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The spectral distortion of the cosmic microwave background blackbody spectrum in a radially

inhomogeneous space-time, designed to exactly reproduce a �CDM expansion history along the past

light cone, is shown to exceed the upper bound established by COBE-FIRAS by a factor of approximately

3700. This simple observational test helps uncover a slew of pathological features that lie hidden inside the

past light cone, including a radially contracting phase at decoupling and, if followed to its logical extreme,

a naked singularity at the radially inhomogeneous big bang.
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I. INTRODUCTION

Is the Universe playing fair with us? Are the laws of
physics and the structure of space-time the same every-
where? It is a fundamental tenet of the standard cosmo-
logical model that the answer is yes. Yet the difficulty of
explaining the physics of cosmic acceleration forces a new
scrutiny of many of our most cherished assumptions. If the
structure of space-time is not the same everywhere, if in
fact we occupy a privileged location in space and time at
the center of a spherical bulge of matter and curvature, then
it may be possible to explain a vast catalog of observational
data without the need to invoke new physical effects such
as dark energy [1–3].

In this article we consider the consequences if the an-
swer to the above questions is no. In particular, we consider
a toy model of the Universe containing no dark energy and
invoking no new gravitational physics. Instead, the space-
time is filled by spherically symmetric, comoving shells
of pressureless dust, according to the Lemaı̂tre-Tolman-
Bondi (LTB) metric [4–6]. This particular model is char-
acterized by an inhomogeneous big bang surface. The
profile of the mass density is not uniform, consisting of a
slight bulge near the origin, in contrast to LTB models that
carve out a significant, Gpc-radius void, e.g. Refs. [7–9].
Here, the density varies by just a few percent between the
origin and the physical Hubble distance, in such a way that
an observer located at the origin will infer an expansion
history that matches the standard cosmological model even
though there is no cosmological constant and no cosmic
acceleration [10–12].

Scattered light originating from within our past light
cone, however, tells a different story. Cosmic microwave
background (CMB) photons emitted at the epoch of decou-
pling within our past light cone encounter strong gravita-
tional fields. Even though only a small fraction of the
photons scatter off free electrons and into our line of sight,
the resulting spectrum is no longer a blackbody. To help
explain this process, a sketch of the light cone structure of
our model space-time is presented in Fig. 1. The tempera-
ture of secondary photons that originate deep inside our

past light cone is in general different from those primary
photons that start on the past light cone. The mixture of
primary and secondary photons produces a distortion of the
primary, line-of-sight blackbody. In this article we calcu-
late the u-distortion of the CMB [13–15], which measures
the degree of departure from a blackbody in terms of the
width of the temperature distribution. Our main result,
presented at the end of Sec. III, is that the u-distortion
is approximately 3700 times larger than the bound
u < 3:0� 10�5 (95% C.L.) on spectral distortions set by
COBE-FIRAS [16,17]. This model is ruled out.
The strong u-distortion reveals a host of pathological

features deep inside the past light cone. Geodesics that start
on the radially inhomogeneous big bang surface from
within our past light cone are not redshifted as expected.
Instead, they are infinitely blueshifted, revealing a naked
singularity. Even if we include only the portion of the
space-time that extends back to the epoch of decoupling,
we discover that a portion of the space-time is contracting.
This means secondary photons that pass through the con-
tracting region are blueshifted and gain energy, leading to
the excessive u-distortion.
Cosmological scenarios built upon a radially inhomoge-

neous space-time have been explored extensively as an
alternative to dark energy, in large part to explain the
expansion history sampled by type 1a supernova luminos-
ity distances and other classical tests of cosmology
[18–20]. These models also predict excess velocities of
large-scale structure relative to CMB photons, which con-
flicts with observations of the CMB spectrum in the direc-
tion of hot, gaseous clusters, also known as the kinetic
Sunyaev-Zeldovich (SZ) effect [21]. Hence, many of these
cosmological scenarios are already tightly constrained if
not ruled out [22–32]. In Ref. [33], the spectral distortion
of the CMB was calculated for a general class of models
with an inhomogeneous big bang. Although this class of
models does not include the scenario presented in our
work, the results are comparable.
The u-distortion, despite its similarity to the SZ effect,

presents an opportunity to place tighter constraints on these
models. With an eye towards future tests, our work shows
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that the u-distortion, or any such probe that samples the
physics deep within the past light cone, can be used to test
radial homogeneity.

The outline of our article is as follows. In Sec. II we
present the toy model and describe our method of solving
for geodesics. In Sec. III we evaluate the u-distortion. In
Sec. IV we examine the pathologies of the space-time
revealed by the u-distortion. We summarize our results in
Sec. V.

II. THE MODEL

The framework of our cosmological model is a spheri-
cally symmetric space-time filled by comoving shells of
pressureless dust. The radial profile of the mass density is
not uniform, but varies with radius in such a way that the
expansion history inferred from the luminosity distance–
redshift relationship matches the predictions of the radially
homogeneous �CDM model. In violation of the cosmo-
logical principle, we locate ourselves at a special point: the
center of this space-time.

The space-time that we describe is the LTB space-time
[4–6], with line element

ds2 ¼ �dt2 þ R02ðr; tÞ
1þ �ðrÞdr

2 þ R2ðr; tÞd�2: (1)

A prime indicates the partial derivative with respect to r,
0 ¼ @=@r, and an overdot is reserved for the partial deriva-
tive with respect to time, _¼ @=@t. The radial coordinate r
and scale factor R have units of length. The quantity �=r2

plays a role analogous to the curvature of comoving spatial
sections in a Robertson-Walker space-time.
We extend a well-established recipe by Refs. [1,34] but

use the same model and notation as Kolb and Lamb [11]
(hereafter KL) to build a space-time that is identical to the
�CDMmodel on the past light cone in terms of the redshift
dependence of the luminosity distance and the matter
density. (A different recipe was presented in Ref. [35].)

A. Gravitational field equations

We start our analysis of the space-time from the Einstein
field equations,G�� ¼ �T�� with � ¼ 8�GN , which yield

_R2

R2
þ 2

_R0

R0
_R

R
� �

R2
� �0

RR0 ¼ ��; (2)

_R2

R2
þ 2

€R

R
� �

R2
¼ 0: (3)

The spherically symmetric matter distribution is charac-
terized by the stress-energy tensor T�� ¼ �ðr; tÞu�u�,
where u� is the four-velocity of the comoving matter,
i.e. u� ¼ ð1; 0; 0; 0Þ. The conservation of stress-energy
r�T

�� ¼ 0 means @tð�R0R2Þ ¼ 0, or � / ðR0R2Þ�1,

where the constant of proportionality describing the mass
profile is independent of t. With foresight, we can choose
the constant itself to be a derivative with respect to r, and
call it �0. Consequently, we can express the energy density
in terms of the dimensionless quantity �0 and metric
coefficients R, R0,

��ðr; tÞ ¼ �0ðrÞ
R0ðr; tÞR2ðr; tÞ : (4)

Evolution equations for these metric coefficients are
obtained by combining Eqs. (2)–(4), whereby

_R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ �=R

q
; (5)

_R 0 ¼ �0 þ �0=R� �R0=R2

2 _R
: (6)

These may be used to determine the expansion rate in
directions that are parallel and transverse to a line of sight
from the center, Hk ¼ _R0=R0 and H? ¼ _R=R, respectively.
A parametric solution to these equations is given by

Rðr; tÞ ¼ �ðrÞ
2�ðrÞ ½cosh�ðr; tÞ � 1�; (7)

t� tBBðrÞ ¼ �ðrÞ
2�3=2ðrÞ ½sinh�ðr; tÞ � �ðt; rÞ�; (8)

where tBBðrÞ is the time of the big bang at a radial position
r. The radial functions �, �, and tBB remain to be deter-
mined in Appendix B.

FIG. 1 (color online). The causal structure of our model space-
time. Here and now is pointO. The cuspy surface is the constant-
energy-density decoupling surface. The intersection of the past
light cone of O with the decoupling surface yields the last
scattering surface. One possible line of sight to last scattering
is shown as the line OA. However, photons that originate within
our past light cone may scatter off free electrons after reioniza-
tion at point S and merge with photons in our line of sight.
Because the temperature of photons that originate on the last
scattering surface of S at B, for example, is in general different
from those originating at A, the mixture produces a distortion of
the line-of-sight blackbody.
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B. Past light cone of here and now

To build the same redshift dependence of the luminosity
distance and the matter density as �CDM, we consider
geodesics on the past light cone. For our space-time metric,
radially directed light rays satisfy the equation

dr

dt
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ðrÞp
R0ðr; tÞ : (9)

The time rate-of-change of redshift, derived in
Appendix A, is

dz

dt
¼ �ð1þ zÞ _R0ðr; tÞ

R0ðr; tÞ : (10)

We define the solution to Eq. (9) as t ¼ t̂ðrÞ, and hereafter
use the hat to indicate quantities on the past light cone.
Following Refs. [11,34], we exploit a coordinate freedom

and rescale r so that on the past light cone, R̂0 ¼ R0ðr; t̂Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ðrÞp

. In this case, t̂ðrÞ ¼ t0 � r where t0 is the
present time at the origin.

We follow the recipe outlined in Refs. [1,11,34] for
the physical prescription to determine the radial depen-

dence of �, � and R̂. First, the luminosity distance in our
space-time is

dLðzÞ ¼ ð1þ zÞ2R̂ðr; t̂Þ; (11)

so that in order to match to a �CDM scenario, for which

dLðzÞ ¼ ð1þ zÞ
Z z

0

dz0

H�CDMðz0Þ ; (12)

H�CDMðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ zÞ3 þ 1��

q
; (13)

we require that

R̂ðzÞ ¼ 1

1þ z

Z z

0

dz0

H�CDMðz0Þ : (14)

Second, we require that the energy density in matter
evolves with redshift just as in the �CDM scenario,
whereby

��̂ðzÞ ¼ 3H2
0�ð1þ zÞ3: (15)

Third, to maintain the same number density of sources per
redshift and per solid angle as in the �CDM scenario,
dN=dzd�, then

dz

dr
¼ ð1þ zÞH�CDMðzÞ (16)

for the radial rate of change of redshift along the past
light cone.
In this study, we fix� ¼ 0:3 andH0 ¼ 100h km=s=Mpc

with h ¼ 0:7. These values ensure an adequate fit to obser-
vational data along the past light cone, including type 1a
supernova luminosity distances and the angular diameter
distance of CMB anisotropies.
Equations for �, � and their derivatives as functions

of the radial coordinate are derived in Appendix B. We
numerically integrate Eqs. (14), (16), and (B10)–(B14).
Results are exhibited in Figs. 2 and 3. The first panels in
each show quantities out to a redshift z ¼ 2, which is
sufficient to match the luminosity distance–redshift rela-
tionship charted out by type 1a supernovae. The second set
of panels extends to z ¼ 1100 as this will be needed to
study the CMB. Hence, we have a procedure in place to
construct all quantities on the past light cone, illustrated as
the segment OA in Fig. 1.

C. Inside the past light cone

Geodesics inside the past light cone are calculated using
the equations described in Appendix C. In particular, we
are interested in light rays that join the past light cone, as
illustrated by the path BSO in Fig. 1. In practice, we follow
these light rays backwards in time, starting at the present,
here and now, moving back along the past light cone OS
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FIG. 2 (color online). The redshift and present-day proper distance are shown as a function of coordinate distance out to a redshift
z ¼ 2 (left) and z ¼ 1100 (right) on the past light cone. The panel on the left is identical to Fig. 2 of KL [11]. (Note that the vertical
axis is logarithmic in the second panel.)
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until a particular scattering redshift is reached, and then
fanning outwards along SB at some angle relative to the
path OS. The angle determines the angular momentum
parameter ‘ defined in Eq. (C2). Then the set of differential
equations (C4)–(C6) are integrated, using Eq. (C7) as a
constraint, until we reach our destination at point B. Along
this path, we also require R, _R, R0, _R0 off the light cone. To
evaluate these, we integrate Eqs. (5) and (6) along a path of
constant r, starting from the light cone at time t̂ðrÞ down to
the desired value of t. (See Fig. 4.)

To develop some understanding of the behavior of geo-
desics inside the past light cone, we present a few results of
the numerical integration of the geodesic equations. In
Fig. 5 we show a series of geodesics in which the scattered

segment is 180� opposite the past light cone. Although the
past light cone lies along a straight line in the t-r plane, the
scattered geodesics are slightly curved. Geodesics that
scatter at redshift z & 1 return back through the origin.
The geodesics pictured run until decoupling. In a homoge-
neous universe we would define decoupling by the condi-
tion � ¼ H, where � is the photon-electron scattering
interaction rate and H is the expansion scale factor. In
our case, because there is not a unique expansion rate,
we define decoupling as the surface at which the matter
density reaches a value ð1þ zCMBÞ3 times the present-day
density, where zCMB ¼ 1100. If we call the redshift of such
a geodesic zLS, then zLS � zCMB in general. To illustrate
this point, in Fig. 6 we show the temperature of scattered
photons traveling along the path BSO relative to the tem-
perature of unscattered, primary photons. The curves show
the dependence on scattering angle and scattering redshift.
For the range of redshifts shown, scattering at �15�, 180�

FIG. 4. The integration path is shown for solving the differen-
tial equations for the metric variables R, R0 along geodesics
inside the past light cone. The procedure outlined in Appendix B
is followed to obtain �, � and R, R0 along the past light cone,
OA. Following a geodesic path from S to B requires R, R0 at each
step. At a given value of r, we can evolve Eqs. (5) and (6) down
from the past light cone to the desired value of t, as illustrated by
the dashed line with the arrowhead. (This is a similar recipe as
illustrated in Fig. 4 of Ref. [12].)
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FIG. 3 (color online). The metric functions �, � and derivatives are shown as functions of redshift out to z ¼ 2 (left) and z ¼ 1100
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FIG. 5 (color online). Light rays that contribute to the spectral
distortion of the CMB are shown in this space-time diagram.
Radially directed light rays that merge with the past light cone at
a redshift z are shown as solid lines. The past light cone is
indicated by thick dashed lines. The bottom thick dashed line
shows the inhomogeneous big bang surface. Thin dashed lines
show surfaces of constant density, with values 1.5, 3, 300 times
the present-day density at the origin.
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produces surprisingly large photon temperatures or ener-
gies that will contribute to a large u-distortion. As we
explain later, in Sec. IV, the large temperatures arise be-
cause of the strong gravitational fields along the geodesic
paths inside the past light cone.

III. U-DISTORTION

Our toy model does not contain enough physics to
properly describe the CMB. The space-time contains mat-
ter and no radiation, and there is no theory of initial
conditions for the fluctuations that would explain the ob-
served temperature anisotropy pattern [36,37]. However,
since decoupling occurs within the matter-dominated era
in the standard cosmological model, we feel justified to
ignore the effect of radiation on the expansion history.
Next, the radial inhomogeneity of the space-time is a
sufficient source of spectral distortion, as will be shown,
without needing a theory of primordial fluctuations. Hence,
we model CMB photons by tracing geodesics backwards
from the present-day origin until the energy density
reaches a value ð1þ zCMBÞ3 times the present-day value,
where zCMB ¼ 1100. We assume that the CMB photons at
this surface of constant matter density is a pure blackbody
of temperature TCMB ¼ T0 � ð1þ zCMBÞ. By the present
day, this CMB is isotropic on the sky, but no longer a
blackbody.

The u-distortion is the leading contribution to the spec-
tral distortion of the CMB blackbody due to the mixing of
two or more blackbodies at slightly different temperatures
(e.g. Refs. [14,38–40]. As an example, consider two
blackbodies with temperatures T and T þ�T, mixed
with weights 1� w and w, respectively, where w � 1.
The resulting shift in the spectral intensity, relative to the

intensity of a reference blackbody at temperature �T ¼ T þ
w�T, is given by

�I ¼ ðð1� wÞIðTÞ þ wIðT þ�TÞÞ � Ið �TÞ ’ 1

2
uT2I00ðTÞ;

(17)

where u ¼ wð�T=TÞ2 and the prime indicates a derivative
with respect to temperature. Because w�T � 1, we are
justified to make this expansion. Since the Compton
y-distortion of the CMB takes the same form, �I ¼
yT2I00, we can equate u ¼ 2y to translate the observational
limit on y into a limit on u. For the continuous mixture of
blackbodies, due to CMB photons that scatter into our line
of sight, the weight becomes an integral along the past light
cone, over all single scattering directions that mix black-
bodies, whereby the u-distortion is

u ¼
Z

d	ne
Z

dn̂0
�
d
T

d�

��
�T

T
ð	; n̂0Þ ��T

T
ð	; n̂Þ

�
2

¼ 3
T

16�

Z
d	ne

Z
dn̂0ð1þ ðn̂ � n̂0Þ2Þ

�
�
�T

T
ð	; n̂0Þ � �T

T
ð	; n̂Þ

�
2
: (18)

Here d
T=d� is the differential Thomson cross section,
ne is the free electron density, and 	 is the length of the
photon’s path. We define � ¼ n̂ � n̂0, the cosine of the
angle between the scattered photon and the line of sight,
so that � ¼ 1 corresponds to no change in direction, and
� ¼ �1 is scattering in the opposite direction. We ignore
the small perturbations that are responsible for the standard
CMB anisotropy, whereby �Tð	; n̂Þ ¼ 0. However,
the temperature in a direction n̂0 is Tð	; n̂0Þ ¼ TCMB=
ð1þ zLSð	; n̂0ÞÞ so that

�T

T
ð	; n̂0Þ ¼ 1þ zCMB

1þ zLSð	; n̂0Þ � 1: (19)

A common assumption is that the temperature pattern is
well approximated by a dipole, although a quick glance at
Fig. 6 should convince the reader that this is not applicable
in our scenario. To isolate the angular portion of the
integral (18), we define

IðzÞ ¼
Z

dn̂0ð1þ ðn̂ � n̂0Þ2Þ
�
�T

T
ð	; n̂0Þ ��T

T
ð	; n̂Þ

�
2

¼ 2�
Z 1

�1
d�ð1þ�2Þ

�
1þ zCMB

1þ zLSðz;�Þ � 1

�
2
: (20)

Then the full expression for the u-distortion is

u ¼ 3
T

16�

�
1� 1

2YHe

mH

�
ð3�BH

2
0c=�Þ

Z zR

0
dz

ð1þ zÞ2
H�CDMðzÞ IðzÞ:

(21)

The range of integration is determined by the optical depth
to the period of reionization,
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FIG. 6 (color online). The temperature TLS of secondary pho-
tons that scatter into the past light cone at a redshift zsc from a
direction 
, relative to the temperature TCMB of primary photons
traveling on the past light cone, are shown. Photons at �15�,
180� are substantially hotter than unscattered photons, despite
the fact that all photons originate from the same constant-density
surface. This is a consequence of a negative radial expansion rate
on a portion of this surface, which leads to a strong blueshifting
of the photon energies.
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� ¼
Z

d	ne
T: (22)

We assume that the number density of electrons tracks the
matter density along the past light cone, and that reioniza-
tion takes place ‘‘suddenly.’’ In order that � ’ 0:09, in
agreement with WMAP [41] and Planck [42], with pa-
rameters �Bh

2 ¼ 0:022 and h ¼ 0:7, we set the redshift
of reionization as zR ’ 10.

As the redshift of rescatter decreases, the photons grow
increasingly energetic. Therefore the u-distortion is mildly
sensitive to the lower limit of integration; likewise, at the
lower limit our idealistic description of a smooth mass
distribution breaks down. In order to account for the tran-
sition to homogeneity and the paucity of scattering elec-
trons along any particular line of sight, due to the clustering
of large-scale structure, we weight the number density of
scatterers as in Ref. [43] by

n ¼ N=V ! N=
Z

dVð1þ �ðsÞÞ: (23)

In the above equation dV ¼ 4�s2ds, � ¼ ðs0=sÞ
 is the
clustering correlation function, with 
 ¼ 1:8, and we use a
comoving length s0 ¼ 20–60 Mpc=h, characteristic of a
cluster or supercluster length scale (e.g. Refs. [44–46]).
Hence, we insert a window function into the integrand for
the u-distortion,

Wðs½z�Þ ¼ s
=ðs
 þ 3s
0=ð3� 
ÞÞ; (24)

where s½z� ’ R̂ for the radii of interest [43]. Essentially,
this window function introduces a lower limit of integra-
tion zmin ’ 0:02–0:05. To be conservative, we use the
longest clustering scale, although the result varies by less
than 10%.

Our final result for the u-distortion is u ¼ 0:11.
Compared to the COBE-FIRAS limit u < 3:0� 10�5

(95% C.L.) [16,17], our model predicts a signal that
exceeds the observational bound by a factor of 3700.
This simple model is clearly in conflict with observational
evidence.

The width of the temperature distribution, as defined in
Ref. [14], replaces the�T=T-squared term in Eq. (18) with
log ð1þ �T=TÞ squared. For small temperature differ-
ences, these are equivalent. As we have seen in this sce-
nario, the temperature of scattered photons that originate
from within the past light cone can be substantially differ-
ent from those on the past light cone: �T=T 6�1. Using the
log term to evaluate the u-distortion, we obtain an even
larger result: u ¼ 0:90. This may seem surprising, since
taking the log might be expected to suppress the effect of
large values of �T=T, but that is only true when �T=T is
positive. For sufficiently negative values of �T=T, when
cold photons are injected into the observed stream and
CMB photons are scattered out, the argument of the log
term approaches zero and the integrand becomes large. In
our calculation, we use the �T=T-squared term because it

is closer to the procedure carried out by the COBE-FIRAS
team.

IV. STRANGE PROPERTIES OF THE SPACE-TIME

The large amplitude of the u-distortion strongly suggests
that the space-time suffers from a number of pathologies.
In this section we investigate some of these features, in part
out of curiosity and in part with foresight to the analysis of
similar models that attempt to dispense with dark energy.

A. Radial contraction

A surprising feature of this toy model is the presence
of a radially contracting region inside the past light cone.
Photons originating from the epoch of decoupling pass
through this region and gain energy, so that consequently
upon scattering into our line of sight, they contribute to the
strong u-distortion. The redshifting of radially directed
photons is guided by Hk. Although the radial expansion

rate matches the �CDM expansion rate on the past light
cone, inside the past light cone the behavior of Hk is

dramatically different.
The matter density along the Hk ¼ 0 surface, which is

illustrated in Fig. 7, is less than the critical density of
decoupling for a wide range of radii. This means that a
large portion of the photons that scatter into our line of
sight must pass through the Hk < 0 region. By inspecting

Eq. (C4) for the growth of redshift z along a photon’s
trajectory, we infer that when Hk < 0, radially directed

photons gain energy. The general condition for the
photon to gain energy isHk <�H?tan 2c , where sin c ¼
‘=ð1þ zÞR. Hence, some of the light rays that are emitted
from the decoupling epoch and subsequently scatter into
our past light cone are much more energetic, with a much
lower redshift zLS � zCMB, than photons that have traveled
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FIG. 7 (color online). A space-time diagram showing the sur-
face where the radial contraction turns to expansion (Hk ¼ 0;
thick red dot-dashed line) and the constant energy density
surface at decoupling (thin black line). The same scattered
geodesics as in Fig. 5 are also shown. All lines are shown with
r � 0. The decoupling contour and the big bang surface (thick
dashed blue lines) cannot be distinguished by eye in this figure.
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along the past light cone since decoupling. This feature of
the inhomogeneous big bang LTB space-time, also dis-
cussed in Refs. [32,33], is ultimately responsible for the
large u-distortion signal that we calculate.

B. Naked singularity

The contracting region continues all the way down to the
big bang surface, leading to the perverse situation that the
big bang singularity is accessible to photons at a finite
redshift. In a Robertson-Walker space-time, light rays em-
anating from the big bang that propagate along our past
light cone are infinitely redshifted with z ! 1. In our toy
model, light rays that start at the big bang and propagate
along the past light cone of here and now are also infinitely
redshifted. However, light rays that begin at the big bang
from within our past light cone and scatter onto our line of
sight will be observed with redshift z ¼ �1, as explored in
Ref. [47].

The big bang is defined by the surface �ðr; tÞ ¼ 0 in
Eqs. (7) and (8). Approaching this surface, as � ! 0, then
R ’ ��2=4�. Since � and� are finite at a given value of r,
then we can use Eq. (5) to determine thatH? ¼ _R=R ! 1
as � ! 0 at the big bang. The expansion rate Hk is differ-
ent. To understand its behavior, we need to know the �
dependence of R0 near the big bang. We can do so by
following the calculations of KL [11]. Along fixed r, by
dropping down in t towards the big bang, as shown in
Figs. 4 and 6 then tells us that the rate of change in R0 is

@

@�
R0 ¼ _R0 @t

@�
¼ �0 þ �0=R� �R0=R2

2 _R

Rffiffiffiffi
�

p

’ �0

4�
�� R0=�: (25)

The last line is obtained by taking the approximate behav-
ior near � ! 0. The solution of this differential equation is

R0 ’ �0

12�
�2 � 2

ffiffiffiffi
�

p
t0BB=�: (26)

Since the big bang surface is inhomogeneous, @rtBB � 0,
then R0 is singular. Put together, then in the vicinity of the
big bang surface,

Hk ¼ _R0=R0 ¼ d�

dt

@R0

@�

�
R0 ’ � �

�R
/ ��3: (27)

So the radial expansion rate is negative and divergent as
� ! 0.

The geodesic equation for the evolution of redshift, z,
inside the light cone is given by Eq. (C4). If we consider a
radially directed light ray that starts at an earlier and earlier
instant close to the big bang, then ln ð1þ zÞ receives a
successively negative and divergent contribution, such that
z ! �1. This constitutes a naked singularity: there is no
horizon to protect us from the singular curvature of the big
bang.

C. Anisotropic expansion

Another of the many peculiar features of this space-time
is the anisotropic expansion along the past light cone of
here and now. To see this, let us define

�MðzÞ ¼ ��=ð2H?Hk þH2
?Þ;

�KðzÞ ¼ ð3ÞR=ð2H?Hk þH2
?Þ;

ð3ÞR ¼ �ð�RÞ0=R2R0;

(28)

in which case the Einstein field equation (2) can be written
as a familiar sum law, �M þ�K ¼ 1. The behavior of
these two parameters is different from that of the standard,
Robertson-Walker space-time. Although they take the ex-
pected values 0.3, 0.7 at the present day, the values at deep
redshift are different: �M ! 0, �K ! 1. The expansion
grows increasingly anisotropic with redshift. Although the
expansion along the radial direction matches that of a
�CDM cosmology, with Hk ¼ H�CDM along the line of

sight, the expansion in the transverse direction is faster,
H? � Hk. To illustrate, in Fig. 8 we plot the redshift

evolution of�M,�K and ðH? �HkÞ=ð2H? þHkÞ, which
is proportional to the ratio of the shear to the expansion. We
note that the transverse length scales of the baryon acoustic
oscillations (BAO) observed in galaxy clustering patterns
[48–51] are sensitive to the deviation from isotropic ex-
pansion, i.e. the departure from unity by H?=Hk. In our

model, however, this is less than a 20% effect for z < 1, so
that the comparison with BAO data may not be too dis-
crepant. This puts tension on the viability of our toy model
similar to the effects investigated in Ref. [52], though
nowhere near as strong as that due to the u-distortion.

D. Locating the big bang surface

An inhomogeneous big bang surface implies that the age
of the Universe at a given time varies with radius. The time
since the big bang can be calculated at any point using
Eq. (8). In the vicinity of the origin, for rH0 � 1, we can

use � ’ �H2
0r

3, � ’ ð1��ÞH2
0r

2 and R̂ ’ r to determine

�ðt0; 0Þ ¼ cosh�1ð1� 2=�Þ. In turn, this yields an age of
the Universe at the origin

t0 � tBBð0Þ ¼ H�1
0

�
1

1��
� �

2ð1��Þ3=2

� cosh�1

�
1� 2

�

��
: (29)

Using our standard values � ¼ 0:3 and H0 ¼
70 km=s=Mpc, this yields 11.3 Gyrs. This is close to the
11.2 Gyr, 95% C.L. lower limit on the age of the Universe
based on Milky Way globular clusters, although an addi-
tional 0.1–2 Gyrs must also be allotted for the formation
time of the stars in the Galactic halo [53]. In order to
accommodate these old stars in our toy model, we may
either lower the Hubble constant H0 or the matter density
� in order to achieve an adequate time since the big bang.
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The shape of the inhomogeneous big bang surface is
shown in earlier figures. The principle features of the curve
include a cusp at the origin and a downturn at r� 0:9. We
note that these features are distinct from the Gaussian
profile for tBBðrÞ that is assumed in Ref. [33].

At the edge of the observable Universe, rmax ¼
2
3H

�1
0 tanh�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1��

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1��

p
. Evaluating the time of

the big bang at this radius, we find that tBB is �2 Gyrs
earlier than at the origin. Of particular interest for the
physics of the CMB in this model, the light travel time
from the big bang to z ¼ 1100 is �0:5 Myrs, whereas the
time elapsed for an observer at rest since the big bang is
only �2500 years.

V. SUMMARY

Solutions to the physics of cosmic acceleration that
dispense with dark energy and new gravitational physics
are immensely appealing. In a number of recent papers, it
has been shown that the expansion history along the past
light cone—determined by the luminosity distance, energy
density, and number counts—can be built from the LTB
metric to match the �CDM standard cosmological model
without the presence of a gigaparsec void [10–12]. That is,
a post-decoupling cosmos containing just dark matter and
baryons obeying the laws of general relativity can satisfy
many of the classical tests of cosmology. The price to pay
seems philosophical, since for this to work we must be
located at the center of a radially inhomogeneous space-
time, contrary to the Copernican and Cosmological prin-
ciples. However, these LTB-based models must also pass a
battery of other observational tests before we can discuss
the possible meaning.

Our interest is to probe the space-time inside the past
light cone, to dig beneath the surface. The u-distortion is
among a handful of cosmological probes, along with the
kinetic Sunyaev-Zeldovich effect [23,28,29,32], redshift
drift [54–57] and cosmic parallax [56,58,59], that have
been pursued recently for their ability to probe below the
past light cone and test radial inhomogeneity. Given a

choice, experience shows that any constraint having to do
with the CMB is usually the strongest. The u-distortion has
previously proven useful in constraining constant-time big
bang models [15,27,30].
In this paper we have carried out the first calculation of

the u-distortion in a LTB model with a radially inhomoge-
neous big bang. One paper in particular that influenced our
work is KL [11], which clearly spelled out how to build
such a space-time. Its influence on our work is clear—we
adopt the same notation, reproduce several figures, and
extend some of the calculations in KL. Our focus, there-
fore, has been to evaluate the u-distortion for the model
described in KL.
To recap this effect, the u-distortion quantifies the depar-

ture from a blackbody at temperature T when additional
blackbodies at temperature T þ �T are added. This situation
applies to the blackbody comprised of unscattered CMB
photons that travel direct on our line of sight from decou-
pling, mixed with CMB photons that Thomson scatter into
our line of sight. Since the energies of these two sets of
photons are different in general, we can expect the observed
blackbody to display a wide temperature distribution, or a
significant u-distortion. Measurements by the COBE-FIRAS
experiment place a tight limit, u < 3:0� 10�5 (95% C.L.)
[16,17], where u ¼ 2y at leading order, and y is the
Compton y-parameter. We find that the predicted value
u ¼ 0:11 exceeds the upper bound by a factor of 3700.
Without a doubt, the u-distortion is a decisive probe of radial
inhomogeneity, as this model is ruled out.
A similar calculation was carried out in Ref. [33], in

which the u-distortion was evaluated for an LTB space-
time with a big bang surface described by a Gaussian
profile of variable amplitude and radius. We note that
this work considers void models whereas our scenario
has no such void. Also, the Gaussian profile does not
give a good fit to the big bang surface in our scenario. In
particular, it does not ensure a past light-cone history that
so precisely matches the �CDM model. Nevertheless,
Ref. [33] likewise finds that an impermissibly large
u-distortion is predicted for a range of parameter values.
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FIG. 8 (color online). (left) The spatial curvature and density in units of the anisotropic expansion rate along the past light cone.
The dashed line shows the density in units of the radial expansion rate. (right) The ratio of the shear to the expansion,
ðH? �HkÞ=ð2H? þHkÞ, as a measure of the anisotropy of the expansion.
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(See Figs. 2 and 3 therein.) Reference [33] also highlights
the shortcoming of the dipole approximation for the tem-
perature anisotropy pattern. Overall, our results confirm
the argument put forward in Ref. [33] that radial inhomo-
geneity of the big bang surface, alternatively referred to as
decaying modes, cannot salvage a scenario based upon the
spherically symmetric, dust-filled LTB models.

Is there any future for such models? It is conceivable that
a more realistic treatment of decoupling and the radiation-
dominated epoch could weaken the level of spectral dis-
tortion that we calculate. We have made the simplifying
assumption of tight coupling of the radiation with baryonic
and dark matter until decoupling, and adapted the Gamow
criterion in order to identify the origin of the CMB with a
critical value of the matter density (e.g. Refs. [28,33]). We
implicitly assumed that any slip that develops between the
matter species and radiation leads to a negligible source of
temperature anisotropy in our calculation of the spectral
distortion. That this assumption may not be wholly justi-
fied has been argued in Ref. [60]. We leave a more sophis-
ticated treatment of the CMB for future work.

The surprising features of the space-time that we ex-
plored in Sec. IV are known in the literature. For example,
the radial contraction was discussed in Refs. [32,33],
wherein cosmological constraints were applied to a set of
LTB models with a radially inhomogeneous big bang. The
LTB models are well known to admit naked singularities,
from investigations of the gravitational collapse of dust
shells [61,62]. The existence of infinitely blueshifted geo-
desics in the cosmological LTB metric was investigated in
Ref. [47]. If any aspect of this model is to survive as a
viable alternative to the standard cosmological model, then
a large portion of the space-time inside the past light cone,
including regions after decoupling, would have to be ex-
cised and replaced with a safer, less inhomogeneous space-
time. However, the full implication of these phenomena
have not been widely exploited in the development of
cosmological probes. Possibly, the fact that everything
appears standard on the past light cone of here and now
makes the space-time seem safe to the innocent bystander.
In view of the tremendous interest in testing alternatives to
dark energy, radial homogeneity, and the Copernican prin-
ciple [63–66], or just to determine how much information
can actually be gained about our space-time [67,68], one of
our motivations has been to demonstrate the efficacy of
spectral distortions to dig beneath the surface of a cosmo-
logical model.
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APPENDIX A: GEODESICS ON THE
PAST LIGHT CONE

We consider the four-momentum of a photon k� ¼
dx�=d	 where 	 is an affine parameter that increases
with time. In the case of a radially directed light ray, the
null condition k � k ¼ 0 gives

dt

d	
¼ � R0ðr; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �ðrÞp dr

d	
; (A1)

where the sign is chosen for a light ray moving
towards decreasing r, for R0 > 0 (which is the case). The
energy of the light ray, as determined by a comoving
observer with four-velocity u� ¼ ð1; 0; 0; 0Þ is E¼�u �k.
Consequently, we define the redshift to be the ratio of the
initial energy at point A to the final energy at point O as
illustrated in Fig. 1,

1þ z ¼ u � kjA
u � kjO : (A2)

If we rescale 	 so that dt=d	jO ¼ 1, then we have the
equation for redshift

dt

d	
¼ 1þ z: (A3)

Next we can use the geodesic equation to determine the
evolution of z,

dk�

d	
þ �

�
��k

�k� ¼ 0;

� ¼ t:
dz

d	
þ _R0ðr; tÞ

R0ðr; tÞ ð1þ zÞ2 ¼ 0:

(A4)

We can use Eqs. (A1) and (A4) to arrive at the desired
results,

dr

dt
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ðrÞp
R0ðr; tÞ ; (A5)

dz

dt
¼ � _R0ðr; tÞ

R0ðr; tÞ ð1þ zÞ: (A6)

Using the coordinate freedom to rescale the radial coor-
dinate r, whereby R0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �
p

on the past light cone, then
dr=dt ¼ �1.

APPENDIX B: CALCULATIONS
ON THE PAST LIGHT CONE

Our procedure for evaluating �, � and radial derivatives
follows that of KL. To derive a differential equation for �,
we start from the definition of energy density whereby

�0ðrÞ ¼ ��R2R0. On the past light cone R̂0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
.

Squaring both sides, and using

dR̂

dr
¼ R̂0 � @tR̂; (B1)
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we obtain

R̂ 0 dR̂
dr

¼ 1þ �� R̂0@tR̂: (B2)

Next, using Eq. (5) to replace �, we can write

R̂0 dR̂
dr

¼ 1� �

R̂
þ @tR̂

2 � R̂0@tR̂

¼ 1� �

R̂
þ @tR̂ð@tR̂� R̂0Þ

¼ 1� �

R̂
þ

�
dR̂

dr
� R̂0

��
dR̂

dr

�
;

2R̂0 dR̂
dr

¼ 1� �

R̂
þ

�
dR̂

dr

�
2
;

R̂0 ¼ 1

2

��
1� �

R̂

���
dR̂

dr

�
þ dR̂

dr

�
: (B3)

Now we return to the energy density equation, to obtain

�0ðrÞ ¼ 1

2
��̂R̂2

��
1� �

R̂

���
dR̂

dr

�
þ dR̂

dr

�
: (B4)

In practice, the integration along the past light cone is
carried out with respect to z, not r, so instead we use

d�

dz
¼ 1

2
��̂R̂2

��
1� �

R̂

��
dr

dz

�
2
��

dR̂

dz

�
þ dR̂

dz

�
; (B5)

where dz=dr ¼ ð1þ zÞH�CDMðzÞ and dR̂=dz ¼
�ðR̂� 1=H�CDMðzÞÞ=ð1þ zÞ. The equation for � is ob-

tained by squaring R̂0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
and using the expression

for energy density,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ�

p ¼ R̂0; 1þ�¼ R̂02; �ðrÞ ¼
�
�0ðrÞ
��̂R̂2

�
2 � 1:

(B6)

By substituting �0ðrÞ from Eq. (B4) into the above, we can
then differentiate � to obtain �0ðrÞ. An equivalent expres-
sion can be obtained by noting that Eqs. (9) and (10)
indicate that _R0=R0 ¼ H�CDMðzÞ on the past light cone.
Using the Einstein field equation (6) for _R0, we arrive at

�0 ¼ ��0=R̂þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
=R̂2

þ 2H�CDM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �Þð�þ �=R̂Þ

q
: (B7)

Equations (B5)–(B7) along with Eq. (16) provide all the
ingredients needed to construct �, � and derivatives for
any value of the radial coordinate.

It is difficult to numerically evaluate �, � in the vicinity
of z� 1:6 for our chosen value � ¼ 0:3. It is near this

redshift that R̂ ¼ H�1
�CDM, which means

dR̂

dr
¼ 1� R̂H�CDM (B8)

vanishes. Fortunately, � ¼ R̂ at the same location, so that
the equation for �0 is not singular. However, numerical
evolution of the differential equation for � becomes chal-
lenging. Our strategy is to define a variable

V 	 1� �=R̂

1� R̂H�CDM

(B9)

and to rewrite the equations for�,� using the explicit form
of H�CDM,

dV

dz
¼ 1� 3

2�ð1þ zÞ3R̂2H2
0 þ Vð2R̂H�CDM � 1Þ

ð1þ zÞR̂H�CDM

;

(B10)

� ¼ R̂ð1� Vð1� R̂H�CDMÞÞ; (B11)

� ¼ 1

4
ð1� R̂H�CDM þ VÞ2 � 1; (B12)

�0 ¼ 3

2
�H2

0ð1þ zÞ3R̂2ð1þ V � R̂H�CDMÞ; (B13)

�0 ¼ 1

2R̂
ð1þ V � R̂H�CDMÞ½1� V þ 2VR̂H�CDM

� R̂H�CDM þ ðR̂H�CDMÞ2 � 3�H2
0ð1þ zÞ3R̂2�:

(B14)

This formulation of the equations is well behaved across
z� 1:6, so we need only to integrate Eq. (B10) and use
Eqs. (14) and (16) to construct �, � as functions of r. Near
the origin, for rH0 � 1, our recipe yields � ’ �H2

0r
3 þ

Oðr4Þ, � ’ ð1��ÞH2
0r

2 þOðr3Þ, V ’ 1þ rH0 þOðr2Þ,
R̂ ’ rþOðr2Þ, and r ’ H�1

0 zþOðz2Þ.

APPENDIX C: GEODESICS OFF THE
PAST LIGHT CONE

We consider the four-momentum of a photon k� ¼
dx�=d	 where 	 is an affine parameter that increases
with time. In the case of a light ray moving in the equatorial
plane (� ¼ �=2), the null condition k � k ¼ 0 gives

�
dt

d	

�
2 ¼ R02ðr; tÞ

1þ �ðrÞ
�
dr

d	

�
2 þ R2ðr; tÞ

�
d�

d	

�
2
: (C1)

The space-time has a Killing vector oriented in the �
direction, so that � motion is conserved whereby

R2ðr; tÞd�
d	

¼ ‘ (C2)

such that ‘ is a constant of motion, the angular momentum
per unit energy. As before, the energy of the light ray, as
determined by a comoving observer with four-velocity
u� ¼ ð1; 0; 0; 0Þ is E ¼ �u � k. Consequently, we again
obtain the equation for redshift
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dt

d	
¼ 1þ z: (C3)

The geodesic equation for the evolution of z gives

d

dt
ln ð1þ zÞ ¼ � _R0ðr; tÞ

R0ðr; tÞ þ
� _R0ðr; tÞ
R0ðr; tÞ �

_Rðr; tÞ
Rðr; tÞ

�

�
�

‘

ð1þ zÞRðr; tÞ
�
2
: (C4)

Next, making the definition

uðr; tÞ ¼ ð1þ zÞ R0ðr; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ðrÞp dr

dt
(C5)

the geodesic equation for r can be expressed as

du

dt
¼ � _R0ðr; tÞ

R0ðr; tÞuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ðrÞp

ð1þ zÞRðr; tÞ
�

‘

Rðr; tÞ
�
2
: (C6)

Equation (C1) can also be manipulated to give a condition
on u,

ð1þ zÞ2 ¼ u2ðr; tÞ þ
�

‘

Rðr; tÞ
�
2
: (C7)

The system of equations (C4)–(C6) are sufficient to solve
for general geodesic motion.
To model a general geodesic originating at B that scat-

ters off an electron at S on the past light cone of a present-
day observer at O, it is useful to think about this process in
reverse. We model a geodesic on the past light coneOS to a
location ðtS; rSÞ at which point R ¼ RS and the redshift is
zS. Then, the geodesic continues in a new direction at an
angle 
 2 ½0; �Þ. At the scattering site, the path from the
origin points in a direction n̂OS and the redirected path is
n̂SB. In the local, comoving reference frame we define
the angle 
 between the two paths by n̂OS � n̂SB ¼ cos
.
The geodesic SB has angular momentum parameter
‘ ¼ RSð1þ zSÞ sin
 at which point u ¼ �ð1þ zSÞ cos
.
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