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We perform the transverse-momentum resummation for WþW�, ZZ, and W�Z pair productions at the

next-to-next-to-leading logarithmic accuracy using soft-collinear effective theory for
ffiffiffi
S
p ¼ 8 TeV andffiffiffi

S
p ¼ 14 TeV at the LHC, respectively. Importantly, this is the first calculation of W�Z transverse-

momentum resummation. We also include the nonperturbative effects and discussions on the PDF

uncertainties. Comparing with the next-to-leading logarithmic results, the next-to-next-to-leading loga-

rithmic resummation can reduce the dependence of the transverse-momentum distribution on the

factorization scales significantly. Finally, we find that our numerical results are consistent with data

measured by the CMS Collaboration for the ZZ production, which have thus far only been reported by the

LHC experiments for the unfolded transverse-momentum distribution of the gauge boson pair production

within theoretical and experimental uncertainties.
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I. INTRODUCTION

The gauge boson pair productions are important within
and beyond the Standard Model (SM). For the cases of
WþW� andW�Z productions, they can be used to test the
non-Abelian gauge structure, especially triple-gauge-
boson couplings. Besides, WþW� and ZZ are irreducible
SM backgrounds of Higgs boson production. If there is any
deviation from the predictions of SM, it may be a new
physics signal. Therefore, it is essential to count on accu-
rate theoretical predictions for these processes.

Experimental collaborations at the Tevatron and the
LHC have reported experimental results of various
kinematic distributions forWþW�, ZZ,W�Z productions.
The leptonic decay mode of the gauge boson pair has been

analyzed at the Tevatron [1–5] and at the LHC for
ffiffiffi
S
p ¼ 7

and
ffiffiffi
S
p ¼ 8 TeV, respectively [6,7]. In addition, more

stringent limitations on anomalous triple-gauge-boson
couplings, compared with those of the past, have been
presented by the LHC Collaboration [8–10].

Furthermore, if the gauge boson pair comes from the
decay of a heavy resonance, the kinematics of the gauge
boson pair will carry information of the resonance.
Therefore, it is necessary to consider the boson pair as a
unit, rather than consider each individual gauge boson. The
transverse-momentum qT of the boson pair system is one
important observable, which has been measured at the
LHC [9,11,12].

The next-to-leading order (NLO) QCD corrections to
WþW�, ZZ, and W�Z production were calculated many
years ago [13–17]. Besides, NLO QCD corrections with
the helicity amplitudes method were completed in
Ref. [18], where the effects of spin correlation were fully
taken into account. Recently, two-loop virtual QCD

corrections to WþW� production in the high-energy limit
have been reported in Ref. [19], and threshold resumma-
tion in the soft-collinear effective theory (SCET) and the
approximate NNLO cross sections for WþW� production
are calculated in Ref. [20]. W�Z production is calculated
beyond NLO QCD for high qT region [21]. However, when
the invariant mass of gauge boson pair M is much larger
than qT , there exist large logarithmic terms of the form
ln ðq2T=M2Þ in the small qT region. The fixed-order predic-
tions are invalid in this region. Therefore it is necessary to
resum these large logarithmic terms to all order.
In this paper, we calculate the transverse-momentum

resummation of the gauge boson pair production at the
next-to-next-to-leading logarithmic (NNLL) accuracy
based on SCET [22–24]. In the case of transverse-
momentum resummation, frameworks equivalent to the
Collins, Soper, and Sterman (CSS) formalism have been
developed for both the Drell-Yan process and Higgs pro-
duction [25–33]. The framework we adopted in the paper is
built upon Refs. [32,33]. In the case ofWþW� and ZZ pair
production, qT resummation has been discussed in the CSS
framework [34–36]. However, to our knowledge, the re-
summation effects on the transverse momentum of W�Z
production have not been calculated so far.
The paper is organized as follows. In Sec. II, we describe

the formalism for qT resummation in SCET briefly. In
Sec. III, we present our numerical results. Section IV is a
brief conclusion.

II. FACTORIZATION AND RESUMMATION

In this section, we briefly review the transverse-
momentum resummation in SCET formalism in
Refs. [32,33]. The resummation formulas of transverse-
momentum distribution we used can be applied to the
processes where nonstrongly interacting particles are pro-
duced in hadronic collisions.*csli@pku.edu.cn
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We consider the processes

N1ðP1Þ þ N2ðP2Þ ! Vlðp3Þ þ Vmðp4Þ þ XðpxÞ; (1)

where Vl;m (l, m ¼ W, Z) is W or Z boson, and X is an

inclusive hadronic final state. In the Born level, the par-
tonic process is

qðp1Þ þ q0ðp2Þ ! Vlðp3Þ þ Vmðp4Þ; (2)

where pi ¼ ziPi, i ¼ 1, 2. The kinematic variables are
defined as follows:

S ¼ ðP1 þ P2Þ2; s ¼ ðp1 þ p2Þ2; t ¼ ðp1 � p3Þ2;
u ¼ ðp2 � p3Þ2; q ¼ p3 þ p4; q2 ¼M2;

� ¼ ðM2 þ q2TÞ=S: (3)

In the kinematical region of �2
QCD � q2T � M2, soft and

collinear emissions can be treated in the SCET framework.
After performing the phase space integration over the
individual gauge boson, we obtain the factorized differen-
tial cross section as [37]

d3�

dq2TdydM
2
¼ 1

S
H VlVm

ðM;�fÞ 14�
Z

d2x?e�iq?�x?

�X
q;q0
½Bq=N1

ðz1; x2T; �fÞBq0=N2
ðz2; x2T;�fÞ

þ ðq$ q0Þ�; (4)

where y is the rapidity of the boson pair system, �f is the

factorization scale, and z1;2 ¼
ffiffiffi
�
p

e�y. Here H VlVm
is the

hard function and can be expanded as

H VlVm
¼H ð0Þ

VlVm
þ �s

4�
H ð1Þ

VlVm
þ � � � : (5)

As a cross-check, we recalculate H ð0Þ
VlVm

and H ð1Þ
VlVm

and

find that our results are consistent with those in
Refs. [13,14,38], and the corresponding details are listed
in Appendix A. The renormalization-group (RG) equation
of hard function can be written as

d

d ln�
H VlVm

ðM;�Þ

¼ 2

�
�F
cuspð�sÞ ln�M

2

�2
þ 2�qð�sÞ

�
H VlVm

ðM;�Þ; (6)

where �F
cuspð�sÞ is the cusp anomalous dimension of

Wilson loops with lightlike segments, while �qð�sÞ con-
trols the single-logarithmic evolution. After solving the RG
equation, we obtain the hard function

H VlVm
ðM;�fÞ ¼ exp

�
4Sð�2

h;�
2
fÞ � 2a�ð�2

h;�
2
fÞ ln
�M2

�2
h

� 4a�qð�2
h;�

2
fÞ
�
H VlVm

ðM;�hÞ; (7)

where �h is the hard matching scale. Here Sð�2; �2Þ and
a�ð�2; �2Þ are defined as

Sð�2; �2Þ ¼ �
Z �sð�2Þ

�sð�2Þ
d�

�F
cuspð�Þ
�ð�Þ

Z �

�sð�2Þ
d�0

�ð�0Þ ; (8)

a�ð�2; �2Þ ¼ �
Z �sð�2Þ

�sð�2Þ
d�

�F
cuspð�Þ
�ð�Þ : (9)

a�q has a similar expression. Up to NNLL level, we need a

three-loop cusp anomalous dimension and a two-loop nor-
mal anomalous dimension, and their explicit expressions
are collected in the Appendixes of Ref. [39].
In the hard function, there will be large �2 terms when

we choose the hard scale as �2
h �M2, which will spoil the

perturbative convergence. The poor perturbative behavior
can be avoid if we evaluate the hard function at the timelike
region �2

h ��M2, by applying the solution of RG in

Eq. (6) to evolve �2
h from the spacelike region to timelike

region. As a result,�2-enhanced terms can be resummed to
all orders [40].
The function Bq=N in Eq. (4) is the transverse-momen-

tum-dependent PDFs, which is defined by operator product
expansion [32]. We adopt the analytic regularization of
Ref. [41], and the product of the two Bq=N can be refac-

torized as

½Bq=N1
ðz1;x2T;�fÞBq0=N2

ðz2;x2T;�fÞ�q2

¼
�
x2Tq

2

4e�2�E

��Fqq0 ðx2T ;�fÞ
Bq=N1

ðz1;x2T;�fÞBq0=N2
ðz2;x2T;�fÞ;

(10)

where Fqq0 controls hidden q2 dependence induced by

collinear anomaly [32] and Bq=Nðz; x2T; �fÞ can be matched

onto the standard PDF via

Bq=Nðz; x2T; �fÞ ¼
X
i

Z
Iq ið	; x2T; �fÞ
i=Nðz=	;�fÞd		

þOð�2
QCDx

2
TÞ; (11)

where xT � ��1QCD and Iq iðz; x2T; �fÞ are the matching

coefficient functions [33]. The RG equations for the match-
ing coefficient Iq iðz; x2T; �fÞ are given by

d

d ln�
Iq iðz; x2T; �Þ

¼ ½�F
cuspð�sÞL? � 2�qð�sÞ�Iq iðz; x2T; �Þ
�X

j

Z 1

z

du

u
Iq jðu; x2T; �ÞP j iðz=u; �sÞ; (12)

where P j i is the Dokshitzer-Gribov-Lipatov-Altarelli-

Parisi (DGLAP) splitting function and L? is defined as

L? ¼ ln
x2T�

2

4e�2�E
: (13)

After factoring out the double logarithmic terms in
Iq jðz; x2T; �fÞ we have
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Iq jðz; x2T; �fÞ � ehFðL?;�sÞ �Iq jðz; L?; �sÞ; (14)

where �Iq j satisfies as a DGLAP equation with an opposite

sign [33], and the RG equation for hFðL?; �sÞ is
d

d ln�
hFðL?; �sÞ ¼ �F

cuspð�sÞL? � 2�qð�sÞ: (15)

After combining the above results, we can get the factor-
ized cross section

d2�

dq2Tdy
¼ 1

S

X
i;j¼q;q0;g

H VVðM;�fÞ
Z 1

	1

dz1
z1

Z 1

	2

dz2
z2

� �Cqq0!ijðz1; z2; q2T; �fÞ
� ½
i=N1

ð	1=z1; �fÞ
j=N2
ð	2=z2; �fÞ

þ ðq; i$ q0; jÞ�: (16)

Here �Cqq0!ij is the hard kernel of the process and defined as

�Cqq0!ijðz1; z2; q2T; �fÞ
¼ 1

2

Z 1
0

dxTxTJ0ðxTqTÞ exp ½gFð�;L?; �sÞ�
� ½ �Iq iðz1; L?; �sÞ �Iq0 jðz2; L?; �sÞ�; (17)

where J0 is the zeroth-order Bessel function, and
gFð�;L?; �sÞ combines all the exponent terms [33], with

� � �F
0�s ln

M2

�2 . In order to avoid a factorially divergent

term, we use the modified power-counting scheme and
expand formulas with an auxiliary parameter �, where

�s � � and L? � ��1=2. The expression for gF can be
found in Ref. [33].
In addition to singular terms, which are resummed by

Eq. (16), fixed-order computation also contributes non-
singular terms to the total cross section. We need to com-
bine the resummation result and the fixed-order result
together for the qT spectrum. Finally, in order to avoid
double counting, the RG improved predictions for the
transverse momentum of the gauge boson pair can be
written as [33]

d�NNLLþNLO

dqT
¼ d�NNLL

dqT

þ
�
d�NLO

dqT
� d�NNLL

dqT

�
expanded to NLO

:

(18)

III. NUMERICAL RESULTS

In this section, we present the numerical results for the
transverse-momentum resummation effects on gauge
boson pair productions at the LHC. Unless specified
otherwise, we choose SM input parameters as [42]

FIG. 1 (color online). Comparison of the leading singular (red) and the exact NLO (black) distributions in the small qT region.
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mW ¼ 80:4 GeV;

mZ ¼ 91:19 GeV;

�ðmZÞ ¼ 1=132:338:

(19)

We use the MSTW2008NNLO PDF set and the corre-
sponding running QCD coupling constant. The QCD
coupling constant has a flavor threshold at �b ¼
4:75 GeV for the b quark. The NLO QCD corrections in
Eq. (18) are calculated by Monte Carlo for FeMtobarn
processes (MCFM) [17]. The factorization scale is set as
�f ¼ q	 þ qT [33], and q	 is defined as q	 ¼
M exp ð�2�=ð�F

0�sðq	ÞÞ, which ensures that xT decouples

from q�1T and does not contribute in the long-distance
region when qT ! 0. In order to contain the �2 resumma-
tion effects to improve the perturbative convergence, we
choose �2

h ¼ �M2. At NLO, we consistently choose the

factorization scale and renormalization scale as M. The
large logarithmic terms between hard scale and factoriza-
tion scale are resumed by RG equations.

Due to the fact that the invariant mass has a minimum
value for M 
 mVl

þmVm

 160:8 GeV, the value of q	

has a lower limit as q	 
 2:2 GeV, and the expectation
values hq	i after the integration over invariant mass are
2.65 GeV for WþW�, 2.81 GeV for W�Z, and 2.74 GeV
for the ZZ process, respectively, which are larger than
those in the Drell-Yan process, where q	 ¼ 2:04 GeV.

A. Fixed-order results and nonperturbative effects

When resummation formula Eq. (16) is expanded to
Oð�sÞ in the limit qT ! 0, the leading singular predictions
should agree with the exact NLO results [33]. In Fig. 1, we
compare the leading singular results and exact NLO results
calculated by MCFM. It is shown that they are consistent
with each other.
When discussing operator-product expansion of the

transverse-position dependent PDFs Bq=N, a hadronic

form factor fhadrðxT�NPÞ is introduced [33]. The form
factor is used to ensure that transverse-position-dependent
PDFs vanish rapidly when the transverse distance xT is
larger than the proton size,

Bq=Nðz; x2T; �fÞ ¼ Bpert
q=Nðz; x2T; �fÞfhadrðxT�NPÞ: (20)

Here the form factor has the form

fhadrðxT�NPÞ ¼ exp ð�x2T�2
NPÞ: (21)

In Fig. 2, we present the nonperturbative effects on the
differential cross sections of gauge boson pair resumma-

tion at the LHC with
ffiffiffi
S
p ¼ 14 TeV. Obviously, Fig. 2

shows that the nonperturbative effects result in a tiny shift
on the qT spectrum. Since the effects are almost negligible,
we choose a medium value �NP ¼ 0:6 GeV in the follow-
ing numerical calculations without loss of generality. Once

FIG. 2. The nonperturbative effects on the differential cross sections of gauge boson pair production with
ffiffiffi
S
p ¼ 14 TeV,

respectively.
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there exist more precise experiment data, we can fit the
value of �NP by those data, and estimate the influence of
nonperturbative effects.

B. Resummation results

Fig. 3 shows the resummed qT distributions forWþW�,
ZZ, and W�Z productions at next-to-leading logarithmic

(NLL) andNNLLþ NLO accuracy at the LHC with
ffiffiffi
S
p ¼

8 and
ffiffiffi
S
p ¼ 14 TeV, respectively, which include the un-

certainties of the theoretical predictions by varying the
factorization scale�f by a factor of two around the default

choice. In these three cases of the gauge boson pair pro-

ductions, the peak heights of the qT spectrums for
ffiffiffi
S
p ¼

14 TeV are much larger than that for
ffiffiffi
S
p ¼ 8 TeV, and the

peak positions have a shift of about 0.5 GeV, respectively.
Besides it is shown that, compared with the NLL results,
the NNLLþ NLO predictions significantly reduce the
scale uncertainties, which make the theoretical predictions
more reliable.

We can also see that, since we consider the �2 resum-
mation effects, the plot displays a well convergence for
WþW� and ZZ production. For W�Z production, the
NNLL results are still much larger than the NLL predic-
tions in the peak region. The difference betweenW�Z and

others channels caused by the effects of the hard function
for W�Z production, the contributions of which are much
larger than those for WþW� and ZZ process Ref. [38].
In Fig. 3 the K factors, defined as �NNLLþNLO=�NLO, are

also shown. The fixed-order predictions are calculated by
MCFM and are invalid at small qT region. In these three

cases, at qT ¼ 50 GeV, the K factors are 1.7–1.8 for
ffiffiffi
S
p ¼

8 and 1.5–1.6 for
ffiffiffi
S
p ¼ 14 TeV, respectively. And in the

very large qT region, resummed results agree with MCFM
predictions. Note that, to our knowledge, the qT distribu-
tion of W�Z production at NNLLþ NLO accuracy was
not previously available in both SCET and CSS
frameworks.
In Fig. 4, we show the PDF uncertainties of the NNLL

order transverse-momentum distributions of the gauge

boson pair at 2� deviation for
ffiffiffi
S
p ¼ 14 TeV. The PDF

uncertainties are of order 5% at the low qT region and
decrease to 2.5% at the high qT region for all three
cases, respectively. We also show the PDF uncertainties
with CT10NNLO PDF sets in the same plots, and the
PDF uncertainties are a little larger than the cases
with MSTW2008NNLO PDF sets. The situations forffiffiffi
S
p ¼ 8 TeV are almost the same, and we do not discuss
them here.

FIG. 3 (color online). Up: the qT distributions with scale uncertainties for gauge boson pair productions at the LHC with
ffiffiffi
S
p ¼ 8 andffiffiffi

S
p ¼ 14 TeV, while the hard scale is �2

h ¼ �M2. Down: NNLLþ NLO results normalized to NLO.
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In Fig. 5, we compare our NNLLþ NLO results with
previous studies [34,35] in the CSS framework with

MRST2002NLO PDF set for
ffiffiffi
S
p ¼ 14 TeV. The peak

positions of the transverse-momentum spectrum for
WþW� and ZZ productions in our results and those in
CSS results are both at about 5 GeV. However, as shown in

Fig. 5, in the small qT region, the peak heights in our
results are a little lower than NLL predictions in CSS
framework, while in the large qT region, the spectrum in
our results are a little higher. But the approximate NNLL
predictions presented in Ref. [34] are more close to our
results in the small qT region.

FIG. 4 (color online). The PDF uncertainties of NNLL order resummed transverse momentum for gauge boson pair production,
where the bands represent 2� deviation.

FIG. 5 (color online). Comparison of NNLLþ NLO resummed qT distribution for WþW� and ZZ distributions in the SCET and
CSS frameworks at

ffiffiffi
S
p ¼ 14 TeV with MRST2002NLO PDF set.
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There are three possible reasons to explain the discrep-
ancy. First, the formalism of the transverse-momentum
resummation between the SCET and CSS frameworks has
been compared in Ref. [32], where it shows that the
lower-order anomalous dimensions are used in the NLL
predictions in the CSS framework, compared with the
NNLL predictions in the SCET framework. Therefore,
as shown in Fig. 5, the scale uncertainties of the former
(black bands) are larger than the latter (red bands).
Second, the power-counting methods in two schemes
are different. The third reason is probably due to the
fact that the choices of scales in the two schemes are
different. In the CSS framework, the renormalization and
the factorization scale are set to 2mW=Z, and the resum-

mation scale is the invariant mass of the gauge boson pair.
However in the SCET framework, there are only the
factorization scale and hard scale. The factorization scale
is chosen as q	 þ qT , as described in Sec. II, while the
hard scale is taken as the invariant mass of the gauge
boson pair.

In Fig. 6, we compare the resummed results for the
normalized differential cross section with the experimental
data measured by the CMS Collaboration [12] for ZZ

production at the LHC with
ffiffiffi
S
p ¼ 8 TeV. Obviously,

our NNLLþ NLO predictions are consistent with the ex-
perimental data within theoretical and experimental
uncertainties.

IV. CONCLUSION

We have studied the transverse-momentum resumma-
tion for WþW�, ZZ, and W�Z pair productions at the
NNLLþ NLO accuracy with SCET at the LHC.
Importantly, this is the first calculation of W�Z
transverse-momentum resummation at the NNLLþ NLO
accuracy. The nonperturbative effects are also included in

our calculations. In these three cases of the gauge boson
pair productions, our results show that the peak positions

are all around 5 GeV for
ffiffiffi
S
p ¼ 8 and

ffiffiffi
S
p ¼ 14 TeV,

respectively, which agree quite well with previous results
forWþW� and ZZ productions, and the PDF uncertainties
are less than 5% at the 2� level for the peak region. We
also find that our results agree well with experimental data
reported by the CMS Collaboration for the ZZ productions

at
ffiffiffi
S
p ¼ 8 TeV within theoretical and experimental

uncertainties.
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APPENDIX A: RESULTS FOR HARD FUNCTION

Here, we show the detailed results of H VlVm
ðM;�hÞ of

the gauge boson pair production. We define

H VlVm
ðM;�hÞ ¼ 1

2s

Z
HVlVm

ðs; t; u;�hÞ d3p3

ð2�Þ32E3

� d3p4

ð2�Þ32E4

ð2�Þ44ðq� p3 � p4Þ;

(A1)

and expand HVlVm
as

HVlVm
¼ Hð0ÞVlVm

þ �s

2�
Hð1ÞVlVm

: (A2)

The leading-order coefficient is

Hð0ÞVlVm
¼ jMB

VlVm
j2; (A3)

where jMB
VlVm
j2 is the color-averaged and spin-averaged

tree-level matrix element squared. Hð1ÞVlVm
can be divided

into two parts,

Hð1ÞVlVm
¼ �s

2�
ðHð1ÞVlVm;reg

þHð1Þ� Þ; (A4)

where Hð1Þ� has the same form for three cases:

Hð1Þ� ¼ CFH
ð0Þ
VlVm

�
�ln 2 M

2

�2
h

þ 3 ln
M2

�2
h

� �2

6

�
: (A5)

For simplicity, we define that all scalar one-loop integrals
should be understood as retaining the finite part, and

Cs
0 ¼ C0ð0; 0; s; 0; 0; 0Þ;

CV1;V2

0 ¼ C0ðm2
V1
; s; m2

V2
; 0; 0; 0Þ;

CV;t
0 ¼ C0ð0; m2

V; t; 0; 0; 0Þ;
DV1;V2

0 ¼ D0ð0; 0; m2
V1
; m2

V2
; s; t; 0; 0; 0; 0Þ:

(A6)

FIG. 6 (color online). Comparison of normalized qT distribu-
tion for ZZ productions between CMS experimental data and
resummation prediction at the LHC with

ffiffiffi
S
p ¼ 8 TeV.
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1. ZZ production

The leading-order (LO) coefficient is [15]

Hð0ÞZZ ¼
1

Nc

ððgLi;ZÞ4 þ ðgRi;ZÞ4Þ �
��ðmZÞ4ðt2 � 8tuþ u2Þ � 4tuðmZÞ2ðtþ uÞ þ tuðt2 þ u2Þ

t2u2

�
; (A7)

where gL;Ri;Z , i ¼ u, d is the coupling between the Z boson and quarks,

gLu;Z¼
e

sin�W cos�W

�
1

2
�2sin2�W

3

�
; gLd;Z¼

e

sin�W cos�W

�
�1

2
þ sin2�W

3

�
; gRu;Z¼�

2

3
tan�W; gRd;Z¼�

1

3
tan�W;

(A8)

where �W is the Weinberg angle. The functions at the Oð�sÞ are [15]
�s

2�
Hð1ÞZZ;reg ¼

1

12

�s

2�
CFððgLi;ZÞ4 þ ðgRi;ZÞ4Þ

�
A1ðt; uÞ þ A2ðt; uÞ ln

�
�m2

Z

t

�
þ A3ðt; uÞ ln

�
�m2

Z

s

�

þ A4ðt; uÞDZ;Z
0 þ A5ðt; uÞCZ;t

0 þ A6ðt; uÞCZ;Z
0 þ A7ðt; uÞCs

0 þ ðt, uÞ
�
; (A9)

where

A1ðt;uÞ¼ 2ðm2
Zþ tÞ2

stuð1� 4m2
Z

s Þ
þ 4s

uðt�m2
ZÞ
��36m

6
Zþ18m4

Zsþ t2ð28s�68m2
ZÞþ tð88m4

Z�36m2
Zsþ18s2Þþ16t3

st2u
; (A10)

A2ðt; uÞ ¼ � 6ðm4
Z þ s2Þ
stu

� 4m2
Zs

uðt�m2
ZÞ2
þ 12s

uðt�m2
ZÞ
þ 6m4

Zð2m2
Z � sÞ

st2u
þ 2ð4sþ tÞ

su
; (A11)

A3ðt;uÞ¼��12m
6
Zþ tð25m4

Zþ6s2Þþ6m4
Zsþ t2ð8s�18m2

ZÞþ5t3

st2u
þ�25m

4
Z�26m2

Ztþ3t2

stuð1� 4m2
Z

s Þ
�12m2

Zðm2
Zþ tÞ2

s2tuð1� 4m2
Z

s Þ2
; (A12)

A4ðt; uÞ ¼ �12m
4
Z þ 8m2

Zt� 2s2 � 2t2

u
þ 4m4

Zð2m2
Z � sÞ

tu
; (A13)

A5ðt; uÞ ¼ 8m6
Zð2m2

Z � sÞ
st2u

þ 4ð10m4
Z � 5m2

Ztþ s2 þ t2Þ
su

þ 4m2
Zð�10m4

Z þ 2m2
Zs� s2Þ

stu
; (A14)

A6ðt; uÞ ¼ �3m
6
Z þ 12m4

Zs� 4m2
Zs

2 þ t2ð2s� 3m2
ZÞ þ tð6m4

Z � 8m2
ZsÞ þ 2s3

stu
þ 12m4

Zðm2
Z þ tÞ2

s2tu
�
1� 4m2

Z

s

�
2

��27m
6
Z � 30m4

Ztþm2
Zt

2

stuð1� 4m2
Z

s Þ
; (A15)

A7ðt; uÞ ¼ 4

3

�ðs� 2m2
ZÞ2

stu
þ�4m

2
Z þ 4sþ t

su

�
: (A16)

2. W�Z production

The LO results can be expressed as [38]

Hð0Þ
W�Z ¼

1

6

�
1

2
ffiffiffi
2
p

sin�W

�
2ððgLd;ZÞ2Ið0Þdd ðs; t; uÞ þ 2gLd;Zg

L
u;ZI

ð0Þ
ud ðs; t; uÞ þ ðgLu;ZÞ2Ið0Þdd ðs; u; tÞ

þ 2gW;Zgd;ZðFð0Þd ðs; t; uÞ � Fð0Þd ðs; u; tÞÞ þ g2W;ZJ
ð0Þðs; t; uÞÞ; (A17)
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where

gW;Z ¼ �e
s�m2

W

cos�W
sin �W

; (A18)

and

Ið0Þdd ðs; t; uÞ ¼ 8

�
sðm2

W þm2
ZÞ

2m2
Wm

2
Z

þ 1

4

�
tu

m2
Wm

2
Z

� 1

��
þ 8

�
u

t
�m2

Wm
2
Z

t2

�
; (A19)

Ið0Þud ðs; t; uÞ ¼
8sðm2

W þm2
ZÞ

tu
� 8

�
sðm2

W þm2
ZÞ

2m2
Wm

2
Z

þ 1

4

�
tu

m2
Wm

2
Z

� 1

��
; (A20)

Fð0Þd ðs; t; uÞ ¼ �8s
0
@1
4

�
� 4m2

Wm
2
Z

st
�m2

W þm2
Z

s
þ 1

��
tu

m2
Wm

2
Z

� 1

�
þ
ðm2

W þm2
ZÞ
�
2m2

Wm2
Z

t �m2
W �m2

Z þ s
�

2m2
Wm

2
Z

1
A; (A21)

Jð0Þðs; t; uÞ ¼ 8s2
�
8m2

Wm
2
Z þ ðm2

W þm2
ZÞ2

4s2
�m2

W þm2
Z

2s
þ 1

4

��
tu

m2
Wm

2
Z

� 1

�
þ

8s2ðm2
W þm2

ZÞ
�ðm2

W�m2
ZÞ2

2s �m2
W �m2

Z þ s
2

�
m2

Wm
2
Z

:

(A22)

When considering virtual corrections, as in the tree-level case, we have [38]

�s

2�
Hð1Þ

W�Z;reg ¼
1

6

�s

2�
CF

�
1

2
ffiffiffi
2
p

sin �W

�
2ððgLd;ZÞ2Ið1Þdd ðs; t; uÞ þ gLd;Zg

L
u;ZI

ð1Þ
ud ðs; t; uÞ þ ðgLu;ZÞ2Ið1Þdd ðs; u; tÞ

þ gW;Zgd;ZðFð1Þd ðs; t; uÞ � Fð1Þd ðs; u; tÞÞ þ g2W;ZJ
ð1Þðs; t; uÞÞ; (A23)

where

Ið1Þdd ¼
2ð22t2 þ tð19s� 18�Þ þ 18m2

Wm
2
ZÞ

t2
� 8ðutþ 2s�Þ

m2
Wm

2
Z

� 2ðt� uÞ2
ts�2

þ
�
2ð8t2 þ 4tðs� 3�Þ þ 4�2 � 5s�þ s2Þ

ts�2
þ 4ðtð3uþ sÞ � 3m2

Wm
2
ZÞ

t2
þ 6ðtþ uÞðt� uÞ2

ts2�4

�
ln

�
� t

s

�

þ
�
8t2ð�2sþ �Þ þ 8tð�s2 þ 3s�� 2��Þ � 2ðs� �Þðs2 � 4s�þ 3��Þ

ts2�2
þ 16sðt�m2

ZÞ
tðuþ sÞ �m2

Wm
2
Z

� 6ðs� �Þðtþ uÞðt� uÞ2
ts3�4

þ 2ð4t2 þ tð10s� 3m2
Z � 9m2

WÞ þ 12m2
Wm

2
ZÞ

t2

�
ln

�
� t

m2
W

�

þ
�
� 4t2ð2�� 3sÞ � 4tðs��Þð2s� 3�Þ � 2ðs� 2�Þðs� �Þ2

ts�2

þ 4�t� 3s2 þ 4s�� 4ðm4
W þm4

ZÞ
t

� 3ðt2 � u2Þ2
ts2�4

�
CW;Z
0

þ
�
4ðutþ 2s�Þ
3m2

Wm
2
Z

� 4ðt� 2uÞ
3t

�
Cs
0 �

4sðtu� 2m2
Wm

2
ZÞDW;Z

0

t

þ ð8ðt�m2
WÞðut� 2m2

Wm
2
ZÞÞCW;t

0

t2
þ ðmW , mZÞ; (A24)
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Ið1Þud ¼
4s2ð2t� �Þ

uðm2
Wm

2
Z � tðsþ uÞÞ þ

8ð2s�þ tuÞ
m2

Wm
2
Z

þ 2ð�18s�þ tð9s� 4�Þ þ 4t2Þ
tu

þ
�
2ð�ðs��Þð3sþ 4�Þ � 4tðsþ 3�Þ þ 8t2Þ

�2su
þ 6ðtþ uÞðt� uÞ2

�4s2u
� 12sðt� �Þ

tu

�
ln

�
� t

s

�

þ
�

2

us2�2
ð4t2ð�2sþ �Þ þ 4tðs2 þ sðm2

Z þ 5m2
WÞ � 2��Þ þ ðs� �Þð3s2 þ 8sm2

W � 3��ÞÞ

� 8s2tðt�m2
ZÞð2t� �Þ

uðm2
Wm

2
Z � tðsþ uÞÞ2 þ

2tð2m2
W þm2

Z þ 18sÞ � 24s�

tu
þ 6ðs��Þðs� �Þðt� uÞ2

�4s3u

� 8sð�tð2m2
W þ 4m2

Z þ 3sÞ þ 2m2
Zðsþ �Þ þ 2t2Þ

uðm2
Wm

2
Z � tðsþ uÞÞ

�
ln

�
� t

m2
W

�

þ
�
� 2ððs��Þ2ðsþ 2�Þ þ 2t2ð2�� 3sÞ þ 6�tðs��ÞÞ

�2su
þ 3sð�s� 4�þ 4tÞ

u
� 3ðs� �Þ2ðt� uÞ2

�4s2u

�
CW;Z
0

þ 8s2ðt� �Þ
u

DW;Z
0 þ

�
4ð4sþ uÞ

3u
� 4ð2s�þ tuÞ

3m2
Wm

2
Z

�
Cs
0 �

16sðt�m2
WÞðt� �Þ
tu

CW;t
0

þ ðt, uÞ þ ðmW , mZÞ þ ðt, u;mW , mZÞ; (A25)

Fð1Þd ¼
4ð17ðm2

Wm
2
Z þ s�Þ þ tð11s� 13�Þ þ 17t2Þ

t
þ 16ðs� �Þð2s�þ tuÞ

m2
Wm

2
Z

þ 4s2ð2t� �Þ
tðsþ uÞ �m2

Wm
2
Z

þ
�
8ðt� uÞ

�2
� 4ð3ðm2

Wm
2
Z þ s�Þ � tðsþ 3�Þ þ 3t2Þ

t2

�
ln

�
� t

s

�

þ
�
8ð3ðm2

Wm
2
Z þ s�Þ � tð3m2

W þm2
Z þ 2sÞ þ t2Þ

t
þ 8sðtð3sþ 2�Þ � 2m2

Zðsþ�ÞÞ
tðsþ uÞ �m2

Wm
2
Z

þ 8s2tðt�m2
ZÞð2t� �Þ

ðtðsþ uÞ �m2
Wm

2
ZÞ2

� 8ðs��Þðt� uÞ
�2s

�
ln

�
� t

m2
W

�
þ 4ð�m4

W �m4
Z þ 4s�Þ þ 4tð�� 3sÞ þ 4ðs� �Þðt� uÞ

�2

� �
CW;Z
0

� 8ð2ðm2
Wm

2
Z þ s�Þ þ 2tð2s� �Þ þ 3t2Þ

3t
þ 8ðs� �Þð2s�þ tuÞ

3m2
Wm

2
Z

 !
Cs
0 þ 4ð2sðm2

Wm
2
Z þ s�Þ þ st2

� stðsþ�ÞÞDW;Z
0 � 8ðt�m2

WÞð2ðm2
Wm

2
Z þ s�Þ � tðsþ�Þ þ t2Þ

t
CW;t
0 þ ðmW , mZÞ; (A26)

Jð1Þ ¼
�
16� 8�2

3

��
m4

W �
ðs� �Þ2ð2s�þ tuÞ

m2
Wm

2
Z

þ 10m2
Wm

2
Z þm4

Z þ s2 þ 6s�þ 8tðs� �Þ þ 8t2
�
; (A27)

with

� ¼ m2
Z þm2

W; � ¼ m2
Z �m2

W; � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðmW þmZÞ2

s

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðmW �mZÞ2

s

s
: (A28)

3. WþW� production

The LO results are [13]

Hð0ÞWW ¼
1

12
ðcttqF0

qðs; tÞ þ cssq K
0
qðs; tÞ � ctsq J

0
qðs; tÞÞ: (A29)

The coefficients are

cttq ¼ �2�2

sin 2�W
; ctsq ðsÞ ¼ 4�2�2

sin 2�W

1

s

�
Qq þ s

s�m2
Z

1

sin 2�W
ðT3;q �Qqsin

2�WÞ
�
;

cssq ðsÞ ¼ 16�2�2

s2

��
Qq þ 1

2sin 2�W
ðT3;q � 2Qqsin

2�WÞ s

s�m2
Z

�
2 þ

�
T3;q

2sin 2�W

s

s�m2
Z

�
2
	
;

(A30)
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with T3;q ¼ � 1
2 . The functions occurring in the lowest-order amplitudes are

F0
uðs; tÞ ¼ F0

dðs; uÞ ¼ 16

�
ut

m4
W

� 1

��
1

4
þm4

W

t2

�
þ 16

s

m2
W

;

J0uðs; tÞ ¼ �J0dðs; uÞ ¼ 16

�
ut

m4
W

� 1

��
s

4
�m2

W

2
�m4

W

t

�
þ 16s

�
s

m2
W

� 2þ 2m2
W

t

�
;

K0
uðs; tÞ ¼ K0

dðs; uÞ ¼ 8

�
ut

m4
W

� 1

��
s2

4
� sm2

W þ 3m4
W

�
þ 8s2

�
s

m2
W

� 4

�
:

(A31)

The functions at the Oð�sÞ are [13]
�s

2�
Hð1ÞWW;reg ¼

1

24

�s

2�
CFðcttqF1

qðs; tÞ þ cssq K
1
qðs; tÞ � ctsq J

1
qðs; tÞÞ; (A32)

where

F1
uðs; tÞ ¼ 4ð80t2 þ 73st� 140m2

Wtþ 72m4
W

t2
� 4ð4tþ sÞ2

s�2t
� 128ðtþ 2sÞ

m2
W

þ 64ðtþ sÞ
m4

W

�
�
32ðt2 � 3st� 3m4

WÞ
t2

þ 128s

t�m2
W

�
ln

��t
m2

W

�
þ
�
8ð6t2 þ 8st� 19m2

Wtþ 12m4
WÞ

t2
� 32t2 � 128st� 26s2

s�2t
þ 6ð4tþ sÞ2

s�4t

�
ln

�
s

m2
W

�

þ 32s

�
2m4

W

t
� u

�
DW;W

0 � 64ðt�m2
WÞ
�
2m4

W

t2
� u

t

�
CW;t
0 þ

�
16tð4m2

W � uÞ � 49s2 þ 72m2
Ws� 48m4

W

2t

þ 2ð8t2 � 14st� 3s2Þ
�2t

� 3ð4tþ sÞ2
2�4t

�
CW;W
0 þ 32�2

3

�
2ðtþ 2sÞ

m2
W

� 3tþ 2s� 4m2
W

t
� tðtþ sÞ

m4
W

�
; (A33)

J1uðs; tÞ ¼ �128ðt2þ 2stþ 2s2Þ
m2

W

� 16ðt2� 21st� 26m2
Wtþ 34m2

Wsþ 17m4
WÞ

t
þ 64stðtþ sÞ

m4
W

þ 32s2

t�m2
W

þ
�
16ðt� 5sþ 2m2

WÞ �
48m2

Wð2sþm2
WÞ

t
þ 64sð2tþ sÞ

t�m2
W

� 32s2t

ðt�m2
WÞ2

�
ln

��t
m2

W

�

þ
�
16ð4tþ sÞ

�2
� 16ð3t� 2sÞ þ 48m2

Wð2t� 2s�m2
WÞ

t

�
ln

�
s

m2
W

�
þ 16sðtð2sþ uÞ � 2m2

Wð2sþm2
WÞÞDW;W

0

þ 32ðt�m2
WÞ
�
2m2

Wð2sþm2
WÞ

t
� 2s� u

�
CW;t
0 þ

�
32st� 12s2þ 32m4

W � 16m2
Wð2tþ 7sÞ � 4sð4tþ sÞ

�2

�
CW;W
0

þ 32�2

3

�
2ðt2þ 2stþ 2s2Þ

m2
W

� stðtþ sÞ
m4

W

� 2m2
Wð2t� 2s�m2

WÞ
t

� t� 4s

�
; (A34)

K1
uðs; tÞ ¼ 16

�
12t2 þ 20st� 24m2

Wtþ 17s2 � 4m2
Wsþ 12m4

W þ
s2tðtþ sÞ

m4
W

� 2sð2t2 þ 3stþ 2s2Þ
m2

W

	�
2� �2

3

�
; (A35)

with F1
dðs; tÞ ¼ F1

uðs; uÞ, J1dðs; tÞ ¼ �J2uðs; uÞ, and K1
dðs; tÞ ¼ K1

uðs; uÞ.
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