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Lorentz invariance is one of the fundamental principles of physics, and, as such, it must be

experimentally tested. The purpose of this work is to obtain, within the Standard-Model Extension, the

dynamics of a Lorentz-violating spinor in a uniform Newtonian gravitational field. This is achieved by

treating the spinor as a test particle and introducing the gravitational field through a uniformly accelerated

observer. The nonrelativistic Hamiltonian is obtained, and some experimental consequences are discussed.

One unexpected outcome of this work is that the gravitational field helps disentangle bounds on

coefficients for Lorentz violation.
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I. INTRODUCTION

Lorentz invariance is part of the foundation of modern
physics rendering its empirical validation extremely
important. The Standard-Model Extension (SME) is a
framework within effective field theory [1] that incorpo-
rates all possible Lorentz- (and CPT [2]) violating exten-
sions to General Relativity and the Standard Model [3,4].
A Lorentz-violating term in the SME is formed by a
Lorenz-violating operator, built from conventional fields,
contracted in a coordinate independent way with a control-
ling coefficient. The SME has been widely used for tests
of Lorentz invariance [5]; a list of experiments and
constraints can be found in Ref. [6].

The SME coefficients may be ‘‘explicit,’’ namely,
objects present in the theory without being dynamical, or
may be ‘‘spontaneous’’ and arise when certain fields attain
its vacuum expectation values. In the latter case, the co-
efficients have fluctuations about its vacuum expectation
value that may have physical implications [7]. As proven
by Kostelecký [4], explicit breaking is incompatible with
the Bianchi identity, which, in turn, lies at the core of
Einstein’s equations. Therefore, Lorentz violation in the
presence of gravity requires spontaneous coefficients.

One of the original motivations for introducing gravity
in the context of Lorentz-violating spinors is that some
SME coefficients can only be empirically accessed through
couplings with gravity [8,9]. In this case, it is necessary to
solve Einstein’s equations and consider dynamical mecha-
nisms for Lorentz violation, making the calculations
extremely challenging. Kostelecký and Tasson [8] were
able to study Lorentz-violating spinors in the presence
of a general gravitational field under the linearized met-
ric approximation, leading to the first bounds on some
coefficients. However, in Ref. [8], the SME coefficients
associated with spin are disregarded.

The goal of the current work is to incorporate gravity
to the analysis of Lorentz-violating spinors without

neglecting the SME coefficients associated with spin.
There are two reasons that render this work particularly
interesting. First, spin tests of Lorentz invariance are
remarkably sensitive [10], and it is conceivable that,
through gravity couplings, the bounds set with these ex-
periments could be translated into more stringent bounds
on other SME coefficients. Second, the effects of quan-
tum gravity could become manifest when gravity and
an inherit quantum property of matter—like spin—are
simultaneously present.
To include spin with the techniques developed in

Ref. [8] seems daunting. Thus, the challenge is to find
approximations which properly describe the experimental
conditions and, at the same time, allow one to calculate the
Hamiltonian for Lorentz-violating spinors in the presence
of gravity. A method achieving this goal is presented in
Sec. II. Since most experiments testing Lorentz invariance
are properly described in the nonrelativistic regime, the
nonrelativistic Hamiltonian is also obtained. Furthermore,
an analysis of the physical content and several consistency
checks are presented in Sec. II. Section III contains a brief
overview of the experimental consequences of the resulting
Hamiltonian, including a discussion on the possibility
of using gravity to disentangle bounds on linear combina-
tions of SME coefficients. The conclusions are presented
in Sec. IV. Finally, the notation and conventions used
throughout the paper are described in Appendix A, and
an analysis of field redefinitions is given in Appendix B.

II. FORMALISM

A. Starting point

This section is devoted to deriving the Hamiltonian
describing the evolution of a Lorentz-violating spinor in
the gravitational environment of a laboratory. Note that, in
contrast with other research programs [11], in this work,
the spacetime metric is not assumed to be Lorentz-
violating. In addition, the mechanisms that could generate
SME coefficients, which have been studied in contexts
such as string theory [12], noncommutative spacetime*ybonder@indiana.edu
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[13], loop quantum gravity [14], nonminimal gravitational
couplings [15], and through spontaneous symmetry break-
ing of vector and tensor fields [16], are not the concern of
the present work. Here, Lorentz violation occurs in the
spinor field, and its sources are not considered.

Under the test-particle approximation, the contribution
of the spinors to the spacetime curvature is disregarded,
and their energy-momentum tensor does not enter into
Einstein’s equations. Being a good approximation for
most laboratory experiments, this approximation is as-
sumed, and the theorem forcing the SME coefficients to
arise spontaneously can be circumvented. In other words,
under the test-particle approximation, the fluctuations
of the SME coefficients can be consistently neglected,
making the calculations manageable.

Moreover, in this work, the attention is focused on a
free Dirac spinor c , and only Lorentz-violating terms of
renormalizable dimensions are considered. This subset of
the SME is called the minimal matter sector, and the spinor
action in a general curved spacetime background is given
by [4]

S ¼
Z

d4xe

�
i

2
e
�
a
�c�ar�c � i

2
e
�
a ðr�

�c Þ�ac � �cMc

�
;

(1)
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cd;
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M¼mþ im5�5þa�e
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a �aþb�e
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aþ1

2
H��e

�
a e�b�

ab:

(3)

The explicit form of the covariant derivatives r� acting

on c is presented in Appendix A. In this case, the SME
coefficients are a�, b�, c��, d��, e�, f�, g��� ¼ �g���,

and H�� ¼ �H��, which are assumed to have small com-

ponents in any experimentally relevant coordinate system
[17]. The chiral massm5 is only included for the purpose of
generality; for simplicity, it is also considered small.

The equation of motion for the spinor obtained from the
action (1) is

0 ¼ ie
�
a �a@�c þ i

2
e
�
a !�cd

�
�ac�d þ i

4
f�a; �cdg

�
c

þ i

2
e�a ð@��aÞc �Mc ; (4)

with !�ab being the spin connection (see Appendix A).

The goal is to find a Hamiltonian for c defined as the time-
evolution operator i@0. To do so, it is necessary to restrict
the analysis to a static (and torsion-free) spacetime where

there is no contribution to the spinor evolution from space-
time. Before doing so, it is important to remark that, from
this point on, c is regarded as a spinorial wave function in
the context of one-particle quantum mechanics and not as a
quantum field.

1. General static spacetime

In any static spacetime, the tetrad can be chosen as [18]

e
�
0 ¼ �

�
0 e

0
0ðxkÞ; (5a)

e�j ¼ ��
i e

i
jðxkÞ; (5b)

where e00 � 0. Therefore, the equation of motion (4) can be

brought to the form

0 ¼ ie00�
0@0c þ ieij�

j@ic

þ i

2
e�a !�cd

�
�ac�d þ i

4
f�a; �cdg

�
c

þ i

2
e�a ð@��aÞc �Mc : (6)

Note that, if e00�
0 is inverted, a Hamiltonian can be read

from this equation.
The inner product associated with such a Hamiltonian

can be obtained by inspecting the corresponding continuity
equation [8,19], and, in general, it is not the standard inner
product of nonrelativistic quantum mechanics,

hc 1; c 2i ¼
Z
�
dvc y

1 c 2; (7)

where c 1 and c 2 are any (square-integrable) spinors and
� is a Cauchy surface for which the natural volume ele-
ment is dv. Since the goal is to find a Schrödinger-like
equation, it is convenient to use a method yielding to the
inner product (7). It has been shown [8] that this can be
achieved with a field redefinition c ¼ W�, where W is
chosen so that the factor of i@0� becomes e00�

0, which, in

addition, can be easily inverted.
Observe that, in contrast to the case where gravity is

disregarded [20], here it is difficult to find a field redefini-
tion valid to all orders in the SME coefficients. However, it
is possible to verify that W ¼ ð3� �0�0Þ=2 ¼ Wy works
to first order in m5 and the SME coefficients, which is
an approximation used for the rest of this paper. The
Hamiltonian obtained with this method takes the form

H ¼ �i
eij

e00
�0~�j@i þ 1

e00
�0 ~M; (8a)

where

�W ¼ �0Wy�0; (8b)

~�a ¼ �W�aW; (8c)
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~M ¼ �WMW � ie�a �W�að@�WÞ � i

2
e�a �Wð@��aÞW

� i

2
e�a !�cd

�W

�
�ac�d þ i

4
f�a; �cdg

�
W: (8d)

2. Uniform Newtonian gravitational field

The background spacetime has to be chosen to properly
characterize the gravitational environment in laboratory
experiments. This can be achieved by a uniform
Newtonian field, which, in turn, is described by a flat
spacetime as seen by a uniformly accelerated observer
provided that the observer’s acceleration is identified
with the gravitational acceleration. The corresponding
metric can be written [21,22] as

ds2 ¼ �ð1þ�Þ2dt2 þ dxidxi; (9)

where � is the uniform Newtonian potential satisfying
@0� ¼ 0 and @i@j� ¼ 0. That this metric accurately

describes the gravitational environment in laboratory
experiments can be justified from the fact that the
Schwarzschild metric in Fermi-like coordinates associated
with a fixed observer at the Earth’s surface, takes the form
of Eq. (9) plus the curvature tensor contracted with two
powers of a suitably defined distance [23]. These addi-
tional terms generate tidal effects and can be neglected
when the size of the experiment is much smaller than the
spacetime-curvature radius, as in most laboratory experi-
ments. In fact, it has been explicitly shown that the
metric (9) properly represents gravity in certain laboratory
experiments (see Refs. [24,25]).

Moreover, given that the spacetime under consideration
is flat, it can be assumed that the covariant derivatives of
the SME coefficients vanish globally, which is the general-
ization of the condition that, in the absence of gravity, the
partial derivatives of the coefficients with respect to a
Minkowskian reference frame are zero.

For the metric (9), the tetrad can be chosen as

e00 ¼ ð1þ�Þ�1; (10a)

eij ¼ �i
j: (10b)

In addition, it is possible to check that the nonvanishing
Christoffel symbols are

�0
0i ¼ �0

i0 ¼ ð1þ�Þ�1ð@i�Þ; (11a)

�i
00 ¼ �ijð1þ�Þð@j�Þ; (11b)

and thus

e
�
a !�cd ¼ ð@i�Þ

1þ�
�0
að�i

c�
0
d � �0

c�
i
dÞ: (12)

Taking this into the account, the Hamiltonian (8) takes the
form

H ¼ �ið1þ�Þ�0~�i@i þ ð1þ�Þ�0 ~M; (13a)

where

~�i ¼ �i þ �i þ 1

2
½�0�i;�0�; (13b)

~M ¼ mþM�m

2
f�0;�0g � i

2
�0�ið@i�0Þ � i

2
ð@i�iÞ

� i

2

ð@i�Þ
1þ�

ð�i þ �i þ �0�i�0Þ: (13c)

To first order in m5 and the SME coefficients, the
relativistic Hamiltonian for a Lorentz-violating spinor in a
uniform Newtonian gravitational field is given in Eqs. (13).
Bear in mind that, even though Lorentz invariance is
associated with relativity, the goal of this paper is to set
the framework to look for experimental evidence of
Lorentz violation in the presence of a uniform Newtonian
gravitational field in experiments where the particles have
nonrelativistic velocities, and can thus be described by a
Schrödinger equation. This is why the nonrelativistic limit
is sought, which is done next.

B. Nonrelativistic limit

The standard procedure to calculate the nonrelativistic
Hamiltonian when dealing with spinors in the context
of relativistic quantum mechanics is through a series of
unitary transformations [26]. The idea is to write the
Hamiltonian as

H ¼ m�0 þ E þO; (14)

where E and O are respectively called the even and odd
parts of the Hamiltonian; O is defined as the part of the
Hamiltonian that couples particle and antiparticle degrees
of freedom. Thus, in the nonrelativistic limit,O is expected
to vanish. In general, it is extremely hard to find a unitary
transformation that eliminates O. The alternative is to
perform a series of unitary transformations, called Foldy–
Wouthuysen transformations, each of which removes from
O the leading contribution in @i=m. After three iterations,
the Hamiltonian, containing terms with two or less spatial
derivatives, takes the form

HFW ¼ m�0 þ E þ 1

2m
�0O2

� 1

8m2
½O; ½O; E�� � i

8m2
½O; @0O�: (15)

Note that this approximation properly describes nonrela-
tivistic experiments since @i may act on either the wave
function, in which case it may be regarded as the particle’s
momentum, or on the Newtonian potential, resulting in the
gravitational acceleration. For nonrelativistic experiments,
the momentum of the particle and the gravitational accel-
eration (�10�32 GeV) are small with respect to m, and
thus the aforementioned truncation is justified.
To illustrate the method, the nonrelativistic Hamiltonian

is calculated in the absence of Lorentz violations and when
m5 ¼ 0. In this case, the relativistic Hamiltonian is
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HLI ¼ �i�0�ið1þ�Þ@i þm�0ð1þ�Þ � i

2
�0�ið@i�Þ;

(16)

where the subindex LI is a reminder that this quantity is
associated with the Lorentz-invariant and m5 ¼ 0 case. To
calculate the nonrelativistic Hamiltonian, the even and odd
parts of the Hamiltonian must be identified. In this case,
these parts are given by

ELI ¼ m�0�; (17)

OLI ¼ �i�0�i

�
ð1þ�Þ@i þ 1

2
ð@i�Þ

�
: (18)

Inserting these expressions in Eq. (15) leads to

HFW;LI ¼ m�0ð1þ�Þ þ �ij

2m
�0

�
�ð1��Þð1þ�Þ2@i@j

þ 1

2
ð1þ 2�Þð@i�Þð@j�Þ

� ð1� 3�Þð1þ�Þð@i�Þ@j
�

� i	k
ij

4m
�0�kð1� 3�Þð1þ�Þð@i�Þ@j; (19)

which is the nonrelativistic Hamiltonian for a Lorentz-
invariant spinor in a uniform gravitational field.

The next step is to include m5 and the SME coefficients.
For that purpose, E and O must be read from the
Hamiltonian (13). Then these parts are substituted into
Eq. (15), retaining only the leading contributions in m5

and the SME coefficients. Since only linear terms in these
quantities are sought, the calculations are done one coef-
ficient at a time. Recall that the covariant derivatives of the
SME coefficients vanish by assumption, which is used to
calculate the partial derivatives of these coefficients.

The contribution of m5 to the nonrelativistic
Hamiltonian is

�HFW ¼ �m5

4m
�kð1þ�Þð1� 3�Þð@k�Þ; (20)

which must be added to the Lorentz-invariant nonrelativ-
istic Hamiltonian (19). The same calculation is repeated
for all the SME coefficients. The correction to the
nonrelativistic Hamiltonian coming from a� is

�HFW ¼ a0 � iai�
ij

m
�0ð1þ�Þ2ð1��Þ@j

� iai�
ij

2m
�0ð1þ�Þð1� 3�Þð@j�Þ

� ai
4m

	k
ij�0�kð1þ�Þð1� 3�Þð@j�Þ: (21)

Similarly, the contribution of b� to the nonrelativistic

Hamiltonian is

�HFW ¼ �bið1þ�Þ�i þ i
b0
2m

�0�kð2ð1��2Þ@k

þ ð1� 3�Þð@k�ÞÞ � i
3	iklbi
4m2

ð1þ�Þ2ð@k�Þ@l

þ bi
2m2

ð�il�k � �kl�iÞ
�
ð1þ�Þ3@k@l

þ ð1þ�Þð@k�Þð@l�Þ
þ 3

2
ð1þ�Þ2ðð@k�Þ@l þ ð@l�Þ@kÞ

�
: (22)

When calculating the effects of c��, it is possible to

study the irreducible components, cð��Þ and c½���, sepa-
rately. For cð��Þ, the additional piece for the nonrelativistic
Hamiltonian is

�HFW ¼ �mc00�
0ð1þ�Þ�1 � �ij

2m
c00�

0

�
�ð1��Þ@i@j þ 1

2

1þ 2�

ð1þ�Þ2 ð@i�Þð@j�Þ � 1� 3�

1þ�
ð@i�Þ@j

�

þ i	k
ij

4m
c00�

0�k 1� 3�

1þ�
ð@i�Þ@j þ 2i�ijcð0iÞð1þ�Þ�1

�
ð1þ�Þ@j þ 1

2
ð@j�Þ

�

þ 1

2
	k

ijcð0iÞ�kð1þ�Þ�1ð@j�Þ þ �ik�jlcðijÞ
2m

�0½2ð1��Þð1þ�Þ2@k@l
þ ð1� 3�Þð1þ�Þðð@k�Þ@l þ ð@l�Þ@kÞ � ð1þ 2�Þð@k�Þð@l�Þ�

� i
	m

ik�jlcðijÞ
4m

�0�mð1þ�Þð1� 3�Þ½ð@k�Þ@l � ð@l�Þ@k�; (23)

and the contribution of c½��� is

�HFW ¼ � 1

2
	k

ijc½0i��kð1þ�Þ�1ð@j�Þ � i
	m

ik�jlc½ij�
4m

�0�mð1þ�Þð1� 3�Þ½ð@k�Þ@l � ð@l�Þ@k�: (24)

Again, the irreducible components of d��, dð��Þ, and d½��� can be independently analyzed. The symmetric components

generate
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�HFW ¼ �id00�
ið1þ�Þ�2

�
ð1þ�Þ@i þ 1

2
ð@i�Þ

�
þmdð0iÞ�0�i

þ �ij

2m
dð0iÞ�0�k

�
�ð1þ�Þð3� 5�Þ@j@k � 1

2
ð1� 15�Þðð@j�Þ@k þ ð@k�Þ@jÞ þ 3þ 5�

1þ�
ð@j�Þð@k�Þ

�

þ i
	ijk

4m
dð0iÞ�0ð1��Þð@j�Þ@k � i�jkdðijÞ�i

�
ð1þ�Þ@k þ 1

2
ð@k�Þ

�
; (25)

and from the d½��� components, the contribution to the
nonrelativistic Hamiltonian is

�HFW ¼�md½0i��0�iþ�ij

2m
d½0i��0�k

�
�ð1þ�Þ2@j@k

� 3

2
ð1þ�Þðð@j�Þ@kþð@k�Þ@jÞ� ð@j�Þð@k�Þ

�

� i
	ijk

4m
d½0i��0ð1��Þð@j�Þ@k

� i�jkd½ij��i

�
ð1þ�Þ@kþ 1

2
ð@k�Þ

�
: (26)

The corresponding addition to the Hamiltonian coming
from e� is

�HFW ¼ �me0 � i

4m
	k

ije0�
kð1� 3�Þð@i�Þ@j

� 1

4m
�ije0ð@i�Þð@j�Þ

þ i�ijei�
0

�
ð1þ�Þ@j þ 1

2
ð@j�Þ

�
; (27)

and f� produces

�HFW¼1

2
f0�

0�ið1þ�Þ�1ð@i�Þ

þ i
�ijfi
4m

�kð1þ�Þð1�3�Þ½ð@j�Þ@k�ð@k�Þ@j�:
(28)

The g��� coefficient can be irreducibly decomposed

[27] as

g��� ¼ gðAÞ� "���
� þ 2

3
gðTÞ½� g��� þ gðMÞ

���; (29a)

where

gðAÞ� ¼ 1

6
g���"�

���; (29b)

gðTÞ� ¼ g��g���; (29c)

gðMÞ
��� ¼ 1

3
ð2g��� � g��� � g��� þ g��g


�g�
�

� g��g

�g�
�Þ (29d)

are respectively known as the axial, trace, and mixed-
symmetry parts. The mixed-symmetry part satisfies

gðMÞ
���"�

��� ¼ 0 and gðMÞ
���g�� ¼ 0, but it cannot be written

in a simple manner in terms of g��� and geometric tensors.

Therefore, even though it is the natural separation from the
point of view of the discussion presented in Appendix B,
the separation in irreducible components is not practical
for the calculation at hand. Instead, the effects of the
components g0i0, g0ij, gij0, and gijk are studied separately.

In the g0i0 case,

�HFW¼�ij

2
g0i0�

0ð1þ�Þ�2ð@j�Þ

�i	m
ijg0i0�

0�mð1þ�Þ�2

�
ð1þ�Þ@jþ1

2
ð@j�Þ

�
:

(30)

The presence of g0ij generates

�HFW ¼ �i
�ik�jl

2m
g0ijð1� 3�Þð@k�Þ@l þ 	m

il�jk

2m
g0ij�

m

�
�2ð1��2Þ@k@l � ð1� 3�Þðð@k�Þ@l þ ð@l�Þ@kÞ

þ 1þ 2�

1þ�
ð@k�Þð@l�Þ

�
: (31)

The terms produced by gij0 are
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�HFW ¼ �m

2
	m

ijgij0�
m � i

�ik�jl

8m
gij0ð1þ 9�Þ½ð@k�Þ@l � ð@l�Þ@k�

� �kl	m
ij

4m
gij0�

m½ð1þ�Þ2@k@l þ 3ð1þ�Þð@k�Þ@l þ ð@k�Þð@l�Þ�

þ �ik	m
jl

2m
gij0�

m

�
�2ð1��2Þ@k@l � ð1� 3�Þðð@k�Þ@l þ ð@l�Þ@kÞ þ 1þ 2�

1þ�
ð@k�Þð@l�Þ

�

þ 	ijk

8m
gij0�

l½2ð1þ�Þ2@k@l þ 3ð1þ�Þðð@k�Þ@l þ ð@l�Þ@kÞ þ ð@k�Þð@l�Þ�; (32)

and the gijk components produce

�HFW ¼ i

2
�kl	m

ijgijk�
0�m

�
ð1þ�Þ@l þ 1

2
ð@l�Þ

�
: (33)

Finally, the contribution of H�� is

�HFW ¼ ��ij

4m
H0ið1� 3�Þð@j�Þ þ i

	k
ij

2m
H0i�

k½2ð1��2Þ@j þ ð1� 3�Þð@j�Þ� þ 1

2
Hij	k

ij�0�kð1þ�Þ

þ 2�ik	m
jl þ �kl	m

ij

16m2
Hij�

0�mð1þ�Þð@k�Þð@l�Þ

þ 	ijk

16m2
Hij�

0�l½4ð1þ�Þ3@k@l þ 6ð1þ�Þ2ðð@k�Þ@l þ ð@l�Þ@kÞ þ 3ð1þ�Þð@k�Þð@l�Þ�: (34)

To first order in m5 and the SME coefficients, the non-
relativistic Hamiltonian HFW is composed of the Lorentz-
invariant Hamiltonian (16) plus the corrections given in
Eqs. (20)–(34). Observe that each SME coefficient cou-
ples with spin and gravity in a particular way, and, in
principle, every term in these expressions can be used to
look for the coefficients’ effects. However, before seeking
these effects, it is convenient to analyze which terms in
HFW are not physical. This is done next. For simplicity,
for the rest of the manuscript, all the equations are only
valid to linear order in � and @i�. Also, the nonrelativ-
istic Hamiltonian HFW is written in terms of the momen-
tum operator pi ¼ �i@i, which is assumed to act on
everything on its right.

C. Physical terms

As discussed in Appendix B, it can be shown that some
combinations of SME coefficients cannot have physical
meaning. This analysis is done by redefining the spinor
field at the level of the action. Nevertheless, to this
point, all the SME coefficients have been preserved to
provide an additional method to check the resulting
Hamiltonian. The idea is that all the unphysical combi-
nations of SME coefficients must cancel through unitary
transformations.

Any unitary transformation U ¼ eiS has to be even,
to avoid coupling particles and antiparticles, and, to be
compatible with the nonrelativistic approximation, it must
have two or fewer powers of momentum. Under these
conditions, the most general S ¼ Sy is

S ¼ Aþ B�0 þ Ci�
i þDi�

0�i

þ ðEi þ Fi�0 þGi
j�

j þ Iij�
0�jÞpi

m

þ ðJij þ Kij�0 þ Lij
k �

k þMij
k �

0�kÞpi

m

pj

m
; (35)

where it is assumed that A, B, etc., are real, linear in the
SME coefficients, and may depend on �. Unitary trans-
formations in the Lorentz-invariant case are analyzed in
Ref. [28]. To leading order in the SME coefficients, the
result of this unitary transformation is

H0
FW ¼ eiSHFWe

�iS � ieiS@0e
�iS

¼ HFW þ i½S;HFW;LI� � ð@0SÞ: (36)

At this stage, a generic expression for the terms in S is
needed. At the corresponding order of approximation, such
expressions can be used to check that the first partial
derivatives with respect to the spacetime coordinates are
proportional to the SME coefficient contracted with (@i�)
and the second derivatives vanish. Therefore,H0

FW contains
terms like Fið@i�Þ � ð@0AÞ, and

½��ijð@iBÞ þ ðKij þ KjiÞð@i�Þ � ð@0EjÞ�pj

m
: (37)

These terms can be chosen to cancel any real term in the
Hamiltonian containing an SME coefficient, a factor of
either (@i�) or ð@i�Þpj, and that is proportional to

the identity matrix. Analogous derivations permit the
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conclusion that the same is valid for any even Dirac
matrix. Therefore, any real term in HFW proportional to
an SME coefficient and either (@i�) or ð@i�Þpj can be

removed. Observe that the factor �ið@i�Þ ¼ pi���pi

is not real, and thus it cannot be removed with these
transformations.
After the unphysical terms are removed, the nonrelativ-

istic Hamiltonian can be brought to the form

H0
FW ¼ ðm�0 þ â0 �mĉ00�

0 �mê0Þð1þ�Þ þ
�
�bk þmd̂k0�

0 þ 	k
lm

2
ð�mĝlm0 þHlm�

0Þ
�
�kð1þ�Þ

þ �il

2m
½al�0 �mðĉ0l þ ĉl0Þ �mel�

0�½ð1þ�Þpi þ pið1þ�Þ�

þ 1

2m

�
��i

kb̂0�
0 þm�i

kd̂00 þm�ildkl þ 	k
il

�
� 1

2
�0ð@l�Þ �mĝ0l0�

0 þ Ĥ0l

�
�m

2
�in	k

lmglmn�
0

�

� �k½ð1þ�Þpi þ pið1þ�Þ� þ 1

2m
ð�ij�0 � �ijĉ00�

0 � �il�jmðclm þ cmlÞ�0Þpðið1þ�ÞpjÞ

þ 1

2m2

�
�ijbk � �il�j

kbl �m�il�j
kd̂l0�

0 þm

2
	k

lm�ijĝlm0 � 	ilm�j
k

2
ðmĝlm0 þHlm�

0Þ
�
�kpðið1þ 3�ÞpjÞ

þ 1

m
½�il�j

kðd̂0l þ d̂l0Þ�0 þ 	k
il�jmðĝlm0 � ĝ0lmÞ��kpðið1þ�ÞpjÞ; (38)

where the coefficients with a caret get a factor 1� n�, n
being the number of indices that are zero. For example,

â0 ¼ ð1��Þa0; ĉk0 ¼ ð1��Þck0;
d̂00 ¼ ð1� 2�Þd00; Ĥij ¼ Hij:

Recall that Eq. (38) is only valid to linear order in�. Also,
observe that in Eq. (38), all the SME coefficients have a
caret.

One advantage of using the caret notation is that the
linear combinations of SME coefficients appearing in the
Hamiltonian (38) coincide with those of Ref. [29] where
gravity is disregarded (up to signs from using different
metric signatures). Therefore, the result of this work is
that the effects of a uniform gravitational field can be
introduced through redshift factors in the rest energy
term, the momentum, and the SME coefficients. It is easy
to verify the SME coefficients get a factor ð1þ�Þ�1 for
each zero index. However, it is not straightforward to
understand the couplings of the gravitational potential
and the momentum. In particular, it would be interesting
to understand the separation of the terms quadratic in
momentum that contain �k into those where the gravita-
tional factor is 1þ 3� and those where the factor is 1þ�.
Clearly, to grasp these issues, it is necessary to keep higher
order terms in�, which lies outside the scope of this paper.

D. Consistency checks

In this section, some limits of the Hamiltonian (38) and
consistency checks are considered. First, the Hamiltonian
(38) coincides with the one of Hehl and Ni [21] in the limit
where all the SME coefficients are set to zero (provided
that �i in Ref. [21] is identified with �0�i). In addition, in
the limit where � ¼ 0, the Hamiltonian (38) agrees with
the nonrelativistic Hamiltonian of Refs. [29,30]. Moreover,

the calculation of spin-independent SME coefficients in a
general gravitational field [8] is also used to compare, and,
where there is overlap, the nonrelativistic Hamiltonian of
Ref. [8] coincides with the Hamiltonian (38).
Note that �0 only appears in the Hamiltonian (38) in

terms having no SME coefficients and an even number of
momentum (and derivatives) or in terms having a coeffi-
cient with an odd (even) number of indices and odd (even)
powers of momentum. This is closely related to the result
[3] that coefficients with an odd (even) number of indices
are CPT odd (even). Also, causality, the loss of unitarity,
and other related issues should not present additional com-
plication than in the nongravitational SME [31] because,
after all, in this work, spacetime is flat.
In the representation of the Dirac matrices that is used,

the particle Hamiltonian corresponds to the 2� 2 upper-
left block of Eq. (38). In practice, this Hamiltonian is
obtained by replacing the 4� 4 identity matrix and �0

with the 2� 2 identity matrix and �k with the Pauli
matrices �k. Since the coefficient structure is compatible
with that of the gravity-free case, the antiparticle
Hamiltonian can be generated from the particle
Hamiltonian with the same replacements discussed in
Ref. [29].
As mentioned in Appendix B, the observable combina-

tions of coefficients can be obtained from those observable
combinations in the gravity-free case by writing carets over
the coefficients. This automatically guarantees that the
Hamiltonian (38) is compatible with the restrictions com-
ing from the freedom to redefine the fields at the level of
the action.
Note that the Hamiltonian (38) is Hermitian with respect

to the standard inner product of nonrelativistic quantum
mechanics. To check this, it has to be considered that
pi acts on the SME coefficients in the self-adjoint
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Hamiltonian. However, the assumption that the SME
coefficients have vanishing covariant derivatives can be
used to verify that the momentum operator acting on any
coefficient with a caret vanishes.

Moreover, the Hamiltonian (38) is not explicitly invari-
ant under the gauge transformation associated with �.
Adding a constant to � amounts to changing the height
where � ¼ 0, which, in turn, is associated with the posi-
tion of the accelerated observer. Thus, to check that the
physics is invariant, it is necessary to consider that, under
such transformation, the height of the observer changes
and time at this new height gets redshifted. If this effect is
considered, it is possible to verify that the physics is
invariant under such transformation. In the next section,
some comments on the experimental implications of the
Hamiltonian (38) are given.

III. EXPERIMENTAL CONSEQUENCES

To date, there is no compelling experimental evidence of
unconventional effects associated with gravity, even when
spin-polarized matter is used (see, e.g., Ref. [32]).
Nevertheless, empirical tests where gravity plays an im-
portant role, including those associated with Lorentz vio-
lation, may become relevant as they could uncover new
physics. In what follows, some proposals to empirically
look for the effects of the Hamiltonian (38) are briefly
discussed.

Atomic interferometers are a class of experiments that
are sensitive to the gravitational field [33] and which have
been used to set bounds on SME coefficients [34]. In fact,
these experiments offer one of the most compelling tech-
niques to test for spin-insensitive coefficients [35]. One
interesting possibility is to modify these experiments and
make them sensitive to spin. However, it seems unlikely
that these experiments could compete with the experiments
that have set bounds on spin-dependent coefficients [10].

In laboratory experiments, coefficients associated with
higher orders of momentum are typically more difficult to
constrain. The terms in the Hamiltonian (38) with n powers
of momentum have a remaining piece that has n� 1
momentum operators since one of the pi can act on �. In
principle, this could be used to constrain SME coefficients
associated with certain powers of momentum with experi-
ments sensitive to fewer momentum powers. Nevertheless,
this seems unfeasible since the gradient of the gravitational
field on Earth is incredibly small. In addition, astrophysical
observations [36] can be used to test the regime where the
higher order in momentum terms dominate.

It is noteworthy that the first line in Eq. (38) behaves like
a spin-dependent mass. Therefore, experiments testing the
universality of freefall [37] could become sensitive to the
parameters in those terms, particularly if the experiments
are modified to become sensitive to spin polarization.

An intriguing consequence of the Newtonian gravita-
tional potential is that, in any experiment done on Earth,

the bounds are actually set on linear combinations of SME
coefficients with carets. Namely, each coefficient in these
linear combinations has a different power of the factor 1þ
�. Since � depends on the altitude, by doing experiments
at different heights, it should be possible to translate the
constraints from linear combinations into individual
bounds. One of the main advantages is that, to disentangle
the bounds, there is no need to modify the experiments. In
addition, this can be used for all the SME coefficients,
including those that are spin sensitive, since � affects all
the SME coefficients in the same way.
That gravity allows one to translate bounds on combi-

nations of SME coefficients into individual constraints
resembles the observation [38] that different energies can
also be used to disentangle bounds. This result can be
traced to the fact that the Lorentz factor couples differently
with each SME coefficient [29]. Here the gravitational field
is introduced through a uniformly accelerated observer,
which, in turn, is related to an inertial observer through a
series of boosts, thus, it is not surprising that a similar
result is found.
As mentioned above, some SME coefficients acquire a

sign when changing from particle to antiparticle. This
could be also used to separate bounds [39]. Of course,
experiments with antimatter are daunting. Nevertheless,
freefall tests with antimatter will be performed in the
near future [40]. It is most likely that, to disentangle all
SME bounds, every possible mechanism would be needed,
and gravity could play a highly unanticipated role in the
search for Lorentz violation.

IV. CONCLUSIONS

The nonrelativistic Hamiltonian for the minimal matter
SME sector in the presence of gravity has been derived,
including, for the first time, spin-sensitive SME coeffi-
cients. The basic ideas used throughout the calculation
are that a uniform Newtonian gravitational field is an
accurate description of gravity for most laboratory experi-
ments and that flat spacetime as described by a uniformly
accelerated observer models this gravitational environ-
ment. The spinors are taken as test particles, and in this
approximation, it is consistent to neglect coefficient fluc-
tuations, which simplifies the calculations dramatically.
One of the consequences of this analysis is that, since

gravity couples to each SME coefficient in a different way,
by doing experiments at different altitudes, it could be
possible to separate the bounds from constraints on linear
combinations of coefficients into individual constraints. It
should be mentioned that disentangling these bounds
would exhaust the possibility that some SME coefficients
are nonzero but, for some reason, the effect of these
coefficients cancels. Also, if there is some day a positive
signal for Lorentz violation, when trying to come out with
a fundamental explanation, it would be necessary to know
which coefficients are responsible for such a signal.
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At the classical level, the effects of explicit SME coef-
ficients in the presence of gravity have been incorporated
in the framework of pseudo-Riemann–Finsler geometry
[41,42]. Since there is a considerable overlap in the as-
sumptions of this work and those taken in the pseudo-
Riemann–Finsler treatment, it is tempting to understand
the connections between these approaches. Other exten-
sions to this work are, for instance, generalizing the
method to any static background spacetime. In this case,
it would still be possible to use the test-particle approxi-
mation and consistently neglect the coefficient fluctua-
tions; however, the assumption that the coefficients have
vanishing covariant derivatives would only be valid locally.
Also, it seems interesting to generalize the method pre-
sented here to other SME sectors, including the neutrino
[43] and nonminimal sectors [44], where operators of
arbitrary dimension are considered.
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APPENDIX A: NOTATION AND CONVENTIONS

The notation and conventions used throughout the paper,
which follow closely Ref. [4], are explained here. Greek
letters are used as spacetime indices, and the spacetime
metric, g��, has signature (�þþþ). As is customary,

the metric and its inverse, g��, are used to lower and raise
spacetime indices. The covariant derivative and the space-
time volume 4-form associated with g�� are respectively

denoted by r� and "����. Note that r�"���� ¼ 0. As

usual, @� is used to represent the derivative with respect to

the coordinates.
The tetrad is a set of vectors fe�a g satisfying g��e

�
a e�b ¼

�ab, where �ab ¼ diagð�1; 1; 1; 1Þ. Note that the
Latin indices from the beginning of the alphabet
ða; b; c; d; e; fÞ can be thought of as tangent-space indices,
making them appropriate for the Dirac matrices. These
indices run from 0 to 3, 0 being the temporal coordinate.
Latin indices of the middle of the alphabet ði; j . . . ; nÞ refer
only to the spatial components and run from 1 to 3. Also,
�ab and its inverse, �ab, can be used to lower and raise
tangent-space indices. Any n indices inside parentheses
(brackets) denote symmetrization (antisymmetrization)
with a factor 1=ðn!Þ.

Given that the tetrad is an orthonormal (and right-
handed) basis, the components of the spacetime volume
form in this basis,

	abcd ¼ "����e
�
a e�be

�
c e�d ; (A1)

may be regarded as the totally antisymmetric tensor with
the convention that 	0123 ¼ 1. The components 	0ijk are

written as 	ijk.

The spin connection is defined as

!�ab ¼ g��e
�
ar�e

�
b ¼ �!�ba: (A2)

It is possible to show that r�e
�
a ¼ �cde

�
c !�da. Thus, r�

is not the same derivative operator as the D� used in

Ref. [4], which annihilates the tetrad. This discrepancy is
compensated by the definition of the spin connection (A2).
In terms of the tetrad, the spacetime volume element is
denoted by e.
The Dirac matrices �a are taken to satisfy

f�a; �bg ¼ �2�ab: (A3)

The matrices �ab and �5 are defined by

�ab ¼ i

2
½�a; �b�; (A4)

�5 ¼ i�0�1�2�3; (A5)

and the spin matrix is

�i ¼ �5�
0�i ¼ 1

2
	kl

i�kl: (A6)

Throughout the paper, the Pauli–Dirac representation for
the Dirac matrices is assumed. It is advantageous to use the
basis of Dirac matrices 1, �0, �i, �5, �

0�i, �0�5,�
i, �0�i,

where 1, �0,�i, �0�i are even (and Hermitian) and the rest
are odd. Finally, the covariant derivative acting on spinors
takes the form

r�c ¼ @�c þ i

4
!�ab�

abc ; (A7a)

r�
�c ¼ @� �c � i

4
!�ab

�c�ab: (A7b)

APPENDIX B: FIELD REDEFINITIONS

The goal of this Appendix is to identify the combina-
tions of SME coefficients which can have physical con-
sequences since they cannot be canceled with field
redefinitions. Note that the method presented here is
slightly different from the one discussed by other authors
[3,4,8,9,41,45], where spurious SME coefficients are gen-
erated through field redefinitions. The analysis is first done
in a general spacetime, and the specific field redefinitions
relevant for this paper are then presented. The starting
point is the action (1). As is discussed in Ref. [4], the
spinor field can redefined as

c ¼ ð1þ VÞ�; (B1)

where � is a spinor field and
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V ¼ ðvð1Þ
� þ ivð2Þ

� Þe�a �a þ ðvð3Þ
� þ ivð4Þ

� Þe�a �5�
a

þ ðvð5Þ
�� þ ivð6Þ

��Þe�a e�b�ab; (B2)

with vð5Þ
�� ¼ �vð5Þ

�� and vð6Þ
�� ¼ �vð6Þ

��. If V is linear in the
SME coefficients, the action for �, to first order in the
Lorentz-violating coefficients, takes the form

S ¼
Z

d4xe

�
i

2
e�a ��ð�a þ��aÞr��

� i

2
e�a ðr� ��Þð�a þ ��aÞ�� ��ðMþ �MÞ�

�
; (B3)

where

��a ¼ �aV þ V��a;

¼ �4vð6Þ
���ace�b e

�
c�

b � 2vð5Þ
��	acdbe

�
c e�d�5�

b

� 2vð1Þ
� �abe�b þ 2ivð4Þ

� �abe�b �5

� ð2vð2Þ
� e

�
½c�

a
d� þ vð3Þ

� 	abcde
�
b Þ�cd; (B4)

and

�M ¼ mðV þ V�Þ þ i

2
e�a ð��að@�VÞ þ ð@�V�Þ�aÞ

þ 1

8
e�a !�cdð½V�; �cd��a � �a½V;�cd�Þ

¼ �r�v
ð2Þ� � ir�v

ð3Þ��5

þ ð2mvð1Þ
� e�a � 2ðr�v

ð5Þ
��Þg��e�aÞ�a þ ð2mvð3Þ

� e�a

� 	bcdae
�
b e

�
ce

�
dr�v

ð6Þ
��Þ�5�

a

þ
�
�ðr½�v

ð1Þ
�� Þe�a e�b �

1

2
ðr�v

ð4Þ
� Þ	cdabe�c e�d

þ 2mvð5Þ
��e

�
a e�b

�
�ab: (B5)

The effective coefficients are defined as those in the
action (B3), concretely,

�a þ��a ¼ �a � ceff���
ace�b e

�
c�

b � deff���
ace�b e

�
c�5�

b

� eeff� �ace
�
c � ifeff� �ace

�
c �5

� 1

2
geff����

abe�c e�de
�
b�

cd; (B6)

Mþ�M ¼ meff þ imeff
5 �5 þ aeff� e�a �a þ beff� e�a �5�

a

þ 1

2
Heff

��e
�
a e�b�

ab: (B7)

The idea is to choose V in such a way that most compo-
nents of the effective coefficients cancel. However, to

avoid generating spacetime-dependent meff and meff
5 , it is

necessary to take

r�v
ð2Þ� ¼ r�v

ð3Þ� ¼ 0: (B8)

Incidentally, spacetime-dependent masses have been
considered as an alternative explanation for astrophysical
observations [46] and some neutrino anomalies [47].
In addition to Eq. (B8), it is convenient to set

vð1Þ
� ¼ � 1

2
e�; (B9a)

vð4Þ
� ¼ 1

2
f�; (B9b)

vð5Þ
�� ¼ � 1

8
"��

��d��; (B9c)

vð6Þ
�� ¼ � 1

4
c½���: (B9d)

With these choices, the effective coefficients become

10

meff ¼ m; (B10a)

meff
5 ¼ m5; (B10b)

aeff� ¼ a� �me� � 1

4
"�

���r�d��; (B10c)

beff� ¼ b� þ 2mvð3Þ
� � 1

4
"�

���r�c��; (B10d)

ceff�� ¼ cð��Þ; (B10e)

deff�� ¼ dð��Þ; (B10f)

eeff� ¼ 0; (B10g)

feff� ¼ 0; (B10h)

geff��� ¼ g��� þ 4vð2Þ
½�g��� þ 2"���

�vð3Þ
� ; (B10i)

Heff
�� ¼ H�� �m

2
"��

��d�� þr½�e�� � 1

2
"��

��r�f�:

(B10j)

In a general case, it is suitable to set vð2Þ
� ¼ vð3Þ

� ¼ 0,
which leads to results that are in agreement with Ref. [4].
However, in this work, the SME coefficients have vanish-
ing covariant derivatives, and V can be chosen in such way
that parts of g��� cancel while, at the same time, Eq. (B8)

is satisfied. In particular, the selection

vð2Þ
� ¼ � 1

6
g��g���; (B11a)

vð3Þ
� ¼ � 1

12
"�

���g��� (B11b)

can be used to cancel the axial and trace components of
g���, defined in Eqs. (29). With these elections, meff , meff

5 ,

ceff��, d
eff
��, e

eff
� , and feff� are given as in Eqs. (B10), and the

remaining effective coefficients are
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aeff� ¼ a� �me�; (B12a)

beff� ¼ b� �m

6
"�

���g���; (B12b)

geff��� ¼ gðMÞ
���; (B12c)

Heff
�� ¼ H�� �m

2
"��

��d��; (B12d)

where gðMÞ
��� is defined in Eqs. (29).

Note that the spacetime metric and volume form enter
in the effective coefficients. This suggests that, by doing
experiments in different gravitational environments, it may
be possible to separate the effects of SME coefficients that
combine into an effective coefficient. In the particular case
of the metric (9), it can be shown that, for all the effective
coefficients, the modification due to gravity is that all the
coefficients have to be replaced by those having a caret as
introduced in Sec. III. As an example, the components of
Heff

�� are derived. Using Eq. (A1), it is possible to check that

"��
�� ¼ 	ab

cde
e e
�
f e

�
c e�d g�
g���

ae�bf: (B13)

Taking this into the account, it can be verified that

Heff
0i ¼ H0i �m

2
ð1þ�Þ	ikldkl; (B14a)

Heff
ij ¼ Hij þm	ij

kð1þ�Þ�1d½0k�; (B14b)

which, in turn, implies

Ĥeff
0i ¼ Ĥ0i �m

2
	i

kldkl; (B15a)

Heff
ij ¼ Hij þm	ij

kd̂½0k�: (B15b)

From these expressions, it is possible to verify that the

components of Ĥeff
�� have the same functional form in

terms of Ĥ�� and d̂�� as the corresponding effective

coefficients have in terms of H�� and d�� when gravity

is disregarded. Analogous conclusions can be reached for
all the effective coefficients by doing the corresponding
calculations.
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[6] V. A. Kostelecký and N. Russell, Rev. Mod. Phys. 83, 11

(2011).
[7] R. Bluhm and V.A. Kostelecký, Phys. Rev. D 71, 065008
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Potting, Nucl. Phys. B359, 545 (1991); Phys. Lett. B 381,
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Kostelecký, Phys. Rev. D 70, 076006 (2004); R.
Lehnert, Phys. Rev. D 74, 125001 (2006); B. Altschul, J.
Phys. A 39, 13757 (2006).

[46] S. J. Landau, F. A. Teppa-Pannia, Y. Bonder, and D.
Sudarsky, Astropart. Phys. 35, 377 (2012).

[47] M.A. Acero and Y. Bonder, arXiv:1210.3004.

YURI BONDER PHYSICAL REVIEW D 88, 105011 (2013)

105011-12

http://dx.doi.org/10.1103/PhysRevLett.84.2318
http://dx.doi.org/10.1103/PhysRevD.65.103509
http://dx.doi.org/10.1103/PhysRevD.65.103509
http://dx.doi.org/10.1103/PhysRevD.66.124006
http://dx.doi.org/10.1103/PhysRevLett.90.211601
http://dx.doi.org/10.1103/PhysRevLett.94.221302
http://dx.doi.org/10.1103/PhysRevD.72.024027
http://dx.doi.org/10.1103/PhysRevD.72.024027
http://dx.doi.org/10.1142/S0218271805007541
http://dx.doi.org/10.1142/S0218271805007541
http://dx.doi.org/10.1088/0264-9381/25/10/105017
http://dx.doi.org/10.1088/0264-9381/25/10/105017
http://dx.doi.org/10.1016/S0034-4877(09)90025-8
http://dx.doi.org/10.1016/S0034-4877(09)90025-8
http://dx.doi.org/10.1063/1.3473847
http://dx.doi.org/10.1103/PhysRevD.87.064007
http://dx.doi.org/10.1103/PhysRevD.87.064007
http://dx.doi.org/10.1103/PhysRevD.79.124012
http://dx.doi.org/10.1103/PhysRevLett.105.201601
http://dx.doi.org/10.1103/PhysRevLett.105.201601
http://dx.doi.org/10.1103/PhysRevD.82.125015
http://dx.doi.org/10.1103/PhysRevD.82.125015
http://dx.doi.org/10.1103/PhysRevD.81.065028
http://dx.doi.org/10.1103/PhysRevD.63.065008
http://dx.doi.org/10.1103/PhysRevD.63.065008
http://dx.doi.org/10.1103/PhysRevD.22.1922
http://dx.doi.org/10.1063/1.1769105
http://dx.doi.org/10.1103/PhysRevD.42.2045
http://dx.doi.org/10.1103/PhysRevD.87.125021
http://dx.doi.org/10.1103/PhysRevD.87.125021
http://dx.doi.org/10.1103/PhysRevD.17.1473
http://dx.doi.org/10.1103/PhysRevD.17.1473
http://dx.doi.org/10.1023/A:1022957916776
http://dx.doi.org/10.1023/A:1022957916776
http://dx.doi.org/10.1088/1367-2630/15/1/013007
http://dx.doi.org/10.1088/1367-2630/15/1/013007
http://dx.doi.org/10.1103/PhysRevA.86.063622
http://dx.doi.org/10.1103/PhysRevA.86.063622
http://dx.doi.org/10.1103/PhysRev.78.29
http://dx.doi.org/10.1103/PhysRev.78.29
http://dx.doi.org/10.1103/PhysRevLett.100.111102
http://dx.doi.org/10.1103/PhysRevLett.100.111102
http://dx.doi.org/10.1088/0954-3899/39/12/125004
http://dx.doi.org/10.1103/PhysRevLett.86.192
http://dx.doi.org/10.1063/1.533090
http://dx.doi.org/10.1063/1.533090
http://dx.doi.org/10.1103/PhysRevD.60.116010
http://dx.doi.org/10.1103/PhysRevD.60.116010
http://dx.doi.org/10.1103/PhysRevD.63.065008
http://dx.doi.org/10.1103/PhysRevD.63.065008
http://dx.doi.org/10.1142/S0217751X10049293
http://dx.doi.org/10.1142/S0217751X10049293
http://dx.doi.org/10.1088/0264-9381/28/14/145011
http://dx.doi.org/10.1103/PhysRevLett.100.031101
http://dx.doi.org/10.1038/nature08776
http://dx.doi.org/10.1103/PhysRevLett.106.151102
http://dx.doi.org/10.1103/PhysRevLett.106.151102
http://dx.doi.org/10.1103/PhysRevLett.111.050401
http://dx.doi.org/10.1103/PhysRevLett.111.050401
http://dx.doi.org/10.1016/S0927-6505(01)00137-2
http://dx.doi.org/10.1016/S0927-6505(01)00137-2
http://dx.doi.org/10.1103/PhysRevD.74.083003
http://dx.doi.org/10.1016/j.astropartphys.2007.08.003
http://dx.doi.org/10.1103/PhysRevD.75.041301
http://dx.doi.org/10.1103/PhysRevD.75.041301
http://dx.doi.org/10.1103/PhysRevD.78.085018
http://dx.doi.org/10.1103/PhysRevLett.107.051103
http://dx.doi.org/10.1088/0264-9381/29/21/218001
http://dx.doi.org/10.1088/0264-9381/29/18/184002
http://dx.doi.org/10.1088/0264-9381/29/18/184002
http://dx.doi.org/10.1088/0264-9381/29/18/184003
http://dx.doi.org/10.1088/0264-9381/29/18/184004
http://dx.doi.org/10.1088/0264-9381/29/18/184004
http://dx.doi.org/10.1088/0264-9381/29/18/184010
http://dx.doi.org/10.1088/0264-9381/29/18/184010
http://dx.doi.org/10.1088/0264-9381/29/18/184011
http://dx.doi.org/10.1088/0264-9381/29/18/184011
http://dx.doi.org/10.1088/0264-9381/29/23/232001
http://dx.doi.org/10.1088/0264-9381/29/23/232001
http://dx.doi.org/10.1103/PhysRevD.79.061702
http://dx.doi.org/10.1007/s10751-012-0642-3
http://dx.doi.org/10.1038/nphys2025
http://dx.doi.org/10.1038/nphys2025
http://dx.doi.org/10.1088/0264-9381/29/18/184009
http://dx.doi.org/10.1016/j.physletb.2010.08.069
http://dx.doi.org/10.1016/j.physletb.2010.08.069
http://dx.doi.org/10.1016/j.physletb.2011.05.041
http://dx.doi.org/10.1016/j.physletb.2012.09.002
http://dx.doi.org/10.1016/j.physletb.2012.09.002
http://dx.doi.org/10.1103/PhysRevD.85.044042
http://dx.doi.org/10.1103/PhysRevD.85.044042
http://dx.doi.org/10.1103/PhysRevD.70.076002
http://dx.doi.org/10.1103/PhysRevD.70.076002
http://dx.doi.org/10.1103/PhysRevD.70.031902
http://dx.doi.org/10.1103/PhysRevD.74.105009
http://dx.doi.org/10.1016/j.physletb.2007.07.047
http://dx.doi.org/10.1016/j.physletb.2007.07.047
http://dx.doi.org/10.1103/PhysRevD.80.076007
http://dx.doi.org/10.1103/PhysRevD.80.076007
http://dx.doi.org/10.1103/PhysRevD.84.056014
http://dx.doi.org/10.1016/j.physletb.2011.04.049
http://dx.doi.org/10.1103/PhysRevD.85.016013
http://dx.doi.org/10.1088/0256-307X/29/4/041402
http://arXiv.org/abs/1308.6344
http://arXiv.org/abs/1307.5789
http://dx.doi.org/10.1103/PhysRevD.80.015020
http://dx.doi.org/10.1103/PhysRevD.80.015020
http://dx.doi.org/10.1103/PhysRevD.85.096005
http://arXiv.org/abs/1308.4973
http://dx.doi.org/10.1103/PhysRevD.66.056005
http://dx.doi.org/10.1103/PhysRevD.66.056005
http://dx.doi.org/10.1063/1.1477938
http://dx.doi.org/10.1063/1.1477938
http://dx.doi.org/10.1103/PhysRevD.70.076006
http://dx.doi.org/10.1103/PhysRevD.74.125001
http://dx.doi.org/10.1088/0305-4470/39/44/010
http://dx.doi.org/10.1088/0305-4470/39/44/010
http://dx.doi.org/10.1016/j.astropartphys.2011.10.008
http://arXiv.org/abs/1210.3004

