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Studying e�eþ ! W�Wþ at the one-loop electroweak order, we derive very accurate and simple

expressions for the four helicity conserving amplitudes which dominate this process at high energies. The

calculations are done in both the standard model and minimal supersymmetric standard model frame-

works. Such expressions, called supersimple, nicely emphasize the dynamical contents of each frame-

work. Numerical illustrations are presented, which show the accuracy of this description, and how it can

be used for identifying possible additional new physics contributions, like, e.g., anomalous gauge

couplings or a new Z0 vector boson exchange. The procedure is useful even if only the standard model

is visible at the future linear collider energies.
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I. INTRODUCTION

The process e�eþ ! W�Wþ has been studied theoreti-
cally and experimentally since a long time, as it provides
sensitive tests of the gauge structure of the electroweak
interactions [1–4] and checks the possible presence of
nonstandard new physics contributions. A detailed history
of the subject and a list of references may be seen in [4].

First, experimental studies of this process have been
done at LEP2 [5]. No signal of departures from the stan-
dard model (SM) has been found, but the accuracy is not
sufficient to eliminate the possibility of new physics effects
at a high scale.

LHC studies involving production of W pairs also exist;
but their detailed studies require a difficult event analysis
because of various sources of background [6].

Future high energy e�eþ colliders are therefore deeply
desired in order to provide fruitful information about this
subject [7,8].

From the theoretical side, the present situation of a
one-loop electroweak (EW) order analysis, aiming, e.g.,
at searching for any nonstandard effects, is quite complex.
This is already true at the SM level, and if one includes SM
extensions like, e.g., supersymmetry (SUSY), the sensitiv-
ity to any benchmark choice has to be considered.
Particularly for amplitudes involving longitudinal W’s,
the numerical situation is more difficult, because of the
huge cancellations taking place. In both the SM and
SUSY cases, very lengthy numerical codes are required
to describe the complete one-loop EW contribution; see,
e.g., [3,4].

The aim of the present paper is to call attention to the
fact that at high energies, the one-loop EW corrections to
the helicity amplitudes for e�eþ ! W�Wþ acquire very
simple forms in both the SM and minimal supersymmetric
standard model (MSSM) cases. To establish them we
have done a complete calculation of the one-loop

diagrams and then taken the high energy, fixed angle limit
using [9]. The soft photon bremsstrahlung can then be
added as usual [1–4].
Our procedure is the same as the one used previously for

other 2-to-2 processes, leading to the ‘‘supersimple’’ (sim)
one-loop EW expressions for the dominant high energy
helicity conserving (HC) amplitudes; the helicity violating
(HV) ones are quickly vanishing1 [10,11]. We find very
simple and quite accurate expressions for the high energy
HC amplitudes, in both the SM and MSSM frameworks,
which nicely show their relevant dynamical contents.
The use of this description, which clearly indicates the

relevant physical parameters, should very much simplify the
analysis of the experimental results. Particularly because its
accuracy turns out tobe sufficient for distinguishing one-loop
SM(orMSSM)effects, from, e.g., various types of additional
new physics contributions, like anomalous gauge couplings
(AGCs) or Z0 exchange; see, for example, [12].
The content of the paper is the following. In Sec. II we

present the various properties of the high energy e�eþ !
W�Wþ amplitudes, with special attention to their helicity
conservation (HCsn) property [13,14]. The explicit super-
simple expressions are discussed in the later part of Sec. II
and in Appendix A. In Sec. III we present the energy and
angular dependencies of the cross sections, for polarized
and unpolarized electron beams, in either the SMorMSSM.
And subsequently, we compare these SM or MSSM con-
tributions to those due to anomalous gauge couplings
(AGC) or Z0 effects; both given in Appendix B. We find
that the accuracy of the supersimple expressions is suffi-
cient for distinguishing these various types of contributions.
Thus, they may be used instead of the complete one-loop
results. The conclusions summarize these results.

1The notations HC and HV are fully defined in the next
section.
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II. SUPERSIMPLICITY IN e�eþ ! W�Wþ

The process studied to the one-loop EW order is

e�� ðlÞeþ�0 ðl0Þ ! W�
� ðpÞWþ

�0 ðp0Þ; (1)

where ð�; �0Þ denote the helicities of the incoming ðe�; eþÞ
states, and ð�;�0Þ the helicities of the outgoing ðW�; WþÞ.
The corresponding momenta are denoted as ðl; l0; p; p0Þ.
Kinematics are defined through

s ¼ ðlþ l0Þ2 ¼ ðpþ p0Þ2; t¼ ðl� pÞ2 ¼ ðl0 � p0Þ2;

pW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

4
�m2

W

r
; �W ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

W

s

s
; (2)

where pW , �W denote, respectively, the W� three-
momentum and velocity in the W�Wþ-rest frame.
Finally, the angle between the incoming e� momentum l
and the outgoing W� momentum p, in the center of mass
frame, is denoted as �.

Because of the smallness of the electron mass, non-
negligible amplitudes at high energies only appear for
� ¼ ��0 ¼ �1=2. The helicity amplitudes for this process
are therefore determined by three helicity indices and are
denoted as F�;�;�0 ð�Þ, where ðe�;W�Þ are treated as par-

ticles No. 1, and ðeþ; WþÞ as particles No. 2, in the
standard Jacob-Wick notation [15].

Assuming CP invariance, we obtain the constraint

F�;�;�0 ð�Þ ¼ F�;��0;��ð�Þ; (3)

which means that the process is described by just 12
independent helicity amplitudes.

At high energy, the HCns rule implies that only the
amplitudes satisfying

�þ �0 ¼ 0 ¼ �þ�0 (4)

can dominate [13,14]. These are the HC amplitudes, which
explicitly are

F��þ; F�þ�; F�00: (5)

The purely left-handed W couplings though forces the HC
amplitudes

Fþþ�; Fþ�þ; (6)

to vanish at the Born level and be very small at one-loop.
Thus, only four leading HC helicity amplitudes remain at
high energy, namely,

F��þ; F�þ�; F�00: (7)

The remaining amplitudes, which violate (4), are termed as
HVones. Explicitly these are

F�0þ; F���; F�þ0;

Fþ0þ; Fþ��; Fþþ0;
(8)

and are expected to be suppressed likemW=
ffiffiffi
s

p
orm2

W=s, at
high energy.

A. Born contribution to the helicity amplitudes

We next turn to the Born contribution to the HC and
HV amplitudes in (7) and (8), respectively. The relevant
diagrams involve neutrino exchange in the t channel and
photonþ Z exchange in the s channel. The resulting
amplitudes satisfy the HCns constraints [13,14]. In the
usual Jacob and Wick convention [15], their exact ex-
pressions are
Transverse-transverse (TT) amplitudes (�, �0 ¼ �1)
Using (2), we find

FBorn
���0 ¼ se2 sin �

16ts2W
��;�f�þ�0 þ �Wð1þ��0Þ

� 2�ð1þ�0 cos �Þg

þ se2

4

�
Qe

s
þ aeL��;� þ aeR��;þ

2s2Wðs�m2
ZÞ

�

� ð1þ��0Þð2�Þ�W sin�; (9)

with

Qe ¼ �1; aeL ¼ 1� 2s2W; aeR ¼ 2s2W; (10)

determining the electron charge, and the Z left and right
couplings. Because of the purely left-handed W coupling,
Eq. (9) leads to

FBorn
þ1

2;�;��
¼ 0; (11)

as already said just after (6). In addition, (9) leads at high
energy to

FBorn
��� ! 0; (12)

in agreement with HCns [13,14], and

FBorn
�1

2���
! � e2 sin�ð�� cos �Þ

4s2Wðcos �� 1Þ : (13)

This confirms that the first two HC Born amplitudes in (7)
go to constants asymptotically.
Transverse-longitudinal (TL) and longitudinal-

transverse (LT) amplitudes (� ¼ �1, �0 ¼ 0, � ¼ 0,
�0 ¼ �1)
Using again (2), we obtain

FBorn
��0 ¼

s
ffiffiffi
s

p
e2

8
ffiffiffi
2

p
mWts

2
W

��;�
�
ð�W � cos�Þð1��cos�Þ

� 2m2
W

s
ð�� cos�Þ

�
� s

ffiffiffi
s

p
e2

2
ffiffiffi
2

p
mW

�
Qe

s

þaeL��;�þaeR��;þ
2s2Wðs�m2

ZÞ
�
�Wð1þ 2��cos�Þ; (14)
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FBorn
�0�0 ¼ s

ffiffiffi
s

p
e2

8
ffiffiffi
2

p
mWts

2
W

��;�
�
ð�W � cos�Þð1þ�0 cos�Þ

� 2m2
W

s
ð�0 þ cos�Þ

�
� s

ffiffiffi
s

p
e2

2
ffiffiffi
2

p
mW

�
Qe

s

þaeL��;�þaeR��;þ
2s2Wðs�m2

ZÞ
�
�Wð1� 2��0 cos�Þ: (15)

The amplitudes in (14) and (15) are both HV, and at high
energies they are quickly suppressed like mW=

ffiffiffi
s

p
.

The longitudinal-longitudinal (LL) amplitudes (� ¼ 0,
�0 ¼ 0) are

FBorn
�00 ¼ se2 sin �

16ts2W
��;�

�
s

m2
W

ð�W � cos�Þ þ 2�W

�

þ ð2�Þs2e2
8m2

W

�
Qe

s
þ aeL��;� þ aeR��;þ

2s2Wðs�m2
ZÞ

�

� �Wð3� �2
WÞ sin �; (16)

where (2) have again been used. At high energy, keeping
terms to order m2

Z=s and m2
W=s, one gets

FBorn
�1

200
! � e2

8s2Wc
2
W

sin �; FBorn
þ1

200
! e2

4c2W
sin �; (17)

which, together with (13), confirm that all Born HC am-
plitudes in (7) go to constants asymptotically. On the
contrary, all six HV amplitudes listed in (8) vanish, in
this limit.

The Born level properties of the helicity amplitudes are
illustrated in Fig. 1. The two HC amplitudes listed in (6)
are not shown since they vanish when coefficients propor-
tional to the electron mass are neglected.

B. Helicity amplitudes to the one-loop EW order

The relevant contributions come from up and down
triangle diagrams in the t channel; initial and final triangle

diagrams in the s channel; direct, crossed, and twisted box
diagrams; specific triangles involving a 4-leg gauge boson
couplings; and finally neutrino, photon and Z self-energies.
Counterterms in the Born contributions, which help can-
celling the divergences induced by self-energy and triangle
diagrams, are also included, leading to the so-called on-
shell renormalization scheme [16].
Such types of computations have already been done;

see, for example, [3,4]. But our aim here is to look at the
specific properties of each of the helicity amplitudes, and
to derive simple high energy expressions for the HC ones.
For this reason we repeated the complete calculation of the
one-loop EW corrections and then computed their high
energy expressions that we call sim, using the expansion
of [9]. A special attention is paid to the virtual photon
exchange diagrams leading to infrared singularities (when
m� ! 0) which are then cancelled by the addition of the

soft photon bremsstrahlung contribution. The sim expres-
sions are given (in Appendix A) in the two possible
choices, arbitrary small m� value, or m� ¼ mZ which

can be considered as ‘‘small’’ at high energies. This second
choice, also used in previous studies [10,11], has the
advantage of leading to even simpler expressions as we
can see in Appendix A.
As already said and numerically shown below, the

HV amplitudes in (8) are negligible at high energies.
Only the four HC amplitudes appearing in (7) are
relevant there. Turning to them, we present in
Appendix A 1 the very simple sim expressions for the
TT amplitudes F��þ, F�þ�; while the corresponding
expressions for the LL amplitudes F�00, Fþ00 appear in
Appendix A 2. The results, (A8), (A9), (A13), and
(A14) give the SM predictions, while, (A10), (A11),
(A15), and (A16) give the MSSM ones, always corre-
sponding to the m� ¼ mZ choice. The corrections to be

done to them in order to obtain the general result for
any m�, appear in (A12) and (A17).

FIG. 1. Left panel: Born contributions to the six HV amplitudes listed in (8). Right panel: Born contributions to the the four HC
amplitudes listed in (7).
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For deriving these, we start from the complete one-loop
EW results in terms of Passarino-Veltman functions [17],
and then use their high energy expansions given in [9]. For
the TT amplitudes F��þ, F�þ�, the derivation is quite
straightforward.

For the two LL amplitudes F�00, Fþ00 though, the
derivation is very delicate, because of huge gauge can-
cellations among contributions exploding like2 s=m2

W .
Such cancellations also occur at the Born level, between
t- and s-channel terms. But at one-loop level, the situ-
ation is much more spectacular, because more diagrams
are involved. Technically, the derivation of the limiting
expressions can be facilitated by using the equivalence
theorem and looking at the Goldstone process e�eþ !
G�Gþ [19].

We next turn to the infrared divergencies implied by
the presence of m� in the e�eþ ! W�Wþ amplitudes. As

usual, these are canceled at the cross section level by
adding to the one-loop EW results for d�ðe�eþ !
W�WþÞ=d�, the Born-level cross section describing the
soft photon bremsstrahlung, given by

d�bremsðe�eþ ! W�Wþ�Þ
d�

¼ d�Bornðe�eþ ! W�WþÞ
d�

�bremsðm�;�EÞ; (18)

where �bremsðm�;�EÞ is given by3 Eq. (5.18) in [1], while

�E describes the highest energy of the emitted unobserv-
able soft photon, satisfying

m� � �E � ffiffiffi
s

p
: (19)

The only requirement for this cancellation to happen is
that m� is small; i.e., that terms proportional to a power

of m� (not inside a high energy logarithm) are always

negligible. Under these conditions, any m� dependence

cancels out in the sum d�ðe�eþ ! W�WþÞ=d� plus
d�brems=d�.

But, at the high energies of
ffiffiffi
s

p � mZ we are interested
in, the Zmass is also small, since any suchmZ coefficient is
necessarily suppressed by an energy denominator. In other
words, since the infrared m� effects cancel out in the cross

section including the bremsstrahlung (18) contribution,
they will also cancel in the special case m� ¼ mZ. As

already said, we made this choice because it leads to the
simplest expressions. The illustrations given below corre-
spond to it.

In order to obtain the (infrared sensitive) unpolarized
cross section d�ðe�eþ ! W�WþÞ=d� from the

experimental data, one has obviously to subtract the
bremsstrahlung contribution. Consequently, the differ-
ence between the values of this cross section regularized
at an arbitrary m� or at m� ¼ mZ, for the same �E, is

given by

d�ðe�eþ !W�WþÞ
d�

��������m�

�d�ðe�eþ !W�WþÞ
d�

��������m�!mZ

¼ d�Born

d�

�

	

�
ln
mZ

m�

��
4� 2 ln

s

m2
e

þ 4 ln
m2

W � u

m2
W � t

þ 2
s� 2m2

W

s�W

ln
1��W

1þ�W

�
; (20)

see our Eqs. (2) and (18) and Eq. (5.18) of [1]. If one
wants to keep the usual choice of an arbitrary small m�

in the bremsstrahlung cross section, one would have to
use our extended sim expressions given in (A12) and
(A17) of Appendix A.
Turning now to the numerical illustrations, we first

check that all HVamplitudes quickly vanish at high energy,
in both MSSM and SM [13,14]. For the MSSM case, we
use benchmark S1 of [20], where the EW scale values of all
squark masses are at the 2 TeV level, At ¼ 2:3 TeV, the
slepton masses are at 0.5 TeV, and the remaining mass
parameters (in TeV) are

� ¼ 0:4; M1 ¼ 0:25; M2 ¼ 0:5; M3 ¼ 2;

(21)

while tan� ¼ 20. Such a benchmark is consistent with
present LHC constraints [20]. All MSSM results shown
in this paper are using this benchmark. Similar results
are also obtained for other LHC-consistent MSSM
benchmarks, like those listed, e.g., in the Snowmass
suggestion [21] or the very encouraging cMSSM ones
given in [22].
Comparing the SM and MSSM results in Fig. 2, we see

that for all HV amplitudes, the purely supersymmetric
contribution mostly cancel the (already suppressed) pure
SM ones; this is more spectacular for energies above the
SUSY scale. Thus, Fig. 2 indeed shows that the six HV
amplitudes listed in (8), are quickly suppressed in the
MSSM, as well as in the SM.
We next turn to the high energy description of the four

leading (HC) amplitudes listed in (7). As it is shown in
Fig. 3, the sim approximations to them follow very closely
the complete expressions for the one-loop electroweakly
corrected amplitudes in both SM and MSSM. For the TT
amplitudes F��þ, F�þ�, this appears in the upper panels
of Fig. 3, for the SM and the MSSM benchmark mentioned
above. The corresponding numerical illustrations for the
LL HC amplitudes are shown in the lower panels. These
results indicate that all four one-loop predictions, i.e., the
complete SM and MSSM results, as well their sim SM and
sim MSSM approximations, are very close to each other at

2Particularly for neutralinos, this demands a very accurate deter-
mination of their mixing matrices, like the one supplied, e.g.,
by [18].

3Parameter � in [1] corresponds to our m�.
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high energies. Moreover, a comparison of Figs. 2 and 3
immediately shows that soon above 0.5 TeV the HC am-
plitudes in (7) are much larger than all other ones.

There are two main conclusions we draw from this, for
energies up to a TeV or so: The first is that the process

e�eþ ! W�Wþ is rather insensitive to MSSM contribu-
tions for benchmarks consistent with the present SUSY
constraints [20–22]. And the second conclusion is that,
(A8), (A9), (A13), and (A14) provide a true description
of the sources of the relevant dynamics.

FIG. 2. The real parts of the six HV amplitudes listed in (8), at one-loop EW order in the SM and MSSM, using the m� ¼ mZ

regularization. The new physics contributions from AGC1, AGC2, or a new Z0 (see text) are also shown. The horizontal solid lines
indicate how these HV amplitudes compare to a vanishing asymptotic value expected in the MSSM. The imaginary parts of the
amplitudes are much smaller since they receive no Born contribution.
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III. APPLICATION TO THE
e�eþ ! W�Wþ OBSERVABLES

The observables we study here are the unpolarized
differential cross sections

d�

d cos �
¼ �W

128	s
����0 jF���0 ð�Þj2; (22)

as well as the polarized differential cross sections using
right-handedly polarized electron beams e�R ,

d�R

d cos �
¼ �W

64	s
���0 jFþ1

2;��0 ð�Þj2; (23)

where (2) is used.
These cross sections are shown in Fig. 4, where the

complete one-loop EW order SM results are compared to
the corresponding sim ones. The later are constructed by
using the expressions of Appendix A for the HC ampli-
tudes, while the HV amplitudes are approximated by the

quickly vanishing Born contributions4 in (9), (14), and (15).
As shown in Fig. 4, the sim results very closely follow the
SM ones.
In addition, we show in the same figure how the com-

plete one-loop SM results are changed when an anomalous
contribution is added like, e.g., AGC1 or AGC2, respec-
tively, defined by (B5) or (B6) and (B7) of Appendix B 1;
or a Z0 effect defined in Appendix B 2.
The left panels in Fig. 4 present results for the unpolar-

ized e�eþ cross sections; while the right panels show
results for the e�R eþ cross sections involving a right-
handedly polarized electron.
The upper panels present the energy dependencies at

� ¼ 30o; while the middle (lower) panels indicate the
angular dependencies at

ffiffiffi
s

p ¼ 1 TeV (
ffiffiffi
s

p ¼ 5 TeV).

FIG. 3. The real parts of the complete one-loop EW results for the four HC amplitudes listed in (7), and their sim approximations, in
the SM and the MSSM benchmark described in the text. Upper (lower) panels describe the TT (LL) amplitudes, respectively. The
imaginary parts of the amplitudes are much smaller since they receive no Born contribution.

4If instead we had completely ignored the HV amplitudes in
the sim cross sections, then appreciable differences would only
appear for energies below 1 TeV, particularly for the e�R cross
sections.
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In all cases, the sim description is very good. No MSSM
or sim MSSM illustrations are given since they are very
close to the corresponding SM ones: at the 1%–2% level,
for benchmarks consistent with the current LHC con-
straints [20–22].

In other words, at the scale of Fig. 4, the SM and MSSM
results for [20] would coincide. Such a weakness of the

pure supersymmetric contributions, has been already
noticed in previous analyses [3]. Because of the differ-
ent mass scales of the supersymmetric partners, at a
given energy, the absolute magnitudes of the SUSY
one-loop effects may differ notably. But relative to the
SM contributions (Bornþ one� loop), they always re-
main very small.

FIG. 4. Differential cross sections for unpolarized e�eþ (left panels), and right-electron polarized e�R eþ (right panels), in the SM,
sim SM, and some new physics models (see text). Upper panels show the energy dependencies at � ¼ 30o. Middle (lower) panels give
the angular dependencies at

ffiffiffi
s

p ¼ 1 TeV (
ffiffiffi
s

p ¼ 5 TeV).
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Concerning the relevant dynamics for the unpolarized
e�eþ cross sections, we note that at forward angles they
are dominated by the left-handed-e� TT amplitudes.

For specific experimental studies of the LL amplitudes,
one can either make a final polarization analysis of theW�
decays, or use a right-handedly polarized e� beam so that
the usual TT amplitudes do not contribute. In the right
panels in Fig. 4, we show the energy and angular depen-
dencies of these e�R eþ cross sections.

These LL studies are probably the best place to search
for anomalous contributions, like those from the AGC
effects presented in Sec. B 1. As seen in (B1)–(B4), such
AGC contributions do not appear in the HC TTamplitudes;
but, they do appear in the HC LL amplitudes, as well as
in all the HVones (TT, TL, and LT). This is a remarkable
property that should be checked by a careful analysis of
experimental signals.

The most simple-minded implication of AGC physics is
presented by the AGC1 model in Figs. 2, 4, and 5, where
the parameters in Appendix B 1 are fixed as in (B5). In this

case, the anomalous contributions to the LL amplitudes
increase like s=m2

W , causing a strong increase of the cross

sections with the energy.
Such a strong increase may be tamed though, by the

existence of scales M in the various anomalous couplings,
which transforms them to form factors decreasing like
M2=ðsþM2Þ.
Another way of taming the above strong AGC increase

is by the addition of new exchanges in the t channel,
such that one gets cancellations between s- and
t-channel contributions, like in the Born SM case. A
purely ad hoc phenomenological solution of this kind
is given by AGC2, presented in Appendix B 1, and
determined by (B6) and (B7). In the effective
Lagrangian framework many such possibilities exist;
see, e.g., [23].
The AGC1 and AGC2 results in Figs. 2, 4, and 5, show

various amplitudes and cross sections where such anoma-
lous behaviors may be seen and compared to the SM and
MSSM results.

FIG. 5. The complete one-loop EW contributions to the real parts of the four HC amplitudes listed in (7), and their sim
approximations, in the MSSM benchmark described in the text; (as shown in Fig. 3, the SM and MSSM results are very close to
each other). The new physics AGC1, AGC2, and Z0 results are also presented. Upper (lower) panels describe the TT (LL) amplitudes,
respectively. Imaginary parts of the amplitudes are much smaller and they are not shown.
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Present experimental constraints on fixed AGC cou-
plings, from LEP2 [5] are of the order of �0:04. From
LHC [6], they are of the order of�0:1; compare with (B5)
and (B7). These values are much larger than the uncertain-
ties of our description.

Another type of anomalous contribution is a Z0 exchange
in the s channel; see [12] and Appendix B 2. Here also one
can impose a good high energy behavior to the LL and LT
amplitudes. A simple solution is a Z-Z0 mixing such that the
total s-channel contribution at high energy cancels the stan-
dard t-channel exchange at the Born level. Figures 2, 4, and 5
show the behaviors of the various amplitudes and cross
sections under the presence of such Z0 contributions and
compare them to the corresponding SM and MSSM ones.

From the above illustrations one sees that our super-
simple expressions are sufficiently accurate to distinguish
one-loop SM orMSSM corrections from such new physics.
But these are examples. More elaborated analyses could
of course be done, for example, in the spirit of [12], still
remaining in a sensitivity region where supersimple ex-
pressions sufficiently describe SM physics. The existence
of this possibility constitutes an important motivation for
supersimplicity.

IV. CONCLUSIONS

In this paper we have analyzed the high energy behavior
of the one-loop EW corrections to the e�eþ ! W�Wþ
helicity amplitudes. And we have verified that soon above
threshold, the four helicity conserving amplitudes in (7) are
much larger than all other ones, in both the SM andMSSM.

We have then established the so-called sim expressions
for the HC amplitudes in (7), both in the SM and in MSSM.
These expressions (explicitly written in Appendix A) are
really simple and provide a panoramic view of the dynam-
ics, i.e., of the fermion, gauge, and Higgs exchanges, and
(in the supersymmetric part) of the sfermion, additional
Higgses, charginos, and neutralinos exchanges.

Moreover, the accuracy of these sim expressions is
sufficient to allow their use in order to search for possible
new physics contributing, in addition, to the SM or MSSM.
In other words, sim expressions may be used to avoid the
enormous codes needed when using the complete one-loop
expressions. Thus, analyses done by only using Born terms
can be easily upgraded to the one-loop EW order.

In previouswork [10,11], we have emphasized the peculiar
simplicity arising in the MSSM case. However in the process
e�eþ ! W�Wþ, the purely supersymmetric contributions
are rather small. So even in the purely SM case, we get simple
accurate expressions that are valid at LHC energies.

At present there is no signal of supersymmetry at LHC.
The discovery of the Higgs boson at 125 GeV is never-
theless a source of questions about the possibility of
various kinds of new physics effects [24]. The process
e�eþ ! W�Wþ is a typical place where such effects can
be looked for. For our illustrations, we have taken the cases

of AGC or Z0 contributions, which have been often dis-
cussed. Other possibilities may of course be tried [12].
Our supersimple expressions are intended to help differ-

entiating such new physics effects from standard or super-
symmetric corrections, in a way which is as simple as
possible, while at the same time allowing us to directly
see the responsible dynamics.

APPENDIX A: SUPERSIMPLE EXPRESSIONS
FOR THE FOUR HC AMPLITUDES

The purpose of this appendix is to present the sim
expressions for the four leading HC amplitudes listed
in (7). The procedure is valid for of any 2-to-2 process at
one-loop EW order, in either MSSM or SM, provided the
Born contribution is non-negligible. And it is based on the
fact that the HC amplitudes, are the only relevant ones at
high energy [13,14].
To derive these sim expressions, we start from a com-

plete one-loop EWorder calculation, and then take the high
energy limit using [9]. As in the analogous cases studied in
[10,11], these expressions constitute a very good high
energy approximation, to the HC amplitudes, renormalized
on shell [16].
Apart from possible additive constants, these sim ex-

pressions consist of linear combinations of just four forms
[10,11]. For e�eþ ! W�Wþ, the structure of these forms
simplifies as

ln 2xVi ¼ ln 2xV þ 4LaVi; xV �
��x� i


m2
V

�
; (A1)

lnxij¼ lnxijþbij0 ðm2
aÞ�2; lnxij� ln

�x� i


mimj

; (A2)

ln 2rxy ¼ ln 2rxy þ 	2; rxy � �x� i


�y� i

; (A3)

ln rxy; (A4)

where ðx; yÞ denotes any two of the Mandelstam variables
ðs; t; uÞ.
The indices ði; j; VÞ in the first two forms, (A1) and (A2),

called Sudakov augmented forms [10], denote internally
exchanged particles in the various one-loop diagrams,
while V always refers to a gauge exchange. The index
‘‘a’’ always refers to a particle such that the tree-level
vertices aVi or aij are nonvanishing. This particle a, could
either be an external particle (i.e., e� orW� for the process
studied here), or a particle contributing at tree level through
an exchange in the s, t, or u channels (i.e., �e, or

5 �, Z in
our case). Using these, the energy-independent expressions
in (A1) and (A2) may be written as [9–11]

5As always, for an internal photon we use a mass m�, in order
to regularize possible infrared singularities.

SUPERSIMPLE ANALYSIS OF . . . PHYSICAL REVIEW D 88, 113003 (2013)

113003-9



LaVi ¼ Li2

0
@ 2m2

a þ i


m2
V �m2

i þm2
a þ i
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

a þ i
;m2
V;m

2
i Þ

q
1
Aþ Li2

0
@ 2m2

a þ i


m2
V �m2

i þm2
a þ i
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

a þ i
;m2
V;m

2
i Þ

q
1
A;

(A5)

bij0 ðm2
aÞ � b0ðm2

a;mi;mjÞ ¼ 2þ 1

m2
a

�
ðm2

j �m2
i Þ ln

mi

mj

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

a þ i
;m2
i ; m

2
j Þ

q
ArcCosh

�m2
i þm2

j �m2
a � i


2mimj

��
; (A6)

where

�ða; b; cÞ ¼ a2 þ b2 þ c2 � 2ab� 2ac� 2bc: (A7)

The other two forms, (A3) and (A4) are solely induced
by box contributions to the asymptotic amplitudes [9]. The
forms (A4), in particular, have no dependence on mass
scales and never arise from differences of the augmented
Sudakov linear-log contributions, of the type (A2).

As already said, apart from possible additive constants,
the sim expressions consist of linear combinations of the
four forms (A1)–(A4). The coefficients of these forms may
involve ratios of Mandelstam variables, as well as con-
stants. Particularly for the Sudakov augmented forms, (A1)
and (A2), though, their coefficients should be such that,
when differences in the scales of masses and Mandelstam
variables are disregarded then, the complete coefficients in
the implied, e.g., ln s and ln 2s terms become the constants
given by general rules [25–28].

Generally, these supersimple HC helicity amplitudes
differ from the on-shell renormalized ones [16] by small
additive constant terms in both the MSSM and SM cases.
We have checked numerically that for the process studied
here, these are indeed negligible.
In the next two subsections we give the supersimple

expressions for the e�eþ ! W�
T W

þ
T and e�eþ ! W�

L W
þ
L

HC amplitudes, respectively. In these, we first give the
results for the case where infrared singularities are regular-
ized by usingm� ¼ mZ [10,11] and subsequently quote the

corrections for the m� � mZ case. In each case we give

separately the SM and the MSSM predictions.

1. The e�eþ ! W�
T W

þ
T HC amplitudes

There are two such HC amplitudes listed in the left part
of (7), namely, F�1

2�þ and F�1
2þ�. In the m� ¼ mZ case,

using the Born results in (13), the asymptotic sim SM
expressions are

F�1
2�þ ¼ FBorn

�1
2�þ

�
�

16	s2W

��
ln tZe

�
3þ 2c2W

c2W
� 4t

s
þ 4s

u

�
þ ln tW�

��1þ 10c2W
c2W

� 8t

s

�
þ ln tZ�

c2W
þ 2ln tWe þ ln uZe

�
4t

u
� 4t

s

�

þ 8t

s
ðln sW� þ ln sZeÞ � 4lnuW� � 3ln 2tZe � ln 2tZW � 3ln 2tW� � ln 2tWZ � 1

c2W
ðln 2sZe þ 4c2W ln

2sZWÞ

� 2ln 2sWZ þ 2ln 2uZe þ 2ln 2uZW � 2t

u
ðln 2sW� þ ln 2sWZ � ln 2tW� � ln 2tWZÞ

þ ln 2rts

�
2u3 þ 2t3 þ 6ut2 þ 2tu2Þ

2u3c2W
þ 6u3 � 6t3Þ

u3

�
þ 4s

u
ln 2rut þ 4ðt� uÞ

u
ln 2rus

þ
�
tð2tþ 5uÞ

u2c2W
þ tð12t2 þ 6u2 þ 6tuÞ

su2

�
ln rts þ tð16uþ 12tÞ

su
ln rus �

�
8t

u
þ 4

�
ln rtu þ tð1� 6c2WÞ

uc2W

�
; (A8)

F�1
2þ� ¼ FBorn

�1
2þ�

�
�

16	s2W

��
ln tZe

�
3þ 2c2W

c2W
� 4t

s
þ 4s

u

�
þ ln tW�

��1þ 10c2W
c2W

� 8t

s

�
þ 1

c2W
ln tZ� þ 2ln tWe

þ lnuZe

�
4t

u
� 4t

s

�
þ 8t

s
ðln sW� þ ln sZeÞ � 4lnuW� � 3ln 2tZe � ln 2tZW � 3ln 2tW� � ln 2tWZ

� 1

c2W
ðln 2sZe þ 4c2W ln

2sZWÞ � 2ln 2sWZ þ 2ln 2uZe þ 2ln 2uZW � 2t

u
ðln 2sW� þ ln 2sWZ � ln 2tW� � ln 2tWZÞ

þ ln 2rts

�
u� t

uc2W
þ 6ðu� tÞ

u

�
þ 4s

u
ln 2rut þ

�
4t2 þ 2utþ 6u2

ut
Þln 2rus þ

��3

c2W
þ 18u2 þ 30ut

su

�
ln rts

þ
�
4t

u
þ 8

�
ln rtu þ

�
4t

s
þ 12

�
ln rus � 1� 6c2W

c2W

�
; (A9)
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while the sim MSSM results, always assuming CP conservation, are

F�1
2�þ¼FBorn

�1
2�þ

�
�

16	s2W

��
1

c2W
ð3lntZe� lntW�þ lntZ�Þ�2lntZeþ6lntW�þ2lntWe�3ln2tZe� ln2tZW�3ln2tW�

� ln2tWZ� 1

c2W
ðln2sZeþ4c2W ln

2sZWÞ�2ln2sWZþ2ln2uZeþ2ln2uZW�2t

u
ðln2sW�þ ln2sWZ� ln2tW�� ln2tWZÞ

þ4s

u
lnrtu�12t2

su
lnrtsþ

�
4t

s
�8t

u

�
lnrusþ 2t

uc2W
lnrts� 1

c2W

�X
j

jZN
1jsWþZN

2jcW j2lnt�0
j ~eL

þ2c2W
X
j

jZþ
1jj2lnt�þ

j ~�

�

þ ln2rts

�
t2þu2

u2c2W
þ6t2þ6u2Þ

u2

�
þ4s

u
ln2rutþ4ðt�uÞ

u
ln2rus

�
; (A10)

F�1
2þ�¼FBorn

�1
2þ�

�
�

16	s2W

��
1

c2W
½3lntZe� lntW�þ lntZ�	�2lntZeþ6lntW�þ2lntWe�3ln2tZe� ln2tZW�3ln2tW�

� ln2tWZ� 1

c2W
ðln2sZeþ4c2W ln

2sZWÞ�2ln2sWZþ2ln2uZeþ2ln2uZW�2t

u
ðln2sW�þ ln2sWZ� ln2tW�� ln2tWZÞ

þ12ðt�sÞ
s

lnrtsþ
�
4t

s
þ8

�
lnrus�

�
2

c2W

�
lnrts�4s

u
lnrtu� 1

c2W

�X
j

jZN
1jsWþZN

2jcW j2lnt�0
j
~eL

þ2c2W
X
j

jZþ
1jj2lnt�þ

j ~�

�
þ ln2rts

�
u� t

uc2W
þ6ðu� tÞ

u

�
þ4s

u
ln2rutþ4ðt2þu2Þ

ut
ln2rus

�
; (A11)

where the indices ði; jÞ in, (A10), (A11), (A15), and (A16) below, refer to chargino and neutralino contributions, defined as
in [29].

Note the constant terms at the end of the rhs of the SM results, (A8) and (A9). No such constants appear in the
corresponding MSSM amplitudes, (A10) and (A11).

In the m� � mZ case, the correction to be added to (A8)–(A11), is given by

�F�1
2�� ¼ FBorn

�1
2��

�
�

16	s2W

���
�2s2Wðln 2t�e þ ln 2t�WÞ þ 16s2W

t

s
ln s�e þ 2s2W½�2ln 2s�e þ 8ln t�e	

� 2s2W½2ln 2s�W þ ln 2tW�	 þ 2s2W½�2ln 2sW� � ln 2t�e � ln 2t�W þ 4

�
1� t

s

�
ln t�e

�

þ 2s2W

�
�2

t

u
ln 2sW� � t

u
ðln 2u�e þ ln 2u�WÞ þ 4

�
t

u
� t

s

�
lnu�e

�
� 2s2W

�
s� u

u

�
ln 2u�e þ ln 2u�W

�

þ s� t

u
ln 2tW� þ 4

�
2þ t

u

�
ln t�e

��
� fm� ! mZg

�
; (A12)

where (13) is again used.

2. The e�eþ ! W�
LW

þ
L HC amplitudes

In the m� ¼ mZ case, using the asymptotic Born LL amplitudes (17), the high energy sim SM results are written as

Fþ1
200

¼ FBorn
þ1

200

��
�

4	

��
1

c2W
½�ln 2sZe þ 3ln sZe � 1	 þ 1

4s2Wc
2
W

½�ln 2sZW þ 4ln sZW	

þ 1

2s2W

�
� 1

2
ðln 2sWZ þ ln 2sWHSM

Þ þ 2ln sWZ þ 2ln sWHSM

�
� 3ðm2

t þm2
bÞ

2s2Wm
2
W

ln stb

� 1

4c2W

�
4ðln 2tZW � ln 2uZWÞ þ 2ðu� tÞ

u
ln 2rts � 2ðt� uÞ

t
ln 2rus

��
þ�seSM

�
þ 1

2
; 0; 0

��
; (A13)
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F�1
200

¼FBorn
�1

200

��
�

4	

��
1

4s2Wc
2
W

½�ln 2sZeþ 3lnsZe� 1	� ð1� 2s2WÞ
2s2W

½�ln 2sW�þ 3lnsW�� 1	þ 2c2W
s2W

�
1

2
lnsW�

þ 1

2
þ 2lnsWW
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þ 1

4s2Wc
2
W
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�
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2
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	� 3ðm2
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2s2Wm
2
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4ln2tW�þ 2ln2tWZþ 2ln2tWHSM

� 4
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1� t

u

�
ln 2rts

�

� 1

8c2Ws
2
W

�
4ðln 2tZW � ln 2uZWÞþ 2ðu� tÞ
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ln 2rts� 2ðt�uÞ
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ln 2rus
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þ�seSM

�
�1

2
;0;0

��
; (A14)

while the sim MSSM results are

Fþ1
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¼ FBorn
þ1
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; (A15)
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In the m� � mZ case, the correction to be added to (A13)–(A16) is given by

�F�1
200

¼ FBorn
�1

200

�
�

4	

�
½f�ln 2s�e þ 3ln s�e � ln 2s�W þ 4ln s�W � 2ln 2t�W þ 2ln 2u�Wg � fm� ! mZg	; (A17)

where (17) is again used.
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The �se contributions in either (A13) and (A14) or (A15) and (A16), respectively, appearing in SM and MSSM, come
from the photon and Z self-energy contributions together with their renormalization counterterms. Their explicit
expressions are

�se

�
� 1

2
; 0; 0

�
¼ �4s2Wc

2
W

s

�
�̂��ðsÞ þ 1� 2s2W

sWcW
�̂Z�ðsÞ þ ð1� 2s2WÞ2

4s2Wc
2
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�̂ZZðsÞ
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þ CP; (A18)

�se
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þ 1

2
; 0; 0
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¼ �2c2W

s

�
�̂��ðsÞ þ 1� 4s2W

2sWcW
�̂Z�ðsÞ � ð1� 2s2WÞ

2c2W
�̂ZZðsÞ

�
; (A19)

where the renormalized gauge self-energies �̂ can be found in [11], together with their supersimple approximations. The
last term in (A18), given by

CP ¼ ��c2W
	s2W

ln sWW; (A20)

comes from the pinch part that had been previously removed from the left and right triangular contributions, and is here
restored [30,31].

Note that no such �se contributions exist for the transverse amplitudes in (A8)–(A11).
As it should, the high energy ln and ln-squared parts of all expressions (A8)–(A11), agree with the usual Sudakov rules

and the renormalization group results

ARG ¼ � ln

4	2

�
g4�

dABorn
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þ g�4�0 dA
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�
; �SM ¼ 43

24
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6
;

Nf ¼ 3; �0SM ¼ � 1

24
� 5Nf

9
; �0SUSY ¼ � 5

24
� 5Nf

18
; (A21)

discussed in [25–28].

APPENDIX B: AGC AND Z0 AMPLITUDES

1. The AGC amplitudes

As an AGC model induced by the s-channel � and Z exchanges with five anomalous couplings �Z, x�;Z, y�;Z, we

consider the one presented in [32] and Table Vof [12]. In terms of these couplings and the SM ones in (10), the induced
AGC contributions to the TT, TL, LT, and LL amplitudes, to lowest order, are6

FAGC
���ð�Þ ¼

ð2�Þse2
8
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FAGC
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FAHC
�00 ð�Þ ¼ ð2�Þs2e2
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s2Wðs�m2
ZÞ

�
1þ s

2m2
W

�
�

�
x�
s
� xZ

aeL��;� þ aeR��;þ
2s2Wðs�m2

ZÞ
�

s

m2
W

�
: (B4)

6Compare with (9) and (14)–(16).
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Note that �Z contributes to all amplitudes, except the two
TT HC ones [because of the vanishing of the overall
coefficient ð1þ��0Þ in (B1) in such a case]; x�;Z contrib-
ute to all TL, LT, and LL amplitudes, while y�;Z contribute
only to the HV TT, TL, and LT amplitudes.

In the figures, and under the name AGC1, we present
illustrations for the purely arbitrary choice

AGC1 ) �Z ¼ x� ¼ xZ ¼ 0:003; y� ¼ yZ ¼ 0:

(B5)

For AGC1, the HV TT anomalous amplitudes behave like
constants at high energy; the HC LL ones explode like
s=m2

W , while the LT ones increase like
ffiffiffi
s

p
=m2

W .
In the figures we also present results for an alternative

AGC2 model in which the s=m2
W behavior of the HC LL

anomalous amplitudes is canceled by a t-channel contri-
bution, much like it is done in the Born SM case. So we
construct an ad hocmodel with an anomalous contribution
in the t channel which would lead to a similar cancellation.
A simple phenomenological solution is obtained by keep-
ing only x� and xZ (called now x0� and x0Z) in (B1)–(B4),

and adding t-channel contributions induced by left- and
right-handed We� couplings obtained from the initial SM

one gL ¼ e=ð ffiffiffi
2

p
sWÞ, through

g2L ) g2L

�
1þ 2s2W

�
x0� � 2s2W � 1

2sWcW
x0Z
��

;

g2R ) g2Lð2s2WÞ
�
x0� � sW

cW
x0Z
�
:

(B6)

This does not necessarily represent true anomalous We�
couplings; it just represents the new contribution necessary
at high energy. For example, it may come from additional
neutral fermion exchanges or from any sort of effective

interaction. In the illustrations under the AGC2 name,
we use

AGC2 ) x0� ¼ x0Z ¼ 0:03; (B7)

these values are larger than those in (B5) because of
the global suppression effect following from the high
energy cancellation between t- and s-channel terms.
If one does not want to introduce an anomalous right-

handed contribution one can just keep a nonvanishing x0�
only and add the anomalous left-handed term

g2L ) g2Lð1þ 2s2Wx
0
�Þ: (B8)

In any case, investigating the origin of such anomalous
terms is beyond the scope of the present work.

2. The Z0 new physics model

The general form of helicity amplitudes with a Z0 is
written in Table VI of [12]. The Z0 contributions are very
similar to the SM Z ones, with specific Z0 mass, width, and
couplings.
In general, with arbitrary Z0 couplings, there is an ex-

plosion of the LL, LT, and TL amplitudes at high energies.
But, it is again easy to get high energy cancellation in an
ad hoc manner by just replacing the usual Z contribution
involving products of couplings like gZeegZWW , by
Zþ Z0 exchanges using, respectively, gZeegZWWcos

2�
for Z and gZeegZWWsin

2� for Z0 (with a small value of
�). This way, the s-channel high energy contribution will
be similar to the SM Z one, and will cancel with the SM
t-channel contribution. Only around the Z0 peak will the Z0
contribution be observable.
For the illustrations presented in the figures under the

name Z0, we use sin� ¼ 0:05 and mZ0 ¼ 3 TeV.
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