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Gravitational interaction of Higgs boson and weak boson scattering
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With the LHC discovery of a 125 GeV Higgs-like boson, we study the gravitational interaction of the
Higgs boson via the unique dimension-four operator involving the Higgs doublet and scalar curvature,
EHTHR, with nonminimal coupling &. This Higgs portal term can be transformed away in the Einstein

frame and induces gauge-invariant effective interactions in the Higgs sector. We study the weak boson
scattering in the Einstein frame and explicitly demonstrate the longitudinal-Goldstone boson equivalence
theorem in the presence of & coupling. With these, we derive a perturbative unitarity bound on the Higgs
gravitational coupling ¢ in the Einstein frame, which is stronger than that inferred from the LHC Higgs
measurements. We further study &é-dependent weak boson scattering cross sections at the TeV scale and

propose a new LHC probe of Higgs-gravity coupling ¢ via weak boson scattering experiments.
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L. INTRODUCTION

The standard model (SM) of electromagnetic, weak, and
strong interactions has been extremely successful. It has
the well established SU(3). ® SU(2), ® U(1)y gauge
structure and hypothesizes a single Higgs doublet to gen-
erate masses for weak gauge bosons as well as all three
families of quarks, leptons, and neutrinos. The recent LHC
discovery of a 125 GeV Higgs-like boson [1,2] appears to
provide the last missing piece of the SM. However, the SM
is definitely incomplete for many reasons—above all, the
SM does not contain gravitational force. At present, the
best theory of gravitation is Einstein’s general relativity
(GR), but is notoriously nonrenormalizable [3] despite that
the gravity itself is still weakly coupled over vast energy
ranges (below the Planck mass), and thus the perturbation
should hold well. Given the fact that all SM particles
participate in gravitation, we have to treat both the SM
and GR together as a joint low energy effective theory
below the Planck scale.

In the modern effective theory formulation [4], we study
low energy physics by writing down the most general
operators in the Lagrangian, under perturbative expansion
and consistent with all given symmetries. Indeed, the SM
gives such a general effective Lagrangian up to dimension-
four operators under the SU(3), ® SU(2);, ® U(1)y gauge
structure and the known particle content. On the other
hand, the GR of gravitation is described by Einstein-
Hilbert action, containing two leading terms of a series
of operators consistent with general covariance,
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Ser = M}, [d‘*x«/———g(—A + %’R), (1)

where A denotes the cosmological constant, R is the Ricci
scalar, and Mp = (87G)™'/2 ~2.44 X 10'8 GeV gives
the reduced Planck mass. To complete this series of opera-
tors up to dimension four, we include two more terms,

ASgr = f Ex /g, R? + R, RE). (2
The other dimension-four term R ,,,,,R*"7? is not inde-
pendent up to integration by parts.

Combining the SM and GR together, one usually requires
that the SM particles couple to gravity through their energy-
momentum tensor, so the resultant theory is consistent with
the SM gauge symmetries and the equivalence principle.
Practically, this amounts to the replacement ,,, — g, and
d, — V, in the SM Lagrangian, where V , is the covariant
derivative associated with metric g,,,. (For fermions, vier-
bein and spin connection will be used.) This gives the
so-called minimal couplings between the SM and gravity.

In light of the recent LHC Higgs discovery, we are
strongly motivated to study gravitational interactions of
the Higgs boson because the Higgs boson is the origin of
inertial mass generation for elementary particles. For this,

there is a unique dimension-four Higgs portal operator that
should be included in the SM + GR system,

ASame = € f d*x,/—gHTHR, 3)

where H denotes the SM Higgs doublet, and the dimension-
less parameter ¢ is conventionally called the nonminimal
coupling that describes the Higgs-curvature interaction. This
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dimension-four operator respects all symmetries of the SM
and has to be retained in the effective theory formulation of
the SM + GR. Even if we naively set the nonminimal cou-
pling & = 0 at tree level, it will reappear at loop level [5].
Furthermore, since setting ¢ = 0 does not enhance the sym-
metry, there is no reason that & would be small. A special
choice of ¢ = —1/6 will make the theory conformally in-
variant, but the conformal symmetry is not respected by the
SM Lagrangian, and in most cases will be further broken by
quantum effects. Hence, such a dimensionless coupling &
could be rather large, a priori. This fact has already been put
to use for the Higgs inflation scenario, where & > 1 is
required, and the typical input is & ~ 10* [6,7]. A recent
interesting study by Atkins and Calmet derived a bound on &
from the LHC data, |£] < 2.6 X 105 [8].

In this work, we study the Higgs gravitational coupling
in the Einstein frame (Sec. II), where the original operator
(3), as defined in the Jordan frame, is transformed away
and induces effective interactions for the Higgs sector.
These induced new Higgs interactions modify Higgs cou-
plings with weak gauge bosons and Goldstone bosons.
With this formulation, we analyze the scattering ampli-
tudes of longitudinal weak bosons and Goldstone bosons
in Sec. IIl. We give the first demonstration of the
longitudinal-Goldstone boson equivalence theorem with
nonzero ¢ coupling. Then, we derive the perturbative
unitarity bound of ¢ in the Einstein frame, to the leading
order of Mp>. Furthermore, we study an intriguing sce-
nario of SM + GR effective theory with a low ultraviolet
(UV) cutoff around O(10 TeV), as a natural solution to the
hierarchy problem. With this we make the first proposal to
study the impacts of £ coupling on TeV-scale weak boson
scattering cross sections and discuss the LHC tests. Finally,
we conclude in Sec. IV.

II. INDUCED HIGGS PORTAL INTERACTIONS
FOR EINSTEIN FRAME

Even though the SM has been impressively consistent
with all the experimental data so far—including the recent
LHC discovery of a Higgs-like particle [1,2]—the unique
dimension-four Higgs-gravity interaction (3) is an unam-
biguous portal to the new physics beyond SM. It is possible
that the effective theory combining the SM with general
relativity (1) and (2) via the Higgs portal (3) will describe
the Universe all the way up to very high scales (below
Planck mass Mp,), including inflation as well (with proper
extensions) [6,7]. For the electroweak gauge and Higgs
sectors, we can write this effective theory up to dimension-
four operators, as the following:

M?
= | d \/— ) —M2A+<—+ H*H) V)
S [dx g [ 51 5 3 R

1
L OO Ve | @
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where R is the scalar curvature associated with metric
gﬁf)y, and F?’“’(= warv Brv) denotes field strengths of
SUQ2), ® U(1)y electroweak gauge fields. The Higgs
doublet H has the potential V(H) = A(HTH —1v?)%
The frame including the & term in (4) is conventionally
called the Jordan frame. Here we have used a superscript
“(J)” for the metric g( ), and Ricci scalar R“). One can
always make a field-dependent Weyl transformation for
the Jordan frame metric gu) such that this & term is trans-
formed away, and the resultant system is called the
Einstein frame in which the field equation of g,, is the
standard Einstein equation for GR. The field redefinition

in the Einstein frame reads g, = 02gY) where Q% =
(M? + 2¢HTH) /M. For simplicity, hereafter we will
denote all quantities in the Einstein frame without extra
superscripts. From (4) we can identify the Planck mass,
M3, = M? + £v?, where v is the Higgs vacuum expecta-
tion value. It shows that the nonminimal coupling strength
£ is bounded by ¢ = M3, /v* ~9.8 X 103!, which is satu-
rated in the limit M2 = 0.

Given the above relation between g
scalar transforms as follows:

), and g uv» the Ricei

RV = Q’[R - 6gV,V,log Q

+ 6g+"(V, log Q)(V, log Q)], (5)
where the covariant derivative V u 18 associated with the

Einstein frame metric g,,. Thus, the effective action (4)
can be rewritten in the Einstein frame,

2 M2
S—'[d“x«/_l: P1A+ - R~ —F;’WF;"”
3¢ 9¢2
V2(HTH) + vV, (HtH))?
o2 ( ) M50 4( ul )

+—(DMH>+<D H) - V(H>] ©)

where the fourth term is a total derivative for ) = 1 and is
always suppressed by 1/M3, for the 0 # 1 part. We note
that the form of the gauge field kinetic term does not change
under this field transformation since the Weyl factor ) ~*
from the determinant of the metric ,/=¢ is compensated by
additional two factors of ()% from the inverse metrics in the
gauge kinetic term — ; g#" g F4, F4, ..

Next, we study the longitudinal weak boson scattering
and the Goldstone boson scattering. We explicitly demon-
strate the longitudinal-Goldstone boson equivalence
theorem in the presence of ¢ coupling. For this purpose,
we will derive relevant scalar and gauge couplings from
the action (6). We parametrize the Higgs doublet as usual,

= (7T+,71§(v + h° 4+ i7%)7. Thus, we can expand,

Q2 =1+ EMP2vh° + (R0 + 27t~ + (79)*].  From
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now on, we will also set the Einstein frame metric to be flat,
&uv = My since the graviton contributions from g,,, are
suppressed by more powers of 1/M3 and thus will not
affect our following analysis of leading £ terms at O(Mﬁz).
Then, we derive kinetic terms for the Higgs field and
would-be Goldstone fields,

1 6%
(1 + )(a h)?% + — (a 7+ 9,7 ot (D)
2 M3,
Hence, the Higgs field 4° should be renormalized via
B0 — ¢h°, with ¢ = (1 + 6&2v%/M3)""2. In conse-
quence [9], the Higgs boson mass is given by m; =
2Av2Z%, and all the SM Higgs couplings should
be rescaled accordingly. Furthermore, under the Weyl
transformation the original nonminimal term in (4) has
led to new Higgs couplings in the Einstein frame, as
shown in Eq. (6). Analyzing the second and third lines
of (6), we systematically present the &-dependent cou-
plings up to the first order in Mp;>. For scalar derivative
interactions, we deduce the Lagrangian,

— & o, A+ 20, WORTFR + (02 + 200]
2MPl

_ 3¢
aM3
X 9¥|a|* + 22(h°)? + 2vh°], ()

(17> + £2(h%)* + 2v{h°]

where |72 = 27T 7 + (w0)? and lo, 7| =
20,7 9"~ + (9,7°)%. For Higgs couplings with
WW/ZZ, we derive the Lagrangian,

Qmy,WrWH + miZ,Z")

v [(% - Ai—;)fho + %(é - ;—z)gz(hO)Z], ©)

which reduces to the SM couplings in the limit & = 0.
For completeness, we also discuss the fermion sector

in the current formulation. The kinetic term of a Dirac

fermion W in the curved background can be written as

Sy = fd“x det(e?,)‘i’y”ef,f(i&M - fw#’""amn)‘l’, (10)

where e? is vierbein, @ »™" denotes spin connection, and

Tn = 5[¥m ¥l We define this curved background in
Jordan frame, which is connected to Einstein frame with

a flat metric via gu) =02y uv- Thus, we deduce the
expressions, el = Q7167 and @, = —Q "1 (8719"Q —

5’;6”’9). With these, the above kinetic term becomes,

Sp = f d*x (& Pig¥ + é\if(i,m)qf). (11)
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III. WEAK BOSON SCATTERING FROM
HIGGS-GRAVITY INTERACTIONS

It is expected that combining Higgs-curvature coupling (3)
with the SM makes the theory perturbatively nonrenormaliz-
able. This is manifest in the Einstein frame action (6) via
é-dependent new higher dimensional operators. Hence,
the high energy longitudinal weak boson scattering ampli-
tude will exhibit noncanceled E?> behavior from these
&-dependent interactions, and thus lead to perturbative uni-
tarity violation. From the derivative scalar couplings in (8),
we will show that the same E? behavior appears in the
corresponding Goldstone boson scattering amplitude. Then,
we present the first demonstration of the longitudinal-
Goldstone boson equivalence theorem (ET) [10], in the
presence of nonminimal coupling £. This is highly nontrivial
because the &-dependent scalar derivative interactions (8)
take very different forms from the new Higgs-gauge boson
couplings (9). We will further derive the perturbative unitar-
ity bound on ¢ by studying the scattering amplitudes of both
longitudinal weak bosons and Goldstone bosons.

Let us analyze the scalar scatten'ng among four electri-
cally neutral states |77 ), 7— | 70 70), |h0h0> and

| 77°K%). With systematical computation based on Lagrangian
(8), we derive the leading scattering amplitudes,

2
Tlatm - mra ] = 3§M;I— §(1 + cos §)E?,
Pl
2
Tlatm — 7°7%] = 2(3i42+ £ ,
Pl
2
T[at 7™ — hOw°] = 72(35‘/[;_ £) p2 ,
Pl
T[77° = 7°7°] = O(E°), (12)
2
T[7TO7TO — h()hO] 2(35:‘4;— f) ,
Pl
TThOR — h°h0] = O(EY),
2
T[7°h° — 700 = — 3§Mj 5(1 — cos 0)E?,
Pl

where E is the center-of-mass energy.

In parallel, we have studied the longitudinal weak boson
scattering for W) Wy ), 51Z1Z]), 5|h°h°), and |Z} h°).
For instance, taking the process W;W; — Z%Z9 and
using (9), we derive the leading high energy scattering
amplitude in unitary gauge,

8(3&% + &) (E* —2m3,)?

+Ww— — 70 —
MEZ + (O(EO) (13)
MP]

This equals the amplitude 7 [7+ 7~ — 7°7°] in (12) at
O(E?). We have performed systematical analyses for all
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other longitudinal weak boson scattering processes and
find full agreements to the leading Goldstone amplitudes
(12). These explicitly justify the validity of the ET in the
presence of £ coupling, which was not studied before. This
also serves as a highly nontrivial self-consistency check of
our amplitudes (12).

A few comments are in order concerning the
&-dependent leading scattering amplitudes (12). We first
note that the ¢ coupling enters our results in two ways. One
is through the Higgs field rescaling factor ¢ =
(1 + 6£2v>/M3)~"/2, and the other arises from the Weyl
factor Q% = 1 + ¢QHTH — v?)/M3,. Thus, at the first
nontrivial order of Mp,?, we have both ¢* and ¢ contribu-
tions to the amplitudes (12). For typical situations with
|£] > 1, the £ terms dominate over ¢ terms and will thus
control our final perturbative unitarity bound. We can
classify such processes into three categories. The first
one is a universal suppression factor { <1 for each
Higgs field in the Higgs boson productions [8]. The second
class of &2-dependent processes is the longitudinal weak
boson scattering. We find that the anomalous quartic scalar
couplings and cubic Higgs-gauge couplings of (8) and (9)
cause noncanceled &2 (and &) dependent E? contributions
in the longitudinal and Goldstone boson scattering ampli-
tudes [cf. (12) and (13)], which can become significant
for large E. Hence, the W; W, scattering can provide a
sensitive probe of & coupling via the energy-enhanced
leading contributions of O(£2E*/M3,). The third class of
£%-involved processes includes those containing the cubic
Higgs coupling. As shown in (8), such processes will also
be enhanced at high energies by the &>-dependent deriva-
tive cubic Higgs couplings. The high luminosity runs at
LHC (14 TeV), the future TeV linear colliders (ILC and
CLIC), and high energy circular pp colliders (TLEP and
SPPC) will further probe such anomalous cubic Higgs
couplings. Finally, the O(£/M3) couplings arise from
the Weyl factor (), which are negligible relative to
O(&*/M3) for £ > 1.

From Eq. (12), we compute the partial wave scattering
amplitude,

ag(E)——[ dcos @Py(cos 0)T (E, 0). (14)

In our case, the partial wave amplitudes form a 4 X 4
matrix among the four states |7t77), \/%Iﬂ'ow‘)),

%Ihoh‘)}, and |7°h%). Thus, for £ = 0, we derive the
following matrix of leading s-wave amplitudes:

1 V2 V2 0
BE+HE2[V2 0 1 0
167M3, | 2 o o |

0

ao(E) = X
0 0 -1

(15)

whose eigenvalues are
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FIG. 1 (color online). Perturbative unitarity bound on Higgs-
gravity coupling £ as a function of WW scattering energy E. The
shaded region violates perturbative unitarity. To compare with
our bound at each given E [13], the black dashed line depicts a
limit |£] <2.7 X 10 (30) derived from current LHC Higgs
data [2], based on [8].

(B¢ + HE?

dlag
E) = ems,

diag(3, —1, =1, —1). (16)
Then, we impose the partial wave unitarity condition,
Meay| < 1/2, on the maximal eigenvalue of (16). From
this, we infer the perturbative unitarity bound [11] on &,
1 1
— 8[(cg +1p+1]<é< 8[(cg +1:-1], A7)
where Cy = /327Myp,/E.

In the present effective theory formulation, we have the
Planck mass Mp, serve as the natural UV cutoff on the
scattering energy, E < Mp. Thus, the inequality C} >
327 = 100.5 > 1 holds well. Hence, to good approxima-
tion, the above unitarity bound (17) reduces to the
following:

C() bV, 8 Mp]

|§|<F_TF (18)

In Fig. 1, we present the perturbative unitarity bound of
¢ as a function of scattering energy E, up to E =
10'® GeV, which is still significantly below the Planck
scale Mp = 2.44 X 10'® GeV. For the effective theory of
SM + GR with Planck mass Mp, as the natural UV cutoff,
the weak boson scattering energy can reach up to E =
10'718 GeV, and thus our perturbative unitarity bound
requires £ < O(10 — 1). We also note that Atkins and
Calmet [8] recently derived an interesting bound on ¢
from the 2012 LHC data [1]. Combining ATLAS and
CMS new data in this spring [2] gives the Higgs signal
strength & = 1.00 £ 0.10 [12]. Thus, we have a refined
30 upper limit, |£] <2.7 X 10'. For comparison, we
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FIG. 2 (color online). Weak boson scattering cross section as a function of center-of-mass energy E. We present W, W, — Z%Z9 in
(a) and Wy W7 — W7 W5 in (b). In each plot, the (red, blue, black) curves depict our predictions of ¢ = (2 X 1015, 10, 0),
respectively. The black curve of ¢ = 01is the pure SM expectation. We have input Higgs boson mass m;,, = 125 GeV. The shaded light-

blue area shows the perturbative unitarity violation region.

depict this bound in Fig. 1 by the dashed line [13]. It
shows that once the scattering energy E exceeds
O (TeV), the perturbative unitarity bound becomes much
more stringent.

If nature has chosen a much lower UV cutoff for the
effective theory of SM + GR, then a much larger ¢ will be
allowed. A very intriguing case is that UV cutoff lies at the
TeV scale, say, Ayy = O(10 TeV). Thus, the coupling &
can reach & = O(10'4~13). As a nice theory motivation for
this case, it gives a conceptually simple solution to the
hierarchy problem and makes the SM Higgs sector natural
up to the UV cutoff [14], Ayy = O(10 TeV). This further
opens up an exciting possibility that the LHC (14 TeV)
and its future upgrades can effectively probe such
Higgs-gravity interactions via weak boson scattering
experiments.

Let us study this intriguing effective theory of TeV scale
quantum gravity with Agy = O(10 TeV). It is well known
that weak boson scattering experiments serve as a key task
of LHC for probing new physics of electroweak symmetry
breaking and the Higgs mechanism [15]. Hence, we ana-
lyze weak boson scattering cross sections and consider two
typical processes, W, W, —Z%Z% and Wy Wi — Wi W,
over the energy regime (<<Ayy) to be probed by the LHC
(14 TeV). In this case, Fig. 1 shows that ¢ can be fairly
large and reach ¢ = O(10"). In Fig. 2, we demonstrate
WW scattering cross sections for two sample inputs,
& =(2x10",10%), as compared to the pure SM result
of £ = 0[16]. In addition, we impose perturbative unitarity
bound on the scattering cross section, o < 4mp,/E* [17],
as denoted by the shaded light-blue region in each plot.
(Here p, is the identical particle factor for the final state as
defined in [17].)

From Figs. 2(a) and 2(b), we see that the predicted
WW scattering cross sections with sample inputs of

& =12X10, 10" exhibit different behaviors and give
sizable excesses above the pure SM expectations & = 0).
Such nonresonance behaviors are universal and are ex-
pected to show up in all WW scattering channels [18,19],
unlike the conventional new physics models of electro-
weak symmetry breaking [15,20]. These distinctive fea-
tures can be discriminated by the upcoming LHC runs at
14 TeV with higher luminosity. As a remark, we clarify that
there is no preferred natural values of & from theory side.
Although the dimensionless coupling ¢ can have a large
value, it appears in the interaction vertices always in asso-
ciation with the suppression factor v*/M3, or E*/M3},, as
shown in Egs. (8) and (9). Hence, it is fine to have a large
& as long as it holds the perturbative expansion (shown
in Fig. 1).

IV. CONCLUSION AND DISCUSSION

The world is shaped by gravitation at the macroscopic
and cosmological scales, while the gravitational force will
also play a key role at the smallest Planck scale. Then, what
happens in between? With the LHC discovery of a
125 GeV Higgs-like boson [1,2], we are strongly motivated
to explore gravitational interactions of the Higgs boson in
connection to the mechanism of electroweak symmetry
breaking and the origin of inertial mass generation for
elementary particles.

In this work, we studied Higgs-gravity interaction via
the unique dimension-four operator (3) with nonminimal
coupling &, which serves as an unambiguous portal to
the new physics beyond SM. In Sec. II, we focused on
its formulation in the Einstein frame where this Higgs-
curvature operator is transformed into a set of £-dependent
new Higgs interactions (6). We derived the &-induced
Higgs/Goldstone self-interactions in (8) and the Higgs-
gauge interactions in (9). In Sec. III we systematically
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analyzed longitudinal and Goldstone boson scatterings. We
demonstrated, for the first time, the longitudinal-Goldstone
boson equivalence theorem in the presence of ¢ coupling.
This is important for understanding the Higgs mechanism
with a nonzero Higgs-curvature coupling £. We performed
a coupled channel analysis of WW scattering in the
Einstein frame and derived new perturbative unitarity
bound on ¢ as in Fig. 1. We revealed that for the SM +
GR system with Planck mass Mp, as its natural UV
cutoff, the weak boson scattering energy can reach £ =
107718 GeV(<Mp,). In this case, the validity of perturba-
tive unitarity requires £ < O(10 — 1). We further studied
the intriguing scenario for the SM + GR effective theory
with the UV cutoff around Ayy = O(10 TeV). Thus, the ¢
coupling can reach & = O(10'). In Fig. 2, we predicted,
for the first time, the WW scattering cross sections with
such ¢ couplings over the TeV scale. These exhibit differ-
ent behaviors from the pure SM result (¢ = 0), so they will
be discriminated at the LHC (14 TeV) with higher inte-
grated luminosity. The future TeV linear colliders (ILC and
CLIC) and the future high energy circular pp colliders
(TLEP and SPPC) will further probe the ¢ coupling via
WW scattering experiments.

As a final remark, we note that Ref. [21] studied line-
arized gravity in Jordan frame, and calculated scattering
amplitudes of graviton exchange for external particles
being spin-(0, 1/2, 1). It considered a nonminimal coupling
term £R¢?, with scalar ¢ having no vacuum expectation
value. It obtained a unitarity bound in the form [21] [£] <
O(Mp,/E), which has a similar structure to our (17) and (18).
But our independent analysis for the realistic SM Higgs
doublet in the Einstein frame is highly nontrivial, where the

PHYSICAL REVIEW D 88, 096013 (2013)

nonminimal ¢ term (3) is transformed away and the result-
ant £-dependent new interactions (8) and (9) do not
explicitly invoke gravitons. Thus, we can compute the
longitudinal/Goldstone scattering amplitudes more easily
and extract ¢-dependent terms in a straightforward
way. Another advantage is that the Einstein frame has a
canonically normalized graviton field, and the tree-level
Lagrangian manifestly preserves the equivalence principle.
The Einstein frame has also been widely used, including
various models of Higgs inflation [6,7]. We note that the
unitarity issue of nonminimal coupling was discussed in the
Einstein frame for the purpose of Higgs inflation models
before [7], but those discussions are mainly power counting
arguments or qualitative estimates with rather different
focus and context. Our current work presents systematical
and quantitative unitarity analysis of Higgs-curvature inter-
action in the Einstein frame, with physical applications to
the weak boson scattering at the TeV scale and in light of the
exciting LHC Higgs discovery [1,2]. Especially, for the first
time, we newly demonstrated that the LHC can probe ¢
coupling via weak boson scattering experiments.
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resonance(s) in the effective field theory (EFT). Our
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