x3; x2Þ � ð6þ 7x2Þg21ðx2; x2Þ þ ð1þ 5LÞg2ðx2Þ þ 2Lg12ð �x1; x2Þ � ð3� 2LÞg12ð �x3; x2Þ
� 2ð4L� 7Þg12ðx2; x2Þ þ g22ð �x1; x2Þ þ g22ð �x3; x2Þ � 4g22ðx2; x2Þ� þ 2x1½x3ð1þ 2LÞ
� 2ð1þ LÞ�h11ð �x1Þ þ 2x3½1� 2Lþ 2x1ð2L� 3Þ�h11ð �x3Þ � ð2=x2Þ½x3ðx2 � 4x1Þð2L� 1Þ
þ 2x1x2½1þ Lþ x3ð5� 7LÞ��h11ðx2Þ � 2x1 �x3h21ð �x1Þ � 2ð1� 2x1Þx3h21ð �x3Þ
þ ð2=x2Þ½x2 �x2 � x1x3ð4þ 7x2Þ�h21ðx2Þ � 2x1ð1þ 2L� 2= �x1Þh12ð �x1Þ � 8x3½ð3� LÞ= �x3 þ 1�h12ð �x3Þ
þ ð2=x22Þ½4x2x3½ð3� LÞ þ x2 þ x1ð4� LÞ� þ x1x2½x2ð1þ 2LÞ � 2� þ 2x1x3ð13� 6LÞ�h12ðx2Þ
� 2x1h22ð �x1Þ þ 4ðx3= �x3Þh22ð �x3Þ þ ð2=x2Þ½x1x2 � 2x3½1þ x1 þ 3ðx1=x2Þ��h22ðx2Þ
� 2ðx1= �x21Þ½9� 2Lþ 2�x1ð2� LÞ�h13ð �x1Þ þ 2ðx3= �x23Þ½25� 8Lþ 2 �x3ð7� 2LÞ�h13ð �x3Þ
þ ð2=x22Þ½x1½9� 2Lþ 2x2ð2� LÞ� � x3½25� 8Lþ 2x2ð7� 2LÞ��h13ðx2Þ þ 2ðx1= �x21Þð1þ �x1Þh23ð �x1Þ
� 4ðx3= �x23Þð2þ �x3Þh23ð �x3Þ � ð2=x22Þ½x1ð1þ x2Þ � 2x3ð2þ x2Þ�h23ðx2Þ; (E7)

x2C
Vð3Þ

2

d ðxiÞ ¼ 4�x1g1ð �x1Þ þ 2x2½25� 13Lþ 6x3ð2�LÞ � 2ðx3=x2Þ�g1ðx3Þ þ ½2x2ð4L� 3Þ � 8x3�g11ð �x1; x3Þ
þ 2x2½½6ð1� 2LÞ þ 4x3ð1�LÞ þ 4ðx3=x2Þ�g11ðx3; x3Þ þ 2g21ð �x1; x3Þ � 2ð3þ x3Þg21ðx3; x3Þ
þ ð1þ 5LÞg2ðx3Þ � ð3� 4LÞg12ð �x1; x3Þ þ 2ð7� 4LÞg12ðx3; x3Þ þ 2g22ð �x1; x3Þ � 4g22ðx3; x3Þ�
þ 2½ð1þ 4LÞ � �x1ð3� 4LÞ �x1�h11ð �x1Þ � 2½4ðx2=x3Þð1� 2LÞ þ 2x2 þ 1þ 4L� x3ð3� 4LÞ�h11ðx3Þ
þ 4ð1þ �x1Þh21ð �x1Þ þ 4½2x2=x3 � ð1þ x3Þ�h21ðx3Þ þ 4½7� 5Lþ ð5� 2LÞ= �x1�h12ð �x1Þ þ ð4=x23Þ½x3ð2L� 5Þ
þ x23ð5L� 7Þ þ x2ð6L� 13Þ þ 3x2x3ð2L� 3Þ�h12ðx3Þ � 2½5þ 2= �x1�h22ð �x1Þ þ ð2=x23Þ½6x2ð1þ x3Þ
þ x3ð2þ 5x3Þ�h22ðx3Þ þ ð4= �x21Þ½3L� 8þ 3�x1ðL� 2Þ�h13ð �x1Þ � ð4=x23Þ½3L� 8þ 3ðL� 2Þx3�h13ðx3Þ
þ ð6= �x21Þð1þ �x1Þh23ð �x1Þ � ð6=x23Þð1þ x3Þh23ðx3Þ; (E8)

x3C
Vð3Þ

2
u ðxiÞ ¼ 4�x1g1ð �x1Þ þ 2x2½5þ x3ð8� 3LÞ�g1ðx2Þ � 2x2½2ð1� LÞ þ x3ð1þ 2LÞ�g11ð �x1; x2Þ

� 4x2 �x3ðL� 1Þg11ðx2; x2Þ þ 2x2 �x3½g21ð �x1; x2Þ � g21ðx2; x2Þ� þ 2½2ð1� LÞ þ x3ð1þ 2LÞ�h11ð �x1Þ
� 2�x3½2ð1� LÞh11ðx2Þ þ h21ð �x1Þ � h21ðx2Þ� � 2½1þ 2L� 2= �x1 þ 2ðL� 1Þ=x3�h12ð �x1Þ
þ 2½1þ 2Lþ 2ðL� 1Þð1=x3 þ 2x3=x2Þ�h12ðx2Þ � 2½1þ 1=x3�h22ð �x1Þ þ 2½1þ 1=x3 þ 2x3=x2�h22ðx2Þ
þ ð2= �x1Þ½ð1= �x1 þ 1=x3Þð2L� 9Þ þ 2ðL� 2Þ�h13ð �x1Þ þ ð2=x2Þ½ð9� 2LÞ=x3 � 2ðL� 2Þ�h13ðx2Þ
þ ð2= �x1Þ½1þ 1= �x1 þ 1=x3�h23ð �x1Þ � ð2=x2Þ½1þ 1=x3�h23ðx2Þ; (E9)

x2C
A1

d ðxiÞ ¼ 3�x1h11ð �x1Þ � 3x3h11ðx3Þ þ 2ð3L� 10Þh12ð �x1Þ � 2ð3L� 10Þh12ðx3Þ þ 3h22ð �x1Þ � 3h22ðx3Þ
� ð6= �x1ÞðL� 3Þh13ð �x1Þ þ ð6=x3ÞðL� 3Þh13ðx3Þ � ð3= �x1Þh23ð �x1Þ þ ð3=x3Þh23ðx3Þ; (E10)
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x2x3C
A1
u ðxiÞ ¼ x22x3½ð3� LÞg1ðx2Þ þ ð1� 2LÞg11ð �x1; x2Þ þ 2ðL� 1Þg11ðx2; x2Þ � g21ð �x1; x2Þ þ g21ðx2; x2Þ�

� ð5þ 2LÞx2h12ð �x1Þ þ x2x3½ð2L� 1Þh11ð �x1Þ � 2ðL� 1Þh11ðx2Þ þ h21ð �x1Þ � h21ðx2Þ�
þ ½ð5þ 2LÞx2 þ 4ðL� 1Þx3�h12ðx2Þ � x2h22ð �x1Þ þ ð �x1 þ x3Þh22ðx2Þ � 2ðx2= �x1ÞðL� 5Þh13ð �x1Þ
þ 2ðL� 5Þh13ðx2Þ � ðx2= �x1Þh23ð �x1Þ þ h23ðx2Þ; (E11)

x2C
A3

d ðxiÞ ¼ 2x2x3½ð8� 3LÞg1ðx3Þ � 3g11ð �x1; x3Þ� þ 6ð �x1 þ x3Þh11ð �x1Þ � 6x3h11ðx3Þ þ 2ð4L� 21Þh12ð �x1Þ
þ 2½21� 4Lþ 4x2ðL� 1Þ=x3�h12ðx3Þ þ 4h22ð �x1Þ � 4½1� x2=x3�h22ðx3Þ þ ð4= �x1Þð7� 4LÞh13ð �x1Þ
þ ð4=x3Þð2L� 7Þh13ðx3Þ � ð4= �x1Þh23ð �x1Þ þ ð4=x3Þh23ðx3Þ; (E12)

x1x3C
A3
u ðxiÞ ¼ 2x1x2x3½ð25� 11LÞg1ðx2Þ � 2g11ð �x1; x2Þ þ g11ð �x3; x2Þ þ 2ð3� 4LÞg11ðx2; x2Þ � 4g21ðx2; x2Þ�

� 2½x2x3ð2L� 3Þ þ 2x1½x2L� 2x3ðL� 1Þ��h11ðx2Þ þ 4x1½x2Lþ x3ð1þ LÞ�h11ð �x1Þ þ 2x3½2x1ðL� 2Þ
þ x2ð2L� 3Þ�h11ð �x3Þ þ 2 �x1x1h21ð �x1Þ þ 2�x3x3h21ð �x3Þ � 2ðx1x2 � 3x1x3 þ �x3x3Þh21ðx2Þ
þ ð2=x2Þ½ð8L� 15Þx2x3 þ 2x1½x2ð3þ 2LÞ þ 2x3ð5L� 8Þ��h12ðx2Þ � 4x1½ð3þ 2LÞh12ð �x1Þ þ h22ð �x1Þ�
� 2x3½ð8L� 15Þh12ð �x3Þ þ 4h22ð �x3Þ� þ 4½2x3 þ x1 þ 5x1x3=x2�h22ðx2Þ þ 12ðx1= �x1Þh13ð �x1Þ
� ð4=x2Þ½3x1 þ 2x3ðL� 2Þ�h13ðx2Þ þ 4ðx3= �x3Þ½2ðL� 2Þh13ð �x3Þ þ h23ð �x3Þ� � 4ðx3=x2Þh23ðx2Þ; (E13)

x1C
Að1Þ

2
u ðxiÞ ¼ 2x2½2g1ðx2Þ þ 2ðL� 1Þg11ð �x3; x2Þ � 2ðL� 1Þg11ðx2; x2Þ þ g21ð �x3; x2Þ � g21ðx2; x2Þ� þ 4ð1� LÞh11ð �x3Þ

þ 4ðL� 1Þh11ðx2Þ � 2h21ð �x3Þ þ 2h21ðx2Þ þ ½8ðL� 2Þ= �x3 þ 2ð4L� 11Þ=x1�h12ð �x3Þ
þ ½2ð11� 4LÞ=x1 þ 8ð1� LÞ=x2�h12ðx2Þ þ 4½1= �x3 þ 1=x1�h22ð �x3Þ � 4½1=x1 þ 1=x2�h22ðx2Þ
� ð2= �x3Þ½1=x1 þ 1= �x3�½ð4L� 9Þh13ð �x3Þ þ 2h23ð �x3Þ� þ ½2=ðx1x2Þ�½ð4L� 9Þh13ðx2Þ þ 2h23ðx2Þ�; (E14)

x2C
Að2Þ

2

d ðxiÞ ¼ �4�x1g1ð �x1Þ � 6x3g1ðx3Þ þ 6�x1h11ð �x1Þ � 6x3h11ðx3Þ þ 2½2ð3L� 10Þ þ 2ð2L� 5Þ= �x1
þ ð6L� 13Þ=x2�h12ð �x1Þ � 2½2ð3L� 10Þ þ 4ðL� 1Þ=x3 þ ð6L� 13Þ=x2�h12ðx3Þ
þ 2½3þ 2= �x1 þ 3=x2�h22ð �x1Þ � 2½3þ 2=x3 þ 3=x2�h22ðx3Þ
� ð6= �x1Þ½1þ 1=x2 þ 1= �x1�½2ðL� 3Þh13ð �x1Þ þ h23ð �x1Þ�
þ ð6=x3Þ½1þ 1=x2�½2ðL� 3Þh13ðx3Þ þ h23ðx3Þ�; (E15)

x1x3C
Að2Þ

2
u ðxiÞ¼ 2x1½x3ð13L�25Þþ2x2�x2x3ðL�3Þ�g1ðx2Þ�4½x2 �x2þ3x1x3ð1�2LÞþx1x2x3ð1�LÞ�g11ðx2;x2Þ

�4x1 �x1g1ð �x1Þ�2x1½2x3L�2x2�x2x3ð1�2LÞ�g11ð �x1;x2Þþ2x3½ð3�2LÞx1þ2x2�g11ð �x3;x2Þ
�2x1½ð1þx2Þx3g21ð �x1;x2Þþx3g21ð �x3;x2Þ�2x3ð6þx2Þg21ðx2;x2Þ��2x1x3½ð1þ5LÞg2ðx2Þ
þ2Lg12ð �x1;x2Þ�ð3�2LÞg12ð �x3;x2Þþ2ð7�4LÞg12ðx2;x2Þþg22ð �x1;x2Þþg22ð �x3;x2Þ
þ4g22ðx2;x2Þ�þ2½ð4x1�x2Þðx3=x2Þð1�2LÞþ2x1ð1þLÞþ2x1x3ð1�LÞ�h11ðx2Þ
þ2x3½ð1�2LÞh11ð �x3Þ�h21ð �x3Þ��2x1½½2ð1þLÞþx3ð1�2LÞ�h11ð �x1Þþ �x3h21ð �x1Þ�
þð2=x2Þ½x2 �x2�4x1x3�x1x2x3�h21ðx2Þþð2=x2Þ½4ð2�LÞx3þ2x1þx1x2ð5þ2LÞ
þ2x1x3ð13�6LÞ=x2þ4x1x3ðL�1Þ�h12ðx2Þ�2x1½2= �x1þ5þ2L�h12ð �x1Þ
þ4ðx3= �x3Þ½2ðL�2Þh12ð �x3Þþh22ð �x3Þ��2x1h22ð �x1Þþð2=x2Þ½x1x2�2x3 �x1�6x1x3=x2�h22ðx2Þ
þð2=x22Þ½x1ð2L�7Þþ2x1x2ðL�5Þþx3ð4L�9Þ�h13ðx2Þ�2ðx1= �x21Þ½½2L�7þ2 �x1ðL�5Þ�h13ð �x1Þ
þ½1þ �x1�h23ð �x1Þ��2ðx3= �x23Þ½ð4L�9Þh13ð �x3Þþ2h23ð �x3Þ�þð2=x22Þ½x1ð1þx2Þþ2x3�h23ðx2Þ; (E16)
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x2C
Að3Þ

2

d ðxiÞ ¼ �4�x1g1ð �x1Þ þ 2½ð3L� 8Þx2 þ 2x3�g1ðx3Þ þ 6x2g11ð �x1; x3Þ þ 2ð3L� 8Þx2g2ðx3Þ þ 6x2g12ð �x1; x3Þ
þ 6ð1þ �x1Þh11ð �x1Þ � 6ð1þ x3Þh11ðx3Þ þ 4½3L� 10þ ð2L� 5Þ= �x1�h12ð �x1Þ þ 4½ð5� 2LÞ=x3
þ 10� 3L�h12ðx3Þ þ 2½3þ 2= �x1�h22ð �x1Þ � 2½3þ 2=x3�h22ðx3Þ � ð12= �x21Þð1þ �x1ÞðL� 3Þh13ð �x1Þ
þ ð12=x23Þð1þ x3ÞðL� 3Þh13ðx3Þ � ð6= �x21Þð1þ �x1Þh23ð �x1Þ þ ð6=x23Þð1þ x3Þh23ðx3Þ; (E17)

x3C
Að3Þ

2
u ðxiÞ ¼ �4�x1g1ð �x1Þ � 2x2½5� 4Lþ ðL� 3Þx3�g1ðx2Þ þ 2x2½2ð3� LÞ þ ð1� 2LÞx3�g11ð �x1; x2Þ

þ 2x2ð1þ x3Þ½2ðL� 1Þg11ðx2; x2Þ � g21ð �x1; x2Þ þ g21ðx2; x2Þ� þ 2½2ðL� 3Þ þ x3ð2L� 1Þ�h11ð �x1Þ
� 2ð1þ x3Þ½2ðL� 1Þh11ðx2Þ � h21ð �x1Þ þ h21ðx2Þ� � 2½5þ 2Lþ 2= �x1 þ 2L=x3�h12ð �x1Þ
þ 2½5þ 2Lþ 2L=x3 þ 4x3ðL� 1Þ=x2�h12ðx2Þ � 2ð1þ 1=x3Þh22ð �x1Þ þ 2ð1þ 1=x3 þ 2x3=x2Þh22ðx2Þ
� ð2= �x1Þ½ð2L� 7Þ=x3 þ 2ðL� 5Þ þ ð2L� 7Þ= �x1�h13ð �x1Þ þ ð2=x2Þ½ð2L� 7Þ=x3 þ 2ðL� 5Þ�h13ðx2Þ
� ð2= �x1Þ½ð1þ x3Þ=x3 þ ð1� x3 �x3Þ= �x1�h23ð �x1Þ þ ð2=x2Þð1þ 1=x3Þh23ðx2Þ; (E18)

x2x3D
V1

d ðxiÞ ¼ x2x3½ð3L� 7Þg1ðx3Þ þ ð3� 4LÞg11ð �x1; x3Þ þ 2ð4L� 3Þg11ðx3; x3Þ � 2g21ð �x1; x3Þ þ 4g21ðx3; x3Þ�
� 2x3Lh11ð �x1Þ þ 2½x2ð3� 2LÞ þ x3L�h11ðx3Þ � x3h21ð �x1Þ � ð2x2 � x3Þh21ðx3Þ
þ ðx3= �x1Þð5� 2LÞh12ð �x1Þ � ð5� 2LÞh12ðx3Þ � ðx3= �x1Þh22ð �x1Þ þ h22ðx3Þ; (E19)

x1x2D
V1
u ðxiÞ ¼ 4ð3� 4LÞx1x2g11ðx2; x2Þ þ x1x2½2Lg11ð �x1; x2Þ þ ð2L� 3Þg11ð �x3; x2Þ þ g21ð �x1; x2Þ þ g21ð �x3; x2Þ

� 4g21ðx2; x2Þ� þ ð2x1x2=x3ÞLh11ð �x1Þ þ 2x1½2L� 3� ðx2=x3ÞL�h11ðx2Þ þ ðx1x2=x3Þh21ð �x1Þ
þ x1ð2� x2=x3Þh21ðx2Þ þ ½2x1x2=ð �x1x3Þ�h12ð �x1Þ þ ð2L� 7Þ½ðx2= �x3Þh12ð �x3Þ � h12ðx2Þ�
� 2ðx1=x3Þh12ðx2Þ þ ðx2= �x3Þh22ð �x3Þ � h22ðx2Þ (E20)

x2D
A1

d ðxiÞ ¼ x2ð3L� 8Þg1ðx3Þ þ 3x2g11ð �x1; x3Þ þ 2ðL� 1Þ½h11ð �x1Þ � h11ðx3Þ� þ h21ð �x1Þ � h21ðx3Þ
þ ð7� 2LÞ½ð1= �x1Þh12ð �x1Þ � ð1=x3Þh12ðx3Þ� � ð1= �x1Þh22ð �x1Þ þ ð1=x3Þh22ðx3Þ; (E21)

x1x2D
A1
u ðxiÞ ¼ x1x2½ð3L� 7Þg1ðx2Þ þ 2ð4L� 3Þg11ðx2; x2Þ � 2Lg11ð �x1; x2Þ þ ð3� 2LÞg11ð �x3; x2Þ � g21ð �x1; x2Þ

� g21ð �x3; x2Þ þ 4g21ðx2; x2Þ� � ð2x1x2=x3ÞðL� 1Þh11ð �x1Þ � 2x2h11ð �x3Þ þ 2x2h11ðx2Þ
þ 2x1½ðx2=x3ÞðL� 1Þ þ 3� 2L�h11ðx2Þ � ðx1x2=x3Þh21ð �x1Þ � x1ð2� x2=x3Þh21ðx2Þ
þ ð5� 2LÞ½ðx2= �x3Þh12ð �x3Þ � h12ðx2Þ� � ðx2= �x3Þh22ð �x3Þ þ h22ðx2Þ: (E22)
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