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The first AMS-02 measurement confirms the existence of an excess in the cosmic-ray positron fraction

previously reported by the PAMELA and Fermi-LAT experiments. If interpreted in terms of thermal dark

matter (DM) annihilation, the AMS-02 result still suggests that the DM annihilation cross section in the

present day should be significantly larger than that at freeze-out. The Sommerfeld enhancement of the DM

annihilation cross section is a possible explanation, which is however subject to the constraints from DM

thermal relic density, mainly due to the annihilation of DM particles into force-carrier particles introduced

by the mechanism. We show that the effects of the Sommerfeld enhancement and the relic density

constraints depend significantly on the nature of the force carrier. Three scenarios where the force carrier

is a vector boson, scalar, and pseudoscalar particle are investigated and compared. The results show that

for the case with a vector force carrier, the Sommerfeld enhancement can marginally account for the

AMS-02 data for the DM particle annihilating into 2� final states, while for the scalar force carrier the

allowed Sommerfeld enhancement factor can be larger by a factor of 2. For the case with a pseudoscalar

force carrier, the Sommerfeld enhancement factor can be very large in the resonance region, and it is

possible to accommodate the AMS-02 and Fermi-LAT result for a variety of DM annihilation final states.

DOI: 10.1103/PhysRevD.88.096008 PACS numbers: 95.35.+d

I. INTRODUCTION

Evidence from astronomical observations at different
scales has indicated that dark matter (DM) contributes to
nearly 26% of the energy density of the Universe [1,2].
Popular DM candidates such as the weakly interacting
massive particles are expected to annihilate or decay into
standard model final states in the Galactic halo and beyond,
which may leave imprints in the fluxes of cosmic-ray
particles.

In recent years, the PAMELACollaboration has reported
a sharp upturn of the ratio of the positron flux to the total
flux of electrons and positrons in the energy range
�10–100 GeV, which is in excess of the conventional
astrophysical background [3,4] and was confirmed by the
Fermi-LAT data up to �200 GeV [5]. The total fluxes of
electrons and positrons measured by ATIC [6] and Fermi-
LAT [7,8] also showed possible excesses over the expec-
tations of the conventional background. Recently, the
AMS-02 Collaboration released the first measurement of
the positron fraction with unprecedented accuracy [9].
Although the AMS-02 data are consistent with the previous
measurements of PAMELA, the measured spectrum from
AMS-02 is slightly lower than that from PAMELA for
electron/positron energy higher than �40 GeV, and the
slope of the positron fraction decreases by an order of
magnitude from �20 to �250 GeV. The implications of

the precision of the AMS-02 data on the DM annihilation
have been discussed (see, e.g., Refs. [10–17]). Several fits
to the AMS-02 data showed that if 2� is the dominant DM
annihilation channel, the AMS-02 favored DM particle
mass is �400–500 GeV, and the thermally averaged
product of the annihilation cross section and relative
velocity is h�vreli � 10�24 cm3 s�1 [11,14,17]. For in-
stance, in Ref. [14], using a conventional astrophysical
background, the best-fit DM particle mass is found to be
m� � 460 GeV, with an annihilation cross section

h�vreli � 1:9� 10�24 cm3 s�1. The DM annihilating into
2e is not favored as the predicted positron spectrum is too
hard. For 2� final states, the favored DM particle mass
is �1:4 TeV and the annihilation cross section �1:7�
10�23 cm3 s�1, which is compatible with the Fermi-LAT
data [14]. Note that the 2� final states can generate a
large flux of diffuse gamma rays, which is stringently
constrained by the current observations. Although it seems
that the favored parameter regions by the current AMS-02
data are different from that by Fermi-LAT for some lep-
tonic final states, all the current experimental data suggest
that theDMannihilation cross section in the present daymust
be larger than the typical weakly interactingmassive particle
thermal cross section h�vreliF � 3� 10�26 cm3 s�1 at
freeze-out, which indicates the nonstandard nature of DM
particles.
The Sommerfeld enhancement has been considered as a

mechanism that can naturally enhance the DM annihilation
cross section at low relative velocities [18–26] (for other
mechanisms, see e.g., [27–31]). In this scenario, the cross
section of the DM annihilation ��� ! XðX ¼ 2�; 4�; . . .Þ
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is velocity dependent due to the multiple exchange of some
light force-carrier particle � between the annihilating DM
particles ���. The thermally averaged annihilation cross
section can be close to h�vreliF at the time of thermal freeze-
out, but becomes much larger now as the temperature of the
Universe in the present day is much lower. Constraints on
the Sommerfeld enhancement can be obtained from astro-
physical observations (see, e.g., Refs. [32–43]). Among
them, a stringent constraint on the Sommerfeld enhance-
ment can arise from the DM thermal relic density itself,
which is less sensitive to the astrophysical uncertainties.
This is due to the fact that, in this mechanism, the DM
particles inevitably annihilate into the force carriers through
the process like ��� ! ��, which enhances the DM total
annihilation cross section at freeze-out, and the relevant
parameters are constrained by the DM relic density. This
reduces the allowed values of the Sommerfeld enhancement
factor at lower temperature [38,44]. Based on a model in
which� is aUð1Þ vector gauge boson, it has been illustrated
that under the relic density constraint, the Sommerfeld
enhancement factor is not large enough to account for the
excesses reported by the PAMELA and Fermi-LAT experi-
ments [38,44]. Note that the Sommerfeld enhancement can
be realized with different types of force carriers, such as
scalar and pseudoscalar particles [22,45,46], and Uð1Þ vec-
tor gauge bosons can be naturally light under the protection
of gauge symmetry. Pseudoscalar particles can also be
naturally light if they play the role of a pseudo-Goldstone
boson. A light scalar particle can be stable with the help of
supersymmetry. The effect of the Sommerfeld enhancement
and the constraint from thermal relic density depend on the
nature of the force-carrier particle. For instance, if � is a
scalar particle, the cross section for ��� ! �� is velocity
suppressed, resulting in a weaker constraint compared
with the case where � is a vector boson. If � is a pseudo-
scalar, the induced potential is of the tensor force type rather
than the Yukawa type.

In light of the recent AMS-02 results, it is of interest to
investigate whether the Sommerfeld enhancement can ac-
count for the more accurate AMS-02 data in generic cases.
In this work, we explore and compare the Sommerfeld
enhancements with three different types of force carriers:
vector, scalar, and pesudoscalar, under the constraint from
DM thermal relic density. We show that for the vector
boson force carrier, the Sommerfeld enhancement can

only marginally account for the AMS-02 data, for the
scalar force carrier the allowed Sommerfeld enhancement
factor can be larger roughly by a factor of 2, and in the case
of the pesudoscalar force carrier, a much larger enhance-
ment can be obtained in the resonance region.
This paper is organized as follows. In II, we outline the

formalism of the Sommerfeld enhancement and the ther-
mal evolution of the DM number density. In III, we discuss
the Sommerfeld enhancement and the constraints for the
cases with vector, scalar, and pseudoscalar force carriers
and compare the allowed enhancement factors with the
current experimental data. The nature of the Sommerfeld
enhancement with the pseudoscalar is discussed in detail.
The conclusions are given in IV.

II. MECHANISM OF SOMMERFELD
ENHANCEMENT

The Sommerfeld enhancement of the DM particle annihi-
lation cross section occurs when the annihilating particles
self-interact through a long-range attractive potential VðrÞ at
low relative velocities [18]. In this scenario, the short-
distanceDMparticle annihilation cross section canbegreatly
enhanced due to the distortion of the wave function of the
annihilating particles at the origin [19–21,47]. The attractive
potential can be induced from themultiple exchange of some
light force-carrier particle � between the annihilating DM
particles as shown in the left panel of Fig. 1. The nature of
Sommerfeld enhancement has been extensively studied
(see, e.g., Refs. [22,25,26,32,38,44,48–54]) in light of the
cosmic-ray positron/electron excesses reported by PAMELA
[3], ATIC [6], and Fermi-LAT [7], etc..
The effect of Sommerfeld enhancement can be described

by the following nonrelativistic Schrödinger equation for
the two-body wave function �ðrÞ of the annihilating DM
particles,

� 1

m�

r2�ðrÞ þ VðrÞ�ðrÞ ¼ m�v
2
rel

4
�ðrÞ; (1)

where r and vrel are the relative distance and velocity of the
two annihilating DM particles, respectively. After an expan-
sion over the Legendre polynomial P‘ðcos �Þ with angular
momentum ‘, namely, �ðr; �Þ ¼ P

‘P‘ðcos �Þ�‘ðrÞ=r,
with r ¼ jrj and � the zenith angle of spherical coordinates,
the Schrödinger equation for radial wave function �‘ðrÞ can
be written as

FIG. 1 (color online). (Left) Feynman diagram of DM annihilation process ��� ! X, (X ¼ 2�; 2�; . . . ) with multiple force-carrier
exchange, which results in Sommerfeld enhancement of the annihilation cross section. (Right) Feynman diagram of DM annihilation
into the force carriers through a t-channel process ��� ! 2�.
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d2�‘ðrÞ
dr2

�X
‘0

�
m�V‘‘0 ðrÞ þ ‘ð‘þ 1Þ

r2
�‘‘0

�
�‘0 ðrÞ

þ k2�‘ðrÞ ¼ 0; (2)

where k � m�vrel=2 and V‘‘0 is given by

V‘‘0 ðrÞ ¼ ð2‘þ 1Þ
2

�
Z þ1

�1
P‘ðcos�ÞVðr; �ÞP‘0 ðcos�Þdðcos �Þ: (3)

The above Schrödinger equation can be solved with the
following boundary conditions: [25,26]

lim
r!0

�‘ðrÞ ¼ ðkrÞ‘þ1 and lim
r!0

d�‘ðrÞ
dr

¼ kð‘þ 1ÞðkrÞ‘:
(4)

The asymptotic behavior of the wave function at infinity is

lim
r!1�‘ðrÞ ! C‘ sin

�
kr� �

2
‘þ �‘

�
; (5)

where �‘ is the phase shift and C‘ is a normalization
constant. With the aforementioned boundary conditions,
the Sommerfeld enhancement factor S‘ for a partial wave
‘ is given by [22,25]

S‘ � lim
r!0

�������� �‘ðrÞ
�ð0Þ
‘ ðrÞ

��������2¼
�ð2‘þ 1Þ!!

C‘

�
2
; (6)

where �ð0Þ
‘ ðrÞ is the wave function in the free-motion case

without a potential.
The exchange of a massive vector or scalar particle �

with mass m� between the DM particles results in an

attractive Yukawa potential,

VðrÞ ¼ �	e�m�r

r
; (7)

where	 is the coupling strength. In the limitof4	m�=m� �
v2
rel, the Yukawa potential in the Schrödinger equation can be

well approximated by a Coulomb-type potential, and the
Schrödinger equation can be solved analytically for arbitrary
angular momentum. The enhancement factors read [26]

S0ðvrelÞ �
�
2�	

vrel

�
1

1� e�2�	=vrel
;

and S1ðvrelÞ � S0ðvrelÞ
�
1þ �2	2

v2
rel

�
:

(8)

Therefore, at low velocities, the s- and p-wave Sommerfeld
enhancement factors scale as v�1

rel and v�3
rel , respectively. In

the case wherem� is non-negligible, the v�1
rel behavior of the

s-wave cross section breaks down. Through approximating
the Yukawa potential by the Hulthén potential, the s-wave
Sommerfeld enhancement factor can be estimated as [26,49]

S0ðvrelÞ �
�
2�	

vrel

� sinh

�
6vrelm�

�m�

�

cosh

�
6vrelm�

�m�

�
� cos

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24	m�

m�
� 36m2

�v
2
rel

�2m2
�

r � :
(9)

For 4	m� � v2
rel, namely, the de Broglie wavelength of

incoming particles is much longer than the range of the
interaction, and the s-wave Sommerfeld enhancement
saturates with S0 � 12=
� where 
� � m�=ð	m�Þ. But
for some particular values of 
� ’ 6=ð�2n2Þ, (n ¼
1; 2; 3; . . . ) at which the DM particle can form zero-energy
bound states, there exists additional resonant enhance-
ments that scale as v�2

rel . The resonant enhancement is

eventually cut off by the finite width of the resonance [22].
The velocity dependence of p-wave enhancement was

investigated in Refs. [25,26,48,55]. Its effect on the freeze-
out and thermal relic density was studied in detail in
Ref. [56]. The generic p-wave annihilation cross section
before including the Sommerfeld enhancement is propor-
tional to v2

rel. Thus the velocity dependence of the total

Sommerfeld-enhanced p-wave annihilation cross section
should be proportional to S1v

2
rel. As shown in Ref. [56], in

the region where 
� & 10�3, the total annihilation cross

section scales as v�1
rel instead of v

�3
rel . In the resonance region

10�3 & 
� & 10�1, the velocity dependence of S1v
2
rel is not

significant. In the saturation region 
� * 10�1, S1v
2
rel scales

as v2
rel, and the total cross section decreases rapidly towards

low velocities. Thus the main difference from the s-wave
case is that the total p-wave annihilation cross section
can be either velocity suppressed or velocity enhanced,
depending on the values of 
�.

The generic DM annihilation cross section times the
relative velocity before including the Sommerfeld en-
hancement has the form ð�vrelÞ0 ¼ aþ bv2

rel þOðv4
relÞ,

where a and b are coefficients corresponding to the s-
and p-wave contributions which are assumed to be velocity
independent. After including the Sommerfeld enhance-
ment, the thermally averaged cross section at a temperature
T or x � m�=T can be written as

h�vreliðxÞ ¼ ahS0ðvrelÞiðxÞ þ bhS1ðvrelÞv2
reliðxÞ; (10)

where the thermal average of a quantity XðvrelÞ in the
nonrelativistic limit is given by

hXiðxÞ ¼ x3=2

2
ffiffiffiffi
�

p
Z 1

0
XðvrelÞe�

xv2
rel
4 v2

reldvrel: (11)

Due to the Sommerfeld enhancement, the thermally
averaged annihilation cross section h�vreliðxÞ depends on
the parameters 	 and m�.

The temporal evolution of the DM number density is
governed by the Boltzmann equation
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dY

dx
¼ �

ffiffiffiffiffiffi
�

45

r
mPlm�

g�sg
�1=2
�

x2
h�vreli½Y2 � ðYeqÞ2	; (12)

where YðeqÞ � nðeqÞ� =s is the (equilibrium) number density
rescaled by entropy density s, and mPl ’ 1:22� 1019 GeV
is the Planck mass scale. g�s and g� are the effective
relativistic degrees of freedom for entropy and energy
density, respectively.

The DM number density in the present day can be
obtained by integrating Eq. (12) with respect to x in the
region xf 
 x 
 xnow, where xf � 25 is the decoupling

temperature, and xnow � 4� 106 corresponds to the
temperature of halo DM in the present day,

1

YðxnowÞ ¼
1

YðxfÞ þ
ffiffiffiffiffiffi
�

45

r
mPlm�

Z xs

xf

g�sg
�1=2
�

x2
h�vrelidx:

(13)

Finally, the relic abundance of DM particles is given
by �h2 � 2:76� 108YðxnowÞðm�=GeVÞ, which is to be

compared with the observed value [2],

ð�h2Þexp ¼ 0:1187� 0:0017: (14)

In this work, we solve the Boltzmann equation of Eq. (12)
and the Schrödinger equation of Eq. (2) directly using
numerical approaches.

III. SOMMERFELD ENHANCEMENTAND RELIC
DENSITY CONSTRAINTS WITH DIFFERENT

FORCE CARRIERS

The presence of Sommerfeld enhancement modifies the
calculation of the DM thermal relic density. First, the
Sommerfeld-enhanced cross section of ��� ! X increases
with x during freeze-out, which postpones the decoupling
of DM particles from the thermal bath and results in a
decrease of the DM relic density [32,51]. Second, as the
force carrier is much lighter than the DM particle, i.e.,
m� � m�, the DM particles necessarily annihilate into the

force carriers. The process like ��� ! �� will contribute
to an annihilation channel in addition to ��� ! X and can
even be the dominant contribution to the total DM annihi-
lation cross section, which further reduces the DM relic
density. Thus in order to reproduce the observed DM relic
density, the relevant parameters such as the coupling 	
have to be small enough, which results in a reduction of the
Sommerfeld enhancement factors at low temperatures
[38,44]. Before switching on the effect of Sommerfeld
enhancement, the total DM annihilation cross section
ð�totvrelÞ0 can be written as the sum of the two contribu-
tions, namely, ð�totvrelÞ0 ¼ ð�XvrelÞ0 þ ð���vrelÞ0. The

thermally averaged total annihilation cross section after
including the Sommerfeld enhancement has the form

h�totvreliðxÞ ¼ hS0ðvrelÞiðxÞð�XvrelÞ0
þ hSðvrelÞð���vrelÞ0iðxÞ; (15)

where SðvrelÞ ¼ S0ð1ÞðvrelÞ, if the annihilation ��� ! ��
proceeds through the sðpÞ wave. In order to achieve the
maximal Sommerfeld enhancement factor, we have as-
sumed that ��� ! X is an s-wave process, and both X
and the decay products of � are dominated by standard
model charged leptons. The boost factor of the DM
annihilation is defined as

B �
�
�

�0

�
2 h�totvreliðxnowÞ

h�vreliF ; (16)

where � is the DM local energy density, and �0 �
0:4 GeV cm�3 is the DM energy density estimated from
smooth DM density profiles. In this work, we do not
consider the boost factor from the local clumps of sub-
structure; namely, � � �0 is assumed. We parametrize the
unknown cross section hS0ðvrelÞiðxÞð�XvrelÞ0 at freeze-out
as hS0ðvrelÞiðxfÞð�XvrelÞ0 � �h�vreliF. The boost factor

can be rewritten as

B � �Seff þ
hSðvrelÞð���vrelÞ0iðxnowÞ

h�vreliF ; (17)

where Seff � hS0ðvrelÞiðxnowÞ=hS0ðvrelÞiðxfÞ is the present-

day s-wave Sommerfeld enhancement relative to that at
freeze-out. The Sommerfeld enhancement factors hS0;1i
and the cross section ð���vrelÞ0 depend on the parameters

	 and �. The requirement of reproducing the correct
thermal relic density constrains the sizes of 	 and �, which
will in turn limit the maximally allowed boost factor B.

A. Vector boson force carrier

If the force carrier is a vector gauge boson, the induced
potential from the multiple exchange of� between the DM
particles is of Yukawa type in Eq. (7). For a vector force
carrier, the DM particles can annihilate into �� through
the t-channel diagram as shown in the right panel of Fig. 1,
which is an s-wave process. The corresponding cross
section reads

ð���vrelÞvec0 ¼ �	2

m2
�

: (18)

According to Eq. (15), for a given value of �, from calcu-
lating the DM thermal relic density and matching it to the
observed value in Eq. (14), one can obtain the allowed
values of the coupling 	 as a function of DM particle mass.
The results are shown in the left panel of Fig. 2. At m� �
460 GeV, for � ¼ 0, the allowed coupling 	 is 0.01. For
larger �, the allowed 	 in general becomes smaller, as the
cross section ð���vrelÞ0 has to be smaller. Making use of

the allowed values of 	, the allowed values of the boost
factor B are calculated and shown in the ðm�; BÞ plane in
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the right panel of Fig. 2, together with the regions favored
by the AMS-02 and Fermi-LAT experiments at 99% C.L.
from a global fit assuming a conventional astrophysical
background [14]. The case where � ¼ 0 corresponds to the
case previously discussed in Ref. [44], and our conclusion
is in good agreement with theirs. As can be seen in the
figure, in this case, the Sommerfeld enhancement can only
marginally explain the data of AMS-02, which requires
that the enhancement should be in the resonance region.
Since both ��� ! �� and ��� ! X are s-wave processes,
for nonvanishing �, even stronger upper bounds on the
boost factor are obtained for larger values of �.

B. Scalar force carrier

In the case where the force carrier is a scalar particle, the
t-channel annihilation ��� ! �� is a p-wave process
which has a velocity-dependent cross section,

ð���vrelÞsca0 ¼ 3�	2

8m2
�

v2
rel: (19)

In principle, there could exist non-negligible cubic
self-interactions between the force-carriers of the form

���3=3!, which leads to an additional s-channel two-
body annihilation. The total annihilation cross section is
modified as ð���vrelÞsca0 ¼ ð3�	2=ð8m2

�ÞÞð1� 5
=18þ

2=48Þv2

rel with 
 ¼ �=ð2m�

ffiffiffiffiffiffiffiffi
	�

p Þ [56]. In this work,

for simplicity, we only consider the case where 
 � 1;
namely, the t-channel diagram dominates. Compared with
Eq. (18), the cross section of DM annihilating into the
scalar force carriers in Eq. (19) is suppressed by both the
prefactor 3=8 and the small relative velocity v2

rel � 0:1 at

freeze-out. The corresponding constraint on 	 from the
DM thermal relic density is expected to be weaker. In the
left panel of Fig. 3, we show the allowed value of 	 as a
function of DM particle mass from the constraint of DM
thermal relic density. In the numerical calculations, the
Sommerfeld enhancement for the p-wave process in
Eq. (19) is also included. For � ¼ 0, at m� ¼ 500 GeV,

the allowed value of coupling 	 is �0:02 which is about a
factor of 2 larger than that in the case with a vector force
carrier. In the right panel of Fig. 3, the allowed boost
factors are shown for three different choices of � ¼ 0,
0.46, and 0.6, respectively. Contrary to the vector force-
carrier case, for � ¼ 0, the allowed boost factor is very
small, which is due to the fact that in this case the p-wave

FIG. 3 (color online). The same as Fig. 2, but for the case where the force-carrier � is a scalar particle.

FIG. 2 (color online). (Left) Values of 	 constrained by the DM relic density as a function of DM particle mass m� for � ¼ 0, 0.2
and 0.6, respectively, in the case where � is a vector boson. (Right) Allowed values of boost factor B as a function of m�. The favored

regions at 99% C.L. from a global fit to the data of AMS-02 and Fermi-LATare also shown [14]. The mass of the vector force carrier is
fixed at m� ¼ 0:25 GeV.
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annihilation ��� ! �� for scalar force-carriers is velocity
suppressed after including the Sommerfeld enhancement.
For nonzero �, the allowed boost factor becomes larger.
However, the boost factor does not increase monotonically
with increasing �. We find that the maximally allowed
boost factor at m� � 460 GeV corresponds to � � 0:46,

which can be consistent with that favored by the AMS-02
data for DM annihilating into 2� final states, but is not
large enough to account for other final states such as 2� and
4�. In Fig. 4, we show how the values of 	 and the boost
factor B depend on the value of � for a fixed m� �
460 GeV for both vector and scalar force-carrier cases.
As seen in the figure, for � � 0:46, the Sommerfeld
enhancement is close to a resonance, which leads to a
relatively large boost factor shown in Fig. 3. The effect
of resonance is less significant for the vector force-carrier
case.

C. Pseudoscalar force carrier

The interaction between a pseudoscalar force-carrier
particle � and a fermionic DM particle � is of the form
i ���5��, which results in a spin-dependent potential,

VðrÞ ¼ � 	

4m2
�r

3
e�m�r½3ðr̂ � ŝ1Þðr̂ � ŝ2Þ � ŝ1 � ŝ2	; (20)

where r̂ is the unit vector along the direction of the relative
distance r of the two annihilating DM particles, and ŝ1;2 are
the unit vectors of the spin orientation of the DM particles.
This type of potential is known as the tensor-force potential
in nuclear physics and is similar to the potential induced by
the interaction of two electric dipoles. The Sommerfeld
enhancement from this type of potential was discussed
previously in Ref. [46] without considering the constraints
from DM thermal relic density.

The spin-dependent part of the potential can be rewritten
as 3ðr̂ � ŝ1Þðr̂ � ŝ2Þ � ŝ1 � ŝ2 ¼ �ð3cos 2�� 1Þ for ŝ1 ¼
�ŝ2, where � is the angle between vectors r̂ and ŝ1.

The induced long-range force can be either attractive or
repulsive, depending on the relative direction and the spin
orientation of the annihilating DM particles. In the case
where the force is attractive (repulsive), Sommerfeld en-
hancements (suppressions) of DM annihilation can occur.
Although for unpolarized inital states of DM particles, the
chances are equal for the forces to be attractive or repulsive,
and the net effect of the Sommerfeld enhancements and
suppressions on the DM annihilation rate can be nonzero,
as the enhancement of the annihilation rates can be domi-
nant. In this work, we consider the case where the spins of
two annihilating DM particles are parallel, i.e., ŝ1 ¼ ŝ2, and
calculate the corresponding Sommerfeld enhancement
factors. The Sommerfeld suppression in the antiparallel
case is taken into account by adding an overall suppression
factor 1=2 to the boost factor B, which corresponds to the
maximal suppression effect.
The potential matrix in the angular moment space can be

written in terms of the Wigner 3� j symbol as

V‘‘0 ðrÞ ¼ �	e�m�r

m2
�r

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2‘þ 1Þð2‘0 þ 1Þ

p ‘ 2 ‘0

0 0 0

 !
2

:

(21)

The off-diagonal elements of V‘‘0 are nonvanishing for any
‘ and ‘0 satisfying j‘0 � ‘j ¼ 2. Thus the Schrödinger
equations for different partial waves are all coupled
together. We solve the coupled Schrödinger equations
using the Born-Oppenheimer adiabatic approximation. In
this approach, a spatial-dependent rotation matrix Ui‘ðrÞ is
introduced to locally diagonalize the sum of the potential
and the centrifugal term in the Schrödinger equation at the
position r,

HðrÞij ¼ Ui‘ðrÞ
�
m�V‘‘0 ðrÞ þ ‘ð‘þ 1Þ

r2
�‘‘0

�
UT

‘0jðrÞ; (22)

where HðrÞ is a diagonal matrix. In this basis, the only off-
diagonal terms in the Schrödinger equation are proportional

FIG. 4 (color online). Comparison between the cases with vector and scalar force carriers on the allowed values of 	 (left) and boost
factor B (right) as a function of �. The masses of the DM particle and the force carrier are fixed at m� ¼ 460 and m� ¼ 0:25 GeV,

respectively.
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to dU=dr or d2U=dr2. For slowly varying potential (in
comparison with the Compton wave length of the particle
falling into the center), the terms proportional to dU=dr and
d2U=dr2 are relatively small and can be neglected as a first-
order approximation. Under this adiabatic approximation,
the Schrödinger equations for the rotated wave function
�iðrÞ ¼ Ui‘ðrÞ�‘ðrÞ are decoupled and have the simple
form [57]

d2

dr2
�i �HðrÞ�i þ k2�i ’ 0; (23)

which can be solved easily with the rotated boundary con-
ditions. The solutions and the Sommerfeld enhancement
factors for each partial wave are obtained by performing
an inverse rotation back into the original basis with definite
angular momentum. Note that in the limit r ! 1, the
centrifugal term ‘ð‘þ 1Þ=r2 dominates over V‘‘0 . The ro-
tation matrix in this limit is a unit matrix. In numerical
calculations, we consider the angular momemtum up to
‘ ¼ 8, thus V‘‘0 is a matrix of dimension nine. We find
good stability in the solutions of the wave functions with
lowest indices �1;2.

It is known in quantum mechanics that for an attractive
potential scaling with distance as r�s with s 
 2, the wave
function is not well defined (divergent) at the origin.
A procedure of regularization of this type of potential has
to be introduced, which represents the nonfactorizable
contributions from the short distance (for a review, see
Ref. [58]). In this work, we adopt a commonly used
regularization scheme,

VðrÞ ! Vðrþ r0Þ; (24)

where r0 is a cutoff parameter. In the generic case, the
pseudoscalar-induced potential can be regularized as
r�3 ! r��ðrþ r0Þ��3 with �< 2. The regularization
scheme in Eq. (24) corresponds to the case where � ¼ 0.
We have also performed calculations for the case of � ¼ 1
and find no significant changes in the conclusions.

In Fig. 5, we show how the thermally averaged
Sommerfeld enhancement factor hSi depends on the cou-
pling strength 	 and cutoff parameter r0 for both s- and
p-wave annihilation at the temperature x ¼ xnow. Similar
to the case with Yukawa potential, in some regions of
parameter space, resonant Sommerfeld enhancement
occurs, which corresponds to the formation of zero-energy
bound states. We find that at the resonance points, the
parameters 	, r0, andm� satisfy the following approximate

relation,

	 � r0
R
nm�; (25)

where n ¼ 1; 2; 3; . . . , and R � 0:0347ð0:0227Þ for
sðpÞ-wave annihilation. As expected, the enhancement
factors become larger with increasing 	 and decreasing
r0. As shown in Eq. (16), the boost factor depends only on
the size of the Sommerfeld enhancement at the present day
relative to that at the time of freeze-out. For the regularized

FIG. 5 (color online). s-wave and p-wave thermally averaged Sommerfeld enhancement factors hSi as a function of 	 (left) and
the cutoff scale r0 (right) for x ¼ xnow. In the left panel, r0 is fixed at 1:0� 10�7 GeV�1, while in the right panel 	 is fixed at 0.001.
The masses of the DM particle and the force carrier are fixed at m� ¼ 1000 and m� ¼ 0:25 GeV, respectively.

FIG. 6 (color online). Temperature dependence of the ther-
mally averaged Sommerfeld enhancement factor in the s-wave
resonance region, corresponding to the resonance point with
r0 ¼ 1:0� 10�7 GeV�1, 	 ¼ 2:880� 10�3, and n ¼ 1 as
shown in Fig. 5. Other parameters are m� ¼ 1000 and m� ¼
0:25 GeV. The p-wave Sommerfeld enhancement factor is also
shown, which shows no visible temperature dependence as it is
off resonance for the chosen parameters.
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singular potentials, only at the resonance points, the
Sommerfeld enhancement factor depends significantly on
the temperature. In Fig. 6, we show the thermally averaged
Sommerfeld enhancement factor of pseudoscalar-induced
potential for s- and p-wave cases. The parameters are
chosen to be 	 ¼ 2:88� 10�3, r0 ¼ 1:0� 10�7 GeV�1,
and m� ¼ 1 TeV, which corresponds to the s-wave reso-

nance point with n ¼ 1. From the figure, one sees that
the thermally averaged Sommerfeld enhancement factor
at x � xnow can be a few hundred times larger than that
at freeze-out x � xf. For the same parameter set, the

p-wave annihilation is not at the resonance point, thus
there is no relative enhancement towards low temperatures.
This feature is similar to the case with a spherical well
potential VwellðrÞ ¼ �V0�ðr� r0Þ, with �ðxÞ the
Heaviside step function. For the spherical well potential,
the Sommerfeld enhancement factor for s-wave annihila-
tion is given by [33]

Swell0 ðvrelÞ ¼ 1

1� V0

V0þm�v
2
rel
=4
sin 2

�
r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m�V0 þm2

�v
2
rel

q � :
(26)

For a deep well V0 � m�v
2
rel=4, in the resonant region, i.e.,

r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m�V0

p � nþ �=2, one obtains Swell0 ðvrelÞ � 4V0=
ðm�v

2
relÞ. But when it is off resonance, Swell0 ðvrelÞ � 1.

We proceed to discuss the constraints on the Sommerfeld
enhancement from DM thermal relic density. For the pseu-
doscalar force carrier �, the cross section for the t-channel
DM annihilation process ��� ! 2� is given by

ð�2�vrelÞps0 ¼ �	2

24m2
�

v2
rel: (27)

Compared with the cross section of the scalar force-carrier
case in Eq. (19), it is smaller by a factor of 9, which results
in a weaker constraint from thermal relic density. Since at

the resonance points the coupling strength 	 is related to
other parameters such as r0 and m� through Eq. (25), we

show instead in the left panel of Fig. 7 the constraints on
the parameter �, for two different cutoffs r0 ¼ 2:0� 10�7

and 3:0� 10�7 GeV�1, respectively. The decrease of � at
largerm�, is due to the increase of hSiðxfÞ, as	 is related to

m� through Eq. (25). For larger r0, the value of 	 is larger,

thus the required � becomes smaller. The allowed boost
factors at the present day are shown in the right panel of
Fig. 7. One sees that in the case with pseudoscalar force
carrier, the allowed Sommerfeld enhancement factors can
be large enough to account for the excesses reported by
AMS-02 and Fermi-LAT for a variety of final states such as
2�, 2�, 4�, and 4�, etc.

IV. CONCLUSIONS

Although the Sommerfeld enhancement has been
considered as a mechanism for naturally increasing the
DM annihilation cross section at low relative velocities,
which is crucial to explain the current data of PAMELA,
Fermi-LAT, and AMS-02, stringent constraint can arise
from the DM thermal relic density, partially due to the
annihilation of DM particles into the force carriers intro-
duced by this mechanism. We have shown that the effect of
the Sommerfeld enhancement and the constraint from
thermal relic density depend on the nature of the force-
carrier particle. For the force carrier being a vector boson,
the induced long-range potential is of the Yukawa type, and
the process of ��� ! �� is an s-wave process. If � is a
scalar, the same process becomes a velocity-suppressed
p-wave process, which results in a weaker constraint. If
� is a pseudoscalar, the induced long-range potential is a
tensor force, and ��� ! �� is again a p-wave process.
We have explored and compared the Sommerfeld enhance-
ments with these three types of force carriers under the
constraint from DM thermal relic density. The results show
that for the vector boson force carrier, the Sommerfeld

FIG. 7 (color online). (Left) Values of � constrained by the DM thermal relic density as a function of DM particle mass with
two different cutoffs, r0 ¼ 2:0� 10�7 and 3:0� 10�7 GeV�1. (Right) The allowed boost factors as a function of DM particle mass.
The mass of pseudoscalar force carrier is fixed at m� ¼ 0:25 GeV.
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enhancement can only marginally account for the AMS-02

data, for the scalar force carrier the allowed Sommerfeld

enhancement factor can be larger roughly by a factor of 2,

while in the case of the pesudoscalar force carrier, a much

larger enhancement can be obtained in the resonance re-

gion. The Sommerfeld enhancement may still be a viable

mechanism to account for the current cosmic-ray lepton

anomalies.
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