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The dilaton-limit fixed point and the scaling properties of hadrons in the close vicinity of the fixed point

in dense baryonic matter uncovered in hidden local symmetry implemented with spontaneously broken

scale symmetry are shown to reveal a surprisingly intricate interplay, hitherto unsuspected, between the

origin of the bulk of proton mass and the renormalization-group flow of the !-nuclear interactions. This

rends theoretical support to the previous (phenomenologically) observed correlation between the dropping

nucleon mass and the behavior of the !-nuclear interactions in dense matter described in terms of half

Skyrmions that appear at a density denoted n1=2 in Skyrmion crystals. The role of the !-meson degree of

freedom in the source for nucleon mass observed in this paper is highly reminiscent of its important role in

the Skyrmion description of nucleon mass in hidden local symmetric theory. One of the most notable

novel results found in this paper is that the nucleon mass in a dense baryonic medium undergoes a drop

roughly linear in density up to a density (denoted ~n) slightly above the nuclear matter density (n0) and then

stays more or less constant up to the dilaton-limit fixed point. The possibility that we entertain is that ~n

coincides with or is at least close to n1=2. We note that this feature can be economically captured by the

parity-doublet model for nucleons with the chiral-invariant mass m0 � ð0:7–0:8ÞmN . It is found in one-

loop renormalization-group analysis with the Lagrangian adopted that, while the �-NN coupling ‘‘runs’’

in density, the!-NN coupling does not scale: It will scale at two-loop or higher-loop order, but at a slower

pace, so it is more appropriate to say it ‘‘walks’’ rather than runs. The former implies a drastic change in

the nuclear tensor forces, affecting, among others, the nuclear symmetry energy and the latter generating

the stiffness of the equation of state at density higher than that of normal nuclear matter.

DOI: 10.1103/PhysRevD.88.105019 PACS numbers: 21.30.Fe, 12.39.Fe, 21.65.Mn

I. INTRODUCTION AND CONCLUSION

If hidden local symmetry (HLS) is assumed to hold in
the vicinity of chiral restoration in dense baryonic matter
and if Uð2Þ symmetry is a good flavor symmetry for the
vector mesons � and! in a medium as it is in free space, it
follows from renormalization-group (RG) considerations
that the Uð2Þ hidden gauge coupling constant g and the
‘‘effective’’ V (vector-meson)-nucleon coupling constant
gVNN will scale in density as the quark condensate h �qqi
scales, and consequently as h �qqi ! 0 in the chiral limit,
both the �-nucleon and !-nucleon couplings as well as
their masses will go to zero [1]. This implies two dramatic
effects in nuclear processes even slightly above the nuclear

matter density: (i) The suppression of the �-nuclear cou-
pling will remove the �-exchange tensor force and hence
strongly affect the nuclear symmetry energy [2]; (ii) the
suppression of the !-nucleon coupling will soften short-
range repulsion in nuclear interactions and hence make
the baryonic matter collapse at moderate density [3]. The
first effect, when treated appropriately, turns out to be
consistent with the equation of state (EOS) of compact-
star matter that involves central densities of �ð5–6Þn0
(where n0 is the normal nuclear matter density), in fact
playing a crucial role for explaining, within the HLS frame-
work, the recently discovered two-solar-mass neutron star
[4]. On the other hand, the second effect, if unmodified,
would be disastrous for the stability of baryonic matter in
the density regime relevant to compact stars.
It is the purpose of this paper to suggest how to avoid the

disaster due to the second (negative) effect without affect-
ing the first (positive) effect. The key observation is that the
Uð2Þ symmetry, seemingly good in matter-free vacuum,
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must break down in a medium, and hence the properties of
the isovector and isoscalar vector mesons behave markedly
differently as density is increased. The key element in this
is the origin of the bulk of proton mass that appears to have
no direct link to chiral symmetry, its RG flow, and its
unsuspected association with the property of the !-NN
interaction in a dense medium. Our conclusion is that,
while the � and ! masses tend to zero (in the chiral limit),
perhaps not in the same way, as density is increased, the
effective !-nuclear coupling ‘‘walks’’ in contrast to the
effective �-nuclear coupling that ‘‘runs.’’ This feature was
indicated in the phenomenology of compact-star matter
studied in Ref. [4], and we show in this paper how that
feature can be understood in the framework of HLS, e.g.,
vector manifestation and dilaton-limit fixed point.

The basic assumption that we make is that the local field
theory can be applied to dense baryonic matter up to the
density relevant to the EOS of compact stars. We will not,
however, require that it be valid all the way to the chiral
transition density denoted nc. In fact, we will not address
what happens precisely at nc but consider approaching it
from below. This means that wewill not be able to properly
account for the possibility of explicit quark degrees of
freedom in discussing the EOS.

We consider the HLS Lagrangian that contains, as rele-
vant degrees of freedom, the pions and the lowest-lying
vector mesons, � and !. It may very well be that for
realistic treatment, as stressed recently [5], the infinite
tower of hidden local symmetric vector mesons as
indicated in holographic QCD models [6] needs to be
incorporated and the nucleons should be generated from
such a generalized HLS Lagrangian. In this work, we
will take the simplified Lagrangian in which the infinite
tower is integrated out, leaving only the lowest vector
mesons V ¼ ð�;!Þ—in addition to pions, add baryon
fields coupled to the mesons à la HLS and implement a
scalar dilaton field � reflecting spontaneously broken
scale symmetry linked to the QCD trace anomaly.1 To be
precise in definition, we shall call the dilaton-implemented
HLS Lagrangian with baryon fields ‘‘dBHLS’’ while
‘‘6dBHLS’’ will stand for dilatonless baryon HLS
Lagrangian. ‘‘HLS’’ will stand for the generic notion of
hidden local symmetry as well as for the meson-only
theory (without a dilaton).

Our objective is to access nuclear matter as well as denser
baryonic matter with a single Lagrangian, i.e., dBHLS. At
zero density, that is, in matter-free space, 6dBHLS is ‘‘gauge

equivalent’’ to the baryon nonlinear sigma model and can be
formulated, with the inclusion of chiral loops, to give a
consistent chiral perturbation theory with baryons and vec-
tor mesons in a way parallel to HLS [1]. For this, scalar
excitations, in principle, can be generated from BHLS by
loops. The QCD scalar �qq is high lying and hence does not
figure in the nonlinear sigma model in hadron dynamics at
low energy. Scalar glueball excitations will figure for the
QCD trace anomaly, but they are also too massive. Thus the
role of the dilaton � in the vacuum is unclear and remains an
unsolved problem. At tree order, however, the 6dBHLS
encodes the current algebra, and the dilaton � could be
suitably interpreted in dBHLS as the lowest scalar excitation
in low-energy pion dynamics.
In going to nuclear matter density, one possible ap-

proach could be to do the in-medium chiral perturbation
theory with 6dBHLS as one does with nonlinear sigma
model. However, this requires high-order loop calcula-
tions, and this has not been done yet. What one can do
instead is to do the mean-field calculation with dBHLS as
suggested in Refs. [8,9]. The rationale there is that doing
the mean field with a chiral Lagrangian of the dBHLS type
near the nuclear saturation density is equivalent to doing
the Landau Fermi-liquid fixed point theory provided the
parameters of the Lagrangian are suitably scaled [8–10].
What is required is that, near the Fermi-liquid fixed point,
the scalar � should be (predominantly) a chiral singlet with
a mass around 600 MeV.
Now, given the dBHLS Lagrangian with the parameters

sliding with density, normalized at the nuclear saturation
density n0, the question then is how to go to higher density
close to the chiral transition point nc? This question was
raised and answered in Ref. [3]. It involves what is called
the ‘‘dilaton-limit fixed point’’ (DLFP)—defined precisely
later—introduced by Beane and van Kolck [11]. The basic
idea is as follows: While the dilaton � should be dominated
by a chiral singlet component at low density near n0 in a
complicated configuration consisting of multiquark and
glueballs, as one approaches chiral restoration at nc,
one should recover a Gell-Mann-Lévy (GML)–type
SUð2ÞL � SUð2ÞR linear sigma model with a scalar �
making up the fourth component of the chiral four-vector
ð�1; �2; �3; �Þ [12].
For what follows, we need to generalize the GML sigma

model to a parity-doubled model with nucleons in mirror
assignment. In the original GML model (with nucleons in
standard assignment), spontaneous breaking of chiral sym-
metry (in the chiral limit) entirely generates both the mass
of the scalar � and the mass of the nucleon. Thus in the
limit that the symmetry is restored, both the � and the
nucleon should become massless. Wewill argue that, while
the � mass could go to zero to join the triplet pions, the
nucleon mass need not be zero at the symmetry restoration.
This feature can be captured by introducing parity dou-
bling in the baryon configurations. We shall call the former

1The role of scalar fields in effective Lagrangians is highly
problematic in general, and it is not at all obvious how to do this
also in our case. We will, however, be guided by phenomenology
in low-energy nuclear physics, namely, the effective field theory
(EFT) Lagrangian be treated at mean field with the parameters of
the Lagrangian ‘‘sliding’’ with the density of the background in
the spirit defined in [7]. This will be the guiding principle in what
follows.
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‘‘standard’’ baryons and the latter ‘‘parity-doubled’’ bary-
ons. As will be elaborated in detail below, within the EFT
framework, the nucleon mass cannot decrease much as
density increases without getting into conflict with nature.
To be specific, we write the nucleon mass parameter in the
Lagrangian as

mN ¼ m0 þ �mð�Þ; (1)

where m0 is a chirally invariant mass term, a constant
independent of the chiral condensate � / h �qqi, and � is
dynamically generated mass that tends to zero as � ! 0.
The mass term m0 can appear in the chiral Lagrangian
without upsetting chiral symmetry provided parity dou-
blets are introduced [13]. A substantial m0, indicated
in nuclear phenomenology [4], will be the key issue in
this paper.

The DLFP arrived at in Refs. [3,14] in the parity-doublet
baryon model dBHLS can be summarized as follows. As
shown in [3]—and will be recalled in detail below—the
idea is to make a field reparametrization so that dBHLS
Lagrangian with chiral symmetry in the nonlinear realiza-
tion can be linearized in the limit � ! 0. If one assumes
that Uð2Þ symmetry holds for � and !, one arrives at the
DLFP of the form

ðgV � 1; gA � 1;�m � mN �m0Þ ! ð0; 0; 0Þ as � ! 0;

(2)

where V ¼ ð�;!Þ, gA is the axial vector coupling constant,
and gV is the ‘‘induced’’ V-nucleon coupling defined by the
effective vector-meson-nucleon coupling

gVNN ¼ gðgV � 1Þ; (3)

where g is the Uð2Þ hidden gauge coupling constant. As
� ! 0, we expect that, even for g � 0,

g�NN ¼ g!NN ! 0: (4)

The ‘‘vector manifestation’’ (VM) of HLS (and 6dBHLS)
corresponds to g ! 0. We can see from (3) and (4) that the
�NN coupling g�NN can go to zero before the VM/HLS

fixed point (identified with chiral restoration) is reached.
Several important consequences follow from the

property (4).
If dBHLS were applied in the mean-field approximation

to baryonic matter much denser than nuclear matter, then
one would expect that the nuclear symmetry energy that
figures importantly in the EOS for compact-star matter,
proportional to g2�NN , decreases and vanishes at the DLFP.

One should, however, note that there is no solid argument
for why the mean-field approximation should hold at a
density much higher than the saturation density, i.e., the
Fermi-liquid fixed point, where the mean-field approxima-
tion is valid. In fact, g�NN ! 0 would imply that the �

contribution to the nuclear tensor forces gets suppressed,
leaving the pion tensor force more effective. This

feature turns out to lead to the stiffening—instead of the
softening—of the symmetry energy, contrary to the mean-
field expectation, as has been observed in the effective field
theory approach to nuclear dynamics. Indeed, what was
found in Ref. [4] provides rather strong support for the
prediction (4) for the � meson. This suggests that the
mean-field approximation breaks down at a density above
nuclear matter. These matters are further discussed in
Sec. VA. As mentioned therein, this implies that associated
with the Skyrmion–half-Skyrmion topological transition
that plays an important role in the calculation of EOS in
Ref. [4], a changeover takes place from a Fermi liquid
structure to a non-Fermi liquid structure, resembling
certain quantum critical phenomena in condensed matter.
The situation with the !-NN coupling is quite different.

As noted in [3], Eq. (4) would imply the suppression of the
principal mechanism in EFT involving! exchanges for the
short distance repulsion in nuclear interactions indispens-
able at high density. Since one cannot pinpoint the density
at which the DLFP sets in, one cannot say that the pre-
dicted suppression of the !-exchange repulsion is incon-
sistent with nature. However, it is generally believed in the
nuclear community that any significant reduction of the
!-NN coupling would make the EOS of nuclear matter too
soft, causing difficulty in getting correct saturation. In [4],
it was observed that unless the nucleon mass is suitably
reduced, thereby increasing repulsion, it would be difficult
to reduce the !-NN coupling. This suggests a close corre-
lation between the behavior of the nucleon mass and the
!-NN coupling in a dense medium. This issue will be
further elaborated on in Sec. VB. One could investigate
the interplay between the two phenomenologically in the
EFT formalism employed in [4]. In this paper, we will
present a theoretical reasoning as to how the interplay can
take place.
Taking the hint that the Uð2Þ symmetry can be substan-

tially broken in a medium, what we propose is to depart
from hidden local symmetry in ½Uð2ÞL �Uð2ÞR�global �
½Uð2ÞV�local and consider ½SUð2ÞL � SUð2ÞR�global �
½SUð2ÞV �Uð1ÞV�local. Denoting gauge couplings by g�
and g! and induced couplings by gV� and gV!, an analysis

parallel to the ½Uð2Þ�local case [3,14] reveals that, as � ! 0,
one approaches the DLFP

ðgV� � 1; gA � gV�;�mÞ ! ð0; 0; 0Þ; (5)

which is what was found in Refs. [3,14]. But there is a
major difference for the gV! � 1 coupling: There is no
constraint for that coupling in going toward the DLFP.
Furthermore, as will be shown below, one-loop RG analy-
sis shows that gV! does not ‘‘run’’ in contrast to gV� which

drops rapidly to zero toward the DLFP. This leads to our
conclusion that as density increases above n0, the Uð2Þ
symmetry must be broken down significantly, and the
g!NN coupling does not drop as fast as g�NN does.
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In short, the RG analysis with 6dBHLS and the mean-
field treatment with dBHLS, both given in this paper, the
large Nc analysis of dense Skyrmion matter described in
[15], and the phenomenological study of the EOS for
compact-star matter of Ref. [4] all converge to the con-
clusion that the dropping of the in-medium nucleon mass
stops at ~n � n1=2 � 2n0 with the mass staying constant up

to near chiral restoration, suggesting an m0 � ð0:7–0:8ÞmN

in the parity-doublet model for baryons. This property is
found to have an intimate connection with the role that the
!-meson degree of freedom plays in the structure of
nucleon and nuclear matter.

In what follows, we provide details to what is given in
the sketch above.

II. HIDDEN LOCAL SYMMETRIC
PARITY-DOUBLET MODEL

In this section, we give a precise definition of the model
we will study. We will first write down and discuss the
hidden local symmetric parity-doublet model without a
dilaton field, i.e., 6dBHLS [14]. We will be focusing on
the case where the chiral-invariant mass m0 in (31) is
nonvanishing, in fact, substantially big, but we will also
discuss the case for m0 ¼ 0, i.e., the ‘‘standard’’ scenario.

Wewill limit our considerations to two flavors (Nf ¼ 2).

Motivated by the finding in Ref. [4], we relax the Uð2ÞV
symmetry for � and ! mesons. We assume that the sym-
metry of the Lagrangian involved is Gglobal �Hlocal, where

Gglobal ¼ ½SUð2ÞL � SUð2ÞR�global is the global chiral sym-

metry and Hlocal ¼ ½SUð2ÞV �Uð1ÞV�local is the hidden
local symmetry. We take � as the gauge bosons of
½SUð2ÞV�local and ! as of ½Uð1ÞV�local. The basic quantities
are the HLS gauge bosons, V

�
� and V

�
! :

V�
� ¼ g� ~�

� � ~�
2
; (6)

V
�
! ¼ g!

!�

2
; (7)

where g� and g! are the HLS gauge couplings that will

be taken unequal for the local SUð2Þ �Uð1Þ symmetry
concerned. The vectors transform

V�
� ! hV�

� hy � i@�h � hy; (8)

V�
! ! uV�

!uy � i@�u � uy; (9)

with h ¼ hð�ðxÞ; gL; gRÞ 2 ½SUð2ÞV�local and u ¼
uð�ðxÞ; gL; gRÞ 2 ½Uð1ÞV�local in terms of gL;R 2
½SUð2ÞL;R�global and the two matrix-valued variables

�L and �R, combined in a 2� 2 special-unitary matrix
representing the pion field

U ¼ �y
L�R ¼ e2i�=F� (10)

transforming

U ! gLUgyR: (11)

The variables �’s transform as

�L;R ! uh�L;Rg
y
L;R: (12)

They may be parameterized as

�L;R ¼ e
i
2�!=F�!ei��=F��e�i�=F� : (13)

Here� ¼ �a �a
2 denote the pseudoscalar Nambu-Goldstone

(NG) bosons associated with the spontaneous breaking
of Gglobal chiral symmetry, and �! and ��ð¼�a

�
�a
2 Þ are

the NG bosons associated with the spontaneous symmetry
breaking of Uð1Þlocal and SUð2Þlocal, respectively. The
�’s are absorbed into the HLS gauge bosons through
the Higgs mechanism, giving rise to their HLS boson
masses. F�, F�!, and F�� are decay constants of the

associated particles.
To construct a hidden local symmetric Lagrangian, it is

convenient to introduce the Maurer-Cartan 1-forms

	̂�
? ¼ 1

2i
½D��R � �y

R �D��L � �y
L�;

	̂
�
k ¼ 1

2i
½D��R � �y

R þD��L � �y
L�;

(14)

with the covariant derivatives of �L;R

D��L ¼ @��L � iV
�
� �L � iV

�
!�L; (15)

D��R ¼ @��R � iV�
� �R � iV�

!�R; (16)

transforming homogeneously,

	̂�
?;k ! uh	̂�

?;kh
yuy; (17)

and 	̂? 2 G �H and 	̂k 2 H .

With the above definitions, we can immediately write
down the Lagrangian for the mesonic sector. To the leading
order in the derivative expansion [i.e., to Oðp2Þ], it is

LM ¼ F2
� tr½	̂?�	̂

�
?� þ F2

�� tr½	̂k�	̂
�
k �

þ F2
0 tr½	̂k�� tr½	̂�

k � �
1

2g2�
tr½V�
V

�
�

� 1

2g20
tr½V�
� tr½V�
�; (18)

with

F2
0 ¼

F2
�! � F2

��

2
;

1

g20
¼ 1

2

�
1

g2!
� 1

g2�

�
; (19)

and the field strength is given by

V�
 ¼ @�V
 � @
V� � i½V�; V
�; (20)

V� ¼ V
�
� þ V

�
!: (21)
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We recover local Uð2Þ symmetry if we set F2
�! ¼ F2

�� and

g! ¼ g� ¼ g in (18).

Now, we construct the Lagrangian with nucleons in
a hidden local symmetric model. When the nucleon
transforms as

c 1;L � PLc 1 ! gLPLc 1; (22)

c 1;R � PRc 1 ! gRPRc 1; (23)

under chiral transformation in the Gell-Mann-Lévy–
type linear sigma model, we assign the following
transformation:

c 2;L � PLc 2 ! gRPLc 2; (24)

c 2;R � PRc 2 ! gLPRc 2 (25)

to the nucleon’s chiral partner in the mirror assignment

[13], where PL;R ¼ 1��5

2 . In the hidden local symmetry

model in the mirror assignment, the nucleon and its chiral
partner are represented in the nonlinearized form Q, under
chiral transformation, which is given as a function of �L;R

and c 1;2:

Q � Qð�L;R; c 1;2Þ; (26)

with the nucleon doublet Q ¼ Q1

Q2

� �
transforming as

Q ! uhQ (27)

under the hidden local transformation.
One can readily write down, following Refs. [3,14],

the Lagrangian for parity-doublet nucleons coupled to
HLS vectors:

LN ¼ �Qi��D�Q�g1F�
�QQþg2F�

�Q�3Q� im0
�Q�2�5Q

þgV� �Q��	̂k�QþgV0 �Q�� tr½	̂k��Q
þgA �Q�3�

�	̂?��5Q; (28)

where the covariant derivative of Q is

D�Q ¼ ð@� � iV�� � iV!�ÞQ (29)

and the �i are the Pauli matrices acting on the parity
doublet. gA, gV�, and gV0 � 1

2 ðgV! � gV�Þ are dimension-

less parameters. To diagonalize the mass term in Eq. (28),
we transform Q into a new field N:

Nþ
N�

 !
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 cosh�
p e�=2 �5e

��=2

�5e
��=2 �e�=2

 !
Q1

Q2

 !
; (30)

where sinh� ¼ g1F�

m0
. We identify N	 as parity-even and

parity-odd states, respectively. The nucleon masses are
found to be

mN	 ¼ �g2F� þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg1F�Þ2 þm2

0

q
; (31)

cosh� ¼ mNþ þmN�
2m0

: (32)

Finally, we arrive at the Lagrangian in the parity
eigenstate as

LN ¼ �Ni 6DN � �N M̂N þ gA �N��Ĝ	̂?��5N

þ gV� �N��	̂k�N þ gV0 �N�� tr½	̂k��N; (33)

M̂ ¼ mNþ 0

0 mN�

 !
;

Ĝ ¼ tanh� �5= cosh�

�5= cosh� � tanh�

 !
:

(34)

It is convenient for the analysis of!-nucleon coupling to
change slightly the Lagrangian (33). We define quantities
belonging to the algebra of Gglobal � ½SUð2ÞV�local as

~	
�
? ¼ 1

2i
½D� ~�R � ~�y

R �D� ~�L � ~�y
L�; (35)

~	�
k ¼ 1

2i
½D� ~�R � ~�y

R þD� ~�L � ~�y
L�; (36)

where

~�L;R ¼ ei��=F��e�i�=F� (37)

and

D� ~�L ¼ @� ~�L � iV�
�
~�L; D� ~�R ¼ @� ~�R � iV�

�
~�R:

(38)

	̂ and ~	 are related to each other via

	̂�
? ¼ ~	�

?; (39)

	̂�
k ¼ ~	�

k þ @��!

2F�!

� g!
!�

2
: (40)

Then, the Lagrangians (18) and (33) take the form

LM ¼ F2
� tr½~	?� ~	�

?� þ F2
�� tr½~	k� ~	�

k �

þ F2
�!

2

�
@��!

F�!

� g!!�

��
@��!

F�!

� g!!
�

�

� 1

2
tr½��
�

�
� � 1

2
tr½!�
!

�
�; (41)

LN ¼ �Ni 6DN � �N M̂N þ gA �N��Ĝ~	?��5N

þ gV� �N�� ~	k�N þ gV! �N��

�
@��!

2F�!

� g!
!�

2

�
N;

(42)

where gV0 is replaced by 1
2 ðgV! � gV�Þ and
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��
 ¼ @� ~�
 � ~�
2
� @
 ~�� � ~�

2
� ig�

�
~�� � ~�

2
; ~�
 � ~�

2

�
; (43)

!�
 ¼ @�
!


2
� @


!�

2
: (44)

Note that the ! meson couples to the nucleon and NG �!,
but there is no! coupling to other mesons, i.e., � and �, at
tree order. There can be tree-order !�3 and !-�-� cou-
plings in the homogeneous Wess-Zumino term in the
anomalous part of the HLS Lagrangian that could give
rise to a one-loop correction to !-nucleon coupling but
does not contribute at the order we are working with. We
will see in Sec. IV that, at the one-loop order, the coupling
gV! does not scale.

One can read off the vector meson mass and the ���
coupling constant at tree level as

m2
� ¼ g2�F

2
��; m2

! ¼ g2!F
2
�!; (45)

g��� ¼ 1

2
a�g�; (46)

a� ¼ F2
��

F2
�

: (47)

The vector mesons couple to nucleons as

g�NþNþ ¼ g�N�N� ¼ ðgV� � 1Þg�; (48)

g!NþNþ ¼ g!N�N� ¼ ðgV! � 1Þg! (49)

and the axial vectors couple as

gANþNþ ¼ �gAN�N� ¼ gA tanh�; (50)

where the subscripts stand for the parity of the nucleon
doublet. When Uð2Þ symmetry is restored, we will have
g!NN ¼ g�NN , and the !-nuclear coupling will vanish as

in Ref. [3] in approaching the DLFP. In what follows, we
will not assume Uð2Þ symmetry.

III. GOING TOWARDS THE DILATON-LIMIT
FIXED POINT

In order to study what happens to the baryonic matter as
density increases, we need to incorporate the dilaton field
� that represents the spontaneously broken scale symmetry
of QCD. The explicit scale symmetry breaking associated
with the trace anomaly that is also presumably responsible
for the spontaneous breaking [15] will not figure directly in
our consideration.

We follow the standard trick of inserting the ‘‘conformal
compensator’’ field � into the Lagrangian (18) and (28)
to obtain a scale symmetric Lagrangian, with the scale
invariance broken spontaneously. It is given by

L ¼ LN þLM þL�; (51)

LN ¼ �Qi��D�Q� g1F�

�

F�

�QQþ g2F�

�

F�

�Q�3Q

� im0
�Q�2�5Qþ gV� �Q��	̂k�Q

þ gV0 �Q�� tr½	̂k��Qþ gA �Q�3�
�	̂?��5Q; (52)

LM ¼ F2
�

F2
�

�2 tr½	̂?�	̂
�
?� þ

F2
��

F2
�

�2 tr½	̂k�	̂
�
k �

þ F2
�! � F2

��

2F2
�

�2 tr½	̂k�� tr½	̂�
k �

� 1

2
tr½��
�

�
� � 1

2
tr½!�
!

�
�; (53)

L� ¼ 1

2
@�� � @��� Vð�Þ; (54)

where Vð�Þ is the Coleman-Weinberg–type dilaton poten-
tial that breaks scale symmetry spontaneously. We do not
write down its explicit form since it is not needed for our
purpose. Here, F� is the vacuum expectation value of � at

zero temperature and density.
To move towards a chiral symmetric GML-type linear

sigma model, we do the field reparametrizations

� ¼ U�F�

F�
¼ sþ i ~� � ~�—that also define scalar s—and

c 1;2 ¼ 1

2
½ð�y

R þ �y
LÞ 	 �5ð�y

R � �y
LÞ�Q1;2; (55)

or equivalently

c ¼ 1

2
½ð�y

R þ �y
LÞ þ �3�5ð�y

R � �y
LÞ�Q; (56)

Q ¼ 1

2
½ð�R þ �LÞ þ �3�5ð�R � �LÞ�c : (57)

With these reparametrized fields and going to parity
eigenstates, one finds a complicated expression for (51)
composed of a part that is regular, Lreg, and a part that is

singular, Lsing, as trð��yÞ � �2 ¼ 2ðs2 þ �a2Þ ! 0,

where a is the isospin index. The singular part that arises
solely from the scale-invariant part of the original
Lagrangian (51) has the form

Lsing¼ðgV��gAÞAð1=tr½��y�Þþð	�1ÞBð1=tr½��y�Þ;
(58)

where 	 � F2
�

F2
�
and

A ¼ �i

4
trð��yÞ�2 �c ½trð6@ð��yÞÞf�;�yg

� 2 trð��yÞð�6@�y þ�y6@�Þ�c �i

2
trð��yÞ�1

� �c�3�5ð�6@�y � �y6@�Þc ; (59)
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B ¼ �1

16	
trð��yÞ�1 tr½@�ð��yÞ� tr½@�ð��yÞ�: (60)

That Lsing is absent leads to the conditions that

gV� � gA ! 0; 	� 1 ! 0: (61)

Using large Nc sum-rule arguments [11] and the
renormalization-group equation (RGE) given in the
next section, we infer2

gA � 1 ! 0: (62)

In the density regime where the GML-type linear sigma
model is valid, the nucleon mass can be given as

mN	 ¼ �g2hsi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg1hsiÞ2 þm2

0

q
; (63)

where hsi is the vacuum expectation value of s. As the
chiral symmetry restoration point is approached, hsi ! 0,
so in the limit trð��yÞ ! 0, we expect

mN	 ! m0: (64)

These are the constraints that lead to the dilaton limit as in
Ref. [3] and announced above. It follows then that

g�NN ¼ g�ðgV� � 1Þ ! 0: (65)

We thus find that, in the dilaton limit, the � meson
decouples from the nucleon. In contrast, the limiting
trð��yÞ ! 0 does not give any constraint on (gV! � 1).
The !-nucleon coupling remains nonvanishing in the
Lagrangian which, in the unitary gauge (with �! ¼ �� ¼
0) and in terms of fluctuations ~s and ~� around their
expectation values, takes the form

LN ¼ �N i6@N � �N M̂N � g1
�N ðĜ ~sþ�3�5i ~� � ~~�ÞN

þ g2
�N ð�3~sþ Ĝ�5i ~� � ~~�ÞN

þ ð1� gV!Þg!N !

2
N ; (66)

which is the same as the Lagrangian given in Ref. [13]
except for the !-nucleon interaction. This is just the nu-
cleon part of the linear sigma model in which the ! is
minimally coupled to the nucleon, applicable infinitesi-

mally below the critical density nc with the mass M̂
replacing m0. What is significant with this result is that
it shows that the suppression of the ! repulsion pre-
dicted with Uð2Þ could be absent due to potentially signifi-
cant Uð2Þ symmetry breaking as is indicated in the

phenomenology of EOS for dense baryonic matter. We
will return to these matters in Secs. VB and VI.

IV. RG ANALYSIS OF THE
!-NUCLEON COUPLING

We have arrived at the DLFP (2) by linearizing dBHLS
Lagrangian (51) (which is gauge equivalent to the non-
linear sigma model) in the mean-field approximation. Very
near the fixed point, the resulting effective Lagrangian is a
GML-type linear sigma model, to which the ! meson
is minimally coupled. The isovector vector meson � is
decoupled in the limit.
In this section, we interpret the DLFP in terms of RG

flow. To do this, we take the hidden local symmetry
Lagrangian with baryons but without the dilaton � (i.e.,
6dBHLS). As mentioned, in the chiral perturbation ap-
proach that we will be taking in this section, the role of
scalar dilaton is problematic if introduced naively. We will
first discuss the standard assignment for the nucleon, which
gives a clearer picture of what is going on, and then
consider the mirror assignment with parity doubling.

A. Renormalization of the vector-nucleon coupling

In this subsection, we review shortly how to renormalize
gV�;!. The loop calculation is done in the background field

gauge. When ��� and �!� are defined as the background
fields of the � and ! fields, the renormalization condition
is given by

ðgV�;! � 1Þbare ¼ Z3�;!ðZNZ
1=2
�;!Þ�1ðgV�;! � 1Þ; (67)

where Z3�;! is given by the three-point function of

��ð �!ÞNþNþ and Z�;! presents the wavefuntion renormal-

ization of the ���ð �!�Þ field. Expanding ZN;3�;3! ¼
1þ Zð1Þ

N;3�;3! . . . and using Z�;! ¼ 1 for the classical field

���ð �!�Þ, one obtains the condition
ðgV�;! � 1Þbare þ ðgV�;! � 1Þð�Zð1Þ

3�;! þ Zð1Þ
N Þ ¼ finite;

(68)

where the superscript (1) represents one loop. After taking
the external momentum squared to be zero, the RGEs for
gV�;! are obtained by taking the derivative of both sides of

Eq. (68) with respect to the (loop) momentum cutoff �.
This is what is called in Ref. [16] the ‘‘field theory ap-
proach’’ to the Wilsonian renormalization group. As we
see from Eq. (42), the �NN coupling is distinguished
from !NN coupling in the Lagrangian when Uð2Þ flavor
symmetry is broken, and they are renormalized differently
from each other as in Eq. (67) where Z3� � Z3!. But, when

Uð2Þ flavor symmetry is unbroken, the �NN coupling
and the !NN coupling carry one identical parameter,
and hence there will be only one RGE for the coupling
to nucleon.

2It is most plausible that gA � 1 ¼ 0 is reached only after
gA � gV� ¼ 0 is reached. This is because trð��yÞ ! 0 gives the
constraint gA � gV� ¼ 0, but not gA � 1 ¼ 0. However, the
RGE given in the next section has the infrared fixed point gV� �
1 ¼ 0, so the point at which gA � gV� ¼ 0 could be very near
the chiral restoration point at which gA is close to 1. In fact, it is
observed phenomenologically in Gamow-Teller transitions in
heavy nuclei that g
A � 1.
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B. RGEs in the standard assignment

In the standard assignment with m0 ¼ 0, we consider
only the positive-parity nucleon (setN � Nþ) in analyzing
the RG properties of its coupling to mesons. The calcula-
tion is straightforward, the only difference from what was
done in Ref. [14] being that we have SUð2Þ �Uð1Þ local
symmetry instead of Uð2Þ. Omitting the details that are
given in [14]—apart from terms involving the ! meson—
we simply write down the RGEs at one-loop order:

�
dmN

d�
¼ 3mN

16�2
~F m; (69)

�
d

d�
ð1� gV�Þ ¼ m2

N

8�2F2
�

~F 0 þ ð1� gV�Þ 1

8�2
~F 1

þ ðgV� � g2AÞ
1

8�2
~F 2; (70)

�
dgA
d�

¼ m2
NgA

8�2F2
�

~G0 þ ð1� gV�Þ gA
8�2

~G1

þ ðgV� � g2AÞ
gA
8�2

~G2; (71)

�
d

d�
ðgV! � 1Þ ¼ 0: (72)

The explicit expressions of ~F i and
~Gi are given by

~Fm ¼ g2A
F2
�

ð�2 �m2
NÞ �

3

2
ð1� gV�Þ2g2� � 1

2
ðgV! � 1Þ2g2!;

(73)

~F 0 ¼ 1

4

�
a�g

2
A þ g2V�

a�

�
; (74)

~F 1 ¼
�
g2A
F2
�

þ gV�ð1þ 2gV�Þ
2F2

��

�
�2 � 3

2

�
g2A
F2
�

þ g2V�

F2
��

�
m2

N

þ g2�

�
2� 3

2
gV�

�
; (75)

~F 2 ¼
a�

2F2
�

�2; (76)

~G0 ¼ 1

4

�
g2A þ g2V�

a�
þ 2gV�

�
; (77)

~G1 ¼
�
2

F2
�

þ 1� gV�

F2
��

�
�2 þ 2gV�

F2
��

m2
N � 5

2
a�g

2
�; (78)

~G2 ¼ � 1

F2
�

ð�2 � 2m2
NÞ: (79)

To summarize the essential observations:
(i) While ðgV� � 1Þ ¼ 0 coincides with the DLFP,

(gV! � 1) does not run at one-loop order. There
are two reasons for this. First, there are no contribu-
tions to the RGE from one-loop vertex corrections to
the !-NN coupling because all the divergences in
!NN three-point functions are canceled by those in
the nucleon self-energy diagrams figuring in wave-
function renormalization shown in Fig. 1.3 Second,
there are no ! couplings to other mesons at tree
order of the 6dBHLS Lagrangian, so there cannot be

self-e

FIG. 1. The diagrams for the RGE for !-NN coupling. The thin and thick solid line present the nucleon and the background field of
the ! meson in the background field gauge, respectively. Diagrams (a)–(e) contribute to the wave-function renormalization of the
nucleon field. In the calculation of !-NN coupling, the divergences given by diagrams (f)–(j) are canceled by the divergences of the
wave-function renormalization of the nucleon field.

3This result resembles the one-loop result in QED. In QED
with Uð1Þ gauge symmetry, all divergent terms of the photon-
electron-electron three-point function are canceled by the
divergent terms in the electron self-energy diagrams. This can-
cellation is due to Uð1Þ gauge invariance. However, this analogy
does not extend to higher orders as mentioned in the text.
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meson-loop contributions. However, as mentioned,
at higher order this is no longer true. For instance,
there can be an !�� one-loop contribution to the
!-nucleon coupling involving the homogeneous
Wess-Zumino (hWZ) term in the anomalous part of
the Lagrangian. However, the hWZ term goes as
�ð p

4�F�
Þ4, so the one-loop contribution involving

this vertex will correspond to normal two-loop order.
Therefore we expect (gV! � 1) to run slowly, if at
all. It may be more appropriate to characterize it as
‘‘walking.’’

(ii) The RGE for the nucleon mass, (69), has the fixed

point mN ¼ 0. But, if ~F m < 0 at the fixed point,
mN ¼ 0 cannot be an infrared fixed point. Note that
the !-nucleon coupling ðgV! � 1Þg! will affect the

sign of ~F m < 0. Since (gV! � 1) does not run at

one-loop level, ~F m could become negative at the
fixed point unless g! ¼ 0 at that point. On the other
hand, at two loops or higher, (gV! � 1) could be
walking to zero moving toward the DLFP, thereby

making ~F m > 0 near the fixed point, in which case
mN ¼ 0 will become an infrared fixed point. This
indicates an intricate interplay between the nucleon
mass and the !-nuclear dynamics. This is an im-
portant point to which we will return in Sec. VI.

(iii) With the cutoff � identified with a quantity related
to density, as discussed in the Appendix, we see

that ~F m will tend to zero as the density increases
(or equivalently � decreases). We consider the

point where ~F m � 0 corresponds to the density
n� nA, because the nucleon mass given in the
RGE behaves similarly to the nucleon mass given
in the mean-field calculation in the vicinity of
n� nA. Depending on the speed with which the

!-NN coupling drops, the sign of ~F m, which con-
trols the increase or decrease of the nucleon mass,

will be determined. As a special case, if ~F m stays
near zero, the nucleon mass will then stay constant.
This will correspond to the case of the dilaton
condensate with B ¼ 0:261. Thus, if the point

where ~F m � 0 were the same as n� nA, the
DLFP would be reached at a density much higher
than the saturation density, since DLFP is charac-
terized by mN going to zero. It should, however, be
stressed that even if the DLFP were far away from
nA, the physics above nA would be better controlled
going toward the DLFP.

C. RGEs in the mirror assignment

We now turn to nucleons in the mirror assignment, the
parity-doublet model with m0 � 0. Here the treatment is a
bit subtler because of nonzero m0, which is chirally invari-
ant and associated with the explicit breaking of scale
invariance tied to the QCD trace anomaly. If m0��mN ,

where �mN is the dynamically generated mass, then one
could treatm0 as a perturbation. In this case, we will have a
qualitatively similar result to that of the baryon in the
standard assignment. If, on the other hand, m0 � �mN,
one could adopt the heavy-baryon chiral perturbation
theory. Both cases were discussed in Ref. [14] for Uð2Þ
symmetry. In between the two extreme regimes, we have
no reliable tools to address the problem. In this paper, we
are interested in the case where m0 is ‘‘big,’’

4 since that is
what seems to be indicated in nature.
As in [14], we will work to the leading order in 1=m0.

With the heavy-baryon field defined as

Bþ
B�

 !
¼ exp ½im0v � x� Nþ

N�

 !
; (80)

the Lagrangian (42) takes the form

LN ¼ i �Bv�D�B� �mþ �BþBþ ��m� �B�B�

þ gV� �Bv� ~	k�Bþ gV! �Bv�

�
@��!

2F�!

� g!
!�

2

�
B

þ gA �B

�
2S��3 tanh�þ v��1

1

cosh�

�
~	?�B; (81)

where S� is the spin operator and

�m	 ¼ mN	 �m0: (82)

Making slight changes in Ref. [14] for the local
SUð2Þ �Uð1Þ symmetry, we can easily write down
the RGEs:

�
dMD

d�
¼ 3g2A

8�2F2
�

MDð�2 þ 8MDÞ
�
1þO

�
1

m2
0

��
; (83)

�
dMS

d�
¼ 0; (84)

�
d

d�
ð1� gV�Þ

¼
�

MD

8�2F2
�

�F 0 þ
ð1� gV�Þ

8�2
�F 1 þ

ðgV� � g2AÞ
8�2

�F 2

�

�
�
1þO

�
1

m0

��
; (85)

�
dgA
d�

¼
�
MDgA
8�2F2

�

�G0 þ ð1� gV�Þ gA
8�2

�G1

þ ðgV� � g2AÞ
gA
8�2

�G2

��
1þO

�
1

m0

��
; (86)

4In the vicinity of the chiral restoration point nc, heavy-baryon
ChPT could be applied even if m0 were not so big. Since we are
approaching the DLFP, which is supposed to be close to nc, our
treatment should be reliable.
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�
d

d�
ðgV! � 1Þ ¼ 0; (87)

where MS=D ¼ ðmNþ 	mN�Þ2=4 and �F i and �Gi are

given by

�F 0 ¼ a�g
2
A þ g2V�

a�
; (88)

�F 1 ¼
�
g2A
F2
�

þ gV�ð1þ 2gV�Þ
2F2

��

�
�2 þ 6MD

�
g2A
F2
�

þ g2V�

F2
��

�

� g2�

�
4� 15

2
gV� þ 3g2V�

�
; (89)

�F 2 ¼
a�

2F2
�

�2; (90)

�G0 ¼ g2A þ g2V�
a�

þ 2gV�; (91)

�G1 ¼
�
2

F2
�

þ 1� gV�

F2
��

�
�2 � 4gV�

F2
��

MD

� g2�

�
3ð1� gV�Þ þ 5

2
a�

�
; (92)

�G2 ¼ � 1

F2
�

ð�2 þ 4MDÞ: (93)

A quick glance at the RGEs in Eqs. (84)–(87) gives us
the infrared fixed point

ðMS;MD; 1� gV�; gA � gV�Þ ¼ ðm2
0; 0; 0; 0Þ; (94)

which is the same as what was found in [14]. This follows
because of the absence of !-nucleon interaction terms for
RGEs at one-loop order. From the RGE of (gV! � 1) in
(87) follows that the coupling (gV! � 1) does not scale at
one loop in this case also. Similarly to the standard assign-
ment, (gV! � 1) will start scaling only at two-loop and
higher-loop order.

V. EOS IN THE VICINITY OF THE
DILATON-LIMIT FIXED POINT

Although, as stated in the introduction, the chiral resto-
ration point nc may be inaccessible by the local field
theory, an interesting theoretic issue is what one can expect
at very near the DLFP which is presumably close to the
VM of hidden local symmetry. This could have phenome-
nological relevance, because, away from the DLFP, there
could be precursor phenomena for which the treatment
made in this paper is applicable.

In order to have the scaling properties deduced via RG
flows given above make contact with nature, we need to
translate the scale � or cutoff �=s (with s the decimation

going to 1 in the Wilsonian sense) to density n. In the
Appendix is given our reasoning. We cannot give a precise
translation, but we can say roughly that, as density ap-
proaches the DLFP,� should tend to zero. It is in this sense
that the RG equations (69)–(72) are to describe the flow to
the infrared DLFP.
Two issues that can be addressed by using the above

translation are the nuclear symmetry energy of asymmetric
nuclear matter and the repulsion induced by ! exchanges
in dense matter. We briefly discuss these matters.

A. Symmetry energy

The nuclear symmetry Esym figures in the energy per

baryon of asymmetric nuclear matter as

Eðn; �Þ ¼ E0ðnÞ þ Esym�
2 þ � � � ; (95)

where � ¼ ðN � PÞ=ðN þ PÞ with PðNÞ standing for the
number of protons (neutrons) and the ellipsis stands for
terms Oð�4Þ and higher. We will treat the dBHLS
Lagrangian in the mean-field (MF) approximation along
the line developed in Refs. [8,9]. Since the results are more
or less the same for both assignments, we will treat only the
case of the standard assignment.
As mentioned before and explained in detail in

Refs. [8,9], the MF approximation with chiral
Lagrangians is justified up to—and slightly above—the
nuclear saturation density which can be identified as the
Landau Fermi-liquid fixed point. Given that we have no
reliable guidance, we will simply extrapolate it to higher
densities and see what can go wrong. From the mean-field
equations of motion for �3, !0, and �, one can immedi-
ately write down the potential energy contribution to the
symmetry energy5

Epot
sym ¼ g
2�NN

2m
2
�

n ¼ ðg
V� � 1Þ2
2ðF


�� ~�

Þ2 n; (96)

where we used

g
�NN ¼ ðg
V� � 1Þg
�; (97)

m

� ¼ F


�� ~�

g
� (98)

with ~�
 ¼ h�i
=F�. Here and in what follows, the asterisk

denotes density dependence. Note that both the numerator
and the denominator of (96) are sliding with density.
We should point out the difference between the mean

field performed here (that we will call ‘‘�MF’’) and the
relativistic mean field found in the literature (that we will
call ‘‘standardMF’’). In the ‘‘realistic’’ relativistic standard
MF approaches, one adds higher dimension field operators

5It is generally agreed that the kinetic energy contribution is
small compared with the potential energy term, particularly in
the presence of strong tensor forces. We will not consider the
kinetic energy term in this discussion.
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based on ‘‘naturalness conditions.’’ With the parameters of
the Lagrangian taken unscaling in density, without higher-
dimension fields, the system at normal matter density is
much too stiff, with a compression modulus more than 3
times what is indicated by nature. Here the mean field of
higher dimension field operators is to capture the physics
of many-body forces and interactions and effectively in-
troduces density dependence similar to what one has in
�MF. See, for instance, [17]. The higher-dimension field
operators in the standard MF approaches modify the mass
parameter (98) with additional density-dependent terms.
But the shortcoming of these approaches is that there is no
constraint that controls the EOS at higher densities.

In our �MF formulation with the dBHLS Lagrangian
also, we could in principle bring in higher-dimension field
operators. However, here, hidden local symmetry con-
strains the forms of the higher-dimension operators to
include, so there is no arbitrariness as in standard MF.
As recently stressed [4], the mean-field approach with
hidden local symmetry possesses correct thermodynamic
constraints that allow a controlled extrapolation to higher
density, such as, for example, the rearrangement terms that
reflect many-body terms, including certain many-body
forces, that are captured in the high-dimension fields in
the standard MF approach [9].

The distinctive feature of the mean-field result with the
dBHLS Lagrangian, Eq. (96), if taken seriously at its face
value, would imply that, as density moves towards the
DLFP, the symmetry energy should strongly decrease,
going to zero at the fixed point. Such a softened symmetry
energy, including the ‘‘supersoft’’ one that drops to zero at
�3n0, is one of the variety of scenarios found with suitable
parameters picked in phenomenological models [18]. We
should mention that, although somewhat extreme and per-
haps exotic, there is at present nothing that rules out such a
soft symmetry energy.

An alternative scenario that is suggested by our results is
that the expression (96) for the symmetry energy simply
breaks down before reaching the DLFP.When dense matter
is described by having Skyrmions embedded in a crystal
lattice, the Skyrmion matter representing normal baryonic
matter transforms at a density n1=2 � ð1:3–2Þn0 to matter

consisting of half-Skyrmions. It involves the transition
from a state h �qqi � 0 to a state with h �qqi that goes to
zero on the average in the unit cell. In the latter, the quark
condensate is, however, nonzero locally, so there can be
scalar density wave. Chiral symmetry is broken, however,
with pions propagating, but with a higher-dimension order
parameter.

This Skyrmion–half-Skyrmion transition at n1=2 turns

out to have a drastic effect on the symmetry energy: The
symmetry energy decreases in going toward n1=2, as does

the MF (96), but then turns over at n1=2 and increases

strongly, making the Esym stiffer. This signals drastic

departure from (96).

It is easy to understand this ‘‘cusp’’ structure in nuclear
EFT with the dBHLS Lagrangian with the (gV� � 1) cou-

pling going toward the DLFP. In the nuclear EFTapproach,
the nuclear symmetry energy is dominated by the nuclear
tensor forces that receive major contributions from one-
pion exchange and one-� exchange. It is roughly given by

Epot
sym � jVTj2

�E
; (99)

where VT is the radial part of the tensor potential and
�E � 200 MeV is the average excitation energy of the
states dominantly excited by the tensor forces. The pion
contribution and the � contribution to the tensor forces,
appearing with a different sign, tend to cancel as density
increases. Thus we can see from (99) that the symmetry
energy will decrease as the � tensor gets enhanced by the
dropping � mass. However, at n1=2, the � tensor coupling

gets suppressed by the decrease of the (gV� � 1) coupling,

thereby leaving the pion tensor fully active above n1=2. In
Ref. [4], this feature was exploited in describing the EOS
of compact stars and succeeding to explain �2 solar-mass
neutron stars. The significance of this result is that the
mean-field result of Eq. (96) cannot be extended to higher
density when there is a topology change of the type we
encounter, which is not encoded in the standard mean-field
approaches.
As stated in the first section, the breakdown of the mean-

field theory at some density, revealed in our formulation,
could imply the appearance of a non-Fermi liquid structure.
The equivalence of the relativistic mean-field theory to the
Landau Fermi-liquid fixed point theory which is believed to
account for the success of relativistic mean-field theory
(RMF) near nuclear matter density n0 must therefore hold
no longer in the phase approaching the DLFP. In terms of the
topological structure exploited in [4] (see [19], references
given therein, and also [20]), this implies that the half-
Skyrmion phase represents a non-Fermi liquid state. In
condensed matter physics, such a topological phase change
from a Fermi liquid to a non-Fermi liquid can be accessed
by tuning physical parameters in a Hamiltonian (see, e.g.,
[21]). In our case, we have no such luxury of being able to
tune the parameters arbitrarily and measure the observables
directly, but it is plausible that density plays the crucial role.

B. Nuclear repulsion

Contrary to the prediction made in Ref. [3] with Uð2Þ
symmetry for the � and !, the nuclear phenomenology of
Ref. [4] shows that the strong suppression of the!-induced
repulsion cannot take place as one approaches the DLFP.
One can see this also in the �MF with the dBHLS
Lagrangian. The potential energy per baryon given by an
! exchange between two nucleons is of the form

E
pot
! ¼ g
2!NN

2m
2
!

nþ � � � ; (100)
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where the ellipsis stands for three-body and higher-body

contributions which will be of (
g
2!NN

2m
2
!
) or higher order.

Using the tree-order mass formula for the in-medium !,
m
2

! ¼ðg
!F

�! ~�


Þ2, and the coupling g
!NN ¼g
!ðg
V!�1Þ,
we have that

Epot
! ¼ ðg
V! � 1Þ2

2ðF

�! ~�
Þ2 nþ � � � : (101)

We expect that while the numerator will drop only
slowly—if at all—the denominator will drop somewhat
less slowly. Thus one sees that the ! repulsion will not
undergo an appreciable change as the DLFP is approached.

C. A mean-field model

The subtle interplay between the nucleon mass and the
!-nucleon coupling can be seen in the mean-field calcu-
lation with the dBHLS Lagrangian of Sec. III. Below, we
examine the standard scenario with m0 ¼ 0. The dilaton
potential is taken in the standard form [22]

Vð�Þ ¼ � m2
�

8F2
�

�
1

2
�4 � �4 ln

�
�2

F2
�

��
: (102)

Following Ref. [23], the thermodynamic potential is
constructed with a density-dependent !-nucleon coupling:

�ð�;nÞ ¼ 1

4�2

�
2E3

FpF �m
2
N EFpF �m
4

N ln

�
EF þpF

m

N

��

þ ðg
V! � 1Þ2
2F2

�!�
2=F2

�

n2

�m2
�

8
F2
�

��
�2

F2
�

�
2
�
1

2
� ln

�
�2

F2
�

��
� 1

2

�
��ðnÞn;

(103)

where EF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
F þm
2

N

q
and the chemical potential is

given as a function of density n by

�ðnÞ ¼EFðnÞþ ðg
V!� 1Þ2
F2
�!�

2=F2
�

nþ ðg
V!� 1Þ
F2
�!�

2=F2
�

n2
@ðg
V!� 1Þ

@n
:

(104)

The nucleon mass is connected to the !-nucleon
coupling by the equation of motion for � and !, and the
in-medium property of the � condensate—equivalently,
the in-medium mass of the dilaton—controls the behavior
of the nucleon mass at high density. The nucleon mass
depends on �� ¼ h�i via

m

N ¼ g ��: (105)

The gap equation for � is found as

�

�
m2

N

�2F2
�

�
pFEF �m
2

N ln

�
pF þ EF

m

N

��
� ðg
V! � 1Þ2

F2
�!�

4=F2
�

n2

þm2
�

2

�
�2

F2
�

�
ln

�
�2

F2
�

��
¼ 0: (106)

In the mean-field approach, taking the limit tr½��y� ! 0 is
replaced by �� ! 0. The slowly decreasing !-nucleon
coupling not only causes the nucleon mass to drop slowly
but also delays the dilaton limit gA ¼ gV� to higher

density.
In Fig. 2 is shown an illustration of the above

observation introducing a simple parametrization6

g
V! � 1

gV! � 1
¼ 1

1þ Bn=n0
: (107)

For a given constant B, the nucleon mass is calculated by
fitting the binding energy and the pressure of nuclear
matter at n0.

7 It is remarkable that the nucleon mass drops8

almost linearly in density up to slightly above n� n0, say,
nA,

9 and then stays more or less constant.
One finds that the behavior of the dilaton condensate

drastically changes at nA. This behavior is caused by the
change of the solution for Eq. (106) as

��: ��þ ! ��� (108)

at n� nA, where ��	 are given by

m2
�

F2
�

��������ln
�
��2	
F2
�

��������� ��3	

¼ 3mN

4F�

n	 n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
3mN

4F�

�
2 � 2

m2
�

F2
�!

��������ln
�
��2	
F2
�

���������ðg
V! � 1Þ2
s

(109)

that are solutions to Eq. (106) in the approximation that
pF=mN is small. The drastic change occurs at n� nA,

6We find that the coupling gV! � 1 does not scale at one loop.
Scale dependence starts to show up at two-loop level, and it is
expected to decrease the coupling as the dilaton-limit fixed point
is approached. Thus, at any finite-loop order, the coupling could
have a rather weak scale dependence. As mentioned in the
Appendix, we have decoded the scale dependence into a density
dependence with the in-medium coupling represented in a
weakly decreasing function of the form Eq. (107).

7The two density-dependent quantities involved are m

� and

g
V! that are determined by the binding energy and the pressure
at n¼n0 for given B. The behavior of the nucleon mass of Fig. 2
then follows.

8Up to the normal nuclear matter density, the dilaton conden-
sate is related to the quark condensate. The �30% drop of the
dilaton condensate at n0 from the vacuum value predicted here is
consistent with the empirical value of the quark condensate
estimated from the in-medium pion decay constant measured
in deeply bound pionic states.

9In the text, this was referred to as ~n. We conjectured there that
it corresponds to the Skyrmion–half-Skyrmion transition density
n1=2.
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where ��þ ¼ ��� and the quantity �� follows the behavior of
��� after n� nA.
One can readily understand the above interplay

between the nucleon mass and the !-NN coupling after
n� nA. The behavior of �� depends on how the product
ðg
V! � 1Þ2n2 goes with density. If we expand the solution
��� in terms of RðnÞ defined as

RðnÞ � 2
m2

�

F2
�!

ln

�
F�

���

�
2ðg
V! � 1Þ2

	�
3mN

4F�

�
2
; (110)

��� is simplified to

��3� � 4

3

F3
�

F2
�!mN

ðg
V! � 1Þ2nþOðRðnÞÞ (111)

at intermediate density, n > nA, where RðnÞ< 1.
Consequently, if g
V! is constant, i.e., B ¼ 0, the vacuum

expectation value (VEV) goes like ��� n1=3, whereas when
the effective coupling varies with density as ðg
V! � 1Þ2 �
1=n, one finds ��� const as well captured in Fig. 2.

As stressed we do not expect the DLFP to be on top of
chiral restoration (in the chiral limit), but it may be close to
it. So an interesting question is whether our mean-field
model can say something about the chiral restoration
transition.

With the conformal compensator prescription, the
!-meson mass term in the present context carries �2.
This appears in the mean-field thermodynamic potential
(103) in the form of ðg
V! � 1Þ2n2=�2 by use of the equa-
tion of motion for !0. Once the density is turned on, the
inverse power of � generates a divergent contribution to
the entire � peaked at � ¼ 0. This huge barrier prevents
the VEV �� from approaching the scale-symmetry (or
equivalently chiral-symmetry) restored state �� ¼ 0. This
suggests that the !-meson mass may not be associated
entirely with the spontaneously broken scale symmetry.

As discussed in [15], an explicit scale symmetry breaking
is needed to trigger spontaneous symmetry breaking asso-
ciated with the dilaton �. For this, an additional scalar
field, denoted �h in [15], should figure. How it should be
introduced in the formulation of this paper is not clear. Just
to have an idea of its potential role, let us consider that the
scalar has two components ð�s; �hÞ and identify �s with
the dilaton we have been using. Let us assume that we have
a linear combination of the two scalars. We will then have
ðg
V! � 1Þ2n2=ða�s þ b�hÞ2 in�which now stays finite at
�s ¼ 0, since the VEVof �h is nonvanishing. The height of
the potential barrier is governed by the composition of �s

and �h in the ! mass. When the soft dilaton plays a minor
role there, �� turns out not to stay constant any more but
decreases monotonically. In order to have the flat � after
the onset density nA up to some density nB and then have it
drop to zero for chiral restoration, some sort of level cross-
ing must take place between the �’s as density is increased.
This may be related to the still-open problem of low-mass
scalars in nuclear and hadron physics vis-à-vis with
f0ð500Þ.
Here we should stress that this mean-field calculation

was made in the standard assignment, m0 ¼ 0 in the
beginning. Nevertheless, we have found m


N � 0:7 in
high density, indicating that a nonvanishing m0 emerges
dynamically. The interplay between the nucleon mass and
the !-nucleon coupling as revealed in this way is uncan-
nily similar to what was found by the RGE analysis given
in this paper and consistent with what was phenomenolog-
ically observed in the nuclear EFT description with a
Brown-Rho (BR) scaling modified by topology change
[4]. (See also [20].)

VI. CONCLUSIONS

Although we have neither mathematically rigorous argu-
ments nor any results of phenomenological studies using the
formulation of [4], we can still make a qualitative connec-
tion between the main source (or origin) of nucleon mass
and the property of the !-nucleon coupling in medium. As
discussed recently [19], there are at least two reasons to
think that the nucleon mass has a large component that is
chiral scalar and hence does not disappear at the chiral
transition. One is a lattice result: By artificially unbreaking
chiral symmetry in a dynamical lattice simulation [24] (see
also [25]), Glozman et al. find that baryons—and also
mesons—remain massive after chiral symmetry is suppos-
edly restored [26]. In fact, phrased in the form of Eq. (31),
m0 is found to be surprisingly large. The other is evidence
from dense Skyrmion matter where one notes that, as den-
sity increases, the energy per baryon of the system scales
with the effective pion decay constant that falls quite slowly
once the system enters into the half-Skyrmion phase [19].
As proposed in Refs. [4,19] and stated above, the

presence of a large chirally invariant term in the nucleon
mass can be effectively captured in the parity-doublet

FIG. 2. The ratio m

N=mN � h�i
=h�i0 as a function of density

for varying density dependence of g
V!. What is notable is that

the nucleon mass stops dropping at a density slightly above
nuclear matter density n0 and stays more or less constant above
that density.
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baryon structure with the nucleon mass given by (31),
mN ¼ m0 þ�mð�Þ. In principle, one could determine
m0 from low-energy hadronic processes involving parity-
doublet baryons with 6dBHLS. For this, a high-order chiral
perturbation theory with the vector mesons suitably incor-
porated would be needed. Such a formulation is not yet
available.

A rough range available up to date is thatm0 could range
from �200 to �800 MeV [3,14,27].

Let us briefly discuss what we can say from nuclear
phenomenology with, say, m0 � 800 MeV. In [4], the
structure of dense Skyrmion matter simulated on a crystal
lattice treated with a truncated form of dBHLS [2] was
translated into the scaling behavior of the parameters figur-
ing in the dBHLS Lagrangian. The rationale for such a
procedure was that the topology change from Skyrmions to
half-Skyrmions present in the crystal matter could be in-
terpreted as a change in the parameters as density increases
across n1=2. For the nucleon mass, the scaling was taken to

follow the empirical trend up to the normal matter density
n0, giving m


N=mN � 0:8 at n ¼ n0, and then assumed to

remain unchanged after n1=2 � 1:2n0. We can consider this

choice as corresponding to m0=mN � 0:8 in the parity-
doublet dBHLS model with �m ! 0 as n ! n1=2 at which

h �qqi
 vanishes.10 For this value of m

N—and with other

parameters fixed—it was found that even a slight decrease
in the !-nucleon coupling would generate instability of
nuclear matter for n > n1=2. This is an indication that, for

the given value of m

N , the g!NN cannot run much in

density after n1=2.
The reason for this phenomenon is easy to understand. In

a nonrelativistic description in nuclear EFT, lowering m

N

engenders strong suppression in attraction, the suppression
factor going like�ðm


N=mNÞ2, basically a relativistic effect
on the scalar density at higher baryon density. On the other
hand, lowering g
!NN decreases, roughly quadratically, the

!-exchange repulsion, causing instability of the matter at
high density. Therefore, with other parameters fixed, the
two are tightly correlated in the EOS. Given that m0 is not
known at present, one may vary both m0 and g



!NN in such

a way that the EOS remains within the ranges provided by
heavy-ion experimental data available up to �4n0 and
consistent with neutron-star observables. This could offer
some indication as to whether (gV! � 1) runs or rather
walks as we found in this paper. This feature is illustrated
by a simple mean-field treatment with dBHLS as given in
Sec. VC. It should be emphasized that the m0 is the part of
mass that has nothing direct to do with the spontaneous
breaking of chiral symmetry, so, if it is as big as 80% of the
nucleon mass, the origin of the bulk of proton mass is yet to
be explained [19].
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QCD [5] was completed [20]. The results agree with
what was obtained in this paper.

APPENDIX: THE INTERPRETATION OF THE
CUTOFF RELATING TO THE DENSITY

In this Appendix, we present a far-from-rigorous
argument to relate the scale � in RGEs to density. In order
to make a consistent and realistic treatment of dense matter
with an effective field theory Lagrangian of the type we are
considering, one would first have to arrive at a Fermi sea
and then obtain a Fermi-liquid fixed point theory to cor-
rectly describe physics of normal nuclear matter. One may
then extrapolate the theory to higher density assuming that
the Fermi-liquid structure continues to be valid. Here we
are not in a position to do so. What we will do here is
simply to assume that the Fermi-sea structure is arrived at
with our effective field theory and interpret the RG analysis
we have made in the paper in terms of the kinematics
appropriate to that of the Fermi sphere.
We adopt the basic premise of the Wilsonian RG to

integrate out higher modes and arrive at the Fermi-liquid
fixed point structure as discussed in [16]. We will assume
as in the Walecka mean-field theory [28] that relativistic
mean-field theory with our dBHLS Lagrangian gives a
Fermi-liquid fixed point theory at the saturation density
n0. Suppose the effective (dBHLS) Lagrangian that we
start with has a set of parameters, ai, and fields, 
i:

L ¼ Lð
i; ajÞ: (A1)

Using the kinematics defined in the Fermi sphere as given
in Fig. 3, we define the integration momentum k:

k ¼ jKj � KF (A2)

and write the action as

S ¼
Z �

��
Lð
i; ajÞ d4k

ð2�Þ4 ; (A3)

where KF is the Fermi momentum and K is the momentum
of the particle in a medium satisfying the dispersion

10Although the condensate h �qqi is not a proper order parameter
for chiral symmetry for the crystal matter, we will identify it to
be associated with the dynamically generated mass term �m.
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relation E ¼ K2

2m . Then k is the momentum component

normal to the Fermi surface with the cutoff � that defines
the scale up to which the effective theory is valid. When the
fields are separated into high and low modes as


iL ¼ 
i for 0< k<�=s; (A4)


iH ¼ 
i for �=s < k <�; (A5)

the action is given by

Sð
iL;
iHÞ ¼ S0ð
iLÞ þ S0ð
iHÞ þ SIð
iL;
iHÞ: (A6)

After integrating out the high modes—
iH—we get

Z ¼
Z Y

j

½d
jH�½d
jL�e�fS0½
iL�þS0½
iH�þSI½
iL;
iH�g (A7)

¼
Z Y

j

½d
jL�eSeff ½
iL�; (A8)

where

Seff½
iL� ¼ ln

�
e�S0½
iL�

Z Y
j

½d
jH�e�fS0½
iH�þSI½
iL;
iH�g
�
:

(A9)

The resulting effective action is dependent on the cutoff
�=s with s running from 1 to 1.
We now wish to relate the dropping cutoff �=s to

the increasing density in Fig. 3. For this, let us
suppose that we are going to the region where �=s
goes to zero with KF fixed. This is described in Fig. 3
as the ‘‘cutoff surface’’ k ¼ �=s, approaching the
Fermi surface K ¼ KF. The parameters will change
as the cutoff �=s is changed. The interval between
the Fermi surface and the cutoff surface will then get
reduced.
It is more convenient for our purpose to interpret the

above process in a different way. Let KF increase with
�=s fixed—that is, let the Fermi surface approach the
cutoff surface—so that the interval between the Fermi
surface and the cutoff surface goes to zero. Then, the
magnitude of the possible maximum momentum of k tends
to zero which is effectively the same as the cutoff �=s
going to zero. We approach the infrared region �=s ! 0
by increasing KF.
In our RGEs given in the text, the � is interpreted as the

cutoff in the Wilsonian RG approach:

� ¼ �=s: (A10)

If our argument relating the cutoff to density can be applied
to our system, we can then infer a rough relation between�
and KF in the form

�0 �� ¼ KF; (A11)

where �0 � �ðn ¼ 0Þ ¼ � for s ¼ 1. This shows that as
� decreases, KF increases. If our interpretation of
Eq. (A11) is correct, then we can say that the physical
quantities flowing with RGEs in our paper capture the
medium effect, and flow to DLFP as density increases
because DLFP is evaluated as an IR fixed point. The slowly
decreasing behavior of gV! � 1 given in the RGE is ap-
plied in the mean-field calculation to the dilaton conden-
sate and gives the interplay between the nucleon mass and
the !-nucleon coupling in n > nA.
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