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It is known that the spherically symmetric singular Wu-Yang monopole solution of the SU(2) gauge

field equations is equivalent to the Dirac U(1) monopole (with one gauge group embedded into the other).

We consider a multicenter configuration of k Dirac monopoles and its embedding into SU(3) gauge theory.

Using this embedding, we construct an explicit multimonopole solution of the SU(3) Yang-Mills

equations which generalizes the SU(2) Wu-Yang solution and the known spherically symmetric point

SU(3) monopole solutions.
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I. INTRODUCTION

Magnetic monopoles [1–5] play an important role in
the (3þ 1)-dimensional Yang-Mills-Higgs theory [6,7].
In particular, it is believed that quark confinement can
be explained by the condensation of monopoles and the
dual Meissner effect [8–10]. This dual superconductor
mechanism of confinement is discussed in terms of the
Dirac monopoles [1], whose embedding into SU(2)
Yang-Mills are point (singular) Wu-Yang monopoles
[2,3]. That is why it is important to understand better
how Abelian monopoles arise in the non-Abelian pure
gauge theory. Construction of spherically symmetric
point monopoles in the SU(3) gauge theory was consid-
ered in [11–15]. In these papers, some Ansätze for the
gauge potential reducing monopole equations to non-
linear ordinary differential equations were explored.
However, even after this reduction, the construction of
explicit solutions remains problematic. In this paper, we
construct an SU(3) point multimonopole configuration
generalizing the known point monopole solutions for
the SU(2) and SU(3) gauge theories. This explicit
solution to the Yang-Mills equations can also be con-
sidered as an approximation at large distances r ! 1
of unknown smooth finite-energy multimonopole
configuration.

II. DIRAC MULTIMONOPOLE

We consider the configuration of k Dirac monopoles at
points ~ai ¼ fa1i ; a2i ; a3i g with i ¼ 1; . . . ; k. We introduce
two regions in R3:

R 3
N
:¼ R3

�[k
i¼1

fða1i ; a2i ; x3Þjx3 � a3i g;

R3
S
:¼ R3

�[k
i¼1

fða1i ; a2i ; x3Þjx3 � a3i g;
(1)

assuming1 that a1;2i � a1;2j for i � j,

R 3
N [ R3

S ¼ R3 n f ~a1; . . . ; ~akg: (2)

We consider a principal U(1) bundle L over the topologi-
cally nontrivial space (2) and a connection A on this
bundle. The Dirac monopole located at the point ~aj is

described by the gauge potentials AN;j and AS;j defined
on R3

N and R3
S, respectively, as

AN;j ¼ AN;j
a dxa with AN;j

1 ¼ ix2j

2rjðrj þ x3j Þ
;

AN;j
2 ¼ � ix1j

2rjðrj þ x3j Þ
; AN;j

3 ¼ 0;

(3)

AS;j ¼ AS;j
a dxa with AS;j

1 ¼ � ix2j

2rjðrj � x3j Þ
;

AS;j
2 ¼ ix1j

2rjðrj � x3j Þ
; AS;j

3 ¼ 0;
(4)

where

xcj ¼xc�acj ; r2j ¼�abx
a
j x

b
j ; a;b;c¼1;2;3: (5)

On the overlap region R3
N \ R3

S, the gauge potentials are

related via transition functions fjNS
:¼ ðyj= �yjÞ1=2:

AN;j ¼ AS;j þ d ln

�
�yj
yj

�1
2
; (6)

where yj ¼ x1j þ ix2j and the bar denotes the complex

conjugation. The configuration of k Dirac monopoles is
described by the gauge potentials2
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1In the case a1;2i ¼ a1;2j for some i � j, one has to introduce
more than two open sets covering the space R3 n f ~a1; . . . ; ~akg.
For simplicity we will not consider this case.

2Here AjN is the restriction of the connection A to the region
R3

N , and AjS is the restriction of A to R3
S.
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AjN :¼AN;k¼Xk
j¼1

AN;j and AjS :¼AS;k¼Xk
j¼1

AS;j; (7)

such that on the intersection R3
N \ R3

S we have

AN;k ¼ AS;k þ d ln

�Yk
j¼1

�
�yj
yj

�1
2

�
: (8)

III. SPHERICAL COORDINATES

Let us introduce the following functions of the coordi-
nates:

vj :¼
�yj

rj þ x3j
¼ e�i’j tan

#j

2
and

wj :¼ 1

vj

¼ yj

rj � x3j
¼ ei’j cot

#j

2
:

(9)

Here the angle variables ’j and #j are introduced via

formulas

x1j ¼ rjcos’j sin#j; x2j ¼ rj sin’j sin#j; and

x3j ¼ rjcos#j:
(10)

Note that vj and wj are well defined on R3
N and R3

S,

respectively. It is not difficult to see that

AN;k ¼ Xk
i¼1

1

2ð1þ vi �viÞ ð �vidvi � vid �viÞ; (11)

AS;k ¼ Xk
i¼1

1

2ð1þ wi �wiÞ ð �widwi � wid �wiÞ; (12)

and on the overlap R3
N \ R3

S we have

AN;k ¼ AS;k þ d ln

�Yk
i¼1

�
vi

�vi

�1
2

�
; (13)

since �yi=yi ¼ �wi=wi ¼ vi= �vi.
For the gauge field strength describing k Dirac mono-

poles, we have

FD;k ¼ dAN;k ¼ �Xk
i¼1

dvi ^ d �vi

ð1þ vi �viÞ2
¼ �Xk

i¼1

dwi ^ d �wi

ð1þ wi �wiÞ2
¼ dAS;k: (14)

It is not difficult to see that FD;k ¼ 1
2F

D;k
ab dxa ^ dxb is

singular3 only at points f ~a1; . . . ; ~akg, where monopoles
are located, and satisfies the Maxwell equations

@aF
D;k
ab ¼ 0 (15)

on R3 n f ~a1; . . . ; ~akg. Here we denote @a :¼ @
@xa .

IV. SU(2) POINT MONOPOLES

After ’t Hooft analysis [4], it was realized that the SU(2)
Wu-Yang singular monopole solution of gauge field equa-
tions is nothing but the Abelian Dirac monopole in disguise
(see e.g., [3,11,14]). One can consider this solution as an
approximation of a nonsingular monopole, since the gauge
potential of the finite-energy spherically symmetric SU(2)
monopole [4,5] approaches the Wu-Yang monopole gauge
potential for large r. A multimonopole generalization of
the SU(2) Wu-Yang solution was described in Ref. [16].
Here we construct the multimonopole generalization of
solutions from [11–15] for the SU(3) gauge theory.
Recall that SU(3) has two U(1) subgroups, generators of

which can be taken as matrices

I3 ¼�i

1 0 0

0 �1 0

0 0 0

0
BB@

1
CCA and I8 ¼�i

1 0 0

0 1 0

0 0 �2

0
BB@

1
CCA: (16)

Let us split k ¼ mþ n with 0 � m � k and introduce the
gauge potentials

AN;m :¼ iI3
Xm
i¼1

AN;i; AS;m :¼ iI3
Xm
i¼1

AS;i; (17)

AN;n :¼ iI8
Xk

i¼mþ1

AN;i; AS;n :¼ iI8
Xk

i¼mþ1

AS;i; (18)

as well as

AN;m;n :¼AN;mþAN;n and AS;m;n :¼AS;mþAS;n; (19)

where AN;i and AS;i are given in (3)–(5).
Let us multiply Eq. (6) by the matrix iI3, sum over j

from 1 till m, and rewrite it as

AN;m ¼ fðmÞ
NSA

S;mðfðmÞ
NS Þ�1 þ fðmÞ

NS dðfðmÞ
NS Þ�1; (20)

where

fðmÞ
NS ¼

Q
m
j¼1

�
wj

�wj

�1
2 0 0

0
Q

m
j¼1

�
�wj

wj

�1
2 0

0 0 1

0
BBBB@

1
CCCCA: (21)

This matrix can be split as

fðmÞ
NS ¼ ðgðmÞ

N Þ�1gðmÞ
S ; (22)

where the 3� 3 unitary matrices

3Notice that vi ! 1 for x1;2 ! a1;2i , x3 � a3i and wi ! 1 for
x1;2 ! a1;2i , x3 � a3i .
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gðmÞ
N ¼ 1

ð1þQ
m
i¼1 vi �viÞ12

�

Q
m
j¼1 vj 1 0

�1
Q

m
j¼1 �vj 0

0 0

�
1þQ

m
j¼1 vj �vj

�1
2

0
BBBBB@

1
CCCCCA (23)

and

gðmÞ
S ¼ 1

ð1þQ
m
i¼1wi �wiÞ12

�

1
Q

m
j¼1 �wj 0

�Q
m
j¼1wj 1 0

0 0

�
1þQ

m
j¼1wj �wj

�1
2

0
BBBBB@

1
CCCCCA (24)

are well defined on R3
N and R3

S, respectively. Substituting

(9) into (23) and (24), one can write these matrices in xai for
i ¼ 1; . . . ; m, a ¼ 1, 2, 3. Note that the matrices (21)–(24)
belong to the subgroup SU(2) in SU(3). Substituting (22)
into (20), one obtains

gðmÞ
N AN;mðgðmÞ

N Þy þ gðmÞ
N dðgðmÞ

N Þy

¼ gðmÞ
S AS;mðgðmÞ

S Þy þ gðmÞ
S dðgðmÞ

S Þy ¼: AðmÞ
suð2Þ; (25)

where y denotes the Hermitian conjugation. The su(2)-
valued gauge potential (25) is well defined everywhere
on R3 n f ~a1; . . . ; ~amg. It realizes the embedding of the
solution [16] into the Lie algebra su(3).

V. SU(3) POINT MONOPOLES

Let us now multiply Eq. (6) by the matrix iI8, sum over j
from mþ 1 till k ¼ mþ n, and rewrite it as

AN;n ¼ hðnÞNSA
S;nðhðnÞNSÞ�1 þ hðnÞNSdðhðnÞNSÞ�1; (26)

where

hðnÞNS ¼

Q
k
j¼mþ1

�
wj

�wj

�1
2 0 0

0
Q

k
j¼mþ1

�
wj

�wj

�1
2 0

0 0
Q

k
j¼mþ1

�wj

wj

0
BBBBBB@

1
CCCCCCA
: (27)

This matrix can be split as

hðnÞNS ¼ ðhðnÞN Þ�1hðnÞS ; (28)

where the unitary 3� 3 matrices

hðnÞN ¼ ð1þ u �uÞ�3
2

1 � ffiffiffi
2

p
�u � �u2ffiffiffi

2
p

u 2þu �uþðu �uÞ2
2þu �u �

ffiffi
2

p
u �u2

2þu �u

u2 �
ffiffi
2

p
�uu2

2þ �uu
2þ3u �u
2þu �u

0
BBB@

1
CCCA

�
�u �1 0

1 u 0

0 0 ð1þ u �uÞ12

0
BB@

1
CCA; (29)

with

u ¼ Yk
i¼mþ1

vi; (30)

and

hðnÞS ¼ ð1þ t�tÞ�3
2

t2 � ffiffiffi
2

p
t �1ffiffiffi

2
p

t 1þt�tþ2ðt�tÞ2
1þ2t�t �

ffiffi
2

p
�t

1þ2t�t

1 �
ffiffi
2

p
�t

1þ2t�t

�t2ð3þ2t�tÞ
1þ2t�t

0
BBB@

1
CCCA

�
1 �t 0

�t 1 0

0 0 ð1þ t�tÞ12

0
BB@

1
CCA; (31)

with

t ¼ Yk
i¼mþ1

wi; (32)

are well defined on R3
N and R3

S, respectively. One

can rewrite these matrices in terms of xai for i ¼
mþ 1; . . . ; k ¼ mþ n by using Eqs. (9). Substituting
(28) into (26), we obtain the formula

hðnÞN AN;nðhðnÞN Þy þ hðnÞN dðhðnÞN Þy
¼ hðnÞS AS;nðhðnÞS Þy þ hðnÞS dðhðnÞS Þy ¼: AðnÞ

suð3Þ; (33)

where the so-defined su(3)-valued gauge potential

AðnÞ
suð3Þ is well defined everywhere on R3 n f ~amþ1; . . . ; ~akg.

Note that the existence of splittings (22) and (28) means
that Dirac’s nontrivial U(1) bundle L overR3 n f ~a1; . . . ; ~akg
trivializes after embedding into an SU(3) bundle. The
matrices (23), (24), (29), and (31) define such trivializa-

tions, when fðmÞ
NS ! gðmÞ

N fðmÞ
NS ðgðmÞ

S Þ�1 ¼ 13 and hðnÞNS !
hðnÞN hðnÞNSðhðnÞS Þ�1 ¼ 13.

VI. GAUGE FIELD STRENGTH

The field strengths for the configurations (25) and (33)
are

FðmÞ
suð2Þ ¼ dAðmÞ

suð2Þ þ AðmÞ
suð2Þ ^ AðmÞ

suð2Þ ¼ iFD;mQðmÞ (34)

and
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FðnÞ
suð3Þ ¼ dAðnÞ

suð3Þ þ AðnÞ
suð3Þ ^ AðnÞ

suð3Þ ¼ iFD;n ~QðnÞ; (35)

where the matrices

QðmÞ :¼gðmÞ
N I3ðgðmÞ

N Þy ¼gðmÞ
S I3ðgðmÞ

S Þy 2 suð2Þ� suð3Þ; (36)

~QðnÞ :¼ hðnÞN I8ðhðnÞN Þy ¼ hðnÞS I8ðhðnÞS Þy 2 suð3Þ (37)

are well defined on R3
N [ R3

S. Here FD;m and FD;n are

Abelian multimonopole field strengths from (14). Both

QðmÞ and ~QðnÞ may be considered as generators of two

groups U(1) embedded into SU(3). This clarifies the
Abelian nature of the configurations (25), (34), (33), and
(35). Furthermore, it is not difficult to show that

@aF
ðmÞ
ab þ ½AðmÞ

a ; FðmÞ
ab � ¼ ið@aFD;m

ab ÞQðmÞ; (38)

@aF
ðnÞ
ab þ ½AðnÞ

a ; FðnÞ
ab � ¼ ið@aFD;n

ab Þ ~QðnÞ; (39)

and therefore on R3 n f ~a1; . . . ; ~akg both multimonopole
fields satisfy the Yang-Mills equations

@aFab þ ½Aa; Fab� ¼ 0: (40)

In (38) and (39) we used

AðmÞ
suð2Þ ¼ AðmÞ

a dxa and FðmÞ
suð2Þ ¼

1

2
FðmÞ
ab dx

a ^ dxb; (41)

AðnÞ
suð3Þ ¼ AðnÞ

a dxa and FðnÞ
suð3Þ ¼

1

2
FðnÞ
abdx

a ^ dxb: (42)

VII. SUPERPOSITION OF mþ n MONOPOLES

We have constructed two explicit multimonopole solu-
tions of the SU(3) gauge theory starting from the Abelian
solutions (17) and (18) embedded into the Lie algebra
su(3). Now we consider the similar construction for their
sum (19) which after non-Abelian ‘‘dressing’’ will not be
the sum of (25) and (33).

Note that the transition matrices (21) and (27) commute
with one another as well as gN and hNS. That is why we
have the equality

hðnÞN gðmÞ
N ðfðmÞ

NS h
ðnÞ
NSÞ ¼ hðnÞS gðmÞ

S ; (43)

where we used (22) and (28). Thus, introducing

fðm;nÞ
NS

:¼ fðmÞ
NS h

ðnÞ
NS;

gðm;nÞ
N

:¼ hðnÞN gðmÞ
N ; and gðm;nÞ

S
:¼ hðnÞS gðmÞ

S ;
(44)

we get4

AN;m;n ¼ fðm;nÞ
NS AS;m;nðfðm;nÞ

NS Þ�1 þ fðm;nÞ
NS dðfðm;nÞ

NS Þ�1: (45)

After splitting

fðm;nÞ
NS ¼ ðgðm;nÞ

N Þ�1gðm;nÞ
S ; (46)

following from (43) and (44), we obtain

gðm;nÞ
N AN;m;nðgðm;nÞ

N Þyþgðm;nÞ
N dðgðm;nÞ

N Þy
¼gðm;nÞ

S AS;m;nðgðm;nÞ
S Þyþgðm;nÞ

S dðgðm;nÞ
S Þy :¼Aðm;nÞ

suð3Þ ; (47)

where Aðm;nÞ
suð3Þ is the su(3)-valued gauge potential which is

well defined on R3 n f ~a1; . . . ; ~akg.
For the field strength we have

Fðm;nÞ
suð3Þ ¼dAðm;nÞ

suð3Þ þAðm;nÞ
suð3Þ ^Aðm;nÞ

suð3Þ ¼ iFD;mQðm;nÞþ iFD;n ~Qðm;nÞ;

(48)

where FD;m and FD;n are given in (14) and

Qðm;nÞ :¼ gðm;nÞ
N I3ðgðm;nÞ

N Þy ¼ gðm;nÞ
S I3ðgðm;nÞ

S Þy;
~Qðm;nÞ :¼ gðm;nÞ

N I8ðgðm;nÞ
N Þy ¼ gðm;nÞ

S I8ðgðm;nÞ
S Þy

(49)

are well defined on R3
N [ R3

S. Again one can show that the

gauge field

Aðm;nÞ
suð3Þ ¼ Aðm;nÞ

a dxa; Fðm;nÞ
suð3Þ ¼

1

2
Fðm;nÞ
ab dxa ^ dxb (50)

of the constructed multimonopole configuration satisfies
the Yang-Mills equations (40) on R3 n f ~a1; . . . ; ~akg. From
(23), (29), and (44) it follows that

gðm;nÞ
N ¼ ð1þu �uÞ�3

2ð1þv �vÞ�1
2

�
1 � ffiffiffi

2
p

�u � �u2ffiffiffi
2

p
u 2þu �uþðu �uÞ2

2þu �u �
ffiffi
2

p
u �u2

2þu �u

u2 �
ffiffi
2

p
�uu2

2þ �uu
2þ3u �u
2þu �u

0
BBB@

1
CCCA

�
1þ �uv �u� �v 0

v�u 1þu �v 0

0 0 ð1þu �uÞ12ð1þv �vÞ12

0
BB@

1
CCA; (51)

where

v ¼ Ym
j¼1

vj; u ¼ Yk
j¼mþ1

vj; vj ¼
x1j � ix2j

rj þ x3j
;

and r2j ¼ ðx1j Þ2 þ ðx2j Þ2 þ ðx3j Þ2:
(52)

4Note also that hðnÞNSI3ðhðnÞNSÞ�1 ¼ I3 and h
ðnÞ
NSI8ðhðnÞNSÞ�1 ¼ I8 and

similarly for fðmÞ
NS .
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Equation (51) gives the explicit expression of the matrix

gðm;nÞ
N via the coordinates x1, x2, x3 and parameters
~aj of location of monopoles. The explicit expression of

the gauge potential Aðm;nÞ
suð3Þ and the field strength Fðm;nÞ

suð3Þ via

gðm;nÞ
N are given in (47)–(49). Further simplification of these

formulas via multiplications of matrices, summations, etc.,
is not possible, since expressions produced in this way are

very cumbersome. Notice that the matrices gðmÞ
N ¼ gðm;0Þ

N

and hðnÞN ¼ gð0;nÞN , used in the potentials (25) and (33),
can be obtained from (51) by putting u ¼ 0 and

v ¼ 0, respectively. Note again that our multimonopole
solutions can be considered as guides to the asymptotic
behavior at large radii to be satisfied by smoothed-out
finite-energy solutions. Also, they can be used in construct-
ing monopole wall-type solutions considered e.g., in
Refs. [17,18].
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